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palavras-chave

resumo

Solugao de sinal constante, potencial ndo suave, operador do tipo (S)., teoria
de grau, subdiferencial generalizado, p-Laplaciano, operador diferencial
assimptotico, funcao localmente lipschitziana, ressonancia dupla, /ocal linking,
condicdo de Palais-Smale, linking set, condicdo de Ambrosetti-Rabinowitz,
solugdes mudltiplas.

Nesta tese de doutoramento, estudamos a existéncia e a multiplicidade
de solugbes para algumas classes de equacdes elipticas ndo lineares com
potencial ndo suave. Os resultados originais foram obtidos, utilizando métodos
variacionais e da teoria de grau.

A nossa abordagem variacional € baseada em descobertas recentes na
teoria ndo suave (nonsmooth) dos pontos criticos. A teoria de grau é aplicada
a determinadas perturbagcées multivocas de operadores de tipo monoétono
(operadores do tipo (S), ).

O primeiro problema que consideramos é um problema de valor proprio
semi-linear com potencial nao suave (ver Capitulo 3). O resultado de
existéncia obtido estende para uma versdo nao suave, e sob hipéteses de
crescimento mais fracas, um resultado obtido por Rabinowitz para potenciais
suaves. Mais, sob condi¢cdes no potencial que permitem ressonancia, quer em
zero, quer no infinito, provamos um resultado de multiplicidade.

Para um problema eliptico nao linear derivado do p-Laplaciano e com um
potencial ndo suave (ver Capitulo 4), estabelecemos a existéncia de, pelo
menos, trés solugcdes suaves, nao triviais e distintas, sendo duas delas de sinal
constante (uma positiva e uma negativa).

Problemas semi-lineares de Neumann, que sdo duplamente ressonantes
na origem, relativamente a qualquer intervalo espectral [Ac,Ax.1], S80 estudados
no Capitulo 5. O resultado de multiplicidade obtido para um potencial nao
suave estende resultados existentes para o caso do potencial suave, nos quais
a ressonancia é completa relativamente a A,, mas incompleta relativamente a
)\k+1.

Respondemos afirmativamente a questdo aberta em relacdo a validade
do resultado de multiplicidade, quando ocorre, também, ressonancia completa
relativamente a A, (situacdo de dupla ressonancia).

A Ultima parte da tese (Capitulo 6) é dedicada ao estudo de uma classe
de problemas de Neumann, em que o operador diferencial ndo é homogéneo,
nem variacional. Portanto, os métodos mini-max da teoria dos pontos criticos
(suave e nado-suave) nao podem ser utilizados. Usando o espectro do operador
diferencial assimptotico, juntamente com métodos da teoria de grau,
estabelecemos a existéncia de solu¢des suaves nao triviais.



keywords

abstract

Constant sign solution, nonsmooth potential, (S)+ operator, degree theory,
generalized subdifferential, p-Laplacian, asymptotic differential operator, locally
Lipschitz function, double resonance, local linking, Palais-Smale condition,
linking set, Ambrosetti-Rabinowitz condition, multiple solutions.

In this Ph.D. thesis, we study the existence and the multiplicity of solutions
to some classes of nonlinear elliptic equations with a nonsmooth potential. Our
new results were obtained by using variational and degree theoretic methods.

The variational approach we used is based on recent developments in
nonsmooth critical point theory. The degree theory we used concerns certain
multivalued perturbations of a class of monotone type operators (the (S), type
operators).

The first problem we consider is a semilinear eigenvalue problem with a
nonsmooth potential (see Chapter 3). The existence result we obtained extends
to nonsmooth setting and under weaker growth assumptions, a result obtained
by Rabinowitz for smooth potentials. Moreover, under conditions on the
potential which allow resonance both at zero and at infinity, we prove a
multiplicity result.

For a nonlinear elliptic problem driven by the p-Laplacian and with a
nonsmooth potential (see Chapter 4), we establish the existence of at least
three distinct nontrivial smooth solutions, two of them with constant sign (one
positive and one negative).

Semilinear Neumann problems which are doubly resonant at the origin
with respect to any spectral interval [A,Ax.1] were studied in Chapter 5.

The multiplicity result we obtained for nonsmooth potential, extend results
known for the case of smooth potential, where the resonance is complete with
respect to Ay, but incomplete (nonuniform nonresonance) with respect to A,1.
We give a positive answer to an open question asking whether the multiplicity
result also holds when complete resonance occurs also with respect to A,
(double resonance situation).

The last part of the thesis (Chapter 6) is devoted to the study of a class of
Neumann problems where the differential operator driving the problem is
neither homogeneous, nor variational. So the minimax methods of critical point
theory (smooth and nonsmooth alike) fail. Using the spectrum of the asymptotic
differential operator together with degree theoretic methods, we establish the
existence of nontrivial smooth solutions.
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Chapter 1

Introduction

The goal of this thesis is to use variational methods and degree theoretical tecniques
to study the existence and multiplicity of solutions to some nonlinear elliptic problems with
nonsmooth potential (hemivariational inequalities).

While the foundation of variational inequalities, mainly concerned with convex energy
functionals, is from Fichera, Lions and Stampacchia, and it dates back to the 1960’s, hemi-
varitational inequalities were introduced by Panagiotopoulos about two decades ago and are
closely related with the development of the new concept of Clarke’s generalized gradient.

This new type of inequalities arise in mechanics and engineering, if one wants to consider
more realistic laws of set-valued and nonmonotone nature, which correspond to nonsmooth
and nonconvex energy functionals and their study requires tools and techniques from non-
smooth and multivalued analysis.

The variational method we use, in this thesis, is based on the nonsmooth critical point
theory, which uses the subdifferential theory for locally Lipschitz functions. In Chapter 2
we present some basic definitions and facts from nonsmooth analysis (the subdifferential
of Clarke) and from nonsmooth critical point theory. We also introduce degree theory for
maps of monotone type and the spectrum of the Dirichlet and Neumann Laplacian and
p-Laplacian, which will be used in the sequel.

In Chapter 3, we consider a semilinear eigenvalue problem with a nonsmooth poten-
tial. Eigenvalue problems for hemivariational inequalities have attracted the interest of
many authors. We mention the works of Barletta-Marano [6], Cirstea-Radulescu [12],
Goeleven-Motreanu-Panagiotopoulos [24], Marano-Molica Bisci-Motreanu [37], Motreanu-

Panagiotopoulos [41], [42] (for semilinear problems) and by Gasinski-Papageorgiou [19],
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[20], Motreanu-Motreanu-Papageorgiou [40], Motreanu-Radulescu [45] and Papageorgiou-
Papageorgiou [47] (for quasilinear problems). The existence result presented in this chapter
(proved in [48]) extends to nonsmooth setting the result obtained for smooth potential by
Rabinowitz ([54], p.30). For an extension to hemivariational inequalities of Rabinowitz’s
result, we refer to Barletta-Marano [6]. The so-called Ambrosetti-Rabinowitz condition,
assumed in both [54] and [6], dictates a superquadratic behavior for the potential function.
They use a local version of this condition and employ an additional one. To obtain our
result, we require only a local Ambrosetti-Rabinowitz and this makes our existence theo-
rem (see Theorem 3.8), a more genuine nonsmooth generalization of Theorem 5.16, p.30, of
Rabinowitz [54]. In fact, even when restricted to the smooth case, our result improves and
refines the afforementioned theorem of Rabinowitz [54]. Moreover, under conditions on the
potential function, which permit resonance both at zero and at infinity, we prove a multi-
plicity theorem (see Theorem 3.22). Our approach is variational, using minimax methods
from nonsmooth critical point theory.

Following [50], in Chapter 4 we establish the existence of at least three distinct nontrivial
smooth solutions for a nonlinear elliptic problem driven by the p-Laplacian and with a non-
smooth potential. Although, recently, three solutions theorems for the p-Laplacian equation
with a smooth potential were proved by Liu [36] and [35], our conditions imply a different
behavior of the generalized subdifferential near the origin. While the approach of the two
quoted papers which is variational, based on critical point theory, we use degree theory
for certain multivalued perturbations of nonlinear (.S) , -operators, due to Hu-Papageorgiou
[25] (see also Hu-Papageorgiou [26], Section 4.4). Two of the three solutions obtained
have a constant sign (one is positive and one is negative). We should mention the works
of Alves-Ding [2], Garcia Azorero-Manfredi-Peral Alonso [18], where the authors examine
eigenvalue problems driven by the partial p-Laplacian. In both works, they treat problems
with concave-convex nonlinearities and exclude asymptotically (at £00) p-linear problems,
which is the class of problems considered here.

A semilinear second order elliptic problem with Neumann boundary conditions and a
nonsmooth potential is studied in Chapter 5.

Such a problem, but with a smooth potential, was recently studied by Tang-Wu in [59],
where they proved a multiplicity result for problems which are resonant at zero between

two successive eigenvalues A\p, A\ryr1. The resonance is complete with respect to A\, but
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incomplete (nonuniform nonresonance) with respect to Ag .

It was left as an open problem, whether their multiplicity result is actually valid when
complete resonance occurs also with respect to A\x;1 (double resonance situation; see Remark
4 of Tang-Wu [59]).

The results presented in this chapter were obtained in [49]. We answer to the open
problem of Tang-Wu [59] and prove a multiplicity result for semilinear Neumann problems
which are doubly resonant at the origin with respect to any spectral interval [\, Api1].
We also relax the hypotheses of Tang-Wu [59] and we allow the potential function to be
nonsmooth. Our approach is variational based on the nonsmooth critical point theory.

Existence theorems for semilinear resonant Neumann problems were proved by lannacci-
Nkashama [29], [30], Kuo [33], Mawhin-Ward-Willem [39] and Rabinowitz [55]. In the
first three papers the approach is degree theoretic. Mawhin-Ward-Willem [39] use the
monotonicity condition, while Rabinowitz [55] uses the periodicity condition. In both papers
the approach is variational based on critical point theory.

In all the aforementioned works, with the exception of Iannacci-Nkashama [30], the
resonance is with respect to the principal eigenvalue \y = 0. None of these works deals
with the doubly resonant situation and also they do not address the question of existence
of multiple solutions.

The last problem, presented in Chapter 6, is a nonlinear Neumann problem with a non-
smooth potential, we studied in [51]. In the last decade, nonlinear elliptic problems driven
by the p-Laplacian differential operator have attracted a lot of interest. Most of the works
focused on the Dirichlet with a smooth potential. The study of the corresponding Neumann
problem is lagging behind. In this direction we mention the works of Anello-Cordaro [4],
Arcoya-Orsina [5], Binding-Drabek-Huang [7], Faraci [16], Godoy-Gossez-Paczka [23], Huang
[28] (problems with a smooth potential) and Filippakis-Gasinski-Papageorgiou [17], Hu-
Papageorgiou [27], Marano-Motreanu [38], Motreanu-Papageorgiou [43], Papalini [52], [53]
(problems with a nonsmooth potential). In all the aforementioned works the p-Laplacian dif-
ferential operator, which is (p — 1)-homogeneous, is used and so the Lusternik-Schnirelmann
theory can be used to determine its spectral properties. Moreover, the operator is variational
and so the methods of critical point theory can be used to obtain solutions of the boundary
value problems. For this reason, in all the above works the approach is variational.

In contrast, the differential operator used in the problem we consider, is neither homo-
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geneous nor variational. So the minimax methods of critical point theory (smooth and non-
smooth alike) fail and we need to device new techniques in order to deal with our problem.
Using the spectrum of the asymptotic differential operator together with degree theoretic
methods, based on the degree map for multivalued perturbations of (S), -operators, due to
Hu-Papageorgiou [25] (see also Hu-Papageorgiou [26]) we are able to establish the existence

of nontrivial smooth solutions.



Chapter 2

Preliminaries

Let X be a Banach space. As usual, 2%\ {@} stands for the family of all nonempty
subsets of X and Q denotes the closure of a set Q € 2¥\{@}. By X* we denote its
topological dual and by (-, -) the duality brackets for the pair (X*, X). The norms in X or
X* will be denoted by ||| -

Definition 2.1 A function ¢ : X — R is said to be locally Lipschitz, if for every x € X

we can find an open set U containing x and a constant ky > 0 (depending on U) such that

o) —e(2)] <kully— 2| forally, z<U.

Definition 2.2 We say that ¢ : X — R is coercive, if ¢ (x) — 400, as ||z|| — oc.

The nonsmooth critical point theory which we employ in the variational arguments, is
based mainly on the subdifferential theory for the locally Lipschitz functions. So, we recall

some basic notions and facts from this theory. For further details we refer to the book of

Clarke [13].

Definition 2.3 The function ©° : X x X — R defined by

/ Ah/ _ /
©° (z;h) = limsupgo(x + A — ¢ (@)
z’'—x, A0 A

is called the generalized directional derivative of . It is easy to check that ©° (x;-) is con-
tinuous, sublinear and, so, it is the support function of a nonempty, conver and w*—compact

set Op (x) C X*, defined by
Op () = {z* € X*: (z*,h) < " (x;h) forallh € X}, for all v € X.

The multifunction (or set-valued map) x — Op (x) is known as the generalized subdifferen-

tial of ¢.
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If ¢ € C' (X), then ¢ is locally Lipschitz and d¢ (z) = {¢' (z)}, for all x € X.
If ¢ is continuous and convex, then ¢ is locally Lipschitz and the generalized subdiffer-

ential coincides with the subdifferential in the sense of convex analysis, i.e.
Op(x) ={z" € X" : ",y —z) < p(y) —p(z) forally € X}.
If o, : X — R are two locally Lipschitz functions, then

d(p+v)(x) Cop(x)+ 0y (x) for all z € X.

Definition 2.4 We say that © € X 1is a critical point of a locally Lipschitz function ¢ :
X =R if

0€0dp(x).
If x € X is a critical point then ¢ = ¢ (x) is called a critical value of .

It can be easily checked that, any local extremum of ¢ (i.e. a local maximum or a local
minimum) is a critical point of ¢.
The nonsmooth version of the Palais-Smale condition (nonsmooth PS-condition for

short) takes the following form:

Definition 2.5 A locally Lipschitz function ¢ : X — R satisfies the nonsmooth PS-

condition, if every sequence {x,}, ., C X such that
¢ (x,) — ¢ (for some c € R) and m (z,,) := inf {||z*|| : 2" € ¢ (z,)} — 0 as n — oo,
has a strongly convergent subsequence.

Sometimes, it is convenient to use a weaker condition, known as the nonsmooth Cerami

condition (nonsmooth C-condition for short), which has the following form:

Definition 2.6 A locally Lipschitz function ¢ : X — R satisfies the nonsmooth C-condition

if every sequence {,},~, C X such that
¢ (z,) — ¢ (for some c € R) and (1 + ||z,||) m (z,) — 0 as n — oo,

has a strongly convergent subsequence.
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If ¢ is bounded below, then the two notions are equivalent (see Gasisnki-Papageorgiou
[21], p.127)
The topological notion of linking sets is crucial in the minimax characterization of the

critical values of a locally Lipschitz function.

Definition 2.7 Let X be a Hausdorff topological space, Ey, E and D are nonempty closed
subsets of X, with Ey C E. We say that the pair {E, Ey} is linking with D in X, if

(Cl) E[) NnD = s
(b) for any vy € O(E7X)7 with ’7|E0 = Z.d|Eo;
we have v (E) N D # @.

Using this notion, we have the following general minimax principle for the critical values

of a locally Lipschitz function (see Kourogenis-Papageorgiou [32]).

Theorem 2.8 If X is a reflexive Banach space, p : X — R 1is locally Lipschitz which
satisfies the nonsmooth C-condition, {E, Ey} is linking with D in X, supp < irll)ﬂp, and if
Ey

¢ =infsupp (y(2)), withT ={y € C(E,X):7|g =id|p},

1€lseE
then ¢ > irl:l)fgo and ¢ is a critical value of p, i.e. there exists a critical point ro € X of

@, such that ¢ (xy) = c.

With suitable choices of linking sets, can be obtained nonsmooth versions of well-known
minimax theorems (see [21], p.138). We only mention the nonsmooth mountain pass theorem,

which we shall need in the sequel.

Theorem 2.9 If zq, x1 € X with ||x; — zo|| > r > 0,

max {¢ (o) , ¢ (z1)} < inf{p (z) : [lz — zol| = 7}
and ¢ satisfies the nonsmooth PS-condition, with

c = inf sup SO(V(t))i where I' = {7 S C([Oal] ,X) ’7(0) = T, 7(1) = x1}7
7€lte(0,1]
then ¢ > inf{y (x) : ||z — xo|| = r} and c is a critical value of .

Moreover, if ¢ = inf {p (z) : ||z — xo|| =}, then there exists a critical point xo of ¢,

with ¢ (z9) = ¢ and ||z — xo|| = 7.
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More about the nonsmooth critical point theory can be found in the books of Carl-Le-
Motreanu [10], Gasinski-Papageorgiou [20] and Motreanu-Radulescu [44].

Recently, Kandilakis-Kourogenis-Papageorgiou [31] (see also Gasinski-Papageorgiou [20],
p.178), obtained the following nonsmooth version of the local linking theorem of Brezis-

Nirenberg [8]:

Theorem 2.10 If X s a Banach space, X =Y &V, with dimY < 400, p : X — R is
Lipschitz continuous on bounded sets, ¢ satisfies the nonsmooth PS-condition, ¢ (0) =0, ¢

18 bounded below, i§fg0 < 0 and there exists r > 0, such that

ey) <0 difyeY, |yl <r
e)>0 ifveV, |v|<r

then ¢ has at least two nontrivial critical points.

In this dissertation we, also, employ degree theoretic techniques based on a degree map
defined on a certain multivalued perturbations of nonlinear (S, -operators.

Degree theory is a basic tool of nonlinear analysis and produces powerful existence and
multiplicity results for nonlinear boundary value problems. Such theory was introduced by
Brouwer in 1912.

Let consider an operator equation of the form ¢(z) = yo, where ¢ is a map (often
continuous) of U, the closure of an open set U of the domain space X, into the range space
Y and yo € Y satisfies yo ¢ ©(0U). Then the Brouwer degree of ¢ at yq relative to U, written
dp(p,U, 1), is an algebraic count of the number of solutions of the equation ¢(x) = yo.

In particular the equation () = yo will have solutions in U, whenever dg (¢, U, y) # 0.

In the next theorem we summarize the basic properties of Brouwer’s degree.

Theorem 2.11 If UC RY is a bounded open set, o € C(U,RY) and y ¢ p(0U) then:

(1) (Normalization:) dg(Id,U,y) =1 for all y € U;

(i7) (Aditivity with respect to domain:) if Uy, Uy are disjoint open subsets of U and
yé¢ o U\ (U1Ul)), then

dg(e,U,y) = dg(p,Ur,y) + dp(p, Us, y);

(4ii) (Homotopy invariance:) if h: [0, 1]xU — RY is a continuous map andy ¢ h(t,0U)
for all t € [0,1], then dg(h(t,-),U,y) is independent of t € [0, 1];
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(iv) (Dependence on the boundary values:) if 3 € C(U,RY) and p|oy = @lov, then

dB(@? Ua y) = dB(®7 U7 y)7

(v) (Excision property:) if K C U is closed and y ¢ ¢(K), then

dg(e,U,y) = dp(e, U\ K, y);

(vi) (Continuity with respect to ¢:) if p € C(U) and ||¢ — Plleo < d(y,(0U)), then
dp(p,U,y) is defined and equals dg(p, U, y);
(vii) (Existence property:) if dg(p,U,y) # 0 then ¢~ 1(y) # @.

Suppose now that X is a reflexive Banach space. Then by the Troyanski renorming
theorem (see Gasinski-Papageorgiou [22], p.911), we can equivalently renorm X so that
both X and X* are locally uniformly convex and with Fréchet differentiable norms. So,
in what follows, we assume that both X and X* are locally uniformly convex. Hence, if

F : X — X* is the duality map defined by
F(z)={z" € X* ¢ |Jz|* = |«*|°}
we have that F is a homeomorphism.

Definition 2.12 An operator A : X — X*, which is single-valued and everywhere defined,
is said to be of type (S),, if for every sequence {x,}, -, € X such that

T, — 2 in X and limsup (A (z,), 2, —2) <0, one has x,, — z in X.

n—oo

Definition 2.13 An operator A : X — X* is demicontinuous if and only if
x, — x in X implies that A (z,) YA (x) in X™.

Let U be a bounded open set in X and let A: U — X* be a demicontinuous operator of

type (5),. Let {Xo},c, be the family of all finite dimensional subspaces of X and let A,

aed

be the Galerkin approximation of A with respect to X, that is,
(Ao (2), )y, = (A(z),y) forallz € UN X, and all y € X,,.
Definition 2.14 For z* ¢ A(9U), the degree map d(s), (A, U, x*) is defined by

dis), (A U,2") = dp (Aa, U N Xq,7%)
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for X, large enough (in the sense of inclusion), where dg stands for the classical Brouwer
degree map (see [9]). If X is separable and A is bounded (maps bounded sets to bounded

ones), then we can use only a countable subfamily {X,},~, of {Xa},c; such that

uX,=X.
n>1

For further details on the degree map d(s), we refer to Browder [9] and Skrypnik [57].

Definition 2.15 A multifunction G : X — 2X"\ {@} is said to be upper semicontinuous
(usc for short) if, for every set C' C X*, we have that

G (O)={zeX:Gx)NC # o}
1s closed in X.

Notice that the generalized subdifferential multifunction x — 9y (x) is usc from X with

the norm topology into X™* furnished with the w*-topology.

Definition 2.16 We say that a multifunction G : X — 2%\ {@} belongs in class (P), if

it is usc, for every x € X, G () is closed, convex and for every A C X bounded, we have

18 relatively compact in X*.
From Cellina [11] (see also Hu-Papageorgiou [26], p.106), we know that

Theorem 2.17 If D C X is an open set and if G : D — 2%\ {@} is an usc multifunction
with closed and convex values, then given € > 0, we can find a continuous map g. : D — X*

(called approximate selection of G) such that
ge (x) € G((x + B)N D)+ B, for all z € D
and g. (D) Cco (G (D)), with
B.={ze X :|z|]|<e} and BI={z"e€X":|z"|| <e}.
Note that, if the multifunction G belongs in class (P), then the continuous approximate

selection g. is compact.

10
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Definition 2.18 If G : X — 2%\ {@} is a multifunction belonging in class (P) ,then for

every x* ¢ (A+G) (0U), d(A+ G,U,x*) is defined by
d(A+G,U,z") = ds), (A+g.,U,z")

for e > 0 small, where g. is the continuous approximate selector of G given by the previous

Theorem.

Note that since G belongs in class (P), g. : U — X* is compact and so 7 — A (z)+g. ()
is still of type (5),.

More about the degree map d, can be found in Hu-Papageorgiou [25], [26].

In order to formulate the homotopy invariance property for the degree map c/l\, we need

to define the admissible homotopies for the operator A and the multifunction G.

Definition 2.19 (a) A one-parameter family {A:},(o ) of maps from U into X* is said to
be a homotopy of class (5),, if for any {z,},5, C U such that x, — x in X and for any
{tu}ns1 € [0, 1] with t, — t for which

lim sup <Atn (xn) y Tn — 1’) S 07

one has x, — v in X and A;, (z,) — Ay (1,) in X* asn — oo.

(b) A one-parameter family {G},o ) of multifunctions Gy : U — 2%\ {@} is said to be
a homotopy of class (P), if (t,z) — Gy (x) is usc from [0,1] x X into 2X"\ {@}, for every
(t,) € [0,1] x U the set Gy (v) C X* is closed, conver and

U{G;(z):t€(0,1], 2 €U}
18 compact in X*.

With these admissible homotopies for A and G, the homotopy invariance property of d

can be formulated as follows:

"If {A¢}co) 18 @ homotopy of class (5), such that for every ¢ € [0, 1], A
is bounded, {G:},co;) is @ homotopy of class (P) and z* : [0,1] — X" is a

continuous map such that
z; ¢ (Ar+ Gy) (0U) for all t € [0,1],

then d (A, + G, U, x7) is independent of ¢ € [0,1]."

11
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Concerning the normalization property of the degree map, we have

d(F,U,z*) = ds), (F,U,a*) =1 for all 2* € F (U).

Both degree maps d; ), and d exhibit all the usual properties mentioned for Brouwer’s
degree in Theorem 2.11, such as normalization, homotopy invariance, solution property,
additivity with respect to the domain, excision property, etc.

Let now RY be the usual N-dimensional Euclidean space, with norm |[|-||gy . Let Z C RY
be an open bounded set, with boundary 0Z. If v : Z — R then the Vu stands for the
gradient of u, Au denotes the Laplacian of u and for 1 < p < oo, A,u = div (||Vu||%}2 Vu)
is the p-Laplacian of w.

As usual, we denote by LP(Z), with 1 < p < oo, the space of measurable func-

tions u : Z — R such that [lul, = </ |u(z)|pdz>p < oo and by L*(Z), we de-
note the space of measurable functions u, guch that |u(z)] < C a.e. in Z, with norm
|ul| o :==inf {C'>0:|u(z)| < C ae. in Z}. By L* (Z)_, we denote the subspace of L> (Z7)
of functions with strictly positive essential infimum.

The space of infinitely differentiable functions with compact support in Z (resp. RY) is
denoted by C§° (Z) (resp. C§° (RY)), while C* (Z) denotes the space of k-times continu-
ously differentiable functions on Z (with 97 assumed smooth).

We also denote by W, (Z) (resp. WP (Z)), the Sobolev space obtained by completion

of C§° (Z) (resp. C* (Z)), with norm |[ju| := (/ [[Vu (2)|” + |u(2)]"] dz) p, 1 <p<oo.
When p = 2, we write Hy (Z) (resp. H' (Z)), instezd of Wy? (Z) (vesp. W2 (2))

Finally, let us recall some basic facts about the spectrum of the negative Laplacian with
Dirichlet boundary conditions. For details we refer, for example, to Gasinski-Papageorgiou
[22]. Let Z C R be a bounded domain and consider the following weighted linear eigenvalue
problem with weight a € L> (Z),

—Azx(z) =Xa(2)z(2), ae. onZ | 2.1)
xloz =0

By an eigenvalue of (2.1), we mean a number A € R for which problem (2.1) has a
nontrivial solution u € H} (Z), which is an eigenfunction corresponding to A € R. By F ()),
we denote the eigenspace corresponding to the eigenvalue A, that is, the linear subspace

generated by the eigenfunctions corresponding to A.

12
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It is easy to see, that a necessary condition for A € R to be an eigenvalue, is that
A > 0. Note that A = 0 is an eigenvalue and the corresponding eigenspace is R (the space
of constant functions).

This problem has a sequence of distinct eigenvalues {Am}mZI’ which are all positive,
Am < Ama1, for allm > 1, A\, — 400 as m — oo and \; > 0 is simple (i.e., the correspond-
ing eigenspace, F (\1), is one-dimensional). If {u,},., € Hg (Z) are the eigenfunctions

corresponding to these eigenvalues, then u,, € H} (Z) N C*™ (Z) and

/ (Duy, Dug)pn dz = 0, / a(2) up, (2) ug (2) dz = 0, for all n # k.
z z

Moreover, if 97 is a C*¥-manifold (1 < k < oo), then u, € C* (7), for all n > 1. For
every integer m > 1, by E ()\,,) we denote the eigenspace corresponding to the eigenvalue
Am. This space has the unique continuation property, namely if u € E (),,), then the set
{z € Z : u(z) = 0} has an empty interior.

We set

Y, = %E(/\,) and V,= & E(\;), foralm>1.

i=1 i>m
We have the following variational characterizations of the eigenvalues (using the so-called

Rayleigh quotient):

2
| Dzl

A =min |——2— v € Hy(Z), 2 #0 (2.2)
/ azr?dz
z
and for m > 2,
D 2
e Dl
TE Yo 40 / wrds
Z
D 2
IR oY

€V, ©#0
" / ar?dz
z

Dall?
=min{ max m:YgH& (Z), dimY =m (2.3)

z€Y, z#0
/ ax?dz
z

We shall need the following simple facts about the component spaces Y,,, and V,,.

Lemma 2.20 (a) If 6 € L*(2)
&o > 0, such that

4 0(2) < Apace. on Z and 0 # Ay, then there exists

Yo (x) = || Dl — /Z9 (2)a(2)x (2)" dz > & || Dally, for all z € V.

13
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(b)) If vy € L*®(Z),, v(2) > A ae. on Z and v # Ay, then there exists §; > 0, such
that

vi@)= [ 1()al)e @R ds - Dl 2 & |Dal, or all € V.
Z

Proof. (a) We proceed by contradiction. So suppose that the result is not true. Exploiting
the 2-homogeneity of 1, we can find {z,},-, C Vi, such that ||Dz,|, = 1, for all n > 1

and ¥, (z,) | 0. We may assume that
T, = xin Hy (Z) and x, — x in L*(Z).
Hence in the limit as n — oo, we obtain

Dz < Qax’dz < \,, ax’dz.
2> >
z z

If + = 0, then Dz, — 0 in L? (Z,R"), a contradiction, since ||Dz,||, = 1, for all
n > 1. So, z # 0 and x € V,,. Hence, by virtue of (2.3), we have ||Dz||> = A, [|z]|3 and so
x € E(A\y). Because E ()\,;,) has the unique continuation property, it follows that = (z) # 0

a.e. on Z. Therefore
| Dz||5 < /\m/ azr’dz,
z

a contradicition to (2.3).
(b) The proof of this part is done similarly as (a) and so it is ommitted.
n
For the spectrum of the negative Laplacian with Neumann boundary conditions (i.e. of

(=N, H'(Z))), we consider the following linear eigenvalue problem

—Az(z)=Xx(z) ae. onZ,
(2.4)
9z _ () on 0Z, A € R.

Using the spectral theorem for compact self-adjoint operators on a Hilbert space (see
Gasisnki-Papageorgiou [22], p.296), we show that (2.4) has a sequence {1}, of distinct
eigenvalues, A\, — +00 as k — +oo and \g = 0. We can, also, choose a corresponding
sequence of eigenfunctions, which form an orthonormal basis for L? (Z) and an orthogonal

basis for H' (Z). If E (\;) denotes the eigenspace corresponding to the eigenvalue A\, k > 0,

then we have the orthogonal direct sum decomposition

k>0

14
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Moreover, we have the following variational characterizations of the eigenvalues

Dz|? —_—
)\k:min{% re @EN),x %0} (2.5)
13 i2k
D 2
ax{” x!2 x € @E( i), T %O}
]I

By regularity theory (see, e.g., [21], p. 112), we have that every eigenfunction u € H' (Z)
belongs in C'* (7) Moreover, the eigenfunctions for A, k& > 1, change sign (nodal functions).
Next we turn our attention to the spectrum of the negative partial p-Laplacian with
Dirichlet boundary conditions (i.e. of (—A,, Wy (Z )),with A, denoting the p-Laplacian).
So we consider the following nonlinear weighted (with weight m) eigenvalue problem, with

m e L*(Z),,m#0

—div (| Du (2) ||’ Du (2)) = A (2) [u(2)P 2 u(z) ae. on Z (26)
uloz=0,AeR
From nonlinear regularity theory (see for example Gasinski-Papageorgiou [22], p.737-
738), we have that every eigenfunction u belongs to C} (7) .
Problem (2.6) has a smallest eigenvalue denoted by A; (m), which is positive, isolated
and simple. Moreover, A\ (m) > 0 admits the following variational characterization

[ Dully 1y
)\ cu e Wyt (Z), u#0 ). (2.7)

/ m |ul” dz
In (2.7) the infimum is actually realized at a corresponding eigenfunction u; € C} (7) .
Note that if u; is a solution of the minimization problem (2.7), then so does |u;| and so we
may assume that u; (z) > 0 for all z € Z. In fact invoking the strict maximum principle of

Vasquez [60], we have

1 (2) > 0 for all z € Z and % (2) < 0 for all 2 € 9Z. (2.8)
mn

If m, m"€ L*(Z),,0<m(z) <m'(z) a.e. on Z with strict inequalities on sets (not
necessarily the same) of positive measure, then A, (m’) < Ay (m) .

If m = 1, then we write \; = A (1).

Finally if u € WJ? (Z) is an eigenfunction corresponding to an eigenvalue A # A (m),

then u € C} (7) must change sign.

15
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The Banach space C} (7) = {x e Ct (7) (X |oz= O} , is an ordered Banach space with

order cone
Cg(?)+:{xeq}(2) :x(z) >0forallzeZ}.
This order cone has a nonempty interior, given by

int Cy (7)+:{x€C’5 (2) :x(z)>0‘v’z€Zandg—fL(z)<0Vz€(9Z}. (2.9)

Note that from (2.8) and (2.9), we infer that u; € int C] (7)+.

16
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Eigenvalue Problems for Semilinear

Hemivariational Inequalities

3.1 Introduction

Let Z C R™ be a bounded domain with a C%-boundary 0Z. The goal of this chapter is

to study the following semilinear eigenvalue problem with a nonsmooth potential

—Az (2) — Xa(z)z (2) € 0j (2,7 (2)) a.e. on Z, (3.1)

fL‘|aZ:O

Here a € L*(Z), is a function with strictly positive essential infimum, j(z,z) is a

n
measurable potential function which is locally lipschitz and, in general, nonsmooth in the
x € R variable and 0j (z, x) is the generalized subdifferential of j (z,-) (see Definition 2.3).
Such problems are known as hemivariational inequalities. For concrete applications, we refer
to the book of Naniewicz-Panagiotopoulos [46]. Their study requires tools and techniques
from nonsmooth and multivalued analysis.

In his work, Rabinowitz [54], p.30, assumed that j € C! (7, ]R) and that f(z,2) =

0j (z,x) satisfies the sign condition
wf (z,2) >0 for all (z,7) € Z x R.

The work of Rabinowitz was extended to hemivariational inequalities by Barletta-Marano
[6]. Both works assume the so-called Ambrosetti-Rabinowitz condition (AR-condition, for
short), which dictates a superquadratic behavior for the potential z — j (z,z). They use

a local version of the AR~condition (i.e. it is valid only for |z| large). Barletta-Marano [6],

17
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also employ an additional condition (see (js) in [6]). Here, we use only a local AR-condition
(see Hypothesis H (j), (v)) and this makes our existence theorem (see Theorem 3.8), a more
genuine nonsmooth generalization of Theorem 5.16, p.30, of Rabinowitz [54]. In fact, even
when restricted to the smooth case, our result improves and refines the afforementioned
theorem of Rabinowitz [54]. Moreover, for the scalar problem (i.e., N = 1, hence (3.1)
becomes an ordinary differential inclusion), we are able to replace the AR-condition by a
weaker one (see hypothesis H (j), (vi)). Finally, when A\ = Xy, with A; > 0 being the
principal (first) eigenvalue of (—A, Hj (Z) ,a) (a € L™ (Z), being a weight function), under
conditions on the potential function j (z,-), which permit resonance both at zero and at
infinity, we prove a multiplicity theorem (see Theorem 3.22).

Our approach is variational, using minimax methods from nonsmooth critical point

theory.

3.2 Existence of Solutions
The hypotheses on the nonsmooth potential j (z,z) are the following:
H(j)1: j:Z xR — R, is a function such that j (z,0) = 0 a.e. on Z and

(1) for all x € R, z — j (2, ) is measurable;
(71) for almost all z € Z, © — j (2, z) is locally Lipschitz;

(7i7) for almost all z € Z, all z € R and all u € 95 (2, x), we have

[ul < ag (2) + ol

2N :
N_2 1f7’L>2

with ag € L™ (Z),, co>0and 2 <r < 2* = ;
Yoo ifn=1,2

(iv) limj(;—’f) = 0 uniformly for a.a. z € Z;

x—0

(v) there exist u > 2 and M > 0, such that for almost all z € Z and all |z| > M
0< /C\S /l’J (Z,LU) < _jo (Z,i(f, —33) :

Remark 3.1 Hypothesis H (j), (v) is a nonsmooth analog of the local AR-condition. In

Lemma 3.3 below, we show that this hypothesis implies the superquadratic growth v —

j(z,z).
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Example 3.2 The following functions satisfy hypotheses H (j),. In what follows ay €
L>(Z)

4
ao(z) 3 .
—=|T if |z <1
R N A
Ll = a?Infz] — L+ 22 if 2] > 1
ao(2) 2 .
2 ZrfIn(|lz|+ 1 if lz| <1
Ja (2, ) = ’ (i1l ,n>2,  and

gl — L4 2En2 if |z| > 1

o (2 ) = 2 o 4 Lo In (|| +1), > 2.

Note that js (z,x) does not satisfy the hypotheses of Barletta-Marano [6], who assume
the global AR-condition. Also note that j3 (z,x) is a C' function with respect to x.

We start with a simple lemma, which highlights the consequences of the nonsmooth

AR-condition (see hypothesis H (j), (v)).

Lemma 3.3 If jo: R — R s locally Lipschitz and we can find pn > 2 and M > 0, such that
0 < pjo (x) < = (jo)° (w5 —2) , for all |z| > M,

then there exist c1, co > 0, such that
c1 x| — o < jo(x), for all z € R.

Proof. Let z € R, with |z| > M and consider the function &, : [1,00) — R, defined by
§o(r) = jo(rz),r = 1.

Evidently &, is locally Lipschitz. From the nonsmooth chain rule (see Clarke [13], p.32),

we have

O (& (1)) C x0jo (rx). (3.2)

The function r — &, (1) is differentiable almost everywhere and if » € [1,00) is such a
point of differentiability of & (-), we have &, (r) € 9&, (r) (see Clarke [13], p.32). So, from

(3.2) and the hypothesis of the Lemma, we have

1o (1) = pjo (rz) < — (jo)° (rz; —ra) < 7’6%050 (r), for a.a. r > 1,

hence

M 6o (1)
,

N

, for a.a. r > 1.
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Integrating this inequality from 1 to r > 1, we obtain

M &o (1)
Inr* <In m,
SO
T80 (1) < &g (1),
therefore

™jo () < jo (rz), for all > 1 and all |z| > M. (3.3)

Then, for all |z| > M, we have

Jo (%) = Jo <%M|i—|) > ‘]\Z—Cjo (%) (see (3.3))
> % min {jo (M), jo (M)} = c1 |z[" (3.4)

for some ¢; > 0.

On the other hand, if |x| < M, then we can find ¢; > 0, such that

o (z)] < @ (3.5)
From (3.4) and (3.5) it follows that

jo (@) = 1]zl — e,

forall z € R, with co =¢; + ¢t M* > 0. =
Let ¢, : Hi (Z) — R be the Euler functional for problem (3.1), defined by

@ =3 IDsl3 -3 [ a@e@ra- [ jea@)a

for all x € Hj (Z).
We know that ¢, is Lipchitz continuous on bounded sets, hence it is locally Lipschitz

(see Clarke [13], p.83).

Proposition 3.4 If hypotheses H (j), hold and Ay < X\ < Agpq for some k > 1, then ¢,

satisfies the nonsmooth PS-condition.
Proof. Let {z,},., € Hj (Z) be a sequence such that

oa (zn)| < M, (3.6)
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for some M; > 0, all n > 1 and
my (x,) = inf [||z¥]| : 2" € Jp, (z,)] — 0 as n — oc. (3.7)

Since dp, (z,) € H ' (Z) = H}(Z)" is nonempty and weakly compact and in any
Banach space, the norm functional is weakly lower semicontinuous, by the Weierstrass
theorem, we can find z € J¢, (z,) such that my (z,) = ||z%| for all n > 1. Let

A€ L(H}(Z),H(Z)) be defined by
(A(x),y) = /Z (Dz, Dy)gn dz, for all x, y € Hy (Z).
We have
z;y = Al(x,) — Nz, — uyp, with u,, € N (z,,), (3.8)
where
N (v) = {u €L (Z):u(z) €9j(2v(2) ae on Z} ,

for all v € H} (Z) and with 1 + £ = 1.
Let n € (2, ). We have

A
g | Dz, |3 — 777 /z ar’dz — /Z nj (z,x,)dz < nMi (see (3.6)) (3.9)

and

<eén|lzal,

‘(A (Tn) , Tp) — /\/ az’dz —/ UpTpdz
z z

with e, | 0 (see (3.7), (3.8)), therefore

— | Dz, |12 + )\/ azx’dz + / UpTndz < &y ||zall,
z z

SO

— || Dz, |5 + /\/ azr’dz — / 3% (2, 05 —,) dz < € || 20| - (3.10)
z z

Adding (3.9) and (3.10), we obtain

(g - 1) D)% — A (g - 1) /Z azdz — /Z 0 (2300) + 10 (2 i =) d

< en ||@nl| + 0y, (3.11)
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hence
77 2 2 . -0
(3= 1) UDsall = callonlls = [ [ (210) + 5 (2005 —0)]
Z
< e ||zl + My, with ¢5 = c3 (\) = (g - 1) la]l. > 0. (3.12)
Note that

[ i)+ o =) 2

- / [ )+ 0 i )] = (=) / J (2220) d

Z

_ / [ (21 20) + 0 (2, 0 —)] d2
{|$n|<M}

(2, T, 0 (2, 2 —0)| dz — (11 — (2, 2,)dz
of o Nz =) [ Gt

<eg—(p— 7])/ Jj (z,x,)dz, for some ¢4 > 0 (3.13)
z

(see hypotheses H (j), (4it),(v)). Returning to (3.12) and using (3.13), we have

n .
(3= 1) 1Dzl = calonlls = cat (=) [ () dz < 2 ] + 0
Z

SO

n 2 2
(3 = 1) 1Dwall} = s lwall3 + (1 = m er all < e llonll + s, (3.14)

for some ¢ > 0 (see Lemma 3.3). Since x> 2 and using Young’s inequality with € > 0, we

obtain
lzally < c6 lzall, < ellzally + 7 (),
for some cg, ¢7 (¢) > 0. So (3.14) becomes

n
(3 = 1) 1Dzally + (e = m) e2 = ) lall} < 2 all + 5 (2). (3.15)

with ¢g () = ¢5 + ¢7(¢) > 0. Choosing 0 < € < (u—n) ¢y, from (3.15) and Poincaré’s
inequality, we conclude that {z,},-, € Hj (Z) is bounded. Hence by passing to a suitable

subsequence, if necessary, we may assume that
w .
T, — xin Hy (Z)
and

x, —xin L*(Z) and in L" (Z) (recall r < 2%).
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From (3.7), we know that

‘(A(xn),:cn—:c>—)\/

Evidently, we have

<eép e, — x| . (3.16)

axy, (x, —x)dz — / Up (T, — ) dz

Z Z

/Zaa:n(xn—m)dz—>0 and /Zun(xn—x)dz—>0 as n — oo.
Hence, from (3.16), we obtain

(A(xy,),x, —x) — 0 as n — oc.
Note that A (z,) — A(x) in H~* (Z). Hence

1Dz,ll5 = (A (20) ,20) — (A(2),2) = || Dz];.

But Dz, — Dz in L? (Z, RY ) So, from the Kadec-Klee property of Hilbert spaces
(see Gasinski-Papageorgiou [21], p.722), it follows that Dz, — Dz in L? (Z,R"), therefore
T, — x in H}(Z). This proves that for A € [\, \p11), the functional ¢ satisfies the

nonsmooth PS-condition. m

Proposition 3.5 If hypotheses H (j), hold and A < )\, then @, satisfies the nonsmooth
PS-condition.

Proof. Since by hypothesis A < A\;, we have that
2 = | Da? - /\/ aadz,
z

is an equivalent norm for Hj (Z) (see Lemma 2.20 (a)). Let {z,},-, € Hj (Z) be a PS-
sequence (i.e., it satisfies (3.6) and (3.7)). From (3.11) and (3.13) we have

(F-1) e+ (o= [ GCa)dz < e
Z

for some ¢9 > 0, all n > 1, therefore

(5 = 1) foal® + 10l < e, (3.17)

for some cyg, 11 > 0, all n > 1, (see Lemma 3.3).
Since 1) € (2, 1), from (3.17) we infer that {z,},., € Hg (Z) is bounded and so we finish
this proof as that of Proposition 3.4. =

In the sequel, we set

k—1 S —
i=1

i>k+1
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Proposition 3.6 If hypotheses H (j), hold and Ny < A\ < \yp1, for some k > 1, then we
can find p >0 and > 0, such that

or(z) >8>0
for all x € Hy, with ||z|| = p.

Proof. By virtue of hypothesis H (j), (iv), given € > 0, we can find § = 6 (¢) > 0, such

that
j(z,2) < =a? (3.18)

for a.a. z € Z and all |z] <.
On the other hand, hypothesis H (j), (i74) and the mean value theorem for locally Lip-
schitz functions (see Clarke [13], p.41) imply that

J(z,2) <ecpplz| (3.19)
for a.a. z € Z, all |z| > 0 and some ¢j5 > 0, 7 > 2. From (3.18) and (3.19) it follows that

j(z,2) < = x) + e x| (3.20)

DO ™

for a.a. z € Z, all z € R.

Let x € H;. Then
2

1 A :
@) =5 IDsl3 =5 [ arttz— [ e

2
1D]5

1 A
> B | Dz||3 — —/ ar’dz — % 2|2 = c13 ||||” for some ¢35 > 0
z

EC15
2

> % | Dz||3 — c16 || Dx||] for some ¢4, ¢15, c16 > 0 (3.21)
(see (3.20) and Lemma 2.20 (a)). From (3.21) we see that, if € < 24, then
C15
¢x (2) 2 err || Dzl — exs || Dz (3.22)

for all z € H, and some ¢;7 > 0. Because 7 > 2, from (3.22) and Poincaré’s inequality, we

see that if p € (0, 1) is small, then

QOA(:E)ZB>07

for all . € H, with [|z]| =p. =
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We continue to assume that A\, < A < Apyq, for some k > 1. Let e € F (A1), with

| Del|, = p and consider the following half-ball
E={w=v+re:veV=H_®FE\), |[w|<R,r>0},
with R > p to be fixed in the process of the proof. We have
OE = By = E, U B,
where
Ei={w=veV:|w| <R} (the basis of the half-ball)
and
Ey={w=v+re:veV, |w|=R,r >0} (the hemisphere).

Proposition 3.7 If hypotheses H (j), hold and A\, < A < X1 for some k > 1, then

90|E0 <0.

Proof. First we examine what happens on E;. If w € Fy, then w =v € V and |jv|| < R.
So

1

so(v>=—||Dv||§—5/ av%zz—/ J(20) dz
2 2/, ;

A

1
< 2 IDvl2 - 5/ av’dz (recall j > 0)
Z

IN

1
5 (e — )\)/ av?dz (recall (2.3))
z
< 0 (since A\g < A). (3.23)

Next we examine what happens on Es. So, let w € E,. Exploiting the orthogonality of

the component spaces, we have

1 A
go(w):—HDng——/ aw2dz—/ J(z,w)dz
2 2/, ,
1 A 2 Ar?
< —||Dv||§——/ avzdz+r—||De||§—L/ ae’dz — cig ||w||" +cro  (3.24)
2/, 2 2 |, Z

for some c1g, c19 > 0 (see Lemma 3.3).
We have

A

1
D]z~ 2 / auidz <0 (see Lemma 2:20 (5) (3.25)

25



Chapter 3

and

2 2 /\
T (||De|y§ - /\/ ae2dz) S <1 - —) |De||? (since e € E (Aiy1)).  (3.26)
2 7 2 Akt1

Returning to (3.24) and using (3.25) and (3.26), we obtain

2 A
¢ (w) < 5 (1 - m) p* — c1s [wl]’, + 19 (3.27)

for some c¢15,c19 > 0. The space W =V @ Re = H_ & E (\;) @© Re is finite dimensional.
So, all norms are equivalent. Hence we can find ¢y > 0, such that [|w]| < ¢y [|w]],,, for all

w € W. Using this fact in (3.27), we obtain

2 A
o)< D (1= 2 ) = e ol + o with e = 220
k+1 C20

r
2
r? A 9
= — (1 — ) P — co1 RM + C19 (since w € EQ) . (328)
2 Akt1
From (3.28) it is clear that if we choose R > p large enough, we shall have
©lp, <O0. (3.29)

From (3.23) and (3.29), it follows that ¢|g, < 0. =

Now we are ready for the existence theorem.

Theorem 3.8 If hypotheses H (j),hold, then for every A € R, problem (3.1) has a nontrivial
solution v € C* (Z).

Proof. First we assume that Ay < A < A1, for some k£ > 1.

Let E be the half-ball introduced earlier,
E0:8E2E1UE2 andD:HJrﬁ@Bp.
Claim 1 {FE, Ey} is linking with D in H} (Z).

Clearly DN Ey = @. Also,let y € T ={y € C(E,H} (Z)) : v|g, = id|g,}. We need to
show that v (E) N D # @. To this end, let py be the orthogonal projection onto V' and let
Tr, : W\ {e} — Ep be a retraction map. Suppose that v (F) N D = &. Then the map

o= (v G )+ 2 =) @)
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is a retraction of F onto O0F = Ejy. But E is homeomorphic to a finite dimensional ball
and as it is well-known, in a finite dimensional space no such retraction is possible (see,
for example, Denkowski-Migorski-Papageorgiou [14], p.196). Therefore v (E) N D # & and
so {E,Ey} and D link in H} (Z). Because of Proposition 3.4, 3.6 and 3.7, we can apply
Theorem 2.8 and obtain z € H} (Z) such that

o(z)>p>0=¢(0) (3.30)
and
0 € dp () (i.e., x is a critical point of ). (3.31)
From (3.30), it is clear that = # 0, while from (3.31) we have
A(x) — daz = u,
with u € N (x) ,therefore
—Ax(2) —Xa(2)x(2) =u(z) € 0j (2,2 (2)) ae. on Z, x|gz = 0.

Moreover, standard regularity theory implies x € C*! (7) Next, we assume that A < A;.

As we already pointed earlier, in this case,
of = 1Dl =2 [ ardz, w e H}(2),
z

is an equivalent norm on the Sobolev space Hg (Z). If y € Cj (Z), y(z) > 0 for all z € Z,
then

o (ty) < coot? | Dyl — / J(z,ty (2)) dz, for some co > 0 and all t > 0
z
< oot? || Dyl|5 — cost” [y[ll; + caa, for some ca3,co4 > 0 (see Lemma 3.3) (3.32)
Since p > 2, from (3.32), it follows that
¢ (ty) — —o0, as t — +00. (3.33)
On the other hand, for every x € H} (Z), we have
1, 9 ,
@)= tlef~ [ @)
z
1 o € 2 T
> 2l — £ el — ex ol (see (320))
1

> 5 (co5 — &) ||| = 12 |||, for some cy5 > 0.

27



Chapter 3

Choosing € < cg5, we infer that
o (z) > col|z)|* — ez |||, (3.34)

for some ¢y > 0 and for all z € Hj (Z). Because 7 > 2, from (3.34), we infer that, if we

choose p € (0,1) small, then

p(@)>B>0=p(0)>p(ty)), (3.35)

for all x € H} (Z), with ||z|| = p, and ¢ > p, such that |[ty]| > p (see (3.33)).
Because of (3.35) and Proposition 3.5, we can apply Theorem 2.9 and obtain z € H} (Z),

such that

p(z)>B>0=0(0) (3.36)
and

0€ dp (). (3.37)

As before, from (3.36), we have that = # 0, while from (3.37) it follows that = € C! (7)

and solves (3.1). m

In the scalar case (i.e. N = 1, ordinary differential inclusion), we can weaken the

hypotheses. So, we consider the following scalar Dirichlet problem

—a" (t) = Aa(t)x (t) € 9j (t,z (t)) a.e. onT =[0,], (3.38)
— 0.

2(0) = 2 (b)

The hypotheses on the nonsmooth potential are the following:

H(j)2: j: T xR — R, is a function, such that j (¢£,0) = 0 a.e. on T" and

(i) for all z € R, t — j (¢,x) is measurable;
(74) for almost all t € T, x — j (¢, x) is locally Lipschitz;

(77i) for almost all t € T, all x € R and all u € 95 (t, )
Jul < aq (t) +co 2],

with ag € L* (1), co>0and 1 <r;
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(iv) limZ52 ( ) — (), uniformly, for a.a. ¢ € T}

z—0

j(; o) — = 400, uniformly, for a.a. t € T}

(v) lim

|z[—o00
(vi) there exist # > r —1 and M > 0, such that for almost all ¢ € T" and all |z| > M,

we have
¢lel’ < =50 (t,x;—a) — 2j (t, ), with é> 0.

Remark 3.9 We no longer have the AR-condition. Instead, we use hypothesis H (j)., (vi).
As the neat examples illustrate, there are functions which satisfy H (j), (vi), but not the

AR-condition.

Example 3.10 We consider the following functions. For the sake of simplicity, we drop
the t-dependence.

1 5 ;
sz if |z <1
h(z) = sl flel < , withc>0
?Inlz] +clz|+ £ —c if ] >1

and
Jo (z) = 22 In(|lz]+1).

Note that j» € C* (R), while, if c = 3, then j; € C* (R), too. Both these functions satisfy
hypotheses H (j),, but not the AR-condition.

The Euler functional ¢, : W, (0,b) — R for problem (3.38) is defined by

b

1
oy () = 3 ]2 — /adet /j ))dt, for all z € Wy*(0,b).
0

We know that ¢, is Lipschitz continuous on bounded sets, hence it is locally Lipschitz

(see Clarke [13], p.83).

Proposition 3.11 If hypotheses H (j), hold and A\, < X\ < Apy1, for some k > 1, then ¢,

satisfies the nonsmooth C-condition.

Proof. Let {z,},., C Wy? (0,b) be a sequence such that

lox ()] < My, for some My >0, alln > 1 (3.39)
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and
(1+ ||zn|l) ma (x,) — 0, as n — oo, (3.40)

where my, (x,,) = inf {||z*]| : 2* € g, (z,)}.
As before, we can find ¥ € dyp, (z,), satisfying my (z,) = ||z ||, for all n > 1. We know

that
xr = A(x,) — Aax, — Uy, up, € N (),

n

with A € £ (Wy? (0,b), W=12(0,b)) defined by
b
(A(z),y) = /x’y’dt, for all 2,y € Wy* (0, b)
0

and, for all x € W,* (0, b),
N (z) = {u e L% (0,b) s u(t) € 9j (t, () ae. on (o,b)}.
Claim 2 The sequence {zn},~,; C Wy? (0,b) is bounded.

We argue indirectly. So, suppose that the Claim 2 is not true. By passing to a subse-
quence, if necessary, we may assume that ||z, ||, — oo.

From (3.39) and (3.40), we have

b b
126, ()] = ||x’n||§—/\/axidt—/2j (£, ) dt| < 20, (3.41)
0 0
for all n > 1 and
b b
(2, )| = |25 —)\/axidt—/unxndt < én, (3.42)
0 0

for all n > 1, with ¢, | 0. From (3.41) and (3.42), it follows that
b
/(un:cn —2j (t,z,)) dt < Ms for some M3 >0, all n > 1,
0

hence

b
/ [_jo (t7xn; _xn) - 2] (t,[L’n)} dt S M3,
0
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therefore
/ [—jo (t, Tp; —xn) — 27 (8, xn)] dt
{lzn|>M}

+ / [—jo (t, xn; —20) — 27 (¢, xn)} dt
{lznl<M}
< M3
SO
E/ |xn|9 dt < My, for some M, >0 and all n > 1,
{lzn|>M}
(see H (j), (iti), (vi)), hence
{Tn}ns1 C L?(0,b) is bounded.
We consider the orthogonal direct sum decomposition
Wy?(0,b) =H_® E(\) & Hy,.
We can write, in an unique way,
T :Tn+x%+53\n,

with T, € H_, 2% € Hy=E (\), T, € Hy,n > 1.
From (3.40), we have

* En 1,2
roouy| < —————||ul|, for all w e W, (0,0).

Let u = T,,. Exploiting the orthogonality of the component spaces, we have

b
(@, 7)) = |7 ||2—A/ /u at| < en.
0

Since, by hypothesis, A € [Ar, \ry1), from Lemma 2.20 (a), we have
b
6o 318 < 1705~ A [ azae.
0
Also, we have

b b b
/unffndt < /|un| Bl dt < ar |71, / fuy | dt, for some cag > 0
0 0 0

b
< cor |7, / (ag (t) + co |zn|") dt (see hypothesis H (j) (iii) )

0

< s ||l + c20 [Tl |znll; , for some cas, c29 > 0.
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Assuming without any loss of generality that § < r and using the interpolation inequality

(see, for example, Gasinski-Papageorgiou [22], p.905), we have

”anr < Hanéit ||:L‘n||io’ where ¢ € (07 1)5 % = ;7

S0
[0 < es0 |2, ||, for some cz0 > 0, all n > 1 (see (3.43)).
Therefore, we have
b
/unfv\ndt < s |7 |5 + cs1 |1, 2 )|, for some ¢z, > 0, all n > 1.
0
Returning to (3.44) and using (3.45) and (3.46) ,we obtain
~ 112 ~ ~
Eolnlls < en + cas |5 + can [0 1]
hence
IZll> _  en C32 1
o < + 33—
[0l

for some ¢35, ¢33 > 0, all n > 1.

Note that 6 > r —1 is equivalent to tr < 1. So, passing to the limit as n — oo, we obtain

o~
—”%HQ — 0, as n — 00,
[
therefore
[1Zn]] (3.47)

— 0, as n — oo.
[

In a similar fashion, using as a test function v = 7,, and Lemma 2.20 (b), we show that

[

[

(3.48)

— 0, as n — oo.

Let y, = 722, n > 1. Then ||y,|| = 1, for all n > 1, and so we may assume that

llznll?

Yn — y in Wy (0, ) andynﬁyinO(T,RN).

From (3.47) and (3.48), it follows that y € E (Ax). Also, due to (3.43), we have y = 0.

Then the finite dimensionality of the space Hy implies
0 ) . 1,2
Y, = —— — 01in Wy (0,0). (3.49)

Al
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Combining (3.47), (3.48) and (3.49), we have

[ | + [l + 12

Hxn”

1= |lya] < — 0, as n — oo,

a contradiction. This proves the Claim 2.
Because of the Claim 2 and by passing to a suitable subsequence, if necessary, we may

assume that
Tn — x in W32 (0,b) and z, — x in C(T). (3.50)

From (3.40), we have

(A(z,),xq — ) — )\/axn (xp — x)dt — /un (xn, —x)dt| < e,. (3.51)

Because of (3.50), we have

b b
/axn(xn—x)dt—>0and /un(xn—x)dtao,asnﬁoo.
0 0

So, from (3.51), we have
(A(xy),x, —x) — 0, a8 N — 00.

From this, as in the proof of Proposition 3.4, we conclude that x, — x in VVO1 2 (0,b)
and, so, ¢, satisfies the nonsmooth C-condition. m

We, also, check the case when A < A;.

Proposition 3.12 If hypotheses H (j), hold and A < Ay, then ¢, satisfies the nonsmooth

C-condition.

Proof. We know that, in this case,

b

off =1~ A [ asat
0

is an equivalent norm for the Sobolev space W, (0,b). Let {zn},s C Wy? (0,b) be a
C-sequence. Arguing as in proof of Proposition 3.11 and using hypothesis H (j), (vi), we
show that {z,},., € L’ (Z) is bounded. Also, we have

[z, u)| < TT%H [ul|, for all u € Wy?(0,b), with &, | 0.
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Choose u = z,,. Then

2

|z, — [ upzndt| < ep, for all n > 1. (3.52)

b

0

From (3.46) (with 7, replaced by z,,), we have
b

/unxndt < c3q |Tp| + c35 |xn|tr+1 , for some ¢34, ¢35 > 0, all n > 1. (3.53)
0

We use (3.53) in (3.52) and obtain
|ajn|2 S En + C34 |$n| + C35 |xn|tr+1 . (354)

Recall that tr + 1 < 2. Hence, from (3.54), it follows that {z,},., C Wy (0,b) is
bounded. Continuing as in the proof of Proposition 3.11, we conclude that ¢, satisfies the

nonsmooth C-condition. =

Using hypothesis H (j), (iv) and arguing as in the proof of Proposition 3.6, we show
that:

Proposition 3.13 If hypotheses H (j), hold and A\, < X\ < A\ji1, for some k > 1, then we
can find p >0 and > 0, such that

w(x) > 6>0, for all v € Hy, with ||z| = p.

We choose e € E (A\g11), with |le]| =1 and set Y =V @ Re, with V = H_ & E (\;). We

consider the following cylinder:
E={y=v+re:veV, ||v| <R, 0<r <R},

with R > p (see Proposition 3.6) to be fixed in the process of the proof. We set
Ey=0E = E,UE,U Ej,

with

Ei={veV=H_&F(\):|v|]| <R} (the lower base of the cylinder),
Ey ={y=v+ Re: ||v|| < R} (the upper base of the cylinder),

Es={y=v+re:0<r <R, ||v| =R} (the lateral surface of the cylinder).

We want to estimate the values of ¢, on Ejy. To this end, we shall need the following

lemma. We state the result for the more general Sobolev space W, * (Z).
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Lemma 3.14 IfV C VVO1 P (Z) is a nontrivial finite dimensional subspace, then there exists

n > 0, such that
Hze Z:|v(z)| >nl|v|}y =n, foralz eV, z#0.

Proof. We argue by contradiction. So, suppose that the lemma is not true. Then we can

find {v,},>, €V, v, # 0, such that

1
< —, foralln > 1.
n

{z €7 v (z) > % an\l}

We set w,, = 22, for all n > 1. Then

l[onll?

{rezim @121

N

<_7

n N n

hence
w, — 0 in the Lebesgue measure.

So, passing to a suitable subsequence, if necessary, we may assume that w, (z) — 0 a.e.
on Z. Note that [|w,|| =1 and {wy,}, -, €V, with V finite dimensional. So, it follows that
w, — 0 in Wy” (Z), a contradiction to the fact that ||w,| =1, foralln > 1. =

With the help of this lemma, we can now estimate ¢, | g, -

Proposition 3.15 If hypotheses H (j), hold and Ny < X < Apt1, for some k > 1, then

90)\|E0 < 0.

Proof. By virtue of hypothesis H (j), (v), given £ > 0, we can find M5 = M5 (£) > 0, such
that

j(t,x) > &x? for aa. t € T and all |x| > Ms.

For any function y € Y =V @ Re, we have y = v+ re, with v € V, r € R and so

b b b
1 r? A Ar? ,
P (y) =3 IV'l3 + 5 le'|l; — 3 /CW?dt - T/CLGth - /J (t,y)dt
0 0 0
2 Ar? y N y ,
< 5 le'lls — - | ae dt — | j(t,y)dt (see (2.3)). (3.55)
0 0

Lemma 3.14 implies that there exists 7 > 0, such that

[ Dly = {t € (0,0) < [y (O] = nllyll}, =7 (3.56)
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forally e Y =V @& Re, y # 0.

Recall that & > 0 was arbitrary. So, we choose & > . Then we have

Jty ) = llyll” (3.57)

for a.a. t € D, and all y € Y, with ||y|| > % Choose R > % Then fory € Y =V @ Re

with ||y|| = R, we have

b b

7n2
o < S = 5 [achde— [ty ®)at (see (3.55))
0

e = 2
= — (A _——
2 2

: 0t — / Iy o) - / IO

5 e']|5 — ac*dt — &n? |ly|)* | Dy, (see (3.57) and recall j > 0))

r? Ar?

< — He'H; - ae’dt — &n® ||yl (since |Dy|, > 1, see (3.56)) (3.58)

IN
vo| 3

Now, let y € E;. Then r = 0 and so (3.58) becomes

oy (y) <0,

hence
ex () |r <0. (3.59)

Next let y € Ey. Then y = v+ R e, with [|v]] < R and so, from (3.58), we have

R? A\R?
on ) < 202 = ME [ acat - g o — en° B2 e
0
R? \R? y 1
< - Heng - ae’dt — HUH2 — R? (since & > — and |[[e]| = 1)
n

0

_R A
< (15 ) W R e (23)
R2
<5 - R? (since A\, < A < Ay and |le]| = 1)
<0.
So

ex (Y) [ <0. (3.60)
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Finally, let y € E5. We have that y = v + te, with ||v|]| = R, 0 <t < R. From (3.58), we

have
on ) < 5 (1= 50 ) I — ol — # (see (23) and
k+1
1
recall § > —, [le]| = 1)
n
t2
< 5 t? (since Ay <A < Mg, el = 1)
< 0,
therefore
o (Y) [, < 0. (3.61)

Combining (3.59), (3.60) and (3.61), we conclude that ¢, (y) |g, < 0. =
Now, we are ready for the existence result, concerning problem (3.38).

Theorem 3.16 If hypotheses H (j), hold, then, for every A € R, problem (3.38) has a

nontrivial solution x € Cj [0, 5] .

Proof. First, we assume that \y < A < A\p,1, for some k& > 1.

We can check that the sets {E, Fy} and D = H, N 9B, link in W, (0,b) (see Gasinski-
Papageorgiou [22], p.643). So, because of Propositions 3.11, 3.13 and 3.15, we can apply
Theorem 2.8 and obtain = € W,'* (0, b), such that

pa (@) = 5> 0=p,(0) (3.62)
and
0 € 0p, (z) (i.e. x is a critical point of @, ). (3.63)

From (3.62), we see that = # 0, while from (3.63) we infer that z € C} [0, 1] is a solution
of (3.38). Next, let A < A\;. We know that, in this case,

b

of? = 11 = A [ ast
0

is an equivalent norm for the Sobolev space I/VO1 2(0,b).
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Let u € E (A1), u# 0 and p > 0. Then

b

o ) = fuf? = [ (6 . (3.64)

By virtue of H (j), (i) and (v), given & > 0, we can find v, € L' (T, , such that
€lxf — Ve (t) < j(t,x) for a.a. t €T and all z € R.
Using this in (3.64), we obtain

oy (pu) < 12 Jul® — €42 ||ull5 + cs6, for some czg > 0

< 1% (1 = Eesr) |ul? + 36, for some cz7 > 0 (3.65)

(since all norms are equivalent on E (A;)). Since £ > 0 was arbitrary, we choose £ > é and

so, from (3.65), we infer that
oy (pu) = —o00 as p — +oo. (3.66)

Note that hypotheses H (j), (¢4i) and (iv), imply that given ¢ > 0, we can find ¢33 =
css (€) > 0, such that

j(t,x) <ex®+cggla|”, with 7 > 2.
Then, choosing € > 0 small, we see that, for all z € W,* (0,b), we have
x (@) > ego [|2]|* = cao |27 (3.67)

for some c39,cq9 > 0, all x € I/Vol’2 (0,b). Because 7 > 2, from (3.67) it follows that, if

p € (0,1) is small, then

exloB, > By > 0=, (0). (3.68)

Then (3.66), (3.67) and Proposition 3.12 permit the application of Theorem 2.9, which
gives € W2 (0,b) satisfying (3.62), (3.63). Then x € CL[0,b], z # 0 and solves problem
(3.38). m
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3.3 Multiple Solutions for Resonant Problems

In this section, we prove a multiplicity result for problem (3.1), when A = A;. So, the

problem under consideration is:

~Az(2) — Ma(z)x(2) €9j (2,2 (2)) ae. on Z, (3.69)
2oz = 0.

The hypotheses on the nonsmooth potential are the following:
H(j)s: j:Z xR — R is a function, such that j (2,0) = 0 a.e. on Z and

(1) for all zx € R, z — j (2, x) is measurable;
(17) for almost all z € Z, © — j (2, ) is locally Lipschitz;

(737) for almost all z € Z, all z € R and all u € 97 (2, x)
lu| < ag (2) + co|z|, with ag € L™ (Z), ,c0 > 0;

() lim j(;f) =0and lim j(z,2) = —o0, uniformly, for a.a. z € Z;

(v) there exist § >0 and 6 € L™ (Z),, 0(2) < Ay — Ay a.e. on Z, 6 # Ay — Ay, such
that

0(2)
2

0<j(z,2)< a(z)z® for a.a. z € Z and all |z| < 6.

Remark 3.17 These hypotheses imply that we have resonance at zero and nonuniform non

resonance at infinity.

Example 3.18 The following function satisfy hypotheses H (j),. For the sake of simplicity,

we drop the z-dependence.

. g2’ if lof <1
Jj(x)= , with 0 <0 < Xy — M, &,¢>0.
Eln|z| — clz| + B2 if 2| > 1

Note that, if € > X\ and c =& — 6 >0, then j € C* (R).
We consider the Euler functional ¢ : H} (Z) — R for problem (3.69), defined by

1 A
o (x) = 3 HDxH; — ?1/ ar’dz — / Jj(z,2(2))dz for all z € H& (Z2).
z z

We know that ¢ is Lipschitz continuous on bounded sets, hence it is locally Lipschitz.
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Proposition 3.19 If hypotheses H (j); hold, then ¢ is coercive.

Proof. We argue indirectly. So, suppose that ¢ is not coercive. Then we can find {a:n}nZl C

H} (Z), such that
|zn|| — oo and ¢ (x,) < Ms, for some M5 > 0, all n > 1. (3.70)

Let y, = 22, n > 1. Then ||y,|| = 1, for all n > 1, and, so, we may assume that

llznll?

Yp —yin Hy (Z), yn —yin L*(Z), yn (2) — y(2) ae. on Z
and

1y (2)| < k(2), for a.a. z € Z, all n > 1, with k € L? (2) (3.71)

L
By virtue of hypotheses H (j), (7i¢) and (iv), we can find c3s > 0, such that

Jj(z,x) < ecsq, for aa. z € Z, all z € R. (3.72)

Then, from (3.70) and (3.72), we have

M 1 A c .
o> Lpy -2 / ay2dz — —ST_ with ey = cs6 |2, (3.73)
lzn|” — 2 2 )z |E2S

n

SO

)\1/ ay*dz > || Dyl|3 (see (3.71)).
z

From (2.2), it follows that

IDyl2 = A / aydz,
7

therefore
yeE(\). (3.74)

If y = 0, then from (3.73), it is clear that ||Dy,|, — 0 and so y, — 0 in Hj (Z), a
contradiction to the fact ||y,|| = 1, for all n > 1. Hence y # 0. Because y € E ()\) (see
(3.74)), we have |y (z)| > 0, for all z € Z and so |z, ()] — 400, for all z € Z, as n — oo,
hence j (2,2, (2)) — —o0, for a.a. z € Z, as n — 0o0. Then, by Fatou’s Lemma (see (3.72)),

we have
lim J(z, 2, (2)dz = —0,

n—o0 7

which contradicts (3.70). This proves that ¢ is coercive.
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Corollary 3.20 If hypotheses H (j); hold, then ¢ is bounded below and satisfies the non-

smooth PS-condition.

Proof. Since ¢ is coercive (see Proposition 3.19), it is bounded below.

Also, let {x,},-, € Hj (Z) be such that
lo (x,)| < Mg for some Mg >0, all n > 1 (3.75)
and
m(z,) — 0 as n — oo. (3.76)
Because of (3.75) and the coercivity of ¢ (see Proposition 3.19), we have that
{7}, € H} (Z) is bounded.
So, we may assume that
T, — xin Hy (Z) and z,, — x in L*(Z).
From (3.76), we have

'@4(wn),xn-—:r>——Alu/“ axn(xn-—:r)dz-—b/a tn (2 — ) dz| < & | — 2|, (3.77)

Z

Z

with e, | 0. Evidently, we have
/ axy (r, —z)dz — 0 and / Up (2, — x)dz — 0, as n — 0.
z z
So, from (3.77), it follows that
nh_}IIOlO (A(xy),x, —x) =0,

from which, as before, it follows that x,, — z in H (Z). Therefore ¢ satisfies the nonsmooth

PS-condition. =
We consider the orthogonal direct sum decomposition
HY(Z)=EM\)®V,withV =E(\)".
Proposition 3.21 If hypotheses H (j); hold, then we can find r > 0, such that

() <0 ifveE(\), |z <r
(@) >0 ifzeV, |z <r

(3.78)
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Proof. Let z € E()\). Since E(A\;) C C'(Z) and all norms on E (\;) are equivalent
(since dim E (A1) = 1), we can find r; > 0, such that z € E (\), with ||z|| < r;, we have

|z (2)| <4, for all z € Z. Hence, by virtue of hypothesis H (j), (v), we have
0<j(z,z(2)) a.e. on Z. (3.79)

Therefore, if © € E (A1), with ||z|| < ry, then

1
p(r) < 3 | D5 — %/ az’dz (see (3.79)),
z

S0
v (x) <0, for all x € E(\), with ||z] < ry. (3.80)

On the other hand, by virtue of hypotheses H (j), (v) and (i7i), we have

0 (z)

) <
j(zw) < 7

a(z)x® + e |z|, (3.81)

for a.a. z € Z, all x € R, with ¢33 > 0, 2 < 7. Therefore, if z € V, then

1 A
ww:wm%—ijlww—/j@mw
2 2 7 7

1 1
> 5 | Dz — 5 /Z (M 46 (2)) az (2)* dz — cs9 || D]}, for some c39 > 0,

> cq0 || Dx||5 — c39 || D||], for some g9 > 0 (see Lemma 2.20 (a)). (3.82)
Since 7 > 2, from (3.82), we see that we can find 75 > 0 such that
p(x) >0, for all z € V, with ||z|| < ro.
Finally, if we set 7 = min {ry, 72}, then we see that (3.78) holds. m

Theorem 3.22 If hypotheses H (j); hold, then problem (3.69) has, at least, two nontrivial
solutions z,y € C§ (Z) .

Proof. Note that infe < 0. If infp = 0, then, by virtue of (3.78), all x € FE(\)
with 0 < ||z|| < r are nontrivial critical points of ¢, hence solutions of (3.69), which
also belong in C§ (Z) (see, for example, regularity results in [21]). If inf¢ < 0, then, by
virtue of Corollary 3.20 and Proposition 3.21, we can apply Theorem 2.10 and produce
z,y € H} (Z), two nontrivial critical points of . Then z,y are nontrivial solutions of (3.69)

and, also, z,y € Cj (Z). =
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Problems with the Dirichlet

p-Laplacian

4.1 Introduction

Let Z C R" be a bounded domain with a C? boundary 0~. In this chapter we study the

following nonlinear Dirichlet problem with nonsmooth potential (hemivariational inequal-
ity):

—div (||Dz (2)||"" Dz (2)) € 8j (z,2(2)) a.e. on Z (4.1)

T loz=10,1 < p < o0.

Here j : Z x R —R is a jointly measurable potential function, which is locally Lipschitz
and in general nonsmooth in the x € R variable, and 0j (z,z) denotes its generalized
subdifferential. Our goal is to establish the existence of at least three nontrivial solutions
for problem (4.1).

Recently three solutions theorems for the p-Laplacian equation with a smooth potential
(ie. j(z,.) € C*'(R) for a.a. z € Z) were proved by Liu [36] and Li-Liu [35], but under
conditions that implied a symmetric behavior near the origin. In contrast, our hypotheses
imply a different behavior of dj (z,.) as we approach 0~ and 0". In Liu [36], it is required
that, if f (z,x) = 0j (2, x), then the "slope" éfﬁ—_ﬁ)z stays strictly above Ay > 0 as |z| — 0. We
require that as  — 0T, the slopes {xp—u,l cu € 0j(z, x)} stay above A\; > 0 allowing partial

interaction with the eigenvalue (nonuniform nonresonance). On the other hand as x — 0~

the "slopes" { e tu€0) (z,x)} approach zero, which implies a p-sublinear behavior

Ea

of 0j (z,.) and this distinguishes our work from that of Li-Liu [35], where z — f (z,2) =
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0j (z,x) exhibits a p-sublinear behavior as |z| — 0 (symmetric condition). Note that in
the above condition Ay > A; > 0 correspond to the first two eigenvalues of (—A,, Wy? (Z )
(see Chapter 2). The approach in both the works of Liu [36] and Li-Liu [35], is variational
based on critical point theory. In this thesis, we use degree theory based on the degree map
for certain multivalued perturbations of nonlinear (.S),, -operators, due to Hu-Papageorgiou
[25] (see also Hu-Papageorgiou [26], Section 4.4). It appears that this work, is the first one
on the existence of three nontrivial solutions for the partial p-Laplacian, which employs a
degree theoretic approach.

In the works of Alves-Ding [2] and Garcia Azorero-Manfredi-Peral Alonso [18], where
the authors examine eigenvalue problems driven by the partial p-Laplacian, the right hand

side nonlinearity has the form
flx) =Xz Pz + |z

with 1 < ¢ < p < r < p* (p* being the critical Sobolev exponent) and A > 0. So they
treat problems with concave-convex nonlinearities and exclude asymptotically (at £oo) p-
linear problems, which is the class of problems considered in this work. In both works the
approach is variational and they prove that there exists A* > 0 such that for all A € (0, \),
the nonlinear eigenvalue problem has two positive solutions.

In §4.2 we make the assumptions on the nonsmooth potential j (z,z) and we establish
the existence of at least two nontrivial solutions of constant sign. The proof is variational
based on notions and techniques from nonsmooth analysis. In §4.3 we generate a third

nontrivial solution. This is done using degree theory.

4.2 Two Solutions of Constant Sign

The hypotheses on the nonsmooth potential function j (z,z) are the following:

H(j): j:Z xR — Ris a function such that j (z,0) =0 a.e. on Z and

(1) for all z € R, z — j (2, x) is measurable;
(17) for almost all z € Z, x — j (2, ) is locally Lipschitz;
(4ii) for every r > 0, there exists a, € L> (Z), such that for almost all z € Z, all

|z| <r and all u € 9j (z,z), we have

lu| < a,(2);
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(iv) there exists 6 € L™ (Z), such that 6 (z) < A\; a.e. on Z with strict inequality on

a set of positive measure and

limsup——— <
T —+00 |$‘p i

0(z)
uniformly for almost all z € Z and all u € 9j (2, z);

(v) there exist functions 7,, 7, € L (Z), with A\; <, (2) < ny(2) a.e. on Z, the
first inequality is strict on a set of positive measure,

. . U : U
M (z) < Hminf 2o < limsup 2o <y (2)

and

. u
lim —
z—0~ |z[P 2

=0,

uniformly for almost all z € Z and all u € 9j (2, z);

(vi) for a.a. z € Z, all x € R and all u € 95 (2, x) we have
uz > 0. (sign condition)

Remark 4.1 Note that at 01 and +00, we allow partial interaction with the principal eigen-
value Ay > 0 (nonuniform nonresonance). When p = 2 (semilinear problems), hypotheses
H (j) incorporate in our framework of analysis, the so-called asymptotically linear problems,
which attracted considerable interest since the appearance of the pioneering work of Amann-
Zehnder [3]. We point out, that the hypotheses are asymmetric with respect to 0T and 0~ .
Moreover, it is worth mentioning that as we move from 0% to +oo, we cross the principal
eigenvalue Ay > 0. The following simple nonsmooth, locally Lipschitz function satisfies all

hypotheses H (j) . For simplicity we drop the z dependence in its definition:

SlafP+ 5 -2 if v < —1
' %|x|r if x € [—1,0]
Jla)y=9 " ,
TP if x € [0,1]
0 1 =6
\ p:cp—i-plnxp—i— > if x> 1

with 1l <p<r<ooandc, § <A\ <n.

In this section, employing a variational approach based on nonsmooth analysis, we es-

tablish the existence of two smooth constant sign solutions for problem (4.1). To this end,
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we need to truncate the potential function and consider the energy functional corresponding
to the truncated potential. So let 74 : R — R, be the Lipschitz continuous truncation maps

defined by

0 ifx<0 z ifx<0
T (x) = and 7_ (z) =
z ifz>0 0 ifz>0

We set
Jx(z,2) =j(2,7+ ().

Clearly for every x € R, 2 — ji (z,x) are measurable and for almost all z € Z, x —
J+ (z,x) are locally Lipschitz. Note that, since by hypothesis j (z,0) = 0 a.e. on Z, for
almost all z € Z and all z < 0 (resp.x > 0 ) we have j; (z,2) = 0 (resp.j_ (z,z) = 0).

Moreover, from the nonsmooth chain rule (see Clarke [13], p.42), we have

{0} if £ <0
js (z,2) © S {rdj(z,0):re0,1]} ifx=0 (4.2)
07 (z,x) ifz>0
and
0j (z,x) ifz <0
j_(z,2) €S {rdj(z,0):re0,1]} ifz=0 . (4.3)
{0} if £ >0

We consider the functionals o, : Wy (Z) — R, defined by
1
ps () = 1Dl - / ji (2,2 (2)) dz for all = € W2 (Z).
z

Then ¢, are Lipschitz continuous on bounded sets, hence locally Lipschitz (see Clarke

[13], p.83). In what follows, for notational simplicity we set
Wy =Wy (Z), ={x e Wy"(Z):x(z) >0 ae. on Z}
and
C+:C&(7)+:{:E€C'&(7) :x(z) >0forall ze Z}

As we already mentioned in Chapter 2, int C',. # @ and int C, is given by (2.9).
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We consider the nonlinear operator A : Wy? (Z) — W~ (Z) defined by
(A(x),y) = / | Dz||P~2 (Dx, Dy)g dz, for all z, y € Wy * (Z), (4.4)
z

—1,p _ L,p * : 1 1 _
where W (Z2) =Wy* (Z2)" ,with S + - = 1.
It is straightforward to check that A is bounded, continuous, monotone, hence it is

maximal monotone. Also let Ny : LP (Z) — 25"(%) be the multifunctions defined by
Ny (z) = {u e LP (Z):u(z) € djs (2,2 (2)) ae. on Z} (4.5)

for all z € VVO1 ?(Z). These are the multivalued Nemytskii operators corresponding to the

subdifferentials © — .0j4 (z,x). We have
o, (1) = A(x) — Ny (x) for all z € WP (Z). (4.6)

The next proposition is crucial in obtaining the constant sign solutions of problem (4.1).
It underlines the significance of the nonuniform nonresonance condition at £oo (hypothesis
H (j) (iv)) and implies that the functionals ¢, are coercive. This fact makes possible the

use of variational techniques.

Proposition 4.2 If 0 € L (Z), satisfies 0 (z) < A\ a.e. on Z with strict inequality on a

set of positive measure, then there exists £, > 0 such that
¥ (z) = ||Dz|, - / 0 (2) |z ()" dz > & || D[} for all w € Wy (Z). (4.7)
z

Proof. From the variational characterization of A\; (see (2.7)) we have that ¢» > 0. Suppose
that (4.7) is not true. Since ¢ is p-positively homogeneous, we can find {z,}, ., C Wy (Z)
such that

|zn|] =1 for allm > 1 and ¥ (x,) | 0 as n — oo.
We may assume that
Tp 5z in WoP (Z), 2, — xin LP(Z), 2, (2) — z(2) a.e. on Z
and
|zn (2)] < k(2) ae. on Z, for all n > 1 with k € LP (Z), .
We have Dz, — Dz in L? (Z,R") and so

Dz}, < liminf || Da,|[} . (4.8)
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Also from the dominated convergence theorem, we have

/ZH (2) |2y (2)|P dz — /ZH (2) |z (2)|" dz as n — oc. (4.9)

From (4.8) and (4.9), we have

b (2) < lim g () =0,

n—o0

hence
Izl < [ 0@ e d= < Aol (4.10)
Z

Because of (2.7) and since the infimum in that expression is attained at uq, from (4.10)
it follows that x = 0 or z = du;4.

If z = 0, then [[Dz,|, — 0 and so by Poincaré¢’s inequality z, — 0 in Wy"(Z), a
contradiction to the fact that ||z,| =1 for all n > 1.

If x = tuy, then from the first inequality in (4.10) and since |z ()| = u; (2) > 0 for all
z € Z, due to the hypothesis on 6, we obtain

1Dzl < Av |l

a contradiction to (2.7). This proves (4.7). =
Using this proposition and a variational argument based on notions from nonsmooth

analysis, we can produce the first two solutions of constant sign for problem (4.1).

Theorem 4.3 If hypotheses H (j) hold, then problem (4.1) has two solutions xy € int C

and vy € —int C.

Proof. By virtue of hypothesis H (j) (iv), given € > 0, we can find M = M (¢) > 0 such

that for almost all z € Z, all > M and all u € 95 (z,x) = Jj+ (z,x), we have
u<(0(z) +e)aPt (4.11)

On the other hand, hypothesis H (j) (iii) and (4.2) imply that there exists a. € L* (7).

such that for almost all z € Z, all 0 < z < M and all u € 9j, (z,x), we have

u < ag(2). (4.12)
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Finally note that for almost all z € Z, all x < 0 and all u € 9j; (z,2), we have u = 0
(see (4.2)) From this together with (4.11) and (4.12), we deduce that for almost all z € Z,

all z € R and all u € 9j, (2, ), one has
u < (0(2) +e) el +a- (2) (4.13)

By hypothesis H (j) (ii), for all z € Z\D with |D|, = 0, the function z — j (z,z) is
locally Lipschitz and so, by Rademacher’s theorem, it is almost everywhere differentiable.

Moreover, at any such point » € R of differentiability, we have

d . .
%]‘F (z,7) € 0j4 (2,71)

(see Clarke [13], p.32), hence

dijJr (z,7) <(0(2) +e)r” ' +a.(2) foraa. z€ 2
r

(see (4.13)). Integrating this inequality on [0, z], x > 0, we obtain

1
Ji(z,2) < =(0(2) +e)aP +a.(z)x foraa. z€ Z,allz >0 (4.14)
p
(recall that j; (2,0) =0 a.e. on Z). So, if x € W, we have

1 P (2.2 (2))dz
¢ (@)= ~IDaly /ZM, (2))d

1 1 €
p p p
2]3\|D:6||p—]3/29\x| dz—];Hpr— lacl|o |l

o p € p
> o | Dz|[, — W | Dz — i || D],

1 15
-1 (go _ A—l) |Dall? — 1 | Dal], (4.15)

for some ¢; > 0 (see Proposition 4.2 and (2.7)). If we choose 0 < ¢ < A&, from (4.15)
and Poincaré’s inequality, we infer that ¢, |, is coercive. Moreover, due to the compact
embedding of W, (Z) into L? (Z), we verify easily that ¢, is weakly lower semicontinuous.

So by the Weierstrass theorem, we can find zy € W, such that

—oo <my = inf 9, (2) =, (20).

Hypothesis H (j) (v) implies that given ¢ > 0, we can find § = 6 (¢) > 0 such that for

almost all z € Z, all 0 < z < 6 and all u € 9j, (z,x), we have

(1 (2) —e)a?™ <w (4.16)
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From (4.16) as above, we obtain

1
];(771 (z2) —e)aP < ji(z,z) foraa. z€ Z,all 0 <x <. (4.17)

If uy € int Cy is the LP-normalized principal eigenfunction (see Chapter 2), we can find

£ > 0 small, such that
Puy (z) € (0,9] for all z € Z. (4.18)
Then by (4.17) and (4.18) we get

o, (Bur) = % 1Dl - | (e ()

’ p—B—p 2)— &) |ug (2)P dz
< |ul p/zm() ) fur ()] d (4.19)

_ %’ [/2@1 0 () un (z)PdHe]

(since we assumed |[u ||, = 1). Since u; (2) > 0 for all 2z € Z, we see that

~

= /Z (A1 —ny (2)ug (2)Pdz < 0.
Thus, if we choose e < —¢, from (4.19) we see that
¢ (Bur) <0,
hence
my =@, (x9) <0=1¢,(0),ie x9g#0
From Clarke [13], p.32, we have
0 € dp, (z0) + Nw, (z0), (4.20)
with Ny, (z9) being the normal cone to W, at x(, defined by
Ny, (z0) = {u* e W (Z): (u*,y —xo) <0 forally e W+} (4.21)
(see Gasinski-Papageorgiou [22], p.526). From (4.20), we can find z* € dp, (x¢) such that
—z* € Nw, (). (4.22)
From (4.6), we know that

¥ = A(xg) — up with ug € Ny (x0) .
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So from (4.21) and (4.22), we have
0 < (A (zg) — ug,y — xo) for all y € W,. (4.23)
Let € > 0 and h € W,” (Z) be given and set
y = (xo+eh)" =x0+eh+ (x0 +ch)” € W,.
We use this as a test function in (4.23) and we obtain
0 <e (" h)+ (2% (zo+h)")
hence
— (%, (xo+ch)”) <e(z*,h). (4.24)
Welet Z- ={z€ Z: (xo+¢ch)(z) < 0}. We know that

Dl(woteh)] ()= Dt ifzezs (4.25)

0 otherwise

Then

—<.Z‘ $0+€h >
- —<A(x0)7(;1:0—|—5h,)7> —|—/Zuo (xg—l—»sh)* dz

= / | Do [P~ (Do, D (w0 + €h) ™) g dz + / ug (zg +€h) ™ dz. (4.26)
z z

We estimate both integrals in the right hand side of (4.26). So by using (4.25) we have

- / | Dazo P2 (Do, D (20 +€h) ™) p dz
z
— [ 1wl (D, D o+ ety
Zs
> 5/ || Dao|[P~ (Do, Dh) gy dz (4.27)

— 5/ | Do ||P~2 (Do, Dh)gw dz
Ze N{zo>0}

since zy € W, and by Stampacchia’s theorem, we have

Dxy(z) =0 a.e. on {zo =0}
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(see Gasinski-Papageorgiou [22], p.195). Also we have

/ ugp (xg +€h)” dz = —/ ug (xg +eh)dz >0 (4.28)
z Ze

(see hypothesis H (j) (vi)).
We return to (4.26) and use (4.27) and (4.28). Then

—<x*,(mo+€h)7> > 6/ ||Dx0||p*2 (Dxo, Dh)gn dz,

Z: N{zo>0}

hence
(z*,h) > / | Dao|[P~ (Do, Dh) gy dz (4.29)
Z: N{zo>0}

(see (4.24)). Since |Z7 N{xo > 0}, — 0 as € | 0, if we pass to the limit as ¢ | 0 in (4.29),

we obtain
0 < (z*,h) for all h € W, * (Z),
hence
A (z9) = uo. (4.30)
From (4.30) we infer that

—div (|| Dzo (2)||P> Do (2)) = u (2) ae. on Z
(1020 ()P Do (2)) = o 2) s
Jiolaz = 0.
From.(4.31) and nonlinear regularity theory, we have that o € C, xy # 0. Then (4.31)
and hypothesis H (j) (vi) imply
div (|| Dz ()|~ Dy (2)) <0 ae. on Z. (4.32)

From (4.32) and the nonlinear strict maximum principle of Vasquez [60], we obtain
xo € int Cy. So from (4.2) we conclude that zy € int C is a solution of problem (4.1).
Similarly, working with the truncated locally Lipschitz functional ¢_ and adapting the

hypotheses H(j) in a symmetric way, we obtain a second solution vy € —int C,. =

4.3 Three Nontrivial Smooth Solutions

Let ¢ : Wy” (Z) — R be the Euler functional for problem (4.1) defined by

o (x) = = | Dal” —/ i (22 (2)) d= for all 2 € Wi (2).
p z
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Evidently, ¢ is Lipschitz continuous on bounded sets, hence locally Lipschitz. Moreover,

we have

o (x) = A(z) — N (x) for all x € W,?” (Z), (4.33)
where N : L? (Z) — 22" () i the multifunction defined by

N (z) = {u e LV (Z) :u(z) € 9 (2,2 (2)) ae. on Z} yforall x e LP (7).

As we already mentioned, to produce the third nontrivial smooth solutions, we will use
a degree theoretic argument, based on the degree map d. So we need to check that the items

in (4.33) fit in the framework of that theory.

Proposition 4.4 The nonlinear operator A : Wo? (Z) — W= (Z) defined by (4.4) is a

bounded, continuous (S)_ -operator.

Proof. From §4.2, we already know that A is bounded, continuous and maximal monotone.

Suppose that z,, =  in Wy (Z) and assume that

limsup (A (z,), 2, — z) < 0. (4.34)

n—oo

Because A is maximal monotone, it is generalized pseudomonotone (see Gasinski-Papa-

georgiou [22], p.330). So from (4.34) it follows that
(Awn),20) — (A(2),2),

hence
[Dnll, — [ D], -

Note that Dz,, — Dz in L? (Z JRY ) . Because LP (Z, RY ) is uniformly convex, it has
the Kadec-Klee property (see Gasinski-Papageorgiou [21], p.722) and so Dz, — Dx in
LP (Z,RN).

Hence by Poincaré’s inequality, we have z,, — x in VVO1 P (Z), which shows that A is an
(S),-operator. =

Also for the multivalued Nemytskii operator N : L?(Z) — 2" from Aizicovici-

Papageorgiou-Staicu [1], we have:
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Proposition 4.5 If hypotheses H (j) hold, then the multivalued operator N : LP(Z) —
217 (2) has nonempty, w-compact, convex values and it is usc from LP (Z) with the norm
topology into L¥ (Z) with the weak topology.

From the Sobolev embedding theorem (see Gasinski-Papageorgiou [21], p.6), we know
that W," (Z) is embedded compactly and densely in L? (Z). It follows that L” (Z) =
L? (Z)* is embedded compactly and densely in W~ (Z) = W, (Z)*. So from Proposition

4.5, we deduce the following:
Corollary 4.6 If hypotheses H (j) hold and
—1,p
N = Nlyioz : Wo? (2) = 27" O\ {2},
then N is a multifunction of class (P).

From Theorem 4.3 and its proof, we know that xy € int C. (resp. vy € —int C) is a
minimizer of ¢ (resp. ¢_). Since ¢, |c,= ¢ (resp. ¢_ |c_= ¢) we infer that zg, v are
both local Cj (7) — minimizers of ¢. But then from Gasinski-Papageorgiou [21], p.655-656
(see also Kyritsi-Papageorgiou [34]), we have that 2, and vy are local Wy (Z) - minimizers

of ¢. Therefore from Aizicovici-Papageorgiou-Staicu [1], we have

Proposition 4.7 If hypotheses H (j) hold and zq € int C, vg € —int Cy are the solutions

obtained in Theorem 4.3, then there exists r > 0 small such that
A(0, By (20),0) = d (99, By (vo) ,0) = 1.
Next we calculate the d degree of Jp for small balls.
Proposition 4.8 If hypotheses H (j) hold, then there exists p, > 0 such that
c?(ago,Bp,O) = c?(A—N,Bp,O) =0 for all 0 < p < p,.
Proof. Let K, : Wi* (Z) — Wy (Z) be the mapping defined by
Ky (2) ()= (27 ()" forall z € Wy* (Z).

Evidently, this is a completely continuous map (recall that L” (Z) is embedded com-
pactly into Wy 7' (Z) = WP (Z)"). So, if we consider the map hy : [0,1] x WP (Z) —
W= (Z) defined by

ha () = Ax) = (1= t)n Ky (2) =N (2),

for all (t,z) € [0,1] x Wy ? (Z), then hy (.,.) is an admissible homotopy.
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Claim 3 There exists py > 0 such that 0 ¢ hy (t,z) for all t € [0,1], all ||z|| = p and all
0<p<pp.

We argue indirectly. So suppose that Claim 3 is not true. Then we can find {tn}n21 C
[0,1] and {zn},5, € Wy (Z) such that

t, =t €[0,1], [|z,|| = 0 and 0 € hy (t,,z,) for all n > 1. (4.35)
From the inclusion in (4.35), we have
Al(xy) = (1 —t,) Ky (z) + tpu, with u, € N (x,) for all n > 1. (4.36)

Setting

T

y —=
A

we have

Unp,

"

n for all n > 1.
[

Alyn) = (1= tn) m K (yn) + 1
Moreover, by passing to a subsequence if necessary, we may assume that
Yo >y in WP (Z), yn — y in LP(Z), yn (2) — y (2) ae. on Z
and

|y (2)] < k(2) ae. on Z, for all n > 1 and some k € L (Z), .

By virtue of hypotheses H (j) (i), (iv) and (v), we have that
lu| < ¢ x|~ foraa. z€ Zall z € R and all u € 9§ (2, z), (4.37)
with ¢; > 0. Relation (4.37) implies that

{%} C L* (Z) is bounded.
n>1

[ |7
So we may assume that

Unp

"

i % ho in L¥ (Z) for some hy € LP (Z). (4.38)
T

For every ¢ > 0 and n > 1, we introduce the sets

C;“n:{ZGZ:xn(z)>O,n1(z)—5§un—(Z)<n2(z)+5}
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and

c, = {z €7 an(2) <0, —¢< o (;;”;(j)mn e e} .

Note that z,, () — 0% a.e. on {y > 0} and z,, () — 0~ a.e. on {y <0}. So, by virtue

of hypothesis H (j) (v), we have
Xc+, (2) = Tae. on {y >0} and x.- (2) = 1lae. on {y <O0}.

Using (4.38) , we obtain

Unp

anp_l

Xot % ho in LP ({y > 0})

e,m

and

Unp

Xoz o T = ho in LY ({y < 0}).

From the definitions of the sets C¥, and C_,,, we have
p—1 un(z)
Xoz, (2) (1 (2) =€) yn ()" < Xez, (2) Tl

1

< Xcr, (2) (02 (2) +€) yn (2)7 ace. on {y > 0}

and

[

<Xew, (2)elyn (2)7 e on {y < 0}.

-t

Xz, (B elyn ()7 < xez, (2)

Taking weak limit in L” ({y > 0}) and L¥ ({y < 0}) respectively and using Mazur’s

lemma we obtain
(m (2) =€)y (2)"" < ho(2) < (my(2) +e)y (=)' ae. on {y >0}
and
—ely () < ho(2) Sely ()" ae on {y <0},
Passing to the limit as € | 0, yields

m(2)y (2)"" <ho(2) <my(2)y () ae. on {y >0} (4.39)
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and
ho(z) =0 a.e. on {y < 0}. (4.40)
Moreover, it is clear from (4.37) that
ho(z) =0 a.e. on {y =0}. (4.41)
From (4.39), (4.40) and (4.41) it follows that
ho (2) = go (2) yt (2)"" ae. on Z (4.42)
with
9o € L= (Z), ym1(2) < go(2) <my(2) aeon Z.
Note that

(AWn) Yy —y) (4.43)

Unp,

-1
:/((1—%)771@;{)1) +th> (yn —y)dz — 0 as n — oo.

But A is of type (S), (see Proposition 4.4). So from (4.43) it follows that
Yo — y in Wy (Z), hence |jy|| =1, ie. y #0.

Moreover, in the limit as n — oo, we have
Aly) =K (y)

where § € L*(Z),, { = (1 —1t)n, + tgo. Hence acting with the test function —y~ €
Wy (Z), we see that y > 0, y # 0. Therefore

—div (| Dy ()" Dy (2)) = £ (2) ly ()" "y (2) ae. on Z,

(4.44)
yloz =0,y # 0.
Note that A\; < £(z2) a.e. on Z, \; # . Therefore
X1 (€ < X1 (M) =1 (4.45)

Combining (4.44) and (4.45), we infer that y € C' (Z) must change sign, a contradiction
to the fact that y > 0. So Claim 3 is true.
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Then the homotopy invariance property, implies
d(A—N,B,,0) =d(A—nK., B, 0) forall 0 < p< p,. (4.46)

To compute c?(A — K4, B,,0), we introduce the homotopy &y : [0,1] x Wy?* (Z) —
W= (Z) defined by

ha (t,2) = A(z) = m Ky (x) = 5,

for all (¢, z) € [0,1]x W, ? (Z), with § € L™ (Z), . Suppose that hy (t,z) = 0 for all ¢ € [0, 1]
and all ||z|| = p. Then

Al(x) = m Ky (z) +15.
Acting with the test function —z~ € W,” (Z), we obtain x > 0. Hence

—div (| Dz (2)||P? Dz (2)) = ny (2) |2 (2)]P 2 @ (2) + 8 (2) ae. on Z,
JJ|8Z = 0, X 75 0

and this by the antimaximum principle of Godoy-Gossez-Paczka [23] implies that x € —int

C., a contradiction to the fact that > 0. So
d(A—nK. B, 0)=d(A—nK,—3B,0)=0foral0<p< p,

hence

-~

d(A—N,B,,0)=0forall 0 < p < p,

(see (4.46)). m

Next we conduct a similar computation for large balls. In this case we have:
Proposition 4.9 If hypotheses H (j) hold, then there exists Ry > 0 such that
d (8¢, Bg,0) = d(A— N, Br,0) =1 for all R > R,.
Proof. We consider the admissible homotopy hs : [0,1] x Wy (Z) — oW (2) defined by
hs(t,z) = A(x) —tN (z) — (1 —t) K (z)

where K (z) = |z[" % .
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Claim 4 There exists Ry > 0 such that 0 ¢ hs (t,x) for all t € [0,1] and all x € Wy (Z)
with ||z|| = R and all R > Ry.

As in the previous proof, we argue by contradiction. So suppose we can find {tn}n21 C

[0,1] and {zn},>, € Wy (Z) such that

tn, =t €[0,1], ||z,| — +o0

and
Al(xy,) = tyu, + (1 —t,) 0K (x,) with u, € N (z,), n > 1.
If
yn — x—n’n Z 17
]|
then
Unp,

Arguing as in the previous proof, using this time hypothesis H (j) (iv), we obtain
Yo — y in Wy (Z), hence [y|| = 1,

and

un w

HT L h=glyl"?y with g € L>*(Z),, g(2) <0(2) ae. on Z.
T
So if we pass to the limit as n — oo in (4.47), we obtain
A(y) =€K (y) with £ € L™ (Z), €(2) =tg+ (1 — )0 < 0(z) ae. on Z,

hence

—div (| Dy ()" Dy (2)) = £ (2) [y ()" "y () ae. on Z,

(4.48)
Ylaz = 0.

But
Xl <g> > /):1 ()\1) =1.
So from (4.48) it follows that y = 0, a contradiction to the fact that ||y|| = 1. So Claim

4 is true.
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Then the homotopy invariance property implies that

d(A— N,Bg,0) =d(A— 0K, Bg,0) for all R > R, (4.49)
But from Drabek-Kufner-Nicolosi [15], we have

d(A—60K,Bg,0)=1for R > 0. (4.50)
So from (4.49) and (4.50), we conclude that

-~

d(A— N,Bg,0) =1 for all R > R,.

Now we are ready for the three solutions theorem for problem (4.1).
Theorem 4.10 If hypotheses H (j) hold, then problem (4.1) has at least three nontrivial
solutions xy € int Cy, vg € —int Cy and yo € C} (?) .
Proof. We already have two solutions xg € int C;, vy € —int C from Theorem 4.3. Then
from the domain additivity and excision properties of the degree we have
d(A— N,Bg,0)=d (A~ N,B,,0)
+E<A_ N7BT (.%‘0),0) +3(A_ NaBr (UO)ao)
+d (A — N, Bg\ (Bp U B, (o) U B, (UO)) ,o) (4.51)

with R > Ry large and » > 0 and 0 < p < p, small such that

p< R, B, (x9) N B, =@ and B, (), B, (vy) C Bg.

Then, using Propositions 4.7, 4.8 and 4.9, from (4.51) , we obtain

1= E(A ~ N, Bg\ (Bp U B, (o) U B, (7)0)> ,o) .

From the solution property, we obtain 3y € Br\ (Bp U B, (z9) U B, (vo)> , hence yo # 0,
Yo # To, Yo 7 Vo such that
A (yo) = ug with ug € N (yo) ,
hence
—div (|[D (o) ()" D (30) (2)) = o (=) a.e. on Z,
(%) loz = 0,
therefore from regularity theory yo € C} (?) is a nontrivial solution of (4.1), distinct from

To and vg. W
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Semilinear Resonant Neumann

Problems

5.1 Introduction

Let Z C R™ be a bounded domain with a C?-boundary 0Z. We consider the following

semilinear Neumann problem with a nonsmooth potential (hemivariational inequality):

—Azx(z) € 0j(z,2(z)) a.e. on Z,

(5.1)
g—;’i =0, on 0Z.

Here j (z,x) is a measurable potential function, which is locally Lipschitz and in general
nonsmooth in the z-variable, and 95 (2, x) is the generalized subdifferential of © — j (2, z).
Also, n (z) is the outward unit normal at z € Z and & = (D, n)g, in the sense of traces.

Tang-Wu [59] studied problem (5.1) with a smooth potential, i. e., j(z,-) € C* (R).

In this chapter we produce an answer to the open problem of Tang-Wu [59], whether
their multiplicity result, for problems which are resonant at zero between two successive
eigenvalues A\, \r11, is actually valid when complete resonance occurs also with respect to
Ak+1 (double resonance situation; see Remark 4 of Tang-Wu [59]). For this, we relax the
hypotheses of Tang-Wu [59] and we also allow the potential function to be nonsmooth.

We also prove a multiplicity result for semilinear Neumann problems which are doubly
resonant at the origin with respect to any spectral interval [Ag, Agi1].

We should mention that existence theorems for semilinear resonant Neumann problems
were proved by lannacci-Nkashama [29], [30], Kuo [33], Mawhin-Ward-Willem [39] and

Rabinowitz [55]. In Iannacci-Nkashama [29], N = 1, i.e., the equation is an ordinary
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differential equation. In Iannacci-Nkashama [30] and Kuo [33], the authors use variants of
the Landesman-Lazer asymptotic conditions. In all three papers the approach is degree
theoretic. Mawhin-Ward-Willem [39] use the monotonicity condition, while Rabinowitz [55]
uses the periodicity condition. In both papers the approach is variational based on critical
point theory.

With the exception of Iannacci-Nkashama [30], in all of the aforementioned works, the
resonance is with respect to the principal eigenvalue Ay = 0. None of these works deals
with the doubly resonant situation and also they do not address the question of existence
of multiple solutions.

Our approach is variational based on the nonsmooth critical point theory.

5.2 Multiplicity Result

The hypotheses on the nonsmooth potential function j (z,z) are the following:
H(j): j: Z xR — R is a function such that j (z,0) = 0 a.e. on Z and

(i) for all zx € R, z — j (2, x) is measurable;
(77) for almost all z € Z, © — j (2, z) is locally Lipschitz;

(i77) for almost all z € Z, all € R and all u € 0j (2, x), we have

lul < a(z)+elal™,

]3—11[2 ifn>2
where a € L*(Z),, ¢>0, 1<r<2*=

too ifn=1,2
w) j(z,x) — —oo for almost all z € C' C Z, with |C|, > 0 as |x| — o and
N
j(z,2) < n(z) for almost all z € Z, all z € R with n € L' (Z)
(v) there exist 6 > 0 and an integer m > 0, such that for almost all z € Z, all

0<|z|]<dandalluecdj(zx)

Am <

SHES

< At

Remark 5.1 Note that in hypothesis H (j) (iv) the convergence to —oo occurs only for
z € C and not for almost all z € Z as in Tang-Wu [59]. Moreover, the convergence need

not to be uniform in z € C, while in Tang-Wu [59] it is uniform for a.a. z € Z (see
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Theorem 2 in [59]). Hypothesis H(j)(v) is the double resonance condition at x = 0 with
respect to the spectral interval [N\, Am+1]. Complete resonance is possible at both ends of
the interval. In contrast, Tang-Wu [59] allow complete resonance with respect to \,, and
they assume nonuniform nonresonance with respect to A\yi1. If the potential j (z,z) is z-
independent, then in the setting of Tang-Wu [59] the quotient % stays strictly below Ay 11
near zero. Finally in Tang-Wu [59], j (z,-) € C* (R) for all z € Z.

Example 5.2 The following locally Lipschitz function j (z) satisfies hypotheses H(j). For

simplicity, we drop the z-dependence.

j(x) = e if Jof <1
—lz|+S+22+1—c if |z|>1

with m > 0 and ¢ € R. Note that if c = —’\m;l, then j € C* (R).

Example 5.3 Also, the following function satisfies hypotheses H (j), but not those in The-
orem 2 of Tang-Wu [59]:

() = [ 1) ds, with £ (2.0) = A = xe (2) (o] = 1) = o= 1)
0
where C' C Z is measurable with |C|y > 0 and for every u € R, we denote ut: = max {u,0}.
Let ¢ : H' (Z) — R be the Euler functional for problem (5.1) defined by

¢la) =5 IDali~ [ o)

for all x € H} (Z). We know that ¢ is Lipschitz continuous on bounded sets, hence locally
Lipschitz (see Clarke [13], p.83).

Proposition 5.4 If hypotheses H (j) hold, then ¢ is coercive.

Proof. We argue indirectly. So suppose that the proposition is not true. We can find
{zn},>1 € H' (Z) such that |2,|| — oo and
1 .
o) =3 1Dal = [ e (@)ds <M, 65:2)
z

for some M > 0, all n > 1. We consider the orthogonal direct sum decomposition

H' (Z)=E (M) &V,
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with E (M) =R, V = E (\)". For each n > 1, we write in an unique way
Tp = Tp + /l'\n,

with 7, € E(\o) = R and 7, € V.

Because of hypothesis H (j) (iv) and Lemmata 2 and 3 of Tang-Wu [58], given ¢ > 0,
we can find D, C C measurable set with |C\D,|y < € and functions g € C' (R}), g > 0,
h € L' (C), such that

g is subadditive (i.e., g(z +y) < g(z) +g(y) for all z, y € R); (5.3)

g is coercive (i.e., g (z) — +00 as |z| — 00); (5.4)

g(z) <4+|z| forallz € R (5.5)
and

Jj(z,2) <h(z) —g(x) for a.a. z € D, and all z € R. (5.6)

Then, by (5.3),

9(Tn) = 9 (=20 (2)) < g (zn (2)) (5.7)
for all z € Z and all n > 1. Therefore, by (5.6),
J (2,20 (2)) Sh(2) = g(@n (2)) S h(2) = g(@n) + 9 (=20 (2)) (5.8)

for all n > 1, a.a. z € D, (see (5.7)).
We return to (5.3) and use (5.8) .Then, in view of hypothesis H (j) (iv), for all n > 1,

1 N . )
o) = 3ID8IE- [ i [ )
D. Z\D¢
1, _ .
> IDRIE+ @)Dy~ [ 9(=F()dz = bl = lnl,
1., _ R
> S IDEE + g @)Dy~ [ 95 () dz -
Z

1, _ ~
> S IDEll; + g (@a) | Dely — c2 | DZally — s, (5.9)

for ¢, = ||h]|, + ||n]|, and some c2, ¢z > 0.
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In the last inequality we have used (5.5) and the Poincaré-Wirtinger inequality.

Since ||z,|| — oo, by the Poincaré-Wirtinger inequality, we have
|Z,| — oo and/or ||DZ,|, — oc.
So from (5.9) and since g is coercive (see (5.4)), we deduce that
¢ (2n) — oo,
a contradiction to the fact that
¢ (z,) < M for all n > 1.
This proves the coercivity of all . =

Corollary 5.5 If hypotheses H (j) hold, then ¢ is bounded below and satisfies the non-

smooth PS-condition.

Proof. Because ¢ is coercive (see Proposition 5.4), it is bounded below.

Also, let {z,},>; € H' (Z) be a sequence such that
lo (x,)] < M for some M >0, all n > 1 and m (xn) — 0 as n — oo. (5.10)

Since d¢ (x,) € H'(Z)" is w-compact and the norm functional in a Banach space is
weakly lower semicontinuous, by the Weierstrass theorem, we can find z} € Jd¢ (z,,) such
that m (z,) = ||z ||.

Let A€ L(H'(Z),H" (Z)") be the operator defined by
(A(x),y) = / (Dx, Dy)gn dz for all z, y € H' (Z).
z
We know that

zr = A(x,) — Uy,

with u, € L"(Z) (1 + & = 1), u,(2) € 9j(2,2,(2)) ae. on Z (see Clarke [13] and
Gasinski-Papageorgiou [21]).
Because of (5.10) and Proposition 5.4, we deduce that {x,},., € H'(Z) is bounded.

Therefore, by passing to a subsequence if necessary, we may assume that

T, = xin H' (Z) and 2, — x in L* (Z) as n — oo.
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From (5.10), we have

(zr, x — 2)| <y llz, — 2| withe, |0,

hence
’(A (Tn) ,xp — ) — /Z Up (T — ) dz| < ey, — 2 (5.11)
Clearly
/Zun(xn—x)dz—>0asn—>oo.
So, from (5.11), it follows that
(A(z,),x, —x) — 0 as n — oo. (5.12)

Note that A (z,) = A(z) in H* (Z)*. So, from (5.12), we have
IDz,ll5 = (A (20) ,20) — (A(2) ,2) = || Dz]);-
Since
Dz, = Dz in L* (Z,R"),
from the Kadec-Klee property of Hilbert spaces, we infer that
Dz, — Dz in L* (Z,R") ,
hence
r, — xin H (Z).

Therefore ¢ satisfies the nonsmooth PS-condition. m

Now, we are ready for the multiplicity result.

Theorem 5.6 If hypotheses H (j) hold, then problem (5.1) has at least two nontrivial so-
lutions xg, yo € C* (7)

Proof. By virtue of hypothesis H (j) (v), we have

An® < u < Az fora. a. z € Z, all x € (0,6] and all u € 95 (z, ) (5.13)
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and
Am1Z < u < A\px fora. a. z€ Z,all x € [-9,0) and all u € 95 (z,z) . (5.14)

From hypotheses H (j) (i), (i) and Rademacher’s theorem, we know that for all z €
Z\D, with |D|y = 0, the function » — j (z,7) is differentiable a.e. on R and at a point of

differentiability, we have
i(z r) € dj(z,71)
d?‘J ) J (%
(see Clarke [13]). So, from (5.13) and (5.14) we have
At < dij (z,7) < Apyar for a. a. z € Z\D and a. a. r € (0, 9] (5.15)
r
and
d .
Ama1r < e (z,7) < Apr for a. a. z € Z\D and a. a. r € [-0,0). (5.16)
r
Integrating (5.15) and (5.16), we obtain
1., . 1 )
EAmx <jl(z,2) < EAme for a. a. z € Z and all |z| <. (5.17)
We consider the orthogonal direct sum decomposition
H (Z)=YaV,
with
Y=&E(\) and V= & E(\) =Y
k=0 k>m+1

Since Y is finite dimensional, all norms are equivalent and, because Y C C' (7), we can

find ¢4 > 0 such that
9]l < callyll forally €Y. (5.18)

Therefore, if y € Y satisfies ||y|| < % with 6 > 0, as in hypothesis H (j) (v), then from
(5.18) we have

ly (2)| < 6 for all z € Z.

Hence (5.17) implies

Am

() <jlzy(2) <

/\m—l—l
2

y (2)* a.e. on Z. (5.19)
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Thus, for y € Y with |ly|| < %, we have

1 , 1 A
o) =5 IDul3= [ G E)ds < 51Dl = 3 Iyl <0 (520)

(see (2.5)).
On the other hand, by virtue of hypothesis H (j) (iii), we can find ¢5 > 0 such that

lu| < cs x| fora. a. ze Z, all |z| > and all u € 9j (2, ). (5.21)

Moreover, without any loss of generality, we can always assume 2 < r < 2*. Then, as

above, from (5.21) and Rademacher’s theorem, after integration we obtain
j(z,2) <cglz|” fora. a. z € Z, all |x| > § and some cg > 0. (5.22)
Let v € V. We have
V=U+w,

withu € E(Ap1) andw e W= @ E(\).
k>m+2

Let
Zy—{z€Z:|v(z)| >}
Then for z € Zs, we have (since u € C* (Z))

w (2)] = [v(2) —u(2)| = [v(2)] = |u(2)]

> v (2)] = |lull, > |v(2)| — 7 ||lul|, for some ¢; > 0, (5.23)

since all norms are equivalent on the finite dimensional eigenspace E (\,,+1) C C! (7)
Suppose that [|v|| < 2%7. If by pni1 we denote the orthogonal projection operator onto

the eigenspace F (A, 11), we have
J
lull = lIpmer (I < 0]l < 5~ (5.24)
Cr
From (5.23) and (5.24), we have
4] 1 1
w(2)] 2 o) =5 2 o) = 5lv(x)] =5 lv)]. (5.25)
Now, for v € V, with |jv|| < %, we have

e = 3100~ [ o)
= % HDUH; — /zéj (z,v(2))dz — /Z\Z(;j (z,v(2))dz. (5.26)
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Note that

[ eeend= [ je)ds< 22l (5.27)
2\Zs (lo(=)|<5) 2

(see (5.17)). Also, in view of (5.22) and (5.25) and for c¢g = 2"cg, we have

/Zéj(z,v(z))dzg%/zé !v(z)‘rdzgcg/% w (2) d

< s |lw||. < g l|wl|", for some cg > 0 (5.28)

(since H! (Z) is embedded continuously in L" (Z)). Using (5.27) and (5.28) in (5.26), we

obtain

)\m—l—l

1 2
@ (v) > BY HDUH2 Ty

loll = co ]l
Exploiting the orthogonality of the component spaces in the decomposition
V=EMu1)oW
and since
[DulE = A Jull2, for u € B (M),

we have

)\m+1

1 2 2 T 2 r
v (v) 2 5 || Dwll; [wllz = co |[wl]” = 1o lw]]” = co [[w]]", (5.29)

for some ¢y > 0.

Since 2 < r, from (5.29) and if

. )
||w|| S ||U|| S r S min 2_7 (>

Cr C4

with r > 0 small enough, we have
e () >0, forallveV, |v| < (5.30)

If inf = 0 = ¢ (0), then, from (5.20), we see that all y € Y, with 0 < |ly|] < é, are
minimizers of ¢, hence critical points of . Using Green’s identity, we check that the critical
points of ¢ are solutions of (5.1) and regularity theory implies that they belong in C* (7) .

If inf ¢ < 0, then we can apply the Theorem 2.10 and obtain two nontrivial critical points
To, yo € H' (Z) of p. Again, using Green’s identity (see, for example, Gasinski-Papageorgiou
[22], p.209), we verify that both ¢, yo are solutions of (5.1) and from regularity theory, we
have zg, yo € C* (Z). =
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Chapter 6

Nonlinear Nonvariational Neumann

Problems

6.1 Introduction

Let Z C R™ be a bounded domain with a C?-boundary 0Z. We consider the following

quasilinear Neumann problem with a nonsmooth potential (hemivariational inequality):

—div (A(z,2(2)) Dz (2)) € 9j (2,2 (2)) a.e. on Z,

(6.1)
g—;’i =0, on 0Z.

Here A(z,x) is a bounded, N x N-matrix valued Caratheodory function (i.e. it is
measurable in z € Z and continuous in x € R), j(z,z) is a measurable potential function
which is locally Lipschitz and in general nonsmooth in the = € R variable, and 9j (z, ) is
the generalized subdifferential of x — j (z, x).

In this problem, the differential operator  — —div (A (z,x) Dx) is neither homogeneous
nor variational. So the minimax methods of critical point theory (smooth and nonsmooth
alike) fail and we need to device new techniques in order to deal with problem (6.1). For
this reason, we assume that for almost all z € Z, the matrix-valued map =z — A(z,x)
has an asymptotic limit as |r| — oo. Then, using the spectrum of the corresponding
asymptotic linear differential operator, we are able to overcome the lack of homogeneity
of the original differential operator and provide conditions for the solvability of problem
(6.1). We use the spectrum of the asymptotic differential operator together with degree
theoretic methods based on the degree map for multivalued perturbations of (S)  -operators

due to Hu-Papageorgiou [25] (see also Hu-Papageorgiou [26]) and we are able to establish
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the existence of nontrivial smooth solutions.

6.2 Hypotheses

The hypotheses on the matrix-valued function A (z,z) are the following:

H(A): A:Z xR — R is a map such that
(7) for all z € R, 2 —— A (z,z) is measurable;
(17) for almost all z € Z, x — A (z,x) is continuous;
(i79) there exist constants 0 < ¢y < ¢; such that

collé]] < JA (2, &) €|l < e ||€]| for a.a. z € Z, all z € R and all £ € RY;

(iv) there exists a constant ¢y > 0 such that

o |I€II7 < (A(2,6) €, €)pn foraa. z€ Z,all z € R and all € € RY;

(v) there exists A € L™ (Z,R™) such that

A(z,z) > A(z) for almost all z € Z, as |z — oco.

Using the asymptotic limit function A (z) of hypothesis H (A) (v), we consider the fol-

lowing linear Neumann eigenvalue problem:

—div (ﬁ(z) Dz (z)) = Az (z) a.e.on Z,

g—zzo,onaz

(6.2)

Let V € £L(H'(Z),H(Z)") be the continuous linear operator defined by

-~

<‘7(:v) ,y> = / <A (2) Dz (2), Dy (z)) Ldzforallz, ye H'(Z).
z R
For every € > 0 and every z € H' (Z), we have:
> 2 2 2 2
(V @).2) + e lally = ca 1Dl + < 13 > ca 2,

with ¢ = min{e, ca} .
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Then by virtue of Corollary 7D, p.78, of Showalter [56], we know that problem (6.2) has
a sequence of eigenvalues {An}nzo, AN =0< A <X < ... <)\, — 00, with correspond-
ing eigenfunctions which form an orthonormal basis in L?(Z) and an orthogonal basis in
H' (Z). Moreover, these eigenvalues admit variational characterization via the correspond-
ing Rayleigh quotients.

Using this spectrum, we can now state the hypotheses on the nonsmooth potential
j (2 2):

H(j): j:Z xR — Ris a function such that j(z,0) = 0 a.e. on Z and
(i) for all x € R, z —— j (2, x) is measurable;
(71) for almost all z € Z, x —— j(z,x) is locally Lipschitz;

(7i1) for every r > 0, there exists a, € L (Z), such that

+

lu| <a,(z) fora.a. z€ Z,all || <randalluedj(z,x);

(iv) there exist an integer k > 0 and functions 6,6 € L (Z) such that
Ak < /H\(z) <0(2) < A1 a.e. on Z,

the first and third inequalities are strict on sets (in general different) of positive

Lebesgue measure and

<6 (z)

< limsup

~ u
0 (z) <liminf——— —
2) P22 7 jelooe |27

ja] o0 |z

uniformly for almost all z € Z and all u € 9j (2, z);

(v) there exist functions 77, € L™ (Z) such that
n(z) <0 ae. on Z,

the inequality is strict on a set of positive Lebesgue measure and

7 (z) < lim ime_2 < limsup——— < 7 (z2)

=0 |xP x 0 |z
uniformly for almost all z € Z and all u € 9j (2, z).

Due to the nonsmoothness of the potential function j (z,z), we will use some elements
of the subdifferential theory of locally Lipschitz functions (see Chapter 2). Also, due to the
nonvariational character of our problem, we will use degree theoretic arguments based on
the degree map for multivalued perturbations of (S)_ -operators (see Hu-Papageorgiou [25],

[26]).
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6.3 Existence of Solutions

Let V : H' (Z) — H' (Z)" be the nonlinear operator defined by
(V(x),y) = /z (A (z,7) Dz, Dy)gn dz for all x, y € H' (7).
Proposition 6.1 If hypotheses H(A) hold, then V is an (S) -operator.
Proof. Suppose that z,, — x in H' (Z) and assume that
limsup (V (z,) ,x, — ) < 0. (6.3)
By definition
(V(xn),zp —x) = /Z (A(z,2,) D2y, Dy — D)y dz.

We have (see H(A) (iv))

(V(xn),z, —x) = /Z (A(z,z,) Dxy, Dx,, — Dx)gn dz
_ / (A(z.2,) Dy — A(z,) D, D, = D) d
+ /Z (A(z,2,) Dz, Dx,, — Dx)pn dz
> ¢ | Dy — Da|? + / (A(u3) Da D, = Do)z, (64)

Because z, — x in H' (Z) and recalling that H' (Z) is embedded compactly in L? (Z),
we can say that z, — x in L? (Z). By passing to a subsequence, if necessary, we may also

assume that

x, (2) = 2 (2) ae. on Z
and

|, (2)] < h(2)for a. a. z € Z, all n > 1 and with h € L* (), .
Then

A(z, 2, (2)) Dz, (2) = A(2z,2(2)) Dz (2) a.e. on Z

(see H(A) (i1)). This fact, together with H(A) (zii) and the dominated convergence theorem,

imply

A(, 2, (1)) D, () = A( 2z (-)) Dz (+) in L* (Z,RY) as n — cc.
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Since Dx,, — Dz in L* (Z,RY), it follows that
/Z (A(z,z,) Dx, Dz, — D)y dz — 0 as n — o0. (6.5)
Returning to (6.4), passing to the limit as n — oo and using (6.3) and (6.5), we obtain
| Dx,, — Dz||} — 0 as n — oo,
hence
T, — xin H' (Z) as n — oo.

By Urysohn’s criterion for convergent sequences, this convergence is true for the original
sequence {z,},., € H' (Z). =
Let N : L?(Z) — 2(%) be the multivalued Nemytskii operator corresponding to the

subdifferential multifunction (z,z) — 97j (z, z), i.e.
N (z)={ue L*(Z):u(z) € 0j(z,z(z)) ae. on Z}.

Proposition 6.2 If hypotheses H(j) hold, then N has nonempty, weakly compact and con-
vez values in L? (Z) and it is usc from L*(Z) with the norm topology into L* (Z) with the
weak topology (denoted by L? (Z),,).

Proof. By virtue of hypotheses H(j) (iii) and (iv), we see that the values of N are L? (Z)-
bounded sets, which are easily seen to be closed and convex. Therefore for every z € L* (Z),
the set N (z) C L% (Z) is weakly compact and convex. We need to show that it is nonempty.

For this purpose, let {s,},; € L? (Z) be simple functions such that
Sp(2) = x(2) ae. on Z and |s, (2)| < |z (2)] (6.6)

fora.a. z € Z,alln > 1.

Because of hypothesis H(j) (i), for every x € R, the multifunction z — 09j (z,x)
is graph measurable. So, by a straightforward application of the Yankov-von Neumann-
Aumann selection theorem (see Hu-Papageorgiou [26], p.158), we can find a measurable

function f,, : Z — R such that

fn(2) € 0j (2,2 (2))
for a.a. z € Z, all n > 1. Hypotheses H(j) (iii), (iv) imply that

[ ()] < e3(1+ |2 (2)])
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for a.a. 2 € Z, all n > 1 and some c3 > 0, hence {f,.},~, C L?(Z) is bounded. Therefore,

we may assume (at least for a subsequence), that
fo = fin L*(Z)

Since the subdifferential multifunction has closed and convex values, by Mazur’s lemma,

we obtain
f(z)€0j(z,2(2)) a.e. on Z,

hence f € N (x),i.e. N (z) # @.

Note that the weak topology on bounded subsets of L?(Z) is metrizable. Therefore, in
order to show the upper semicontinuity of N from L* (Z) into L?(Z),, it suffices to show
that its graph

GrN = {(z,u) € L*(Z) x L* (Z) : u € N (2)}

is sequentially closed in L? (Z) x L*(Z),, (see Hu-Papageorgiou [26], p.38).
So let {(2n, un)},5; € Gr N and assume that x, — z in L?(Z) and u, — u in L*(Z)

as n — oo. We have
un (2) € 9j (2,2, (2)) fora.a. z € Z, alln > 1.

Invoking Proposition 3.9, p.694 of Hu-Papageorgiou [26], in the limit as n — oo, we

obtain

u(z) € 9j (2,2 (z)) ae. on Z,
hence

u € N (x).

So Gr N is sequentially closed in L? (Z) x L? (Z),, and from this we conclude that N is
usc from L?(Z) into L*(Z),. =

Recalling that H' (Z) is a separable Hilbert space, which is embedded compactly and
densely in L?(Z), we have that L*(Z)" = L?(Z) is embedded compactly and densely in
H' (Z)".

Therefore an immediate consequence of Proposition 6.2, is the following corollary:
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Corollary 6.3 If hypotheses H(j) hold, then N : H' (Z) — 2" D"\ {@} is a multifunction

belonging in class (P) .

Proposition 6.1 and Corollary 6.3 permit the definition of the degree d for nonlinear
multivalued operator x — V (z) — N (x). To compute this degree for various sets we will
need the following auxiliary result.

For every integer k > 0, let £ () denote the eigenspace corresponding to the eigenvalue

)\k- Set
— k AN ————————————
i=0 i>k+1
Then we have the orthogonal direct sum decomposition

H'(Z) = H, ® Hy.

Lemma 6.4 (a) If 0 € L>*(Z), and 0 (2) < M\py1 a.e. on Z with strict inequality on a set

of positive Lebesgue measure, then there exists £, > 0 such that
Y, () = / (E(z) Dz, D’:E) Ldz— / 012 dz > & |2 for all T € Hy,.
z R Z

(b) If6 e L™ (Z), and /9\(2) > A\ a.e. on Z with strict inequality on a set of positive

Lebesgue measure, then there exists &, > 0 such that
by (T) = / 0z dz — / (21(2) Dz, Df) dz> &[Tl for all T € Hy.
Z z R

(¢) If n € L>®(Z) and n(z) < 0 a.e. on Z with strict inequality on a set of positive

Lebesgue measure, then there exists &, > 0 such that
Yo () :/ (A\(z) Dz,Dw) Ndz—/ n|z*dz > & ||z||* for all z € H' (Z).
z R z

Proof. (a) From the variational characterization of A\x; we have ¢; > 0. Suppose that the

result is not true. Exploiting the 2-homogeneity of ¢;, we can find {i:\n}n21 C r such that
|Zn]] = 1 for all n > 1 and ¥, (Z,,) | 0 as n — oo.
We may assume that

T %7€ Hyin H(Z) and &, — 7 in L?(Z) as n — .
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Note that

||| == /Z (2(2) Dx,D:r)RN dz,

for z € H' (Z), defines a norm in L? (Z, R") equivalent to the usual norm in L? (Z, R") (see
hypothesis H(A) (iii)) and recall that a norm in a Banach space is w-lower semicontinuous.

Hence
/ (i) 7,07 d < / 013 dz < Mes |12 (6.7)
Z Z
therefore
/Z (A(z) D7, D7) d== Ao 51

(from the variational characterization of Aji1).
Hence T € E (Ary1). But the elements of E (A1) have the unique continuation property
(see for example Gasinski-Papageorgiou [22]). So z (z) # 0 a.e. on Z. Then from (6.7) and

using the hypothesis on 6, we have

/ (2(2) Dz, D:c) dz < ey |73
Z RY

which contradicts the variational characterization of Ay, 1.

The proofs of (b) and (c¢) are similar to those of (a) and so they are ommited.

Using this lemma, we can compute the c?—degree of V — N for large balls.
Proposition 6.5 If hypotheses H(j) hold, then there exists Ry > 0 such that
d(V — N, Bg,0) = (=)™ for all R > R,

Proof. Let g € L* (Z), be such that

M <79(2) < Agyq ace. on Z

with strict inequalities on sets (in general different) of positive Lebesgue measure. We

consider the admissible homotopy ki : [0,1] x H' (Z) — 27 (D)"\ {@} defined by
hi(t,2) =tV (z)+ (1 —t)V (2) — tN (z) — (1 — t) Gz.

Claim 5 We can find Ry > 0 such that 0 ¢ hy (t,z) for allt € [0,1] and all ||z]] = R > Ry.
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We argue indirectly. So suppose Claim 5 is not true. Then we can find {t,},., C [0,1]
and {z,},-, € H' (Z) such that

t, = t€0,1], ||zn]| — oo and 0 € hy (t,,, x,) for all n > 1. (6.8)

From the inclusion in (6.8), we know that for every n > 1, we can find u,, € N (z,,) such

that
taV (2) + (1 = t) V (30) = bttt + (1 — t,,) G, (6.9)
Let y, = %2, n > 1. Then ||y,|| = 1 for all n > 1 and so we may assume that

— lenll?
Yp — yin H' (Z) and y, — y in L*(Z) as n — oo.

We divide (6.9) by ||x,| and we have

V()

"l

¢ F (1=t V (yo) = tn “”“ + (1= 1) Gyn (6.10)

|

We take duality brackets with vy, —y. Hence

tn <‘ﬂgﬁ),yn - y> + (1 —ty) <‘7(yn) s Yn — y>

=tn/ tn <yn—y)dz+<1—tn>/zayn<yn—y>dz.

z

From hypotheses H(j) (i7i) and (iv), we know that
Juf < es(1+ |z]) (6.11)

for a.a. z € Z, all z € R and all u € 9j (2, z). Because of (6.11) and since y, — y in L* (Z),

we have

/ (g —y)dz — 0

z

and

Z

as n — oo. Therefore it follows that

lim {tn <V (@) y> L (1—t) <17 (Yn) s Y — y>} —0. (6.12)

)y JIN
n—00 ||z ]|
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|l zn
:/ (2, 2n) Dy, Dy — Dy)pn dz

(2,2n) (Dyn — Dy) , Dy, — Dy)pn dz

\

(A(z &) Dy, Dyp — Dy)pn dz
7
> ¢y | Dy, — Dyll3 + / (A(z,2,) Dy, Dy, — Dy)pn dz (6.13)
Z

(see H(A) (iv)). Note that |z, (z)| — 400 a.e. on {y # 0}. Therefore by hypothesis H(A)
(v)

A(z,3,(2)) = A(2) ae. on {y#0} asn — oo.

Also from Stampacchia’s theorem we know that Dy (z) = 0 a.e. on {y = 0}. Therefore,

finally, we can say that
A(z,z, (2)) Dy (z) — A(2) Dy (z) a.e. on Z.

From this convergence, hypothesis H(A) (ii7) and the dominated convergence theorem,

it follows that
A2, () Dy (-) = A(-) Dy (-) in L* (Z,RY),
hence

/Z (A(z,2,(2)) Dy (2), Dyn (2) — Dy (2))pn dz — 0 as n — 00 (6.14)

Moreover,

> 2| Dy~ Dyl + [ (A(:) Dy Dy, - Dy), s (6.15)
Z
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(see H(A) (iv) and (v)). Because Dy, — Dy in L? (Z,R"), we have
/ (ﬁ(z) Dy, Dy,, — Dy) dz — 0 as n — oo. (6.16)
z RN

Returning to (6.12), using (6.13), (6.14), (6.15) and (6.16) and passing to the limit as

n — 0o, we obtain

| Dy, — Dyl|, — 0 as n — o0,
therefore

Y — yin H (Z) as n — oo.

So |ly|| = 1, hence y # 0.
By virtue of (6.11), {“—"} C L*(Z) is bounded. So we may assume that
n>1

llznl =

Unp

T % hin L*(Z) asn — oo.
Tn

Given € > 0 and n > 1, we introduce the following two sets

Cl, = {ZEZ:mn(z) >0, 0(z)—¢c < tn (2) §9(2)+€}
7 Tn (2)
and
- 7 Uy, (2)
_ : _e< <
Co {z €Z:x,(2)<0, 0(2)—e< i) = 9(z)+5}
Note that
x, (2) — +oo for a.a. z € {y >0}
and

T, (2) > —oo for a.a. z € {y <0}.
Then hypothesis H(j) (iv) implies that
Xcz, (2) = 1Lae on {y >0}
and

Xcz, (2) = 1ae on {y <0}.
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Via the dominated convergence theorem, we have

H Han L'({y>0})

H |$n|| L ({y<0})

as n — oo. From the definition of the set C7,, we have

~

xer, () (0() =) v (2) < X, (2) T )

2]

< Xci, (2) (0(2) +€) yn () a.e. on Z.

Passing to the limit as n — oo and using Mazur’s lemma, we obtain

@(z)—s)y(z) <h(z) <(0(2)+¢)y(z) ae. on {y > 0}.

Because € > 0 was arbitrary, we let £ | 0 and have

0(2)y(z) <h(z)<0(2)y(z) ae. on {y>0}. (6.17)
Similarly working with the set C_,,, we obtain

0(z2)y(z) <h(z) < g(z)y (z) a.e. on {y <0}. (6.18)
Finally, it is clear from (6.11) that

h(z) =0ae. on {y=0}. (6.19)
From (6.17), (6.18) and (6.19), it follows that there exists g, € L (Z), such that

9(2) < goo (2) <0(2) ae. on 7
and
h(2) =g (2)y(2) a.e. on Z.

For every v € L™ (Z), we have

(i

,v> :/ (A (z,zn) Dy, Dv)gn dz.
z
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Recall that y, — y in H' (Z). So we may assume that
Dy, (z) — Dy (z) a. e. on Z.
Since |z, (z)| — +o0 a.e. on {y # 0}, hypothesis H(A) (v) implies that
Az, xy) —uzl\(z) a. e. on {y #0}.
Also Dy (z) =0 a.e. on {y = 0}. Hence
A(z,x,) Dy, (2) — 0 a.e. on {y =0}.
Therefore
A(z,2,(2)) Dy (2) — A (2) Dy(z) a.e. on Z as n — oc.

From this convergence, hypothesis H(A) (éi7) and the dominated convergence theorem,

we infer that
A(2a(-)) Dy (-) — A (") Dy(-) in L*(Z,R™) as n — oo.
Hence

/ (A(z,z,) Dyy, Dv)gn dz — / (A\(z) Dy, Dv) dz,
z z N

R
SO

V (z) > Y 1

0 )y —=(V(y),v) forallve H (Z),

(o) = (T 00)
therefore

V Tp > . *

IIi II) =V () i B (2)

Returning to (6.10) and passing to the limit as n — oo, we obtain

<

(1) = (tgos + (L = 1) 9) y = gy, (6.20)
with g = tgee + (1 —t)g € L™ (Z)., /9\(,2) <g(z) <0(z)a.e. on Z. From (6.20) we have

—div (A\(z) Dy (z)) =g(2)y(z) a.e. on Z,

(6.21)
g—z =0, on 0Z.
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Exploiting the monotonicity of the eigenvalues on the weight function (see for example
Gasinski-Papageorgiou [22]), we have

o~ ~

L= (M) > A (9)

and

1= Aot (Mesr) < A (9) -

Using this in (6.21), we infer that y = 0, a contradiction to the fact that ||y|| = 1. This
proves Claim 5.

This claim permits the use of the homotopy invariance property of the degree map d. So

~

d(V = N, Bg,0) = dgs), (\7 ~ 3, BR,o) for all R > Ry (6.22)

We have to compute d(s) <‘A/ —9l, B RO) . To this end we consider the orthogonal direct

sum decomposition
H'(Z) = Hy, ® Hy,.

Let p, and Py be the orthogonal projections on the component spaces Hj and H E Te-
spectively. Alsolet F: H' (Z) — H'(Z)" be the duality map for the Sobolev space H' (7).
We consider the (S), -homotopy hs : [0,1] x H' (Z) — H* (Z)" defined by

ha (t.2) = ¢ (B (F (@) = ) + (1= ) (V = 3T ()

~

where for every x € H' (Z), we have z =T + T with T = p, (v) € Hy, T = Dy, (z) € Hy.
Next we show that hy (t,2) # 0 for all ¢ € [0,1] and all z # 0.

Indeed, since on the finite dimensional space H all norms are equivalent, we have that

(ha (t,z), T —T)

> H(F (@), 3) + tea o) + (1= ) (V (2) - G2, 7~ 7)
> teq |22 + (1 — ) [/ (A(z) Dz, D7) dz—/ §§c‘2dz+/ Gd—
z RN z Z

/ ) (2 (2) DT, Dz) , dz}

for some ¢4 € (0,1). Here we have used the orthogonality of the component spaces. Using

Lemma 6.4 (a), (b), we obtain

(ha (t,2) & =) > teg |2]* + (1= ) [l > es |||,
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with E = min {&,, &, }, for some ¢; € (0,1), hence
hy (t,x) # 0 for all t € [0,1], all z # 0.
Invoking, once again, the homotopy invariance property of the degree map c?, we have
dis), (17 ~ 3, BT,O) — dis), (0 F o Py — Py, B,0) for all 1> 0. (6.23)
Set

B = {a?e A 7] < f}
2 2

and

Hy, _ = - 77 .= f
B! _{:cer.H:c||<2}.

Then from the excision and product properties of the degree, we have
dis), (B o F o B — P Br0) = dis), (]-“ 7, BEY, o) x dp (—I, B, o)
=1 x (—1)dim (6.24)

From (6.22), (6.23) and (6.24), we conclude that
d(V = N,Bg,0) = (=)™ ¢ for all R > Ry,

Next we conduct a similar computation for small balls.

Proposition 6.6 If hypotheses H (j) hold, then there exists p, > 0 such that

~

d(V —N,B,,0)=1 forall 0 < p < p,.

Proof. Let Ay € L™ (Z,RN*N) be defined by Ay (z) = A(z,0). We introduce the contin-
uous linear operator Vy € L (H' (Z),H' (Z)") defined by

(Vo (2),y) = /Z (Ao (2) Dz, Dy)gn dz for all z, y € H' (Z) .

We consider the admissible homotopy hs : [0,1] x H' (Z) — H' (Z)* defined by

hs (t,x) =tV (x) + (1 —1t) Vo (z) —tN () — (1 —t) ha,

with h € L™ (Z) satisfying 7 (2) < h (z2) <n(z) a.e. on Z.
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Claim 6 There exists p, > 0 such that 0 ¢ hs (t,z), for allt € [0,1] and all 0 < ||z|]| =p <

Po-

Again we argue by contradiction. So suppose that Claim 6 is not true. Then we can

find {t,},>, € [0,1] and {z,,},-, € H' (Z) such that
t, —t€10,1], ||zn|| — 0 and 0 € hs (t,,x,) for all n > 1 (6.25)
Note that hypothesis H(j) (v) implies that we can find § > 0 such that
Jul < ¢5 ||

for a.a. z € Z, all |z| <6, all u € Jj (z,z) and some c; > 0.
On the other hand from (6.11), we see that there exists cg = ¢ () > 0 such that

jul < cq ||

for a.a. z € Z, all |z| > 9, all u € 05 (2, x).

Hence we can say that
lul < er |z (6.26)

fora.a. z € Z, all x € R, all u € 95 (2, ), with ¢; = max {cs, cs}.

From the inclusion in (6.25), we have
taV (20) + (1= ) Vo (20) = tattn + (1 — t,) hay, (6.27)
with u,, € N (x,). We set
Yn = i,n > 1.
[l
We may assume that
Yn —yin H (Z) and y, — y in L?(Z) as n — oo.

We divide (6.27) with ||z, || and obtain
V(@)

"l

Taking duality brackets with y,, — v, we have

o~

t + (1= t) Vo (y) = tH“—” + (1~ tn) hiy- (6.28)

tn<v<x"> y —y>+<1—tn><vo<yn>,yn—y>

y In
[l

Ztn/ o (yn—y)dz+(1—tn)/zﬁyn(yn—y)dz

86



Nonlinear Nonvariational Neumann Problems

Note that

/ = (yn_y)dzﬁo

z |zl

(see (6.26)) and
/Zﬁyn(yn—y)dz—>0 as n — 0o.
Since ||z,|| — 0, we may assume that z,, () — 0 a.e. on Z and so
A(z,z,(2)) = Ag(2) a.e. on Z

(see H(A) (ii)).

Then arguing as in the proof of Proposition 6.5, we show that
Y, — yin H' (Z), hence ||y|| = 1, i.e. y # 0.

In addition, for every v € H' (Z), we have

<V(In) > — /z (A (2, 2,) Dy, Dv)gn dz — /Z (Ag (2) Dy, Dv)gn dz

(Y
[zl

= <V0<3/)7U>7

hence

ﬁf’f‘) " Vo (y) in HY(Z)".

From (6.26), we see that { o } C L?(Z) is bounded. So we may assume that
n>1

l[@nl =
Un w . 2
—— — [in L°(Z) as n — oc.
2l

Given € > 0 and n > 1, we introduce the sets

Dzn:{zEZ:xn(z’)>O, nz)—e<

and

IN

D;n:{zeZ:xn(z)<0, n(z)—e n (2) §n(z)+5}.

Since ||z, || — 0, we may assume that x,, () — 0 a.e. on Z. Hence by virtue of hypothesis

H(j) (v), we have

Xp+ (2) = Lae. on {y >0}

e,n
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and
Xp-,(2) = Lae. on {y <0}.
Arguing as in the proof of Proposition 6.5, we infer that
B = hoy,
with ho € L (2),
n(z) <ho(z) <n(z) a. e. on Z.
We pass to the limit as n — oo in (6.28) and obtain
Vo (y) = hy, (6.29)

with i = tho+ (1 —t)h € L® (Z), 7 (2) < h(z) < 1 (2) a.e. on Z. We take duality brackets

with y. So

/ (Ao (2) Dy, Dy)gpn dz = / hy?dz < 0
Z Z
therefore
[Dyll, =0, i.e. y =c € R (see H(A) (iv)).
Note that ¢ # 0 (since |ly|| = 1). Hence

0= / (Ao (2) Dy, Dy)gn dz = ]E|2/ hdz < 0,
z z

a contradiction. Therefore the Claim 6 is true.

This claim permits the use of the homotopy invariance property and we have
d(V = N,B,,0) = ds), (Vo — I, B,, o) for all 0 < p < po. (6.30)
To compute d(s), (VO — ﬁ], B,, 0), we consider the (S -homotopy
ha (t,2) = 1 (VO _m) (@) + (1 —t) F (x).
Then for every t € [0,1] and = # 0, we have
(ha(t.2) 2) =t UZ (Ao (2) D, D) dz—/ ﬁxzdz} (=) 2]

> t&o [|z]* + (1 — 1) [l[|* > 0

Z
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(see Lemma 6.4 (¢)).

Therefore, once again, the homotopy invariance property implies
ds), (vo —hl,B,, 0) — dis). (F,B,,0) =1 for all 0 < p,
hence
d(V—N,B,,0)=1forall 0 <p<p,

(see (6.30)). m

Now, we are ready for the existence result concerning problem (6.1).

Theorem 6.7 If hypotheses H(A) and H(j) hold and dim H}, is odd, then problem (6.1)

has a nontrivial solution © € C! (?)

Proof. We may assume that p, < Ry and let 0 < p < p, and Ry < R. Then from the

additivity and excision properties of the degree map (Z we have
d(V — N,Bg,0)=d(V - N,B,,0)+d(V — N, Bg\B,,0),
hence
(—1)"™He — 1 4 d(V — N, Bg\B,,0)
(see Propositions 6.5 and 6.6), so
d(V = N, Bg\B,,0) = —2.
So from the solution property, we know that we can find x € B R\Ep such that
0eV(x)— N (z),
hence
0=V (x)—u, with u € N (z),

o
—div (A(z,z(2)) Dx (2)) =u(z) € 9j (2,2 (z)) a.e. on Z,
g—i =0, on 0Z.
Moreover, from standard regularity theory we have z € C*! (7) (see for example Gasinski-
Papageorgiou [22]). So z € C'(Z) is a nontrivial solution of (6.1) and note that the

Neumann boundary condition is understood pointwise. m

Remark 6.8 If k=0, then H, = R and so the Theorem applies.
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