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Resumo 
 
 

Na área da imagiologia é frequentemente necessário decompor as imagens ou
volumes nos seus diversos componentes estruturais, isto é, há necessidade de 
"segmentar" as imagens. Existe hoje um amplo leque de técnicas de
segmentação de imagens, proporcionando níveis de desempenho e eficácia
contextualmente variáveis. O objectivo geral deste trabalho é a exploração das
potencialidades das técnicas de segmentação aplicada ao estudo da produção
da fala no Português Europeu. 
 
Através da segmentação de imagens e volumes de Ressonância Magnética
duma das principais estruturas anatómicas relacionadas com a produção da
fala, o tracto vocal, pretendeu-se alcançar o objectivo especifico de 
proporcionar novas informações de teor morfo-funcional no conhecimento dos 
mecanismos de produção do Português Europeu. 
 
A investigação encontra-se inserida num projecto mais amplo e pluridisciplinar 
denominado HERON, cujo objectivo é a criação dum programa de síntese
articulatória para o Português Europeu. 
 
Após a aquisição de imagens 2D e 3D do tracto vocal de dois falantes, foram
seleccionadas uma série de técnicas de segmentação a aplicar,
nomeadamente Region Growing, Live Wire, Level Sets, e Reaction Diffusion
Active Contours, tendo-se avaliado as vantagens e desvantagens de cada 
método consoante a natureza dos dados imagiológicos e o objectivo específico
da segmentação. 
 
O método Region Growing provou ser eficaz no caso mais simples da 
segmentação 2D mas em contextos 3D foi  necessário recorrer a métodos 
mais elaborados como os Level Sets. Foi ainda proposta uma estratégia
inovadora de segmentação semi-automática "2.5D" baseada em reformatação
multi-planar ao longo do eixo longitudinal do tracto vocal seguida da aplicação
de algoritmos Live Wire ou Level Sets. Esta metodologia provou viabilizar as 
aquisições de Ressonância Magnética puramente 3D para os estudos
imagiológicos de produção do Português Europeu. 
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abstract 
 

The main objective of the segmentation techniques is the partition of images or
volumes in its structural components. Although its use is of basic importance in 
the image processing field, the effectiveness and homogeneity of the
segmentation techniques still represent a problem in the area of applied
engineering whose mathematical solution is yet to be found.  
 
This work focuses on the segmentation of Magnetic Resonance images and
volumes of some anatomical structures related with speech production,
namely, the vocal tract. Through the segmentation we were able to gather new
morph-functional information on the European Portuguese production. 
 
This investigation is part of a broad project, named HERON, whose objective is
the development of a speech synthesizer for European Portuguese. 
 
After the comparative analysis of an extensive set of segmentation methods,
the ones that were more adequate for our application were chosen. The
implemented techniques were: Region Growing; Live Wire; Level Sets; and
Reaction Diffusion Active contours. The advantages and disadvantages of each
method were also evaluated. 
 
Region Growing proved capable of segmenting the 2D images. For 3D 
information, the use of more complex methodologies, such as Level Sets, was
necessary. A new "2.5D" segmentation strategy was also proposed, based on
multi-planar reformatting through the longitudinal axes of the vocal tract, 
followed by the application of 2D segmentation algorithms as Live Wire and
Level Sets. This methodology enabled the 3D Magnetic Resonance
acquisitions for imaging studies in the European Portuguese production. 
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�8Gbk8Gb� x¦\1iSf0P"NQP1Z�[1\ëXY~ELMNWXSP1K��EO0P"LMNW\.LW��hY~#UVh�P1K^R#XÝKWXY�HijXY~ELQP1Z�[1\Ëf0P"NQPËP1K�UIiuP"�7XY~TK

R#X^ê,XYiSf�\uc�X�P"e�G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G ¬H¥
�8G � �rXY�HijXY~ELQP1Z�[1\.R#X^¢7\1eIO#ijX�Ky¡�k1°`£.G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G ¬7|

�8G �TGIF �rXY�HijXY~ELQP1Z�[1\Ëa 1
2

° G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G ¬H¬
�8G �TGba È,¹®É"¹Y¼=Ï�¹YÍ�º�k1° G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^GÓF��H�
�8G �TGbk x¦\1iSf0P"NQP1Z�[1\uXY~ELMNWXÝP1K�LMNW��K�LW��hY~#UVh�P1KdR#X^KWXY�HijXY~ELQP1Z�[1\6f0P"NQPS\HK�¢7\1eIO#ijX�K±G^GÓF��Ha

�8Gb� °dUVKQhYOTKWKQ[1\ìG`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^GÓF��Hk
�8Gb¥ x¦\1~TKMUVR#XYNQP1Z�§*X�K�¨T~0P"UVK G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^GÓF��"�
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¥8GIF �*{I~*LWX�KWX`R#\SLMNQP"g0P"eI�T\uR#X�KWXY~E¢7\1eI¢rUVR#\ G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`GñF��7|
¥8Gba �(NMUI~ThYUIf0P"UVK�NWX�KMO#eILQP1R#\HKòG^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`GñF��H�
¥8Gbk ê,NQP"g0P"eI�T\S�$O#LMO#NW\ÅG^G`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`GñFHF��
¥8G � x¦\1~TKWUVR#XYNQP1Z�§*X�K�¨T~0P"UVK G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`GñFHFHF
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FHGIF °�U�P"�HNQP"iuPSRTPjXY¢7\1eIOTZ�[1\jR#\Sf#NW\"ýMX�hYLW\jþdJ�c�ÿ�� G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G a
a8GIF �df0P"NWXYeI�T\���\1~0P1R#\1N G`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G ¬
a8Gba °�U���XYNWXY~TZ�P1K�XY~ELMNWX_O#i�KW\1iÜ\1NQP"e,X�O#iÜ~0P1KQP"e�G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G FHF
a8Gbk x&e�P1KQKMU�¨0h�P1Z�[1\jRTP1K�¢7\1�EP"UVKdKWXY�HO#~TR#\uPÝ �\1~0PSR#X_P"NMLMUVhYO#e�P1Z�[1\�G^G_G^G`G^G`G`G^G`G^G_G`G FHF
a8G � x&e�P1KQKMU�¨0h�P1Z�[1\jRTP1K�¢7\1�EP"UVKdKWXY�HO#~TR#\j\��HNQP"OÖR#X_P"g�XYNMLMO#NQPËG`G`G^G_G^G`G^G`G`G^G`G^G_G`G FHF
a8Gb� x&e�P1KQKMU�¨0h�P1Z�[1\jRTP1K�h�\1~TKW\7P"~*LWX�KdKQXY�HO#~TR#\j\�ij\*R#\uR#X`P"NMLMUVhYO#e�P1Z�[1\�G`G^G`G`G^G`G^G_G`G F�a
a8Gb¥ x&e�P1KQKMU�¨0h�P1Z�[1\jRTP1K�h�\1~TKW\7P"~*LWX�KdKQXY�HO#~TR#\j\�f�\1~*LW\jR#X_P"NMLMUVhYO#e�P1Z�[1\�G`G^G`G`G^G`G^G_G`G F�a
a8GÒ| cdXYf#NWX�KWXY~ELQP1Z�[1\uR#\HK�h�\1~ELW\1NM~T\HKdRTP1K�LMNW��K�¢7\1�EP"UVKdh�P"NWR8UI~0P"UVK G^G_G^G`G^G`G`G^G`G^G_G`G F�k
a8Gb� }TO#~ThYUV\1~0P"ijXY~ELW\.RTP�NWX�KWKW\1~0�"~ThYU�P�iuP"�H~T�YLMUVh�P G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G F�¥
a8Gb¬ cdXYf#NWX�KWXY~ELQP1Z�[1\j�HNQ³9¨0h�PjR#\Sh�\1~Th�XYUILW\uR#X^ê�cÞG_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G F4|
a8GIF�� cdXYf#NWX�KWXY~ELQP1Z�[1\j�HNQ³9¨0h�PjR#\Sh�\1~Th�XYUILW\uR#X^ê�JÞG_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G F��
a8GIFHFÛcdXYf#NWX�KWXY~ELQP1Z�[1\j�HNQ³9¨0h�PjR#\Sh�\1~Th�XYUILW\uR#X^}8� G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G F��
a8GIF�a cdXYf#NWX�KWXY~ELQP1Z�[1\j�HNQ³9¨0h�PjR#\Sh�\1~Th�XYUILW\uR#X^æ ê G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G F��
a8GIF�k cdXYf#NWX�KWXY~ELQP1Z�[1\j�HNQ³9¨0h�PjR#\Sh�\1~Th�XYUILW\uR#X^��� G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G F�¬
a8GIFY� cdXYf#NWX�KWXY~ELQP1Z�[1\j�HNQ³9¨0h�PjR#\Sh�\1~Th�XYUILW\uR#X^}�ÿzçìG^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G F�¬
a8GIF�� cdXYf#NWX�KWXY~ELQP1Z�[1\j�HNQ³9¨0h�PjR#\Sh�\1~Th�XYUILW\uR#X_�rê�G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G F�¬
a8GIF�¥ cdXYf#NWX�KWXY~ELQP1Z�[1\j�HNQ³9¨0h�PjR#\Sh�\1~Th�XYUILW\uR#X_��� G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G F�¬
a8GIF4| J�KW�EOTXYiuP"LMUI 4P1Z�[1\±RTPªP1h�Z�[1\ÛR#\HK.h�P"iSf�\HK6iuP"�H~T�YLMUVh�\HKëP1KWKQ\*hYU�P1R#\HK��ÛP1�*O#UVKMUVZ�[1\ªR#X

UIiuP"�7XY~TK�f�\1N�cd� G`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G a8F
a8GIF�� x¦\rR8U�¨0h�P1Z�[1\jR#X^UIiuP"�7XY~TKdR#X^c�� G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G aHa
a8GIF�¬ ÿdNM�EP"~#UI 4P1Z�[1\6R#\SX�KMf0P1Z�\	� G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G aHk
a8GbaH� °�U�P"�HNQP"iuPSR#X`f#O#eVKW\SR#X^O#iuPSKWX��*OT�Y~ThYU�P�ê��rJ G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G a"�
a8Gba8FÛ°�U�P"�HNQP"iuPSR#X`f#O#eVKW\HK�R#X�O#iuPSKWX��*OT�Y~ThYU�PSê,NMOTX�}�æM�r� G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G aH�
a8GbaHa °�U�P"�HNQP"iuPSR#X`f#O#eVKW\HK�R#X�O#iuPSKWX��*OT�Y~ThYU�PSJ
�å�*f�\1UIeVX�R�a1°´­�}Bµ=�^�rþìG`G`G^G`G^G_G`G aH¥
a8GbaHk �dNMLWX®��P1hYLW\HK�R#XuÔ1¼ÎÂ$Ô1º¤Â�Ã*Á^k1° G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G a7|
k8GIF J(eIUIiSUI~0P1Z�[1\uR#\jP"N�X��8LWXYNMUV\1N G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G k8F
k8Gba æ²iuP"�7XYiäP"f�
HK�\Sf#NW�®­�f#NW\rh�X�KWKQP"ijXY~ELW\ G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G kHa
k8Gbk }�UIeILMNW\SR#X^ijX�R8U�P"~0PÖG`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G kHa
k8G � }�UIeILMNW\SR#X`°�U��$OTKQ[1\S�d~#UVKW\1LMN�
1f#UVh�PËG^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G kHk
k8Gb� }�UIeILMNW\SR#X�Ê�Ô1É"¹Y¼I¹YÍ�º G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G kH�
k8Gb¥ Ê�Ô1É"¹Y¼I¹YÍ,þ�PHP"N�G`G^G`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G kH¥
k8GÒ| Ê�Ô1É"¹Y¼I¹YÍ�º�°^P"O#g�X�hQ�#UVX�K G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G kH¥
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k8Gb� �!XYNMU����YNMUVh�\HKÅG`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G k7|
k8Gb¬ J��8XYiSf#eV\6R#X`P"f#eIUVh�P1Z�[1\uR#X`µ=UIiSU�P"NMUI 4P1Z�[1\�G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G kH¬
k8GIF�� J��8XYiSf#eV\6R#X`P"f#eIUVh�P1Z�[1\uRTPSµ=UIiSU�P"NMUI 4P1Z�[1\6P1RTP"f#LQP"LMUI¢HP�G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G kH¬
k8GIFHF±ÿdf�XYNQP1R#\1N�R#X_xzP"~#~���G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G �E�
k8GIF�a À�¹�Á1Â�»1Ã Äz¸M»1Ç�Â2ÃrÁ�G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G �Ea
k8GIF�k Ï0Ã�Ô��1¹�G^G`G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G �H�
k8GIFY� �(ýÆOTKMLWX^X`R8UI¢rUVKQ[1\SR#X�O#iÜh�\1~*LW\1NM~T\jUI~#UVhYU�P"e!P�LMNW��K�NWXY�HUV§*X�K�R#X`UI~ELWXYNWX�KWKWX G_G^G`G^G`G^G �E¥
k8GIF�� �rXY�HijXY~ELQP1Z�[1\Ëk1°òR#\Sh��YNWXYg#NW\6P"LMNQP�¢7��KdRTP�O#LMUIeIUI 4P1Z�[1\jR#XyÈ!¹®É"¹®¼,Ï�¹YÍ�º�G^G`G_G^G`G^G`G^G �*|
k8GIF�¥ J��8XYiSf#eV\HK�R#X��$O#~TZ�§*X�K

φ
G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G^G_G`G^G`G^G`G`G^G_G^G`G^G �*|

k8GIF4| }#O#~TZ�[1\uR#X^¢7XYeV\rhYUVRTP1R#X^g0P1KWX�P1RTPS~0P�UI~ELWXY~TKMUVRTP1R#XyRTPÝUIiuP"�7XYi G`G^G`G^G`G_G^G`G^G`G^G �E¬
k8GIF�� æp~*LWXY~TKMUVRTP1R#X�K

Ibgr
X

Iobj
G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G �Hk

k8GIF�¬ °�XYLWX�h�Z�[1\6R#X`P"NWX�KMLQP1K�f�XYeV\�ij�YLW\rR#\jR#XyÀ�¹MÔEÐ�Í$Â$»HÃoÕ`Â ×�ØEº®Â$»1Ã�G`G`G^G`G^G`G_G^G`G^G`G^G �H¬
�TGIF �*UVXYijXY~TKd��P"�H~TXYLW\1i����riSf#�T\1~�� G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G |1�
�TGba }#NQP"ijX�K������������ �����"!#�uX$�"%#� G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G |1�
�TGbk çdUVKMO0P"eIUI 4P1Z�[1\6R#X�LMNW��K�f#e�P"~T\HK�R8O#iÜ¢7\1eIO#ijXÓG^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G |rF
�TG � þ�UVKMLW\1�HNQP"iuP1KdR#X_P"eI�HO#iuP1K�UIiuP"�7XY~TKdc���a1° G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G |9�
�TGb� �q³1KWh�P"NQPjR#X^f&
HKM­�f#NW\*h�X�KWK¤P"ijXY~ELW\ G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G |1�
�TGb¥ J�eIUIiSUI~0P1Z�[1\6RTP�KQ\1g#NWX®­pKWXY�HijXY~ELQP1Z�[1\ G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G |1¥
�TGÒ| xz³"eVhYO#eV\uRTPÝ�HNWXYeI�0PuP1RTP"f#LQP"LMUI¢HP G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G |1�
�TGb� æpiuP"�7XYi�ij��R8UV\"­pK¤P"�HUILQP"e!X^NWX�KMf�X�hYLMUI¢HPÝ�HNWXYeI�0PjP1RTP"f#LQP"LMUI¢1P G^G`G`G^G`G^G`G_G^G`G^G`G^G |1¬
�TGb¬ c�X®��\1NMiuP"LQP1Z�§*X�KdR8O#i�¢7\1eIO#ijX�G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G �H�
�8GIF �zLWXY~EO0P1Z�[1\.R#X�NMO#{VR#\ªG_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G �"�
�8Gba JB�$XYUILW\uRTPjP"LWXY~EO0P1Z�[1\6R#X^NMO#{VR#\jXYiÜR8O0P1K�eIUI~#�0P1KdR#X^h�P1RTP�UIiuP"�7XYi G^G`G_G^G`G^G`G^G �"�
�8Gbk xz³"eVhYO#eV\uRTPÝij��R8U�PjR#\HK�h�\1~ELW\1NM~T\HK�G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G �7|
�8G � ����R8U�PSR#XuF��H��h�\1~ELW\1NM~T\HKd�7XYNQP1R#\HK�h�\1iÜ\uÀ�¹�Á1Â$»HÃ Äz¸Æ»1Ç�Â�Ã*Á`a1° G^G`G^G`G_G^G`G^G`G^G �H�
�8Gb� c�\1g#OTKMLWXY _R#\.À�¹�Á1Â�»1ÃÅÄz¸Æ»HÇ�Â2Ã*Á_a1°]XYiÜNWXYe�P1Z�[1\'��f�\HKMUVZ�[1\SRTPSKWXYijXY~*LWXqG_G^G`G^G`G^G �H�
�8Gb¥ J(KMLMOTR#\jeV\rh�P"e=RTP1K� �\1~0P1Kdh�\1i�iuP"UV\1N�¢HP"NMU�P"g#UIeIUVRTP1R#X_XY~ELMNWX_h�\1~ELW\1NM~T\HKÑG`G_G^G`G^G`G^G �H�
�8GÒ| �,¢HP"eIU�P1Z�[1\jR#\jæ � h�\1ij\jh�P"NQP1hYLWXYNMUI 4P1R#\1N�R#\HK�KW\1~TK G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G �H¬
�8Gb� æp~#UVhYU�P"eIUI 4P1Z�[1\6h�\1i�O#i�f�\1~ELW\S~T\�UI~*LWXYNMUV\1NdR#\SLMNQP1hYLW\S¢7\rh�P"e G`G`G^G`G^G`G_G^G`G^G`G^G �H¬
�8Gb¬ æp~#UVhYU�P"eIUI 4P1Z�[1\6h�\1i�O#iuP�eIUI~#�0P¯G^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G �H¬
�8GIF�� æp~#UVhYU�P"eIUI 4P1Z�[1\6h�\1i�O#iÜhY{INWhYO#eV\ÅG^G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G ¬H�
�8GIFHFÛæp~#UVhYU�P"eIUI 4P1Z�[1\6h�\1i F��H�ShY{INWhYO#eV\HK G`G`G^G_G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G ¬H�
�8GIF�a �rXY�HijXY~ELQP1Z�[1\6f�\1N�È!¹®É"¹®¼=Ï�¹YÍ�º�h�\1i�R8U��$XYNWXY~*LWX�K��$O#~TZ�§*X�K�R#X�¢7XYeV\*hYUVRTP1R#XÓG_G^G`G^G`G^G ¬8F
�8GIF�k �rXY�HijXY~ELQP1Z�[1\6f�\1N�È!¹®É"¹®¼=Ï�¹YÍ�º�P"f&
HK�\Sf�
HKÆ­�f#NW\rh�X�KWKQP"ijXY~*LW\�G`G`G^G`G^G`G_G^G`G^G`G^G ¬8F
�8GIFY� �rXY�HijXY~ELQP1Z�[1\6f�\1N�À�¹MÔ7Ð�Í$Â�»1ÃÖÕ^Â ×�Ø*º¤Â�»1Ã G^G`G^G`G`G^G`G^G_G^G`G`G^G`G^G`G_G^G`G^G`G^G ¬Ha
�8GIF�� �rXY�HijXY~ELQP1Z�[1\6f�\1N�À�¹MÔ7Ð�Í$Â�»1ÃÖÕ^Â ×�Ø*º¤Â�»1Ã6P"f�
HK�\�f&
HKM­�f#NW\*h�X�KWK¤P"ijXY~ELW\ G`G_G^G`G^G`G^G ¬Ha
�8GIF�¥ x¦\1iSf0P"NQP1Z�[1\6XY~*LMNWXyÀ�¹MÔ7Ð�Í$Â$»1Ã�Õ`Â ×�ØEº®Â$»1Ã��0È,¹®É"¹Y¼>Ï�¹YÍ�º�X_À�¹�Á1Â�»1ÃÅÄz¸M»1Ç�Â2ÃrÁ G^G`G^G`G^G ¬Hk
�8GIF4|�x¦\1iSf0P"NQP1Z�[1\6XY~*LMNWX`KWXY�HijXY~ELQP1Z�§rX�K�h�\1i�À�¹�Á1Â�»1ÃÅÄz¸M»1Ç�Â2ÃrÁ^X_È,¹®É1¹®¼=Ï�¹�Í�º�G_G^G`G^G`G^G ¬Hk
�8GIF�� x¦\1iSf0P"NQP1Z�[1\6R#X^KWXY�HijXY~*LQP1Z�§*X�K�XY~ELMNWXÝÈ,¹®É"¹Y¼=Ï�¹YÍ�ºzXyÀ�¹MÔEÐ�Í$Â$»HÃoÕ`Â ×�ØEº®Â$»1Ã�G^G`G^G`G^G ¬"�
�8GIF�¬ x¦\1iSf0P"NQP1Z�[1\6R#X^KWXY�HijXY~*LQP1Z�§*X�K�XY~ELMNWXÝÀ�¹MÔ7Ð�Í$Â�»1Ã�Õ`Â ×�Ø*º¤Â�»1ÃuX_À�¹�Á1Â�»1ÃÅÄz¸Æ»1Ç�Â�Ã*Á�G`G^G ¬H�

¢*U



�8GbaH� �rXY�HijXY~*LQP1Z�[1\jiuP"~*O0P"e!R#\HK��$NQP"ijX�K(�����)���*� �����"!��6X+�"%#� G`G^G_G^G`G^G`G`G^G`G^G_G`G ¬H�
�8Gba8F±�rXY�HijXY~*LQP1Z�[1\jf�\1N�À�¹�ÁHÂ$»1ÃÅÄz¸M»1Ç�Â�Ã*Á`a1° P"f�
HK�PjP"LWXY~EO0P1Z�[1\6R#X^NMO#{VR#\;G`G`G^G`G^G_G`G ¬H¥
�8GbaHa x¦\1iSf0P"NQP1Z�[1\6XY~ELMNWX`\HK�¢1³"NMUV\HK�NWX�KMO#eILQP1R#\HK�\1g#LMUVR#\HK�f0P"NQPuP1K�UIiuP"�7XY~TK�XYiÜê!XYiSf�\uc�X�P"e ¬H�
�8GbaHk �rXY�HijXY~*LQP1Z�[1\^f�\1N(È!¹®É"¹®¼TÏ�¹YÍ�º�P"f�
HK(P�P"f#eIUVh�P1Z�[1\^R#\�}�UIeILMNW\^R#X��^P"OTKWKWU�P"~0P��1KBUIiuP"�7XY~TK

R#X^ê!XYiSf�\uc�X�P"eòG^G`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G ¬H¬
�8Gba"� �rXY�HijXY~*LQP1Z�[1\of�\1N_À�¹MÔ7Ð�Í$Â�»1Ã�Õ^Â ×�Ø*º¤Â�»1ÃÖP"f&
HK`PëP"f#eIUVh�P1Z�[1\ëR#\ë}�UIeILMNW\ëR#X'�^P"OTKQKMU�P"~0P

�1K�UIiuP"�7XY~TK�R#X^ê,XYiSf�\jcdX�P"ezG_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G ¬H¬
�8GbaH� �rXY�HijXY~*LQP1Z�[1\6a 1

2

°]f�\1NdÈBÂ�É"¹�ÊËÂ2¸W¹ G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G ¬H¬
�8GbaH¥ �df#eIUVh�P1Z�[1\jR#X�O#iuPË¿u¹¤º¤·,��KWXY�HijXY~*LQP1Z�[1\6a 1

2

°]f�\1NdÈBÂ�É"¹�ÊËÂ2¸W¹ÖG^G`G^G`G`G^G`G^G_G`GñF��H�
�8Gba7|��rXY�HijXY~*LQP1Z�[1\6a 1

2

°]f�\1NdÈ,¹®É1¹®¼=Ï�¹�Í�º G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`GñF��H�
�8GbaH� �df#eIUVh�P1Z�[1\jR#X�O#iuPË¿u¹¤º¤·,��KWXY�HijXY~*LQP1Z�[1\6a 1

2

°]f�\1NdÈ,¹®É1¹®¼=Ï�¹�Í�ºÖG^G`G^G`G`G^G`G^G_G`GñF��8F
�8GbaH¬ J��$XYUILW\HK�R#\jf&
HKÆ­�f#NW\rh�X�KWKQP"ijXY~*LW\S~0PSKWXY�HijXY~*LQP1Z�[1\6k1°	X®��X�hYLMO0P1RTPSf�\1NdÈ,¹®É"¹Y¼=Ï�¹YÍ�ºªG`GñF��8F
�8GbkH� ç�UVKMO0P"eIUI 4P1Z�[1\jRTP�KQXY�HijXY~ELQP1Z�[1\Ëk1° f�\1NdÈ,¹YÉ"¹®¼=Ï>¹YÍ�º¦RTP1K�LMNW��K�¢7\1�EP"UVK�h�P"NWR8UI~0P"UVK�G_G`GñF��Ha
�8Gbk8F±x¦\1iSf0P"NQP1Z�[1\SXY~*LMNWX^P1K��$O#~TZ�§rX�K¦R#X�³"NWX�PÝ\1g#LMUVRTP1K�h�\1i�P_KWXY�HijXY~*LQP1Z�[1\ja 1

2

°´X�h�\1i�P
KQXY�HijXY~ELQP1Z�[1\6k1°åG^G`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`GñF��Hk

¢rUIU



¢*UIUIU



õ ö�÷ ��ø 
�� - ø/. �10�ø ÷

a8GIF x¦\1iSf0P"NQP1Z�[1\yXY~ELMNWX�¢1³"NMU�P1K�LW��hY~#UVh�P1K�R#X�P1�*O#UVKMUVZ�[1\`R#X�UI~8��\1NMiuP1Z�[1\_KQ\1g#NWX�\�LMNQP1hYLW\`¢7\rh�P"eoFY�
a8Gba ç�P"~*LQP"�7XY~TK�X`R#X�KW¢1P"~*LQP"�7XY~TK�RTP�O#LMUIeIUI 4P1Z�[1\6RTP�c�� G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G F4|
k8GIF cdXY�HNQP1K�RTP�R#X�hYUVKQ[1\32®Ø7¾Q¾54 G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G �Ha
�TGIF Ú�»H¸�ã�Ø*ºza1° G_G^G`G^G`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G ¥H�
�TGba Ú�»H¸�ã�Ø*º¦ê!XYiSf�\uc�X�P"e G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G ¥H�
�TGbk Ú�»H¸�ã�Ø*ºzk1° G_G^G`G^G`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G ¥H¬
�8GIF �!¢HP"eIU�P1Z�[1\SR#\Sf#NW�®­�f#NW\*h�X�KQKQP"ijXY~ELW\uf0P"NQPjP1K�UIiuP"�7XY~TK�R#X_ê,XYiSf�\jc�X�P"e�G`G`G^G`G^G_G`G �H�
�8Gba �!¢HP"eIU�P1Z�[1\SRTP1K�LW��hY~#UVh�P1K�R#X^KQXY�HijXY~ELQP1Z�[1\ÓG`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`GñF��H�

U6�



�



õ ö�÷ ��ø 
�� 7 0 ú � üªö �+8 � ÷

F °�XYLWX�hYLW\1N�R#XyP"NWX�KMLQP1KdxzP"~#~��ÑG_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G �E�
a À�¹�Á1Â�»1ÃÅÄz¸Æ»1Ç�Â�Ã*ÁÛG^G`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G �TF
k È!¹®É"¹®¼=Ï�¹YÍ�º G_G^G`G^G`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G �H�
�

checkin
G^G_G^G`G^G`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G �H¥

�
checkout

G^G_G^G`G^G`G`G^G`G^G_G`G^G`G^G`G^G`G_G^G`G^G`G^G`G`G^G_G^G`G^G`G`G^G`G^G_G`G �H¥
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��° ÙdÃTÂ2ºY»HÍ$¸M»¤ã�Â�Ð�Õ`Â ×�ØEº®Â$»1Ãq¡$°dU��$OTKQ[1\S�d~#UVKW\1LMN�
1f#UVh�P7£
â<; =�ÔHÃ�½�ÊËÂ�½HÍ�·.¡�e�P"NM�HO#NQPuR#X�g0P"~TRTP7£
J<� �rX��EOT�Y~ThYU�PjJ(h�\jR#X>��NQP1R8UVXY~*LWX
J����q� ?¦¼V¹MÐ�Í$¸M»A@qÔ�Á1Ã�¹�Í$Â$ÐB@ÖÂ�½DC�º�Ô�Á1Â$Í�Í�Ô1¼�Ùd¸YÍ$Â$ÐYØr¼I»1¿u¹YÍp¹®¸
J��
� J�eVX�hYLMNW\1f0P"e�P"LW\1�HNQP9¨�P
J¦� �rX��EOT�Y~ThYU�PjJ(h�\jR#Xy�*f#UI~
J�ê�µ ?�Ð®·r»;¶T¸ÆÔHÂ2ÃoÈ,¹®ÃrÁ"·*Í
}8� E�¼ ÂÒãÖÙdÃrÁ1¼I¹`¡��"~#�HO#eV\uR#X�~EO#LQP1Z�[1\E£
}�x¦ê }#O#~TRTP1Z�[1\jf0P"NQPuPjx&UV�Y~ThYU�PSX`ê,X�hY~T\1eV\1�HU�P
}F� }�UIeILMNW\jR#XB�^P"OTKWKMU�P"~0P
}Bæ ° E�¸W¹W¹^Ì¤Ã�½1Ø#Ð�Í$Â�»1ÃoÕy¹MÐQÔD46¡$R#X�h�P"UIijXY~ELW\6R#X^UI~TR8O#LQ�"~ThYU�PSeIUI¢rNWX4£
}Bµ=�^�rþ E=Ô"ºYÍ�È,»1Ç±ÙdÃ*ÁH¼I¹`ÏT·r»7Í
}B� }�UIeILMNW\jR#X�ijX�R8U�P"~0P
}�ÿzç E�Â�¹®¼I½(G&2(H=Â�¹YÇ ¡�xzP"iSf�\jR#X`çdUVKQ[1\E£
}(�rJ �rX��EOT�Y~ThYU�Pj}0P1KML��*f#UI~oJ(h�\
þ�J(c�ÿ�� ��NW\"ýMX�hYLW\jh�\1iäPÝNWX®��XYNW�Y~ThYU�PS�&ÿ^�#xJI"�(µ=�<I1�7|1¥H�H�KI1aH�H�"�L��¨T~0P"~ThYU�P1R#\jf�XYe�P�}!x¦ê
æMÿ æpiuP"�7XYi¯ÿdNMUI�HUI~0P"e
æ � Mp~TR8UVh�X^R#X_��NQP"LML
æ ê Ì¤ÃTÉ"¹®¸¤º¤Â�»1Ã ¶!Â2¿u¹�¡$ê!XYiSf�\6R#X^æp~*¢7XYNWKQ[1\E£
�qc�æ �qP"�H~TXYLMUVh_c�X�KWKW\1~0P"~Th�X^æ²iuP"�HUI~#�
�;��N�J @�¹MÔ1Ã�Ï&OYØ#Ô1¸W¹3?¦¸®¸Æ»1¸`¡$XYNMNW\j�*O0P1R8NQ³"LMUVh�\jij��R8UV\E£
��� �qP"LMNMUI 
��� P�Ør¿'QW¹®¸y»R2dÙ�Ð�OYØrÂ�º®Â�Í$Â�»1Ã#º`¡S�UT#ijXYNW\jR#X_P1�*O#UVKMUVZ�§*X�K®£
��JV� P�Ør¿'QW¹®¸y»R2U?XW7ÐYÂ$Í�ÔHÍ$Â$»HÃ#º
~T�;��N�J Ã�»1¸®¿jÔ1¼ ÂV¾4¹W½Y@�¹WÔ1ÃqÏ&OYØ#Ô1¸M¹3?z¸¤¸M»1¸`¡$XYNMNW\j�*O0P1R8NQ³"LMUVh�\Sij��R8UV\S~T\1NMiuP"eIUI 4P1R#\E£
�^�r°�J P`»1¸®¿jÔ1¼ÎÂI¾9¹M½SÏ�Íp¹pãqÕ^Â ×d¹®¸W¹®Ã�ÐQ¹Z?zÃ�¹®¸�ÁD4
��J �!\1NMLMO#�HOT��K�J�O#NW\1f�XYO
�¦�#�dc [�¹MÔ��SÏ�Â�Á1Ã�Ô1¼=Í�»\P_»1Â2º�¹�À�ÔHÍ$Â�»
cd�dcdJ À�Ô¤ã�Â�½�Ù�Ð�OYØrÂ2º¤Â$Í$Â$»1ÃÖÀ�¹Y¼�Ô]WEÔHÍ$Â$»HÃ^?zÃ#·rÔ1Ã�Ð¤¹®¿u¹®Ã0Í
cd} ÿd~TRTPSR#X�NQP1R8UV\"�$NWX��EOT�Y~ThYU�P
cd� c�X�KWKQ\1~0�"~ThYU�P��qP"�H~T�YLMUVh�P
�r��� �*{I~ELWX�KWXyP"NMLMUVhYO#e�P"L�
1NMU�PjR#\j��\1NMLMO#�HOT��K
�r��c ÏHã#¹MÐ�Â _&Ð^Ù3Q¤º�»1¸pã�Í$Â$»HÃëÀ�Ô7Íp¹

�8UIUIU



�rJ �rX��*OT�Y~ThYU�Pu�*f#UI~ÖJ(h�\
��� Ï0¼ÎÂ�ÐQ¹6Ä�Ô¤ã�¡$æ²~ELWXYNM¢HP"eV\jXY~ELMNWXyh�\1NMLWX�K¤£
�#�`� }#O#~TZ�[1\u�EOTX�NWXYLW\1NM~0Pu\SKMUI~0P"e&¡�f�\HKMUILMUI¢7\S\1Oo~TXY�EP"LMUI¢7\E£
�#�dc Ï0ÂIÁ1Ã�ÔH¼=Í�»\P_»1Â�º�¹dÀ�ÔHÍ$Â$»
�rê Ï0¼ÎÂ�ÐQ¹Ë¶,·EÂ$Ð5�4Ã�¹¤º¤º�¡$J(KMf�X�KWKMO#NQP�R#X_h�\1NMLWX4£
�rê�J J(h�\uX�KMLMUIi_O#e�P1R#\
�*O#g8­�{I~TR8UVh�X�K °�XYNMUI¢HP1RTP1K]�8UI~TR8UVh�P"~TR#\6P�KMO0Pj\1NWR#XYiÜX�f0P"NQ�"ijXYLMNW\uR#X`R#XYNMUI¢HP1Z�[1\
�*ç�þ �*UVKMLWXYiuPÝç�UVKMO0P"e,þdO#iuP"~T\
ê µ>UIiSU�P"NÝ¡�¶,·E¸M¹®ºQ·r»1¼I½4£
ê,� ê!XYiSf�\jR#X^���*O#UVKMUVZ�[1\
ê�x ê!\1ij\1�HNQP9¨�P6x¦\1iSf#O#LW\1NMUI 4P1RTP
ê�J ê!XYiSf�\jR#X^J�h�\
ê�c ê!XYiSf�\jR#X^cdXYf�XYLMUVZ�[1\
ê=NMOTX_}BæM�r� ¶T¸¤ØT¹�E=Ô"ºYÍBÌ¤¿jÔ�Á1Â�Ã*ÁuÇ�Â�Í�·.Ï�Íp¹MÔE½D4,[¦¸W¹MÐQ¹®ºQº¤Â�»1Ã
ê��rJ �rX��*OT�Y~ThYU�PSê=O#NMg�\6�*f#UI~ÖJ�h�\
; ° Ê�Ô1É"¹®¼V¹YÍ(ÕÝ¹®Ã�»1Â2º¤Â�Ã*Á

�8UI¢
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(x, y)
h�\r\1NWR#XY~0P1RTP1K�R#X`h�P1RTPSf�\1~*LW\jRTPÝUIiuP"�7XYiäR#X^cd�

α
h�\1~TKMLQP"~ELWX_NWX�P"e=f�\HKWUILMUI¢1P

αT
eIUIiSU�P"N�R#\SLWXYNMij\jR#X�f#NW\1f0P"�EP1Z�[1\

ν

β
h�\1~TKMLQP"~ELWX_NWX�P"e=f�\HKWUILMUI¢1P

εk
��O#~TZ�[1\jR#X�¢7XYeV\rhYUVRTP1R#X_RTP�hYO#NM¢HP"LMO#NQP

ε
h�\1~ELMNW\1e�Pj\�UI~*LWXYNM¢1P"eV\6R#X^¢HP"eV\1NWX�K�f#N�
e�8UIij\HK�R#X

T
�EOTX^R#XY¢7XYiÜKQXYN

h�\1~TKMUVR#XYNQP1R#\HK�~T\jUI~ELWXYNMUV\1NdRTPÝNWXY�HU�[1\.P�KWXY�HijXY~ELQP"N
γ

x¦\*X®¨0hYUVXY~*LWX_R#X_P"ij\1NMLWX�hYUIijXY~*LW\
γ1 I(x + 1, y)

γ2 I(x − 1, y)

γ3 I(x, y + 1)

γ4 I(x, y − 1)

λ
h�\1~TKMLQP"~ELWX_NWX�P"e=f�\HKWUILMUI¢1P

∇ �HNQP1R8UVXY~ELWX
∇xDi

h�\1iSf�\1~TXY~*LWX
x
R#\j�HNQP1R8UVXY~ELWX_R#\jiuP"f0PSR#X^R8UVKMLQ�"~ThYU�P1K

Di

∇yDi
h�\1iSf�\1~TXY~*LWX

y
R#\S�HNQP1R8UVXY~ELWXyR#\SiuP"f0PSR#X^R8UVKMLQ�"~ThYU�P1K

Di

ν
LWXYNMij\jR#X^f#NW\1f0P"�EP1Z�[1\

Ω1
h�\1~1ý O#~*LW\HK�R#X^f#U6�#XYUVK�R#XY~*LMNW\uR#\Sh�\1~ELW\1NM~T\

C

Ω2
h�\1~1ý O#~*LW\HK�R#X^f#U6�#XYUVKz��\1NQP�R#\jh�\1~ELW\1NM~T\

C

φ
��O#~TZ�[1\jR#X�O#iuPjR8UIijXY~TKQ[1\jKMO#f�XYNMUV\1NU��RTPShYO#NM¢HPjxò¡�È,¹YÉ"¹®¼=Ï>¹YÍ�£

σ2 h�\1~TKMLQP"~ELWX_f�\HKWUILMUI¢1P
~N

~T\1NMiuP"ef�ShYO#NM¢HP
∧ \1f�XYNQP1R#\1Nhg²X�i
Ĩth

¢1P"eV\1NdX�KMLMUIiuP1R#\jR#X
Ith

|.| ¢HP"eV\1NdP"gTKW\1eIO#LW\
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�HNQP1R8UVXY~ELWX�R#Xyh�\rR8U�¨0h�P1Z�[1\.R#X^��P1KWX6¡$h�\rR8U�¨0h�P1Z�[1\.~T\uXYU6�#\uR#\HKU�#£®G��	f#NMUIijXYUINQP6hYNMU�PuO#iuPjR#XYf�XY~TR#�Y~8­
hYU�P±eIUI~TX�P"NÖXY~ELMNWXÛP±eV\*h�P"eIUI 4P1Z�[1\ X�KMf0P1hYU�P"e_X�Pª�$NWX��EOT�Y~ThYU�P R#X;\HKWhYUIe�P1Z�[1\#G���KWXY�HO#~TRTPÅ�;UVR#�Y~*LMUVh�P
��f#NMUIijXYUINQP�X(NWX�KMO#eILQPdR#X(O#iuP�f#NW�®­ph�\rR8U�¨0h�P1Z�[1\�R#X��$NWX��EOT�Y~ThYU�P�R8O#NQP"~ELWX¦O#i]h�XYNMLW\dUI~ELWXYNM¢HP"eV\�R#X�LWXYiSf�\#G

ÿ KMUI~0P"e�R#X�c��¯��h�\rR8U�¨0h�P1R#\y~T\`hW�0P"iuP1R#\�X�KMf0P1Z�\>�Y�7LQP"i_g��Yi h�\1~#�TX�hYUVR#\��*~0P_³"NWX�P_RTP_XY~#�7XY~#�0P"NMU�P~�
h�\1ij\jX�KMf0P1Z�\jR#X^}T\1O#NMUVXYN]��}�UI�HO#NQPja8GIF��8G

�Åf#NMUIijXYUINQP�LMNQP"~TKÆ��\1NMiuP1Z�[1\��¦NWXYe�P1hYUV\1~0P1RTP�h�\1i P��$\1NMiuP�h�\1ij\�\HKBRTP1R#\HK�K¤[1\dNWX�h�\1eI�#UVR#\HK4G�� KWXY�HO#~TRTP
R#XYLWXYNMiSUI~0PoPu�$\1NMiuPËh�\1ij\ë\HK�RTP1R#\HK_P1R#�*O#UINMUVR#\HK`KQ[1\.f#NW\rh�X�KWKQP1R#\HK^R#Xy�$\1NMiuPëPu��\1NMiuP"N_P6UIiuP"�7XYioG
� KWX��*OT�Y~ThYU�PScd� �`XY~*LQ[1\��

~µ → ~M → ~Mxy → S(t) → S(~k) → I(~x)

\1~TR#X
~µ
KQ[1\�\HK�ij\1ijXY~ELW\HK6iuP"�H~T�YLMUVh�\HKSiSUVhYNW\HKWhe
1f#UVh�\HK]� ~M

�oP�Q®Ør¼ �.R#XËiuP"�H~TXYLMUI 4P1Z�[1\�� ~Mxy�qP�iuP"�H~TXYLMUI 4P1Z�[1\±LMNQP"~TKM¢7XYNWKQP~�
S(t)

�q\ÛKWUI~0P"edXYeV��hYLMNMUVh�\��
S(~k)

�Ö\ªKMUI~0P"ed~T\ÛX�KMf0P1Z�\¡�Y�&X
I(~x)

a8F



}�UI�HO#NQPja8GIF��~�&x¦\rR8U�¨0h�P1Z�[1\uR#X^UIiuP"�7XY~TKdR#X^c��ªG#��RTP"f#LQP1R#\jR#Xu¡$µ>U�P"~#�uX_µ,P"O#LWXYNMg#O#N]�,F�¬H¬H¬7£®G
��PÛUIiuP"�7XYi c��ªG¦� LMNQP"~TKÆ��\1NMiuP1Z�[1\

~µ → ~M
��RTP1RTPªf�XYe�P±X��rf�\HKMUVZ�[1\±R#\Å\1g8ýÆX�hYLW\ P1\Åh�P"iSf�\

B0
� ~M → ~Mxy

�j��XYUILQPqP"LMNQP�¢7��KSR#X.X��8hYUILQP1Z�§rX�K�c�}h� ~Mxy → S(t)
�6g0P1KWX�P1R#\�~0PoeVXYUzR#XuUI~TR8OTZ�[1\

R#X±}0P"NQP1RTPe�K�
S(t) → S(~k)

XY~E¢7\1eI¢7X \ OTKW\ R#X±�HNQP1R8UVXY~ELWX�K�iuP"�H~T�YLMUVh�\HK�R#Xª��\1NMiuP P h�\rR8U�¨0h�P"N
P UI~8��\1NMiuP1Z�[1\]X�KMf0P1hYU�P"eu~0P1K�NWX�KMf�\HKWLQP1K�R#X O#i KMUVKMLWXYiuP´R#X º�ã�Â2Ã#º�P"LMNQP�¢7��KªR#X X��#hYUILQP1Z�§rX�KÛcd}<�
¨T~0P"eIijXY~ELWX �

S(~k) → I(~x)
�^RTP1RTP�f�XYe�P�ê=NQP"~TKÆ��\1NMiuP1RTPjR#X`}0\1O#NMUVXYNdæ²~E¢7XYNWKQP8G

�òUI~8��\1NMiuP1Z�[1\ËNWXYe�P"LMUI¢1P��1K�g0P"U6�TP1Kd��NWX��*OT�Y~ThYU�P1K^��h�\1~Th�XY~ELMNQP1RTPË~T\Ëh�XY~ELMNW\ëR#\ËX�KMf0P1Z�\��Y��XY~T�*O0P"~ELW\
�*OTX�P`UI~8�$\1NMiuP1Z�[1\ÝNWXYe�P"LMUI¢HPÝP^��NWX��*OT�Y~ThYU�P1K�P"eILQP1Kz��P"�HNMO#f0P1RTPy~0PyKMO0P^ �\1~0Pyf�XYNMU��$�YNMUVh�P8G��rXY~TR#\�P1KWKMUIi^�
\.h�\1~ELMNQP1KMLWX�XyP1K���\1NMiuP1Kd�7XYNQP"UVK�RTPuUIiuP"�7XYi�R#XÝc��ñX�KWLQ[1\jNWXYe�P1hYUV\1~0P1R#\HK^h�\1i¯\6h�XY~*LMNW\.R#\.X�KMf0P1Z�\
�Y��LWXY~TR#\ëP1K��$NWX��*OT�Y~ThYU�P1K�g0P"U6�#P1K`P"iSf#eIUILMOTR#X�K_P"eILQP1Kl��\Ë�*OTXy\1NMUI�HUI~0P.�HNQP"~TR#X�K`P"eILWXYNQP1Z�§rX�K�~T\HK�~#{I¢7XYUVK
R#XohYUI~# �XY~*LW\ÛRTP�UIiuP"�7XYiÓ¨T~0P"e�G x¦\1~ELMNQP"NMU�P"ijXY~ELWX ��P1KS�$NWX��*OT�Y~ThYU�P1K6P"eILQP1KuK¤[1\�h�P"NQP1hYLWXYNMUI 4P1RTP1K.f�\1N
P"iSf#eIUILMOTR#X�Kdg0P"U6�#P1K]�T~0[1\SLWXY~TR#\j~TXY~#�*O#i�X®��XYUILW\S~T\jh�\1~*LMNQP1KMLWX_\1Oë��\1NMiuP��7XYNQP"e�RTP�UIiuP"�7XYiäR#X`cd�ÛG
J(KMLQP.UI~8��\1NMiuP1Z�[1\Ö��~T\ëXY~*LQP"~ELW\�UIiSf�\1NMLQP"~*LWXjf0P"NQPË\oP"O#ijXY~*LW\ÖRTPËNWX�KW\1eIOTZ�[1\ÖX�KMf0P1hYU�P"e�RTP.UIiuP"�7XYi
¨T~0P"e�G(�]}�UI�HO#NQPja8GIF�¬�UIeIOTKMLMNQPSX�KWLWX�Kz�$XY~L
1ijXY~T\HK4G

:>�«�=��¬ A!î ���#�j�!��s���)���/0�
�diuP KQX��EOT�Y~ThYU�P]R#X f#O#eVKW\HKÅ� O#i h�\1~1ý O#~*LW\	f#NW�®­pR#X®¨T~#UVR#\ R#X P"f#eIUVh�P1Z�[1\òR#X�f#O#eVKQ\HKÅc�} X R#X
�HNQP1R8UVXY~ELWX�Kl�=NWXYf�XYLMUVR#\ëO#iÞR#XYLWXYNMiSUI~0P1R#\o~�T#ijXYNW\ÖR#X�¢7XY �X�K]�>R8O#NQP"~ELWX.P.P1�*O#UVKMUVZ�[1\ëRTP1K�UIiuP"�7XY~TK�Gjÿ
LWXYiSf�\jXY~ELMNWX`\HK�f#O#eVKW\HK]�TPjP"iSf#eIUILMOTR#X ��X`Py�$\1NMiuPSR#\��HNQP1R8UVXY~*LWXyh�\1~*LMNW\1e�P"iä\SKMUI~0P"e!c��¡�8P9��X�hYLQP"~TR#\
P1K±h�P"NQP1hYLWXYNM{VKMLMUVh�P1KÅRTP1KªUIiuP"�7XY~TK�G J��8UVKMLWX �.�T\"ýÆX XYi R8U�P~�.O#i ¢HP1KMLW\Ñ~�T#ijXYNW\òR#X�KWX��*OT�Y~ThYU�P1K]�
LW\1NM~0P"~TR#\"­pKWXyf�\1N�¢7XY �X�KdR8U��${VhYUIe�PSKWO0PjhYe�P1KWKMU�¨0h�P1Z�[1\6X^~T\1NMiuP"eIUI 4P1Z�[1\���O#iuPS¢7XY Ý�EOTXyh�P1RTP���P"g#NMUVh�P"~ELWX
O#LMUIeIUI 4Pª~T\1ijXY~ThYe�P"LMO#NQP1KoR8U���XYNWXY~ELWX�Këf0P"NQP±KQX��EOT�Y~ThYU�P1Kë�*OTX�KQ[1\�g0P1KWUVh�P"ijXY~ELWX;UVR#�Y~*LMUVh�P1K�¡$�qP"NW�*OTX�K]�
aH�H�Hk7£®G

x¦\1~ELMOTR#\��0f�\rR#X®­pKWX^R8UI¢rUVR8UINdP1K�KWX��*OT�Y~ThYU�P1K�R#X^f#O#eVKQ\jXYi LMNW��K��HNQP"~TR#X�K��HNMO#f�\HKy¡$��P"NW�*OTX�K]�TaH�H�Hk7£��
FHGd�rX��*OT�Y~ThYU�P1K�J�h�\jR#Xy�*f#UI~Û¡$J&�#£�\1O��*f#UI~ÖJ(h�\Ö¡��rJ&£��
a8Gd�rX��*OT�Y~ThYU�P1K�J�h�\jR#X>��NQP1R8UVXY~*LWX6¡���J&£��
k8Gd�rX��*OT�Y~ThYU�P1K��#{Ig#NMUVRTP1K4G

ê,XY~TR#\_f�\1N�g0P1KWX�X�KMLQP1K&KWX��EOT�Y~ThYU�P1K&R#X�KWXY~E¢7\1eI¢7XYNQP"i�­pKQX�ij\rR#\HK�R#X�P1�*O#UVKMUVZ�[1\^iuP"UVK�NQ³"f#UVR#\HK&X��8UVKMLMUI~TR#\��
~T\HK`R8U�P1KyR#XS�T\"ýÆX �!KWX��*OT�Y~ThYU�P1K`ê=O#NMg�\Ö\1O�}0P1KWLÝ�*f#UI~�J(h�\�¡$ê��rJ]\1O�}(�rJ&£��=KQX��EOT�Y~ThYU�P1Kyê=O#NMg�\���J
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}!UI�HO#NQP�a8GIF�¬~�jÿdNM�EP"~#UI 4P1Z�[1\qR#\ÖX�KMf0P1Z�\(�Y�¦¡�P7£^X�KMf0P1Z�\��Ü\1NMUI�HUI~0P"e���¡�g�£^UIiuP"�7XYi�R#Xjcd��\1NMUI�HUI~0P"e��
¡$h4£(X�KMf0P1Z�\\�	P"eILWXYNQP1R#\Ý\1~TR#X�KWXdiuP"~ELMUI¢7XYNQP"iÜP1K&g0P"U6�#P1K&�$NWX��EOT�Y~ThYU�P1Kl��¡$R0£(NWX�h�\1~TKMLMNMOTZ�[1\�RTP_UIiuP"�7XYi
R#X6cd��Pof0P"NMLMUINÝR#X�¡$h4£���¡$X4£_X�KMf0P1Z�\(�¯P"eILWXYNQP1R#\q\1~TR#X6KWXuiuP"~ELMUI¢7XYNQP"i P1KÝP"eILQP1K_�$NWX��*OT�Y~ThYU�P1K]��¡2�®£
NWX�h�\1~TKMLMNMOTZ�[1\uRTP�UIiuP"�7XYiäR#X^c�� PÝf0P"NMLMUIN�R#Xu¡$X4£®G

\1OÖ}0P1KMLU��J�X^KWX��*OT�Y~ThYU�P1K�ê=O#NMg�\j\1Oo}0P1KWL�æ²cyG

°�X_KWXY�HO#UVRTP~�0KQ[1\6P"f#NWX�KWXY~ELQP1RTP1K�P"eI�HO#iuP1KdRTP1KdKWX��*OT�Y~ThYU�P1K�X��8UVKMLWXY~ELWX�Kdf0P"NQPjPjP1�*O#UVKMUVZ�[1\jR#X_UIiuP"�7XY~TK
a1°\�0KWX��EOT�Y~ThYU�P1K�R#X^UIiuP"�7XY~TK�R#X^ê!XYiSf�\6c�X�P"e��#X`P1�*O#UVKMUVZ�§*X�K�¢7\1eIO#ij�YLMNMUVh�P1K�Gz�8[1\Ý��\rh�P1RTP1K�P"f�XY~0P1K�P1K
KWX��EOT�Y~ThYU�P1K�O#LMUIeIUI 4P1RTP1K�~0PSP1�*O#UVKMUVZ�[1\jR#\HK�RTP1R#\HK�LMNQP"LQP1R#\HK�~TX�KMLWX`LMNQP"g0P"eI�T\#G

¥`��­ ®`��¯`�\ÒVÍ>­F�����:�V��­f��¨a$>�¬�>���:©\�J�������°¯`�\���)���F�����\���:�\���\���
°�XY~*LMNW\�R#\Ö¢HP"NMU�P1R#\qeVX��EOTX.R#X6KQX��EOT�Y~ThYU�P1K�R#XËP1�EO#UVKMUVZ�[1\�R8UVKMf�\1~#{I¢7XYUVK]��X�KWh�\1eI�TXYO8­pKQXuO#iuPqKWX��*OT�Y~ThYU�P
f�\1Njh�P1RTP�LMUIf�\;R#XëRTP1R#\HK6P;P1R#�*O#UINMUIN�¡$��P"NMLMUI~TK]�(aH�H�7|H£®G�ÿ�KSf0P"NQ³"�HNQP9��\HKjKWXY�HO#UI~*LWX�KuR#X�KWhYNWXY¢7XYi�P1K
KWX��EOT�Y~ThYU�P1KdX�KWh�\1eI�#UVRTP1K�f0P"NQPSX�KWLWX^LMNQP"g0P"eI�T\#G

@ 3��#�0� A � l �²±�:>�«�=��¬ A!î ����%�:)³
J(KMLQP KQX��EOT�Y~ThYU�P]¡$�EOTX�f�XYNMLWXY~Th�X±P1\ �HNMO#f�\ �rJ¦£o��O#iuPÅ¢7XYNWKQ[1\�\1f#LMUIiSUI 4P1RTP�RTP LW��hY~#UVh�P cd�dcdJ
¡�À�Ô¤ã�Â�½ªÙ�Ð�OYØrÂ�º®Â�Í$Â�»1Ã´À�¹®¼IÔ]W7Ô7Í$Â$»1Ã¾?¦ÃT·rÔ1Ã�ÐQ¹Y¿j¹YÃ0Í�£�¡$þ�P1KM�TXYiSU_XYL�P"e�G��`F�¬H¬7|H£®G¯��f�
HKëO#i f#O#eVKQ\ R#X
X��8hYUILQP1Z�[1\�R#Xjc�} R#Xu¬H� £ �!KWXY�HOTX®­pKWXuPÖP"f#eIUVh�P1Z�[1\�R#XSO#i�h�\1~1ý O#~*LW\�R#XSf#O#eVKQ\HK_R#XSNWX®��\*h�P"eIUI 4P1Z�[1\�R#X
F��H�I£`�EOTX`RT[1\S\1NMUI�7XYi¯PÝO#i�LMNWXYiÜR#X^X�h�\HK]�0h�\1ij\Sij\HKMLMNQPSPS}�UI�HO#NQPja8GbaH�8G

ê=NQP"LQP9­pKWXqR#XoO#iuP�LW��hY~#UVh�P;i_O#eILMU�­pX�h�\ªXYi �*OTXÖh�P1RTPª�rJ f#NW\rR8O# �UVR#\���h�\*R8U�¨0h�P1R#\Ûh�\1iÓ��P1KWXoR8U���X®­
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}�UI�HO#NQPja8GbaH�~�(°�U�P"�HNQP"iuPjR#X�f#O#eVKW\uR#X^O#iuP�KWX��*OT�Y~ThYU�PSê��rJ�GT��RTP"f#LQP1R#\6R#Xu¡��*UVXYijXY~TK]�0aH�H�Hk7£®G

NWXY~ELWXHG x¦\1ij\;NWX�KMO#eILQP1R#\�RTPqiyOTRTP"~TZ�P�R#X.��P1KWXëXY~ELMNWXoX�h�\HKl�¦P"LMNQP�¢7��KuRTP;P"f#eIUVh�P1Z�[1\�R#\��HNQP1R8UVXY~*LWX �
f�\*R#XYi KWXYNof#NWX�XY~ThW�#UVRTP1K�¢H³"NMU�P1KoeIUI~#�0P1KqR#\ X�KWf0P1Z�\è� ¡$\1O]X�KMf0P1Z�\ R#X�}T\1O#NMUVXYN¤£of�\1N�ê,XYiSf�\�R#X
c�XYf�XYLMUVZ�[1\�¡$ê�c�£��uXY~ThYO#NMLQP"~TR#\ \òê,XYiSf�\ R#X ���*O#UVKMUVZ�[1\�¡$ê,�^£®G6ÿ ~�T#ijXYNW\ R#X X�h�\HK f�\1N ê�c
R#X�KMUI�H~0P9­pKWX.f�\1NY?�Ð®·r» ¶T¸ÆÔHÂ2ÃÛÈ!¹®Ã*Á"·*Í^¡$J(ê�µ�£_\1O Í$Ør¸eQM»�E=Ô7Ð�Í�»1¸.¡$â¦NW\]³�~ÅXë�rXYijXYe�¹1P~��aH�H�Hk~�(xzP"NMNW\1eIe
XYLÖP"e�G���aH�H�H¥~��J�eVKMLWXYNoX�â¦O#NWR#XYLMLWX ��aH�H�8F ����P"NW�EOTX�Kl�zaH�H�Hk7£®G � ~TX�h�X�KWK¤³"NMUV\±LWXYNoXYi P"LWXY~TZ�[1\Å�EOTX �
�*O0P"~ELW\oiuP"UV\1Ny\Ë��P1hYLW\1NyLMO#NMg�\��,ijXY~T\1Ny\ë~�T#ijXYNW\ÖR#Xjh�\1NMLWX�K_f�\1Nyê�c f�XYNMiSUILMUVR#\HK�GuJ(~ThYO#NMLQP"~TR#\�\
X�KMf0P1Z�P"ijXY~*LW\�XY~*LMNWX6X�h�\HK]�BPëR8O#NQP1Z�[1\qR#\ëLMNWXYi�R#X6X�h�\HK_�SijXY~T\1N]�BR8UIiSUI~*O#UI~TR#\q\ÖX�KMg�\1NMNQP"LQP"ijXY~*LW\
~0P�UIiuP"�7XYi^��h�P"NQP1hYLWXYNM{VKMLMUVh�\ÅR#X�KMLQPÛKWX��*OT�Y~ThYU�P�¡�xzP"NMNW\1eIe^XYLoP"e�G��zaH�H�H¥7£®Gòÿ h�\1~ELMNQP1KWLWX�~0P�UIiuP"�7XYi
��R#XYLWXYNMiSUI~0P1R#\�f�XYeV\�ê!XYiSf�\�R#X�J(h�\�¡$ê�J&£,X®�$X�hYLMUI¢7\��1KWXY~TR#\�f�\HKQKM{I¢7XYe*\1g#LWXYN�f�\1~TR#XYNQP1Z�[1\
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G

��K6�HNQP"~TR#X�Ko¢1P"~*LQP"�7XY~TKoRTP1KËKWX��EOT�Y~ThYU�P1Këê��rJ���P"eV�Yi RTPÛR8UIiSUI~*O#UVZ�[1\ R#\±ê,�\�zKQ[1\ÅPÛR8UIiSUI~*O#UVZ�[1\
R#\HKÖX®��XYUILW\HKÖR#X�KMOTKWh�XYf#LMUIg#UIeIUVRTP1R#X�iuP"�H~T�YLMUVh�P�X�\±��P1hYLW\ R#X;LW\1NM~0P"N�f�\HKQKM{I¢7XYe_P1�EO#UVKWUVZ�[1\�k1° ê��rJ
h�\1i f�\1~TR#XYNQP1Z�[1\ªXYi ê�a~��h�\1i O#i�ê,��P1h�XYUILQ³�¢7XYe�G��diuP�\1O#LMNQP�¢1P"~*LQP"�7XYi��Ö�*OTX ��RTP1R#\Û�*OTXÖ\
f#NWX�XY~ThW�#UIijXY~*LW\�R#\^X�KMf0P1Z�\Z�Ñ�ziuP"UVK�NQ³"f#UVR#\��*f�\*R#X®­pKWX�R8UIiSUI~*O#UIN&\^ê!� \1O²�*XYi P"eILWXYNM~0P"LMUI¢1P~�*f0P"NQP�O#i
LWXYiSf�\�UVR#�Y~ELMUVh�\jijXYeI�T\1NQP"NdXYi�i_O#UILW\uPÝNWX�KQ\1eIOTZ�[1\jX�KMf0P1hYU�P"e,h�\1i�\jP"O#ijXY~*LW\uRTPÝiuP"LMNMUI 6¡$�^f�\HKWKM{I¢7XYe
\1g#LWXYN�iuP"LMNMUI �X�K^R#XS�8F�aá�#�8F�a7£dXÝR8UIiSUI~EO#UVZ�[1\oRTP6X�KMf�X�KWKMO#NQP6R#Xyh�\1NMLWXHG_x¦\1ij\ËKWXyf�\rR#X�P"O#ijXY~ELQP"NyP1K
��JV� ¡�P^Ø*¿'QW¹Y¸�»R2A?VW7Ð�Â�Í�ÔHÍ$Â�»1Ã#ºW£��¦PqNWXYe�P1Z�[1\±�*UI~0P"ejI"c�O#{VR#\��og�\7PqijX�KMij\�h�\1i h�\1NMLWX�K�¨T~T\HK�G ��\1N
\1O#LMNW\�e�P1R#\��(O#iuP�RTP1K��HNQP"~TR#X�KuR#X�KM¢1P"~*LQP"�7XY~TK]��XË�*OTXËf�\rR#X.KWXYNSh�\1~TR8UVhYUV\1~0P"~ELWX ���Ë\;P"O#ijXY~ELW\�RTP
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P1KWKMUIiÜPj³"NWX�P�R#\SLMNQP1hYLW\j¢7\*h�P"e�G

K =




0 . . . 0 1 1 0 . . . 0GGG G G G GGG GGG GGG GGG G G G GGG
0 . . . 0 1 1 0 . . . 0

0 . . . 0 1 1 0 . . . 0

0 . . . 0 1 1 0 . . . 0GGG G G G GGG GGG GGG GGG G G G GGG
0 . . . 0 1 1 0 . . . 0




¡�k8GIF4£

}!UI�HO#NQPëk8GIF �^J(eIUIiSUI~0P1Z�[1\ÖR#\ëP"N`X��rLWXYNMUV\1N]�\�H¹®¸¤Ã�¹®¼5Éu�!\1NWZ�[1\(�ËX�KQ�EOTXYNWRTPËRTP.UIiuP"�7XYi¤� cdX�KMO#eILQP1R#\
RTPux¦\1~E¢7\1eIOTZ�[1\#G

��\�NWX�KMO#eILQP1R#\;R#X�KMLQP�h�\1~E¢7\1eIOTZ�[1\Û�ëP"f#eIUVh�P1R#\�\;P"eI�7\1NMUILMij\ÛÀ�¹�Á1Â�»1Ã	Äz¸Æ»HÇ�Â2Ã*Á;¡$�*OTXëKWXYNQ³�P"g�\1NWRTP1R#\
R#Xq�$\1NMiuP±iuP"UVK�P"f#NW\"��O#~TRTP1RTP ~0P±KMO#gTKWX�h�Z�[1\ k8G �TGb�7£���~T\ �*O0P"e_P±KWXYijXY~ELWX;�$\1U^f�\HKMUVhYUV\1~0P1RTP±~*O#i
f�\1~*LW\Öf�XYNMLWXY~Th�XY~ELWXëP1\ë�$O#~TR#\ÖRTPoUIiuP"�7XYi^�BeV\1�7\���~0PÖ³"NWX�P�X��rLWXYNMUV\1N�P1\ÖLMNQP1hYLW\Ö¢7\*h�P"e�G�ÿ ¢1P"eV\1NÝR#X
eIUIiSU�P"NSO#LMUIeIUI 4P1R#\��$\1U��~�b�7|rGÅÿ�KSNWX�KMO#eILQP1R#\HKu\1g#LMUVR#\HK��$\1NQP"i^�&XY~ELQ[1\��zP1KWKMUIiñf#NW\rh�X�KWKQP1R#\HK]�6LW\rR#\HKj\HK
¢1P"eV\1NWX�KzR#XYLWX�hYLQP1R#\HKzh�\1ij\_f�XYNMLWXY~Th�XY~ELWX�K��_ijX�KMiuPyh�P"LWXY�7\1NMU�PÝRTP`KWXYijXY~*LWX�RTP1RTP`��\1NQP"i KMO#gTKWLMUILMO#{VR#\HK
f�XYeV\.¢HP"eV\1N^�8G�ÿ�K�NWX�KMLQP"~ELWX�K`KWO#gTKMLMUILMO#{VR#\HK�f�XYeV\.¢HP"eV\1NSFHGÝÿdg#LWXY¢7X®­pKWXjP1KWKWUIi¯P6UI~TR8UVh�P1Z�[1\oR#\HK�f#U6�#XYUVK
f�XYNMLWXY~Th�XY~*LWX�K`P1\j�$O#~TR#\6RTPuUIiuP"�7XYioG�J��#hYeIO#{VR#\HK^X�KMLWX�K�f#U6�#XYUVK]��\HK^P"eI�7\1NMUILMij\HK^R#XyKWXY�HijXY~*LQP1Z�[1\ËKQ[1\
P"f#eIUVh�P1R#\HKdP�UIiuP"�7XY~TKdh�\1ij\uP��EOTX^KQX�ij\HKMLMNQP�~0PS}�UI�HO#NQPjk8Gba8G

ï�ÔjÓ�ÔjÓ Ö£Ý ä)Ú�êµà�ë~ì�ÙÏéXäqã�êBÊ´éµÙ
�dK�LW��hY~#UVh�P1K�R#XyKWXY�HijXY~ELQP1Z�[1\ËR#XyUIiuP"�7XYiäij��R8UVh�P1K�~TXYi�KWXYiSf#NWX_eVXY¢HP"id�u\1g#LWXY~TZ�[1\ËR#X_h�\1~ELW\1NM~T\HK
KMO8¨0hYUVXY~ELWXYijXY~*LWX�X��TP1hYLW\HK]�HKWXY~TR#\�X�KMLQP1K]�"~0PdiuP"UV\1NMU�P�RTP1K�¢7XY �X�K]�Hh�\1NMNW\1iSf#UVRTP1K�f�\1N�NMO#{VR#\�X�P"NMLWX®��P1hYLW\HK]�
¡$µ>UI~�XYL`P"e�G��=aH�H�"�EP7£®Gy��\1N`X�KMLQP.NQP" 4[1\��=�Ý~TX�h�X�KWKQ³"NMUV\ËX®��X�hYLMO0P"N^O#iÞLMNQP"LQP"ijXY~ELW\ëf#NW�Y¢rUV\^�6UIiuP"�7XYi P

k8F



}�UI�HO#NQPjk8Gba~��æ²iuP"�7XYiäP"f�
HK�\Sf#NW�®­�f#NW\rh�X�KWKQP"ijXY~*LW\

KWXY�HijXY~*LQP"N]�BP"LMNQP�¢7��KyRTPoO#LMUIeIUI 4P1Z�[1\ÖR#Xj¨TeILMNW\HK]�!hYO1ýM\Ë�$O#~ThYUV\1~0P"ijXY~ELW\qX��#P"iSUI~0P"NÆ­pKQX®­²³ëiuP"UVK�P1R8U�P"~ELWXHG
� UIiSf�\1NMLQP"~ELWX ��h�\1~ELMOTR#\��0NWX�P"eVZ�P"N��EOTX_R#XYLWXYNMiSUI~0P1RTP1Kdh�P"NQP1hYLWXYNM{VKMLMUVh�P1KdRTP�UIiuP"�7XYi^�0X�KQKWXY~ThYU�P"UVK���KMO0P
f�\HKMLWXYNMUV\1N�KWXY�HijXY~ELQP1Z�[1\��0~0[1\�R#XY¢7XYiÜKWXYN�P"eILWXYNQP1RTP1K�f�XYe�PÝO#LMUIeIUI 4P1Z�[1\jR#X�KMLWX�K¦¨TeILMNW\HK�G(��XYNW\1~0PSX���P"eIU�¹
¡ÆF�¬H¬H�7£�P"f�\1~ELQP"i h�\1ij\^hYNMUILW�YNMUV\HK&�EOTXz�*O0P"eV�EOTXYN&h�P"~TR8UVRTP"LW\_P�f0P"NQP1R8UI�HiuP^R#XY¢7X�KQP"LMUVKÆ��P" �XYN�f0P"NQP��7XYNQP"N
R#X�KWhYNMUVZ�§rX�K�R#X`X�KWh�P"e�PSiBT#eILMUIf#e�P\g²h�\1iäKMUI�H~#U�¨0h�P1R#\jKWXYiu�"~*LMUVh�\�i¬�

• h�P"OTKQP"eIUVRTP1R#X`­(~0[1\jR#XY¢7XYiÜKWXYN��7XYNQP1R#\HKdR#XYLQP"eI�TX�KdP"OTKWXY~*LWX�K�~0P�UIiuP"�7XYiä\1NMUI�HUI~0P"e��

• eV\rh�P"eIUI 4P1Z�[1\`UIijX�R8U�P"LQP^­,\^eIUIiSUILWX�RTP�NWXY�HU�[1\_~0P�UIiuP"�7XYi ¨TeILMNQP1RTP`R#XY¢7X�h�\1UI~ThYUVR8UIN&h�\1i \�NWX�KMf�X�h®­
LMUI¢7\jeIUIiSUILWX^~0P�UIiuP"�7XYiÜ\1NMUI�HUI~0P"e��

• f0P"NWhYU�P"eIijXY~*LWX.KWO0P�¢7XS­d~0[1\ÖR#XY¢7Xu\rh�\1NMNWXYNyKWO0P�¢rUI 4P1Z�[1\oUI~ELWXYNÆ­�NWXY�HUV§rX�K]��iuP1KÝKMUIi R#XY~ELMNW\�R8O#iuP
NWXY�HU�[1\#G

��X�KMLQPj�rX�h�Z�[1\��0KWXYNQ[1\SR#X�KQhYNMUILQP1KdP"eI�HO#iuP1K�LW��hY~#UVh�P1KdR#X�f#NW�®­�f#NW\*h�X�KQKQP"ijXY~ELW\6OTKMO0P"eIijXY~ELWX_O#LMUIeIUI 4P1RTP1K�G

���$)2�� 9/�����3��E�B��� A �
ÿ ¨TeILMNW\6R#X^ijX�R8U�P"~0Pj�^O#i�¨TeILMNW\S~0[1\jeIUI~TX�P"N�\1~TR#Xy\S¢HP"eV\1N�R#X`h�P1RTP�f#U6�#XYe,R#X`KQP"{VRTPj�`R#XYLWXYNMiSUI~0P1R#\
h�\1ij\.KWXY~TR#\.PjijX�R8U�P"~0P.R#\HK�f#U6�#XYUVK�¢rUI �UI~#�T\HK]��J(�*O0P1Z�[1\Ëk8Gba8G�J(KMLWX_¨TeILMNW\uiuP"~*LW�YiÞP1K�P"NWX�KMLQP1K]��iuP1K
NWX�KMO#eILQP�~*O#iuP�f�XYNWRTPSR#X^NWX�KW\1eIOTZ�[1\Sf�\1N�KMO#f#NMUIiSUIN�\HK�f�X��*OTXY~T\HK�R#XYLQP"eI�TX�K]��}!UI�HO#NQPuk8Gbk8G

I(x, y) = mediana(I(x − k, y − l))
¡�k8Gba7£

\1~TR#X
(k, l) ∈ w

X
w
��O#iuP�ýWP"~TXYe�PjP1R#X��EO0P1RTP8G

}�UI�HO#NQP_k8Gbk~�BJ��#XYiSf#eIU�¨0h�P1Z�[1\�R#\^¨TeILMNW\_R#X�ijX�R8U�P"~0P~��¡�P7£BUIiuP"�7XYi \1NMUI�HUI~0P"e���¡�g�£BUIiuP"�7XYiåf#NW\rh�X�KWKQP1RTP
h�\1i�O#i ¨TeILMNW\6R#X�ijX�R8U�P"~0P

3 × 3
G(��RTP"f#LQP1R#\uR#Xj¡$��O#NQP1KWX`XYL�P"e�G���aH�H�8F4£®G

kHa



����)2�� "/����Ë�o��n²�!��D#/�- A ����/0�� 3Ì�s�� î �
ÿ }!UIeILMNW\_R#X�°�U���OTKQ[1\^�d~#UVKW\1LMN�
1f#UVh�P^h�P"NQP1hYLWXYNMUI 4P9­pKQX�f�\1N�NWX�R8O# �UIN�\^NMO#{VR#\`KWXYi X�KWg�\1NMNQP"LQP"N�\HK�R#XYLQP"eI�TX�K
ij\1NÆ�$\1e 
1�HUVh�\HK�G�J�KMLWX�¨TeILMNW\_~0[1\^eIUI~TX�P"N(��\1UTUI~TKMf#UINQP1R#\y~0P^R8U��$OTKQ[1\_P"~#UVKW\1LMN�
1f#UVh�PyR#\_h�P"eV\1N�X��$\1U�R#X�KWhYNMUILW\
f�XYe�PÝf#NMUIijXYUINQPj¢7XY `f�\1N���XYNW\1~0PjX^��P"eIU�¹;¡ÆF�¬H¬H�7£®G

}T\1U�f�\HKWLWXYNMUV\1NMijXY~ELWXuP"f#eIUVh�P1R#\ÖP6UIiuP"�7XY~TK`R#XScd�ÓXYi ¡��^P"eIeV\ëXYL`P"e�G���F�¬H¬7|#�>�zLº¹rUI~TK^XÝ��P1h�¹rUVX5³�UVhW�²�
F�¬H¬H�~�*��O#NQP1KWX�XYLzP"e�G��raH�H�8F4£��rXY~ELMNWX�\1O#LMNW\HK�G�ç(X ýWPyP_}�UI�HO#NQPyk8G �yf0P"NQP`O#iuP`UIeIOTKMLMNQP1Z�[1\yR#X�KWLWX�ij�YLW\rR#\#G

}!UI�HO#NQP6k8G �L�&JV�8XYiSf#eIU�¨0h�P1Z�[1\.R#\u}�UIeILMNW\uR#X_°dU��$OTKQ[1\6��~#UVKW\1LMN�
1f#UVh�P~��¡�P7£zUIiuP"�7XYi�\1NMUI�HUI~0P"e���¡�g�£�UIiuP9­
�7XYi�f#NW\*h�X�KQKQP1RTP�h�\1iÜ\j}�UIeILMNW\SR#X`°�U��$OTKQ[1\S��~#UVKQ\1LMN�
1f#UVh�P8G���RTP"f#LQP1R#\jR#Xu¡$��O#NQP1KWX`XYL�P"e�G���aH�H�8F4£®G

ÿ]ij�YLW\*R#\S�_h�P"NQP1hYLWXYNMUI 4P1R#\jf�XYe�PSJ(�*O0P1Z�[1\uk8Gbk

∂

∂t
I(x, y, t) = div(d(x, y, t)∇I(x, y, t))

¡�k8Gbk7£
\1~TR#X

(x, y)
KQ[1\�P1K h�\r\1NWR#XY~0P1RTP1K´R#Xòh�P1RTP f�\1~*LW\ RTP UIiuP"�7XYi R#Xòc��¡�ËNWXYf#NWX�KWXY~ELQP1RTP f�\1N

I
�

t
h�\1NMNWX�KWf�\1~TR#X$��UILWXYNQP1Z�[1\��

d(x, y, t)
��O#iuP��$O#~TZ�[1\Ûij\1~T\1LW\1~0P"ijXY~*LWX�R#X�hYNWX�KWh�XY~*LWX ��R#XY~T\1iSU�­

~0P1RTP���O#~TZ�[1\^R#X�R8U��$OTKQ[1\��
div

��\^\1f�XYNQP1R#\1N(R#X�R8UI¢7XYNM�7�Y~ThYU�P~�*X�\^KW{Ii_g�\1eV\ ∇ NWXYf#NWX�KWXY~ELQP`\��HNQP1R8UVXY~ELWXHG

ÿÑ~T\1ijX^P"~#UVKW\1LMN�
1f#UVh�\S��R#XY¢rUVR#\Y�^�$O#~TZ�[1\�R#X�R8U��$OTKQ[1\
d(.)

~0[1\�KWXYN�h�\1~TKMLQP"~ELWX �8iuP1KzO#iuP_�$O#~TZ�[1\ÝR#\
�HNQP1R8UVXY~ELWX ∇I

GÝx¦\1~ELMNQP"NMU�P"ijXY~*LWX �Bh�P1KW\ëPËR8U���OTKQ[1\6��\HKWKWXyUI�HO0P"e(XYiÞLW\*R#\HK^\HK�f�\1~ELW\HK^RTP.UIiuP"�7XYi^�,\
f#NW\*h�X�KWKQ\SKWXYNMU�PSR#XY~T\1iSUI~0P1R#\jUVKQ\1LMN�
1f#UVh�\Ö¡�ç(\*hYU!XYL�P"e�G��0aH�H�"�*£®G

�!XYNW\1~0PuX^�qP"eIU�¹;¡ÆF�¬H¬H�7£¦f#NW\1f�§*XYi f0P"NQPjPy�$O#~TZ�[1\jR#X^R8U��$OTKQ[1\jP�X��8f#NWX�KWKQ[1\SRTP1RTP�f�XYe�P�J(�*O0P1Z�[1\uk8G �

d(x, y, t) = e−(||∇I(x,y,t)||/K)2 ¡�k8G �*£

J(KMLQP_��O#~TZ�[1\�R#X�R8U��$OTKQ[1\_f#NMUI¢rUIeVXY�HU�PSP"NWX�KMLQP1Kzh�\1i h�\1~ELMNQP1KMLWX�KdP"eILW\HK¦XYi R#XYLMNMUIijXY~*LW\jRTP1K�P"NWX�KMLQP1K�h�\1i
h�\1~ELMNQP1KMLWX�Kdg0P"U6�8\HK4G

ÿdO#LMNQPÝ��O#~TZ�[1\uR#X`R8U���OTK¤[1\Sh�\1i_O#iä�^RTP1RTPjXYi�¡$�!XYNW\1~0PuX^�qP"eIU�¹��>F�¬H¬H�7£zf�\1N]�

d(x, y, t) =
1

1 + (∇I(x, y, t)/K)2
¡�k8Gb�7£

J(KMLQPÝ�$O#~TZ�[1\jR#X^R8U��$OTKQ[1\�f#NMUI¢*UIeVXY�HU�PjNWXY�HUV§*X�K��HNQP"~TR#X�K]�TXYiÜR#XYLMNMUIijXY~*LW\uR#X^NWXY�HUV§rX�K�iuP"UVK�f�X��*OTXY~0P1K�G

kHk



ÿ h�\1iSf�\1NMLQP"ijXY~*LW\ÅR#\�¨TeILMNW\ªR#XYf�XY~TR#XqR#\Û¢1P"eV\1NËR#X
K

��P�h�\1~TKWLQP"~ELWX�R#X�R8U��$OTKQ[1\#G���XYNMUI�ªXYLëP"e�G
¡ÆF�¬H¬Ha7£yf#NW\1f�§*XYiÓP�O#LMUIeIUI 4P1Z�[1\�RTPÖ��O#~TZ�[1\;R#XËR8U��$OTKQ[1\Å¡�k8G �*£Ýh�\1i O#iuP�h�\1~TKMLQP"~ELWX

K = 2, 0
Gª��K

X��8f�XYNMUV�Y~ThYU�P1K�eVXY¢HP1RTP1K`P.h�P"g�\6f�\1N^X�KMLQP.X��*O#UIf0P.XYi�UIiuP"�7XY~TK^R#X�cd�ÓR#X�h��YNWXYg#NW\HK^h�\1~ThYeIO#{INQP"i��EOTX
X�KMLWXË¢HP"eV\1N]��h�\1iñO#iñ~�T#ijXYNW\�R#XËUILWXYNQP1Z�§*X�KjUI�HO0P"e�P;k~��KWXYNMU�Pq\;�*OTX.h�\1~TR8O# �U�P�PqNWX�KMO#eILQP1R#\HKSiuP"UVK
KQP"LMUVKÆ��P"L�
1NMUV\HK�G��BP"NQPu¢7\1eIO#ijX�K]��h�\1iÞPSijX�KWiuP��$O#~TZ�[1\6R#XyR8U���OTKQ[1\���\HKdP"O#LW\1NWX�K�O#LMUIeIUI 4P"NQP"i

K = 5, 0X�O#i�~�T#ijXYNW\uR#X�UILWXYNQP1Z�§rX�K�UI�HO0P"e!PSk8G

��\ÛijX�KWij\±P"NMLMUI�7\���KQ[1\±R#X®¨T~#UVR#\HKË¢HP"eV\1NWX�KËiu³á�rUIij\HKËf0P"NQPª\HKËf0P1KWKW\HKËR#XqUI~ELWXY�HNQP1Z�[1\�� FlI1�ªf0P"NQP
RTP1R#\HK_a1°,��h�\1~TKMUVR#XYNQP"~TR#\ëO#iuP.¢rUI �UI~#�0P"~TZ�PëR#X��Ëf#U6�8XYUVKl�(FlIH|6f0P"NQPËRTP1R#\HK_a1°,�>h�\1~TKMUVR#XYNQP"~TR#\ëO#iuP
¢rUI �UI~#�0P"~TZ�PuR#X_�jf#U6�8XYUVKl�,FlIH|�f0P"NQPuRTP1R#\HK�k1°,��h�\1~TKMUVR#XYNQP"~TR#\uO#iuPj¢*UI �UI~#�0P"~TZ�P6R#X_¥jf#U6�8XYUVK]��XykKI9�H�
f0P"NQPSRTP1R#\HK�k1°\�#h�\1~TKWUVR#XYNQP"~TR#\jO#iuP�¢rUI �UI~#�0P"~TZ�PSR#X_aH¥Ýf#U6�#XYUVK�G

��\1LWX®­pKWX&P"UI~TRTPd�EOTX&KWX(KWX�O#LMUIeIUI 4P"N
d(x, y, t) = 1

�1\1g#LM�Yi�­pKQX&\�¨TeILMNW\dR#Xh�^P"OTKWKMU�P"~0P~�1�*OTX �"P"f�X�KQP"N!R#X&KWXYN
O#i R#\HK�¨TeILMNW\HK�iuP"UVKBO#LMUIeIUI 4P1R#\HK]�ELWXYi h�\1ij\^R#X�KM¢HP"~ELQP"�7XYi \���P1hYLW\�R#X
g²X�KMg�\1NMNQP"LQP"NRi�\HK�\1g8ýMX�hYLW\HK�GBæ²KMLW\
KMUI�H~#U�¨0h�P��*OTX�P�KMO0P�¢rUI 4P1Z�[1\�~0[1\^�¦�$XYUILQP�P"f�XY~0P1K(R#XY~ELMNW\^R#X�h�P1RTP�NWXY�HU�[1\��EiuP1KBLQP"i_g��Yi XY~ELMNWX�NWXY�HUV§rX�K�G

��\Ö�*OTX6R8UI .NWX�KMf�XYUILW\���KMO0PëUIiSf#eVXYijXY~*LQP1Z�[1\��¦P�J(�*O0P1Z�[1\qk8GbkÖf�\*R#X.KWXYNyR8UVKQhYNWXYLMUI 4P1RTP~��P"LMNQP�¢7��KSR#\
ij�YLW\rR#\jRTP1K�R8U���XYNWXY~TZ�P1K�¨T~#UILQP1K]�TRTP�KQXY�HO#UI~ELWX`iuP"~TXYUINQPÖ¡$þdXYeIg#UI~#�.X_ÿdNM�HeIijXYUVKMLWXYN]�,F�¬H¬Hk7£��

Ix =
1

2h
(I(x + h, y) − I(x − h, y))

¡�k8Gb¥7£

Iy =
1

2h
(I(x, y + h) − I(x, y − h))

¡�k8GÒ|H£

Ixx =
1

4h2
(I(x + 2h, y) − 2I(x, y) + I(x − 2h, y))

¡�k8Gb�7£

Iyy =
1

4h2
(I(x, y + 2h) − 2I(x, y) + I(x, y − 2h))

¡�k8Gb¬7£
\1~TR#X

h
�Ë\qf0P1KWKW\�R#XËR8UVKWhYNWXYLMUI 4P1Z�[1\�XË\HK�KMO#g8­�{I~TR8UVh�X�KSNWXYf#NWX�KWXY~*LQP"i R#XYNMUI¢1P1RTP1Kl�(UI~TR8UVh�P"~TR#\�PqKMO0P

\1NWR#XYiÜX^f0P"NQ�"ijXYLMNW\uR#X`R#XYNMUI¢1P1Z�[1\#G

�´��O#~TZ�[1\jR8UVKQhYNWXYLQP
d
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n =
∇(G ∗ I)

|∇(G ∗ I)|
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∂2

∂n2
G ∗ I = 0
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Gn = ∂G
∂n = n.∇G
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h(x, y) =

(
x2 + y2 − σ2

σ4

)
e−

x2+y2

2σ2
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dφ

dt
=

(
cg (x, y) + div

(
g (x, y)

∇φ

|∇φ|

))
|∇φ| ¡�k8Gbk8F4£
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Fv(x, y) =





1,
KWX

I(x, y) ∈ [T − ε, T + ε]

−1,
h�P1KW\Sh�\1~ELMNQ³"NMUV\ ¡�k8GbkHa7£
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FHG�}TO#~TZ�[1\uR#X�¢7XYeV\rhYUVRTP1R#X_R#XYf�XY~TR#XY~ELWX_RTPjhYO#NM¢1P"LMO#NQP~�

Fv =
1

2
∇ ∇φ

|∇φ|
¡�k8GbkHk7£
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Fv = ε − |I − T | ¡�k8GbkH�7£
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T
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T ± ε
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Vp
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Vext
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Vk = εk, ε =
α

γ
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Vp =
ωp(X)

γ
~N

¡�k8Gbk7|H£

Vext =
Fext

γ

¡�k8GbkH�7£
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k
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γ
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α
X

β
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X ~N
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P
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]0, 1[
G
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∂φ

∂t
= (εk + Vp)|∇φ| − Vext∇φ
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Fv =





k,
KWX |∇I| < T

min/maxflow,
h�P1KW\Sh�\1~*LMNQ³"NMUV\ ¡�k8G �E�7£
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min/maxflow =





Max(k, 0),
KWX`P#¡j��� �T£AðU�S¡j�k� �#£

Min(k, 0),
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Fv = h(I)(ν − εk)
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k = div

( ∇φ

|∇φ|

)
=

φxxφy2 − 2φxφyφxy + φyyφx2

(φ2
x + φ2

y)
3/2
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h(I) = e−|∇Gσ∗I| ¡�k8G �H�*£
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1 + |∇Gσ ∗ I|
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;;OÖXYL�P"e�G,¡�aH�H�H�7£¦NWX�R#X®¨T~TXYi�\HK�f0P"NQ�"ijXYLMNW\HK�RTPSJ��EO0P1Z�[1\uk8G �EajRTPSKWXY�HO#UI~ELWX^�$\1NMiuP~�
FHG�ê,XYNMij\ËR#XÝKMO0P�¢rUI 4P1Z�[1\

εξ
��ÿòLWXYNMij\

εk
�ÝKMO#gTKMLMUILMO#{VR#\6f�\1N

εξ
��\1~TR#X

ξ = tan−1(w)/(π/2)
X

w = ∇(∇φ/|∇φ|) �dh�\1~TKMLQP"~ELWX �riuP1K&~TX�h�X�KWKMUILQPyR#X�KWXYNzP9ý OTKMLQP1R#\yR#X�ij\rR#\yP_�EOTX�P`KMO#f�XYNÆ��{VhYUVXXYi XY¢7\1eIOTZ�[1\`KWX�P9ýÆOTKMLWXJ�dNWXY�HU�[1\`P�KWXY�HijXY~ELQP"N�KQXYi	�*OTXzKWX ýWP�P"LMNQP"{VRTP�f�XYeV\�NMO#{VR#\�~T\1NMiuP"eIijXY~ELWX
f#NWX�KWXY~*LWXoXYiñUIiuP"�7XY~TKSNWX�P"UVK�Gª�dKSX��8f�XYNMUV�Y~ThYU�P1KSh�\1~TR8O# �UVRTP1KuXYi ¡ ;;O XYLjP"e�G��(aH�H�H�7£yf0P"NQP;P
KWXY�HijXY~*LQP1Z�[1\.PÝ~#{I¢7XYe,h�XYNWXYg#NQP"e���P1h�\1~TKWXYeI�0P"iÜ\S¢HP"eV\1N

1, 5
f0P"NQP�X�KMLQPSh�\1~TKWLQP"~ELWX �

a8G�ê,XYNMij\6R#X^f#NW\1f0P"�EP1Z�[1\
ν
�

ν =





+1,
KQX

α ≥ 1

2α−αT −1
1−αT

,
KWX

αT < α < 1

−1,
KQX

α ≤ αT

¡�k8G �E¥7£

\1~TR#X
α = P/P b

X
αT

��O#i ¢HP"eV\1N6R#X�eIUIiSU�P"N.R#X
α
XÖf�XYNMLWXY~Th�X�P1\�UI~ELWXYNM¢HP"eV\

[0, 1]
G ÿ�K

P"O#LW\1NWX�K�P1h�\1~TKWXYeI�0P"i
α = 0, 3

G
h(I)

�^O#iuPÝ�$O#~TZ�[1\S~T\1NMiuP"eIUI 4P1RTP6R#X^f#NW\1g0P"g#UIeIUVRTP1R#X �
h(I) =

σ
√

2πG(I)
�(\1~TR#X

G(I)
�6P�R8UVKMLMNMUIg#O#UVZ�[1\$�^P"OTKWKWU�P"~0PÖh�P"eVhYO#e�P1RTP�PÖf0P"NMLMUINÝRTPqP"�HNWXY�EP1Z�[1\�R#X

f#U6�#XYUVK(~0P�iu³1KWh�P"NQP�UI~#UVhYU�P"e�G
P
XYi

S(t = 0)
��R#XY~T\1iSUI~0P1RTP

Pb(t = 0)
X

Pb(t = tn+1)
�TXYNWRTP`\

¢HP"eV\1N�R#X
Pb(t = tn)

~T\�f#U6�8XYe�iuP"UVK�f#N�
]�rUIij\jXYi
S(t = tn)

�#\1~TR#X
S
��\jÈ,¹YÉ"¹®¼>Ï�¹�Í>R#X�\1NWR#XYi

�8G�°�Xyij\rR#\oPËP"O#ijXY~ELQP"N�PuNW\1g#OTKWLWXY 6P1\.NMO#{VR#\��,X®��X�hYLMO0P9­pKWX�O#iuPËh�\1~E¢7\1eIOTZ�[1\�R#X
Pb(t = 0)h�\1i�O#i��H¹®¸¤Ã�¹®¼ �0\1g#LWXY~TR#\"­pKWX

P b(t = 0)
�

k8G�}0P1hYLW\1NÅR#X f0P"NQP"�7XYi
h(I)

�
h(I)

� O#iuP´R8UVKWLMNMUIg#O#UVZ�[1\��^P"OTKQKMU�P"~0P ij\rR8U�¨0h�P1RTP~�
h(I) =

Prob(I)n ��X6�6O#LMUIeIUI 4P1RTPqf0P"NQPoNWXYf#NW\rR8O# �UINuPÖf#NW\1g0P"g#UIeIUVRTP1R#XëRTPÖR#X®��\1NMiuP1Z�[1\;RTPÖKWO#f�XYNÆ�${VhYUVX �
h�\1~TKMUVR#XYNQP"~TR#\6\S~#{I¢7XYe,R#X�UI~ELWXY~TKWUVRTP1R#X_RTP�UIiuP"�7XYioG

x&UV\"�$\1eV\ªXYLËP"e�G�¡�aH�H�"�*£���f#NW\1f�§rXYi O#iuPªP"f#NW\e�8UIiuP1Z�[1\ªLQP"i_g��Yi g0P1KQX�P1RTP�~0P�J(�*O0P1Z�[1\±k8G �Ea~��iuP1K
\1~TR#X

h(I)
�ëKMO#gTKWLMUILMO#{VR#\;f�\1NSO#iuP��$O#~TZ�[1\;R#Xëf#NW\1g0P"g#UIeIUVRTP1R#X � −g(PT )

G���X�KMLQPÖ�$O#~TZ�[1\���¡ −g
£Ý�

O#iuP6��O#~TZ�[1\ëR#X�hYNWX�KWh�XY~*LWXjX
PT

�SP6f#NW\1g0P"g#UIeIUVRTP1R#XuR#XÝLMNQP"~TKMUVZ�[1\ÖXY~ELMNWXS\ËUI~ELWXYNMUV\1N`XS\ËX��8LWXYNMUV\1N`RTP
X�KMLMNMO#LMO#NQPjPSKWXY�HijXY~*LQP"N�G

�8F



�dO#iuPSKWXY�HO#~TRTPÝ��P1KWX �r��\1U,P"UI~TRTP�UI~ELWXY�HNQP1R#\6\��HNQP1R8UVXY~ELWX �
h(I) = −gf (PT ,∇I)

�T\1~TR#X

gf (PT ,∇I) = g(f(PT ,∇I))
¡�k8G �*|H£

PT
X ∇I

KQ[1\yP1K&XY~ELMNQP1RTP1K¦R#X�O#i KMUVKMLWXYiuP^R#XdR#X�hYUVKQ[1\�2®ØH¾¤¾54�X
f
�dP^NWX�KMf�X�hYLMUI¢1P`KQP"{VRTP8G�J(KMLQP_R#X�hYUVKQ[1\

2®ØH¾¤¾54j��\1U�R#X�KWXY~#�0P1RTPqR#X6�$\1NMiuP�Pq�EOTX.�*O0P"~ELW\�iuP"UVKjP"eILQPÖ�$\1NSPqXY~ELMNQP1RTP~��iuP"UV\1NjKWXYNQ³�PqKQP"{VRTPqR#\
KMUVKMLWXYiuP~�

f(PT ,∇I)
�#ê�P"g�XYe�P6k8GIFHG

�qâ
PT

â
PT

�
PT

�
PT

�q�
PT��â ∇I MBs MBs Bs Bs Msâ ∇I MBs Bs Ms Ms As� ∇I Bs Ms Ms As MAs� ∇I Ms As As MAs MAs�q� ∇I As MAs MAs MAs MAs

ê!P"g�XYe�Puk8GIF �¦c�XY�HNQP1KdRTPjR#X�hYUVKQ[1\B2¤Ø7¾Q¾e4 ���qâ ­�i_O#UILW\6g0P"U6�8\���â ­�g0P"U6�#\��0��­&ij��R8UV\����´­�P"eILW\��0�q�
­(i_O#UILW\.P"eILW\#G(��RTP"f#LQP1R#\uR#Xj¡�x&UV\"��\1eV\jXYLdP"e�G��TaH�H�"�*£®G

µ>UI~�XYL�P"e�G�¡�aH�H�"�EP7£�KMO#gTKWLMUILMOTXYiä�,¡$æM£zf�\1N�UI~8��\1NMiuP1Z�[1\6R#XyNWXY�HU�[1\#G���X�KMLWX_h�P1KQ\��T�,¡$æM£��Ýh�P"eVhYO#e�P1R#\6RTP
KWXY�HO#UI~*LWX^��\1NMiuP~�

h(I) =





g(I) − L,
KWX

g(I) < U−I
2 + L

U − g(I),
h�P1KW\jh�\1~*LMNQ³"NMUV\ ¡�k8G �E�7£

x¦\1iÜX�KMLWX�~T\4¢7\jLWXYNMij\jX`P1KQKMO#iSUI~TR#\
ν = 1

�0Py�$O#~TZ�[1\jR#X�¢7XYeV\rhYUVRTP1R#X_KWXYNQ³~�

Fv =





(g(I) − L)(1 − εk),
KWX

g(I) < U−I
2 + L

(U − g(I))(1 − εk),
h�P1KW\Sh�\1~ELMNQ³"NMUV\ ¡�k8G �E¬7£

æ²~ELWXY~TKMUVRTP1R#X�K�R#X
g
XY~ELMNWX

L
X

U
eVXY¢HP"i Pª¢HP"eV\1NWX�KÖR#X

h(I)
f�\HKMUILMUI¢7\HK�¡�PÅKMO#f�XYNÆ�${VhYUVX;X��rf0P"~TR#X4£��

XY~T�*O0P"~ELW\j�*OTX�¢1P"eV\1NWX�K�R#X
g
��\1NQPyR#X�KQKWX�UI~ELWXYNM¢HP"eV\SeVXY¢1P"i�PÝ¢HP"eV\1NWX�K�R#X

h(I)
~TXY�EP"LMUI¢7\HK_¡�PÝKMO#f�XYNÆ�${VhYUVX

h�\1~ELMNQP"U2£®G��qP"UVK¦O#iuPy¢7XY K�8X�KMLWX�LWXYNMij\ÝR#Xd¢7XYeV\rhYUVRTP1R#X����HNQP1R8O0P"e��8eV\1�7\Ý\HKzX®�$XYUILW\HK�R#X
h(I)

R8UIiSUI~EOTXYi
� ijX�R8UVRTP �*OTXÛ\�ij\rR#XYeV\�KWXªP"f#NW\e�8UIiuP R#\HK�eIUIiSUILWX�K�R#XÛNWXY�HUV§*X�K�hYO1ýM\HKÖ¢HP"eV\1NWX�K�R#X�UI~*LWXY~TKMUVRTP1R#X
X�KMLWX ýWP"i ~T\SUI~ELWXYNM¢HP"eV\uXY~*LMNWX

L
X

U
G

ÿ�K;ijX�KMij\HKÛP"O#LW\1NWX�K]�jXYi ¡$µ>UI~åXYL�P"e�G��_aH�H�"�Hg�£��Sf#NW\1f�§*XYi P"UI~TRTPÑP UI~ELWXY�HNQP1Z�[1\´RTP��$O#~TZ�[1\ÑR#X
R#XY~TKMUVRTP1R#XËR#X6f#NW\1g0P"g#UIeIUVRTP1R#XëR#XY~ELMNW\�Xj��\1NQP�RTPÖX�KMLMNMO#LMO#NQP�P�KWXY�HijXY~ELQP"N�G�°�X�KMLQPo�$\1NMiuP~��\oLWXYNMij\
h(I)

LWXYiÜ\Ý�$\1NMiuP"LW\��

h(I, s) = e−k.p(xs|ys) ¡�k8Gb�H�7£

�Ha



\1~TR#X




p(xs|ys) ∝ p(xs)p(ys|xs)

p(ys|xs) ∝





1√
2πσin

e
− (I(x)−µin)2

2σ2
in ,

R#XY~*LMNW\uR#\S\1g8ýMX�hYLW\
1√

2πσout
e
− (I(x)−µout)

2

2σ2
out ,

~T\jX��8LWXYNMUV\1N�R#\S\1g8ýMX�hYLW\
p(xs) = 1

Z e−g̃(ys)

¡�k8Gb�8F4£

\1~TR#X
p(xs)

�´Pòf#NW\1g0P"g#UIeIUVRTP1R#X´~T\ h�\1~*LW\1NM~T\���X
p(ys|xs)

P	f#NW\1g0P"g#UIeIUVRTP1R#X]RTPòNWXY�HU�[1\åP
KWXY�HijXY~ELQP"N�G^�rXY~TR#\6P1KWKWUIi^��P1K�X�KMLQP"LM{VKMLMUVh�P1K�RTPSNWXY�HU�[1\.KQ[1\uh�\1iyg#UI~0P1RTP1K^h�\1iäO#iuPuijX�R8UVRTPug0P1KWX�P1RTP
~T\S�HNQP1R8UVXY~ELWXHG�J(KWLQP��$O#~TZ�[1\��$\1U!R#X�KWhYNMUILQPjXYi�¡$µ=UI~�XYLdP"e�G���aH�H�"�Hg�£�h�\1ij\uKQXY~TR#\SNW\1g#OTKMLQPjXYiÜNWXYe�P1Z�[1\
�Ýf#NWX�KWXY~TZ�PjR#X�NMO#{VR#\jX��$NW\1~ELWXYUINQP1KdiuP"e,R#X®¨T~#UVRTP1K�G

âzP"UIeIe�P"NWRÖXYLdP"e�G=¡�aH�H�H�7£��0R#X®¨T~TXYiäP��$\1NWZ�P�R#X^f#NW\1f0P"�EP1Z�[1\u~EO#i�f�\1~ELW\
(x, y)

h�\1ij\��

Fv = SNG(Iobj − Ibgr).SNG(I(x, y) − Ĩth)
¡�k8Gb�Ha7£

\1~TR#X`�#�`� �dO#iuP`�$O#~TZ�[1\��EOTXdNWXYLW\1NM~0PÝ\yKWUI~0P"eB¡�f�\HKMUILMUI¢7\�\1O6~TXY�EP"LMUI¢7\E£��
Ith

�dO#i eIUIiSU�P"N]�
Ibgr

�
P�ij��R8U�PjRTP�UI~*LWXY~TKMUVRTP1R#XÝR#\���O#~TR#\j~0PS¢rUI �UI~#�0P"~TZ�PjR#\jh�\1~*LW\1NM~T\q¡$}�UI�HO#NQPuk8GIF��7£��

Iobj
�_P�ij��R8U�PuRTP

UI~ELWXY~TKMUVRTP1R#XjR#\Ë\1g8ýMX�hYLW\ëR#XÝUI~ELWXYNWX�KWKWX�~0P6¢rUI �UI~#�0P"~TZ�PËR#\Ëh�\1~ELW\1NM~T\�¡$}�UI�HO#NQPëk8GIF��7£��>X
Ĩth

�Ý\.¢HP"eV\1N
X�KMLMUIiuP1R#\jR#X

Ith
G

Ith =





max
{

Iobj+Ibgr

2 , Iobj + σobj

}
,
KWX

Iobj < Ibgr

min
{

Iobj+Ibgr

2 , Iobj − σobj

}
,
h�P1KW\Sh�\1~*LMNQ³"NMUV\ ¡�k8Gb�Hk7£

ÿ�K�f0P"NQ�"ijXYLMNW\HK
Ibgr

�
Iobjt

X
Ith

KQ[1\jX�KMLMUIiuP1R#\HKdXYiäh�P1RTP�UILWXYNQP1Z�[1\6OTKQP"~TR#\uP,T#eILMUIiuPuKWXY�HijXY~ELQP1Z�[1\
\1g#LMUVRTPSX_PÝNWX�KMf�X�hYLMUI¢1PÝ¢rUI �UI~#�0P"~TZ�P8G

}!UI�HO#NQP�k8GIF��~�_��K^UI~ELWXY~TKWUVRTP1R#X�K
Ibgr

X
Iobj

h�P"NQP1hYLWXYNMUI 4P"i�\o\1g8ýMX�hYLW\oXj\ë��O#~TR#\��!NWX�KMf�X�hYLMUI¢1P"ijXY~*LWXHG
��RTP"f#LQP1R#\uR#Xj¡$â�P"UIeIe�P"NWRÖXYL�P"e�G��0aH�H�H�7£®G

�*O#NMU&XYLyP"e�G�¡�aH�H�8F4£��!f#O#g#eIUVh�P"NQP"i�O#iuPËNWXY¢*UVK¤[1\ëg0P1KMLQP"~ELWX6h�\1iSf#eVXYLQPoR#\HK_ij�YLW\*R#\HKyR#XjKWXY�HijXY~ELQP1Z�[1\
P"LMNQP�¢7��K�R#\jOTKW\SR#XyÈ,¹YÉ"¹®¼=Ï>¹YÍ�º®G

� UIiSf#eVXYijXY~ELQP1Z�[1\;R#\;È,¹®É"¹Y¼�Ï�¹�Í�º^� �!��\1NMiuPo�7XYNQP"e���g0P1KMLQP"~*LWX.eVXY~ELQP8Gqæ²KMLW\ÖR#XY¢7X®­pKWX.PÖR#\1UVKÝij\1LMUI¢7\HK
f#NMUI~ThYUIf0P"UVK]�q¡ÆF4£y\q~�T#ijXYNW\;R#XËh�³"eVhYO#eV\HK�f�\1NSh��YeIO#e�P�RTP�iuP"eI�0P��6�HNQP"~TR#XëXq¡�a7£y\qf0P1KWKW\�LWXYiSf�\1NQP"e
~TX�h�X�KWKQ³"NMUV\jf0P"NQPu�EOTX`�0P9ýMPuX�KMLQP"g#UIeIUVRTP1R#X_�_f�X��*OTXY~T\Ö¡$c�XY~TR#\1~qXYLdP"e�G���aH�H�H¥7£®Gzê��Yi^��f�\1N�UVKWKW\��#¢rUI~TR#\
PjKWXYN�R#X�KQXY~E¢7\1eI¢rUVR#\HKdij�YLW\rR#\HK�f0P"NQPjLW\1NM~0P"N�PjX��8X�hYOTZ�[1\6iuP"UVK�NQ³"f#UVRTP8GJ�diäR#\HK�iuP"UVKdh�\1~#�TX�hYUVR#\HK��
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¢rUI �UI~#�0P"~TZ�PËRTP6hYO#NM¢HP�¡$��RTP"eVKMLWXYUI~TKWKW\1~�Xj�rXYLM�#U�P"~²��F�¬H¬"�*£®Gy� iuP"UV\1N^R#X�KM¢HP"~ELQP"�7XYi �SPu~TX�h�X�KWKMUVRTP1R#X
R#XÛP1hYLMO0P"eIUI 4P"N;PÅg0P"~TRTP \1~TR#X�KQ[1\ �$XYUILW\HK�\HK�h�³"eVhYO#eV\HKl�B�ÅijX�R8UVRTP��EOTXÛP hYO#NM¢HP KWX;ij\4¢*UIijXY~*LQP8G
J�iyg�\1NQPÅX�KWLQPªg0P"~TRTPªf�\HKWK¤PÛKQXYNëP1hYLMO0P"eIUI 4P1RTP KW\1ijXY~ELWX;�*O0P"~TR#\ PªhYO#NM¢HP±KWX;P"f#NW\e�8UIiuPÅR#\HKoKWXYOTK
eIUIiSUILWX�K_¡$\��*OTX�ýW³yNWX�R8O# `\HK�hYOTKMLW\HK�h�\1iSf#O#LQP1hYUV\1~0P"UVK]�0h�\1iSf0P"NQP"LMUI¢1P"ijXY~*LWX>�SP1hYLMO0P"eIUI 4P1Z�[1\jRTPyg0P"~TRTP
XYi¯h�P1RTPuUILWXYNQP1Z�[1\E£�X�KWLWX_ij�YLW\rR#\6h�\1~*LMUI~EO0PoP6KWXYN�h�\1~TKMUVR#XYNQP1R#\.eVXY~ELW\#G3�diuPu\1O#LMNQP6UIiSf#eVXYijXY~*LQP1Z�[1\
NQ³"f#UVRTPÝ��\�2�Ô"º®Í(¿SÔH¸ÆÐ®·*Â2Ã*Áj¿u¹YÍ�·r»�½S¡��rXYLM�#U�P"~²�>F�¬H¬H¥7£®G(J�KMLWX�ij�YLW\rR#\���g0P1KMLQP"~ELWX�iuP"UVK¦NQ³"f#UVR#\SR#\Ý�EOTX
\�P"~ELWXYNMUV\1N]�(iuP1K�LWXYiñPqR#X�KM¢HP"~ELQP"�7XYiÓR#X.K�
o�$O#~ThYUV\1~0P"NSXYi���O#~TZ�§rX�KÝij\1~T\1LW\1~0P"ijXY~ELWXohYNWX�KWh�XY~*LWX�K
¡$\1O�R#X�hYNWX�KWh�XY~ELWX�K¤£®G3�di¯\1O#LMNW\uij�YLW\rR#\�����?(ÀU@£?&Ï���h�\1i_g#UI~0PËPjNQP"f#UVR#XY SR#\>2YÔ1º®Í¦¿jÔ1¸ÆÐY·EÂ2ÃrÁ�h�\1i¯P
P"f#eIUVh�P"g#UIeIUVRTP1R#X��7XYNQP"e�RTPjÃ�ÔH¸¤¸M»1Ç QMÔHÃ�½�¡$��P"NQP"�HUV\HK�X�°�XYNMUVhW�TX �#aH�H�H�7£®G(c�X�h�XY~*LWXYijXY~ELWX ��x&�T\1f#f;¡�aH�H�7|H£
f#NW\1f	�HK�O#iuPuij\rR8U�¨0h�P1Z�[1\oP1\\2YÔ1º®Í�¿jÔ1¸MÐ®·EÂ�Ã*Áë¿u¹YÍ�·8»�½ �>�*OTXyf�XYNMiSUILWXjPuNWX�KW\1eIOTZ�[1\ëR#XÝO#iuPËX��EO0P1Z�[1\
R#X¦þ�P"iSUIeILW\1~8­�lEP1h�\1g#U�X�KMLQ³"LMUVh�P~�HKWXYiòP�NWX�KMLMNMUVZ�[1\�R#X&ij\1~T\1LW\*hYUVRTP1R#XzUIiSf�\HKMLQP����$O#~TZ�[1\�R#X�¢7XYeV\rhYUVRTP1R#XHG

��X�KMLWXÅLMNQP"g0P"eI�T\´\1f#LW\1O8­pKQX f�\1N�O#iuP UIiSf#eVXYijXY~*LQP1Z�[1\]�*OTX h�\1~1ýÆO#�EP1KWKWX P NQP"f#UVR#XY �R#X X��#X�hYOTZ�[1\
h�\1i P���P1hYUIeIUVRTP1R#X R#X±UIiSf#eVXYijXY~ELQP1Z�[1\��ug0P1KWX�P1RTP XYi ¡��*�#UjX��`P"NMe��`aH�H�H�HP~� g�£®G ÿ�P"eI�7\1NMUILMij\Ñ�
R#X�KWhYNMUILW\ë~T\ë�deI�7\1NMUILMij\�k8GY�diuP.¢HP"~ELQP"�7XYi^�!f0P"NQPoP"eV�Yi RTPËNQP"f#UVR#XY uR#XSX��#X�hYOTZ�[1\ÖXÝ��P1hYUIeIUVRTP1R#XjR#X
UIiSf#eVXYijXY~ELQP1Z�[1\����u�EOTXSR#XYU6�TPëR#XjKWXYN^~TX�h�X�KQKQ³"NMUV\oNWXYUI~#UVhYU�P"eIUI 4P"NÝ\�È,¹®É1¹®¼(Ï�¹�Í�º®GjJ(KWLQPËNWXYUI~#UVhYU�P"eIUI 4P1Z�[1\
�oO#iuP�~TX�h�X�KWKMUVRTP1R#X�~T\1O#LMNQP1K.UIiSf#eVXYijXY~ELQP1Z�§rX�KËf�\1NW�*OTX ����ijX�R8UVRTP��*OTX�P�hYO#NM¢1PÛXY¢7\1eIO#U���\ªÈ!¹®É"¹®¼
Ï�¹YÍ�ºdf�XYNWR#XjP1K^KMO0P1K_h�P"NQP1hYLWXYNM{VKMLMUVh�P1K`R#XÝ�$O#~TZ�[1\ëR#XSR8UVKMLQ�"~ThYU�P~�,\Ë�*OTX�f#NW\�¢7\rh�P.UI~TKMLQP"g#UIeIUVRTP1R#XHGSJ(KMLQP
~TX�h�X�KWKMUVRTP1R#X �!P"O#ijXY~ELQPëP"UI~TRTPË\ËhYOTKMLW\Ëh�\1iSf#O#LQP1hYUV\1~0P"e�XÝNWX�R8O# uP'¤0X��rUIg#UIeIUVRTP1R#X�LW\1f�\1e 
1�HUVh�P;¡���XYe�P1K
XYL�P"e�G��0aH�H�7|H£®G

��X�KMLWXofTKWXYOTR#\"­phe
rR8UI�7\��
φ
NWXYf#NWX�KQXY~ELQPª\ªÈ!¹®É"¹®¼dÏ�¹YÍ�ºÖ¡$R#X®¨T~#UVR#\±h�\1ij\ÛKQXY~TR#\�~TXY�EP"LMUI¢7\ª~T\�UI~*LWXYNMUV\1N

R#\�È!¹®É"¹®¼�Ï>¹YÍ�R#Xj\1NWR#XYi� �XYNW\oXjf�\HKMUILMUI¢7\Ë~T\ÖX��rLWXYNMUV\1N¤£��
F
P6��O#~TZ�[1\ÖR#X�¢7XYeV\*hYUVRTP1R#Xq¡�¢7XYNyPo�rX�h�Z�[1\

KWXY�HO#UI~*LWX4£��>X
Lout

X
Lin

K¤[1\uR8O0P1K�eIUVKMLQP1K�R#X_f�\1~ELW\HK]��Puf#NMUIijXYUINQP6h�\1~*LWXY~TR#\Ë\HK�f�\1~ELW\HK�RTPuf0P"NMLWXyR#X
��\1NQP�R#\jh�\1~ELW\1NM~T\6X`PSKWXY�HO#~TRTPS\HK�f�\1~ELW\HK�RTP�f0P"NMLWX`R#X`R#XY~*LMNW\��

Lout = {x : φ(x) > 0
X ∃y ∈ N(x)

LQP"e!�EOTX
φ(y) < 0} ¡�k8Gb�"�*£

Lin = {x : φ(x) < 0
X ∃y ∈ N(x)

LQP"e=�*OTX
φ(y) > 0} ¡�k8Gb�H�7£

f�\1N�KMO0PÝ¢7XY K�
N(x)

�`P�¢rUI �UI~#�0P"~TZ�PSR#X
x
�

N(x) =

{
y ∈ D :

K∑

k=1

|yk − xk| = 1

}
∀x ∈ D

¡�k8Gb�H¥7£

�diuP�KMUIiSf#eIU�¨0h�P1Z�[1\S¨T~0P"e,�^�$XYUILQP~�

φ(x) =





3,
KWX

x
��O#i�f�\1~ELW\jX��8LWXYNMUV\1N

1,
KWX

x ∈ Lout

−1,
KQX

x ∈ Lin

−3,
KQX

x
��O#i�f�\1~ELW\SUI~*LWXYNMUV\1N

¡�k8Gb�7|H£

�"�
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m �#����/ ? ± æ²~#UVhYU�P"eIUI 4P1Z�[1\uR#X

φ
�T}h�

Lout
X

Linm �#����/ l ±
s��# "�

i = 1 : Na
n²�jï7�E 

m �#���4/ l	
$? ±
s!�# "� h�P1RTP�f�\1~ELW\

x ∈ Lout
h�\1i

F (x) > 0
np�jï7�* 

checkin(x)ôB3ñs��# "�
s!�# "� h�P1RTP�f�\1~ELW\

x ∈ Lin
n²�jï7�E 

��� f0P"NQPSLW\*R#\HK�\HK
y ∈ N(x)

�
φ < 0

� A ��D#/
NWXYLMUINWX`�ËR#X

Lin
X^R#X®¨T~0P

φ(x) = −3ôB3Ó���
ôB3ñs��# "�
s!�# "� h�P1RTP�f�\1~ELW\

x ∈ Lin
h�\1i

F (x) < 0
n²�jï7�E 

checkout(x)ôB3ñs��# "�
s!�# "� h�P1RTP�f�\1~ELW\

x ∈ Lout
n²�jï7�E 

��� f0P"NQPSLW\*R#\HK�\HK
y ∈ N(x)

�
φ > 0

� A ��D#/
NWXYLMUINWX`�ËR#X

Lout
X^R#X®¨T~0P

φ(x) = 3ôB3Ó���
ôB3ñs��# "�
m �#���4/ l	
�l ± ç(XYNMU�¨0�*OTX�P�h�\1~TR8UVZ�[1\`R#Xzf0P"NQP"�7XYioG��rXz��KQP"LMUVKÆ��XYUILQP~�H¢H³df0P"NQP�\ m �#���4/ © G��rXY~0[1\��
h�\1~ELMUI~EOTXyX�KMLWX`hYUVhYeV\#G

ô�3ñs��# 9�
m �#����/ © ±
s��# "�

i = 1 : Ng
np�jïE�E 

m �#���4/ ©�
$? ±
s!�# "� LW\*R#\HK�\HK�f�\1~*LW\HK

x ∈ Lout
h�P"eVhYO#eVX

G ⊗ φ(x)
np�jï7�* 

���
G ⊗ φ(x) < 0

� A ��D#/
checkin(x)ôB3Ó���

ôB3ñs��# "�
s!�# "� h�P1RTP�f�\1~ELW\

x ∈ Lin
n²�jï7�E 

��� f0P"NQPSLW\*R#\HK�\HK
y ∈ N(x)

�
φ(y) < 0

� A ��D#/
NWXYLMUINWX`�ËR#X

Lin
X^R#X®¨T~0P

φ(x) = −3ôB3Ó���
ôB3ñs��# "�
s!�# "� h�P1RTP�f�\1~ELW\

x ∈ Lin
h�P"eVhYO#eVX

G ⊗ φ(x)
np�jïE�E 

���
G ⊗ φ(x) > 0

� A ��D#/
checkout(x)ôB3Ó���

ôB3ñs��# "�
s!�# "� h�P1RTP�f�\1~ELW\

x ∈ Lout
n²�jï7�E 

��� f0P"NQPSLW\*R#\HK�\HK
y ∈ N(x)

�
φ(y) > 0

� A ��D#/
NWXYLMUINWX`�ËR#X

Lout
X^R#X®¨T~0P

φ(x) = 3ôB3Ó���
ôB3ñs��# "�

ô�3ñs��# 9�
m �#����/ ß ± �rXjP.h�\1~TR8UVZ�[1\oR#X�f0P"NQP"�7XYi�~T\Ëf#NMUIijXYUINW\ohYUVhYeV\o��KQP"LMUVKM�$XYUILQP~�>LWXYNMiSUI~TXu\oP"eI�7\1NMUILMij\��
KQXY~0[1\��8¢7\1eILWX_P1\ m �#����/ l

�H�



\1~TR#X.\HK_f�\1~ELW\HKy~T\ÖUI~*LWXYNMUV\1NSRTPohYO#NM¢HP~�!iuP1KÝ~0[1\Öf�XYNMLWXY~Th�XY~*LWX�KjP
Lin

��K¤[1\ÖR#XY~T\1iSUI~0P1R#\HK�f�\1~ELW\HK
UI~ELWXYNMUV\1NWX�K�X6\HK_f�\1~ELW\HKy~T\ÖX��8LWXYNMUV\1NyRTPÖhYO#NM¢1P~��iuP1Ky~0[1\of�XYNMLWXY~Th�XY~ELWX�KSP

Lout
�!KQ[1\�R#XY~T\1iSUI~0P1R#\HK

f�\1~ELW\HK�X��8LWXYNMUV\1NWX�K�G

� NW\1LMUI~0P
checkin

¡$�deI�7\1NMUILMij\S�*£¦NWXYLMUINQPS\�f�\1~ELW\
x
RTPÝeIUVKMLQP

Lout
X_P1hYNWX�KWh�XY~*LQP9­p\A�ÝeIUVKMLQP

Lin
G

-.)2��/0 1�2�43�/ ß ­
checkinm �#�4��/ ? ± NWXYLMUINQP"N

x
R#X

Lout
X`P1R8UVhYUV\1~0³9­�eV\ËP

Lin�zLMNMUIg#O0P
φ(x) = −1

X`h�P"eVhYO#eVX_Py�$O#~TZ�[1\jR#X^¢7XYeV\rhYUVRTP1R#X
F (x)m �#�4��/ l ± �BP"NQP�LW\rR#\j\

y ∈ N(x)
LQP"e=�*OTX

φ(y) = 3��R8UVhYUV\1~TX3�ëP
Lout

�TP"LMNMUIg#O0P
φ(y) = 1

X^h�P"eVhYO#eVXyPy�$O#~TZ�[1\jR#X�¢7XYeV\*hYUVRTP1R#X
F (y)

� NW\1LMUI~0Po¡$��eI�7\1NMUILMij\
checkout

£z��NWXYLMUINQPS\�f�\1~ELW\
x
RTP�eIUVKMLQP

Lin
X_P1hYNWX�KWh�XY~*LQP9­p\A�ÝeIUVKMLQP

Lout
G

-.)2��/0 1�2�43�/ è ­
checkoutm �#�4��/ ? ± NWXYLMUINQP"N

x
R#X

Lin
X`P1R8UVhYUV\1~0³9­�eV\6P

Lout�zLMNMUIg#O0P
φ(x) = 1

X^h�P"eVhYO#eVX_P���O#~TZ�[1\jR#X�¢7XYeV\rhYUVRTP1R#X
F (x)m �#�4��/ l ± �BP"NQP�LW\rR#\j\

y ∈ N(x)
LQP"e=�*OTX

φ(y) = −3��R8UVhYUV\1~TX3�ëP
Lin

�0P"LMNMUIg#O0P
φ(y) = −1

X`h�P"eVhYO#eVX_Py�$O#~TZ�[1\jR#X^¢7XYeV\rhYUVRTP1R#X
F (y)

��X�KMLWXdP"eI�7\1NMUILMij\��#KW\1ijXY~*LWX���O#LMUIeIUI 4P1R#\�\yKWUI~0P"e�RTP^��O#~TZ�[1\ÝR#X�¢7XYeV\rhYUVRTP1R#X �8eV\1�7\
Fv
��UI~*LWXYUINW\�X�LW\1iuP

\HK�¢HP"eV\1NWX�K`F �0��\1Oë­QFHG

� NW\1LMUI~0P�LWXYNMiSUI~0PjKWX`P"eI�HO#iuPjRTP1K�KWXY�HO#UI~ELWX�Kdh�\1~TR8UVZ�§*X�Kd�^KQP"LMUVKÆ��XYUILQP~�
FHG�� ¢7XYeV\rhYUVRTP1R#X_R#X�LW\rR#\HK�\HK�f�\1~ELW\HK�RTPS¢*UI �UI~#�0P"~TZ�PSK¤P"LMUVKÆ��P" �XYi�P1K�h�\1~TR8UVZ�§*X�Kl�

F (x) ≤ 0 ∀x ∈ Lout

F (x) ≥ 0 ∀x ∈ Lin

a8Gdÿ	~�T#ijXYNW\uR#X�UILWXYNQP1Z�§rX�K�iu³á�8UIij\j�`P"eVh�P"~TZ�P1R#\
ÿdO#LMNQP1K��#UIf�
1LWX�KWX�K�R#X_hYNMUILW�YNMUV\HK�R#X�f0P"NQP"�7XYiÜf�\rR#XYi�KWXYN]�

• h�\1~*LMNW\1eV\uRTP1K�R8U���XYNWXY~TZ�P1K�XY~*LMNWX_h�\1~ELW\1NM~T\HK�¡$��eIOTXYiSf#UILMU�³�UINMU��EP]³&X ý�XYL�P"e�G��TaH�H�H�7£�rX.PëR8U���XYNWXY~TZ�PoXY~ELMNWX6\Öh�\1~*LW\1NM~T\qP1hYLMO0P"e¦Xj\ÖP"~ELWXYNMUV\1Ny��\1N`UI~8�$XYNMUV\1N�PËO#i�h�XYNMLW\ÖeIUIiSU�P"N_f#NW�®­
R#X®¨T~#UVR#\��Tf0³"NQP9­pKWX`\SP"eI�7\1NMUILMij\#G��BP"NQP�ijX�R8UVRTP1K�R#X^h�\1iSf0P"NQP1Z�[1\6XY~ELMNWX^h�\1~ELW\1NM~T\HKl�0h�\1~TKMO#eILWX`P
�rX�h�Z�[1\.k8Gb¥8G

• h�\1~*LMNW\1eV\uR#\	�^�r°�J ¡�P`»H¸¤¿jÔ1¼ÎÂI¾9¹M½uÏ�Íp¹pã�Õ^Â ×d¹®¸W¹®Ã�ÐQ¹B?¦Ã�¹®¸�ÁD44£^¡$µ=X�X`XÝ�rX�\��0aH�H�H¥7£
xzP"eVhYO#e�P9­pKQXë\����r°�J��BJ(�*O0P1Z�[1\�k8Gb�H�~��XYiñLW\rR#\HK�\HK�f0P1KWKW\HK�GÛ�rXë\��^�r°�JòKWX.LW\1NM~0P"NSi_O#UILW\
f�X��*OTXY~T\��#f0³"NQP9­pKWX`\jP"eI�7\1NMUILMij\#G

NSDE =
||φ − α||2
||φ||2

¡�k8Gb�H�7£

α > 0, 5
�`KMO8¨0hYUVXY~*LWXYijXY~ELWXy�HNQP"~TR#X^f0P"NQPSXY¢rUILQP"N�\HKWhYUIe�P1Z�§rX�K�G

ÿ m �#�4��/ © h�\1NMNWX�KWf�\1~TR#XjP6O#iuPËKMO0P�¢*UI 4P1Z�[1\Ë�EP"OTKWKWU�P"~0PËR#\HK�f�\1~*LW\HK`R#\Ëh�\1~ELW\1NM~T\oX�\Ëf0P"NQ�"ijXYLMNW\
Ng

��\_LQP"iuP"~#�T\yR#\yNWX�KMf�X�hYLMUI¢7\^¨TeILMNW\ÝX�h�\1~*LMNW\1e�PÝP_XYeIUIiSUI~0P1Z�[1\yR#Xdf�X��EOTXY~T\HK�g#O#NQP1h�\HK&~T\_NWX�KMO#eILQP1R#\

�H¥



¨T~0P"e�G �rX �zf�\1N.X��8XYiSf#eV\���KWXÖKW\1O#g�XYN�ÔÖã�¸®Â�»1¸¤Â��*OTX�P1KuNWXY�HUV§*X�K.R#XÖUI~*LWXYNWX�KWKWXÖLW�Yi LW\rRTP1KuO#i NQP"UV\
iuP"UV\1N�\1OÑUI�HO0P"e�P

r
�^R#XY¢7X®­pKQX�X�KWh�\1eI�TXYN

Ng = 2r
G

Na
h�\HKMLMO#iuP KWXYNÖiuP"UV\1N�R#\ �*OTX

Ng
GÊ��P

KWXY�HijXY~ELQP1Z�[1\ R#X�O#iuPªUIiuP"�7XYi R#X;cd� R#\Åh��YNWXYg#NW\��`�*�#U^X��`P"NMeu¡�aH�H�H�"g�£6O#LMUIeIUI 4P"i
Ng = 3

X
Na = 20

G���\^h�P1KW\`RTP�KWXY�HijXY~*LQP1Z�[1\_R#Xz¢7\1eIO#ijX�K]�*\HK�ijX�KMij\HK¦P"O#LW\1NWX�K�O#LMUIeIUI 4P"i
Ng = 3

X
Na = 50

G

�d\�¨T~0P"edR#X�KMLWXof#NW\rh�X�R8UIijXY~ELW\���\1g#LW�Yi�­pKQXoR8O0P1KjeIUVKMLQP1K6R#Xëf�\1~ELW\HK]�
Lin

X
Lout

G ÿ È,¹®É"¹Y¼�Ï�¹YÍ�ºj�
h�\1NMNWX�KMf�\1~TR#XY~*LWX6P1\ëh�\1~*LW\1NM~T\o�Sh�P"eVhYO#e�P1R#\ÖP"LMNQP�¢7��KyR#X�UI~ELWXYNMf�\1e�P1Z�[1\oeIUI~TX�P"N6¡$cd\1LMUI~0P
� ����!N� %����uR#\
�qP"LMe�P"g²�#¢7XYNWK¤[1\6|rGb�8GIF4£®G

Ì¤ÃTÂ$Ð�Â$Ô1¼ÎÂV¾�Ô����E»

x¦\1ij\.ýM³Ö��\1U¦~T\1LQP1R#\��&~0[1\;X��8UVKMLWX.O#i h�\1~TKQXY~TKW\;KW\1g#NWXëPqUI~~¤TOT�Y~ThYU�P�RTPqUI~#UVhYU�P"eIUI 4P1Z�[1\�RTP1KShYO#NM¢HP1K
~0PjKWXY�HijXY~*LQP1Z�[1\j¨T~0P"e�GJ��X�KMLWX^LMNQP"g0P"eI�T\j�$\1NQP"iäLWXY~ELQP1RTP1K��EO0P"LMNW\j�$\1NMiuP1KdR8U��$XYNWXY~*LWX�KdR#X_f#NW\*h�X�R#XYN`�
UI~#UVhYU�P"eIUI 4P1Z�[1\��
FHG�x¦\1eV\rh�P1Z�[1\uR#X�O#i�f�\1~ELW\#G&x¦\1ij\��Tf�\1N�X��#XYiSf#eV\��#~T\Sh�P1KW\uR#\uÀ�¹�Á1Â�»1Ã Äz¸M»1Ç�Â2ÃrÁ �
a8G�x¦\1eV\rh�P1Z�[1\�R#XËO#iuP�hYUINWhYO#~8�$XYNW�Y~ThYU�P8G x¦\1ij\���f�\1NSX��8XYiSf#eV\��¦XYi ¡$ê,KQP"UdXëÿ�KW�TXYN]�(aH�H�"�*£ë¡�~T\
X��#XYiSf#eV\jR#\\g²êz�TXyx&�0P"~8­�ç(X�KWXyP"eI�7\1NMUILM�#i,i £��

k8G�x¦\1eV\rh�P1Z�[1\oR#X�¢1³"NMU�P1K�f�X��*OTXY~0P1K^hYUINWhYO#~8�$XYNW�Y~ThYU�P1K�Gux¦\1ij\��=f�\1N`X��#XYiSf#eV\��=XYi ¡$ê,K¤P"U(Xuÿ�KM�TXYN]�
aH�H�"�*£^¡�~T\jX��#XYiSf#eV\jRTP>gÆ�rXY�HijXY~*LQP"LMUV\1~q\"�Bi_O#eILMUIf#eVX_f#�0P1KWX�KRi £��

�TG�µ>UI~#�0PËR8UI¢rUVK�
1NMU�P.R#\ËX�KMf0P1Z�\ëRTP6UIiuP"�7XYi�XYi¯R8O0P1K�f0P"NMLWX�K4Gyx¦\1ij\���f�\1N^X��#XYiSf#eV\��=XYiÓ¡$µ=X�X�X
�rX�\��0aH�H�H¥7£��

ï�Ô��XÔ�� çQØ��Lü=ú�é�Ú«ë�� é ���^Ù=é�Ú«ë���ü=ú�é�õêØ �¡Ú«ë)úaÚ��L×WÙ
c�XY~TR#\1~oXYL�P"e�G=¡�aH�H�H¥7£&UI~TKMf#UINQP"NQP"i�­pKWX^~T\HKzij\rR#XYeV\HK�R#X^h�\1~ELW\1NM~T\HK�P1hYLMUI¢7\HK_¡��rX�h�Z�[1\jk8G �TGÒ|H£��8~T\uÈ,¹YÉ"¹®¼
Ï�¹YÍ�º_¡��rX�h�Z�[1\6k8G �TGÒ|H£���X`~*O#iä\1O#LMNW\6ij�YLW\*R#\uf#NW\1f�\HKMLW\uf�\1N���XYNMNMUIiuP"~qXYL�P"e�G�¡ÆF�¬H¬Ha7£®GJ�dX�KMLWX`O#eILMUIij\
ij�YLW\*R#\��SP f#NW\1f0P"�EP1Z�[1\ R#XÛUI~*LWXYNÆ��P1h�X�K;�Ûg0P1KWX�P1RTP�~0P h�\1~E¢7\1eIOTZ�[1\ h�\1iìO#i �1¹®¸®Ã�¹®¼^Á7Ô1Ø*ºQº®Â$Ô1Ã�» �
KWXY�HO#UVRTPjR#X^O#iuPu\1f�XYNQP1Z�[1\6R#X`µ>UIiSU�P"NMUI 4P1Z�[1\#G�ê�P"e!h�\1ij\u~T\6È,¹®É1¹®¼,Ï>¹YÍ�º��0P1K�i_OTRTP"~TZ�P1K�LW\1f�\1e 
1�HUVh�P1K
KQ[1\SR#XYLWX�hYLQP1RTP1K�P"O#LW\1iuP"LMUVh�P"ijXY~*LWXHG�x¦\1ij\jR#X�KM¢HP"~ELQP"�7XYi^��PÝNWX�KQ\1eIOTZ�[1\j�^eIUIiSUILQP1RTPjP1\Sf#U6�#XYe�G

ÿ�K À�¹MÔ7Ð�Í$Â�»1ÃäÕ`Â ×�Ø*º¤Â�»1Ã�Ù�Ð�Í$Â�É"¹ Ú�»1Ã�Í�»1Ø*¸¤º h�\1~TKMUVKMLWXYi XY~ELQ[1\ ~*O#iuP h�\1i_g#UI~0P1Z�[1\ eIUI~TX�P"N R8O#i
\1f�XYNQP1R#\1N�R#X�ij��R8U�P�h�\1i O#i \1f�XYNQP1R#\1NqR#XÛiu³á�rUIij\"­�iS{I~#UIij\#G�J(KMLWXÛij�YLW\rR#\ f�\HKWKMO#U�P"eI�HO#iuP1K
f#NW\1f#NMUVX�RTP1R#X�K�R#\jÈ,¹®É"¹Y¼>Ï�¹YÍ�º5�*O#iuPy¢7XY ^�*OTXdeIUVRTP�P"O#LW\1iuP"LMUVh�P"ijXY~*LWX_h�\1i i_OTRTP"~TZ�P1KdR#XdLW\1f�\1eV\1�HU�PÝX
~0[1\S~TX�h�X�KWKMUILQPS�*OTX`PÝUI~#UVhYU�P"eIUI 4P1Z�[1\uRTPjhYO#NM¢1PSKQX ýMPyf�XYNMLW\jR#\HK�\1g8ýMX�hYLW\HKdP�KWXY�HijXY~*LQP"N�G

ÿÞ\1f�XYNQP1R#\1N6ij��R8U�PÛ�oO#i ¨TeILMNW\Û�*OTXoLMNQP"g0P"eI�0PÛKW\1g#NWX���¢rUI �UI~#�T\HK6X��EOTXÖLWXYi h�\1ij\Û\1g8ýÆX�hYLMUI¢7\±P
KMO0P�¢rUI 4P1Z�[1\ËRTPj�$O#~TZ�[1\#G^ÿ \1f�XYNQP1R#\1N�R#Xyiu³á�8UIij\"­�iS{I~#UIij\ë�yNWXYf#NWX�KWXY~ELQP1R#\Ëf�\1N

det
��\1~TR#X

det = 1f0P"NQP�KWX�KWXYeVX�h�hYUV\1~0P"Në\�\1f�XYNQP1R#\1N.R#X�iu³á�8UIij\ÛX
det = −1

f0P"NQPÛKWX�KWXYeVX�h�hYUV\1~0P"Në\�\1f�XYNQP1R#\1N.R#X
iS{I~#UIij\#G^�	X�KMLQPë\1f�XYNQP1Z�[1\��*OTXS��P" 6h�\1i��EOTX.PohYO#NM¢HPoKWXuij\�¢HPëf0P"NQP�R#XY~ELMNW\±¡$h�P1KW\

det = 1
£^\1O

f0P"NQPÝ�$\1NQPë¡$h�P1KQ\
det = −1
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�]KMO#f�XYNÆ�${VhYUVX^�^UI~#UVhYU�P"eIUI 4P1RTPuh�\1ij\

φ(x, y)




−1,

KWXj¡j�k� �#£¦KQX^XY~Th�\1~ELMNQP"iÜ~T\jUI~ELWXYNMUV\1NdRTP�hYO#NM¢HP
1,

h�P1KW\Sh�\1~*LMNQ³"NMUV\ ¡�k8Gb�H¬7£

X^\Sf#NW\rh�X�KWKW\SR#X^XY¢7\1eIOTZ�[1\6���$XYUILW\jXYi�R#\1UVK�f0P1KWKW\HK]�
FHG�°�U��$OTKQ[1\_XdXYNW\HKQ[1\6¡$\1OËR8UIe�P"LQP1Z�[1\E£�RTP`hYO#NM¢HP^OTKQP"~TR#\�P`J(�*O0P1Z�[1\�k8Gb¥H�`h�\1i

α = 0, 5
X

det = 1
�

a8G���¨T~0P"ijXY~ELW\6RTP�hYO#NM¢1PSOTKQP"~TR#\jP�J(�*O0P1Z�[1\uk8Gb¥H�Sh�\1i
α = 1

X
det = I(x, u)

¡$XYNW\HKQ[1\���\1NQP�RTP
hYO#NM¢HPSX^R8UIe�P"LQP1Z�[1\6R#XY~ELMNW\E£��

�]J(�EO0P1Z�[1\6k8Gb¥H�S� �

φ (x, y) =
γ1 + γ2 + γ3 + γ4

4
+ α

(
det

4
(|γ1 − γ2| + |γ3 − γ4|) +

det

4
|γ1 + γ2 − γ3 − γ4 + det|γ1 − γ2| − det|γ3 − γ4||

) ¡�k8Gb¥H�7£

\1~TR#X
γ1 = I(x + 1, y)

�
γ2 = I(x − 1, y)

�
γ3 = I(x, y + 1)

X
γ4 = I(x, y − 1)

GuxzP1KW\
det = 0

�
X�KMLQPSX��*O0P1Z�[1\jNWX�R8O# Y­pKQXyPSO#iÜf#NW\*h�X�KWKQ\uR#X`R8U��$OTKQ[1\#G��rX

α = 1
X

det = 1
\1O

det = −1
��PjX��*O0P1Z�[1\

NWX�R8O# Y­pKWXqPqO#i \1f�XYNQP1R#\1N.R#Xëiu³á�8UIij\�\1O iSUI~#UIij\#G ��P"NQP�\1O#LMNW\HKu¢HP"eV\1NWX�K]�zP"i_g0P1KËP1Kj\1f�XYNQP1Z�§rX�K
¡$R8U��$OTKQ[1\jX^XYNW\HKQ[1\j\1OoR8UIe�P"LQP1Z�[1\E£�KQ[1\SX®��X�hYLMO0P1RTP1K�G

�*O#gTKMLMUILMO#UI~TR#\
det

f�\1N�O#iuPu�$O#~TZ�[1\Ëh�\1~ELM{I~EO0Poh�\1i�¢HP"eV\1NWX�K^XY~ELMNWXy­QF�XËF ��\1g#LW�Yi�­pKWX�O#i�P"eI�7\1NMUILMij\
R#XSKWXY�HijXY~*LQP1Z�[1\#GS� �$O#~TZ�[1\

det
f�\rR#X�KWXYN^O#i�R#XYLWX�hYLW\1N`R#XjP"NWX�KMLQP1K]�=O#i�R#XYLWX�hYLW\1N_R#X�NWXY�HUV§*X�Kl�=\1O

O#i�R#XYLWX�hYLW\1N`R#XSP"NWX�KMLQP1K`XÝNWXY�HUV§rX�K�G_J�i ¡$cdXY~TR#\1~�XYL`P"e�G��=aH�H�H¥7£�R#XYij\1~TKMLMNQP9­pKWXS\.ij�YLW\*R#\oP"LMNQP�¢7��K
R#XdO#iuPyP"f#eIUVh�P1Z�[1\�R#X�R#XYLWX�h�Z�[1\ÝR#X�P"NWX�KMLQP1K¦g0P1KWX�P1RTP_~T\HK&~#{I¢7XYUVKzR#XdhYUI~# �XY~ELW\�f#NWX�KWXY~*LWX�K&~0P_UIiuP"�7XYi^�
}�UI�HO#NQPjk8GIF�¬8GX��X�KMLQP�}�UI�HO#NQPÝ��\1U>O#LMUIeIUI 4P1R#\

α = 0, 5
X

det(x, y) = (I(x, y) − 128)/128
G

J(KMLWXjij�YLW\*R#\o�SX��8LWXY~TKM{I¢7XYe&PÖk1°\��O#LMUIeIUI 4P"~TR#\ÖO#iuPË¢rUI �UI~#�0P"~TZ�PoR#Xj¥Ë¢7\]�8XYUVK]�!XYi�¢7XY uR#\HK^�ëf#U6�#XYUVK
¡�NWXYf#NWX�KWXY~*LQP1R#\HK`f�\1N

γ1
�
γ2

�
γ3
X

γ4
£®Gyc�XY~TR#\1~�XYL`P"e�G(¡�aH�H�H¥7£df#NW\�¢HP"i P"UI~TRTPË�EOTX�\Ë\1f�XYNQP1R#\1N^f�\1N

XYeVX�K(f#NW\1f�\HKMLW\`��X�KMLQ³�¢7XYe��rh�P"OTKQP"e0X��*OTX�~0[1\`K¤[1\^�7XYNQP�NMO#{VR#\#G�ÿdO#LMNQP��HNQP"~TR#X�¢1P"~*LQP"�7XYi ��P���P1hYUIeIUVRTP1R#X
R#X^UIiSf#eVXYijXY~*LQP1Z�[1\#G
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XYLdP"e�G��TaH�H�H¥7£®G

"Z��º ®`�VÑ�®¯�VÍU�����f���d���B����®ÐÏh�&��­f�

��\ªP�¢1P"eIU�P"NËO#iuPÛLW��hY~#UVh�PªR#X�KWXY�HijXY~*LQP1Z�[1\Å�Ö~TX�h�X�KQKQ³"NMUV\�LWXYNëXYi�h�\1~ELQPª\ªh�\1~ELWX��8LW\Û~0Pª�*O0P"e���\1U
O#LMUIeIUI 4P1RTP8Gzÿ �HNQP"OÖR#XyP"f#eIUVh�P1Z�[1\u�^R8UINWX�hYLQP"ijXY~ELWXÝNWXYe�P1hYUV\1~0P1R#\6h�\1iäP1K�UIiuP"�7XY~TKU�1Kd�EO0P"UVKdPÝLW��hY~#UVh�P
��P"f#eIUVh�P1RTP8G<NdOTX�KQX ýMPyR#\Ý~T\HKWKW\Ýh�\1~#�TX�hYUIijXY~ELW\S~0[1\�X��8UVKMLWX �#P"LW�d�T\"ýMX �rO#i ij�YLW\*R#\SR#X�KWXY�HijXY~ELQP1Z�[1\
LW\1LQP"eIijXY~ELWX�P"O#LW\1iu³"LMUVh�\uX�O#~#UI¢7XYNWKQP"e�G

��P.³"NWX�PuR#\6f#NW\rh�X�KWKQP"ijXY~ELW\ËR#XyUIiuP"�7XY~TK�R#Xycd� f0P"NQPuO#LMUIeIUI 4P1Z�[1\ËXYi�eIUI~#�HO#{VKMLMUVh�P~�>R#XY~ELMNW\ËR#\.h�\1~8­
ý O#~*LW\SR#\HK&ij�YLW\rR#\HK�hYe�P1KWKMU�¨0h�P1R#\HK�h�\1ij\>g P"O#LW\1iu³"LMUVh�\HKºi¬�TR#X�KMLQP1h�P9­pKWX^PyO#LMUIeIUI 4P1Z�[1\SR#X�O#i eIUIiSU�P"N¦¨��#\
X^�HeV\1g0P"e��TR#XYLWXYNMiSUI~0P1R#\6f#NWXY¢*U�P"ijXY~*LWX ��PSR#XYLWX�h�Z�[1\6R#X^i_OTRTP"~TZ�P1Kdg#NMOTKWh�P1K�~0P�UI~*LWXY~TKMUVRTP1R#X_R#\uKMUI~0P"e��
Xu\oij�YLW\rR#\�NWX®�$XYNMUVR#\qXYi ¡S��P"NQPe�EP"~0P"~ÅXYLÝP"e�G��BaH�H�"�*£®G(��X�KMLWXYT#eILMUIij\����uijXY~ThYUV\1~0P1R#\qO#i�ij�YLW\rR#\
P"O#LW\1iu³"LMUVh�\jg0P1KWX�P1R#\jXYi àÝÔ1¼Î¿jÔ1ÃqÏ0Ã�Ô��H¹¤º¦Xj»¤ã�Í$Â$ÐWÔH¼8ýz»HÇX�8iuP1K�~0[1\SKQ[1\SR8UVKMf�\1~#UIg#UIeIUI 4P1R#\HK�R#XYLQP"eI�TX�K
KW\1g#NWX_P�KMO0P�UIiSf#eVXYijXY~*LQP1Z�[1\u~TXYiÜ¢7\1eILQPjP�KWXYN�NWX®��XYNMUVR#\jXYi�~TXY~#�*O#iäR#\HK�LMNQP"g0P"eI�T\HK�iuP"UVK�NWX�h�XY~ELWX�K4G
��i�X�KMLMOTR#\og#UIg#eIUV\1�HNQ³9¨0h�\oNWXY¢7XYeV\1O��*OTXSX�KMLWXSKWXYNMU�P.O#i�ij�YLW\rR#\ëf0P"NQPËKWX��*OT�Y~ThYU�P1K_R#X�UIiuP"�7XY~TKyh�\1i
¢1P"NMU�P1Z�[1\�LWXYiSf�\1NQP"e�GÖx¦\1ij\�\�P"f#NW\4¢7XYUILQP"ijXY~ELW\;RTPëNWX�KQ\1eIOTZ�[1\ÖLWXYiSf�\1NQP"e�~0[1\Öf�XYNMLWXY~Th�XËP1\��"iyg#UILW\
f#NMUI~ThYUIf0P"e!R#X�KMLWX�LMNQP"g0P"eI�T\���X�KMLWX�ij�YLW\*R#\j~0[1\��$\1U=X��8f#eV\1NQP1R#\#G
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ÿ�K�h�\1~ELW\1NM~T\HK��7XYNQP1R#\HKzf�\*R#XYi KWXYNzh�\1iSf0P"NQP1R#\HK�P"LMNQP�¢7��K�R#X�R8U��$XYNWXY~*LWX�K�ij�YLMNMUVh�P1K]�#XY~ELMNWX`P1Kz�*O0P"UVK�KWX
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FHG�M²~TR8UVh�X`R#X^��NQP"LML
ÿwMp~TR8UVh�X^R#X`�(NQP"LMLy¡$æ²�¦£��#f#NW\1f�\HKWLW\jXYi ¡$��NQP"LML]�,F�¬7|1�7£��0�^RTP1R#\Sf�XYe�PjX��rf#NWX�KWK¤[1\��

IP =
1

N

N∑

i=1

1

1 + αd2
i

¡�k8Gb¥8F4£

\1~TR#X
N
�`\j~�T#ijXYNW\uR#X`f0P"NWX�K�R#X^f�\1~ELW\HKdh�\1NMNWX�KMf�\1~TR#XY~*LWX�K]�

di
KQ[1\uP1K�R8UVKMLQ�"~ThYU�P1K�XY~*LMNWX_R#\1UVK

f�\1~ELW\HK^h�\1NMNWX�KWf�\1~TR#XY~*LWX�K]�=X
α
X�KMLQ³uNWXYe�P1hYUV\1~0P1R#\ëh�\1i¯\6LQP"iuP"~#�T\ëR#\Ëh�\1~ELW\1NM~T\#G`J(iñ¡��*UIeI¢HP~�

aH�H�H�7£���\1U�X�KWh�\1eI�#UVR#\
α = 1/9

�8R#X��$\1NMiuPyP_�*OTX
IP = 0, 5

�*O0P"~TR#\yLW\*RTP1KzP1K&R8UVKWLQ�"~ThYU�P1K���\1NWXYi
UI�HO0P"UVK�PSk�f#U6�#XYUVK�G

ÿ æ²� ¢1P"NMU�Pj~T\SUI~ELWXYNM¢HP"eV\.XY~ELMNWX��SXuF ��XYiÜ�EOTX6F`X��*O#UI¢1P"eVX\�Sh�\1iSf0P"NQP1Z�[1\ËR#X`R#\1UVKdh�\1~*LW\1NM~T\HK
UI�HO0P"UVK4GÖJ(KMLWX6{I~TR8UVh�X.h�\1NMNWX�KMf�\1~TR#XËPÖO#iuPëijX�R8UVRTP�NWXYe�P"LMUI¢1P�R#\Öh�\1iSf�\1NMLQP"ijXY~ELW\��HeV\1g0P"ezRTP1K
R8UVKWLQ�"~ThYU�P1K�XY~ELMNWXyh�\1~ELW\1NM~T\HK�G

a8Gd�*UIiSUIe�P"NMUVRTP1R#XÝR#X`³"NWX�P1K

� �*UIiSUIe�P"NMUVRTP1R#XÝR#X�³"NWX�P1KS¡$��eIOTXYiSf#UILMU�³�UINMU��EPe³¦X ý_XYL�P"e�G���aH�H�H�7£��>\1O�x¦\rX®¨0hYUVXY~ELWXSR#XÝ°�UVh�X.¡ ;;O
XYL�P"e�G��TaH�H�H�7£��0�^RTP1RTP�f�XYe�P�X��rf#NWX�KQKQ[1\��

Sarea =
2n(A1 ∧ A2)

n(A1) + n(A2)

¡�k8Gb¥Ha7£
\1~TR#X ∧ ��\�\1f�XYNQP1R#\1N
g²X�i�X�~,¡$�^£&��\�h�P"NWR8UI~0P"e=R#X��ÝG Sarea > 0, 7

UI~TR8UVh�PÝO#iuPyh�\1~Th�\1NWRT�"~ThYU�P
X��#h�XYeVXY~ELWXyXY~ELMNWXyR8O0P1K�NWXY�HUV§*X�K4G

k8Gd�*UIiSUIe�P"NMUVRTP1R#XÝR#X���\1NMiuP1K
J(i_g�\1NQPyP`ij�YLMNMUVh�P`R#\_��\1~ELW\�a~�rKWX ýMP^O#i g�\1i UI~TR8UVh�P1R#\1N¦R#XdKWXYijXYeI�0P"~TZ�P`XY~*LMNWXd\HK�LQP"iuP"~#�T\HK
R#X.R8O0P1KyNWXY�HUV§*X�K]��~0[1\��uO#i�g�\1i�UI~TR8UVh�P"LMUI¢7\qXYi�NWXYe�P1Z�[1\;P1\HKyR#XYLQP"eI�TX�KÝR#Xj��\1NMiuPoR#\HKÝR#\1UVK
h�\1~*LW\1NM~T\HK�G�J(i�¡$��eIOTXYiSf#UILMU�³�UINMU��EPe³¦X ý�XYL�P"e�G���aH�H�H�7£z��f#NW\1f�\HKWLW\j\SKWXY�HO#UI~ELWX_ij�YLW\*R#\��
¡�P7£ox&NMU�P1Z�[1\6R#X�UIiuP"�7XY~TK�g#UI~0³"NMU�P1KdR#\HK�h�\1~ELW\1NM~T\HKl�

E1
X

E2

D(x, y) =




−mini,j∈C

√
(x − i)2 + (y − j)2,

KWX
(x, y) ∈ Ω1

mini,j∈C

√
(x − i)2 + (y − j)2,

KWX
(x, y) ∈ Ω2

¡�k8Gb¥Hk7£

\1~TR#X
(x, y)

NWXYf#NWX�KWXY~*LQP"i \HKuf#U6�#XYUVKËRTP�UIiuP"�7XYi^�
(i, j) ∈ C

NWXYf#NWX�KWXY~ELQP"i \HK6f#U6�#XYUVK
~T\ªh�\1~ELW\1NM~T\

C
�

Ω1
X

Ω2
KQ[1\ªh�\1~1ýÆO#~ELW\HKëR#X�f#U6�8XYUVKËR#XY~ELMNW\±XÖ�$\1NQPÛR#\ªh�\1~ELW\1NM~T\

C
�

NWX�KWf�X�hYLMUI¢HP"ijXY~ELWXHG
¡�g�£

ηi(x, y) = tan−1∇yDi(x, y)

∇xDi(x, y)

¡�k8Gb¥"�*£
f0P"NQPSUo�ÝF �ba
\1~TR#X ∇xDi

X ∇yDi
NWXYf#NWX�KWXY~ELQP"i \HK`h�\1iSf�\1~TXY~ELWX�K

x
X

y
R#\ë�HNQP1R8UVXY~ELWX6R#\ëiuP"f0PëR#X

R8UVKWLQ�"~ThYU�P1K
Di

�8NWX�KMf�X�hYLMUI¢1P"ijXY~*LWXHG
¥H�



¡$h4£
Sfase =

|η1 − η2 − π|
π

¡�k8Gb¥H�7£

Sfase ∈ [0, 1]
GS�rX

Sfase = 1
�=\HK�h�\1~*LW\1NM~T\HK`LW�Yi�P6ijX�KMiuP6��P1KQX ��KQX

Sfase = 0
�=X��8UVKMLWX

O#iuPSR8U���XYNWXY~TZ�P�iu³á�8UIiuPSR#X
π
~0PÝ��P1KWXHG

¡$R0£o�*UIiSUIe�P"NMUVRTP1R#XÝR#X��$\1NMiuP1KÝ¡$��eIOTXYiSf#UILMU�³�UINMU��EPe³¦X ý�XYL�P"e�G��0aH�H�H�7£

Sforma =
1

n(C2)

∑

(x,y)∈C2

Γ1(x, y)Sfase(x, y)
¡�k8Gb¥H¥7£

\1~TR#X
C2

�^\Sh�\1~1ýÆO#~ELW\jR#X�f#U6�#XYUVKz~T\Sh�\1~ELW\1NM~T\.P"O#LW\1iu³"LMUVh�\��
n(C2)

�^\Sh�P"NWR8UI~0P"e,R#X
C2

�
X

Γ1(x, y) ∈ [0, 1]
X^�`R#XYNMUI¢HP1R#\uPÝf0P"NMLMUIN�R#X

D1

Γ1(x, y) = e
−D2

1(x,y)

σ2
¡�k8Gb¥7|H£

\1~TR#X
σ2 ��O#iuPSh�\1~TKWLQP"~ELWX`f�\HKMUILMUI¢HP8G

�dK�ijX�R8UVRTP1KÛR#X KQXYijXYeI�0P"~TZ�PÑR#XÅ��\1NMiuP \1NMUI�HUI~0P"i ~T\1NMiuP"eIijXY~ELWX ¢HP"eV\1NWX�K�ijXY~T\1NWX�KªR#\´�*OTX P1K
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�*OTXÝKQXÝP"O#ijXY~*LWXS\6f�X�KW\.RTP.hYO#NM¢1P"LMO#NQP6~0Pu��O#~TZ�[1\ËR#XÝ¢7XYeV\rhYUVRTP1R#XHGÝÿ KWXY�HO#~TR#\Ëf#NW\1f�§rXyNWX ýÆXYUILQP"N_P1K
NWXY�HUV§rX�K�hYO1ýÆ\j¢7\1eIO#ijX`KWX ýWPÝUI~8�$XYNMUV\1NdP1\�¢7\1eIO#ijXyR#X�O#iuPSX�KÆ��XYNQP�h�\1i�O#iÜR8U��"ijXYLMNW\�¨��#\#G

ÿ ij�YLW\*R#\ËR#XjxzP"LWX�K^XYL`P"e�G�¡�aH�H�"�*£��$\1U�X��8f�XYNMUIijXY~*LQP1R#\��>iuP1K�~0[1\.eVXY¢1PËP6NWX�KMO#eILQP1R#\HK^KQP"LMUVKÆ��P"L�
1NMUV\HK�G
��X�KMLWXªLMNQP"g0P"eI�T\��SKWXY�HO#UIO8­pKWXªO#iuP�¨TeV\HKW\"¨�P KWXYijXYeI�0P"~*LWXÈ� R#XÅ�*UIeI¢HP	¡�aH�H�H�7£®G �BP"NQP NWX�KMLMNMUI~#�HUIN�P
³"NWX�PÅP±KWXY�HijXY~*LQP"N��Û �\1~0PÅR#\ªLMNQP1hYLW\Å¢7\*h�P"e���h�\1ijX�Z�\1O8­pKWX;f�\1Nëi_O#eILMUIf#eIUVh�P"NqP±KMO#f�XYNÆ�${VhYUVX

φ
f�XYe�P

iu³1KWh�P"NQP NWXYf#NWX�KWXY~ELQP1RTP ~0P }�UI�HO#NQPÅ�TGb�8G�J(KMLQP iu³1KWh�P"NQP±��\1U_R#XYLWXYNMiSUI~0P1RTP�XYiSf#UINMUVh�P"ijXY~ELWXHG�°�X
KWXY�HO#UVRTPjNWX�h�\1NMNWXYO8­pKWXY�1K��$O#~TZ�§*X�K�R#\jiuP"LMe�P"g
LZ3^���-L.*«�uX��.*.�Lþ.�-�w���N�.�^
8G��´�$O#~TZ�[1\eL�3j���-L,*w�6R8UI¢*UVR#X
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PoUIiuP"�7XYi�~T\HK�KWXYOTKyh�\1iSf�\1~TXY~ELWX�KSh�\1~TX��#\HKë¡$þ�P"NQP"eIUVh¬¹�Xë�*�0P"f#UINW\��&F�¬H¬Ha7£®G��]O#i�f#NW\rh�X�KWKQP"ijXY~*LW\
ij\1NÆ�$\1e 
1�HUVh�\ ~0[1\ÑLMNMUI¢*U�P"ejXYi �*OTXÅKWXÅR#XYLWXYNMiSUI~0P"i P"eI�HO#~TK�R#X�KWhYNMUILW\1NWX�K�R#X±NWXY�HUV§rX�K�h�\1~TX��TP1K;~0P
UIiuP"�7XYioGÛx¦\1i g0P1KWX.~TX�KWKWX�KÝR#X�KWhYNMUILW\1NWX�K]�(f#NW\rh�X�R#X®­pKWX£��hYe�P1KWKMU�¨0h�P1Z�[1\;RTP1KS³"NWX�P1K�R#X6UI~*LWXYNWX�KWKWXHG��
��O#~TZ�[1\f�.*.�)þ �-�w���j� �^
ÅR8UVKMf�\1~#UIg#UIeIUI 4P P"eI�HO#iuP1KÖf#NW\1f#NMUVX�RTP1R#X�KqRTP1KÖNWXY�HUV§*X�KÖR8O#iuPÅUIiuP"�7XYi^�`XY~*LMNWX
XYe�P1K]��P�³"NWX�P�R#X�h�P1RTP;NWXY�HU�[1\#G }T\1NQP"i�P1KWKMUIi KWXYeVX�h�hYUV\1~0P1RTP1KëP1KjLMNW��KjNWXY�HUV§rX�K.R#XoiuP"UV\1N.³"NWX�P8G �
KWXY�HO#~TRTPjNWXY�HU�[1\.KWXYNMU�PuXYeIUIiSUI~0P1RTP6h�P1KQ\6P6KMO0Pu³"NWX�PS�$\HKWKQX`UI~8��XYNMUV\1N�P�F�¥7|1�Sf#U6�#XYUVK�G��	LWXYNWh�XYUINQPuNWXY�HU�[1\
LWXYNMU�PÖ�*OTXuLWXYNÝO#iuPq³"NWX�PÖKMO#f�XYNMUV\1NÝPq¬H�H�Öf#U6�8XYUVKË¡$KWXY~TR#\q�EOTX.K�
Ö�uLWX�KMLQP1RTP�h�P1KW\�KQXjLWXY~#�0P�\1f#LQP1R#\
f�XYe�PÝUI~ThYeIOTKQ[1\6RTP�KWXY�HO#~TRTPj³"NWX�P7£®G

}�UI�HO#NQP��TGb�~�(��³1KWh�P"NQPÝf�XYe�Pj�EO0P"e=KWX�iyO#eILMUIf#eIUVh�P6P�KWO#f�XYNÆ�${VhYUVX
φ
G

�Þ}!UI�HO#NQP��TGb¥�X��#XYiSf#eIU�¨0h�PÛ\�ij�YLW\rR#\�R#X�KWhYNMUILW\Û~T\�f0P"NQ³"�HNQP9��\ÅP"~ELWXYNMUV\1N�G	�8[1\ªP"f#NWX�KWXY~*LQP1RTP1K.LMNW��K
KWXY�HijXY~ELQP1Z�§rX�K�\1~TR#X�\y�*OTX�KWX�P"f#NWX�KWXY~ELQPSP_f#NWXYLW\Ý�$\1U�hYe�P1KWKMU�¨0h�P1R#\�h�\1ij\Ý~0[1\Ýf�XYNMLWXY~Th�XY~*LWX_P1\yLMNQP1hYLW\
¢7\*h�P"e`X�Pªf0P"NMLWX�g#NQP"~Th�Pª��\1U`hYe�P1KWKMU�¨0h�P1RTP±h�\1ij\ f�XYNMLWXY~Th�XY~*LWXÛP1\±LMNQP1hYLW\±¢7\rh�P"e�G � h�\1i_g#UI~0P1Z�[1\
RTP1KËNW\1LMUI~0P1KgLZ3j���-L.*«�ªX
�,*8�Lþ ���«�)�N� �L
�f�XYNMiSUILMUIO UVR#XY~*LMU�¨0h�P"N�P1K.LMNW��KËNWXY�HUV§*X�Këh�\1~TX��TP1KëR#XqiuP"UV\1N
³"NWX�P�¡$h�\1~ELW\1NM~0P1RTP1KSPË¢7XYNMijXYeI�T\��!¢7XYNWR#XuXuP"iuP"NWXYeV\E£®G.��K`KMO0P1K_³"NWX�P1KyKQ[1\��=NWX�KMf�X�hYLMUI¢HP"ijXY~ELWX ��¥H�H�"�L�
¥8F�¥�X�kH�Hk�f0P"NQPÛ\��$\1~TXhVbPcW´��kH�"�E�~��aH�"�E��X��"�Ea�f0P"NQP�\��$\1~TX�V \iW´��XqaHkHaH�~�`F4|1�HkÛXªF�a"�H�Ûf0P"NQPÛ\
�$\1~TXjV eaWpGä� eVXYUILMO#NQP R#\Åf0P"NQP"�HNQP9��\�P"~ELWXYNMUV\1N�eVXY¢1P PÅh�\1~ThYeIO#UIN��*OTX;f0P"NQPÅ\±��\1~TXjVbPcWy�;X�KQh�\1eI�#UVRTP
KW\1ijXY~ELWX±P±NWXY�HU�[1\ h�\1~*LW\1NM~0P1RTP P±¢7XYNMijXYeI�T\��`~T\�h�P1KW\ R#\Å��\1~TXjV \iW�h�\1~TKMUVR#XYNQP9­pKWX��*OTX�XYeVXÛ�;O#i
\1g8ýÆX�hYLW\Å~0[1\Åh�\1~TX��#\ h�\1i R8O0P1KÖf0P"NMLWX�KoR8UVKMLMUI~ELQP1Kl� P±h�\1~ELW\1NM~0P1RTP�Pª¢7XYNMijXYeI�T\ X�P±h�\1~ELW\1NM~0P1RTP
P�¢7XYNWR#X �HX(~T\�R#\�R#\kV eaW8P1K,LMNW��K,NWXY�HUV§*X�K�h�\1~ELW\1NM~0P1RTP1KBKQ[1\�P1h�XYUILWX�K!h�\1ij\�f�XYNMLWXY~Th�XY~*LWX�KBP1\�LMNQP1hYLW\�¢7\rh�P"e�G

À�¹MÔ7Ð�Í$Â�»1ÃÖÕ`Â ×�Ø*º¤Â�»1Ã

ÿ h�\1iSf�\1NMLQP"ijXY~*LW\�R#X�KWLWXjij�YLW\rR#\oR#XjKWXY�HijXY~*LQP1Z�[1\�R#XYf�XY~TR#XuX�KWKQXY~ThYU�P"eIijXY~ELWXuR#XjO#iuPoh�\1~TKMLQP"~*LWX
α
G�xzP1KW\

α = 0
��P�hYO#NM¢HPÖf�\HKWKMO#U¦O#iuP��HNQP"~TR#X.NMUI�HUVR#XY K�(~T\q\1O#LMNW\qX��8LMNWXYij\��

α = 1
�(P�NMUI�HUVR#XY ë�

NWX�R8O# �UVRTP8Goç�P"eV\1NWX�KÝUI~ELWXYNMij��R8UV\HKSR#X
α
eVXY¢1P"i Po¢HP"eV\1NWX�K_UI~*LWXYNMij��R8UV\HKSR#XjNMUI�HUVR#XY 7G�J(KMLWX6ij�YLW\*R#\��

P"UI~TRTP�g0P1KMLQP"~ELWX_NW\1g#OTKMLW\'��X�KWh�\1eI�0PjRTP�UI~#UVhYU�P"eIUI 4P1Z�[1\#G

J(KWh�\1eI�TXYO8­pKWX XY~ELQ[1\òh�\1ij\]UI~#UVhYU�P"eIUI 4P1Z�[1\	O#i hY{INWhYO#eV\òh�XY~ELMNQP1R#\	~T\]h�XY~ELMNW\òRTP´UIiuP"�7XYi ¡�f�\1~*LW\
¡ÆF�aH�~�IF�aH�7£M£.X�h�\1i�NQP"UV\

r = 85
Gò�¯�$O#~TZ�[1\

det(x, y)
UIiSf#eVXYijXY~ELQP1RTP~�^��UVR#�Y~ELMUVh�P����$O#~TZ�[1\ªR#X

¢7XYeV\*hYUVRTP1R#XÝk8G �E�SP1RTP"f#LQP1RTPjX¦ýW³ÝO#LMUIeIUI 4P1RTPS~T\6È!¹®É"¹®¼>Ï>¹YÍ�º®G
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÷ ø5ù ÷�ú ù ÷�ý�ù
}�UI�HO#NQPj�TGb¥~��J�eIUIiSUI~0P1Z�[1\ËRTPuKW\1g#NWX®­pKQXY�HijXY~ELQP1Z�[1\���¡�P7£zNWX�KMO#eILQP1R#\HK�NWXYe�P"LMUI¢7\HK^P1\u�$\1~TXlVbPcW´�B¡�g�£�NWX�KMO#e�­
LQP1R#\HKdNWXYe�P"LMUI¢7\HK`P1\S��\1~TXmV \iW´��X.¡$h4£�NWX�KMO#eILQP1R#\HK�NWXYe�P"LMUI¢7\HK�P1\u��\1~TXmV eaWpG�ê!\*RTP1K^P1K�KWXY�HijXY~ELQP1Z�§rX�K^P1�EO#U
NWXYf#NWX�KWXY~*LQP1RTP1K��$\1NQP"iñ\1g#LMUVRTP1KSh�\1i È,¹YÉ"¹®¼zÏ�¹YÍ�ºya1°��*OTX6hYe�P1KWKWU�¨0h�P"NQP"i P1Ky �\1~0P1K�NWXYf#NWX�KQXY~ELQP1RTP1KuP
f#NWXYLW\Öh�\1ij\Ö~0[1\of�XYNMLWXY~Th�XY~ELWX�K�P1\oLMNQP1hYLW\Ö¢7\*h�P"e�X6P1K` �\1~0P1K�PËg#NQP"~Th�\Öh�\1ij\ÖUI~ELWXYNMUV\1NWX�KSP1\ëLMNQP1hYLW\
¢7\rh�P"e�Gë�åiuP"UV\1NÝNWXY�HU�[1\qh�\1~TX��#P�P"f#NWX�KWXY~ELQP9­pKWX.h�\1~ELW\1NM~0P1RTP�Po¢7XYNMijXYeI�T\��(PëKWXY�HO#~TRTPÖiuP"UV\1N_NWXY�HU�[1\
h�\1~TX��TPÝP"f#NWX�KQXY~ELQP9­pKWX`h�\1~*LW\1NM~0P1RTPjPy¢7XYNWR#X^X�PyLWXYNWh�XYUINQPÝiuP"UV\1N�NWXY�HU�[1\Sh�\1~TX��TP�P"f#NWX�KWXY~ELQP9­pKWX_h�\1~ELW\1NÆ­
~0P1RTPjPSP"iuP"NWXYeV\#G

ÿ�K.hYNMUILW�YNMUV\HK.R#X�f0P"NQP"�7XYi�O#LMUIeIUI 4P1R#\HKËKQ[1\�� ¡ÆF4£S~�T#ijXYNW\±R#XoUILWXYNQP1Z�§rX�K.KWO#f�XYNMUV\1NëP�kH�H�~�_¡�a7£u\�æ �
¡$J(�*O0P1Z�[1\Ýk8Gb¥8F4£(RTP`h�\1iSf0P"NQP1Z�[1\ÝR#\_h�\1~*LW\1NM~T\ÝP1hYLMO0P"e�h�\1iå\_P"~*LWXYNMUV\1N¦�dKMO#f�XYNMUV\1N&\1OuUI�HO0P"e�P`�~�b¬H¬H¬H�
� Pq�*UIiSUIe�P"NMUVRTP1R#XËR#Xld�NWX�P1KË¡$J(�*O0P1Z�[1\qk8Gb¥Ha7£_XY~ELMNWXË\Öh�\1~*LW\1NM~T\;P1hYLMO0P"e¦X6\�P"~ELWXYNMUV\1NS�uijXY~T\1NÝ\1O
UI�HO0P"e!PËF �b¥H�H¬H�8G&�´f#NMUIijXYUINQPSR#X�KWLQP1K�R8O0P1K�h�\1~TR8UVZ�§rX�KdP�KWXYN�K¤P"LMUVKÆ�$XYUILQPÝeVXY¢HPjP1\Ý¨TiÜRTPjXY¢7\1eIOTZ�[1\#G

ÿ f�
HKÆ­�f#NW\*h�X�KQKQP"ijXY~ELW\6�^\SR#X�KWhYNMUILW\Sf0P"NQPS\6È!¹®É"¹®¼=Ï�¹YÍ�º®G

:>�E��3�� A ���#C7D#/ª�����$3��#��� A �S�!�q%��r3�s(/Ût6�*�T)
�¯f#NMUIijXYUINQP±KWXY�HijXY~*LQP1Z�[1\ªRTP1K.UIiuP"�7XY~TKëR#Xqê,XYiSf�\±c�X�P"ed�$\1U��$XYUILQPÛR#Xo��\1NMiuP�iuP"~EO0P"e^f�\1N6O#iuP
ê���hY~#UVh�PoR#XucdP1R8UV\1eV\1�HU�P~��UI~E¢7X�KMLMUI�EP1R#\1NQP�R#\ëf#NW\"ýMX�hYLW\Öþ�J(c�ÿ��>�,��P"O#e�P��qP"NMLMUI~TK4G6�BP"NQPoX�KMLWXuX®�$XYUILW\
��\1U>O#LMUIeIUI 4P1R#\u\SX�R8UILW\1N�R#X^UIiuP"�7XYiäR#\Y;�UI~TR#\l³�K]�T�BP"UI~EL�G

ÿ�KÝh�\1~ELW\1NM~T\HK�\1g#LMUVR#\HK�h�\1i�PoKQXY�HijXY~ELQP1Z�[1\qiuP"~EO0P"e���R#XY¢rUVR#\qP1\Ö�HNQP"~TR#X6h�\1~*LMNW\1eV\�R#\�O#LMUIeIUI 4P1R#\1N]�
��\1NQP"iìh�\1~TKWUVR#XYNQP1R#\HK;h�\1ij\ÑPqgp�HNW\1O#~TR	LMNMO#LM�~i ¡$��XY~TR#\1~TZ�P XYL�P"e�G��^aH�H�"�*£ÖX±KWXYNM¢rUINQP"i f�\1N�UVKWKW\
h�\1ij\.LWXYNMij\ËR#Xyh�\1iSf0P"NQP1Z�[1\Ëf0P"NQP6\HK�\1O#LMNW\HKdij�YLW\rR#\HK�LWX�KMLQP1R#\HK]��À�¹�Á1Â�»1Ã�Äz¸M»1Ç�Â�Ã*Á �>È,¹®É1¹®¼BÏ�¹YÍ�º5��X
À�¹MÔEÐ�Í$Â$»HÃoÕ`Â ×�ØEº®Â$»1Ã�G

x¦\1i�PÝX��8h�XYf�Z�[1\SRTPÝKWXY�HijXY~ELQP1Z�[1\SiuP"~*O0P"e��TP1KzUIiuP"�7XY~TK�R#X�ê,XYiSf�\Sc�X�P"e��$\1NQP"i KWXY�HijXY~*LQP1RTP1K�~0[1\
K�
�~T\jKQXYOÖX�KMLQP1R#\j\1NMUI�HUI~0P"e�h�\1ij\SLQP"i_g��Yi�P"f�
HK�PjP"f#eIUVh�P1Z�[1\6R#\HK�ij�YLW\*R#\HKdR#X_P"LWXY~EO0P1Z�[1\.R#X^NMO#{VR#\
R#X�KWhYNMUILW\HK�~0Pj�rX�h�Z�[1\j�TGba8GIFHG

��PÝUIiSf#eVXYijXY~ELQP1Z�[1\ËR#\�ij�YLW\*R#\6R#X_À�¹�Á1Â�»1Ã Äz¸M»1Ç�Â�Ã*Á �#\SeIUIiSU�P"N�XYiSf#UINMUVh�P"ijXY~*LWX�X�KWh�\1eI�#UVR#\jh�\1UI~ThYUVR#X
h�\1iÜ\Sh�P1KW\6a1°]X^�`UI�HO0P"e!PS�~�IF��8G
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��P"NQPë\ÖÈ!¹®É"¹®¼(Ï�¹YÍ�º��!P6��O#~TZ�[1\oR#X�¢7XYeV\rhYUVRTP1R#XjX�KWh�\1eI�#UVRTPË�$\1U�PË�*OTX�\1g#LWXY¢7Xj\HK^ijXYeI�T\1NWX�K`NWX�KWO#eILQP1R#\HK
~0P1KyUIiuP"�7XY~TKja1°äX6h�\1NMNWX�KWf�\1~TR#X£��}#O#~TZ�[1\;k8G �E�qP1RTP"f#LQP1RTP8G;ê�P"i_g��Yiñ\HKyf0P"NQ�"ijXYLMNW\HKjP"f#eIUVh�P1R#\HK
�$\1NQP"iÜ\HK�ijX�KMij\HK�G

�d\ëÀ�¹MÔ7Ð�Í$Â$»1Ã;Õ^Â ×�Ø*º¤Â�»1Ã)�>PS�$O#~TZ�[1\
det(x, y)

X�KWh�\1eI�#UVRTP.��P6ijX�KMiuPu�*OTXyf0P"NQP6\.h�P1KW\ËRTP1K�UIiuP"�7XY~TK
a1°ÝG�ÿ�K�KWXYOTK�f0P"NQ�"ijXYLMNW\HKdKQ[1\�LQP"i_g��Yiä\HK�ijX�KWij\HK�G

°�XY¢rUVR#\U��KW\1g#NWX®­pKWXY�HijXY~ELQP1Z�[1\d¢7XYNMU�¨0h�P1RTP�~T\dÈ,¹®É1¹®¼rÏ�¹YÍ�º>X�~T\dÀ�¹MÔEÐ�Í$Â$»HÃÝÕ^Â ×�Ø*º¤Â�»1Ã���\1U7~TX�h�X�KWKQ³"NMU�P�O#iuP
��P1KWX^R#X`f&
HK�f#NW\rh�X�KWKQP"ijXY~*LW\#G�ê�P"e,h�\1ij\u\SX®��X�hYLMO0P1R#\j~T\Sh�P1KW\6a1°\�Ti_O#eILMUIf#eIUVh�\1O8­pKWXÝPSKMO#f�XYNÆ��{VhYUVX�f�\1N
O#iuPÝiu³1KWh�P"NQP8G(°�XY¢*UVR#\Y�1K�R8U���XYNWXY~ELWX�K�h�P"NQP1hYLWXYNM{VKWLMUVh�P1K�R#X�KMLWX�LMNQP1hYLW\S¢7\rh�P"e>XYi NWXYe�P1Z�[1\jP1\�P"~0P"eIUVK¤P1R#\
~0P1KBUIiuP"�7XY~TK(a1° ¡$\�UI~8�$\1NMiuP"~*LWX�RTP1K�UIiuP"�7XY~TK�a1° �zR#\�KWX��8\�iuP1KWhYO#eIUI~T\�Xz\dUI~8�$\1NMiuP"~*LWX�RTP1KBUIiuP"�7XY~TK
R#Xuê,XYiSf�\qc�X�P"e��6R#\ÖKWX��#\Ë��XYiSUI~#UI~T\E£��,��\1U&P1R#\1f#LQP1RTPÖO#iuPoiu³1KQh�P"NQPëNWX�hYLQP"~#�HO#e�P"N�h�\1i�\HK_eIUIiSUILWX�K
VbaH�oF�kH�6|rF6FY�H�-WpG�}T\1NQP"i¯R#XYf�\1UVKdKWXYeVX�h�hYUV\1~0P1RTP1K^P1K�LMNW��K�NWXY�HUV§*X�K�R#X`iuP"UV\1N^³"NWX�P~��P�f#NMUIijXYUINQPuNWXY�HU�[1\
�_KWXYiSf#NWX_UI~ThYeIO#{VRTP~��XY~T�*O0P"~ELW\.�EOTXyPjKWXY�HO#~TRTPjNWXY�HU�[1\6�`XYeIUIiSUI~0P1RTP6h�P1KW\.PjKMO0Pj³"NWX�PuKWX ýWP�UI~8�$XYNMUV\1N�P
aH�H�.f#U6�8XYUVK]�,XjP.LWXYNWh�XYUINQPËNWXY�HU�[1\ëLWXYi��*OTX�LWXYN^O#iuPo³"NWX�PËKMO#f�XYNMUV\1N_P.�E�7|6f#U6�8XYUVKu¡$KQXY~TR#\ë�EOTXSK�
.��\1U
LWX�KMLQP1RTPSh�P1KW\SKWX�LWXY~#�0Pj\1f#LQP1R#\jf�XYe�PÝUI~ThYeIOTKQ[1\jRTPSKWXY�HO#~TRTPu³"NWX�P7£®G

:��*��3�� A ���#C7D#/ª�!�Ö+�/�)$��3��*�
��f�
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XëLMNMUVR8UIijXY~TKMUV\1~0P"e�GÑÿ¯X�KMLMOTR#\�h�\1iSf0P"NQP"LMUI¢7\ÛeVXY¢7\1O ��h�\1~ThYeIOTKQ[1\��*OTXÖP�¢HP"eV�Y~ThYU�P�RTP1KjLW��hY~#UVh�P1K6R#X
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