-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by UGD Academic Repository

Yuusepsurer “Cs. RKUPNJI 1 METO.IINJ”Bo Ckomnje
IIpuponHo-MaTeMaTUUKN (PaKyITET

WuacTtutyT 3a MaTeMaTura

Egnena Kapama3zosa

HOBU PE3YJITATU 3A HEKOM KJIACU
IIOBEKEJIMCHU &YHKIIUN

— JOKTOPCKA ITNCEPTAIINJA —

Ckomje, OkromBpu 2017


https://core.ac.uk/display/154894134?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1




MenTonp:

n-p Hukona Tynecku
pen. mpod. Ha Mamwuuacku darynrer - Ckomje,

Yuusepsurer C. RKupun u Meronuj Bo Ckomje

YieHOBU HA KOMUCHjA:

n-p Hurmra lexkyTrOBCKM
pen. npod. na [IpupomHo-maremarnyru paxymiaTer,

Yuusepsurer Cs. Kupun u Meronuj Bo Cromje

n-p Hurxona Tywecku
pen. npod. Ha Mamwuuacku darynrer - Ckomje,

Yuusepsurer Cs. Kupun u Meroauj Bo Cromje

n-p Kocramua TpenueBcku
pen. npod. Ha llpupomHo-mMaTeMaTUyku (akyJITeT,

Yuusepsurer Cs. Kupun u Meroauj Bo Cromje

n-p Becua Manosa-EpakoBuk
pen. nmpod. Ha lIpmponHo-maremMaTnyky arKyITET,

Yuusepsurer C. Kupun u Meroauj Bo Ckomje

n-p Haum Bpaxa
pen. mpod. Ha IIpupomHo-mareMaTuyku GaxyyITeT,

YuuBep3uter Bo [Ipumruna






30 MOemo cemejcmeo






Bnaromapuoct

Hajopso, 6u cakasa ma u3pasam 0J1arogapHOCT A0 MOjOT MEH-
top IIpo¢d. n-p Huxona Tynecku 3a HeroBaTa OATOBOPHA U IIEJTOCHA
IIOCBETEHOCT NpU n3paboTKa Ha OBaa HOKTOPCKa aucepramuja. He-
TOBOTO UCKYCTBO JIOMPUHECE Ha ce n3bepaT mpodaeMu 3a UCTPaKY-
Bame KOU aja0a Pe3yJTATU IMITO IPETCTAaByBaaT OCHOBA HA OBO]
MTOKTOPAT.

IToroa, 6iaromapuocT 6u cakaJia na udpasam 1 10 PakoBoaute-
sure wHa CoBeror Ha Illkomara 3a MOKTOPCKM CTyAuU IO MaTe-
maTuuku HaykU [Ipod. n-p Hukura lexkyrrkoBcku u [Ipod. o-p Koc-
taguH TpeHUeBCKM, 3a HUBHOTO HAjIPO(YECUOHAIHO paboTene 3ac-
HOBAHO HA MOOUWBAMIETO CEKOTAIl HABPEMEHU U TOYHU WH()OPMAIUN
3a cuTe akTuBHOCTU npensunaeru co [Ipasunaukot Ha Illkonara 3a
MNOKTOPCKU CTYAUU O MAaTEMATUYKU HAYKA U TPUMEHA.

bBnaromapmocT cakaMm ma m3pasam u OO0 Kojerara O-p Eamonn
Anuara 3a moMoImITa Npu MAIMYBaWKETO HA JOKTOPCKATA IUCEPTAI]a
Bo HTEX.

W wa kpaj orpomMHa 6JarogapHOCT cakaM Aa U3pa3aM 10 MOUTE
POAUTENN U MOJOT COUPYT 3a MOMAPIIKATA U MOTUBAIIA]ATa 38 yCIeX

BO TEKOT Ha CTYyIUPamLETO.






AbcrpakT

OBaa HOKTOpPCKa aucepTaluja € Ol KOMIUIEKCHATA aHAJMU3a, M0-
KOHKDETHO, OJ T'eOMeTPHUCKaTa TeopUja Ha (YHKIUUTE U Npen ce
Ol TeopujaTa Ha MOBEKEJIUCHUTE, a € omdaTeHa W Teopujara Ha
€THOJIMCHUTE ()YyHKIUU.

Hucepranujata COAP:KU HOBU OPUTUHAJHU PE3YITATU KOU Ce
COCTaBEH HeJl Ha YeTUPU TPYIAOBU.

NcrtpaskyBamara ce HaCOUYEHM KOH Haorame Ha BPCKU MOMeEry
HEKOU KJIACU Ha MOBEKEJUMCHU (YHKIUN M3PA3€HU MPEKYy UMILIUKA-
MU KOU COAp:KaT HepaBeHcTBa. [lomaramy, Twe ce HaCOUYEHU KOH
pasriienyBame Ha M3Pa3 33 MOBEKEeJVCHU (YHKIUU NPOYYYBAH O
Silverman 3a enHOJIUCHU.

Ilagenu ce ¥ HOBU KPUTEPUYMU 348 OIPAHUYEHO BPTEHE CO IIO-

MOIII HA MOAYJIOT M PEAJHUOT MeJl Ha JMHeapHaTa KOMOUWHAIMja HA

f'(z) m f(2)/z, T.e., HA

Hucepranujata € 3aBplIIeHa CO UAEU 3 TOHATAMOIIHN UCTPAKY -

BamA.
Math. Subj. Class. [2010]: 30C45, 30C55.

Kayunu 300poBm: mudepeHnujasan cyOopauHaANNN, aHAJTUTUYKA
(GYHKIIUY, € THOJUCHU (PYHKINY, TOBEKEJINCHN (YHKINN, ITOBEKEINC-

HU SBE3MOJUKUA (PYHKIUU OX pen (v, TOBEKEeJINCHN KOHBEKCHU (YHK-
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viii

UM Ol pen (v, OrPaHNYEHO BPTEme, Kilaca nepuHupana on Silver-

man, JOBOJIHA yCJIOBU, pE€aJieH AeJ, MOIYJI.






Abstract

This PhD thesis deals with complex analysis, more precisely with
geometric function theory and the theory of multivalent functions. It
also involves the theory of univalent functions.

The thesis encompasses new and original results which comprise four
papers.

The research is aimed at finding connections between some classes of
multivalent functions expressed by implications that contain inequalities.
Furthermore, it investigates expression in multivalent functions studied
by Silverman for univalent ones.

New criteria for bounded turning using the module and the real part
of the linear combination of f'(z) and f(z)/z, i.e., of

o-fz)+8- 12
z
are given.
The thesis ends with ideas for further study.

Math. Subj. Class. [2010]: 30C45, 30C55.

Keywords: differential subordination, analytic function, univalent func-
tions, multivalent function, multivalent starlike functions of order «, mul-
tivalent convex functions of order a;, bounded turning, class defined by

Silverman, sufficient condition, real part, modulus.
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Bosen

Hayuyna nucnuniawaa Koja ce mojaBmya KOH KPajoT Ha IOEBET-
HAEeCeTTUOT UM TMOYETOKOT Ha NBAECETTUOT BEK € IeOMeTPUCKaTa
TeopHrja Ha QYHKIUUTE KOja T'M IPOyYyBa €OMETPUCKUTE CBO]JCTBA
Ha aHajguTuuykure ¢QyHkruu. OCHOBEH pe3yaTaT BO Taa Teopuja
e TeopeMaTa Ha PumMmaH Koja Besm neka CeKOoja IPOCTO CBp3aHa
obJacT Koja He e IejlaTa KOMIJIEKCHA paMHWHA MOKE 1a Ce Ipec-
auka KoHPopMHO Ha equuHeunnor quck D = {z: |z| < 1}. Cocrasen
IeJl Ha TeOMeTPHUCKaTa Teopuja Ha (GYHKIVUUTE Ce TEeOPUUTE Ha
€IHOJVCHUTE M ToBekenucHure (yHkumm. (OBaa TOKTOPCKA OU-
cepramnmja cuara mpex ce BO TeopujaTa Ha MOBEKeJIUCHUTE (PyHK-
UK, & Cé CIIOMEHYBa U TeOpUjaTa Ha €IHOJUCHUTE.

3a ¢yurnujara f(z) Beaume neka e eqHONMCHA Ha obsact D ako
U caMO aKO € aHAJUTWYKa Ha [) OCBEH HajMHOTY BO €I€H II0JI, I aKO
38 CEKOU 21,29 € D e MCHOJHeT yCIOBOT 27 # 29 = f(z1) # f(22).
[IpBuor mo3HaT pe3ynaTar BO TeopujaTa Ha €IHOJIUCHU (YHKIUU
oun mamen onm Koebe Bo 1907 rommua. Hajromem mpumomec 3a
Hej3rH pa3Boj uMma xunoresa Ha Bieberbach oxm 1916 rommua ([4])
KOja TBPAOY MO€Ka 3a KOe(OUIMEeHTUTE Ol Pa3BOJOT HA CEKOja HOP-
MaJU3UPaHa eIHOIUCHA QyHEIUja ((YHKIM]a KOja € aHAJIUTUYIKA U
e MHjeKIja Ha eIUHEeYHWOT OUCK) Baku |a,| < n. Xwunoresara,

OOKasKaHa € 3a CeKOoj mpupomeH O0poj n morosem om 1 om L. de
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Branges Bo 1985 romuna ([11]).

Bo Teopmjara Ha emHOMUCHUTE (YHKIUM IJIaBHO C€ MCIUTYBA
KJIacaTa HOPMAJM3WPAHU €NHOJNCHU (YHKIUW U HEj3MHUTE IIOT-
kiacu (KJIACUTE SBE3IOJIMKN, KOHBEKCHU, OJIUCKY-I0-KOHBEKCHU, (-
KOHBEKCHU (YHKIUU, KjJacaTa (YHKIUM CO OIPDAHUYEHO BPTEH:E U
ApyTH]).

Pesynrarure on Teopumjata Ha eqHONMCHUTE (YHKINU HAOLAAT
IpuMeHa BO TECTUPAKHETO HA €THOJUCHOCTA Ha pelleHrjaTa Ha -
depeHnjaTHUTE PABEHKN, 38 PEIlaBam€ Ha HEKOU I'PAHUYHU IPOO-
JIEeMd ¥ WHBEP3HU T'PDAHUYHU TpOOJIeMU, 3a pellaBame Ha MIPaK-
TUYHU TpPOGIeMU O MeXxaHuKaTa U pu3mkaTta (aepoauHAMUKATa U
XUAPOAUHAMUKATA ), KAKO U IPU IPUMEHATA Ha KOHPOPMHUTE IIpec-
JIMKYBamba.

[Ipuponna remepanusanuja HA €THOJIUCHUTE CE€ MOBEKEIUCHUATE

o

¢pyurumu. Pysrmmjara f(z) = ) a,2" € A, BeauMe nexa e moBeke-
n=1

JucHa uiaum p—iaucHa Bo D ako Taa ja mobuBa cekoja Hej3WHA BPEI-

HOCT HajMHOry p matu Bo D u mocTou wy TakBO mto f(2) = wy uMa
TOYHO p pemieHuja Bo [, Kora KOpEHUTE Ce CMETAaaT BO COTJIACHOCT
CO HUBHUTE MHOTYKPATHOCTU.

ITokTOpCckaTa aucepTalja ce COCTOU O D TJIABU U TPHU AO0Ja-
Toru (JIUTEpATypa, O3HAKA U WHIEKC).

[IpBara rimaBa e BOBemHA M caMUOT Hej3uH HacaoB, OCHOBHU
IOMMU OJ] TEOPUUTE HA €AHOJVCHUTE U MOBEKEJUCHUTE (YHKIUU,
HaBeCTyBa OeKa BO Hea Ce NaJNeHN OCHOBHUTE Ae()UHUINN, CBOj-
CTBa, KapaKTepU3alluu U METOAM OJ TEOPUUTE Ha €THOJIUCHUTE U
IOBEKEJIMCHUTE (YHKIUN U OJ TeopujaTa Ha Iu(epeHIrjaTHn Ccyo-
OPAVHAIIMYA KOU C€ HEONXOIHU 3a NPE3EHTUPAlkEe U NOKAKYBAMWE HA
OPUTMHAJHUATE pe3yJTaTu MAOOMeHu Tpu uUcTpaskyBamara. (OBaa
rjaaBa COIPKU U TPerjiel Ha MOTKJIACUTE Ha KJIACUTE €IHOJVCHU

u noBekenucHu ¢yHEuu. VcTo Taka, HaBeleHa € U KjacaTa Ha
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Silverman u mameHu ce HEKOUM pe3yJTaTy IMOBP3aHU CO Taa KJaca.

Bo BTopara rmaBa co macmoB, HoBu penamum momery HEKOU
KJIACU MOBEKEJMCHN (PYHKIMU, NANeHN CE€ HOBU OPUTUHAJHU PEe3yJ-
TATU M3JIO0kEHN BO ABa Tpyna [26] u [27]. Tue ce ommecyBaar Ha
BPCKU ITOMEry HEKOUW KJIAaCHU MOBEKEJIUCHU (YHKIUU U3PA3CHU TPEKY
UMIUIMKAIY KOU COAPKAT HEPABEHCTBA.

Bo Ttperara riaasa macmoBena kako, Pesynrar ma Silverman mpe-
HECEH O] KJlacaTa €JHOJUCHU Ha KJIacaTa IIOBEKeJIMCHU (YHKINU, €
IPOYUYYBaH M3Pa3 32 MOBEKEJINCHN (YHKIUN KOj IPETCTaByBa IPO-
MUpyBame Ha U3PA30T OJ KJacaTa €IHOJUCHU ¢(yHKIuu Ha Silver-
man BoBeneHa 1999 ronuua nepuHMpaHa KAKO KOJIWYHUK O aHAJIM-
TUYKATa Pelpe3eHTallnja Ha KOHBEKCHOCTA U SBE3IOJIUKOCTA.

Hapennara rmaBa co HacioB, 3a OrPaAHUYEHOTO BPTEHE HA aHA-
JUTUYKNTE (YHKIUU, COAPKU NePUHUIMja U TOBAKHU CBOjCTBA HA

KaIacata (yHKIUU CO OTPAHUYEHO BPTEH€
R={feA:Ref'(z) >0,z €D}.

Nmero va rmacara gnoara ox tamy mro yciaoBoT Re f/'(z) > 0 e ek-
BuBaJsienten co |arg f’ (z)] < 7/2, a arg f' (z) ro mpercraByBa aroior
HAa BpTeme (poTanmja) HA CIAMKATA HA MOJyHOpaBa O Z MTO Ce MIO0-
ouBa co momom Ha ¢yHkuujata f. OBaa kKjIaca e MHTEPECHA 3a
MCTPasKyBame MOpaau TOa IITO Taa € MOTKJIAaca Ha KJIacaTa €IHO-
JUCHU (YHKIUU, HO HE € MOTKJIACA Ha KJIacaTa SBE3I0JUKUA (yHK-
WU, HUTY MaK KiacaTa SBe3J0JUKA (YHKIUU € HEJ3UHA IMOTKIACA.
Bo oBaa riaBa HameHu ce HOBU KPUTEPUYMU 38 OTPAHUYEHO BPTEHE
BO TEPMUHU HA MOIYJIOT U PEAJHUOT HeJ Ha JUHeapHaTa KoMOu’-

HaIUja
/()

z

a-f'(z)+ 8-

U UCTUTE ce MyOIMKyBaHU BO TPYHOT [64].
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Bo mocnennara raaBa om mucepralujaTta HacjaoBeHa, Vmeu 3a
[IOHATAMOIIHA DpaboTa, DaneHU ce maeu (HACOKM) 3a OHATAMOIIHI

UCTpaXKyBamba.



I'maBa 1

OcHOBHU oMU Ol TEOPpNNNTE HA

€ THOJIMCHUTE U IIOBEKeJIMCHUTE

OyHKIN

Bo oBaa riaBa mHajupBO ke Omunar mepuUHUpPAHU OCHOBHUTE IOU-
M1, a IOToa Ke OmmaT naJdeHd ¥ HEeKOM 3HAJajHU pe3yJaTaTu O
TEOPUUTE Ha €THOJMCHUTE M NOoBeKeaucHUTe ¢pyHkumu. Ha xpaj on
oBaa ryaBa Ke OuIaT HaBeIeHU MeTOIUTE KOW Ke OuaaT KOPUCTEHU

3a moOuBame Ha Pe3yJITAaTUTE BO OBaa MOKTOPCKA MUCEPTAIM]ja.
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1.1. OcHoBHEM cBojcTBa HA €IHOJUCHUTE U
noBereJiicHUTEe pyHEKIum. Kinacumuam

pe3yJraTu

Enna ananutuuka gyuknuja f BeanMe neka € € JHOJMCHA HA TOMEH
D C C, nomern D e OTBOPEHO U CBP3aHO MHOKECTBO, aKO IPECIUKY-
Bamero on D Bo f(D) e unjexkrusno. EnHonucHOCTa MOMkeMe na ja

AedpuHUpaMe 1 co:

Hepuannuja 1.1.1. Pynxyujama f(z) pezyrapra na domenom D ae-
aume dexa e emHposmacHa 60 D axo w = f(z) npuma pasauunu epe-

oHoCMU W 3G Pazsuywky z 00 D .

Toa 3HAUM Heka paBeHCTBOTO f(z) = w MMa HAJMHOTY €IeH KO-
per Bo D 3a cekoe kommiekcuo w. Cnopen toa, ¢pynruujara f(z)
perynapua Ha goMmenor D C C Benmme meka € eIHOJIUCHA aKO Taa
HUEKOT'all HE IIpMMa NCTa BPEAHOCT ABa IIaTH.

Ako f(z) e emnosnucua Ha emmHeunmoT muck D = {z : |z| < 1},
roram f'(z) # 0 Bo D. Ila 3abenesxnme nexa 0OpaTHOTO HE € TOYHO.

Kako TpuBmaJsHu mpumMepu MOKeMe na ' HaBeneMe (GyHKIUUTE
f(2) = z Koja e ennonucua Ha D u pynrnujara fi(2) = 2% koja max He
emnonucua Ha D. Ilonaramy ¢yuruumjara z + 2"/n e exHoNMCHA HA
D 3a cekoj mo3uTuBeH 1ea O6pPoj n, a pyHKIUjaTa SINZ € eIHOJIUCHA
Ha IUCKOT |z| < 7/2.

Bo mpomomxkenwue, ke objacHUMe HEKOW BaKHU €JE€MEHTAPHU
CBOJCTBa M T€OPEMU 3a €JHOJIUCHUTE (DYHKIIUU.

Teopemara na Puman (1851) e emna on Haj3HAUAJHUTE TeO-
peMu BO reoMeTpuckara Teopuja Ha ¢QyHmuuTe (BO KOja cmara u
TeopujaTa Ha €IHOJUCHUTE (YHKIWM), KOja TBPAU IEKa 3a CEKoja
npocto cBp3ana obaact D, D C C, mocrou eauHCTBEHA €THOJJIUCHA

¢yHEIUja co moMeH D.
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[Momaramy, 3a ¢ymkmujata f(z) = ag + a1z + agz® + -+ Koja e
eTHOJIMCHA Ha eIUHeYHUOT Auck ) MokeMe ma KaxkeMe ICeKa TaKBa
e u ¢yurmujara f(z) — ap. [ e emmosnucua na f'(0) = a; # 0, u

3aTOA MOKEMeE [a W3BpIIMME HOopMaju3anuja Ha (yHkuujata f(2)

f(z) —ag

a1

Ha CJIE€IJHNOT HAUYVH
fi(z) =

u nobusame pyHrnuja fi(z) ox obuuk fi(z) = z+y ., a,z". PyHKIM-
jara f1(z) e emmonucua Ha D m 3aToa onx mpakTUUHU TpUYMHU (32
[a ce eJUMUMHMpaaT MHOIITBO IapaMeTpU BO (GopMyJjaliyjaTta U
[OKA3UTe Ha PEe3YyJITATUTE) MOKEMe Na pasriemyBaMe caMo (yHK-
mu HopMmasmsupanu taka mro f(0) =0 u f'(0) —1=0.

Heka co H(D) ja o3maumMe kiacarta ol chTe (GYHKIUU IITO CE
AHAJUTUYKN HA OTBOpeHMOT emmumueH muck D = {z : |z] < 1}. 3a
n € Nwua € C, nera

Hla,n] ={f € H(D): f(z) =a+apnz" + apg 2"+ }.

Ocobeno, Heka 3a mo3uTuBeH Iei 6poj p, A, e morknraca on

H(D) roja ce cocTom o1 GpyHKIMM OJ OOIUK

f(z) =2+ ZaernzI”" (1.1.1)

n=1
n A= A, raka mro A e rmacara on ¢pyukuuu f(z) Kom ce ana-
murruky Ha D u HopMasmsupanu taka mro f(0) = 0 u f/(0) = 1,

T.€.,

A={feND): f(z) =z+a* +azz*+---}.

Knacara mak koja ce cocTtom on (YHKIMU KOU Ce €ITHOJNMCHU Ha
orBOopeHnor exuHuden muck D = {z : |z| < 1} u wHOpMasusupanu
taka mro f(0) = f'(0) — 1 = 0, T.e., ce cocTou On (GYHKIUU OI
00ImK
_ 2 3
f(z) =z+axz"+azz" + -
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ce o3HauyBa co S. 3HaUYaeH npuMep Ha (yHKIUja o1 kKiaacata S e

Koebe-oBara ¢ynkmuja mamena co

z 1 14 2\° -
k(z) = — = - —1| = nz", ze€D.
(=) (1—2)° 4 (1—2) nz;:

Koebe-oBara ¢ysEIMja € yecTo ekcTpeMasHa (QYHKIVja 3a Pa3iu-

YHU pe3yJaTaTu MOBP3aHu co kiaacata S. Vmajiku BoO mpenBun meka

1—z
14z

[IecHaTa MoJypaMHUHA, nobuBame (Bumu ciauka 1.1)

(byHKI_II/IjaTa T'O IpecCcaruKyBa €IVMHEYHNOT NMCK €I0HOJIMCHO BO

k(D) =C\ (—o0,—1/4].

z [ ; 0.5

045

24 o
220 o5

=3 |—3

Cuura 1.1 Ciauka Ha €QUHEYHUOT AUCK CO (YHKIUUTE
1z (1+z)2

11—z’ \1—-z

z
(1=2)?"

[Tonaramy, poramuure Ha Koebe-oBara ¢yHKNUja T.€. QyHKIU-
ure

Zn@”’lz", 0)=1, zeD,

n=1

]{79(2) =

(1-62)7

MCTO Taka mpumara Ha kiacara S.
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IIpBuoTr 3HaUaeH pesyiTaT Ol TeopHUjaTa HA €THOJNMCHU (DYHK-
nuu e noouen on Koebe Bo 1907 romuua m e maneH co ciaemHaTa

TeopeMa
Teopema 1.1.1. [1/] Hexa f(z2) € S.

(1) Hocmou xowcmarwma k > 0, maka wmo

ED ={w: |w| <k} C f(D).

(73) Ilocmojam nosumuewu 6poesu m(r) u M(r) xou szasucam camo

00 T, MaKa umo
m(r) < [f(z)] < M(r),
kade |z| = 1.

(7i1) Hocmou 6poj My (1), xoj 3a8ucu camo 00 T, maxa wmo 3a |z| < r

u |zo| <7 samcu

f'(z1)

S M1 (T’)

[Tocse oBOj pe3yarar, o Toram ma A0 OEeH OEeHeC, 3HAYU BO IIe-
puon on noBeke ox 100 roauuu, TeopujaTa Ha €THOIUCHU ()YHKIIAN
ce pa3BUBaJia 3HAYUTEIHO. MHOrYy TPpymOBU U KHUTU OJl TEOpHjaTa
Ha €IHOJUCHU (PYHKIUU Ouiie myOJIMKYyBaHU.

Bo 1916, Bieberbach ja mokaskasn ciennara TeopeMa 3a (yHKIN-
ure on kJgacara S, KOja maBa OIEHKA HA BPEAHOCTA HA BTOPUOT

KOe(UIIMEHT (o O Pa3BOjOT Ha (YHKIWjaTa.

Teopema 1.1.2. (meopema wa Bieberbach) Axo f(z) € S, mozaw |as| <
2. Pasencmeomo saxmcu axo u camo axo f(z) e pomayuja na Koebe-

osama pynryuja.
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Co momorm Ha Teopemara Ha Bieberbach morakanu ce caennure

nBe Teopemu (IoKasuTe MOKE Oa ce Hajmar Bo [13]).

Teopema 1.1.3. (Koebe-osama edna wemaspmuna meopema) Caukama

na edunewnuom ouck 3a cexoja Pynxyuja f(z) € S 20 codpacu duckom

{w: |w|] < 1/4}.

Koebe-oBaTta ¢yHEIMja M HEj3UHUTE POTAIINU C€ €OUHCTBEHUTE

€IHOJUCHU (YHKIUU O S KOU T'O COAPKAT OTBOPEHUOT IUCK CO pa-

Oy C }l, a cruTe OCTaHATU (QYHKIUU On S COAPMKAT AUCK CO IIOTOJIEM

pamuyc. Toa rakyBa meka BO IPETXOMHATA TeOpeMa KOHCTAHTATAa

1/4 He MOMKe na ce 3aMEHU CO IOroJIeMa.

Teopema 1.1.4. 3a cexoja dynryuja f(z) € S samcu
2f"(2) 212

) T

On Teopema 1.1.4. ce u3BemyBa Koebe-oBata Teopema 3a mne-

4r
< )
R —E

|z| =r < 1.

dopmanujaTa 4] AOKa3 MOKE Oa Ce Haj]lle BO [13].

Teopema 1.1.5. Axo f(2) € S u z € D, moeaw

1— 1

ﬁswznsﬁ, 2l =r <1,

TP SHeIs g H=r<t
u

1—7r z2f'(z) 147 B

L+r = | flz) |~ 1—=1’ lo| =7 < 1.

Bo ropmara Teopema, 3a z € D u z # 0, paBeHCTBO ce moOuBa
ako u camo ako f(z) e moromno m3bpana poranuja na Koebe-osara
¢yHKIU]jA.

Bieberbach Bo 1916 romuna ja ¢gopmynupaJ nmo3HaTara XWUIO-

te3a Ha Bieberbach: 3a cure ¢pymrmmm f(z) € S Baku |a,| < n,
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n=2,3,.... PaBencrso |a,| = n, 3a nameno n > 2 BaKM aKO U CaMO
ako f e poranmja va Koebe-oBara ¢yrrmuja. OBaa xumnoresa buia
moYeTHAa MOTUBAIMja 38 UCTPaKyBama BO TEOPUjaTa HA €THOJIUCHU
GYHKIUM M MHOTY METOAU O OBaa Teopuja Omie pa3BUEHU CO LeJl
Taa ma ce mokaxke. IIpBuor pesynrar |as| < 2 Ouma moraskaH on
Bieberbach Bo 1916 (Teopema 1.1.2.). Bo 1923 roamua Loewner u
Bo 1955 Garabedian u Schiffer ja moraskame xumoresara ma Bieber-
bach 3a n =3 u n =4 coomserno. Bo 1968 romuua O6MI0 HOKaKAHO
neka |ag] < 6 om crpana ma Pederson m Ozawa T.e. Tume mokaskaie
neka xunotre3aTta Ha Bieberbach e Touna 3a n = 6. Manky nmomonaa
Bo 1972 rommua Pederson m Schiffer ja moraskame xumoresara Ha
Bieberbach 3a n = 5.

[IpBara omenka 3a cure koepunuenTu ja nai Littlewood Bo 1925
roavHa W Taa riaacu: |a,| < en. Bo mpomomkeHume naneHu ce no-
6uenn nonobpyBama Ha oBaa onenka: Milin (1965) |a,| < 1.243n,
Fitzgerald (1971) |a,| < /7/6n = 1.081n, Horowitz (1976) |a,| <
1.0657n.

Bo 1985 xwumoresara ua Bieberbach komeuno ja mokaskaa de

Branges 3a cure roedunuentu. Jlorazor moxe na ce majue Bo [11].

Teopema 1.1.6. Axo f(z) € S, moeaw sancu |a,| < n, n=2,3,....
3narxom 3a pasencmeo saxcu axo u camo axo f(z) e Koebe-osama

PyrKYUIQ UAY HEJFUNG POMAUL]A.

[Ipuponua reHepanusanuja Ha €THOJUCHUTE (YHKIUM Ce IIO-
BekesaucHUTe. Bo mponomkeHre ke qeprHUpaMe IOBEKEJINCHN (PyHK-
UM U Ke IPUJIOKUME OIleHa Ha KOe(UIIMEHTUTE Kaj MOBEKeJINCHUTE
(YHKIIUN.
oo

Hepunnnuja 1.1.2. Pynryujama f(z) = > a,2" € A, seaume dexa
=1

e nogexeaucHna uau p—aucka 6o D axo marclz ja dobuea cexoja HejaUNG

epednocm najmrozy p namu 6o D u nocmou wy maxeo wmo f(z) = wy
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UMQA TMOYHO P pewenuja 80 D, Koza xoperume ce cmemaanm 80 cozaac-

HOCM CO HUBHUME MHOZYKPAMHOCTU.

[Tomaramy, ke Oume HaBemeHA OIEHKA 3a BPEAHOCTA HA KO€-

¢unuenture Ha f(z) moBekesucua BO emuHeyHnor mauck D. IIper-
oo

nocTaByBaMe JIeKa p e MO3UTUBEH 1eJs 6poj u meka f(z) = > b,2" e
n=1

nosekesucHa Bo D, T.e., meka paBeHkara f(z) = wy HUKOram HeMma

noBeke on p kopenu Bo ). Toram 3a n > p umame

b 2k(n + p)!
bl <2 G i - ey 012

Bo [16] MOKAT Ja Ce HajAaT UCTOPUCKU 3aDesIeIKy 3a OIeHKaTa
(1.1.2) mo 1968 romuua. 3a p = 1 ja mobuBame Tteopemara Ha de
Branges. 3a p =2 u p = 3 onenrara (1.1.2) cranysa

|b3| < 5|b1| + 4]bs],

HEPABEHCTBO KOe € MOKAKAHO NeKa € TOUHO ako f(z) e perymaapHa
2-yucHa BO |z| < 1, sBe3mosMKa BO OIHOC HA HYJATa U aKO CUTE b;
ce peanrn [17].

[ToBeke 3a moBekenucHUTE (PYyHKINM MOXKE Ia ce Hajxe Bo [18].

1.2. Hekou cuenujajHN KJIacU €OHOJJVCHU U
noBereJiicHU ¢yHKIUU. Pe3synraru xou

ce omHecyBaaT HA TUe KJiacu

Kiacara Ha nmoBekesucHU (QYHKIUY € €JHA O] HO3HAYAJHUTE BO KOM-
IIEKCHA aHAJIN3a, IIa 3apaly Toa Omila MMPOKO IpoydyBaHa. Taka

ua npumep, Patil u Thakare [48], Owa [46] u Aouf [3] ru npoyuyBaJe
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MOTKJIACUATE OJ[ MOBEKeJUCHU (GYHKIUU o1 pen «. MuOTY aBTopm
ImocBeTuje rojeM mej oI HuBHaTa paborTa Ha MpOHAOraH€e TOBOJIEH
YCJIOB 3a OJIUCKY-I0-KOHBEKCHOCT, SBE3IOJMKOCT M KOHBEKCHOCT Ha
¢pyrruuja f(z) € A, (Buam [59], [66], [43], [56], [40] u [69]).

Bo oBaa ceknuja ke mepuHIpamMe HEKOJIKY HOTKIACKA HA KIACUTE
Ha €IHOJIVICHU Y NMOBEKEJMCHN (YHKIUM U Ke OunaT maJeHu pe3yl-
TATU NOBP3aHU CO TWe NOoTKJacu. HuBHaTa aHamuTryka neGuHU-

K1ja € CO MOMOII Ha €IHOCTAaBHU HEPaBEHCTBA.

1.2.1. EnmHOJIMCHY M TOBEKEJINCHU SBE3I0JIMKU PyHK-
VU, SBE3I0JINKN (YyHKIIUU O pPel (v, CUJIHO

SBE3J0JINKN (YyHKIIUU O pen o

Hajuopso ke ru nepmHUpame KIacuTe €THONIVCHU SBE3NOIUKUA (PyHK-
OUY, SBE3NOIUKN (PYHKINU O PEeN (v U CUJIHO SBE3AO0TUKN (yHKINNI
O pen o, a moToa ke buaaT HaBeNeHU U Je(UHUIUUTE 3a COOIBET-

HUTE KJIACU NTOBEKEJINCHU ()yHKIUN.

Hedbunaunuja 1.2.3. Pynrxyujama f(z) € S e sBezmosmra wa D ako

u camo axo obaacma f(D) e seezdoaura o 00noC Ha Hysama, m.e.,
we f(D) = twe f(D) (1.2.3)
sa cexoe t € [0,1].

Knacara na sBe3nonuru ¢ysarnuu Ha D ke ja o3HAUyBame co S*.

leomerpucku ruenano, ycaosor (1.2.3) 3Haum neka orceuvxara
mMTO ja mOBp3yBa Hyjarta co O6wmio koja Touka ox f(D) mexu BO
f(D), ommocuo 3pak (momympaBa) CO IOYETOK BO HyJaTa akKo ja
ceue rpanunara Ha f(D), Toram ja cede camo emHaml.

Crnenmuara teopema, 4mj HOKa3 Moske Oa ce Hajme Bo [13], [15],

[49] u [53] maBa aHAIUTUYKA KapaKTePU3alUja Ha SBE3MOJIUKOCTA.
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Teopema 1.2.7. Axo f(z) € A, mozaw caednume mepdemwa ce exeu-

BANEHIHU:
(i) f(z) €87

(i7) obaacma F. = f(|z| <r)={f(z): z € D} e seezdoauka 6o oonoc

Ha Hyaama 3a cexoer, 0 <r <1;

(iii) Re [ijéﬂ >0, 2 € D.

Ycnosor (ii) 3Haun meka GyHruujara arg f (rew) e Heomarauka
no npomensyuBarta 0, 0 < 0 < 27 (mpu ¢ukcuo 1), momera (iii) e
AHAJUTUYKA MHTepIperanuja Ha TOj ¢pakr. ExkBuBamenuujarta (1)
& (i1i) maBa 3a mpaBO KAKO AePUHUNMja HA KIACATA SBE3IOJIUKA

(YHKIIUU Oa ce KOPUCTU:

Heomaunuja 1.2.4. Kaacama sBe3n0IMKN QyHKIAN €

s =lfeanre|2LE| o0 .epnl. (1.2.4)
{ §e1 |

ITouMmoT 3a SBE3HOIMKOCT MOKE Ha Cce ODOImTU HA CJeIHUTE

HaYHN:

Hepunannuja 1.2.5. dynxyujama f(z) € A e sBe3monmka on pexn

a, 0<a<1, ako u camo axo

e[

>a, ze€D.

Hedbunannuja 1.2.6. Pynryujama f(z) € A e CMIIHO SBE30OIMKA O
pen o, 0 <a <1, ako u camo axo
2f'(2) am

arg[mﬂ<7, z e D.
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Knacure sBe3mosqvkn (GpyHKIUU OX pem o U CUJTHO SBE3OMUKY
¢GyHKIMM O pen « ke ru o3HauyBame co S*(a) u S (a), COOIBETHO.

Ounrnenuro S* (1) = 8*(0) = S* u §* (a) C S*, 8*(a) C S*, 3a
0<a<l.

Hepuunnuja 1.2.7. Pynryujama f(z) € A, seaume dexa npunaéa wa

Kaacama MOBEKEJIMCHU SBE3N0JMKN GYHKIY on pexn o, 0 < a <

Re {z]{;iz))} >, ze€D.

Osaa rnaca ce osmauysa co Sy(a). 3a a = 0 ce mobusa Kmacara

p,up=172 ... axo

IIOBEKEJIMCHU SBe3noaukn QyHkmuu S;. 3a a = 0 um p = 1 ce
noOMBa KJIacaTa SBe3NOJIUMKA (yHKIUM S*.

Hosonen ycnosB ¢yurmujara f om obswmr (1.1.1) ma 6ume BO
knacara Sy(a) e:

oo

Z (p+n—a)laps] <p-—a. (1.2.5)

n=1
[Tonaramy, na 3abenexuMe Jeka OBOj HOBOJEH YCJIOB € HUCTO TAKA
n norpebeH 3a ¢yurmuuTe ox 06uauk (1.1.1) co mo3mTuBHM U Hera-
trBHU KoeduimenTu ([46]).

PesynaraTor Re [}fzgz” > 0, z € D, ako u camo aro w(z) =

o0

> ¢,2" TO 3am0BOIYBa HEPABEHCTBOTO |w(z)| < |z|, ce ropucTu 3a
n=1

na ce no0OMjaT TOPHUTE OUEHKU 3a KOe(hUIMEeHTUTE.

Pesynrary moBp3aHu co mapuujaJsHUTE CyMW Ha (YHKOIUU O
obsuk (1.1.1) ce manmenu Bo [1], [2] u [7].
Co fr(z) ja o3HauyBaMe HA3aTA O MAPIU]ATHA CYMU HA (Y HKIM-

jara f mamena co (1.1.1) m mpu toa

k
fk(z) = 2P + Z CLp+an+n.

n=1
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Teopema 1.2.8. IIpemnocmasysame Odexa @ynkuujama f 00 obauk

(1.1.1) 20 3a0080.aysa ycaosom (1.2.5) mozaw

f(z)]> k+1
fk(Z) - k+p+1—a’

xade co fi ja osnauysame k-mama napyujasna cyma wa f. Peszyama-

Re[ (z € D)

mom e najoobap moxcen 3a cexoe k, co excmpemanna Pyrxyuja

p—uo +n
_ o 2T pin
fle) = - ECs

HNepuannuja 1.2.8. dynxyujama f(z) € A, seaume dexa npunaza na
KAaCcama TIOBEKEJINCHY CHJIHO SBE3J0JIMKU (YHKIUU O PEXN O,
O<a<lp, up=12 ... axo

arg {ZJ{(,S)] ‘ < Og, z € D.

OBaa kinaca ce ozHauyBa co S, (o).

1.2.2. EnmHOJIWCHUY U TOBEKEJIICHY KOHBEKCHU (YyHK-

OV, KOHBEKCHU (yHKIVU O pel o

Hajuopso ke mepumHMpaMe KOHBEKCHU (YHKIUN U KOHBEKCHU (yHKIIUIN
O pel «, a IMOTOA U NOBEKeJIVCHU KOHBEKCHU (YHKIUU O Pel «,

IIOBEKEJIMCHYU CUJIHO KOHBEKCHU (YHKIUU O PEI (.

Hepuannuja 1.2.9. dynxyujama f(z) € S e kouBercHa 6o D ako u

camo axo f(D) e xoneercen domen, m.e.,
wi,Wa € f (D) = tw1 + (1 — t) Wy € f (]D) (126)

sa cexoe t € [0,1].
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Knacara koHBekcHU QyHKIUU Ke ja o3HagyBame co K.

I'eomeTpuckn riaenaHo, yciaoBOT 3a KOHBEKCHOCT (1.2.6) moBie-
KyBa lIeKa CEeKOja OTcedka Koja moBp3yBa ase Touru ox f(D) mpu-
nara Ha f(D).

Cnennara TeopeMma, 4mj mOKa3 MOxe Oa ce Hajme Bo [13], [15],

[49] un [53], naBa aHaIMTHUYKA KapaKTepU3alnja HA KOHBEKCHOCTA.

Teopema 1.2.9. Axo f(z2) € A, mozaw caednume mepoena ce exsu-

8ANEHMHU.

(1) f(z) € K;

(i1) obaacma F, = f(|z] <) ={f(2): 2z € D} e xonsexcna 3a cexoe
r,0<r<l;

(iii) Re [1 + Z}{f;g)] >0, zeD;

(iv) zf'(z) € S*.
8f(rei‘9)

o0
no npomensuBara #, 0 < 0 < 27 (upu GUKCHO T), JOIEKA AHAJIUTU-

YcnoBot (ii) 3HAYN OeKa (GYHKIUjaTa arg e Heomarauvka
YKaTa WHTEpIpeTanuja Ha OBOj (PakT e gameHa co (7).

On exBuBausieHnujara (i) < (iii), KIacaTa KOHBEKCHU (yHKIUN
MOKe [a ja meduHUpaMe U CO IOMOII HA aHAJUTUYKMN U3pa3, KaKo

oiTo cjuenysa.

Hedpuaunmuja 1.2.10. Karacama

K= {f(z) € A:Re [1 + Zﬁiﬂ >0, z € ]D} (1.2.7)

ce Hapexyea Kilaca KOHBEKCHU (YHKITHAU.

IlBe BasKHUI CBOjCTBa Ha KOHBEKCHUTE CI)‘YHKI_II/II/I ce OaJdeHM BO

ciaeqHaTa TeopeMa mokaskara on Strohhacker [61] Bo 1933 roauua.
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Teopema 1.2.10. Axo f(z) € K, mozaw Re [ZJ{;S)} >3, 2€D, u

Re [@} > 2, z€D. 00 osde caedysa dexa K C S*(1/2).

O6OHH.ITYB&H3€ Ha KJIaCaTa KOHBEKCHU Ct)YHI‘C]'_II/II/I nMaMe BO CJIed-

HaTa Ae(QUHUIU]A.

Hebunannumja 1.2.11. dynxyujama f(z) € A e KOHBEKCHA on per

a, 0 <a<l1 axo u camo axo
2f"(2)
f'(2)

OsBaa kmnaca ke ja o3HauyBame co K (a), 0 < a < 1. Ouuraenso
KO =KuK(a)cK3a0<a<l.

R{l—l— ]>oz, z € D.

Hepununnuja 1.2.12. dynkyujama f(z) € A, e moBekesmcHa KOH-

BekcHa o pen o, 0 <a<pup=1,2, ... axo

2f"(2)
f'(2)

Knacara moBekenucHu kKOHBeKCHU (QyHEIUU on pen o, 0 < a <

Re {1—1— >a, ze€D.

p ke ja osmauyBame co K,(a). 3a a = 0 ce mobusa kJacara
MOBEKEeJIMCHU KOHBeKCHU ¢yHEnuu K, 3a a =0 u p =1 ce mo-
OuBa KJacaTa KOHBEKCHU (yHKnum K.

IloBonen ycnos ¢yurmujara f on obauk (1.1.1) ma Gume BO

rinacara Kp(a) e

Y (p+n)(p+n—a)|apm] < plp— o). (1.2.8)
n=1

OB0j mOBOJIEH YCJIOB € UCTO Taka u moTpebeH 3a GyHKIuuTe o1 00-
muk (1.1.1) co mo3uTuBHM M HeraTrBHU KoeuuveHty (Buau [46]).
Bo npomomkenue ke Oume NameH Pe3yJTaT MOBP3AH CO MapIUjali-
HaTa cyMa Ha (QyHkuujara f co obuumk (1.1.1) Koja ro 3amoBoaysa

ycaosor (1.2.8).
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Teopema 1.2.11. Axo gynxyujama f 00 obauk (1.1.1) 2o 3a0080aysa

yeaosom (1.2.8) mozaw

(z € D).

Re[f(z)] - (k+1D)2p+k+1—a)

k()] ~ (p+k+Dp+k+1—a)

Pesyamamom e najoobap moxcen 3a cexoe k, co excmpemanna gynr-
yuja
p(p - Oé) +n
f(z) =2 — 2P,
(p+n)p+n—a)

Hedunurnuja 1.2.13. dynkyujama f(z) € A, e HOBekeMCHA CUIIHO

KOHBEeKCHa o pen o, O <a<pup=1,2,... axo
"
Re[l—i—zfl (2) >, ze€D.
f'(z)

OsBaa knaca ke ja ozmauyBame co (o).

1.2.3. DBJiucKy-Oo-KOHBEKCHU (PYyHKOUU, OJIMCK-IOO-
KOHBEKCHU QyHKIUY o pen o. IloBekenucuu

OJIMCKY-N0-KOHBEKCHU (YHKIIUU O peln O

Hedbuannuja 1.2.14. Pynxyujama f(z) anasumuska Ha eOuHesHUOM,
Juct D e GaUCKY-HO-KOHBEKCHA (KO NOCMOU KOKBEKCHA PyHKyuja

g(z) maxa wmo

!/

z

Re {f/< )] >0 (zeD).
g'(2)

Knacara 6incKy-no-KOHBEKCHU (yHKIUU Ke ja o3HauuMe co C.

Knacara 6ancky-n0o-KOHBEKCHU (YHKIU € BOBEIECHA O CTPAHA

ra Kaplan Bo 1952 ronuna, [24].
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Ila 3abenesxume nexa, CexKoja SBE3N0JIMKA (YHKIUja € OIUCKY-

no-KoHBekcHa. HaBucruna, cexoja f € §* mva obnuk f(z) = z¢/'(2)

e [ga] =[]

Hedbuannuja 1.2.15. dynxyujama f(z) € A seaume dexa e GIUACKY-

3a g €K, n

[O-KOHBEKCHA O pen « 34 cexoe z € D, axo nocmou dyrnryuja g(z) €

zf'(2)
9(2)

S* maxa wmo

Re

>a, (0<a<l).
|

Knacara O6amncKy-I0-KOHBEKCHM (QYHKIUU OI Pen « Ke ja 03-
maunme co C(a). Bo mpomomkenne ke HampaBuMe TeHEDAaJU3AIN]a
HAa Kjacara OJIUCKY-IO-KOHBEKCHU (DYHKIUU O PEI ( CO BOBEIY-
Bame Ha KJIACATA HMOBEKEJIUCHU OJVCKY-TO-KOHBEKCHU (YHKIUU O

pen a koja ke ja oznaumme co Cp(a).

Hepnannuja 1.2.16. Pynrkyujama f(z) € A, seaume dexa npunaéa
HG KAGCAGMG TIOBEKEJINCHU OJIMCKU-TO-KOHBEKCHU (YHKIIUU O
pen «, xoja Ke ja osnavysame co Cy(a), axo nocmou pynryuja g(z) €

S, (o) maxea wmo

2f'(2)
9(2)

Re{ >a, 0<a<p, p=12..., zeD).

On g(z) = 2P mpunara wa Kmacara S, mobuBame Aeka (yHKIU-
jara f(z) € A, 3a xKoja Basku
/
z
Re [%} >a, (z€D; 0<a<p p=12..)
npunara Ha kaacara Cp(a).
3a MOBEKeJIUCHUTE DIUCKY-T0-KOHBEKCHU (hYHKIIMU TOBEKE MOKE

na ce Hajne Bo [29] u [30].
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1.3. Knacara ¢pysrnuu nepuHUpaHa O

Silverman

AHamuTUUKUTE pEnpe3eHTalny Ha KIACUTE HA SBE3MOJUKUA U KOH-
BEKCHU (YHKIUM OUie IPOydYyBaHU O IOBEKe MaTeMaTUYapu KOU
paborar kKommiekcHa anamau3a. Ha mnpumep Mocanu Bo [37] ja
IpOyUyBaJl JIMHeApHATA KOMOUHALM]A O aHAJUTUYKATA PENpe3eH-
Tanyja Ha KIACUTE KOHBEKCHU U SBE3IOJMKM (PyHKIMU. 10j BO [35]

IIOKasKaJ OJeKa aKO BaiKN:

Refor(1+2f"(2)/f'(2) + (1 = a)zf(2)/ f(2)] > 0

3a z € D, Toram f e sBe3moJMKa 3a (@ PeaHO, W KOHBEKCHA 3a
a > 1. Silverman mak ru uctpaskyBaJl CBOjCTBATa Ha (YHKIUUTE KOU

ce me(UHUPAHU KaKO KOJIMYHUK OJl aHAJUTUYKATa PEIpe3cHTAln]a
I+2"(2)/1'(2)

Ha KOHBEKCHU U SBE3NOJUKU (OyHKIIUU, OO [Tonpernusno,
TO] ja pasrienqyBaJj KjacaTa
1+ " /
gb:{fE.A:‘ Z,f(z>/f(z)—1 < b, ZED},
2f'(2)/f(2)

0 < b < 1. Osaa rmaca Ouna npoyuysana Bo ([56, 41, 66, 67]).
Pesynraru xkou ce nobuenu on Silverman, a ce omHecyBaaT Ha OBaa

KJIaCa ce:

Teopema 1.3.12. Axo 0 < b < 1 moeaw G, C S* (2/(1+ 1+ 8b)).
Pesyamamom e najoobap moxcen 3a cexoe b.

OsBaa TeopeMa MOKeE Ja CE 3alliIle 1 BO CJIeJHAaTa €KBUABAJICHTHA

dopma:

Teopema 1.3.13. Cmasame b = (1 — a)/2a?, 1/2 < a < 1. Tozaw

Gy, C S*(a), co exempemaanama gynxyuja z/(1 — 2)20=).
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3abesemka 1.3.1. Bo oBaa Teopema pe3yaTaToT HE € HajaoOopuoT
moxken. Vwmeno, 3a ¢ymrmmjata f(z) = z/(1 — 2)207% yuvame f €
S*(a), HO f € G, 3a b = 2(11704) > (12;30 (3 < a < 1). ITonarawmy,
Hajamobap MOMKEH pe3yJsiTaT U APYTU MOBP3aHU Pe3yJITaTy CO OBUE

ke Oumar mamenm Bo Teopema 3.2.2., Teopema 3.2.3. u Teopema
3.2.4..

ITocnemuma 1.3.1. G; C §*(1/2).

IMocaemuma 1.3.2. Axo Re [%] > 1/2 3a z € D, mozaw
fes(1/2).

Teopema 1.3.14. Axo f € §*(1/2), mozaw ‘% —1] <1 3a

12| < (2v/3 —3)Y/2 =0.68.... Peayamamom e najoobpuom momxcen.
Teopema 1.3.15. G, C K 3a b < /2/2.

Bo cnemnara nocinenuna on Teopema 1.3.15. mumame nexa QpyHK-

nuuTe o1 G Ce KOHBEKCHM Ha JUCKOT |z| < v/2/2.

Hocnemma 1.3.3. Axo f € G, v/2/2 < b < 1, moeaw [ e xoneexcha
na duckom |z| < v/2/2b.

1.4. Hexou meTomu on TeopujaTa Ha

€ MHOJIICHUTE (yHKIIN

OcHOBHUTE METOIV BO IeOMETPUCKATA Teopuja Ha (YHKIUUATE O
eJIHA KOMILJIEKCHA IMPOMEHJIMBA CE MPUHIUIIOT Ha IJIOMITWHA U KOH-
TypHa WHTErpalurja, mapaMeTapCKUOT METOH, MeTOIOT Ha WHTEe-

rpaJiHd IpeTcTaByBama, METONOT Ha cybopauHanuja, u T.H.. Tue
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ce MPUMEHYBaaT U BO TEOPUjaATa HA €THOJUCHUTE (YHKIUU U BOIAT
[0 3HA4YAJHU Pe3yaTaTu. Bo MOHOBUTE MCTPaKyBama BO TEOPU-
jaTa Ha eHONMCHM (QYHKOINU Ba:KHO MECTO 3aB3eMa MeTOIOT Ha
nudpepeHnujasny cybopauHanmMyu U MeTOAOT Ha Au(epeHINjaTHn
mepaBenku. OBue MeTOAU M300UIYBAAT CO TOJIEM OPOj MOKHOCTH,
1 HEKOUW O]l HUB Ce€ KOPUCTEHU U BO OBaa MAOKTOPCKA OUCETAIN]A.
3a Teopujara Ha AupepeHnUjasHn CyOOpaMHAIIUKA 3HAYAJHU pede-
pennu ce [5] u [33].

On Tme nBa MeToma mocTap € MeTONOT Ha AU(pEepPEeHNUjaTH He-
paBeHku. KEneH on Haj3HauYajHUTE Pe3yJITATU KOU CE€ KOPUCTAT BO

oBOj Meron e semarta Ha Clunie-Jack.

Jlema 1.4.1. [21] (nmema rva Clunie-Jack) Hexa gyrnryujama w(z) e ana-
AUMUYKS U pazauvHa 00 Konemarwma wa D, u wexa w(0) = 0. Axo
|w(2)| 20 nocmuznysa ceojom marcumym na kpyrcrwuyama |z =r < 1

80 MOUKAMNG Zo, MO2AUL UMAME 0K
20w’ (20)/w (20) = k > 1.

Bo nmponomxkenue ke 6ume BOBeIeH METONOT HA CyOOpAMHANUU

U audepeHnyjaany cy0op IMHAIIAN.

Hepnaunmja 1.4.17. Axo f(z) u g(2) ce anarsumuyku nwa D, mozaw

seaume deka f(z) e cybopmuHupana Ha ¢(z), U nuwysame

f(z) < g(2), (1.4.9)

axo nocmou Pynryuje w(z) anarumuure wa D maxa wmo w(0) = 0,
lw(z)] <1, z €D, u f(2) = g(w(z)). Axo g(z) e ednoaucna na D,
mozaw f(z) < g(2) axo u camo axo f(0) =g (0) u f (D) C g (D).

Ananurrukure n3pasu Ha sBe3noaukocTa (1.2.4) 1 KOHBEKCHOC-

Ta (1.2.7) MOoke ma ce 3amumaT BO ClleHATA €KBUBAJCHTHA (hopMa
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CO TIOMOII Ha CyOOpAMHAIINN:

2f'(z) 1+=
f(2) R
' 1) 1+
z2f" (= z
1+ 702 <1,
COOIBETHO.

Axo ¢ : C* — C (C e xoMILIIeKCHATA DAMHUHA) € AHAJUTUYKA
dyurmuja co momen D C C?, ako h(z) e ennonucua wa D u p(z) e
anamurudka Ha D co (p(2),zp'(2)) € D kora z € D, Toram Besnme
neka p(z) 3amoBONyBa mU¢pEpeHIujaaHa cyoopauHanyuja on nps
pen ako

Bp(=), 29/ (2)) < () (1.4.10)
Ennonucuara gpyurnuja ¢(z) ce HapeKkyBa JOMWHAHTA HA OU(epeH-
mujanHaTta cybopanuannja (1.4.10) ako p(z) < ¢(z) 3a cutre p(z) 3a
rou Basku (1.4.10). Axo ¢(z) e nomunantra Ha (1.4.10) u ¢(2) < ¢(2)
3a cure nomuHaHnTy Ha (1.4.10), Toram BenmMe nexa ¢(z) e Hajmo-
Opa mommHaHTa Ha qudpepenuujanHara cybopauuanuja (1.4.10).
Teopujara Ha nudepeHnUjaJHN CyOOpANHANNN, KAKO M TeOpUjaTa
HA AU(EPEHIUjaJHN CyOOpAMHAK O IPB Pel Ouiaa BOBEIEHA O
S.S. Miller u P.T. Mocanu Bo ([32]) u [34].
Ha kpaj, co caennara teopema, NaIeHU C€ OCHOBHUTE CBOjCTBA

Ha MOUMOT CyOOpauHanuja.

Teopema 1.4.16. Hexa f(2) e anarumuuka na D, g(z) ednoaucra na
D, u nexa f(z) < g(z). Tozaw

(@) [F ) <19 (0)];
(17) f(lz]<r)Cg(|lz| <7), 3a cexoer, 0 <r <1;

(i) mase |f(2)] < max]g()].






I'imaBa 2

Hosu peJianamnm l'IOMef‘y HEROMN

KJIACU IIOBEKEJIMICHU (yHKIIUN

OBaa TJlaBa COAPKM HOBU OPUTMHAJJHU PE3YJITATU OaJ€HU BO
[26] u [27]. Tue pesyararu ce omHecyBaaT Ha HOOMEHU DeJAIAN
noMery MOBeKeJTUCHU (QyHKINU U3PA3EHU CO MOMOII HA UMITUKAIIAN
BO KOM C€ BKJYyYEHU HEPABEHCTBA, T.€., TUE PE3YyJITATU IABAAT

BPCKM IIOMer'y HEKOU KJIACU MOBEKEJIUCHU ()yHKIUU.

2.1. TIlosmaru pesysraru 3a pejanum moMmery

HEKOU KJIACU MOBEKEJINCHU (yHKIIN

Bo oBaa cekmnuja ke Oumar HaBeZEHU BEKE MOCTOEYKU PE3yJITATU
KOU IaBAaT BPCKU MOMer'y HEKOW KJIACU €IHOJUCHU U MOBEKEeJIUCHU

G yHKIIIN.

Bo [12] e manmen mososen ycinos ¢yrruujara f(z) € A, na oune

MMOBEKeJNCHA OJIUCKY-T0-KOHBEKCHA. 10j pe3yarar e JamaeH co CJe-

26
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HaTa TeopeMa:

Teopema 2.1.1. [12] Hexa p e npupoden 6poj, 0 < a < p u wexa

Pynryujama f(z) € A, 2o 3a0080ay8a HepaseHcmaeomo

zf”(z)] 2p—1)(p+a)+2a
f'(2) 2(p+a)

Re[l—i— . (zeD).

Tozaw,

b1 2

).

Re| L] > 232 ey

uau exeusanenmno, f(z) € C, (

Bo uctuor Tpyn moske ma ce Hajoe M CICTHUOT PE3yJTaT BP3
OCHOBa Ha KOj Omin mobuer kpurepuyM ¢yurmujara f(z) € A, na

Onme moBeKeJCHA OJIUCKY-I0-KOHBEKCHA (DYHKIMja:

Teopema 2.1.2. [12] Hexa p e npupoden 6poj, 0 < a < p u wexa

Pynryujama f(z) € A, 2o 3a0080ay8a HepaseHcmaomo

2f"(2)] _p@2pta+l)+a
Re[l—l— f’(z)} 1o , (zeD).
Tozauu,
épg) —p‘ <p+a, (z€D).

3a a = 0 Bo nmpeTxomHaTa TeopeMa ce ToOMBa ciiegHaTa IIOoCJe-

AUITa.:

ITocnemuna 2.1.1. [12] Hexa p e npupoden 6poj, 0 < o < p u nexa

pynryujama f(z) € A, 2o 3a0080ny8a Hepasencmaomo

zf”(z)] 2p+1
f'(2) 2

Re [1+ (z € D).
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Tozaw,
['(2)

zp—1

—p|<p, (z€D),

uau exsusasenmno f(z) € C,.

Knacnuen pesyarar onq Marx u Strohhcker [31, 61] e neka KoH-

BEKCHUTE (YHKINUU UMaaT pell Ha SBE3TOJUKOCT %, Te.,3a feA

1

> (z € D).

(2.1.1)

. . .
;= TOKasKyBa NIE€Ka TO] PEe3yJTaT € Haj-
1

MOOpUOT MOKEH, T.e., NeKa OpOjJOT ; He MOKe Na Ce 3aMEHU CO

noroneMm. OBoj pesyarar Bo [38] e umenysan kako Marx-Strohhcker

Re [1 + ZJ{((ZZ))} >0 (:e€D) =  Re {zjféz))

O |

dyurumjara f(z) =

pesyarar on tun I. Bo [39] e noka:kano neka nmnumkammjara (2.1.1)

He e TO4YHa 3a moBekejucHU ¢yHknum. VIMeHo, e mokaskaHO neka,
_ * *

ako p = 2,3, ..., roram nocrou f € K, raka mro f € Sy, mo f ¢ S (a)

3a cure a > 0, T.e., nocrou f € A, Taka mrTo

2f"(2)
Re [1—1— 702 >0 (zeD)
’ 2f(2)
Re{ B } >0 (zeD),
v ()
Re { 78 >a (z0€D)

He Bayku 3a cekoe a > 0. Bo [38] e maneno npomwmpysame 3a 0 < a <
p%l Ha pe3ynTaToT Ha Srivastava m gpyrure [60] 3a p%l < a<pBo
OHOC Ha MPAIIAKETO: aKo f(z) e mMoBeKeNnCHA KOHBEKCHA (YHKIIN]a
onpenaBoD,p=23,...,0 < a<p, kKOje penor [ HA TOBEKEJINCHA
sBe3noaMKOCT Ha ¢yHkmujara f(z)? Osa mpommpysBame BO [38]

HE € MOKa;KaHO MeKa e HajmaoOpo MOKHO. AmHaJsoreH mpobJiem 3a
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KJacara eqHONNCHN (yHKIMU e mocrasen on Jack Bo [22]: Koj e
majrosemuot 6poj S = B(«) rakos mro K(a) C S*(S(«)). Koneuno,
BO [38] e manena u remepanusanuja Ha kaacuuanor Marx-Strohhcker

pesyarar ([31, 61]):

Re {ZJ{ES)} >% (z € D) = Re{f(;)] >% (z e D).
(2.1.2)

Ol KJIacaTa €MIHOJMCHU KOH KjacaTa moBekeaucHU ¢yHkmuu. OBOj

pesyarar Bo [38] e mapeuen Marx-Strohhéker pesyarar ox tum II.

Hajupso e 6unme maBemen Marx-Strohhcker pesynrar omx tum I.

Teopema 2.1.3. Hexa p € N v 0 < 5 < p. Hcmo makxa neka

_1(8 <g<r
a=alfp) = Z_; ;%g E;;Zi;i (2.1.3)
Axo f € A, u
Re [1 + Z;t((z";)} >a (zeD),
e 2f'(2)
Re{ ien R (z € D) (2.1.4)

uasu, exeu8aneEHMHO,

Kp(a(B,p)) € S;(6),

m.e., nosexesucrume KoneexcHu gyrkyuu 00 ped (S, p) 8o D, umaam

B ped Ha nosekeaucna seezdoauxocm o D.

3abememka 2.1.1. Cekoja on ciaemnuTe 3abeJielKi Bpend mna ce

HaBeIu.
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(1) Bpemuocra Ha a(f,p) e nobpo nepunnpana, r.e., 0 < a(f,p) <

p. Rora p = 1, Toa MOXke AUMPEKTHO na ce MPOBEPU.

Kora

p € N\{1}, cienysa on dparror mneka «(f3,p) e cTporo pacreuka

¢yurmmja mo [ Ha maTepBasoT [0,p) (€ MOKA’KAHO BO HOKA30T

Ha Teopema 2.1.4. manena nmomone). 3aroa, uMame

0=a(0,p) <a(f,p) < /gga(ﬁ,p) = [ <p.

(7)) Bap=1m 3 =1 Bo Teopema 2.1.3., ce nobusa o = 0, T.c., ce

nobuBa Marx-Strohhcker pesysnraror Kako BO mMIImKanujaTa

(2.1.1).

Teopema 2.1.3. MO)Ke ma ce 3amuIne BO CJIenHATA €KBUBAJEHTHA

dopwma, Koja ro gasa Marx-Strohhcker pesyararor on tun I 3a mose-

tenaucHn QyHKIUU 3a cexoe o € [0,p).

Teopema 2.1.4. Hekape N, 0<a<pu

3

2(a+p)—1—+/[2(a+p)—1]2—16ap (

) ) 0<a< it
B =pla,p) = 2a—1+ (;;oc—l)2+8p (;%1 <a <2p)
Axo fe A, u
21" (z)
Re {1 oy | > (ED),
mozau /
5] e

uasu, exeu8aNeEHMHO,

Kp(a) € S8, (B(a, p)),

(2.1.5)

(2.1.6)

m.e., noseKesucrume KoOH8eKCHY Pyrkyuy 00 ped o umaam (o, p) peod

Ha NOBEKEAUCHA S8E300AUKOC.
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3abesemka 2.1.2. Teopema 2.1.4. e npomupyBame Ha HA]I0OPUOT
MOKEH pesynarar nobuen on Srivastava u apyrure [60] kora 0 < a <
p%l. AsTopure Ha [38] He ycnease ma MOKasKaT JeKa OBa MPOIIUDY-
Bame e Hajnobporo moxkuo. Ila, mpobiemor 3a mobuBame Ha Haj-
noOpa MOKHA Bep3Uja OCTAHYBa OTBOPEH IMPOOIEM.

Hajmo6puor moxken Marx-Strohhcker’s pesyarar kora ;%1 <a<

p e manen co K,(a) C S;(B\l(oz,p)), 3a

> p
fila,p) = ; 2.1.7
1) 2F1(1,2(p — a)ip + 13 3) 21.7)
rkora p=1u0<a<1, e nanen 3a
1-2a 1
Bo(ar) = { z O”_é 2 (2.1.8)
oz ¥ T3

nobueno ox Wilken u Feng. Co cmopenyBame Ha BpeaHOCTUTE Ha
B(a, p) mameno co (2.1.5), B\l(a,p) nmazneHo co (2.1.7), u ﬂAg(a) J1a,1eHO

co (2.1.8), xora &2 < o < p ce nobmenu cieIHUTE MOCIIE UM

(i) Ako p=1wun a =0, Toram
51(0.1) = B0) = 50,2) = 5,
mro e Marx-Strohhéker’s pesyararor (2.1.1);
(17) Ako p=1m 0 < o < 1, Toraumr

Bi(a,1) = Ba(a) > Bla, 1);

(iti) Axo p € N\ {1} u a = &, toram

~

Bla.p) = Bila,p) = 3.

T.€., pe3yJITaTuTe C€ €KBUBAJICHTHU,;
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(1v) AHOp22n%<a<p, TOram

B(a,p) # (e, p),

T.€.,

B(a,p) < Bila,p)

MITO Ce MOJKU Ha HAjooOpuoT MoxkeH pesynarart 3a [i(a,p).

Bo mpomomkeHnue ke Oune HaBeneHa TIeHepaJM3alyja HA WM-

naukanujara (2.1.2) 3a mOBekeaUCHU (QYyHKIUU KOTa P € KOj OMito

MO3UTUBEH Iea Opoj, T.e., ke Oume HaBeOeH crmoMeHaTuOT Marx-

Strohhcker pesyarar ox Tum II.

Teopema 2.1.5. [38] Hexap e N0 <y <1 u

p—1i(:X) (0<
p=son=1 "D i
Axo f e Ay u
Re {ZJ{;S>]>6 (z € D),
mozaw
Re{fz(j)}>7 (2 e D)

(2.1.9)

(2.1.10)

3aGesemxka 2.1.3. Bpennocra f(7y,p) e nobpo mepurupana, T.e.,

0 < B(v,p) < p. croro moske ma ce mpoBepu KOPUCTEJKU IO HAKTOT

neka, 3a 0 < v < 1, umame

1
20—74) 2
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dyurumjara G(7,p) BO OOHOC HA IPOMEHJIMBATA Y, € HEIPEKUHATA
Ha (0,1) u ja uMa wcTraTa rpaHUYHA BPEAHOCT BO KPAJHUTE TOUKU
HA UHTEPBAJOT:

Jim (v, p) = lim B(v,p) =p.

HNcro raka, on

ﬁﬁ('y p) = e
Oy ’ #

0<y<3)
(3<v<1)

ce mobusa meka [3(7y,p) € CTPOro MOHOTOHO omaravka (yHKIHja IO

IPOMEHIMBATA Y Ha MHTEPBAJIOT (0, 3) ¥ CTPOr0 MOHOTOHO PACTEUKA
%,1). 3aroa, 3a mHBep3Hara (yurnuja Ha (7, p)

: . _2(p=B) :
(BO OHOC Ha MPOMEHIUBATA 7y) TMOCTOJAT ABA U300Pa: T30 ) (r0j
m (koj omrosapa Ha 3 < 7y < 1).

Bunejém uatepecoT e 3a OHOj KOj JlaBa MOTOJE€Ma BPEIHOCT, 3a WH-

HA MHTEPBAIOT (
1
omrosapa Ha 0 < v < 3) u

. 1
Bep3Ha (yHENMja e m3bpaHa Taa mMTO OAroBapa 3a ; < 7y < 1l m
laBa BPEIHOCTU BO MHTEPBAJIOT (%, 1), HamecTO Apyrara ImMTO IaBa

spennoctu Bo (0,1), T.e.,

B8 =5 00) = T

co momeH (p — %,p) 3a IPOMEHJIUBATA [3.

Bo nponosmkenne ke bune HaBegeHa TeopeMa T.e., ke Ouie HaBe-

neHa npepaborka Ha Teopema 2.1.5. manena co ciienHaTta gopma:

Teopema 2.1.6. [38/ Hexap € N, p — % <pB<pu

1

v=7(8.p) = T42—p)

Axo f e A, u
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Re [ZJ{;SW >p (ze€D),

mozaw

f(2)

zP

Re{ ]>7 (z € D).

CraBajku p = 1 Bo Teopema 2.1.5. u Teopema 2.1.6., e nobuena

CcJIenqHaTa IIocJenauia.:

IMocaemuma 2.1.2. Hexa f € A. Tozaw caednume mepoemna ce mounu.

(i) Axo 0 <~ <1, mozaw

Re [Zfl(z)} > { % - 2(1177) (0<y< %)
1

f(2)

(i1) Ao 3 < B <1, mozaw

Re {z}t;ij)} >3 = Re {f(;)} > 3_125.

Cume zope Hasedenu Hepasencmaa 00208apaam Ha UeAuom EOUHUYEHN
ouck D.

3abememka 2.1.4. Cekoja on ciemuuTe 3abesemKd € TOCTOjHA 3

CIIOMEHYBaI€.

(1) Bay = % BO mperxomHara Ilocaemuna, ce nobusa [ = %, IITO €

nobpo mosuaruor Marx-Strohhéker pesynrar (2.1.2). Wcruor

3aKJIYYOK cjJenyBa 3a [ = % BO mperxonuata [locimenuna.
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(77) Srivastava n apyrure Bo [60] ja ucrpa:kysaiue ¢yukimujara f €

A, mTO rO 3a10BOJNYBA CIE€IHUOT YCJIOB:
zfU)(2) 2 fUTD(2) , 1+ Az
1-N) | ——= A1+ ——= — 1
(1=2) (f(a—l)(z) A Toe ) eI E:
(1<j<p —-1<B<A<I1).

Beymuocr Srivastava u apyrure Bo [60] ro nobuBaar HUBHEOT

(f‘j‘”(Z))”
2p—j+1 ?

HO camo kora A > 0 (Bumu [[60], ctp.332, Teopema 5]). 3a-

pe3yaTaT IpekKy

Toa 32 j = A = —B = v = 1, IperxogHo HaBeIEHUTE pe-
3ynaratu noBp3anu co Marx-Strohhcker pesyararor ox Ttum II

IpeTcTaByBaaT IPOIIMpYBame Ha OHMe naneHu Bo [60].

Teopema 2.1.6. kora ke ce KOMOMHUpA CO TOpe CIOMEHATUOT
Hajmobap MoskeH pesyiarar Ha Srivastava m apyrure [60] ja mmman-

oupa cjJaegHaTa TeopeMa.

Teopema 2.1.7. Hexap € N u 7%1 < a < p. [Ipemnocmasysame ucmo

maxa 0exa
~ P 1
= = > -
B=hilap) 2F1(1,2(p—04);p+1;%)_p 2
U
= 1(8,p) = ——
7 =70,P 1+2(p—5)

Axo f € Ay, mozaw

Re [1+Zf”<z) > a = Re {zf/(z)} > [ = Re [%] >y

f'(2) f(z)

Cume npema:O()Hu Hepasercmaea ocmarysaal MmMmovYHU Ha YEAUOTN edu-

nuven ouck D.
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Bo [20] ce mamenu TeopeMu KOM COOPIKAT HEPABEHCTBA, 3a IO-
BekesimcHu ¢yHEmu. O HUB JOOUEHU Ce MOCIe U KOU Ce NadeHU
BO mpomoukeHue. Ilocaemummure COAP:KAT HEPABEHCTBA BO KOW CE

BRKJIyU€HU MTOBEKEJIVCHU ()YHKIUN.

INocnemuua 2.1.3. [20] Hexa 3a f € A,, saxcu nepasencmseomo

Re [z}f(/;) —p| < %, (zeD; peN),
mozauu,
%—1 <1, (z€D; peN).

INocaemuna 2.1.4. [20] Axo sa f(z) € A,, saxncu nepasencmaomo

Re [14—2 (J;,/g; - J;/((ZZ)))} < % (zeD; peN),

mozaws f(2) € Sy u

2f'(2)
f(2)

—p‘ <p, (2€D; peN).
[Tonaramy,

ITocnemuna 2.1.5. [20] Axo 3a f(z2) € A,, saxmcu nepagencmeomo

)
@11 oo
Re {1%— 702 p] <2, (zeD; peN),

moeaw f(z) € Cp u

['(2)

zp—1

—p|<p, (2€D; peN).

ITocnemuna 2.1.6. [20] Axo 3a f(2) € A,, saxcu nepagencmeomo

Re {1 +2 (?,:/((:; - L{:Ef;)] < % (zeD; peN),
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moeaw f(z) € K, u

2f"(2)
f'(2)

‘1—1— —p‘<p—17 (zeD; peN-{1}).

[locnemaure Tpu mociaenunu naBaaT KPUTEPUYMU (YHKIUjATa
f(z) € A,, na Oune moBeKeNUCHA SBE3OJNKA, IOBEKEIUCHA OINCKY-
O-KOHBEKCHA U MOBEKEJMCHA KOHBEKCHA (DyHKIMja, COOIBETHO.

Bo 1947, Robinson [52] ro mokaskaJ CIeIHUOT PE3yITAT KOj

COOPKM HEPABEHCTBA KOM BasKaT 3a aHAJUTUYKN Ci)yHKI_[I/II/Ii

Teopema 2.1.8. [52] Hexa S(z) u T(z) ce anaasumuuwry na D, u nexa

Re [zg(g';)} > 0,(z € D). Ako %2 < 1(z € D) u T(0) = 0, mozaw
T(z
‘58’ <1(z € D).

Bo [42] e mameno nponoGpyBame 1 OOOMIITYBAKE HA MIPETXOI-
HaTa TeopeMa 3a (YHKIUU Kou mpumaraar Ha A, T.e., Ouna ganeHa

cJiegHaTa TeopeMa:

Teopema 2.1.9. [42] Hexa S(z) € Ay, T(2) € A, cop=n—m > 1.

S(z T (2
ZSE(Z'):| > o,(0 < a < 1/m). Axo S,Ezg <

(14 pa)|z|P~1(z € D), mozaw ‘gg‘ < |z|P71(z € D).

Hexa 3a S(z) eamcu Re

Bo [42] e maznen u cienHuOT pe3yaTar 3a QYHKIUUA OX A,.

Teopema 2.1.10. [/2] Hexa S(z) € Ay, T(2) € A, cop=n—m >

S(z e
ng(i) > a,(0 <a < 1/mu-3 <

Im [?—())] < © (0 <a<1/m). Awo

1. Hexa 3a S(z) eaxmcu Re

Re LPTS%)] >0 (zeD),

mozauw

Re L%ZJ >0 (zeD).
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[lomaTamy, mHTEpeCHU pe3yJTaTU KOU BKJIyUyBaaT HEPABEH-
CTBa 3a NMOBEKEJINCHU (YHKIMM MOMKAT Ia ce Hajmar Bo [44] u [45].
Pesynrary nmak moBp3aHu cO OleHa Ha apryMEHTOT MOKAT A

ce najmar Bo cratuu Ha Cho (Bumu [6]-[10]).

2.2. Penanuu nmoMery HeKoOHU KJIacH

MOBEKeJIICHU (QyHKIUN

OBaa cekmmja On MDOKTOPCKATA AUCEPTAIMja COAPKUA OPUTMHAJHU
pesyaTaTy Ol UCTPasKyBamaTa HA BPCKUTE MOMEry HEKOUW KJacu
moBeKenUCHN QYHKIUU. Pe3ynrarture ce nyOJIMKyBaHU BO TPY-
mosute [26] m [27]. Pesyarature ox [27] ce mpommpyBame Ha
pesynrarure on [26].

Ha mouetoror ke Oume mameH MTOBOJEH YCJIOB KOIa

(p+1)
arg [1+'Z‘J;T(Z()Z) < % (z € D)
UMILIAIADA, o)
arg ;(J;l)(é)) < ﬁ;ﬂr (z € D).

[ToToa ke Oume HaBemeH MOBOJIEH yCJOB KOTa

2fP2) | _ Bor
arg FoD(2) <= (z € D)
VMILJIOP A
2f* V()| Bpar
arg D) <5 (z e D),
U Ha Kpaj MOBOJIEH YCJOB KOTa

(p+1)
arg [1%—%(;;)” <O§ (z e D)
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VMIIJIMOP A
< é—ﬁ (z € D).

)

3a mobuBame Ha pe3yaTaruTe Ke ce KOPUCTU CJIETHUOT Pe3yJi-

’ 2f'(2)

TAT OJl TeOpUjaTa Ha MudepeHIrjaTHn cyOopanHAIII O IPB pem.

JIema 2.1 (Theorem 2.3i(i) [33]) Hexa Q@ C C u npemnocmasysame
dexa gynxyujama ¢ : C* x D — C zado60ayea ¥(iz,y; z) ¢ Q sa cume
reR, y< —(1+2%)/2, uz €D. Axoq e H[1,1] u(q(2),2¢(2);2) € Q
3a cume z € D, mozaw Req(z) >0, z € D.

HajopBo ke Oume maBemena TeopeMa Koja Ke ce KOPUCTU BO
OOKA30T Ha TeopeMmaTa Koja Ke Ouae HaBedeHa BO OBaa CEKIHja, a

naBa BPCKa IOMery HepaBEeHCTBATa

arg {1+Zj;(f+z)z()z)” <% (z e D)
) eGP

Teopema 2.2.11. Hexa f € Ay, p > 2, 0 < B, < 1 u npemnocmasy-
eame dexa f*)(2) # 0 sa cume z € D\ {0} u 3a cume nozumueru yeau

bpoesu k. Axo

(148p)/2
aza(ﬁp):arctg[ By (1_5’]) —i—tgﬁp—W] ;

1—-8, \1+5, 2
mozau: ()
2 fPTH(z am
arg{l%—f(T(Z) <7 (ZE]D))
UMNAUYUP G
2O | B
arg 7o (2) <=5 (z € D)
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Jloxas. Hera uzbepeme ¢’ (2) =

U O N G © VG,

q%r(2)

1+

_ qﬁp(z)

= ;(fp(,p—l))((zz)) Toram nMmame
B 1 + Zf(p+1)(2)
T O 5y
(p+1) /
Zf (Z) — Zﬂpq (Z) _}_qﬂp(Z)'
f®(z) q(2)

ITonaTamy, 3a ¢yHKIUIjaTa

Y(r,s;2) = By - s + 7P,
r

nmMamMe

¥(q(z), 24'(2); 2)

T.€.,

|arg ¥(q(2), 2¢'(2);2)| < - (= €D),

2q'(2)

P q(z)

+ ¢ (2) EQE{

Opn Jlema 2.1 mobuBaMme neka 3a Oa IMOKaKEMeE

zf(p)(z)

5T, e m)

arg

AJOBOJIHO € Oa IIOKasKeMe OERKa

Y(iz,y; 2) = Bp - % + (iz)r = -3, - % i 4 (ix)? ¢ Q

o)

2

(e

w:largw| < —

2
2 )

38 CUTE PeayHu T,y < —# (n =1 Bo Jlema 2.1) u 3a cure z € D.

3a r > 0 nmame

0 < arg ¥ (iz, y;

z) = arctg

= arctg

< arctg

= arctg

_—Bp% + 2 sin 5”7”

2P cos z ]

Bpm
2Pr cos 6’% 2
- - -
/Bp ’ 1;7 + tg @
xPr cos 5"% 2
By - (1+2%) +tgﬁL
220 +1 cosﬁ”T7T 2
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Canuno, 3a x < 0,
. Yy . .
|arg iz, y; 2)| — arg (—Bp i <z\:c|>ﬁp) — (|2,

Jlecno e ma ce mpoBepu meka ¢yHrumjata ¢(r), Ha MHTEPBAJIOT

(0,+00), ja mocTUrHYBa Hej3MHATA MUHUMAJHA BPETHOCT 3a T, =

14+B8p
1-8p

, T.€.,

. . 1+ 22
inf < |argy(iz,y; 2)| cx,y € Rz # 0,y < — 5 = p(z.) = a(fBy).

Sa z = 0 umame

ro| 3

lim |arg¢(iz,y; 2)| = lm p(x) = = > a(f,).
z—07t

|z|—0

Co oBaa ro 3aBpuryBame HOKa30T meka Y (ix,y;z) ¢ ) 3a cure pe-

2
aman z,y < —£= . O

[TonaTamy ke mokaskeMe OeKa BayKU UMIIJIUKAIIAjATA:

PG |y 0N fpam
=Iel (xeD) = oDy | S 2

2
Taa mcTo ke Oume mCKOpUCTEHA 3a ONOOWBame Ha TeopeMara

arg arg (z € D).

KOja maBa peJialiuy IoMery HepaBeHCTBATA

arg {1+'ZJ;?+?Z()Z)” <% (z € D)
) [T

Teopema 2.2.12. Hexa f € A,, p>2,0< B,1 <1 unexa fF(z) #0
sa cume z € D\ {0} u cume nosumusenu ueau bpoesu k. Axo x, e
nozoaemomo, 00 0seme NOFUMUEHY PEUWEHUJA HA DABEHKAMA

1T
Bpl_{_

17
5 (Bp—12® + Byt — 2° + 1) 2%~ cos @’Tl%—a:?—l =0,

28111 sip
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U aKo
Bp = Bp(ﬁpfl) = arCCtg[h(x*)]
xaoe 5
hx) = —1 +2xﬁp—1 cos 5% |
Bt 2 + e sin Bt

Mo2auUL 8ANCU CACOHAMNA UMTL./ZU’ICCL’L;UJCL.’

Zf(p) (Z) Bpﬂ- Zf(p_l) (Z) ﬂp—lﬂ-
arg 7o (2) <=5 (zeD) = |arg oD (2) <5 (z € D).
(2.2.11)
Loxas.
Usbupame ¢ (z) = fog_;;))((zz)) Toram nMame

o L O N T e €0 VA ) BN A1 ) WP
qPr-1(z2) - q%-1(2) =1+ fP=D(2) q (2),

T.e.,
2fP(2) _ Bpad(2)
Fo0E) T a6

[lonaramy, 3a ¢yHKIUjaTa

+ ¢ (2) - 1.

¢(Ta S;Z) = ﬁp—l . f + Tﬂp71 - 17
T

nMaMe
/ Zq/ z 1 _
Ba(2) 2 (2):2) = By - LE 4 gpi() —1e =
q(z)
= {w argw| < Bp—ﬁ},
2
T.€.,
) By
|arg ¥(a(2), 24'(2); 2)| < == (= € D).
Opn Jlema 2.1 mobuBaMe neka 3a Oa IOKaKeMe
2fPDE)| B
arg D2 5 (z € D)
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JIOBOJIHO € [a IOKa:KeMe NeKa

T Yy ) B _ Y o ()8
Y(ix,y; ) —ﬁp_l-ﬁ—k(zx) P —1——6p_1-;-z—|—(zx) -1 ¢Q
38 CUTe PeaHu T,y < —# (n =1 Bo Jlema 2.1) u 3a cure z € D.

Kora = > 0 umame

—1 4 2P cos Bpam
ctg larg ¥ (iz, y; 2)] = s < ().
—Bp—1Z 4 wPr-1 sin 5=

Cauuno, 3a z < 0,

|ctg [arg W (ix, y; 2)]| =

ag{mg(—ﬁpJ-ﬁi-i+<mﬂﬁp1—1)}‘3

]
< h(|z])-
[Tonaramy, h(x) e menperunara ua (0, +00), h(0) =0, lirf h(z) >0
T—r+00
" Og
h/<l’) _ 2@071[2:10’81’*#1 sin(ﬁp,ln/Q)—l—(Bp,1x2+ﬁp,1—x2+1>:c’81’*1 2005(6,,71#/2)—&-:52—1] ’

(Q:Bﬁp*1+1 Sin(ﬁpflﬂ/2)+6p,1$2+,3p,1)

mobusame h'(0) < 0 u wgrfoo h'(z) > 0. 3aroa, h(r) uma Gapem enen
JIOKaJIEH MUHUMYM ¥ OapeMm eneH JokaseH MakcumyM Ha (0, +00).
On mpyra crpana, 6pouresnor Ha h(xr) e pacreuka (QyHKUUja HA
(0, +00), a HEj3MHMOT UMEHUTEN € KOHBeKCHa (yHkimja Ha (0, +00).
3aroa, h(r) uMa TOYHO €IEH JIOKAJIEH MUHUMYM (BO TOUKATA T.y) U

TOYHO €MIE€H JIOKAJIEH MAKCUMYM (BO TOUKATA Ty > T ) Ha (0, 400).

IIa,

1 4 22

sup { | ang (i, 1 2)] 0> 0,y < 25 | = avcetglhe.)] = (6,0

Ha uct maume MokeMe na mokaskeMe TOYHOCT 4 3a x < 0.
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3a r = 0 nmame

lim |arg vy (ix,y; 2)| = lirgl+ arcctglh(z)] = = > Bp(Bp-1)-

|x|—0

N[N

Co Toa ro rKoMmIeTUpaMe MOKA30T Ha TeopemaTa. O

Bps ocunoBa Ha mpeTxomHUTE IBE TEOPEMU TOOUEHU Ce pe3yiiTa-
tute BO [27], T.e., moGUEHM ce TeopeMaTa U MOCJIeANNATa HABEJeHN

BO IIPOOOJIFKEHHUE!:

Teopema 2.2.13. Hexa f € A,, p>2,0< (1 <1,2<k<p ke
uen 6poj, u nexa npemnocmasume dexa f™(z) # 0 3a cume z € D\{0}
u 3a cume nozumuenu yeau bpoesu m. Axo nusama By, (k=1,2,...,p)

e maxea wmo 1 = [ u
—1 4+ 2" cos BT

Br = Br(Br—1) = arcctg
kfl—l;;iz + .Tfk71 si

- ﬂk;ﬂ’ k=223, ..,p,

Kaoe Ty € NO20AEMOTNO 00 08eme no3UMuBHU peweuuja Ha paserxama:

ﬁk—ﬁT

~1=0
2 i ’

24881+ gip

+(ﬁk71&32 + ﬁkfl — ;1;2 + 1) xﬁk‘fl CoS ﬁk_Tlﬂ—

u
5p 1 — 5}) (1+8p)/2 5p7r
= = t . to 22
a = a(by) angll—ﬁp 145, +tg 5 |
MOZAUL BANCU CACOHAMA UMNAUKAYUJA:
zfPH(2) an
1+ —= — D
arg [ + F2) <5 (z € D)
2f'(z)| _ Br
= |arg <— (zeD).
| <2 BEP
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Zloxas. HajupBo ke morazkeme Oeka

zf"(2) Pom
f'(z) 2

Nsbupame ¢ (2)

2f'(2)
5)

<ﬁ177r (z € D).

arg

(zeD) = ‘ar

_ 2f(2)
fi8)

. ITa, umame

A7 (2)) _ 281" M (2)d (=) _ g
#(2) ¢P1 (2) f'(2)

zf"(z) 2P (2) Bi()
7 ae T

[lonaramy, 3a ¢pyHknUjaTa

W(r,s2) = Bio + M — 1
-

uMame
W(a(=). 24/ (2): ) = fu q(](()) ()~ 1 e = s arge] < 203,
T.C.,
|arg (q(2), 2¢'(2); 2)| < 527% (z € D).
Om Jlema 2.1, 3a na mora;keme IeKa
zf'(2) B
‘arg i | <2 FED)

JOBOJIHO € Oa IIOKasKeMe OCEKa

Wliz,yi2) = =Bi- L oi+ (i) —1¢Q

22

38 CUTE PEaJHU I,y < _HT (n =1 Bo Jlema 2.1) u 3a cure z € D.

3a z > 0 nmame
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—1+ 27 cos 617”

< h(x)
Y in B ’
—fB1% 4 2P sin ZF

ctg larg Y (iz, y; 2)] =

—1 + 2P cos ﬁlT”

2 . ‘
B b sin O

h(x) =

Canuno, 3a x < 0,

et [arg iz, 35 2)]| = |t [arg (—ﬁl i () 1)] ' < h(z))

]

dyuruujara h(x) e menperunara ua (0, +00), h(0) =0, liril h(z) >
T—r+00
0, M(0) <0 m lirll h'(z) > 0. Ymre noseke, h(r) uma TOYHO eneH
T—>+00
JIOKAJIEH MUHUMYM (BO TOUKATA Tyy) U TOYHO €IEH JIOKAJIEH MaKCU-

MyM (BO TOUYKaTa T, > Z..) Ha (0,+00) (o6jacrero BO [26]). Ila,

1+ 22

sup {| arg iz, yi )| x> 0.y < } _ arcetglh(e.)] = Ba(5),

kane 1 = S.
Ha cauuen mauymu MOkeMe na TMOKasKeMe MEKa MCTOTO BaKU U

3a ¢ < 0.

3a r = 0 umame

lim Jarg (i, y: 2)| = lim axcctglh(x)] = 5 > Ba(B).

|x|—0
Toram
arg ) < fam (zeD) = ‘arg 1) < b (z € D).
f'(2) 2 f(2) 2
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I[Tonaramy, 3a ma ru moka:keMe UMILIAKAIAUTE:

argM <ﬁt—7r (zeD) =

fE)) 2

2fUVE)| Bear
= |arg FE ) t2 (zeD), 3<t<p,
KaKO MPEeTXOJIHO, u3bupame
t—1
biagy 2 (2)
q (Z)_ ft_2(2> 9 Bgtgp

[TpumenyBajky ro MCTUOT MOKA3 KAKO 3a mMIUIMKanujata (2.2.11),

co uTepanuja gobmBame:

Wiz, y;2) = —fror - L i+ (i) —1¢Q, t=3,.,p,
x

2
3a cUTe peasHu T,y < —HTQE (n=1180 Jlema 2.1), 3a cure z € D, u

—1+ 27" cog Bz
B = Bi(Bi—1) = arcctg 5 : ;
Lo: | phtgin —Bt’z”r

t=3,....,p. CencrseHo, CJIe,ZLHOTtOIB:;;I/I
arg ;(i(—pl))(é)) < Bgﬂ (zeD) = 'arg z;;(zj) < %T (z € D).
Ileka Baky MMILIMKAIMjaTa
arg [1%—%” <a77r (z € D)
= |arg ;(Jipl))((zz)) < /B‘SW (z € D)

e mora:kaHo Bo Teopema 2.2.11..
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Co oBa ro 3aBpIiryBaMe NOKa30T Ha Teopemara. [

3a p =2 ja mobuBame cjemHaTa MOCJEAUIA:

ITocnemuma 2.2.7. Hexa f € Ay, 0 < 51 < 1, u nexa f'(z) # 0 3a
cume z € D\ {0}. Ceza, nexa 1 = u

—1 4 2% cos Bim
By = Ba(f1) = arcctgﬁ o 2

2% 4

. b
+ :Uf Lsin 617”
Kaoe T, € nozosemomo 00 08€me NOUMUSHY PeEeULEHU]A Ha DABEHKAMA

2251 gin % + (Biz® + B —2® + 1) 2% cos &Tﬂ +2°—1=0.

Tozaw 6ancu careOHaAMaA UMNAUKAYUJA:

zf"(2) Bom

2f'(2)
702 < (zeD) =

f(2)

<5177T (z e D).

arg arg

2







I'imaBa 3

Pe3yarar ma Silverman nmpeneceH
Ol KJIacaTa €mHOJIMCHU HAa KJlacaTa

IIOBEKEJINCHU (yHKIIVN

Bo oBaa rnaBa ke Oumnme mepuHUpaHa Kilaca Ha ITOBEKEJIMCHU
GYHKIMN 3aJaleHa KAaKO KOJWYHUK OJ AHAJIUTUYKUTE Pernpe3eH-
TAIMM HA KOBEKCHOCTA W SBE3MOJIMKOCTA KOja IPETCTABYBa MPOII-
pyBame Ha Kjiacara AeGUHUpAHA HA CIWYEH HAYUMH 33 €IHOJIUC-
HUTE QYHKIMU U Ke OMIAT TPE3eHTUPAHU HOBU PE3yJTAaTH, KOU Ce
IPOIMMPYBakhe Ha MOCTOCYKUTE 3a eTHOJucHUTE (QyHkuuu. Pe3yi-

TaTATE Ce NAJEeHU BO TPYHOT [25].

3.1. Kumacara S*|A, B|

Knacara S*[A, B] 3a npoussonuu ¢pukcupanu 6poesu A u B, —1 <

B < A<1, ce cocrou on ¢pyuruuu f (z) € A TakBU WTO

z2f'(z) 1+ Az
f(2) = 14 Bz’

50
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/
I'eomeTpuckun, oBa 3HAYN IEKa %S) IO IPECIIMKYBa € IUHEYHNOT

muck [) BO OTBOPEH AMCK IMEHTPUPAH HA peajiHaTa OCKa CO KpajHU
touku Ha mujamerapor (1 — A)/(1 — B) u (1+ A)/(1+ B). 3atoa,

kinacara S*[A, B] e noakiaaca Ha kiaacara S* 01 € JHOIUCHY ()yHKIAN

KOU Ce SBe3JOJUKU BO OJHOC Ha HyJaTa.

Knacara S*[A, B] BoBenena e ox crpana Ha Janowski Bo Tpyznor
[23] m 3aToa e mo3HATA KAKO KJIAaca SBE3NOJIUKUA (YHKIAM O THII
Ha Janowski.

Co cnenujaaen uzbop 3a A u B ru nobuBamMe cjieTHUTE KIACHU:

e kiacara spe3nosuku QyHrmuu ox pex o, 0 < a < 1: S*(«a) =
S*1 —2a, —1];

e S*la,—a] (0 < o < 1) - ruacara ¢pyurmuu f(z) € A 3a kon

)/ (e )

OBaa kisaca e npoyuysana ox K.S. Padmanabhan so [47].

BasKNM:

<a, z€eD.

3a a = 1 ce mobumBa kjacarta SBe3mOJWKN (yHKIuM: S* =

S*[1,—1] = §*(0) co ananmuTUuka pemnpeseHTaNM]ja

Re [Z;(i’;)} >0, zeD:

b0 b
f(z) € A 3a rou Bazkm:

2f'(2)
f(z)

OsBaa rnaca e npoyuysana on H. Silverman Bo [55];

. S <b27a2+a k_a> (a+b>1,b<a<b+1) - rracata PpyHKIUN

al <b, zeD.
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e S*a,0],0 < a <1 - riaca mepunupana co
2f'(z)
f(2)

3a a = 1 ce mobusa knacara S*[1,0] koja Guna mpoyuyBaHa
ox R. Singh Bo [57].

—1‘<a, z € Dy

Ha 3abenesxume nexa S*[A,B] C $*((1—A)/(1 — B)).

3.2. Hekou pe3yjaTaru MOBpP3aHU CO KjacaTa Ha

Silverman

Bo oBaa cekmnuja ke Oumar HaBeneHU BEKe TOCTOEYKU PE3YJITATH 32
kjaacaTa Ha Silverman.

Bo merosuor tpyn [54] Silverman ru mpoyduysaa cBojcTBaTra
Ha Kjgacara on (YHKIMM NeGUHUPAHU KAKO KOJUYHUK ON AHAJU-
TUYKATA PEIpPE3CHTANN]a Ha KOHBEKCHOCTA U SBE3MOJUKOCTA.

Bo [66] Tynecku nmak nqobun noBoseH ycuaoB ¢pyHrnujata f(z) €
gy, ma mpunara Ha kinacata S*[A, B] u Ha Hej3UHUTE TOTKIACH.

Bo nponomkenue ke Oumat HaBeIEeHU HEKOU O PE3YJTATUTE O

66].

Teopema 3.2.1. [66] Hexa f(z2) € A u neka A u B ce maxeu wmo
—-1<B<A<I1. Axo

2"/ f(2) . (A= B)s _
T Moy

mozaw f(z) € S*[A, B]. Pesyamamom e Hajoobpuom moxcen.

h(z)

Bo cormacuoct co medpunmMnujata 3a cyOOpAMHAIMja TOA IITO

pe3yJTaToT BO MPETXOMHATA TEOPEMa € HajAOOPUOT MOKEH 3HAauu
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neka h(D) e majromemara o6GiacT BO KOMILJIEKCHATA DPAMHUHA CO

CBOJCTBO:

1+ 2f"(2)/f'(2)
2f'(2)/f(2)

3a A =1 Bo mperxomgHaTa TeopeMa ce nobuBa:

ehD) (:€D) = f(2)eSA B

ITocnemuma 3.2.1. [66] Hexa f(2) € A u nexa —1 < B < 1. Axo

O o [ 2]

3a cume z € D mozaw f(z) € S*[1, B]. Pesyamamom e najoobpuom

MONCEH.

Toa mToO pe3yaTaToT BO IPETXOAHATA MOCIEIUIA € HA]I0OPUOT
MoskeH 3Haun geka C\ [%, oo) e HajroJjiemara 00JIacT BO KOMILJIEKC-
HaTa paMHUHA CO HABEAEHOTO CBOjCTBO.

Teopemara 3.2.1. 0BO3MOKYBa na ce H0jme A0 CJIeIHATa IOCJe-

muma 3a kaacarta Gp.

ITocnemuna 3.2.2. [66] Hexa A u B ce makeu wmo —1 < B < A< 1.
Toeaw G, C S*[A, B] xade b = (1+|A| . 3a A # 0 pesyamamom e

HAJOOOPUOM. MONCEH.

Bo nponomkenue ke bume maneH TpuMep KOj COIP:KUA KOHKPETHU
3aKJIYyJONM KOM MOKAT ma ce mobujar om pe3yiaTaTuTe HaBeIeH!

IIPEeTXO0IHO.
IIpumep 3.1 Co cneyuduyupamwe na epednocmu 3a A v B umame:

(i)A%of()EAu%EC\[ 00) sa cume z € D mozaw

f(z) € §*. (B =—1 60 Hocaeduya 3.2.1.);

(17) Gy = S*[0,-b] 36 0 < b < 1. (A=0u B = —b 6o Hocaeduya
3.2.2.);
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(17i) Gy C S*[b/(1 —1),0] 3¢ 0 <b <1, me., axo f(z) € G, mozaw

S | b
1) ’ ST

3a cume z € D.

Craennure pe3yaTaTu JaBaaT BPCKU moMmery kjgacarta Ha Silver-
man 1 HEKOM OCTaHAT! KJIACU (YHKIIUU.

Bo ([41]) mamenu ce momo0Opu KAKO ¥ HOBU PE3YJITATU HOBP3aHU
co pesyararu mperxomHo mobmenu onx Silverman. Twue ce nase-
IEeHN BO MPOJOJKeHue. Teopema Koja € coonBeTHa Ha Teopemara
1.3.12., T.e., Teopemara 1.3.13. u nmaBa HajogoOap MOKEH PE3yJITAT

€ ciliegHaTa:

Teopema 3.2.2. Hexa f € G, 0 < b < 1. Tozaw % < l—ibz u

Pe3YAMAMom € Hajoobpuom MoAcer KaKo Wmo nokaIcysa GyHKyu-

- z
Jama 162"

3abenemka 3.2.1. Pyurnumjara 1/(1 4 bz) ro npeciukysa enuHed-
auoT auck ) Bo muck co mujamerpanHo kpajuu Touku 1/(1 4+ b) m

1/(1 —b), ma ox mperxoqHaTa TEOpEMa MUMaMe
fegqg = feS(1/(1+b), 0<b<L
Ho, oxn Teopema 1.3.12. umame
feG = fe& (2/(1+x/ﬂ))

nmonl/(14+06)>2/(1++/1+8b) 3a0<b<1, Taka MWTO €qHAKBOCT
BasKU caMo 3a b = 1, ce 3aKiydyBa HeKa Pe3yITaTOT O HOCJIEeHATA

TeopeMa € I0I00PUOT.

Teopema 3.2.3. Axo [ € Gijp moeaw 2 (zf'(2/f(2)) e ednorucra na
D.
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Hpyr Bug Ha pe3yiaTaT € AaleH CO ClenHaTa TeopeMa:

Teopema 3.2.4. Hexa f € A. Axo

1+ 2f"(2)/f'(2) 2% .
2f'(2)/ f(2) <1+(1+z)2_h( ),
2f'(2) 142
) 1-2

mozaw

m.e., f € §*(=S*(0)).

On h(D) = C\[3/2,+00) Guite nobueHn CieqHATE ABE MOCIIE NUIN:

1+2f"(2)/1'(2)
2f'(2)/ f(2)

IMocaemuma 3.2.3. Hexa [ € A u nexa ‘ < %,z € D.

Toeaw, f € S§*.

Iocnemunma 3.2.4. Hexa f € A. Axo Re [%] < 2 zeD,
mozaw f € S*.

Teopema 3.2.5. [/1] Hexa [ (2) € A u nexa

U]
Re[HE G <A@, zeD
Kade a

Ma) =1+ —— Gfg) Ceos((1-a)3),

0< o< 1. Tozaw f(z) € S* (), m.e., f(z) e cuano seesdoruxa 00 ped

Q.

3a o =1/2 ce nobuBa cileAHATA UMIIAKAIL]A:

V2V3

L2/ B o
R { /) ] <A1/2)=1+ G = 1.3102
= arg Z]{Eij) %, zeD

Ravichandran u Darus Bo [50] ro no6uBaaT cie1HUOT PE3yJITAT:
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Ilocnemuna 3.2.5. [50] Hexa h(z) e seezdonrura na D u h(0) = 0. Axo

feAu
L+ 2f"(2)/f'(2)

T MR
) T [Fh),]
) <[1 / nd”} |

Bo [51] mexn va aBTOpUTE OGUiIa ma HajHAT TOBOJIEH yCcioB f(z) €
A nma 6ume CUIHO SBE3MOJMKA O pel (v BO OJHOC HA apryMEHTOT

2f'(2)/f(2) :
T () /() IIpu Toa ro mobuBaaT CIeTHMOT PE3yJITaT:

Teopema 3.2.6. [51] Hexa 0 <a <1 u0< <1 e dadeno co

; B a (om) n 1+« =N Q (om)
an | — sin ( — = cos (— ).
2 1—« 2 1—«a 11—« 2

Axo fe A u

Ha

(i )T e

mozaw f(z) € §* ().
Mocanu ja BoBeux Bo [37] kiacara

O -

M(Oé):{feAiRelOé(l—l- > 0, zeD}

f(2)
Ol '—KOHBEKCHM (YHKINM, (v peajieH Opoj, Koja maBa HEIpPEKUHAT
IpEMUH OJ KOHEKCHUTE BO SBE3IO0JIUKUTE ()YHKIWU.

Bo [58] e mamena remepanmsanuja Ha pesyararure on [66], a
BO [68] e mpoyuyBaHa JuHEapHATA KOMOWHIM]a HA AHAJIUTUUYKATA
pelnpeseHTaIrja Ha SBE3NOJIUKOCTa U KOHBEKCHOCTA T.e., OTugepeH-

1] aJTHUOT OMEePaTop

2f'(2)

G(a,b, f;2z)=a 8

+b (1+ Zfl/('z)) :

f'(2)
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U e JaJeH HajIoOpUOT MOAEEH JOBOJICH yCJIOB MITO UMILIUAIUpA [ €
S*[A, B]. Bo nponmomkernne ke 6une nmanges pesyarar oxn [68], 3a
moxaynor Ha G(a,b, f;2) KAKO HOBOJIEH yCJIOB mWTO mMminaimpa f €

S*[A, B], co cnemnara mocienuna:

INocaemuna 3.2.6. [68] Hexa f (2) € A u nexa A u B ce maxeu wmo
—1<B<A<I1. Axo

A-B

|G(1,—1, f;2)] < (1+ A1 +|B]|)

(2 € D),

mozaw f(z) € S*[A, B]. Pesyamamom e najoobpuom moxcen.

3.3. Hos pesyarar 3a moBekeJmMCHU (OyHKIINA
OpoImupyBame Ha pe3yJrar Ha Silverman

3a €aHOJIICHU

Bo oBaa cermnuja ke 6ume mpoydyBaH u3pa3 KOj IPETCTAByBa IPO-

mupyBame Ha
1+ 2/"(2)/f'(2)
2f"(2)/f(2)

Ha [IOBEKEJMCHU (DYHKINU, T.€., Ke Ouae IpOyUyBaH KOJIUYHUKOT

L+ 2/0(2)/£0)(2)
2FO()/f ()

u ke 6I/I,Z[e Jan€H JOBOJIEH YCJIOB TaKa IITO Ja BaiKN I/IMHJII/IKaIII/Ij aTa:

L+ 2/ ()0 ZHL
2f®)(2)/ fP=1(z) f(2)

(mBeTe HEpaBEHCTBA Ce HA [EJUOT €AUHUYEH IUCK).

—-1l<X = <p (331




Mnaea 3. PesynTaT Ha Silverman npeHeceH oa knacaTa eJHONNCHM Ha KnacaTa

NOBEKENUCHU PYHKLNM 58

3a moka)kyBamkhe Ha UMINIMKAIIMATE BO OBaa CEKIja Ke ja KO-
pucTeMe ciienHaTa JeMa O Teopujara Ha AupepeHnujaann cyoop-

IHAIAN.

JIema 3.1 (Theorem 2.3h(i), p.34, [33]) Hexa Q2 C C u npemnocmasy-
same dexa dynryujama b : C* x D — C zadosoayea y(Me? Ke'; 2) ¢
Qsacume K > Mn,0 e RuzeD. Axop € Hla,n] up(p(z), zp'(2); 2)
€ Q sa cume z € D, mozaw |p(z)] < M, z € D.

OBaa neMa maBa MOMKHOCT 3a nOOWMBame Ha MTOBOJHU YCJIOBU

KOTa onpeneHu mudepeHIuja iy HePaBEeHCTBa BasKaT.

Hajopso ke Oune pasrienana UMIIAKAINAjaTAa:

1+ 2/ (2) /£ (2) =00 1' <N (332)

Zf(P)(z)/f(pfl)(z) f(pfl)(z)

(mBeTe HEpABEHCTBA C€ HA NEJUOT €AWHUYEH AWCK), U CO HEj3UHA

—1‘<>\ =

nomoI ke nojueme no uMmiukammjara (3.3.1).

Teopema 3.3.7. Hexa p e npupoden 6poj nozoaem 00 1 u Ny > 0. Mcmo
maxka, nexa f € A, Axo X < A(\)) = 521, mozaw umnaukayujama

()\1+1)2 )
(3.3.2) samcu.

Zloxas. Bp3 ocuoBa ua Jlema 3.1, meka craBume M = )\ u nedpuHu-
zf<P)(z)

pame ¢yaruuja p(z) = =i 1. Tomaramy, 3a ¢yHKITjaTa
W(r,s;z) = ﬁ, rakBa mto p(z) € H[0,1] (n = 1 Bo Jlema 3.1)
nMame

2p/(2)

_ ‘ L+ 2" (2)/fP)(2)
FD () /foD ()
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3a cure 2 € Dwm

i0 i0 Ke® Kle"|
v(Me” Ke",; z) = '(M€i6+1)2 = NV -
B K S M
|Me® 4+ 112 = |Me? + 1|2
S M M
T MEH2M+1 0 (M 41)2
A
REESIE >\

3a cure z € D. Tla, |p(2)] < M 3a cure z € D. O

Ha cnuuen mHauwmH ke Oume MOKasKkaH M CJIETHUOT PE3YJITAT.

Teopema 3.3.8. Hexa p u k ce npupoonu 6poesu nozosemu 00 1 u
0<k<p-—2. Hcmo maka, nexa f € Ay, A\gr1 >0 u

At 1
A < Ap(A = —————— + Mgyt
k< Ae(Arr1) Mer1 + k2 k+1
Axo -9(2)
2 fPM (2
f(pT_l)(z) — (k? + 1)‘ < )\k()\kJrl) (Z € ]D),
mozaul k()
2 fPFTY (2
W-(k—FZ) <)\k+1 (ZE]D)
Joxas. Herka M = A\ m Heka meduHmUpame (GyHKIAU
20 (2)
M=o T
u
S
W(r,s;z2) = +,

r+k+2
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raka mwro p(z) € H[0,1] (n =1 Bo Jlema 3.1) u

2p/(2)

U(p(2), 20 (2); 2) = NOEYET +p(z)
)
= m—k’—l —p(2) +p(2)
2 f(P=k) (5
= f({’TT—l)((z)) — k- 1‘ < Ae(Akt1)

3a cure z € D. Co men ma ja mokaskeme TeopeMarta JOBOJEHO € Ja
nokaskeme meka (Me? Ke:z) > A\p(M\y1) 3a cutre K > M, 0 € R n
z € D. HaBucruna, on k + 2 > M umame

2 e M 2 i
= # + Aot = Ae(Akt1)
3a cute z € D. O
Co ormexn Ha Toa mWTO QYHKIUUTE A(A;) = ﬁ u Ap(Agr1) =

Akg1
m—l—)\kﬂ ce crporo MmoHoTonu Ha naTepsasure (0,1) u (0, +00),

COOJBETHO, noOMBaMe IeKa MOCTOjaT HUBHUTE WHBEP3HU (PYHKIN

1= 20+ VI -4

M) 2\

(Ak—k—3+\/(>\k+k+3)?—4)\k>.

DN | —

Akr1(Ar) =

3aroa, Teopema 3.3.7. u Teopema 3.3.8. Mo:kaT ma ce 3amumar BO

clelHaTa €KBUBAJICHTHA (QopMa.
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Teopema 3.3.9. Heka p e npupoden 6poj nozoaem 00 1 u 0 < A < 1/4.

Hcmo maxa, nexa f € A,. Axo

e 2f00(2)/1P(2)
2FOE ()

—1‘<)\ (z € D),

mozaw

e D).

2fP)(z) 1—2X++/1—4)\
el R ¢

Teopema 3.3.10. Hexa p u k ce npupoonu b6poesu nozosemu 00 1 u
0<k<p-—2. Hcmo mara, nexa f € A, u0 <\, < 1. Axo

(p—k)
%T_l)(é))—(kJrl)’ <\ (zeD),
mozaw (p—k—1)
A}f;p_k—_mé? = (k;+2)’ < Mo

N | —

[)\k—k—3+\/(>\k+k+3)2—4)\k] (2 € D).

Kpajrara 1mesn ke ja mocTuraemMe co KOMOMHUpAWHE HA MTPETXO -
HUTe nBe TeopeMu. Teopema 3.3.10. MOske ma ce MpUMEHU PEKY P3UB-
HO Ommejku % [)\k —k—-3+ \/()\k +k+3)2— 4)\k] € BO MHTEPBAJOT
(0,1) rora A, € (0,1).

Teopema 3.3.11. Hekxa p e npupoden 6poj nozoaem 00 1 u 0 < A <

1/4. Hemo maka, nexa Ay = % VIZA oy sa k=1,2,.. .,

1
Ak+1:§[)\k—k—3+\/()\k+k+3)2—4)\k].
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Axo f € A, u

Loy
SFOE) /()

—1‘<)\ (z e D),

moz2aul ()
f(2)

—p‘ < A1 (z € D).

Bap=2wu\=1/4 umame \; = 1 u ja nobuBame ciegHaTa

IIocJjeauniia.

IMocaemuma 3.3.7. Axo f € As u

L+ z2f"(2)/f"(2) B l B
‘ TG 1‘ <3 (ED)
mozail Zf/(z) )
8 2| <1 (z e D).







I'imaBa 4

3a orpaHMYEeHOTO BpPTEH-€ Ha

AHAJIMTNYRNTE (i)yHR]'J;I/II/I

Bo oBaa rsmaBa on mokTropckara aucepranuja ke OUIAT TpPE3eH-
TUPaHN OPUTMHAJIHU PE3yJITaTU IOBP3aHU CO €NHOJUCHUTE (PYHK-
OUY, MOKOHKPETHO 3a (YHKIUNTE CO OTPAaHWMYEHO BpTeme. [wue
Tpeba ma 3eMaT MECTO BO OBaa MOKTOPCKA MUCEpTalldja Koja ce
OIHECYBa HA MOBEKEJUCHUTE QYHKIUU, OUAEjKN Ce TECHO MOBP3aHU
co mus. Ke OumaT mameHu HOBU KPUTEPUYMU KOU K€ TapaHTUPAAT
neka ¢ymrmmjata f € A mpumara Ha kKigacaTa (QYHKIUM CO Orpa-
HUYEHO BpTeme. Pe3yararure om oBaa riaaBa ce MyOJUKYyBaHU BO

Tpynot [64].

4.1. Knacara pyHKIUM CO OTPAaHUYEHO BPTEHE

dyHEIIUUTE O KiIacaTa

R={f€A:Ref ()>0,2€D} =

64
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:{feA:f’(z)<1+Z zeD}

1—2

T.e., pyukmuure f(z) € A 3a rom |f'(z) — 1| < 1,z € D ce napeky-
BaaT QYHKIUU CO orpaHmdeHo Bpreme [15|. MoruBamujara 3a
BAKBMOT Ha3uB moara on ¢gaxror mro Re f'(2) > 0 e ekBuBaseHTHO
co |arg f'(z)] < /2, a arg f’ (z) To mpeTcTaByBa aroJoT HA BPTEHE
(poranuja) Ha CIMKATA HA TMOJyIpaBa Ol Z IITO Ce NJOOUBA CO IMO-
mom Ha ¢yurmujata f. Iloznmaro e meka R C §. Co ormen Ha TOa
IITO CUTE TMO3HAUAJHU KJIACU €IHOJUCHU (YHKIUU UCTOBPEMEHO Ce
U SBe3MOJIMKU, 33 OUeKyBame e na Baku R C S§*. Ho, Krzyz Bo
[28] maBa KOHTpampuMmep CO KOj MOKasKyBa IeKa TOa HE € TOYHO.
Mocanu Bo [36] maBa ymTe eneH KOHTpAIpUMep KOj MOKAKyBa IEKa
xypu Hu nocrporuor ycaos f € A, |f () —1] <1 (z € D) ue um-
mwmmnupa f € §*. ®akror mrTo He Baxku Huty R C §*, Hury S* C R,
ja mpaBu kJacara R MHTepecHa 3a UCTpakyBame. PedepeHnu Bo
Taa HacOkKa ce [65], [19], [28] u [62].

Bo tpymot [63] co kopucreme Ha MeTOm O TeopujaTa Ha Aude-
peHIjaJHu CyOOp aAMHAIIA JAAEHU Ce PE3YITATU MOBP3aHU CO W3-

o -1 St
)= F@T

KOM BOJAT N0 MOBOJHU yciioBu emHa ¢yurmuja f € A,, n € N,

(4.1.1)

n > 2, ga 0ume co orpaHMYEeHO BpTeme. Bo mpomomkeHue maneHun

ce HEKOU O] TUe pe3yJaTaTu:

Teopema 4.1.1. [63] Hexa f € A,, n € N, n > 2, maxa wmo f(z) # z

(n)
sa cexoe z € D\ {0}, u nexa a, = fT!(O). Axo

fl(z)—1 Az
—_ - —— =:h 4.1.2
Zf(z)—z " an + A2 1(2), ( )
kade 0 < |A| < |ay,|, mozaw
JE) == < an + A2 (4.1.3)

ZTL
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u gynkyujama a, + Az e najoobpa domunanma wa (4.1.2). Ywme

nosesxe,

—an| <A, ze€D, (4.1.4)

Z?’L

‘ fz) ==

U 080] 3a4KAYHOK € Hajoobap moxcen, m.e., 80 nepasencmaomo (4.1.4)
napamemapom |A| ne moaxce da ce zamenu co noman 6poj Mara wWmo

UMNAUKAUUIAME 06 NPOOOANCY 06 BANCU.

3abGesemxka 4.1.1. [65] 3a ¢yurnujara hy(z) nepurupana co (4.1.2)

JIECHO MOKEe Ha Ce IIPpOBEpU OEKa:

(i) Aro 0 < |\ < |ay|, Toram hy(DD) e oTBOpeH AuUCK CO mEHTAD

1 . ‘ A2
—— iarg(an/A) hi— iarg(an/A)\] —
o= 3 D (et o (emmton)] = AL
U pagmnyc
: Al - lan]

— |p targ(an/AN)\ __ _ | nl_

r=|hi (e ) = lan]? — A2
(i) Axo || = |an|, Toram hi(2) = i@y,

1
hl(]D)):{zEC:Rez<§}.

Onm Teopema 4.1.1. ce mobuBa ciaemHaTa IOCJIEIUIA.

ITocnemuma 4.1.1. [63] Hexa f € A,, n € N, n > 2 u f(2) # z 3a

cexoe z € D\ {0}, u nexa a, = %.

(i) Axo 0 < A < |an| u

f(z) -1 Al? AL lax]
2V —n— , zeD,
f(z) == AP =lanl? | lan]> = |A]?
mozaw
'M—an <[\, zeD.
Zn
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(ii) Axo
Re[z%]<n+%, z €D,
e f(z) ==
%7—1 <1, =ze€D.

Osue uMnNAUKAUUY ce Hajoobpu MOICHU, M.€e., 80 004MaA CAYYAU Pa-
QuYcom Ha 0MEOPERUOM QUCK 00 3AKAYUOKOM, € HATMAA MOANCENR MAKG

WMo coo08EMHAMA UMNAUKAUUIA 06 NPOOOANCU 06 8ANCU.

Bo [37] mobuen e ycnos Bo omsoc Ha zf'(z)/f(z) TakoB mro

f€R. Toj e mamen co ciaemHaTa TeopeMa:

Teopema 4.1.2. [37] Hexa o, M > 0 ce maxeu wmo |1 —a| < M < a.

Axo f € A, 20 3a0o80ay8a ycaosom

) .
) '<M’ <P

kade M = M(a,n) e dadeno co pasenkama
|1 —qf Va2 — M?

M? —(1—a)
- arctan = arctan ——,

axo o £ 1, u

M
cos— =M
n

3a « =1, mozaw f € R.

Baa=2uM=+2 8o IpeTxoaHaTa TeopeMa € NOOUeH cJjeTHu-

OT IIOECTHOCTABEH PE3YyJTaT:

ITocnemuma 4.1.2. [37] Axo f € A u

2f'(2) B
e 2‘ <V2, zeD,

mozaw Re f' (2) > 0,z € D.
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Bo 1993, Bo Tpymor [70], maaeHn ce clegHUTE pPe3yaTaTH KOU

[IaBaaT MOBOJIEH yCJIOB Kora f € R:

Teopema 4.1.3. Axo 3a [ € A, saxcu

2f'(2)
f(z)

xade M = M, e pewenuemo Ha pagenxama

—1‘<M, z €D,

cos (M /n) = M,
mozaw, f € R.

Teopema 4.1.4. Axo 3a [ € A, saxcu

2f'(2)
f(z)

xade 0 = 0, e pewenuemo Ha pagenkama

arg

‘<9, zeD,

T T
—tanf 46 = —
o T g
mozaw, f € R.

CJIG,J_II/IOT pe3yaTrar MMININOYPa IIOCUJICH 3aKJIYYOK BO OJHOC Ha

3arJIrydokoT Ha Teopema 4.1.3.:
Teopema 4.1.5. ([70]) Axo 3a f € A, saxcu

2f' ()
f(z)

xade N = N, e peweruemo Ha paseHKama

—1'<N, zeD,

(1+N)eNm =2,

mozaw |f'(z) — 1] <1, z € D.
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4.2. JIoBOJIHM YCJOBM 3a OTPAaHUYECHO BPTEHE

Bo oBaa ceknmuja HajupBO Ke OuIe HABeOEHA JeMa O TeopujarTa Ha
mudepeHnjasan cyOOparHAIIMKM O IPB pel Koja Ke ce KOPUCTU
3a moOWBame Ha HAIMMUTE TJIABHU PE3YJITATU IMOBP3AHU CO KIacaTa

beHKI_II/II/I CO O'PaHMYECHO BpTEH:EC.

Jlema 4.1 ([34]) Hexa q(z) e ednoaucka na edunewnuom duck D, u

nexa O(w) u ¢(w) ce anasumuwky wa domen D xoj 2o codpacu q(ID),

d(w) # 0 xoza w € q(D). La sememe dexa Q(z) = zq'(2)p(q(2)),
h( ) =6(q(2)) + Q(2), u da npemnocmasume dexa

i) Q(z) e seezdoruka na edunewnuom duck D; u

zh (z (2)) 2Q' (z)
ii) Re 53 = Re |54} 1 23] > 0, 2 € D.

Axo p(z) e anaaumuywra na D, co p(0) = ¢(0), p(D) C D u

0(p(2)) + 2p'(2)¢(p(2)) < 0(q(2)) + 2¢'(2)p(q(2)) = h(z),  (4.2.5)
mozaw p(z) < q(z), u q(z) e najoobpa domunanma na (4.2.5).

Cera, co ropucreme Ha Jlema 4.1 ke Oume mOKasKaH CJIEIHUOT

pe3yaTar.

Jlema 4.2 Hexa f € Au o, € C\ {0} ce maxeu wmo oo+ =0 uau
a+ f =1. Hemo maxka, neka 3a ¢(z) eOHOAUCHA Ha €OUHEYHUOM OUCK

D saxncu q(0) =0 u

Re [1 + } >0, zeD. (4.2.6)

Llonoarumenno, Reé >—1u

/!
|
Re {1 +4 (2)} > _Re=, zeD, (4.2.7)
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xoea o + 3 = 1. Axo

a-f'(z)+ 8- @ < (a+p)-[q(z) + 1]+ azd'(z) = h(2) (4.2.8)

mozaw @ —1=<4q(2), uq(z) e najoobpa domurarwma wa (4.2.8).

Lokas. ®yurnuure §(w) = (a+ ) (w+1) 1 ¢p(w) = @ ce aHAIATUYRY
) u

»(w) # 0 rora w € q(D).
Monaramy, Q(z) = 2¢'(2)#(q(z)) = azq'(2) e sBe3monuka Gunejku

Ha nomenor D = C koj ro conpxu ¢(D

Re 29'(2) [ q"(z )] .
Q(z) = Re 1+ q(z) >0, zeDby
yurre noseke 3a ¢yukuujara h(z) = 0(q(z)) + Q(z) nmame
zh(z) a+p8  z2q"(z)
Re o0) —Re[l—i— 5 + q’(z)]>0’ z €D,

3a a+ =0 mro ce mosmxu Ha (4.2.6) u 3a o+ f = 1 mro ce HOKM
a (4.2.7).

Cera, nera uszbepeme p(z) = @

— 1 koja e anamuTuuka Ha D),
p(0) = ¢(0) = 0 u p(D) C D = C. Koneuno, umajku npemsum mexa
cybopaunamuure (4.2.5) n (4.2.8) ce ekBuBasienTHu, ox Jlema 4.1

ro mobuBame 3akaydoror Ha Jlema 4.2. O

[Tonaramy ke Oume pasriemyBaH MOIYJOT Ha

0 )+ 8L (Zz) (4.2.9)

u ke OugaT fOOMEHM 3aKJIYyYOIr IMITO K€ He JOBEeAAT 10 KPUTEPUYMU

¢yurnujara f na mpunara Ha kKiaacata R.

Teopema 4.2.6. Hexa f € A, p >0 v, € C\ {0} ce maxsu wmo

a+ =0 urua+ =1. Ucmo maxa, HemzReé > —1 xoea a+ (5 = 1.
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Axo

/ f(Z)_ — :u'|05|7 a+ =0
Oé'f(z)+5'7 (04+5)‘<5—{ p-ltal, a+B=1"

(4.2.10)

3a cume z € D, mozaw

‘@—1‘ <u, zeD. (4.2.11)

Osaa umnaurayuja e Hajoodpa MoNCHa, Mm.e., 80 HEPABEHCIMBOMO
(4.2.11), u ne moxce Oa ce 3aMeNU CO NOMAA OPOJ MAKE WMo 04 8ANCY

umnavkayujama. Memo maxa,

/ . — 24, a+8=0
1f'(2) 1|<)\—{u-(|1+§}+\1—§|), a+5:1}, zeD.

Osaa umnavkayuja € ucmo maxa Hajoodpa MOXCHaG, M.e., N He
MOXNCE 0G Ce 3AMEHU CO MOMAA OPOJ MAKA WMo UMNAUKALUIAMA 0a

8axCU, aKo
(i) a+ 5 =0; uru
(i) a+B=Tu|l+Li|+[1-1|=2

Llonoarnumenro, axo 1 < % sa a+ [ =0 uau ‘1—1—%‘—1—‘1—&} <
36 a+ =1 moeaw f € R.

1
I

zq" (2)
q'(2)
(4.2.6) m (4.2.7) on Jlema 4.2 Bawxkar. Ilomaramy, 3a ¢yHKIEjaTa

Aoxas. 3bupajku q(z) = pz umame 1+ = 1, mTo 3HAUM nEeKa

h(z) mepunupana Bo (4.2.8) mmame
h(z) =a+ B+ pz(2a + B),

mTo 3HAUM neka cybopaunHanujara (4.2.8) e eKBUBaJEHTHA HA

o f2)+8- 19 (a1p) <p-pats=s zeD,
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u on Tyka ekBuBaseHTHa Ha (4.2.10). 3aroa, (4.2.11) cuexysa
nuperTHo on Jlema 4.2 u mepunmnujaTa 3a cyOOopaArHALIM]A.
[Tonaramy, 3a cute z € D,

O R R R A C R TR = |
ol 1£/(2) = 1) < |a- [F'(2) = 1] + 6 {@—1”+‘5- [@—1”

<O+ (B[ p=lal- A

on |wy| < |wy+ws|+|ws|. 3aToa, nMnIMKaMjaTa 0L OBaa MOCJIEAUIA
BAYKU.
IIBeTe mMMMIUMKANUM ce HA)]AOOPW MOKHU KaKO IITO ITOKaKyBa

HEIjaTa f.(2) = 2z + pz?, ounejin
Yy J 2 J

a £+ 5 EE (i p) = g1 =00, <€,

£(2)

—1’:/L'|Z’, z €D,

[fu(z) =1 =2-p-|2[, z€D,
u 2=\ ako (i) nanm (1) Basku. O
[TonaTtamy, ke Oume pasrieqyBaH pPEaJHUOT mOeJl Ha U3Pa30T

(4.2.9) u ke Oumar mOOMEHM KPUTEPUyMU Taka MITO (GyHKIUjaTa

f € A na npunara so R.

Teopema 4.2.7. Hexa f € A, p >0 u o, f € C\ {0} ce marxsu wmo
a+ =0 v o+ =1. Hecmo maka, nexa Reé >0« Rea >0 xoza
a+p=1. Axo

f(z)

z

2012

a-fi(z)+6- T

<(a+6)(1+ 2“z>+(

1— » 5 = ha(2) (4.2.12)
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mozauw

Re {@ >1—p, zeD. (4.2.13)

Osaa umnaukayuja € Hajoodbpa MONCHA, M.e., 80 NPEMIOOHOMO HePa-

sencmaeomo (4.2.13), |1 we moxce 0a ce 3amMeHU €O Nozoaem OPoj maka

WMo UMNAUKAUUIAME 06 EAHCU.

Joxas. Vumnnauramnujata BO OBaa TeopeMa CJIEAyBa AUPEKTHO O

Jlema 4.2 3a ¢(z) = 2£. Ycnosor Rel > 0 cron mamecto Re > —1

3a ma Baxku (4.2.7). Pesynararor e HajmoOpUOT MOMKEH, KAKO IITO

MOKe na ce Buau on ¢yuruumjara f.(z) =z + z-q(2) 3a koja

f+(2) 201z 20z
z 1- z) * (1 —2)2

a- fi(z)+B-

= (a+p) <1+

MRe@zl—/,c&az:—l.D

Kora a+ f =1 ja mobuBme ciienHaTa MOCJIEAUIA.

IMocnemuua 4.2.3. Hexa f € A, a >0 u p>0. Axo

Re a-f’(z)+(1—a)-@]>1—M-(1+%>, 2eD, (4.2.14)

[ 1)

Axo, donoanumenno,

mozeauw

>1—p, zeD.

(1)) a>1up<1; uau
(1) a <1 up>1,;

mozaws 5
Re f'(z) > 1— 5 H ZE D. (4.2.15)

Osue pesyamamu ce HajoodbPU MO HCHU.
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Hoxasz. Herka o+ f = 1. Ila, 3a ¢ymrnmjata hy mepumHUpaHa BO
(4.2.12) mmame

2 2
pr |, 2apz ’
1—2z (1—2)?

hg(Z) =1+

. 0% .
ha(e) = 1 = - (L412) =+ uti

kazne t = ctg (0/2). 3aroa,

X:Reh(ei9)=1—u(%+1>—%-YQ,

Ka e
Y = Imh(e?) = ut

M HOCTUTHYBa cuTe peasuu OpoeBu. OBa BOIU HO

ha(ei®) = o =1— (1 9)—1.2, eRV.
2(€e") {:H@y:c pll+g 2 VY

On Tyka, mMajku ja Bo mpeasun mepuHANMjaTa 3a CcyOOpaMHAIT]jA,

HepaBeHCTBOTO (4.2.14) m pakToT mexa

{x+iy:x>1—p<1+%>,y€R}QhQ(ID)),

ja mobusame cybopannanujara (4.2.12). 3aroa, ox Teopema 4.2.7.

e [0
z
[Tonaramy, kora (i) uau (ii) Baku UMaMe

Arefo- s+ -0 L2) — -0 e [12)]}

z

clenyBa

>1—p, zeD.

Re f'(2) =

>

Ql— Q|+

[rn(+8) —a-aa -] =1-2 s

3a cutre z € D.
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Pesynrarure ce HajnoOpu MOKHM BO KOHTEKCT Ha (DYHKIUjaTa
fe(2) =2+ 2“2 3a koja f.(z2)/z =1+ 12“2 =g(2), g(D)={zx+iy: x>

—z

1_:uay€R}7

£(2)

o fiz)+(1—a)- L2 = ()
B 3
Re fi(z) = Rehy(2) =1 — g H oA z= —1.
O
Ha cauuen mauwmn xkako u Bo Ilocnemumna 4.2.3., 3a a = - =1
nmobusame

IMocnemuua 4.2.4. Hexa f € A u pu > 0. Axo

Re [f’(z) - &} > —g, ) (4.2.16)
z

mozawRe[@} >1—pu, z€D, uRefl(z)> 1—%-p,zEID). Axo,

00MoAHUMENHO, 1 < %, mozaw Re f'(z) > 0, z € D, me., f € R.

leeme umnaukauuy ce Hajoobpu MoACHU.

Bo caemnuor mpuMep mameHM ce HEKOU KOHKPETHU 3aKJIYJOIN
IITO MOKAT Oa OummaT mOoOMEeHUu O MPETXOMHO HAaBEIEHUTE PEe3yJI-

TaTU OJ] OBAa CEKIMja CO CIenu(uIuparme Ha BPEAHOCTH 3a «, [ u

L.
ITpumep 4.1 Hexa [ € A.
(i) Axo |f'(z2) = 12| <
fER (a=—-B=

(i1) Axo ’f’(z)+@—2 <1 (z€D) moeaw |f'(z2) — 1| <1 (2 € D)
uf€eR (a=pF=1up=1% 6o Teopema 4.2.6.);

(= € D) mosa |§() <1 < 1 = € D) w
6o Teopema 4.2.6.);

1
2
U

5
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2
Re [@} >0 (zeD)uRef(z) >—-1/2 (z€ D). (u=1 860
IHlocaeduya 4.2.3.);

(i7i) Axo a > 0 u Re [owf’(z)—l-(l—&)-@} > —% (z € D) moeaw

(iv) Axo Re [f’(z) + @] > —1 (z € D) mozaw Re [fiz)} >0 (z€D)
uRef'(z) >—-1/2 (z € D). (o« =1/2 up=1 60 Illocaeduya
1.2.3.);

(v) Axo Re [f’(z) - @] > —1 (2 € D) moeaw Re f'(z) >0 (z € D)

z

ufeR. (u=23 60 Hocreduya 4.2.4.);

3abenemnka 4.2.2. Ila 3abenexkume nexa BO (i4i) OX MIPETXOIHAOT

TpUMep, 3aKIYYOKOT HE 3aBUCU O (.






I'maBa 5

N nen 3a moHaTamomnrHa padora

Ha mouetor ma marmacam meka Kako pe3yJjaTar Ha paborara Ha
OOKTOPCKaTa AUCEePTaIja MPOU3JIETroa YeTUPU CTATUU O KOU IBE
ce OTMeYaTeHr BO MeryYHAPOIHW MaTEeMAaTUYKU CIUCAHUja, €IHa €
npudaTeHa 3a meyaTeme U eIHA € MOJHECEHa 3a meyaTeme. 1oa ce

CTaTHUUTE:

1. Karamazova E., Tuneski N.,Some inequality relations involving mul-
tivalent functions, Advances in Mathematics: Scientific Journal 5
(2016) 45- 50.

2. Karamazova E., Tuneski N., Extension of some results of inequality
relations involving multivalent functions, mpudareHa 3a nevyaTemne

BO Southeast Asian Bulletin of Mathematics.

3. Karamazova E., Tuneski N.,A result by Silverman transfered on

multivalent functions, mogHeceHna 3a medyaTeme.

4. Tuneski N., Darus M., Karamazova E. Simple sufficient conditions
for bounded turning, Rendiconti del Seminario Matematico della
Universita di Padova, 132 (2014), 231-238.
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WU nente 3a monaramorraHa pabora ce KakO BO HACOKA Ha MPOO-
JEMUTE UCTPaKyBaHU BO TPYAOBUTE, Taka W BO OCTAHATU IIPABIU
Ha UCTPaKyBalkhe BO T€OMETPUCKATA TeOPUja Ha QYHKIUUTE, & IPeT
ce BO TeOpUjaTa Ha MOBEKEJIUCHUTE (YHKIWN.

On mpobGieMuTe MCTpaKyBaHU BO MNOKTOPCKATa QUCEPTAI)a

opom3JjgeryBaaT CJIE€OHUTE MACU 3a ITIOHaTaMOIIHA pa60Ta:

e OmpenenyBame Ha HOBM BPCKM Ha KjaacaTa Ha Silverman co
APYTU KJIACU €IHOJMCHU (YHKIWM, KAKO Ha IPUMEDP CO Kia-
cata (YHKIMU CO OrpaHndeHO Bprewme. On aureparypara
KOja ja mMaB Ha pacuojarame MOXKe N1a Ce 3aKIydd IHeKa Tue

penanum gqocera He Cce UCTpaKyBaHU.

e [lomaraMomHO UCTpaKyBame Ha KIacaTa MOBEKEJINCHU (yHK-
U KOja MPEeTCTaByBa MPOIMMPYyBamke Ha KiacaTa Ha Silverman
3a €THOJIMCHU, MPEeJ Ce BO HACOKAa HA HAaOlame Ha BPCKU CO

APYTU KJIACU MOBEKEJIUCHU ()yHKIUU.

e OmpenenyBame Ha YCJIOBU KOTa Pe3yJTaTUTe NaneHu Bo Te-
opema 2.2.11., Teopema 2.2.12. u Teopema 2.2.13. ce najno-

Opu MOYKHMU.

e OmpenenyBame Ha yCJIOBU KOTa Pe3yiaTaTuTe naneHu Bo Teo-
pema 3.3.7., Teopema 3.3.8. u Teopema 3.3.11. ce HajnoOpu

MOMEHN.

e OmpenenyBame HA HOBU BPCKU M3PA3EHU MPEKY WMILIUKAIAN
KOU COAP/KaT HEPABEHCTBA MOMET'Yy KJIACUTE MOBEKEJIUCHU SBE3-
MOJIMKU, SBE3MOJKU OX PEI (v, CUIHO SBE3JOJKU O PEI (v, KOH-
BEKCHU, KOHBEKCHU OJ Pel «, OJIUCKY-T0-KOHBEKCHU, OJIMCKY-

JO-KOHBEKCHU O pen (.

Hexou onm ocramaTtuTe mpaBlM Ha UCTPaKYyBame Ce CJEIHUTE:
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® UCTpa)KyBame HA OU-eTHOJUCHUTE (YHKIUN;

® JTOHATAMOIIHO MCTPaKyBalbe Ha IIOBEKEJIMCHUTE CbYHKIII/II/I
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