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Abstract

Recent years have witnessed the application of topology optimization to flexible
multibody systems (FMBS) so as to enhance their dynamic performances. In this study,
an explicit topology optimization approach is proposed for an FMBS with variable-
length bodies via the moving morphable components (MMC). Using the arbitrary
Lagrangian-Eulerian (ALE) formulation, the thin plate elements of the absolute nodal
coordinate formulation (ANCF) are used to describe the plate-like bodies with variable-
length. For the thin plate element of ALE-ANCEF, the elastic force and additional inertial
force, as well as their Jacobians, are analytically deduced. In order to account for the
variable design domain, the sets of equivalent static loads (ESL) are reanalyzed by
introducing the actual and virtual design domains so as to transform the topology
optimization problem of dynamic response into a static one. Finally, the novel MMC-
based topology optimization method is employed to solve the corresponding static
topology optimization problem by explicitly evolving the shapes and orientations of a
set of structural components. The effect of the minimum feature size on the optimization
of an FMBS is studied. Three numerical examples are presented to validate the accuracy
of the thin plate element of ALE-ANCF and the efficiency of the proposed topology

optimization approach, respectively.

Keywords Flexible multibody dynamics ¢ Arbitrary Lagrangian-Eulerian formulation
* Absolute nodal coordinate formulation * Topology optimization * Moving morphable

components



1 Introduction

Flexible multibody systems (FMBS) with variable-length bodies serve as useful
models for a wide range of industrial products, such as cranes, elevators, pipes
conveying fluids, cable-driven parallel manipulators, tethered satellites, telescoping
boom systems and deployable solar sails [1-8]. Fig. 1 shows the first stage deployment
of a spinning solar sail, similar to the problem studied by Sakamoto et al. [6]. During
the deployment, four flexible beams extend from a spinning rigid hub and their lengths
are variable. Previous studies in this field focused on the dynamic modeling and
analysis of one-dimensional systems, like wire ropes, cables and belts [1-5, 9-11]. For
a planar or spatial FMBS with variable-length bodies, such as a solar sail [6] or a
deployable articulated mast [8, 12], neither dynamic modeling nor optimal design has

received much attention.

o Tip mass

Rotating hub Extending beam

Fig. 1 The first stage deployment of a spinning solar sail [6]

Topology optimization of an FMBS has called considerable attention in recent
years to reduce the moving weight, improve the energy efficiency and enhance the
dynamic performance. Since the pioneering work by Bendsee and Kikuchi [13], several
approaches [14] have been studied for the topology optimization of fluids, acoustics,
electromagnetics and optics, as well as FMBS [15-19], but not yet for any FMBS with
variable-length subject to both large overall motion and large deformation. This is
probably due to the fact that the variable-length gives rise to three challenges for the
topology optimization.

The first challenge is how to accurately describe the FMBS. At present, many
formulations can be used to describe the FMBS, such as the floating frame of reference
formulation (FFRF), the absolute nodal coordinate formulation (ANCF) [20] and the
large rotation vector formulation (LRVF) [21]. Ding et al. [22] has clearly illustrated
the performance of the LRVF. For the simulation of an FMBS with variable-length
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bodies, however, only two formulations are available. One is the variable-domain finite
element (VFE) model based on the FFRF [23, 24]. The other is the arbitrary
Lagrangian-Eulerian (ALE) description based on the ANCF [25]. Nevertheless, the
VFE-FFRF cannot account for the large deformations of an FMBS with variable-length
bodies due to the inherent nature of FFRF [15]. In the ALE-ANCEF, additional material
coordinates, besides the node positions and their slopes, are introduced as generalized
coordinates [2, 3, 25]. Consequently, different from the conventional nodes tied to
material points in ANCEF, the nodes in ALE-ANCEF are not associated with specific
material points. When the material coordinates in ALE-ANCF are fixed, the finite
element of ALE-ANCF becomes the conventional finite element of ANCF. The
material coordinates of the ALE-ANCEF give rise to a variable shape function matrix,
and as a consequence, a variable mass matrix and additional inertial forces. Many kinds
of finite elements of ALE-ANCF have been proposed for different applications [2-4,
11, 26], including a thin plate element of ALE-ANCF proposed first by Hyldahl et al.
[26]. Their studies, however, have not given the analytical formulae of the elastic force
and additional inertial force, as well as the corresponding Jacobians.

The second challenge is how to deal with the dynamic characteristics concerned
with the variable design domain. In the conventional topology optimization of an FMBS,
the design domain is prescribed and constant. Consequently, the topology optimization
can be performed using the method of the equivalent static loads (ESL) or directly from
the dynamic simulation of an FMBS. The former is named the ESL method [15, 18, 27-
31], while the latter is called the integrated optimization method [16, 32]. For an FMBS
with variable-length bodies, the design domain varies over time. It is therefore hard to
perform the topology optimization of an FMBS with variable-length bodies using the
integrated optimization method. By introducing the concepts of actual and virtual
design domains, the ESL sets are redefined. Taking the extension case of a flexible body
as an example, the stretching domain is called the actual design domain, while the
unstretched domain is the so-called virtual design domain. The whole design domain,
which is the union of the actual and virtual design domains, is time-invariant. The ESL
sets are separately analyzed for the actual and virtual design domains. In the actual
design domain, the ESL sets are computed by multiplying the nonlinear stiffness matrix
and the deformations of the flexible bodies [15], while in the virtual design domain, the
ESL sets are identically equal to zeros. Thus, the dynamic topology optimization of an

FMBS with variable-length bodies can be turned into a static one under multiple
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equivalent static loading conditions.

The third challenge is how to describe the structural topology and how to
efficiently solve the corresponding topology optimization problem. Previous studies on
the topology optimization of an FMBS mainly employ the density method and the level
set method (LSM). Held et al. [17] studied the effect of the model reduction of FFRF
on the topology optimization results of an FMBS by using the solid isotropic material
with penalization (SIMP) approach. Moghadasi et al. [ 18] involved an accurate revolute
joints and bearing domains model into the topology optimization of an FMBS via SIMP
approach. Tromme et al. [16] employed an LSM to optimize the flexible bodies of an
FMBS and used elliptical holes to generate new topologies. Sun et al. [15] utilized a
semi-implicit LSM to perform the topology optimization of an FMBS described by
ANCEF. However, the traditional pixel-based density method and node point-based LSM
describe the structural topology and perform the topology optimization implicitly. As a
result, the two methods can have a large number of design variables, and might also
have difficulty in precisely controlling the feature sizes of a component. It is noteworthy
that recently, the moving morphable components (MMC) based topology optimization
method has been first extended to the optimization of a spatial FMBS undergoing both
large overall motions and large deformations [19]. The MMC-based topology
optimization method [33-37] has a potential to overcome the shortcomings of the
traditional density method and LSM as mentioned above by performing topology
optimization explicitly and geometrically. According to the MMC method, a set of
structural components serve as the building blocks, and enable one to get the optimal
topology by optimizing the positions and shapes of the components. As a result, the
MMC method can not only directly link with computer-aided design (CAD) modeling,
but also easily control the feature sizes, like the minimum thickness of a component.

This paper aims at solving the above problems in the following sections. Section
2 introduces the fundamentals of the thin plate element of ALE-ANCEF, presents the
efficient schemes of the elastic forces, additional inertial forces and the corresponding
Jacobian formulations, and gives the dynamic equation of an FMBS with variable-
length bodies. Section 3 outlines the MMC-based topology optimization method, and
presents the ESL-based computation flow of the topology optimization for an FMBS
with variable-length bodies. Section 4 includes three numerical examples to validate
the accuracy of the thin plate element of ALE-ANCEF and the efficiency of the topology

optimization approach. Finally, Section 5 gives the concluding remarks.
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2 Flexible multibody dynamics with variable-length bodies

The rectangular thin plate element of ALE-ANCF was first proposed by Hyldahl
et al. [26] by combining the ALE framework and ANCF and ignoring the transverse
shear deformation. However, they did not derive the efficient computational schemes
for the elastic force vector, additional inertial force vector and their Jacobians. This

section, hence, presents these schemes for the later use in topology optimization.

2.1 Implementation of a thin plate element of ALE-ANCF
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Fig. 2 A deformed thin plate element of ALE-ANCF

Different from the rectangular thin plate element of ANCF [38], the rectangular
thin plate element of ALE-ANCEF in Fig. 2 uses the global position vectors, in-plane
slope vectors, as well as the local material coordinates as the generalized coordinates,

that is,
a=[aq; o], (1)

T . .
where q, :[rlT v, eoror, rfy] is the vector of ANCF coordinates

and q, =[m n m, nz]T 1s the vector of local material coordinates.

The position vector of an arbitrary point in the rectangular thin plate element can

be described as
r=N.q,, (2)

where N, =[N, -I; N,-I; NI, N,-I,,] is the matrix of C'



continuous interpolation functions with entries determined as follows

= (e ) -1) (2+). N
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N

(5 1 (&+1)(n=1) (2+n),
(§+1) (2-&)(n-1)'(2+n),
(§+1)( ~&)(n-1) (n+1),
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In Eq. (3), §:W (m <m<m,) and 77:2r1n—n+r:nz (n,<n<n,)

are the isoparametric coordinates, and a=m, —m, and b=n,—n, arethe length and

the width of the undeformed thin plate element, respectively.

According to Eq. (2), the velocity and acceleration vectors of an arbitrary point

can be expressed as

i=N-G, F=N-G+,, @)

where N=[Ne Nemde Nende Nepde Ne’nzqe] is the shape function matrix.

I, is the term that results in the additional inertial force, and can be expressed as

¥, =(2MN, ,, +20N,

Ny

+
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+(20,M,N, |

| My
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2.2 Formulations of the elastic force and its Jacobian

The strain energy of the thin plate element can be divided into two terms, that is,
the in-plane term U“ due to the longitudinal and shear deformations in the mid-plane

and the out-of-plane term U* due to the bending and twist deformations as follows
[26, 38, 39]



. 1 i 1
U=U*+U" :—j £ E‘edV +—j K'E*kdV , (6)
2N 2N
where Vo is the initial volume of the thin plate element, € and k are the mid-plane

strain tensor and curvature vector as follows

T

rr,—1 rr, -1 T {r;mn r n ZrLHn}

— — r.r K=|- : ’ (7
2 2 el el el

with n=r xr .InEq. (6), E° and E* are the elastic coefficient matrix under the

€=

assumption of plane stress, and are given by

I v 0

v 1 0 |, E'=—F", (8)
12

0 0 (1-v)/2

where E denotes Young's modulus, ¥ denotes Poisson's ratio and C is the thickness of

the thin plate.

According to the work of Sanborn et al. [40], the interpolation function matrix in
Eq. (3) and the strain energy in Eq. (6) of the thin plate element may result in the
curve-induced distortion and membrane locking. However, the membrane locking
occurs only during the bending of the thin plate element [40]. The present study mainly
focuses on the topology optimization of the variable-length bodies in an FMBS
undergoing only planar overall motions. Therefore, these variable-length bodies
undergo the in-plane longitudinal and shear deformations, rather than the out-of-plane
bending and twist deformations. The study, hence, does not account for the membrane
locking problem of the thin plate element of ALE-ANCEF. In addition, Sanborn et al.
[40] also proposed the flat-mapped extension modeling method to address the curve-
induced distortion and membrane locking in 1-axis bending problems of the thin plate
element of ANCEF. It is possible, thus, to introduce the method into further studies to
achieve accurate results. More specific information can be found in [40].

According to Eq. (6), the elastic force vector is defined as

& T K T
Fé=F° +F~ = v + oV , 9)
oq oq

where F° is the elastic force vector associated with in-plane deformations and F* is

the elastic force vector associated with out-of-plane deformations. For the planar
topology optimization problems of stiffness design, the out-of-plane strain energy U*
can be omitted as it contributes little to the elastic force [15]. To reduce the
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computational cost associated with the in-plane elastic force vector F° and the
corresponding Jacobian formulation, efficient schemes are derived in this study by
using the invariant matrix method [41].

The in-plane elastic force vector F* in Eq. (9) can be expressed as

Fg:(awj :jv (@j EedV . (10)

oq oq

The entries of the elastic force vector F° can then be efficiently computed as

1 1
E[(Kl)ikab + (Kz )ikab + (K3 )ikab]qiqaqb _E[(Gl)ik + (Gz )ik]qi
Fo o 1 1 (k=1,...,36) an
Z[(K4 )ijkab + (KS )ijkab + (Ké )ijkab]qiqjqaqb _Z[(G3 )ijk + (G4)ijkj|qiqj
(k =37, ...,40)

In Eq. (11), the subscripts i, j,a,b=1,2,...,36 and the detailed expressions of
(Kl)ikab > (Kz )ikab ’ (K3)ikab ’ (K4)ijkab ’ (K5)ijkab > (K5)ijkab > (Gl)ik ? (GZ)ik >

(Gs)y and (G,),

jo are derived and listed in the Appendix.

According to Eq. (11), the entries of the Jacobian formulation of the elastic force
are derived as follows:

when k=1,2,...,36 and 1=1,2,..., 36,
oF;

L), 20K ) (K ) +2(K ), 0.0,
" ?U o 2 0, Jas "
+E[(K3)Ikab + (K)o (K )aklb]qaqb _E[(Gl)lk +(G, )'k]’

when k=1,2,...,36 and |1=37,38,..., 40,

oF’ 1
8qk| B E[(Kl)ikab,m + (K2 )ikab,qu +(K3 )ikab,q| quqaqb

(13)
1

N E[(Gl )ik,q, + (GZ )ik,qI } 9

when k=37,38,...,40 and 1=1,2,..., 36,



oF’ 1
8qk B 2[2(1(4 )ilkab +2(K, )iaklb + 2(K5 )ilkab + 2(K5 )iaklb}qiqaqb
|

1
+ Z[(Ké )Iikab + (K6 )ilkab + (K6 )iaklb T (K6 )iakbl } ;9.9 (14)

- %[2((;3 )ilk + 2(G4 )ilk :I G

when k =37,38,...,40 and 1=37,38,..., 40,

oFS 1
qu| ZZ[(K4)ijkab,q| +(K5)iikab,q| +(K6)U’kab’ql }qiqjqaqb

1

—Z[“}Jwﬂl+(c4%nm}%qr

In Egs. (13) and (15), (Kl)ik

(15)

represents the partial derivatives of (K )

ab,q, ikab

with respect to the local material coordinates g (I :37,38,...,40). The detailed

expressions of (I<1)ikab,qI ’ (I<2)ikab,qI ’ (I<3)ikab,qI ’ (I(“)ijkab,qI ’ (K5)ijkab,q, ?
(K6)ijkab,ql , (Gl)iqul, (Gz)iqul, (G3)ijk,q| and (G4)ijk,q, are derived and listed in the

Appendix.
2.3 Formulations of the additional inertial force and its Jacobian
According to Eq. (5), the additional inertial force vector F? is defined as
F? = jv(, PNTF.dV (16)

where p is the density. The entries of the additional inertial force vector F* can be

efficiently computed as follows:

when k=1,2,...,36,

R =[my(H,), +n, (H,), +m, (Hy), +0,(H,),_ ]d,
[ ), em ), R ) Jo
+ [, (HL),, + iy, (HL, )+ i, (H,), ],
+ [0, (HL, )+ 0, (H )+ i, (K, a,,

when k =37,38,..., 40,
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1 H kba 16)kba + m2 (H17)kba + ﬁz (H18)kba}qbqa
H,

+

+ 1n1 kba + m m (H24 )kba + m1ﬁ2 (HZS )kba]qbqa

I:n1m2 (H26 )kba + n1n2 (H27 )kba + mznz (H28 )kba]qbqa'

[m
[ (H,,),,, + 12 (Hy),, + 2 (Hy ), + 12 (Hy, ), ]a,0,
[m

(18)

In Egs. (17) and (18), the subscripts a,b=1,2,...,36 and the detailed

expressions of (Hl)ka, (H2)ka’ - (HM)ka and (HIS)kba, (Hm)kba

are listed in the Appendix.

>ty (H28)kba

According to Egs. (17) and (18), the entries of the Jacobian formulation of the

additional inertial force are derived as follows:
when k=1,2,...,36 and 1=1,2,..., 36,
oF’

o,

= mlz(HS)m + ﬁlz(Hé)m + mz2 (H )kl + nz(HS)m

+mn, (Hy), +mm, (H) +mn,(H,,),
+ 1, (le)kl +1n, (H13)kI +myn, (H,,)

ki 2

when k=1,2,...,36 and |1=37,38, ..., 40,

=0 (], o+ (B )+ (BL),, o+ (HL),, 4,

+ ml2 (HS )ka,qI + n12 (H6 )ka,qI + m22 (H7 )ka,ql + n§ (H3 )ka,q, :|qa

oF:
oq,

+| M, (H9 )ka,q. +mm, (Hlo )ka,% +mh, (H“ )ka,q, }qa

+ ﬁlmZ(H12)ka,q| * nlﬁz(H”)ka,q. * m2n2(H14)ka,q| }qa’

when k=37,38,...,40 and 1=1,2,..., 36,

o = (L () () 0 (1), ]
+ [mlz (Hio )y, + 1 (Hy )y, + 105 (H, )+ 11 (H22)kla]qa
+[m12 (Hiyg )y 107 (Hy ), + 10y (H, ), + n22(H22)kal:|qa
+ [, (Hy ), -+, (H, )+, (H),, ],
+ [, (), + iy, (H, )+ iy, (H ),
+ [y, (HL ), + 1, (L, ), + o, (), ],
+ [y, (FL ), + 0, (HL, )+ i, (), ]a,
when k=37,38,...,40 and 1=37,38,..., 40,
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aFka 3 —
a, -

IFﬁl (H15 )kba,q| + ﬁl (Hl6 )kba,q| + m2 (Hl7 )kba,qI + ﬁz (H18 )kba,qI ]qbqﬁ

+ _m12 (H19 )kba,q, + hlz (H20 )kba,qI + m22 (H21 )kba,q, + n22 (H22 )kba,qI ]qbqa (22)
+ _ml nl (H23 )kba,qI + ml m2 (H24 )kba,qI + mlﬁz (H25 )kba,qI i|qbqa
+ _nl mZ (H26 )kba,q, + n1h2 (H27 )kba,qI + m2h2 (H28 )kba,qI ]qbqa'

In Egs. (19)-(22), the subscripts a,b=1,2,...,36 and (H1)

g Tepresents the

partial derivatives of (Hl)ka with respect to the local material coordinates

q, (1=37,38,...,40). The detailed expressions of (H])ka,ql , (H2)ka,q| s (Hy, )ka’qI

and (H15)kba,q| , (Hlé)kba,q. e (H28)kba,q| are listed in the Appendix.

2.4 Time integration scheme considering variable-length bodies

The dynamic equation of an FMBS modeled via ALE-ANCEF can be expressed as
[26]
M(t)ijD+d)I]Dk+Fe+Fa:Q @3)
®(qp.t)=0

where M(t)= J.V PN'NAV is the time-dependent mass matrix of the system, qg is

the generalized coordinate vector of the system, @ is the Jacobian of the constraint

® and A isthe Lagrange multiplier vector. F® and F® are the elastic force vector
assembled by Eq. (9) and the additional inertial force vector assembled by Eqgs. (17)
and (18), respectively. Q denotes the generalized external force vector. The second
equation in Eq. (23) represents the kinematic constraints including driving constraints.

To solve the dynamic equation in Eq. (23), the generalized-a method [42-45] is
utilized and reevaluated to deal with the variation of the degrees of freedom due to the
variable-length. Fig. 3 gives the generalized-a time integration scheme considering
variable-length bodies. The readers are referred to Refs. [42-45] for detailed
descriptions of the generalized-a method. The key point of the time integration scheme
in Fig. 3 is that when the length of a flexible body is varying, ALE-ANCF nodes of
boundary elements have to be inserted or removed to avoid excessively long or short
lengths of boundary elements. Excessively long lengths of boundary elements can

reduce the accuracy of the computational result, while excessively short case can result
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in the singularity of the stiffness matrix. Therefore, in Fig. 3, when the length of the
boundary element Lp is longer than the given maximum length Lmax, new nodes are
inserted into the boundary element, as illustrated in Fig. 4(a). Likewise, when the length
of the boundary element Lo is shorter than the given minimum length Lmin, the nodes

inside the boundary element are removed, as illustrated in Fig. 4(b).
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Fig. 3 Time integration scheme considering variable-length bodies



Boundary nodes

Mass flow in w .

\

Mass flow in

\

Mass flow in

Inserted nodes

(a) Insert nodes

Boundary nodes

- o

L e
s tom ]

v

Mass flow othv

Removed nodes

(b) Remove nodes

Fig. 4 Illustration of boundary element treatment

3 Topology optimization of an FMBS

3.1 Moving morphable components based

topology optimization

In the MMC-based topology optimization method, the structural topology is first

represented by a set of morphable components. The optimal topology, then, can be

obtained by optimizing the layout including positions and shapes of those components

[34-37]. To achieve this goal, the structural components have to be explicitly and

mathematically described by the topology description function (TDF). Fig. 5 depicts

the iteration history of the MMC-based

topology optimization process, where the

components in different colors are of the same kind for illustration purpose.

b=
x>

Fig. 5 Iteration history of the MMC-based topology optimization process
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Fig. 6 A thickness-varying structural component

In this study, the following TDF is employed to describe the geometry of a planar

thickness-varying structural component, as shown in Fig. 6(a) [34]

Z(x,Y):l—Gjp—[g(yx)jp, (24)

X cosd sinf || X =X,
= . : (25)
y —sin@ cos@ || Y =Y,

In Eq. (24) and (25), p is a large even integer number (usually p = 6), O-XY and 0-xy

where

denote the global frame of coordinates and the local frame of coordinates, respectively.
(X,,Y,) represents the global coordinates of the component center. L, g(x) and &
are the semi-length, the thickness profile and the inclined angle with respect to OX axis

of the component, respectively. Here, the thickness profile yields the quadratic relation

as follows

c,+C,—2C c,—C
(x)="—25"x +2—Lx+cC

, 26
212 2L ’ (26)

where the parameters C,, ¢, and c, are the semi-thickness parameters at both ends
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and in the middle of the structural component, as illustrated in Fig. 6(a). Fig. 6(b) gives

the TDF of a thickness-varying structural component with L = 0.5, ¢, = 0.1, ¢, =
0.15and ¢, =0.07.

According to Egs. (24)-(26), the design variable vector of the component is

defined as follows
b=[X, Y, L 6 ¢ ¢ ¢J. 27)
For a single component, the material domain €, the material interface 0€; of the i-
th component and the void domain D\, can be represented by the TDF as
7(X)>0e XeQ,
7(X)=0eXea, | (28)
7(X)<0< XeD\Q,

where X is an arbitrary point in the design domain D of R, y, isthe TDF defined

in Eq. (24) for the i-th component and N is the total number of structural components.
Then, the topology description of the entire design domain can be achieved by defining
the TDF for all the structural components as follows

7(X)>0=XeQ

Z(X)zO@Xe@Q , (29)

;{(X)<O<:>Xe D\Q

where ;(:max( Kot ;(N) and Q:UiN: € represents the material domain

occupied by at least one structural component.
3.2 Topology optimization formulation

The formulation of the MMC-based topology optimization for an FMBS with
variable-length bodies can be mathematically expressed as
find b
to minimize f (b,q, (t))
subjectto  M(b){, +®@, A +F°(b)+F*(b)=Q
(9o,t) =0
v (b)-V
u

bc

(30)

S

b

In Eq. (30), b= [blT <o b - by ]T is the vector of design variables with
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b, denoting the vector of design variables of the i-th structural component in Eq. (27).
From Eq. (30), it can be easily found that b belongs to an admissible set u, . As a

result, the minimum thickness of the components can be controlled by setting the lower

bounds of the geometric design variables in U, . Other symbols in Eq. (30) are
explained as follows. f (b,qD (t)) is the objective function associated with the design

variables and time t for the dynamic optimization problem. Taking the stiffness design
into consideration, the objective function is defined as the mean compliance of the
flexible bodies. The first two equations in the constraints represent the dynamic

equation of an FMBS, which have been explained in detail in section 2.3. V -V <0

is called the inequality volume constraint, where V is the volume ratio of the flexible

bodies to be optimized and Vmax is the volume fraction determined by the designers.
3.3 ESL-based computation flow of optimization

In solving the topology optimization for the dynamic response of an FMBS as
shown in Eq. (30), the ESL method has seen successful applications [15-18, 46].
Compared with the integrated optimization method [32], the ESL method has many
merits, such as high efficiency in computation and convenience in implementation [15,
32]. In this study, the ESL method is modified to deal with the topology optimization
problem for the dynamic response of an FMBS with variable-length bodies.

Based on the ANCEF, the ESL sets are defined as the static loads that generate the
same deformations of the flexible bodies in the static analysis as those from the

nonlinear dynamic analysis [15], that is,
F, (ti ) = K(b, 4o (ti ))(qD (ti ) —qg (ti )) (i =12,..., n) ) (31)

where K is the nonlinear stiffness matrix of ANCF associated with the design

variable vector b and the generalized nodal coordinate vector q,, n is the total
number of time steps concerned and t, represents the simulation time at i-th time step.
The generalized coordinate vectors q, and ¢, are obtained from the dynamic

analysis and the simulation of rigid multibody system, respectively.

However, some challenges arise when computing the ESL sets for an FMBS
modeled via ALE-ANCEF as the lengths of the flexible bodies to be optimized are
varying over time. As a consequence, the design domains are different at different time

steps. To overcome the difficulty in computing ESL sets and to obtain a comprehensive
17



optimization result, the concept of virtual design domain is proposed in this study. As

illustrated in Fig. 7, for the extension case of a flexible body, the stretching domain is
called the actual design domain D?, and the unstretched domain is the so-called virtual
design domain D" . Likewise, for the contraction case, the contracted domain is named
the virtual design domain D" . The whole design domain of the flexible body, hence,
can be definedas D = D?® U D". The difference between D* and D' is that the ESL

sets in the two domains are separately defined as follows

Ka(b’QE (t ))(q% (t) gz (t )) (X < Da)

F,(X.t)= Lo(i=120). (32)
0 (XxeD")
s Extension @mumm (Contraction
TTTTTTTTTTh
DLI DV \\: DLI
Initial configuration F, =0 Initial configuration
- il .|
DU Dl’ : Du Dv :
_ _ -
Intermediate configuration Intermediate configuration F -0
eq
_______ 7/_ -
D(l D(l DV :
Final configuration Final configuration
(a) Extension in length (b) Contraction in length

Fig. 7 The concept of virtual design domain

In Eq. (32), the ESL sets are computed in the same way as that in Eq. (31) in the
actual design domain D%, and are identically equal to zeros in the virtual design

domain D".However, K%, qf and q; denoting the nonlinear stiffness matrix and
generalized coordinates in the actual design domain D®, are different from K, q,
and q; in Eq. (31).

According to Eq. (32), when F, is used as the external force vector, the

generalized coordinate vector q; can be obtained from the static analysis as follows

K(b,q5(t))(as (t)—ae(t))=Fo(X.t) (i=12,...,n), (33)
where K is the stiffness matrix defined in the whole design domain D. If only single

flexible body is considered, the equilibrium of Eq. (33) can be directly solved by taking
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the displacement boundary conditions into account. Otherwise, if more than one
flexible body is considered, the deformation of each body has to be computed

independently to get rid of the impact of the kinematic joints [27].

Establish FMBS model via
ALE-ANCF

!

Parameters initialization

A

v
Solve discretized algebraic
equation -
Update generalized
coordinates

Dynamic equation
satisfied?

Update time step
A

Reach total
time steps?

Time Integration via Generalized-a Method

ESL analysis

!

Design variables
initialization
v

Solve static topology

optimization via MMA
Update design
variables

Constraints
satisfied?

Convergence
criteria satisfied?

Update element
information

ESL-based Optimization Computation Flow

Fig. 8 The flowchart of ESL-based computation for the topology optimization of an FMBS with

variable-length bodies

To this end, the topology optimization for the dynamic response of an FMBS with
variable-length bodies as shown in Eq. (30) can be turned into a static one under

multiple loading conditions in the following way
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find b
to minimize f (b,qs (t))

subjectto  K(b, qp (t))(qs (t) —qx(t)) =F, (X, 1)

(34
(i=1,2,...,n) )
V(b)-V,, <0
bcu,

In Eq. (34), f is the objection function, defined as the weighted summation of the

compliances of the flexible bodies at all time steps, namely,

f:ZWi(Gi (as )T g (s ))= (35)
i=1
where W, , determined by the expert evaluation method of weights [15, 47], is the

weight for the i-th time step, ¢, and g, are the Piola-Kirchhoff stress tensor of the

second kind and the Green-Lagrange strain tensor at the i-th time step, respectively. To
solve the topology optimization problem of static response in Eq. (34), the method of
moving asymptotes (MMA) [34, 48] is employed. Then, the whole ESL-based
computation flow is briefly illustrated in Fig. 8 for the topology optimization of an

FMBS with variable-length bodies.

4 Numerical examples

In this section, three numerical examples are presented to validate the accuracy of
the thin plate element of ALE-ANCEF and the topology optimization approach proposed
for an FMBS with variable-length bodies. The first example is a thin plate pendulum
falling down under gravity [26]. The second one is the topology optimization for a
rotating variable-length plate with different extension velocities taken into account and
the third one is the topology optimization of a 3 degrees-of-freedom (DOF) motion
platform. In the first example, the elastic force vector of the thin plate element of ALE-
ANCEF is computed according to Eq. (9) with the out-of-plane strain energy taken into
account. For efficient computation, in the second and third ones, the elastic force vector

is only computed by Eq. (10).
4.1 Dynamics of a thin plate pendulum

This classic example has been widely studied [26, 39, 49-53] to validate different
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kinds of plate and shell elements of ANCF. Compared with the fully parameterized
elements of ANCEF, the gradient deficient thin plate element of ANCF exhibits better
computational efficiency and convergence rate [39]. Besides, many methods have been
proposed to solve the locking problems of ANCF [40, 54, 55]. As a thin plate element
of ALE-ANCEF can be degenerated into a thin plate element of ANCF when the four
material coordinates of the element are fixed, the results obtained from the two kinds
of finite element of ANCF are comparatively studied. As shown in Fig. 9, the pendulum
is a thin square plate [26] with an edge length of 0.3 m and a thickness of 0.01 m. The
mass density of the plate is 7810 kg/m?, and Young’s modulus and Poison’s ratio are
1x10° Pa and 0.3, respectively. The pendulum is initially at rest as shown in Fig. 9,
where a corner point of the plate is fixed via a spherical joint at the origin O and starts
falling down due to gravity when t>0. To validate the thin plate element of ALE-
ANCEF derived in Section 2, the pendulum is modeled via 8x8 thin plate elements of
ALE-ANCEF in this study and 8x8 traditional thin plate elements of ANCF [38],

respectively.

Z lg

X A /
~ A
Fig. 9 A thin plate pendulum under gravity

)
y=<

Fig. 10 illustrates the deformed shapes of the pendulum at four moments, and
shows good agreement between the ALE-ANCF model and ANCF model. Fig. 11 gives
the comparison results of the X-, y- and z-displacements of corner point A, and shows
that the results from ALE-ANCF model and ANCF model match with each other very
well. Fig. 12 presents the energy of the pendulum with an increase of time. Fig. 12(a)
indicates that the total energy of the pendulum keeps constant since the only external
force comes from gravity. Fig. 12(b) depicts the perfect agreement of the strain energy
between the ALE-ANCF and ANCF models, as well as between the results in this study
and those in Ref. [26]. Hence, it is possible to reach the assertion that the thin plate
element of ALE-ANCEF proposed here can accurately describe an FMBS subject to both

large overall motion and large deformation.
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Fig. 10 Comparison of the deformed shapes of the thin plate pendulum
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4.2 Topology optimization of a rotating variable-length plate

This example simplifies the four deployable beams of a spinning solar sail [6], as
shown in Fig. 1, to a rotating variable-length plate carrying a tip mass. Due to the high
efficiency of the adopted MMC methods, the proposed optimization method can be
further used to optimize the deployable beams and membranes in a large-scale space
structure. As shown in Fig. 13, the rotating thin plate is connected to the ground via a
revolute joint at origin O, and a tip mass of 0.5 kg is mounted at the free end of the
plate. The rotating plate has an initial length of 0.5 m, a width of 0.1 m and a thickness
of 0.01 m. The mass density of the plate is 2700 kg/m?, and Young’s modulus and
Poison’s ratio are 1x10® Pa and 0.3, respectively. The plate moves in the X-Y plane at a
constant angular velocity @ =2n rad/s while its length extends at the same time. The
initial configuration of the rotating plate is modeled via 10x2 thin plate elements of
ALE-ACNF. The maximum length of the boundary element is 0.1 m. That is, when the
length of the boundary element reaches 0.1 m, two nodes of ALE-ANCEF are inserted

to divide the boundary element from the middle into two elements, as illustrated in Fig.

4(a).

Tip mass

YA

Deformed
configuration (#>0)

Extension

o(1) ) 0%
© —
0 Initial configuration (=0)

Fig. 13 A rotating variable-length plate

Two kinds of extension velocities are investigated to topologically optimize the
rotating plate, that is, v= 0.1 m/s and v = 0.5 m/s. The analysis time is settobe 1 s in a
period of motion. Therefore, the final lengths for the two extension velocity cases are
0.6 m and 1.0 m. To compute the ESL sets, the time step size is set as 0.05 s for the
extension velocity 0.1 m/s and 0.01 s for the extension velocity 0.5 m/s. Hence, there
are 20 and 100 time steps all together correspondingly. During the static topology
optimization, the weights for the 20 and 100 time steps can be determined via an expert
evaluation method of weights to avoid the subjective influence of the designers.
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However, the study does not focus on the influence of the weights. To take the practical
situation into consideration, all the weights are selected to be the same. The volume
fraction Vmax 1s 0.5 for the two cases.

Fig. 14 shows the initial configurations of the structural components for the two
extension velocity cases, which include 96 and 160 structural components, respectively.
According to Eq. (27), each structural component has 7 design variables. Therefore,
the number of design variables for the two extension velocity cases are 672 and 1120.
Compared with the traditional density-based and level set-based topology optimization
methods [33], the MMC-based method can dramatically reduce the number of design
variables. This is one of the features of the MMC method. If a 400%40 mesh is used to
discretize the rotating plate for the case of v = 0.5 m/s, the number of design variables

in the traditional topology methods (density method and LSM) will be great than 16000.

€ € () () ) () () () () () (>

(a)v=0.1 m/s

AP €) €) € € () () () () () € € ) () (> () () () ) >
S 4

(b)v=0.5m/s

Fig. 14 Initial configurations of the structural components for the two extension velocity cases

The other feature of the MMC method is the controllability of the minimum
thickness of the structural components during topology optimization when
manufacturability or stability of a structural component is important. For the case of
extension velocity V= 0.1 m/s, the topology optimization results in the first cycle of the
rotating plate are depicted in Fig. 15 and Fig. 16, where the lower bounds of the
thicknesses Ci1, C2 and €3 of the structural components are set either Cmin = 0.001 m or
Cmin = 0.005 m. The comparison between the optimization results in Fig. 15(d) and Fig.
16(d) shows that the two results have similar topologies, but different thickness scales
at some domains. The optimization result in Fig. 15(d) and the optimized structural
components in Fig. 15(e) illustrate that without the minimum thickness control, i.e.,
setting Cmin as a very small positive value, the results give very thin and unsmooth

components, such as the red cycle parts in Fig. 15(d). While for the case of Cmin = 0.005
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m, Fig. 16(d) and Fig. 16(e) show that the minimum thickness control can result in well-
posed optimization results.

Fig. 17 illustrates the iteration histories of the convergent objective function and
the volume ratio for the cases of Cmin = 0.001 m and Cmin = 0.005 m. The figure shows
that the inequality volume constraints are both satisfied for the two cases. Besides, the
convergence history of the objective function for the case of Cmin = 0.001 m is not that
smooth with plenty of peaks during the iteration process. This is probably because that
the thicknesses of some structural components are so small that the topology of the
rotating plate may easily jump from one to the other when Cmin = 0.001 m. Comparing
the objective functions as shown in Fig. 17(a) and Fig. 17(b), it can be observed that

the converged objective functions have about the same value for the two cases.
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Fig. 15 Topology optimization results for the case of v=0.1 m/s and Cmin = 0.001 m
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Fig. 16 Topology optimization results for the case of V= 0.1 m/s and Cmin = 0.005 m
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Fig. 17 Iteration histories of the objective function and the volume ratio for v=0.1 m/s

Fig. 18 and Fig. 19 show the topology optimization results in the first cycle of the
rotating plate in the case of extension velocity v = 0.5 m/s. The lower bounds of the
thicknesses Ci, C2 and 3 are similarly set as Cmin = 0.001 m and Cmin = 0.005 m for Fig.
18 and Fig. 19, respectively. The optimized results in Fig. 18(d) and Fig. 19(d) have
similar topologies, and both have more materials on the left part. Without the minimum
thickness control by setting Cmin as 0.001 m, Fig. 18(d) depicts an unsmooth solution as
some parts (see the red cycle parts) of the rotating plate have such thin structures that
serious instability problem may arise. With the minimum thickness control by setting
Cmin as 0.005 m, Fig. 19(d) and Fig. 19(e) illustrate a smoother solution. Fig. 20 gives
the iteration histories of the convergent objective function and the volume ratio for the
cases Of Cmin = 0.001 m and Cmin = 0.005 m. The figure indicates that the inequality
volume constraint is satisfied for the two cases. It is worth noting that the objective

functions converge to almost the same value for the two cases of the minimum thickness
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control, just like that in Fig. 17. Likewise, for the case of Cmin = 0.001 m, Fig. 20(a)

gives an unsmooth convergence history with many peaks in the objection function.
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Fig. 18 Topology optimization results for the case of v = 0.5 m/s and Cyin = 0.001 m
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Fig. 19 Topology optimization results for the case of v = 0.5 m/s and Cmin = 0.005 m
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Fig. 20 Iteration histories of the objective function and the volume ratio for v= 0.5 m/s

The comparison between the results in Fig. 18 and Fig. 19 gives rise to the question
that what is the best minimum thickness scale to control the minimum thickness of the
structural components. An additional numerical example is used to explain this in Fig.
21 and Fig. 22, where Cmin = 0.008 m for the case of extension velocity V= 0.5 m/s. The
optimized result in Fig. 21(d) looks like those in Fig. 18(d) and Fig. 19(d), but is a
smoother and more robust one. The converged objective function for Cmin = 0.008 m
case in Fig. 22 is approximately equal to those in Fig. 20. From the point of view of
objective function, hence, the three optimized results in Fig. 18(d), Fig. 19(d) and Fig.
21(d) have little difference. If the minimum thickness scale of the structural component
is taken into account, Fig. 19(d) and Fig. 21(d) will be superior to the one in Fig. 18(d).
In practice, the best minimum thickness scale is unknown to the designers. One way to
overcome this difficulty, therefore, is to try to design several times with different
minimum thickness scales. The other is to include additional stability or
manufacturability constraints into the optimization formulation, which will be studied

in future research.
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(e) Optimized components of iteration No. 670

Fig. 21 Topology optimization results for the case of v = 0.5 m/s and Cyin = 0.008 m
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Fig. 23 Deflection responses of tip mass A for the unoptimized and optimized models

Fig. 23 presents the deflection responses of tip mass A in Fig. 13 for the

unoptimized and optimized models. For a better comparison, the unoptimized model
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has only half materials, which is evenly distributed, of the initial design. It can be easily
observed that the amplitudes of the optimized models have about the same values, and
are all smaller than the unoptimized ones. This phenomenon indicates that the
optimization of the rotating variable-length plate is successful. That is, the stiffness of
the rotating plate is actually improved. Regarding the vibration frequencies, the
optimized models have higher first-order vibration frequencies than the unoptimized

ones.
4.3 Topology optimization of a 3-DOF motion platform

This example is intended to validate the proposed optimization approach to deal
with a complex FMBS with many flexible variable-length bodies. As shown in Fig. 24,
a 3-DOF motion platform consists of a rigid motion platform, four rigid bearings (A, B,
C and D), and two flexible variable-length connecting bars, as well as four revolute
joints and two sliding joints. The rigid motion platform has a mass of 2 kg and a
geometric size of 0.4 mx0.2 mx0.1 m. The four rigid bearings have the same mass and
geometric size, that is, 0.1 kg and 0.1 mx0.1 mx0.01 m. In this study, the five rigid
bodies are modeled by the natural coordinate formulation (NCF) [56]. The two variable-
length connecting bars are the design domains, both of which have a width of 0.1 m
and a thickness of 0.01 m. The mass density of the connecting bars is 2700 kg/m?, and
Young’s modulus and Poison’s ratio are 7.2x10° Pa and 0.3, respectively. It is assumed
that the mass flows in and out at end A and end B of the two variable-length connecting

bars.

Rigid motion// Y
platform .

Flexible
wjng bars
e N ‘ °

Fig. 24 The initial configuration of a 3-DOF motion platform
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The rigid platform has 3 DOF of motion, which means it can freely move and

rotate in the X-Y plane under the three control inputs, that is, the length L, of
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connecting bar 1, the length L, of connecting bar 2, and the rotating angle o, of

rigid bearing A. In this study, to optimize the two flexible connecting bars, the motion
platform is designed to translate along the dot-dashed line in Fig. 24. The trajectory of

the platform centroid E is

Xe =0.5008(1[—(9(t))
: (36)
Ye =0.5sin(n—06(t))+0.4
with
Q(t)——zn(t—lj3+§nt—£ te[0,T] (37)
- 2) 27 4 o

where T = 1 s is the total analysis time. For the initial configuration of the motion

platform in Fig. 24, the coordinates of the centroids of the four rigid bearings A, B, C
and D are (-0.4,0), (04,0), (-0.650.4) and (-0.35,0.4) , respectively.
According to Egs. (36) and (37), the desired lengths L,, L, and the desired rotating
angle ¢, can be obtained as shown in Fig. 25. Fig. 25(a) indicates that the maximum

length of the variable-length connecting bars is 0.87 m. Hence, the design domains of
the optimization problem are two domains of 0.87 mx0.1 m. The length of the boundary
element of the connecting bars can vary from 0.05 m to 0.1 m. This means that when
the length of the boundary element increases to 0.1 m, two nodes of ALE-ANCF are
inserted to divide the boundary element from the middle into two elements, as
illustrated in Fig. 4(a). On the contrary, when the length of the boundary element
reduces to 0.05 m, two boundary elements will merge into one element, as illustrated
in Fig. 4(b).
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Fig. 25 The desired inputs for the desired movement of the platform
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To optimize the two connecting bars, the time step size is set as 0.01 s and the
weights for the 100 time steps are all set the same. The volume fraction Vmax of the
optimization problem is set as 0.5 for the two connecting bars. Fig. 26 shows the initial
configurations of the structural components for the two connecting bars, each of which
has 120 components. Based on the optimization results of the rotating variable-length
plate in Section 4.2, the lower bounds of the thicknesses Ci, C2 and C3 are set as Cmin =
0.005 m here. The topology optimization results in the first cycle of the two connecting
bars are shown in Fig. 27 and Fig. 28, where the left ends are ends C and D for the two
connecting bars, respectively. The comparison between Fig. 27(d) and Fig. 28(d) shows
that the two connecting bars have different topologies after optimization. The
optimization result in Fig. 27(d) has more materials on the right part and is similar to a
truss structure. While the optimization result in Fig. 28(d) is more like a tree structure
with one thick tree trunk and some thin branches. This is probably due to the different

driving modes for the two connecting bars. Connecting bar 1 is driven by length L,
and rotating angle ¢, atthe same time, while connecting bar 2 is only driven by length

L, . As a consequence, the sets of ESL are totally different for the two connecting bars.

0 0.87
(b) Connecting bar 2

Fig. 26 Initial configurations of the structural components for the two connecting bars

(a) Iteration No. 10

m

(b) Iteration No. 100

32



= L. L7 N

(c) Iteration No. 400

S = &

(d) Iteration No. 500

=" T 2 W I

(e) Optimized components of iteration No. 500

Fig. 27 Topology optimization results for connecting bar 1
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Fig. 28 Topology optimization results for connecting bar 2

Fig. 29 gives the iteration histories of the objective function and the volume ratio
for the two connecting bars. The figure indicates that the inequality volume constraint
is satisfied for the two connecting bars. It is also easy to observe that the convergent
objective functions have different values for the two connecting bars due to the different
ESL sets for them. Fig. 30 depicts the optimized results of the 3-DOF motion platform
at four moments. Fig. 31 presents the comparison of the dynamic responses of the

platform E between the unoptimized model and the optimized model. Likewise, the

33



unoptimized model has only half materials, which is evenly distributed, of the initial

design. In Fig. 31, AX_, AY. are the differences of E coordinates between the actual

ones and the desired ones in Eq. (36), and o is the rotating angle of platform E. Fig.

31 reveals that the optimized model is better than the unoptimized one as the optimized

model has smaller maximum absolute deflections and rotating angles of the platform E

than the unoptimized model.
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5 Conclusions

The paper presents an explicit topology optimization approach for a flexible
multibody system (FMBS) with variable-length undergoing both large overall motions,
and large deformations by jointly using the arbitrary Lagrangian-Eulerian (ALE)
description, the absolute nodal coordinate formulation (ANCF) and the moving
morphable components (MMC). The ALE-ANCF modeling scheme enables one to
accurately describe the dynamics of such an FMBS, and the MMC can explicitly and
geometrically describe the topology of the FMBS. The paper also presents the effective
computation schemes of the elastic forces and the additional inertial forces, as well as
the corresponding Jacobian formulations of the thin plate element of ALE-ANCEF.

The paper verifies the thin plate element of ALE-ANCF via a classic thin plate
pendulum by the comparison with the conventional thin plate element of ANCF, and
demonstrates the optimization approach via two planar examples. The optimization of
the rotating variable-length plate under different extension velocities shows that the
MMC-based topology optimization approach is able to effectively optimize an FMBS
with variable-length bodies. This is due to the fact that the MMC method can
dramatically reduce the number of design variables. Moreover, this example studies the
minimum feature size control in the topology optimization of an FMBS by explicitly
setting the lower bounds of certain geometrical design variables in the MMC method.
The results reveal that the minimum thickness control is of great importance to obtain
a smooth and robust result in the topology optimization of an FMBS. The best minimum
thickness scale, however, is unknown to the designers, but may be found from a
parameter study or by including additional stability, manufacturability or
eigenfrequency constraints into the optimization formulation. The proposed
optimization approach also makes it possible to optimize a complex FMBS by

optimizing the two flexible connecting bars in a 3-DOF motion platform.
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Appendix

First of all, the strain tensor € as shown in Eq. (7) can be rewritten as

rr —1/2 (A aq; — )/2

e=| (rir, -1)/2 |=|((B),a0,-1)/2]. (A1)
rT“r” (C)ij qiqi
where the subscripts i, j=1,2,...,36 , and A=N_ N, , B=N_ N ,
C NZmNen

Then, the invariant matrices (Kl)ikab ’ (Kz )ikab’ (K3 )ikab J (K4 )ijkab’ (KS )ijkab ’
(K¢ )y > (Gi)ie» (G2)ys (Gy), and (G,), in Eq. (11) can be computed as

follows

(KS )ijkab - '[Vo EfZ ((B)ij,qk (A)ab + (A)ij,qk (B)ab )dV i
(K oo = |, 4E5 (C)”—,qk (C) V. (A2)

=1,

uk ij, qk u e

EN ((A)
EL((4) ),
(
Ei((4)

uk u qk u Ok
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where the subscripts i, j,a,b=1,2,...,36 and E;,, E/,, Ej, are the entries of the
elastic coefficient matrix E° in Eq. (8). From Eq. (A.2), it can be observed that K,
and K, are symmetric about i, k and a, b, respectively. K, and K are symmetric
about i, j and a, b, respectively. K,, G, and G, aresymmetric abouti, k. K,, G,

and G, are symmetrical about i, j.

In Egs. (13) and (15), the expressions of (Kl)ikab,q, , (K2)ikab,q| , (K3)ikab’qI >

(K4)ijkab,q, ? (I(S)ijkab,qI ? (Kﬁ)ijkab,q, > (Gl)ik,q, ? (GZ)ik,qI > (G3)ijk,q| and (G4)ijk,qI

are listed as follows

?_T
[
k=2
o
Il
'—0
=
—- &
—

Z

(A)yaq (A),+(A),, (A),, Jav
(B),.0q (B),, +(B), . (B),, )av.
(B), 0q (A), +(B),, (A),,, AV

* Ivo E; (A)ij,qkq. (B)ab + (A)ii,qk (B)ab,qu )dV,

(Ko )gang = [, 4E5((€)y 4q (€)y +(C)y 4 (€, )V (A3)
o =L (4D (B), oV,
.kq.J (Ao +(B), , Jav.
D = i Ei((A), 4q +(B), 4 Jav,

(Gl =L0 Efz(<A>i,.,qkq, +(B), 10 )4V,

where the subscripts i, j,a,b=1,2,...,36.
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Besides, the expressions of (Hl)ka , (Hz)ka ,

> (H14 )ka

(Hy)y,>--» (Hy),, inEqgs. (17) and (18) are listed as follows

and

(M), =20, (Neg ), (Ne ) 0V
(Hio)gy =20, (Nog, ), (Nesy ) 0V
(Hys ) =20], (Noy ), (Nem, ) 0V
(i) =20], (Neg, ), (Nen, ), 4V
)
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(Hz)y, = 2f, (Neg ), (N, ), 0V (A5)
(Has)o =20, (Nea ), (Nema, ) , 4V
(o), =20, (Neg, ), (Nem, ), 0V
(Hss)yo =20], (Nog. ), (Neis, ), 0V
(Hao)on =20, (Neg ), (N, ), 0V
(Hyr ) =20[, (Nog, ), (N, ), 4V
() =20], (Nog ), (Nes, ) 4V

In Egs. (A.4) and (A.5), the subscripts a,b=1,2,...,36 and j=12,3.

Likewise, the expressions of (Hl)ka,q, , (Hz)ka,ch seeer (H, )ka,qI and (Hls)kmqI ,

(Hm)kba’ql N (Hzg)kba,ql in Egs. (19)-(22) are listed as follows
(Hl )ka,th - 2pJ-v(, |:(Ne,q, )jk (Ne:ml )ja +(Ne)jk (Ne,mlql )jai|dv7

(N, (Nea ), Jav.

_|_

_|_

2 / ja (Ne)jk Ne,m2q|).a:|dv’

J

o1 [(500), (N

(H) =2l | (Nea ), (Nesn ),

(8 =L, [ (Nea), (Ve ), #8N0), (Noa), o

(M) =], [(Ner), (N ) N (N ), J0v. 49
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In Egs. (A.6) and (A.7), the subscripts a,b=1,2,...,36 and j=1,2,3.

The matrices in Egs. (A.2)-(A.7) are all invariant and can be computed and stored

with sparse matrix technique in the preprocessing procedure to greatly improve the

computation efficiency.
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