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Abstract 

We analyzed various possibilities to improve upon the SCAN meta-generalized gradient 

approximation density functional obeying all know properties of the exact functional which can be 

satisfied at this level of approximation. We examined the necessity of locally satisfying a strongly 

tightened lower bound for the exchange energy density in single-orbital regions, the nature of the error 

cancellation between the exchange and correlation parts in two-electron regions, and the effect of the 

fourth-order term in the gradient expansion of the correlation energy density. We have concluded that the 

functional can be modified to separately reproduce the exchange and correlation energies of the helium 

atom by locally releasing the strongly tightened lower bound for the exchange energy density in single-

orbital regions, but this leads to an unbalanced improvement in the single-orbital electron densities. 

Therefore, we decided to keep the FX ≤ 1.174 exact condition for any single-orbital density, where FX is 

the exchange enhancement factor. However, we observed a general improvement in the single-orbital 

electron densities by revising the correlation functional form to follow the second-order gradient 

expansion in a wider range. Our new revSCAN functional provides more accurate atomization energies 

for the systems with multi-reference character compared to the SCAN functional. The non-local VV10 

dispersion-corrected revSCAN functional yields more accurate non-covalent interaction energies than 

the VV10-corrected SCAN functional. Furthermore, its global hybrid version with 25% of exact 

exchange called revSCAN0 performs generally better than the similar SCAN0 for reaction barrier 

heights. We also analyzed here the possibility of the construction of a local hybrid from the SCAN 

exchange and a specific locally bounded non-conventional exact exchange energy density. We predict 

compatibility problems since this non-conventional exact exchange energy density does not really obey 

the strongly tightened lower bound for the exchange energy density in single-orbital regions. 

Introduction 

Semi-local density functional approximations are widely-used cost-efficient tools in quantum 

chemistry.1,2 They can be considered as systematic improvements upon the local density approximation 

(LDA)3,4 with well understood error cancellation between the exchange and correlation parts.5,6 Most 

semi-local functionals are engineered by empirical fitting7,8 and/or constraint satisfaction.9,10 We briefly 

discuss here the milestones of the development of non-empirical semi-local functionals that were 

constructed by constraint satisfaction. 

Preserving the exactness for the homogeneous electron gas, several other exact constraints can be 

satisfied on the generalized gradient approximation (GGA) level.11 The negativity of the exchange energy 

is satisfied if the exchange enhancement factor (𝐹𝑋) is positive because the LDA exchange energy density 

is negative. The Lieb-Oxford bound on the exchange (𝐹𝑋 ≤ 1.804) is certainly satisfied globally if the 

exchange energy density locally obeys this lower bound for any possible density.12 In the slowly-varying 
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limit, the exchange energy density can be constructed to follow the second-order gradient expansion.13 

The spin-polarized exchange functional can be obtained from the spin-unpolarized one by the exact spin-

scaling.14 The exchange functional follows the exact uniform density scaling because the LDA exchange 

functional follows the uniform density scaling, and all the ingredients in the exchange enhancement 

factor are invariant under the uniform density scaling. The non-positivity of the correlation energy 

density can also be easily satisfied. In the slowly-varying limit, it can be constructed to follow the second-

order gradient expansion.15 In the rapidly-varying limit, the correlation can be made to vanish. Under 

uniform density scaling to the high-density limit, the gradient correction can be made to cancel the 

logarithmic singularity of the LDA correlation and scale to a constant.16 The GGA exchange-correlation 

energy is naturally size-extensive since it contains only semi-local information. Furthermore, inherently 

from the LDA method, it is more or less independent of the relative spin-polarization in the low-density 

(strong-interaction) limit.17 

The limitations of the GGA functional form can be well represented by two different non-

empirical GGA functionals both obeying the Lieb-Oxford bound for the exchange and satisfying the 

second-order gradient expansion of the exchange. The PBEsol functional18 with a quite flat exchange 

enhancement factor deviating early from the second-order gradient expansion gives fairly accurate lattice 

constants for solids but inaccurate atomization energies for molecules. In contrast, the RGE2 functional,19 

which follows the second-order gradient expansion of the exchange in a wider range provides somewhat 

better atomization energies but worse lattice constants. In the literature, many attempts show that the 

GGA functional form can be fine-tuned for a given property only at the expense of other 

properties.20,21,22,23,24,25 

On the meta-GGA level,26 one can preserve all the exact constraints satisfied on the GGA level 

and also add new ones. For example, the TPSS functional27 still obeys the Lieb-Oxford bound on the 

exchange but it also uses the positively defined kinetic energy density of the Kohn-Sham orbitals to 

satisfy the fourth-order gradient expansion of the exchange28  and to make the correlation part one-

electron self-interaction free. This functional represents well that good atomization energies and lattice 

constants can be obtained at the same time on the meta-GGA level. This can be attributed partially to the 

freedom from one-electron self-correlation, and partially to the feature that the TPSS exchange-

correlation energy is independent of the relative spin polarization in the low-density limit by 

construction.29 

A strongly tightened lower bound on the exchange energy was rigorously derived for single-

orbital densities (which means an upper bound on the exchange enhancement factor in the spin-

unpolarized or two-electron case: 𝐹𝑋 ≤ 1.174 ),
30  which has opened a new class of meta-GGA 

functionals. Such functionals obeying this tighter lower bound on the exchange are the SCAN31  and 

MVS 32  functionals. Among these, the SCAN functional obeys all known properties of the exact 

exchange-correlation functional which can be satisfied on the semi-local level. In addition to the above 

discussed exact constraints, the SCAN exchange scales to a negative constant under one-dimensional 

non-uniform density scaling to the high-density limit.33,34 The SCAN correlation was also revised to be 

less incorrect for the non-uniform density scaling.33,34 Furthermore, the SCAN exchange-correlation 

gives back the static linear response of the uniform electron gas and respects the general Lieb-Oxford 

bound (𝐹𝑋𝐶 ≤ 1.804, where 𝐹𝑋𝐶 is the exchange-correlation enhancement factor)12 and a tighter Lieb-

Oxford bound for two-electron densities (𝐹𝑋𝐶 ≤ 1.671).
31 Although the SCAN functional was not fitted 

to any bonded system, several tests show the predictive power of the applied exact constraints. The SCAN 

functional with D3(BJ)35  dispersion correction has been reported to be the best-performing method 

among all the examined dispersion-corrected semi-local density functional methods for the extensive 

molecular energetics database, GMTKN55,36 as well as for molecular geometries.37 It also performs well 

in condensed matter physics: it captures the density difference between liquid water and solid ice,38 
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predicts accurately the energy difference in the semiconductor-metal phase transition of crystalline 

silicon, and distinguishes between diverse bond types in ferroelectric and multiferroic materials.39 

SCAN is constructed from a functional form with parameters chosen to satisfy exact constraints 

(bounds, scaling relations, limits, etc.) and appropriate norms (systems for which the form can be exact, 

or nearly exact, such as the uniform electron gas or atoms). Here we explore a re-parametrization which 

allows a violation of the tight lower bound on the exchange energy for all one- and two-electron densities, 

but ultimately abandon it as unproductive. Instead, we preserve all the exact constraints, but revise the 

form of the correlation term and re-fit some parameters to atomization energies of molecules. This is a 

convenient choice for us, although it is counter to the SCAN objective to predict bonds without fitting to 

them. 

Theory and computational details 

In this paper, we use the following main variables: the α and β spin-densities 𝑛↑ and 𝑛↓, the total 

electron density 𝑛 = 𝑛↑ + 𝑛↓, the Wigner-Seitz radius 𝑟𝑆 = (4π𝑛 3⁄ )
−1 3⁄ , the relative spin-polarization 

𝜁 = (𝑛↑ − 𝑛↓) (𝑛↑ + 𝑛↓)⁄  , the spin-scaling factor 𝜙 = [(1 + 𝜁)2 3⁄ + (1 − 𝜁)2 3⁄ ] 2⁄  , the reduced 

gradient in the exchange 𝑠 = |𝛻𝑛| [2(3π2)1 3⁄ 𝑛4 3⁄ ]⁄  , the reduced gradient in the correlation 𝑡 =

(3π2 16⁄ )1 3⁄ 𝑠 (ϕ𝑟𝑆
1 2⁄ )⁄  , and α = (τ − τ𝑤) τ𝑢𝑛𝑖𝑓⁄  , where τ = ∑ |𝛻ψ𝑖,σ|

2 2⁄𝑜𝑐𝑐
𝑖,σ   is the positively-

defined kinetic energy density of the occupied Kohn-Sham orbitals (summed for all the 𝑖  occupied 

orbitals and σ  spins), τ𝑤 = |𝛻𝑛|
2 8⁄ 𝑛  is the von Weizsäcker kinetic energy density, and τ𝑢𝑛𝑖𝑓 =

(3 10⁄ )(3π2)2 3⁄ 𝑛5 3⁄ 𝑑𝑆(𝜁) is the kinetic energy density of the homogeneous electron gas with 𝑑𝑆(𝜁) =

[(1 + 𝜁)5 3⁄ + (1 − 𝜁)5 3⁄ ] 2⁄  . Furthermore, we define two auxiliary variables: 𝐴1 = 𝛽1(𝑟𝑆) 𝛾𝑤1⁄   and 

χ∞(𝜁) = (3π
2 16⁄ )𝛽(𝑟𝑆 → ∞)𝜙 [𝑐𝑋(𝜁) − 𝑓0]⁄  , where 𝑐𝑋(𝜁) = −[3 (4π)⁄ ](9π 4⁄ )1 3⁄ 𝑑𝑋(𝜁) , 𝑓0 =

−0.9, χ∞(𝜁 = 0) = 0.128026, and the electron density dependent coefficient of the second-order term 

in the gradient expansion of the correlation is 𝛽1(𝑟𝑆) = 0.066725
1+0.1𝑟𝑆

1+0.1778𝑟𝑆
. 

The original functional form of SCAN can be reviewed in ref 31, we present here only our 

modifications on the original functional form. The function 𝑔 in the SCAN correlation [𝑔𝑆𝐶𝐴𝑁(𝐴𝑡2) =
1/(1 + 4𝐴𝑡2)1 4⁄  , 𝑔∞

𝑆𝐶𝐴𝑁(𝜁, 𝑠) = 1/(1 + 4χ∞𝑠
2)1 4⁄    has a non-zero fourth-order term in its Taylor 

series in contrast to the 𝑔 function in PBE [𝑔𝑃𝐵𝐸(𝐴𝑡2) = (1 + 𝐴𝑡2 + 𝐴2𝑡4)−1  and deviates from 1 −
𝐴𝑡2 more rapidly. Hence due to its fourth-order term, the SCAN correlation energy density deviates from 

the second-order gradient expansion more rapidly than the PBE correlation. We propose here a revised 

version of the SCAN correlation using a modified 𝑔 function with zero fourth-order term in its Taylor 

series. 

𝑔𝑚𝑜𝑑(𝐴𝑡2) =
1

2(1 + 8𝐴𝑡2)1 4⁄
+

1

2(1 + 80𝐴2𝑡4)1 8⁄
 

(1) 

𝑔∞
𝑚𝑜𝑑(𝜁, 𝑠) =

1

2(1 + 8χ∞𝑠
2)1 4⁄

+
1

2(1 + 80χ∞
2 𝑠4)1 8⁄

 
(2) 

Thus, we restore the small At2 behavior of 𝑔𝑃𝐵𝐸 in a wider range preserving the large 𝐴𝑡2 behavior of 

𝑔𝑆𝐶𝐴𝑁 (Figure 1). This way, the values of the b1C, b2C, and b3C parameters in the single-orbital LDA part 

have to be chosen to the new functional form. Furthermore, the following derivatives were used for the 

revised SCAN correlation in place of the corresponding derivatives in the original SCAN 

implementation. 

𝜕𝑔𝑚𝑜𝑑(𝐴𝑡2)

𝜕𝐴
=

−2𝑡2

2(1 + 8𝐴𝑡2)5 4⁄
+

−20𝐴𝑡4

2(1 + 80𝐴2𝑡4)9 8⁄
 

(3) 
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4 

𝜕𝑔𝑚𝑜𝑑(𝐴𝑡2)

𝜕𝑡
=

−4𝐴𝑡

2(1 + 8𝐴𝑡2)5 4⁄
+

−40𝐴2𝑡3

2(1 + 80𝐴2𝑡4)9 8⁄
 

(4) 

𝜕𝑔∞
𝑚𝑜𝑑(𝜁 = 0, 𝑠)

𝜕𝑠
=

−4χ∞𝑠

2(1 + 8χ∞𝑠
2)5 4⁄

+
−40χ∞

2 𝑠3

2(1 + 80χ∞
2 𝑠4)9 8⁄

 
(5) 

Although the SCAN functional reproduces the exact exchange-correlation energy of the helium 

atom [EXC(SCAN) = -1.068 a.u. and EXC(exact) = -1.068 a.u.  on the exact electron density, it does not 

reproduce the exchange and correlation parts separately [EX(SCAN) = -1.02953 a.u. and EC(SCAN) = -

0.03847 a.u., while EX(exact) = -1.026 a.u. and EC(exact) = -0.042 a.u. . In this paper, we also discuss 

the possibility of reproducing both the exchange and correlation energies of the helium atom separately. 

Since the single-orbital exchange part contains only two variables, and one of them is needed to 

normalize the single-orbital exchange for the exchange energy of the hydrogen atom, we could gain some 

flexibility in the exchange releasing the suggested local tighter upper bound for the single-orbital 

exchange enhancement factor (FX ≤ 1.174). Note that releasing this bound locally does not lead to the 

violation of this bound globally for any of the two-electron systems examined here (vide infra). 

For all the calculations, we used the MRCC quantum chemistry software40  with a modified 

development version of the Libxc 3.0.1 density functional library.41 We computed the electron densities 

of atomic (He, Li+, Be2+, B3+, C4+, N5+, O6+, F7+, Ne8+) 42  and molecular [H2,
43  HeH+, 44  He2

2+, 45 

H3
+(linear),46  H3

+(triangle),47  H4
2+(square),46 and H4

2+(tetrahedral)46 with experimental or calculated 

geometries presented in Table S1 of the supporting information  two-electron spin-singlet systems and 

tested the modifications in the prototype functionals considering the size-intensive normed integral 

absolute deviation (NIAD)48  of the computed electron densities, gradients, and Laplacians from the 

reference composite coupled-cluster singles, doubles, triples, and quadruples (CCSDTQ)/aug-cc-

pwCV5Z densities, gradients, and Laplacians.48 

For testing purposes, we also used the electron densities of several spin-singlet many-electron 

atoms (Be, B+, C2+, N3+, O4+, F5+, Ne6+, Ne) and molecules (LiH, Li2, LiF, BH3, H2O, HF, CO, N2, F2) 

with composite CCSDTQ/aug-cc-pwCV5Z reference densities again.48 For the electron density 

calculations and the AE6 atomization energy test set,49,50 we applied the aug-cc-pV5Z basis set51 for the 

hydrogen and helium atoms and the very large aug-cc-pwCV5Z basis set52 for the heavy atoms. For the 

potential energy of the compressed argon dimer at 1.6, 1.8, and 2.0 Å distances, we used the aug-cc-

pwCV5Z basis set and accurate ab initio reference values.53  For the calculation of the single-point 

energies of the noble gas atoms, we applied the UGBS basis set.54 For the W4 atomization energy test 

set,55 we used the def2-QZVPP basis set and the def2-QZVPP-RI-JK density fitting basis set.56,57 For the 

G2RC reaction energy test set,58 we applied the aug-cc-pVQZ basis set51 with the aug-cc-pVQZ-RI-JK 

auxiliary basis set.59 For the DBH24 reaction barrier test set,55,60,61 the aug-cc-pVTZ basis set51 was used 

with the aug-cc-pVTZ-RI-JK auxiliary basis set.59 For the S22x5 test set,62 we applied the aug-cc-pVTZ 

basis set,51 the aug-cc-pVTZ-RI-JK auxiliary basis set,59 as well as the counterpoise (CP) correction.63 

Parameter determination 

In the single-orbital exchange part, we examined the possibility of reproducing the exact 

exchange energies of the hydrogen (EX = -0.3125 a.u.) and helium (EX = -1.026 a.u.) atoms at the same 

time locally releasing the tighter lower bound and resetting the parameters to hX
0 = 1.2755 and a1 = 

2.26161 (for the functional form and the parameter definitions, please see ref 31). We will call this the 

reparametrized SCAN exchange. In the single-orbital correlation part (with either the original or the 

revised SCAN correlation functional form), we have determined the value of the b1C parameter to set the 

high-density limit of the correlation energy of the two-electron ions to its exact value (EC = -0.046663 

a.u.). We have chosen the value of the b3C parameter to ensure that the single-orbital FXC ≤ 1.67082 even 
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5 

for the low-density limit of the homogeneous electron gas. We have selected the value of the b2C 

parameter to set the correlation energy of the helium atom to its exact value (EC = -0.042 a.u.). 

The first prototype, p1-revSCAN, is constructed from the original SCAN exchange + revised 

SCAN correlation with b1C = 0.030197, b2C = 0.06623, b3C = 0.16672. The second prototype, p2-

revSCAN, is assembled from the reparametrized SCAN exchange + reparametrized SCAN correlation 

with b1C = 0.0285515, b2C = -0.07248, b3C = 0.15764. The third prototype, p3-revSCAN, includes the 

reparametrized SCAN exchange + revised SCAN correlation (with PBE-like fourth-order behavior) with 

b1C = 0.030197, b2C = -0.07955, b3C = 0.16672. These prototypes are not ready for general use, but serve 

as starting point for further optimizations. 

For a general purpose functional, the parameters k1, c1x, c2x, dx, c1c, c2c, and dc should be refitted. 

In the fitting procedure applied in the original SCAN paper, these seven parameters were chosen to satisfy 

the large-Z limit of the exchange and correlation of noble gas atoms as well as considering jellium surface 

exchange-correlation energies, the potential energy of the compressed argon dimer, and the krypton atom 

as a unified atom limit. We use here a somewhat simpler procedure fitting the parameters for the six 

atomization energies of the AE6 test set preserving the correct large-Z limit of the exchange and 

correlation of noble gas atoms as well as extrapolating the exchange and correlation energies together to 

the α → ∞ limit with dx = dc. Our goal in this paper is to test the above mentioned ideas on simple single-

orbital systems and discuss their applicability in a general purpose functional. 

Results and discussion 

The computed average NIADs for the electron density, gradient, and Laplacian are presented in 

Table 1 (the individual NIADs are in Tables S2 and S3). For the atomic densities, the largest improvement 

with the p1-revSCAN functional (with SCAN exchange and revised SCAN correlation) compared to the 

original SCAN functional is 5.5% appearing at the He atom, while the improvement is only 0.8% for the 

Ne8+ ion tending to be smaller towards the high-density limit. Similarly, the p1-revSCAN atomic density 

gradients are 0.6-4.0% more accurate, and the Laplacians are 0.4-2.9% better than the corresponding 

quantities obtained with SCAN. There is a large improvement in the computed atomic densities with the 

p2-revSCAN functional (with reparametrized SCAN exchange and SCAN correlation), which varies 

between 69-72%. Interestingly, the smallest improvement occurs at the He atom, and the largest 

improvement takes place for the Li+ ion among the examined systems, otherwise at the high density limit, 

it seems to converge to 71%. The accuracy gain is between 68-73% in the gradients, and between 62-

67% in the Laplacians with the p2-revSCAN atomic density gradients. The p3-revSCAN functional (with 

reparametrized SCAN exchange and revised SCAN correlation) shows an even larger improvement 

between 72-74% for computed atomic densities. Again, the improvements in the gradients and 

Laplacians are somewhat larger with the p3-revSCAN functional, they are between 70-75% as well as 

between 64-68%, respectively. 

For the two-electron spin-singlet molecular systems, the electron density, gradient, and Laplacian 

are 1.4%, 1.6%, and 1.8% more accurate on average for the entire molecular test set with the p1-revSCAN 

functional. The largest improvement is 9.8% in the density, 7.6% in the gradient, and 5.7% in the 

Laplacian, and all of them occur for the neutral H2 molecule. For the two-electron molecular cations, the 

errors are generally smaller with only one exception. The density of the linear H3
+ molecule is slightly 

worse than the corresponding SCAN density, although the gradient and the Laplacian are slightly better. 

The p2-revSCAN electron densities are 1.4% worse, while the gradients and Laplacians are, in order, 

8.5% and 6.6% better than the corresponding SCAN density derivatives on average. The electron 

densities of the H2, HeH+, H3
+(triangle), and H4

2+(tetrahedral) molecules are somewhat better, while those 

of the He2
2+, H3

+(linear), and H4
2+(square) molecules are somewhat worse than the corresponding SCAN 
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densities. Note that among the H3
+ and H4

2+ isomers, H3
+(triangle) and H4

2+(tetrahedral) are the most 

stable ones. There is again an improvement in the gradients of the H2, HeH+, H3
+(triangle), and 

H4
2+(tetrahedral) molecules and a deterioration in the gradients of the He2

2+, H3
+(linear), and H4

2+(square) 

molecules. In the Laplacian, improvements can be observed at the HeH+, H3
+(triangle), and 

H4
2+(tetrahedral) molecules, while the Laplacian errors are larger for the He2

2+, H3
+(linear), and 

H4
2+(square) molecules and slightly larger for the H2 molecule than the corresponding SCAN errors. The 

error pattern is quite similar with the p3-revSCAN functional. The density, gradient, and Laplacian errors 

are slightly larger than the corresponding p2-revSCAN errors for the two-electron spin-singlet molecular 

test set on average. 

Next, we discuss the applicability of these modifications in a general purpose functional. Fitting 

the parameters k1, c1x, c2x, dx, c1c, c2c, and dc for the AE6 test set, we managed to obtain accurate 

atomization energies with the p1-revSCAN functional form with the k1 = 0.065, c1x = 0.607, c2x = 0.7, dx 

= dc, c1c =1.131, c2c = 1.7, and dc = 1.37 parameters (Table S4). We will call this general purpose 

functional revSCAN. For the AE6 test set, the root mean square deviation (RMSD) achieved by revSCAN 

is on par with that by the SCAN functional [RMSD(revSCAN) = 3.21 kcal mol-1; RMSD(SCAN)=3.14 

kcal mol-1 . Note that the SCAN predictions are quite good, even though the SCAN functional was not 

fitted for any chemically bonded systems. In contrast, the revSCAN functional was fitted for the AE6 

test set but preserving the same exact constraints that were used in the construction of the SCAN 

functional. For this reason, it gives similar results to the SCAN functional for the exchange and 

correlation energies of the noble gas atoms (Table S5). Although the revSCAN functional was not fitted 

for the potential energy of the compressed argon dimer, it shows somewhat more accurate results than 

the SCAN functional at smaller distances (Table S6). The revSCAN exchange results in 4-5 kcal mol-1 

more repulsive interaction than the SCAN exchange, while the revSCAN correlation leads to 0.7-0.8 kcal 

mol-1 more attraction than the SCAN correlation. We assume that the observed more repulsive behavior 

of the revSCAN functional may be originated in the increased nonlocality of the revSCAN exchange in 

the noncovalent regions compared to the SCAN exchange [dX(revSCAN) = 1.37 > dX(SCAN) = 1.24 . 

In contrast to the p1-revSCAN functional form, we did not manage to obtain atomization energies 

comparable to the original SCAN functional in the functional forms based on our reparametrized 

exchange (i.e., the p2- or p3-revSCAN), in spite of that the exchange enhancement factor of this 

reparametrized SCAN exchange energy globally satisfies the tighter lower bound for all the examined 

two-electron systems [FX = 1.162 for the He atom, 1.166 for the large-Z limit of two-electron ions, and 

1.168 for the H2, 1.163 for the HeH+, 1.161 for the He2
2+, 1.166 for the H3

+(linear), 1.173 for the 

H3
+(triangle), 1.170 for the H4

2+(square), and 1.174 for the H4
2+(tetrahedral) molecules . We conclude 

that locally releasing the tighter lower bound on the exchange in single-orbital regions leads to a large 

improvement in the single-orbital atomic regions which is, however, not accompanied by a similar 

improvement in the single-orbital molecular regions preventing these modified functional forms to be 

successful in the description of atomization energies. Furthermore, increasing the non-locality of the 

exchange (and removing the error cancellation between the exchange and correlation parts) in single-

orbital regions may also cause a compatibility problem between the single-orbital and slowly-varying 

functional forms. The original SCAN exchange seems to be robust either paired with the original or 

modified SCAN correlation. Based on the above analysis, in our proposed revSCAN, we decided to keep 

the FX ≤ 1.174 exact condition for any single-orbital density. In the following, we will focus on the 

performance of the general purpose revSCAN functional based on the p1-revSCAN prototype. 

Following the conclusion of Medvedev et al.42 that density functional approximations should 

provide good electron densities and energetics at the same time, we have computed first the electron 

densities of several closed shell many-electron atoms with the SCAN and revSCAN functionals. The 

computed average NIADs for the electron density, gradient, and Laplacian are shown in Table 2 (the 
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individual NIADs are presented in Tables S7 and S8). The errors in the many-electron atomic electron 

densities and gradients are slightly smaller on average with the revSCAN functional than those with the 

SCAN functional, while the errors in the atomic density Laplacians are slightly larger on average. The 

largest differences between the two functionals occur for the neutral Be and Ne atoms, and this difference 

seems to decrease with increasing positive charge. The average errors in the many-electron molecular 

electron densities, gradients, and Laplacians are slightly larger with the revSCAN functional than those 

with the SCAN functional (please see Table 2). The largest differences between the two functionals occur 

for the BH3 and N2 molecules, while a slight improvement can be observed at the LiH and LiF molecules. 

Considering both the many-electron atomic and molecular electron densities, the revSCAN functional 

shows similar performance to the SCAN functional on average. 

Next, we also tested the revSCAN functional on the W4 atomization energy test set containing 

the atomization energies of 99 molecules. The error distribution for this test set is shown in Figure 2 (the 

individual atomization energies can be found in Table S9). For the entire test set, the revSCAN functional 

shows somewhat better accuracy and precision than the SCAN functional, which can be followed by the 

mean (MD), mean absolute (MAD), and standard deviations (SD) from the reference (MD = -1.48 kcal 

mol-1, MAD = 4.37 kcal mol-1, SD = 5.95 kcal mol-1 for SCAN, as well as MD = -1.06 kcal mol-1, MAD 

= 4.22 kcal mol-1, SD = 5.55 kcal mol-1 for revSCAN). For the 16 systems with multireference character, 

the revSCAN functional is by 1 kcal mol-1 more accurate and considerably more precise on average than 

the original SCAN functional (MD = 1.17 kcal mol-1, MAD = 6.92 kcal mol-1, SD = 10.04 kcal mol-1 for 

SCAN, as well as MD = 0.16 kcal mol-1, MAD = 5.91 kcal mol-1, SD = 8.37 kcal mol-1 for revSCAN), 

while for the other systems without multireference character, the two functionals provide similar errors 

on average. For these systems, the revSCAN functional is somewhat more accurate but less precise than 

the SCAN functional (MD = -1.99 kcal mol-1, MAD = 3.88 kcal mol-1, SD = 4.71 kcal mol-1 for SCAN, 

as well as MD = -1.29 kcal mol-1, MAD = 3.89 kcal mol-1, SD = 4.86 kcal mol-1 for revSCAN). We also 

assessed the performance of the SCAN and revSCAN functionals on the G2RC reaction energy test set 

constituted of small systems, where dispersion interactions expectedly play only a marginal role. The 

individual errors for the 25 reactions are shown in Figure 3 (the individual reaction energies are presented 

in Table S10). For these reactions, the revSCAN functional is somewhat less accurate but more precise 

than the SCAN functional (MD = -2.83 kcal mol-1, MAD = 6.46 kcal mol-1, SD = 7.63 kcal mol-1 for 

SCAN, as well as MD = 3.82 kcal mol-1, MAD = 6.01 kcal mol-1, SD = 6.43 kcal mol-1 for revSCAN). 

Notice that the performance of the methods on atomization energies is related to their performance on 

reaction energies according to Hess’s law. 

Semi-local functionals can work well for atomization energies if the exchange and correlation 

holes are both well-localized around the electron or the long-range part of the exchange and correlation 

holes cancel each other (so they can capture a part of the static correlation in systems with multi-reference 

character). However, as Sun et al. discussed in their paper,31 semi-local functionals cannot and should 

not be accurate when the exchange-correlation hole is non-local. For instance, the description of non-

covalent complexes requires a non-local correlation functional, as well as the description of reaction 

barrier heights needs a non-local exchange functional. 

To take into account the dispersion interactions, we have fitted the non-local VV10 correction64 

to the revSCAN functional using the equilibrium complexes from the S22x5 test set. The optimal value 

of the b parameter is 9.8 for the revSCAN functional with RMSD = 0.50 kcal mol-1 for the equilibrium 

complexes. For comparison, the b parameter is 14.137 for the SCAN functional with RMSD = 0.67 kcal 

mol-1 for the equilibrium complexes. (The obtained smaller b parameter in revSCAN-VV10 agree well 

with our earlier observation on the compressed argon dimer that revSCAN leads to more repulsive 

interaction at short-range than SCAN.) In Figure 4, we present the mean absolute deviations from the 

reference S22x5 interaction energies for the SCAN, revSCAN, SCAN-VV10, and revSCAN-VV10 
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methods for each distance and grouped by the dominating interaction type (please see Table S11 for the 

individual interaction energies). Without any dispersion correction, the revSCAN functional leads to 

generally less attractive interactions than the SCAN functional. This difference is especially large at 

shorter distances; however, it looks like that, for the same reason, the revSCAN functional can be 

corrected better than the SCAN functional with an appropriate dispersion correction. The SCAN-VV10 

method overestimates more the interaction energies at short distances on average than the revSCAN-

VV10 method. Note that the largest difference between the SCAN and revSCAN interaction energies 

can be found for the dispersion dominated complexes, while the largest improvement with revSCAN-

VV10 occurs for the hydrogen-bonded complexes, where the dispersion interaction is smaller in 

magnitude. We assume that partially recovering the missing dispersion interaction at medium range by 

the semi-local exchange-correlation might lead to a double counting of this interaction in the SCAN-

VV10 method. The revSCAN-VV10 functional is slightly less accurate at large distances, but the 

improvement at short distances is more significant, hence the latter method is more accurate for all types 

of interactions in this test set on average. The MAD values for the revSCAN-VV10 method are 0.40 kcal 

mol-1 for the hydrogen-bonded complexes, 0.25 kcal mol-1 for the dispersion dominated complexes, 0.25 

kcal mol-1 for the mixed interaction complexes, and 0.30 kcal mol-1 for the entire test set, while the MAD 

values for the SCAN-VV10 method are 0.54 kcal mol-1, 0.28 kcal mol-1, 0.27 kcal mol-1, and 0.36 kcal 

mol-1, respectively. 

To take into account the non-locality of the exchange hole in the calculations of reaction barrier 

heights, we considered hybridizing the semi-local revSCAN exchange with exact exchange in a global 

hybrid form. Note that the optimal exact exchange mixing varies with the systems and properties under 

consideration. We examined various exact exchange ratios in our revSCAN-based global hybrid form 

from 0% to 40% increasingly by 5% (Figure 5). The lowest MAD occurs at 35% of exact exchange for 

the barrier heights of the DBH24 test set, while at 20% of exact exchange for the 12 reaction energies of 

the same test set. As a compromise, considering the average of the two MADs, the lowest average error 

occurs for the two properties at 25% of exact exchange. This ratio has also proved to be successful for 

various thermochemical problems in the PBE0 functional.65 For these reasons, we apply 25% of exact 

exchange and use the PBE0-like notation for the resulting functional: revSCAN0. In the following, we 

assess the performances of the revSCAN0 and the similar SCAN066 global hybrid functionals. 

The error distributions for the DBH24 reaction barrier height test set with the SCAN0 and 

revSCAN0 functionals (as well as with the SCAN and revSCAN functionals for comparison) are shown 

in Figure 6 grouped by the different reaction families (the individual barrier heights are presented in 

Table S12). The results show that the revSCAN0 functional is generally more accurate than the SCAN0 

functional for each type of reaction barrier heights considered here. The mean absolute deviations for the 

revSCAN0 method are 3.57 kcal mol-1 for the hydrogen atom transfer reactions, 3.40 kcal mol-1 for the 

heavy-atom transfer reactions, 0.88 kcal mol-1 for the nucleophilic substitution reactions, 3.38 kcal mol-

1 for the unimolecular and recombination reactions, and 2.81 kcal mol-1 for the entire test set, while the 

mean absolute deviations for the SCAN0 method are 4.11 kcal mol-1, 5.02 kcal mol-1, 1.77 kcal mol-1, 

3.47 kcal mol-1, and 3.59 kcal mol-1, respectively. 

We also briefly discuss here the possibility of locally mixing the SCAN or revSCAN exchange 

with a non-conventional exact exchange energy density67 in a local hybrid functional that may locally 

satisfy the strongly tightened lower bound derived for the exchange energy of single-orbital systems (for 

further details, please see the Appendix). Our previous results show that a single-orbital exchange 

functional has to locally satisfy this constraint to be locally compatible with the slowly-varying SCAN 

exchange functional. Computing the position dependent ratio of the non-conventional exact exchange 

energy density and the exchange energy density from the local density approximation for two one-

electron systems (i.e., for the hydrogen atom and for the hydrogen molecular cation at different bond 
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lengths), we show that no member from the examined non-conventional exact exchange energy density 

family satisfies this constraint locally; therefore, we assume that such non-conventional exact exchange 

energy densities could not be mixed with the SCAN or revSCAN exchange in a local hybrid functional 

without compatibility problems. 

Conclusions 

We examined various possibilities to improve upon the semi-local SCAN functional. First, we 

tested three prototype revised versions of the SCAN functional (i.e., p1-, p2-, and p3-revSCAN) on two-

electron spin-singlet atomic and molecular densities. In the p1-revSCAN functional, we used a modified 

SCAN correlation recovering the slowly-varying behavior of the PBE correlation in a wider range and 

preserving the rapidly-varying behavior of the SCAN correlation. In the p2-revSCAN functional, we 

used a reparametrized SCAN exchange locally releasing the strongly tightened lower bound on the 

exchange in single-orbital regions (but keeping that globally for all the examined two-electron systems) 

to reproduce the exact exchange energies of the hydrogen and helium atoms at the same time. In the p3-

revSCAN functional, we used the modified SCAN correlation together with the reparametrized SCAN 

exchange. The p1-revSCAN functional results in slightly better densities for the two-electron atomic and 

molecular systems than the original SCAN functional, while the p2- and p3-revSCAN functionals with 

the reparametrized exchange provide much more accurate atomic densities, and somewhat more accurate 

molecular densities. Then, we considered the possibility of constructing general purpose functionals from 

these prototype functionals refitting the parameters of the exchange and correlation interpolation-

extrapolation functions constrained by exact conditions, such as the correct large-Z behavior of the 

exchange and correlation energy for noble gas atoms. In the p1-revSCAN functional form, we obtained 

atomization energies on par with the SCAN atomization energies for the AE6 test set but we did not 

manage to reach the accuracy of the SCAN functional for atomization energies with the p2- and p3-

revSCAN functionals. This may be because the modified SCAN correlation leads to a slight but general 

improvement in the electron densities of two-electron atoms and molecules; however, the reparametrized 

SCAN exchange leads to a large improvement only in the atomic densities, which is not accompanied by 

a similar improvement in the molecular densities. Finally, we decided to keep the FX ≤ 1.174 exact 

condition for any single-orbital density in our general purpose functional denoted by revSCAN based on 

the p1-revSCAN prototype. 

The proposed revSCAN functional provides slightly better many-electron atomic densities and 

slightly worse many-electron molecular densities than the SCAN functional. The revSCAN functional 

yields more accurate atomization energies for the molecular systems with multi-reference character and 

somewhat better precision for the reaction energies of small systems than the SCAN functional. To take 

into account the non-locality of the correlation in non-covalent complexes, we also fitted a non-local 

VV10 dispersion correction to the revSCAN functional and obtained more accurate interaction energies 

for the S22x5 test set with the revSCAN-VV10 method than with SCAN-VV10, especially for the 

hydrogen-bonded complexes and at smaller distances. To take into account the non-locality of the 

exchange in activated complexes, we hybridized the semi-local revSCAN exchange with exact exchange 

using a global hybrid functional form with 25% of exact exchange and obtained more accurate reaction 

barrier heights with the resulting revSCAN0 method than with the similar SCAN0 approach. We also 

considered locally hybridizing the semi-local exchange with a non-conventional exact exchange energy 

density assumed to locally satisfy the strongly tightened lower bound on the exchange in single-orbital 

regions, but we have showed that this non-conventional exact exchange energy density does not locally 

satisfy this constraint, and thus expectedly it is not compatible with the SCAN or revSCAN exchange 

energy densities. 
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Tables and Figures 

 

Table 1 Average normed integral absolute deviations (NIAD) of the computed two-electron atomic and 

molecular densities, gradients, and Laplacians from the reference for the original SCAN and the modified 

prototype functionals 

 Atomic systems Molecular systems 

 SCAN p1-revSCAN p2-revSCAN p3-revSCAN SCAN p1-revSCAN p2-revSCAN p3-revSCAN 

Density 0.0038 0.0037 0.0011 0.0010 0.0123 0.0122 0.0125 0.0128 

Gradient 0.0353 0.0348 0.0099 0.0094 0.0365 0.0360 0.0334 0.0339 

Laplacian 0.4512 0.4481 0.1506 0.1465 0.1155 0.1135 0.1079 0.1083 

 

Table 2 Average normed integral absolute deviations (NIAD) of the computed many-electron atomic and 

molecular densities, gradients, and Laplacians from the reference for the SCAN and revSCAN 

functionals 

 Atomic systems Molecular systems 

 SCAN revSCAN SCAN revSCAN 

Density 0.0118 0.0115 0.0046 0.0057 

Gradient 0.0582 0.0570 0.0189 0.0210 

Laplacian 0.4629 0.4787 0.1810 0.2015 

 

 

Figure 1 The g function in the SCAN, revSCAN, and PBE correlation functionals 
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Figure 2 Error distribution for the W4 atomization energy test set (kcal mol-1) with the SCAN (blue curve) 

and revSCAN (red curve) functionals. (The light blue bars correspond to the histogram of SCAN, the pink 

bars correspond to the histogram of revSCAN, as well as the purple regions indicate the overlap between 

the light blue and pink bars.) 

 

 

Figure 3 Errors for the G2RC reaction energy test set (kcal mol-1) with the SCAN and revSCAN 

functionals 
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Figure 4 Mean absolute deviations from the reference S22x5 non-covalent interaction energies (kcal 

mol-1) for the SCAN-VV10 and revSCAN-VV10 methods. (The outlying values are shown in the center 

of the diagram for SCAN-VV10, and on the top of the diagram for revSCAN-VV10. re stands for the 

unscaled equilibrium distance.) 

 
Figure 5 Mean absolute errors (kcal mol-1) for the barrier heights and reaction energies of the DBH24 

test set as well as the average of these two errors with respect to the exact exchange mixing ratio in the 

revSCAN global hybrid form 
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Figure 6 Errors in the DBH24 reaction barrier heights (kcal mol-1) for the SCAN, revSCAN, SCAN0, 

and revSCAN0 functionals. (The vertical lines represent the error ranges, while the boxes represent the 

one standard deviation range around the mean errors. The subsets are: BH6 – hydrogen atom transfer 

reactions, HAT6 – heavy-atom transfer reactions, NS6 – nucleophilic substitution reactions, UR6 – 

unimolecular and recombination reactions.) 

Appendix 

The optimal bound for spin-polarized one-electron densities provided by Gadre et al.30 is: 

𝐸𝑋[𝑛1] ≥ −1.092∫𝑛1
4/3(𝒓)𝑑3𝒓 , 

(A-1) 

where the exact exchange energy is a pure self-interaction correction, and 𝑛1 is any one-electron density. 

This implies that a semi-local spin-unpolarized exchange enhancement factor should be globally lower 

than or equal to 1.174 for any single-orbital system. Perdew et al.67 also suggested the existence of an 

exact exchange energy density generated by a simple coordinate transformation that locally satisfies this 

bound for a cuspless two-electron density. Even though the exchange energy density is non-unique and 

nonphysical, and it is the integrated exchange and correlation energies that should satisfy exact 

constraints, such exact exchange energy density may be relevant in the construction of a local hybrid 

functional based on the SCAN or revSCAN semi-local functionals. 

In this appendix, we examine the suggested family of exact exchange densities (𝑒𝑋
𝜆) that was used 

by Perdew et al.67 to present a suggestive but inconclusive evidence for the existence of such exact 

exchange energy density. This family of exact exchange densities can be obtained by the following 

coordinate transformation: 

𝑒𝑋
𝜆(𝒓) = −

1

4
∫𝑑3𝒖

|𝜌(𝒓 + 𝜆𝒖, 𝒓 − [1 − 𝜆]𝒖)|2

𝑢
 , 

(A-2) 

where the density matrix can be calculated as 𝜌(𝒓, 𝒓′) = ∑ ∑ 𝜓𝑖𝜎
∗ (𝒓)𝜓𝑖𝜎(𝒓

′)𝑜𝑐𝑐
𝑖𝜎   with the 𝜓𝑖𝜎  spin-

orbitals. The fully spin-polarized exact exchange energy densities (𝑒𝑋,𝑝𝑜𝑙
𝜆 ) can be obtained applying the 

exact spin-scaling formula, 𝑒𝑋[𝑛𝛼, 𝑛𝛽] = (𝑒𝑋[2𝑛𝛼] + 𝑒𝑋[2𝑛𝛽])/2 , on the spin-unpolarized exact 

Page 14 of 22

ACS Paragon Plus Environment

Journal of Chemical Theory and Computation

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



15 

exchange energy densities. For one-electron systems, this formula can be rewritten with the one-electron 

densities, 𝑛1(𝒓) = 𝜓1
2(𝒓), where 𝜓1 is the only occupied one-electron orbital. 

𝑒𝑋,𝑝𝑜𝑙
𝜆 (𝒓) = −

1

2
∫𝑑3𝒖

|𝜌(𝒓 + 𝜆𝒖, 𝒓 − [1 − 𝜆]𝒖)|2

𝑢

1𝑒−

→  −
1

2
∫𝑑3𝒖

𝑛1(𝒓 + 𝜆𝒖)𝑛1(𝒓 − (1 − 𝜆)𝒖)

𝑢
 

(A-3) 

Albeit the concept of enhancement factors is introduced only for semi-local functionals, formally, 

effective position-dependent (fully spin-polarized) exact exchange enhancement factors (𝐹𝑋,𝑝𝑜𝑙
𝜆 ) can be 

defined, as it was done by Perdew et al.,67 for a given system dividing 𝑒𝑋,𝑝𝑜𝑙
𝜆   by the local density 

approximation (LDA) exchange energy density (𝑒𝑋
𝐿𝐷𝐴) to simply visualize if the exact exchange energy 

densities locally satisfy the suggested tighter lower bound: 

𝐹𝑋,𝑝𝑜𝑙
𝜆 (𝒓) =

𝑒𝑋,𝑝𝑜𝑙
𝜆 (𝒓)

𝑒𝑋
𝐿𝐷𝐴(𝒓)

 . 
(A-4) 

Generally, the spin-unpolarized exact exchange enhancement factor can be obtained from the fully spin-

polarized one by the following transformation: 

𝐹𝑋,𝑝𝑜𝑙(𝑠) = 2
1/3𝐹𝑋(𝑠/2

1/3) , (A-5) 

where s is the reduced gradient. 

Since our question here is whether the suggested non-conventional exact exchange energy density 

is locally compatible with the semi-local SCAN or revSCAN exchange, we plot the position-dependent 

effective exact exchange enhancement factors with respect to the reduced gradient and apply a formally 

analog expression to transform the effective spin-polarized exact exchange enhancement factors into 

spin-unpolarized ones to facilitate the comparison with the SCAN or revSCAN semi-local (spin-

unpolarized) exchange enhancement factors. 

We consider simple prototypical one-electron systems to map how the suggested exact exchange 

energy densities behave in one-electron atomic regions, bonding regions, and for delocalized densities. 

Our first model is the hydrogen atom with the 1s orbital: 

𝜓1(𝒓) =
1

√𝜋
𝑒−|𝒓| . 

(A-6) 

Then we model the hydrogen molecular ion (H2
+) at various bond lengths using a simple approximate 

wave function form in prolate spheroidal coordinates to facilitate the calculations:68 

𝜓1(𝜎, 𝜏) ≈ 𝑐(1 + 𝜎)
𝑅
𝑎
−1𝑒−𝑎𝜎 cosh(𝑏𝜏) , (A-7) 

where the coordinates 𝜎 = (𝑑1 + 𝑑2)/𝑅 and 𝜏 = (𝑑1 − 𝑑2)/𝑅 can be obtained from the distances to the 

nuclei (𝑑1, 𝑑2) and from the bond length (𝑅). The corresponding parameter values can be found in Table 

A-1. 

 

Table A-1 Parameters for the approximate solution of the stretched hydrogen molecular ion (H2
+) 

R (a.u.) a b c 

0.2 0.1964 0.1135 1.5112 

0.6 0.5483 0.3197 1.3230 

1.0 0.8511 0.5034 1.2096 

1.4 1.1200 0.6741 1.1418 

2.0 1.4815 0.9192 1.0850 

2.4 1.7035 1.0808 1.0636 

 

For the hydrogen atom (Figure A-1), the effective exact exchange enhancement factors generated 

by coordinate transformation with 0.85 < λ < 1.00 seem to diverge in the tail. However, others obtained 

by coordinate transformation with 0.50 ≤ λ < 0.85 are bounded from above. While the effective 
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conventional exact exchange enhancement factor monotonically grows with the reduced gradient, a 

maximum appears on the function in the range of 0.50 ≤ λ < 0.85. The maximum value on the λ = 0.85 

curve is 1.204, which slightly violates the tighter upper bound (𝐹𝑋 ≤ 1.174) suggested for one- and two-

electron systems. This value further increases as λ approaches 0.50. 

 

 
Figure A-1 Effective λ-dependent spin-unpolarized exact exchange enhancement factor for the hydrogen 

atom 

 

For the equilibrium hydrogen molecular ion (Figure A-2), we represent the non-system-averaged 

effective exact exchange enhancement factors by two limiting cases: the points in the symmetry plane 

perpendicular to the bond axis and the points along the bond axis. The upper limiting curves correspond 

to the former, the lower limiting curves correspond to the latter cases. These two curves meet only at the 

bond critical point, where the reduced gradient is zero. The area between the upper and lower limiting 

curves belong to all the other spatial points. The horizontal part of the lower limiting curves corresponds 

to the nuclei, where the reduced gradient shows a discontinuity. The effective exact exchange 

enhancement factor of the equilibrium hydrogen molecular ion is upper bounded again in the range of 

0.50 ≤ λ < 0.85. In the λ = 0.85 coordinate transformation, it violates the suggested tighter upper bound 

(𝐹𝑋 ≤ 1.174) the most significantly at the bond critical point (𝐹𝑋 = 1.473). As λ approaches 0.50, the 

effective exact exchange enhancement factor increases in the bonding region and decreases in the 

asymptotic region. 
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Figure A-2 Effective λ-dependent spin-unpolarized exact exchange enhancement factor for the 

approximate solution of the hydrogen molecular ion (H2
+) 

 

Increasing the bond length (Figure A-3) and thus the delocalization of the exact exchange hole, 

the bounded effective exact exchange enhancement factor in the λ = 0.85 coordinate transformation is 

increasing near the bond critical point and decreasing near the nuclei. (Note that the effective exact 

exchange enhancement factors in the unified atom limit of the hydrogen molecular ion are determined 

by the corresponding effective exact exchange enhancement factors of the hydrogen atom because of the 

uniform density scaling.) The larger the bond length, the more significantly this non-conventional 

effective exact exchange enhancement factor violates the suggested tighter upper bound (𝐹𝑋 ≤ 1.174). 

For the bond lengths larger than 1 bohr, the maximum of the effective exact exchange enhancement factor 

appears at the bond critical point in this gauge. 
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Figure A-3 Effective spin-unpolarized exact exchange enhancement factors generated by coordinate 

transformation with λ = 0.85 for the approximate solution of the stretched hydrogen molecular ion (H2
+) 

at various bond lengths (red line: exact 𝐹𝑋 for hydrogen atom). 
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