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Three Nontrivial Solutions for p-Laplacian Neumann
Problems with a Concave Nonlinearity Near the Origin

Sergiu Aizicovici, Nikolaos S. Papageorgiou, and Vasile Staicu

ABSTRACT. We consider a nonlinear Neumann problem driven by the p-
Laplacian, with a right-hand side nonlinearity which is concave near the
origin. Using variational techniques, combined with the method of upper-lower
solutions and with Morse theory, we show that the problem has at least three
nontrivial smooth solutions, two of which have a constant sign (one positive
and one negative).

1. Introduction

Let Z C R™ be a bounded domain with a C? boundary 0Z. In this paper we
study the following nonlinear Neumann problem:

—Npx(2)+ Bz ()P 22 (2) = f (2,2 (2)) ae. on Z,
? =0on 0Z.

n

(1.1)

Here Apz (2) = div (||Da: (z)||]1’;1_\,2 Dz (z)) , 2 < p < o0, is the p-Laplacian differen-
tial operator, 8 > 0 and f (z,x) is a Carathéodory nonlinearity. The aim of this
work is to prove a three solutions theorem for problem (1.1), when the nonlinearity
f (z,.) exhibits a (p — 1)-sublinear behavior near the origin (concave nonlinearity).

Recently, there have been some multiplicity results for Neumann problems
driven by the p-Laplacian differential operator. We mention the works of Anello [4],
Binding-Drabek-Huang [6], Bonanno-Candito [7], Faraci [11], Filippakis-
Gasinski-Papageorgiou [12], Motreanu-Papageorgiou [20], Ricceri [24] and
Wu-Tan [28]. In Anello [4], Bonanno-Candito [7], Faraci [11] and Ricceri [24],
the authors consider nonlinear eigenvalue problems and prove the existence of mul-
tiple solutions when the nonlinearity is oscillating and the parameter belongs to
an open interval in R, . In these works, the key assumption is that p > N (low
dimensional problem), which implies that the Sobolev space W' (Z) is embedded
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compactly in C' (7) . The approach in all these papers is essentially similar, and
is based on an abstract variational principle due to Ricceri [23]. In Wu-Tan [28],
it is again assumed that p > N and the approach (which is variational) is based
on the critical point theory. Binding-Drabek-Huang [6] considered problems with
a particular right-hand side nonlinearity, of the form Aa (2) |z|” 22+ b (2) |z|? > =,
with a, b € L*(Z), A e R, 1 < p < N and 1 < g < p*, where p* is the critical
Sobolev exponent given by

(1.2) p* = N—p
+00 if p> N.

They prove the existence of one or two positive solutions.

Finally, we should also mention the recent work 1], Wthh is concerned with
problem (1.1) with a p-superlinear potential F (z, ) fo (s,z)ds (where f(z,.)
satisfies the Ambrosetti-Rabinowitz condition). The authors prove multlphclty the-
orems, providing precise information about the sign of the solutions.

None of the aforementioned works treats nonlinearities which are concave near
the origin. Problems with concave nonlinearities were considered in the context of
semilinear problems (i.e., p = 2) or Dirichlet problems, by de Paiva-Massa [10],
Li-Wu-Zhou [16], Perera [21] and Wu-Yang [27]. For Dirichlet problems with
the p-Laplacian, we mention the work of Garcia Azorero-Manfredi-Peral Alonso
[13], where a nonlinear eigenvalue problem is considered, with a nonlinearity of
the form A|z|" %z + |2/ *z, with A > 0O and 1 < r < p < ¢ < p* (concave-
convex nonlinearity). Their work extended earlier results for the semilinear case by
Ambrosetti-Brezis-Cerami [3].

Our approach here is different from all of the above works. It combines varia-
tional techniques with the method of upper-lower solutions and with Morse theory
(in particular, critical groups).

The rest of the paper is organized as follows. In Section 2 we present some
background material and some general auxiliary results, which we will need in the
sequel. In Section 3, employing variational arguments in combination with the
method of upper-lower solutions, we produce two nontrivial smooth solutions of
constant sign (one positive and the other negative). Finally, in Section 4, using
suitable tools from Morse theory, we establish the existence of a third nontrivial
smooth solution.

2. Background material

In the analysis of problem (1.1) we will use the following two spaces:

&vk

Whr(Z) = {x EWY(Z): iz —»axin WP (2), a2y € O™ (2), o

=0on 32}

and

c;(z)—{xecl(z);gz—o(maz},

where by Z we denote the closure of the domain Z. Both are ordered Banach spaces,
with order cones given by

Wi={2eWiP(Z):2(z) >0ae onZ}
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and, respectively,
Cy={2z€Cy(2):z(z)>0forall z€ Z}.
We know that int Cy # & (where int stands for the interior), with

intCy ={zeCi:x(z)>0forall z€ Z}.
In what follows, by ||.|[, we denote the norm of L? (Z) (or L? (Z,R")), and by ||
the norm of WP (Z). The norm of WP (Z) is also denoted by ||.|| .
The next result, (see, e.g., [1]), compares C}} (Z) and W,+? (Z)-local minimizers
for a large class of energy functionals. It extends to earlier results of Neumann

problems by Brezis-Nirenberg [8] (for p = 2) and by Garcia Azorero-Manfredi-Peral
Alonso [13] (for p # 2), which were concerned with Dirichlet boundary conditions.

So, consider a nonlinearity f: Z x R —R satisfying the following hypotheses:
(Ho) (i) forallz e R, z — f(z,x) is measurable;

(i4) for almost all z € Z, x — f (z,x) is continuous;

(#i1) for almost all z € Z and all x € R,

Fea)| <)+ 2k,
where @ € L™ (Z),,¢>0and 1 <r < p*, with p* defined by (1.2).
Let F(z,z) fo (2,s)ds and consider the functional @ : WP (Z) — R
defined by
1 N
px)= - ||Dx||§ - / F(z,2(2))dz for all z € WP (Z).
p z

Evidently $ € C* (W27 (Z)).

PROPOSITION 1. Let (Hy) be satisfied. If zg € WEP (Z) is a local C} (Z)-
minimizer of @, i.e., there exists p1 > 0 such that

B (o) < (w0 +h) for allh € CL(Z), Ihlley(z) <

then g € CL (Z) and it is a local W2 (Z)-minimizer of @, i.e., there exists py > 0
such that
@ (x0) < (o +h) for allh e WP (Z), ||h] < po.

Next let us recall the notions of upper and lower solutions for problem (1.1).

DEFINITION 1. (a) An upper solution for problem (1.1) is a function Z € C' (Z)

such that

@2001182
on

and
/||Dx||p * (DT, Dh)g dz+5/ |§|p*2fhdzz/f(z,f) hdz
Z Z

for all h € W. We say that T is a strict upper solution for problem (1.1), if it is
an upper solution but it is not a solution of (1.1). B
(b) A lower solution for problem (1.1) is a function z € C* (Z) such that

ox
—— <
Bn*OOHaZ
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and
/Z ID2|252 (D, Dh)gx d= + 3 /Z P2 zhdz < /Z F (2,2) hd

for all h € W,. We say that x is a strict lower solution, if it is a lower solution but
it is not a solution of (1.1).

Now, let us recall some basic notions and results from Morse theory, which we
will need to produce the third nontrivial smooth solution for problem (1.1).
Let X be a Banach space and ¢ € C! (X). For every ¢ € R, we set

¢ ={z e X :p(x)<c}, (the sublevel set of ¢ at c),

K={z e X :¢ (x) =0}, (the critical set of ),
and
K.={z € K:p(x)=c} (the critical set of ¢ at level ¢ € R).
Let Y be a subspace of a Hausdorff topological space V' and let n > 0 be an integer.
By H, (V,Y) we denote the n'"-singular homology group of the pair (V,Y) with
integer coefficients. If g € X is an isolated critical point of ¢ with ¢ (zg) = ¢, then
the critical groups of ¢ at xq are defined by

Cn (p,0) = Hn (0" N U, (¢*NU)\{z0}), n >0,

where U is a neighborhood of zy such that K N NU = {z¢}. By the excision
property of the singular homology theory, we infer that the above definition of
critical groups is independent of U (see Chang [9], and Mawhin-Willem [18]).

In what follows, we assume that ¢ satisfies the usual PS-condition. Namely, if
{#n},en € X is a sequence such that |¢ (z,)] < M for some M >0 and all n > 1,
and ¢’ (z,,) — 0 in X*, then {z,}, .y has a strongly convergent subsequence (see
[9, p. 20], [14, p. 611], and [18, p. 81)).

Assume that —oo < inf ¢ (K) and let ¢ < inf ¢ (K). Then, the critical groups
of ¢ at infinity are defined by

Cy (p,00) = Hp (H, ) for all n > 0,

(see Bartsch-Li [5]). The deformation lemma (see, for example, [9, p. 21]) implies
that this definition is independent of the choice of ¢. If ¢ € C' (X) and K = {x¢},
then Morse theory implies that

Ch (p,20) = Cp, (p,00) for all n > 0.

In particular, if x is an isolated critical point of ¢ and C,, (¢, xo) # Cyp (p,c0) for
some n > 0, then ¢ must have another critical point, distinct from xy. Moreover,
if K is finite, then the Morse type numbers of ¢ are defined by

M, = Z rank C, (¢,z), n >0,
zeK
and the Betti-type numbers of ¢, are defined by
Bn =rank C, (¢,00), n>0.

By Morse theory (see Bartsch-Li [5], Chang [9], and Mawhin-Willem [18]), we have
the Poincaré-Hopf formula

(2.1) ST=D" My = (-1)"Bn.

n>0 n>0
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The next result is useful in the computation of critical groups at infinity. It is
related to Lemma 2.4 of Perera-Schechter [22], where X is a Hilbert space.

PROPOSITION 2. Let (X,|.||) be a Banach space of dual (X*,|.||,) and let
(t,z) — @ (x) be a function in Ct([0,1] x X), such that v — ¢, (x) and v —
Orpr () are both locally Lipschitz. (Here by ¢} (x) we denote the Frechet derivative
of © — @y (x) and by Oypy the derivative of t — ;¢ (x).) If we can find R > 0 such
that

(2.2) inf {Jlt ()], : t € [0,1], =] > R} >0
and
(2.3) Er:=inf{p (z) : t €[0,1],|lz] < R} > —o0,

then for all ¢ < &g, the set ©§ is homemorphic to a subset of ¢f.
PRrOOF. Note that by virtue of (2.2), for every ¢ € [0, 1], we have
(2.4) Ki={r e X :¢,(x) =0} C Bg,

with Br = {x € X : ||z|| < R}. Because of (2.4) and since by hypothesis ¢ €
C1 (]0,1] x X), it follows (see, for example, [18, p. 127]) that there exists a pseudo-
gradient vector field ¥ = (vg,v) : [0,1] X (X\Bg) — [0,1] x X corresponding to ¢.
Recalling the construction of the pseudogradient vector field in Chang [9, p. 19],
we see that we can take vg (t,2) = Oi: (2) . By definition, the map (¢, z) — v (x)
is locally Lipschitz and in fact, for every t € [0,1], v; is a pseudogradient vector
field corresponding to the function ¢; (see Chang [9, p. 19]). Hence, for every
(t,z) € [0,1] x (X\Bgr) , we have

(2.5) (oh (@), v (@) = ||} ()],

where by (.,.) we denote the duality brackets for the pair (X*, X). The map
w: [0,1] x (X\Bg) — X given by

_|at90t (»”U)|vt r
et ()13 o

(2.6) wy (x) =
is well-defined and locally Lipschitz. Because of (2.3), we can fix ¢ € R,
(2.7) c<inf{y(z):te€]0,1],]z| < R},
such that pf§ # @ or ¢ # @. (If no such ¢ can be found, then

Cn (‘PO; OO) = Cn (#71’ OO) = 5n,OZ

and so we are done). Without any loss of generality, we may assume that o # &
(the argument is similar if ¢§ # @). Let y € ¢§ and consider the Cauchy problem

(2.8) %77 (t) =w (n(t) forallt € [0,1], n(0) =y.
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From the local existence theorem (see Gasinski-Papageorgiou [14, p. 618]), we know
that (2.8), admits a local flow 1 (¢). On account of (2.5), (2.6) and (2.8), we have

o) = (G0 50 0) + 30 (0 (0)

= (i (n (1), w (())>+8t<pt(n(t))

|0rpr (1 (£))] + Orepr (1 (1))

< -
<0.

Therefore, t — o (n(t)) is decreasing and so we have ¢ (n(t)) < ¢o (n(0)) =
o (y) < ¢ (recall that y € ¢§). Because of (2.7), we have that ||n(t)]] > R.
Consequently, ¢} (n(t)) # 0 and so the flow 7 is in fact global. Moreover, it can be
reversed by replacing ¢; by 1_¢. Therefore, 7 (1) is a homeomorphism between ¢
and a subset of ¢f. O

Let us recall the following notion from nonlinear operator theory. Let X be
a Banach space, X* its topological dual and as before, let (.,.) denote the duality
brackets for the pair (X*, X).

DEFINITION 2. A map A : X — X* is said to be of type (), , if for every
sequence {z,}, -, C X such that z, — x in X and
limsup (A (zn), 2, —x) <0,
n—oo
one has
T, — x in X.

“

. w
(Here and in the sequel, we use “—” to denote weak convergence).

Let X = WP (Z), X* = WP (Z)" and consider the nonlinear operator
A WP (Z) — WEP(Z)" defined by

(2.9) / | Dz ||g~ > (Dx , Dy)pn dz for all z, y € WoP (Z).

The following result is well-known; see, e.g., [1].

PROPOSITION 3. The nonlinear operator A : WP (Z) — WLP (Z)" defined by
(2.9) is bounded, continuous, monotone and of type (5), .

REMARK 1. In particular, A is maximal monotone and so, pseudomonotone,
as well (see Gasinski-Papageorgiou [14, p. 334]).

3. Solutions of constant sign

In this section, using variational techniques together with the method of upper-
lower solutions, we produce two nontrivial smooth solutions of constant sign, one
positive and the other negative. For this, we do not need the restriction p > 2. So,
in this section, 1 < p < co.

The hypotheses on the nonlinearity f (z,z) are the following:

H(f): f:Z xR — Ris a function such that f(z,0) =0 a.e. on Z and
(i) for all z € R, z — f(z,x) is measurable;
(#4) for almost all z € Z, x — f (2, z) is continuous;
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(#ii) for every p > 0, there exists a, € L*° (Z), such that
If (z,2)| < a,(z) fora.a. z € Z and all |z| < p;

(iv) there exists 6 € L> (Z)_ such that 6 (z) < 8 a.e. on Z, with strict
inequality on a set of positive measure, and if F' (z,z) = fom f(z,9)ds,

then
F
lim supp(TI;x) < 0 (z) uniformly for a.a. z € Z;

(v) there exist § > 0, r € (1,p) and ¢g > 0 such that
colz|” < F(z,2) for a.a. z € Z and all |z| < 6;
(vi) for almost all z € Z, we have
f(z,x)x >0 for all z € R (sign condition)
and
pF (z,2) — f (z,2)x > 0 for all = # 0.

REMARK 2. Hypothesis H (f) (v) implies that the nonlinearity f (z,.) exhibits
an (r — 1)-sublinear growth near the origin (concave nonlinearity near the origin).
For example, the nonlinearity

faa)=0@) " e+ |2 e
with 1 <r < pand § € L>(Z), as in assumption H (f) (iv) satisfies hypotheses
H(f).

First, we will produce a strict upper solution of (1.1). By virtue of hypotheses
H (f) (i), (iv) and (vi), given ¢ > 0, we can find & € L>(Z), ,§ # 0andn. >0
such that
(3.1) (0(2)+e)aP t+& (2) — f(z,2) >n. >0 for a.a. z € Z and all z > 0.

To produce a strict upper solution for problem (1.1), we will need the following
lemma, which underlines the significance of the nonuniform resonance hypothesis

H (f) (iv).
Lemma 1. If0 € L™ (Z), ,

of positive measure, then there exists a) > 0 such that

0 (z) < (B a.e. on Z, with strict inequality on a set

¥ (x) = | Dz||p + B[l - /Ze(z) |z (2)]Pdz > & ||z|P for all x€ WP (Z).

PRrROOF. Note that ¥ > 0. We argue by contradiction. So, suppose that the
lemma is not true. Exploiting the p-homogeneity of i, we can find a sequence
{an},en € WP (Z) such that

|lzn]| =1 and ¢ (x,) | 0.
By passing to a suitable subsequence we may assume that
Ty — zin WP (Z) and z,, — x in L? (Z).

Then we have
Dzl < liminf || Daylly, Bllenll, — 8]}
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and
/ZH(Z) |z, (2)] dz—>/Z€(z) |z (2)|" dz.

So, in the limit as n — oo, we obtain

|Wﬂ§+@Mﬁ§%}@HM@WM~
Hence
(3.2) IDally < [ 6)=B) e () d= <o
therefore

rz=ceR.

If ¢ =0, then [[Dzy|, — 0 and so , — 0 in WP (Z), a contradiction to the fact
that ||z,| =1 for all n > 1. So, ¢ # 0. From (3.2), we have

0< el [ ©()-B)dz <o
z
again a contradiction. This proves the lemma. ([l

PROPOSITION 4. If hypotheses H (f) hold, then problem (1.1) admits a strict
upper solution T € int C..

ProOF. Consider the nonlinear operator I?p DL (Z) — [P (2) (t+L=1)
defined by
K, (z) () =z () ?z () forall z € L? (Z).
Clearly IA(p is continuous and bounded (i.e., it maps bounded sets to bounded ones).

Moreover, by virtue of the compact embedding of WP (Z) into L? (Z), it follows
that

Ky, =K, lwinzy: WP (Z) — WP (Z)*

is completely continuous (i.e., it is sequentially weakly-strongly continuous). There-
fore, by Remark 1, the map V : WP (Z) — WP (Z)" defined by

Vi(z) = A(x) + BKp (x) = (0() +¢) K, (2)
is pseudomonotone. Also, for every x € WP (Z), we have

33) V(@)= IDall+ (3= lelt ~ [ 0@ > (&) ol

(see Lemma 1). Choosing 0 < ¢ < &, from(3.3) we infer that V is coercive. But
a pseudomonotone coercive operator is surjective (see Gasinski-Papageorgiou [14,
p. 336]). Therefore, we can find T € W7 (Z) such that

(3.4) V(T) = A(T) + BK, (T) — (0 + ¢) K, (T) = &,
where & is as in (3.1). Since & # 0, (3.4) implies that T # 0. Recall that
Z=7" -7, with7" = max {Z,0} and T~ = — min {7, 0} .

On (3.4) we act with the test function —z~ € WP (Z) and we obtain

HDE‘H,’SWHTHIQ—/Z@(Z) 7~ ()" dz— e[z |" <0,
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hence
(3.5) (& —2)l=|I" <0
(see Lemma 1). Inasmuch as ¢ < a), from (3.5) it follows that T= = 0, hence

T >0, T # 0. On account of (3.4) and the nonlinear Green identity (cf. Motreanu-
Papageorgiou [20]), we get

—DT(2) + BT (2P = (0(2) + )T (2)P " + £ (2) ace. on Z,
3.6
(3.6) @ =0on 0Z.

on
From (3.6) and Theorem 7.1, p. 286 of Ladyzhenskaya-Uraltseva [15], we deduce
that T € L° (Z). Then, invoking Theorem 2 of Lieberman [17], we infer that
T e Cy.

Note that (3.6) implies
AT (2) < BT ()P ace. on Z.

Hence, by virtue of the nonlinear strong maximum principle of Vazquez [25], we
obtain Z (z) > 0 for all z € Z. Suppose that for some zy € 97, we have T (zg) = 0.
Then, from Vazquez [25] (Theorem 5), it follows that

T
% (Z()) < 0,

which contradicts (3.6). This proves that Z(z) > 0 for all z € Z, i.e., T € intC.
Because of (3.1), we see that T € int C is a strict upper solution for problem (1.1)
in the sense of Definition 1(a). O

Let g € L™ (Z) and consider the following Neumann problem
—Npx (2) + Bz ()P 2z (2) = g (2) ae. on Z,
0

a—z =0on 0Z.

From the maximal monotonicity and coercivity of the operator x — A (z)+5K, (),
we infer that the problem (3.7) has a solution S (g) € W,1'P (Z), which is unique
due to the strict monotonicity of the operator. Moreover, the nonlinear regularity
theory implies that S (g) € C} (Z) . We examine the monotonicity properties of the
map g — S (g).

(3.7)

LEMMA 2. The map S : L= (Z) — C*(Z) is increasing, i.c., if g1 < g2 in
L>(Z), then S (g1) < S (g2) in C* (Z) .
PROOF. Suppose that g1,92 € L (Z) and assume that g1 < go in L™ (Z2)
(i.e., g1 (2) < g2 (%) a.e. on Z). Set 1 = S(g1), z2 = S (g2) . Then
A(z1) + BKp (71) = g1 and A (22) + BK), (22) = ga.
We have

<A($2) —A(x1), (21— JU2)+> +0

(|ar:2|p_2 g — \x1|p_2 xl) (x1 — x9) dz
{z1>z2}

— [ (2= g o1~ 2)" s
Z

> 0;

b
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hence

/ (||Dx2||§§;2 Dzy — | Da: 252 Dy, Dy — Dmg) dz
{I1>I2} R™

(3.8) +0 (|:r2|p*2 Ty — |ay P77 xl) (x1 — x2) dz
{z1>z2}
> 0.

But, due to the strict monotonicity of the map RY 3 ¢ — HEH%;zf and R>y —
ly["~?y, the left hand side of (3.8) is strictly negative, a contradiction unless

Hz1 > 22}y =0,

where by |.|y we denote the Lebesgue measure on RYN. Hence z1 < zs. O

Note that = 0 is a solution of the problem (1.1) . We truncate the nonlinearity
f (z,2) at the pair {0,Z}, namely, we introduce
0 ifxz<0
i (zao)y={ flza) if0<2<7(2)
f(z,z(2) ifzT(2) <=

Evidently, f, (z,z) is a Carathédory function, i.e., for all z € R, z — I (z,z) is
measurable and for almost all z € Z,  — f; (2, ) is continuous. We set

By (s,0) = / Fr (z5) ds

(the primitive of f, (z,.)) and consider the functional @, : WP (Z) — R defined
by

1 ~
Pt (x) = ” | Dz||? + g (el / F, (z,2(2))dz for all 2z € W}P (Z).
z
We also consider ¢ : WP (Z) — R, the Euler functional for the problem (1.1),
defined by
P
p
Clearly, ¢4, ¢ € C* (WP (Z)).

1
p(x) = , HDmHg + ||x||5 — /ZF (z,2(2))dz for all 2 € WP (Z).

PROPOSITION 5. If hypotheses H (f) hold, then problem (1.1) admits a solution
xo € int C, which is a local minimizer of .

PROOF. Exploiting the compact embedding of W7 (Z) into LP (Z), we can
easily check that @, is sequentially weakly lower semicontinuous. Moreover, note
that we can find M; > 0 such that

/Z By (2,2 () dz

Hence @ is coercive. Invoking the theorem of Weierstrass (see [14, p. 711]), we
can find zop € W1 (Z) such that

(3.9) P4 (zo) =inf{@y (z) : 2z € WP (2)}.

< M, for all z € WP (Z).
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We claim that z¢ # 0. To this end, let § > 0 be as in hypothesis H (f) (v) and let
€ (0,4]. Then

P =Lzl - [ Flo
(3.10) < g P|Z| Ny — coc” |Z| 5 (see hypothesis H (f) (v))

= |Z|y " (gcp—f - co) .

Since p > r, if we choose ¢ € (0, §] small, then from (3.10) and (3.10) it follows that

@4 (20) <Py (c) < 0;

hence
(3.11) xg # 0.
From (3.9), we have
Py (z0) = 0;
hence
(3.12) Al(xo) + BK, (z0) = Ny (20),

where Ny (2) () :== fy (L@ () for all z € WP (Z). On (3.12), we act with the
test function —x; € WP (Z) and obtain

Yo ||xa|| < 0 with 79 = min {3, 1} ;

hence
xg =0, le, 9 >0, 9 #0 (see (3.11)).
From (3.12) it follows that

~

pr( 2) + Bao (2)P' = fy (2,20 (2)) a.e. on Z,

3.13
(3.13) =0on 0Z.

8n

The nonlinear regularity theory implies that xg € C;. Due to the sign condition
(see hypothesis H (f) (vi)), we have

(3.14) I (2,20 (%)) > 0 a.e. on Z.
From (3.13) and (3.14) it follows that
Dpzg (2) < Bo (z)P"! ae. on Z,
which, by virtue of the nonlinear maximum principle of Vazquez [25], implies that
xo € int C.

From Proposition 4 we know that T € int C'y is a strict upper solution for problem
(1.1). So, according to Definition 1(a), we have

(3.15) A(T) + BK, (Z) > N (%) = Ny (zo) in WP (2)",
where N (z) (.) = f (.,z (.)) for all x € W,}? (Z) . From (3.12) and (3.15) we obtain
(3.16) A () — A(wo) + B (K, () — K (w0)) > Ny (F) = Ny (wo) in WP (2)".
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On (3.16), we act with the test function (zo —Z)" € W (Z). Then, arguing as
in the proof of Lemma 2, we infer that

{zo > T}y =0,
therefore

Ty < 7.

Hence (3.13) becomes

—Apxo (2) + Bro (z)P' = f (2,20 (2)) ae. on Z,
Zo

% =0on 8Z
Let 0 < 6 < miny = and consider vs = — § € int C.. Then
(3.17) — N5 (2) + Bus (2)P 71 > —AT (2) + BT (2)P — 0 (6),

with 0 € C(R;), 0 > 0 and ¢ (§) — 0% as 6 — 0T. Choosing 6 > 0 small and
using (3.1), we have

(318)  (0(2)+e)T(2)" "+ & (2) — 0 (6) > f(z,20(2) + % for a.a. z € Z.
From (3.6), (3.17) and (3.18), it follows that for ¢ > 0 small, we have
(3.19) hs (2) = —Dpvs (2) + Bus (2)7

> f(z,20(2)) = =Dy (2) + B (2)7 " ae. on Z.
Since hg, f(.,z0(.)) € L (Z), from (3.19) and Lemma 2 we infer that for 6 > 0
small

zo (2) < ws (2) for all z € Z.
Hence -
T(z)—xo(z)>d>0forall z € Z,
therefore
T —xzo €intCy.

Inasmuch as z¢ € int Cy, we can find r» > 0 small such that

P+ ‘Efé(f)(fto): ¥ |§fé(7)(rco);

hence xy € int O is a local C} (7)—minimizer of ¢. Invoking Proposition 1, we
conclude that zq € int C; is a local W,1'P (Z)-minimizer of ¢, and of course it solves
problem (1.1). O

We repeat the same process on the negative half-axis. So, because of hypotheses
H (f) (i), (v) and (vi) , given € > 0, we can find 7. € L* (Z) _, 7. #0and 7. >0
such that
(320)  (0(2)+¢)|zfP?2— 7. (2) < f(z,2) — 7. for a.a. z€ Z and all < 0.
We consider the following auxiliary Neumann problem
—A () + Blo ()P 20 (2)
(3.21) =(0(2)4¢)|v)|"?v(2) — e (2) ae. on Z,

g—ZZOonaZ.

Arguing as in the proof of Proposition 4, we can find v € —int C,, a solution of
problem (3.21). By virtue of (3.20), we see that v is a strict lower solution for
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problem (1.1). Then, truncating the nonlinearity f(z,.) at the points {v(z),0}
and reasoning as in the proof of Proposition 5, we obtain:

PROPOSITION 6. If hypotheses H (f) hold, then problem (1.1) admits a solution
vg € —int Cy which is a local minimizer of ¢

Combining Propositions 5 and 6, we can summarize the results of this section
in the following Theorem.

THEOREM 1. If hypotheses H (f) hold, then problem (1.1) admits two constant
sign smooth solutions xg € int C'y and vy € —int C'y, which are local minimizers of
the Euler functional .

4. A third smooth solution

In this section, using Morse theory, we produce a third nontrivial smooth solu-
tion for problem (1.1). Note that the Euler functional ¢ satisfies the PS-condition,
as one can easily verify.

In view of Theorem 1 and recalling the characterization of the critical group
of a C'-functional at a local minimizer (see Chang [9, p. 33] and Mawhin-Willem
[18, p. 175]), we have:

PROPOSITION 7. If hypotheses H (f) hold, then Cy, (¢, x0) = Ck (¢, v0) = dk,0Z
for all k > 0.

Next we compute the critical groups of ¢ at x = 0. Our approach is inspired
by the semilinear works of Moroz [19] and Wang [26].

PROPOSITION 8. If hypotheses H (f) hold, then Cy (¢,0) =0 for all k > 0.
PROOF. By virtue of hypotheses H (f) (ii7) , (v) and (vi), we have

(4.1) F(z,2) > ci|z|" —co|z|P for a.a. 2 € Z and all z € R,

with ¢1,¢2 > 0. Then for t > 0 and 2 € WP (Z), x #0,

tP 3
(4.2) (ta) = = | Dall + =2 ol - / F (2 te (2)) de

tP .
<o [2]|” + tPea ||l — t7er [l

with v1 = max {8, 1} (see (4.1)). Because r < p, from (4.2) it follows that there
exists tg = to (x) € (0, 1) such that

(4.3) p(tz) <0 for all t € (0,19).

Next we show that for every x # 0

(4.4) %g@ (tz) > %p (tz) for all t > 0.
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To this end, we remark that
L (1) = (¢ (12)..2)
dtw - Lp I
— (A(t),z) + B! / af? dz / £ (s t) >
Z 4
p—1 p p 1
=t (HDZIJHp +ﬂ||x||p) 7 Zf(z,t:c) txdz
_p |t p P _1/
= [p (HDSUHP-FﬁHpr) ) Zf(z,tac)txdz

> 212 (el + 81el) — [ F (et ds] (e B (0)

= gso (tz),
which proves (4.4) .

We assume that the origin is an isolated critical point of ¢, or otherwise we
have a whole sequence of distinct solutions of (1.1), and so, we are done. Let p > 0
be small such that KNB, = {0}, where K = {z € W}? (Z) : ¢/ (z) =0} and B, =
{z e Wh? (Z):||z| < p}. We show that for any = € ° N B, we have tz € ¢"N B,
for all ¢ € [0,1] (recall that ¢° = {z € WP (Z) : ¢ (x) < 0}). We argue indirectly.
So, suppose that for some tg € (0, 1), we have ¢ (tox) > 0. Then, by continuity, there
exists ¢1 € (to, 1] such that ¢ (t12) = 0. We take t; = min {¢ € [to,1] : ¢ (tz) = 0}.
Hence, ¢ (tx) > 0 for all ¢ € [t,t1) and so

d
(4.5) 7% (@) =6, < 0.
From (4.4) and (4.5), we have

0= (t12) < 5 () iy 0

a contradiction. This proves that for all z € "N B, and all t € [0,1], tz € o°NB,.
Therefore, for every t € [0,1], the map x — h (t,z) = (1 —t) x maps ¢° N B, into
itself. Clearly, (t,z) — h(t,z) is continuous and h (0,z) = z for all z € ¢ N B,,.
Hence h is a continuous deformation of ¢° N B, to itself and so, we conclude that
0N B, is contractible into itself.

Next, we show that (<p0 N Bp) \ {0} is contractible in itself. For this purpose,
we introduce the map T': B,\ {0} — (0, 1] by

. 1 if ze OﬂBp \{O}
T(x)_{t if xe(Bi\{O} 2;vith<p(tx):0,t€(0al)-

From (4.3) and (4.4) it is clear that the map T is well-defined and, if ¢ (x) > 0,
then there exists a unique 7' (x) € (0,1) such that ¢ (tz) < 0 for all ¢t € (0,7 (x)),
o (T (z)xz)=0and ¢ (tx) >0 for all t € (T (z),1]. Also, we have

d
%W(m) =7 () > %gp (T (z) z) =0 (see (4.4)).
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Invoking the implicit function theorem, we infer that  — T () is continuous. Let
h: B\ {0} — (¢°N B,)\ {0} be defined by

~ « [ T()z if zeB\{0}, p(z)>0
h(x)_{x if xeBp\{O},i(x)<0.

The continuity of 7 implies the continuity of h (note that T'(x) = 1 for all x €
B\ {0} with ¢ (z) = 0). Clearly h lponB,= id |zonp,, hence % is a retraction and
so (¢ N B,) \ {0} is a retract of B,\ {0} . Because W,}* (Z) is infinite dimensional,
B,\ {0} is contractible in itself. Recall that retracts of contractible spaces are
contractible too. Therefore, we infer that (©°N B,)\ {0} is contractible in itself.
Consequently, from Mawhin-Willem [18, p. 172], we have

Ci (¢,0) = Hy, (¢° N B,, (¢" N B,) \ {0}) for all k > 0.

O

Next, using Proposition 2, we will compute the critical groups at infinity for
the functional ¢. Here we will need the restriction p > 2.

PROPOSITION 9. If hypotheses H (f) hold and 2 < p < oo, then
Ck, (¢, 0) = 6k.0Z for all k > 0.

ProOOF. We consider the functions
1
(t,z) = ¢r(2) = - | Dz||? + g ][y — (1 —1) /Z F(z,2(2))dz,

for all (t,z) € [0,1] x WP (Z). Clearly & — Oy (z) is locally Lipschitz. Also
¢, (x) = Az+BK, (x)—tN (x) . Since we assume 2 < p < oo, we see that x — ¢} (x)
is locally Lipschitz too. In order to apply Proposition 2 we need to verify (2.2)
and (2.3). Clearly, (2.3) holds. So, it remains to check (2.2). We proceed by
contradiction. So, suppose that (2.2) is not true. Then we can find sequences
[tabuos C [0,1), {22},2, C W (2) such that

tn = t, [lzn] — 0o and ¢} (z,) — 0in WP (Z)".

Then
(o1, (zn) s u)| <enllull for allu € WP (Z), with e, | 0.
Let y, = Hﬁ—"“, n > 1. By passing to a suitable subsequence if necessary, we may
assume that
Yn — yin WP (Z) and y,, — y in LP (Z).
We have

(A(yn) ) + B [ lyal” ™ ypudz — (1 —t,) [,

<ep |lu| for allue Whe(Z).

(4.6)

N<>d|

[

Hypotheses H (f) (44i) , (iv) imply that { N(zn) } - P (Z)y (:+ L =1)is

[

bounded. So, setting u = y,, — y in (4.6) , we have

-1 (U —y)dz — 0 as n — oo.
z ||zl

/3/ ‘yn|p72 Yn (Yn —y) dz — 0 and
z
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From (4.6) it follows that
lim <A (yn) yYn — y) =0.

n—oo

Invoking Proposition 3 we have that

(4.7) Yn =y in Wyt (Z),
hence
(4.8) lyll =1 and so y # 0.

Reasoning as in the proof of Proposition 14 in Aizicovici-Papageorgiou-Staicu [2],
we can show that

(4.9) hy = = 5 hin LP' (Z), with h = g|y|" 2y, g€ L™ (Z),, g < 0.

[[n]

Passing to the limit as n — oo in (4.6) and using (4.7) and (4.9), we obtain
@10) (A48 [ P pudz = (1 =0) [ gl g,
Since u € W1 (Z) is arbitrary, from (4.10) it follows that
A(y) + BKp (y) = (L= 1) 9K, () -
Because tg < 6, using Lemma 1, we have
& [lyll” <0, hence y =0,

a contradiction to (4.8). Therefore (2.2) holds for some R > 0. Applying Proposi-
tion 2, we can say that for ¢ < &g, ¢f is homeomorphic to a subset of ¢{. But note
that by virtue of hypothesis H (f) (vi) , ¢o < ¢1, hence ¢§ C ¢§. Therefore, ©§ and
©§ are homeomorphic, and so

(411) Ck ((po, OO) = Ok (@1, OO) for all k > 0.
Note that

1
wo () = ¢ (x) and ¢ (z) = ; | D3 + g ][5 for all z € whr (7).

Clearly, 1 has only one critical point = 0 and it is a global minimizer. Hence
(4.12) C (p1,0) = Cf (¢1,0) = §k,0Z for all k > 0.
Since ¢o = ¢, from (4.11) and (4.12), we conclude that

Cr, (¢, 00) = Ok,0Z for all k > 0.

Now we are ready for the three solutions theorem for problem (1.1).

THEOREM 2. If hypotheses H (f) hold and 2 < p < oo, then problem (1.1) has at
least three nontrivial smooth solutions xo € int Cy, vg € —int Cy and yo € C} (7) .

PrROOF. From Theorem 1, we already have two nontrivial smooth solutions of
constant sign, namely, z¢ € int C'y and vy € —int Cy. Suppose that 0, ¢y and vy
are the only critical points of . Then from the Poincaré-Hopf fomula (see (2.1))
and Propositions 7, 8 and 9, we have

(- + (-1)" = (-1)°;
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hence (71)O = 0, a contradiction. This shows that there must be a fourth critical
point yo € WP (Z) of ¢, distinct from 0, x¢ and vy. Evidently, yo is a solution of
(1.1), and as before, the nonlinear regularity theory implies that yo € C} (Z ) . O

REMARK 3. In fact, with some additional effort, our work can be extended to
the case when in (1.1), the p-Laplacian is replaced by a more general operator of
the form diva (z, Dz (2)), with a(z,y) = D,G (z,y), where G : Z x RN — R is
measurable in z € Z, of class C! and convex in y € R, and satisfies (for all z € Z,
y € RY)

(a(z,9),y)pgny <p G(z,y) and G (z,y) > c|ly||” for some ¢ > 0.

Details will appear in a forthcoming paper.
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