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Abstract

Origami can turn a sheet of paper into complex three-dimensional shapes, and similar

folding techniques can be used to build structures and mechanisms. However, folding

by hand can be difficult and time consuming. This has led to the development of self-

folding materials that transform themselves from flat sheets into 3D shapes by bending

themselves along hinges. A variety of self-folding methods have been demonstrated at a

variety of length scales, but they have not yet been used to build complex machines.

This dissertation demonstrates that self-folding can produce functional machines with

a new laminate we refer to as a shape memory composite. We characterize the behavior of

this composite with models and experimental data, and use this information to develop

design rules for self-folding. We apply these rules to create devices at multiple length

scales, including a model crane, a crawling robot, a lamp, and a model ship.
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The secret to productivity in so many fields—and in

origami—is letting dead people do your work for you.

Robert Lang

1
Introduction

1.1 Folding in Art

Origami is a Japanese art form in which paper is folded into intricate 2D and 3D shapes

(Figure 1.1A). This and other types of paper-folding represent an interesting fusion of art

and math. Artistically, the folder must decide what shapes they want to express and the

appropriate folds for creating them [1, 2]. In many cases there are multiple fold patterns

which can produce similar geometries but vary aesthetically, such as producing smooth,

wrinkled, or tightly ribbed surfaces. Many origamists also choose to represent shapes

derived from existing forms, such as animals or flowers, and must select which features

to include and which to abstract away.

From a technical perspective, origami can be abstracted to a geometric problem in which

each face of a folded structure is an infinitesimally thin polygon and each fold a line

segment. This enables the experienced folder to predict the final geometry from a given

1



BA C

Figure 1.1: Folding is the basis for several artistic disciplines. (A) An origami crane. (B) An exam-
ple of kirigami. (C) A pop-up card (©2014 LovePop).

fold pattern, even though the untrained observer may see no relation between the two. To

be a skilled origamist requires talent in both of these areas.

Origami is not the only fold-based art form. Kirigami is a related discipline in which a

single piece of paper is folded and cut (Figure 1.1B) [3]. This is commonly used today to

make snowflake patterns. Pop-up books and cards use multiple sheets of paper, folded

and glued together, to create a mechanism with a single rotational degree of freedom

that lies flat in one configuration, and pops into a 3D shape when ‘opened’ or unfolded

(Figure 1.1C) [4, 5]. In all of these art forms there is a mathematical relationship between

the fold and cut lines and the final shape. Perhaps because of this, the lessons learned in

origami can be applied to both artistic endeavors and technical problems.

1.2 Folding in Mathematics

Computational origami is a relatively new branch of mathematics that explores the geo-

metric nature of folding [6]. It has resulted in important proofs regarding the capabilities

of folding to produce arbitrary shapes. In 2001, it was proven that a single rectangular

piece of paper could be folded into any polygon or polyhedral shell [7]. While this was the

first proof of universality for origami, it was practically infeasible. The solution resem-

bles a strip of paper wrapped back and forth, resulting in wasted paper and folds through

multiple layers. A more practical solution was developed in the form of Origamizer, a free

software program which can generate a fold pattern for a given polyhedron (Figure 1.2) [8].

Originally applicable to a wide range of polyhedra, a similar algorithm was later proved to

be universally applicable to any polyhedron [9].

Other capabilities of folding have been mathematically demonstrated as well. Ben-

2



A B C

Figure 1.2: Origamizer is a free computer program capable of transforming a polyhedron into a
planar crease pattern (source: Tachi [8] ©2010 IEEE). (A) A polyhedral model approximating the
Stanford bunny. (B) The planar fold pattern generated from the model using the Origamizer algo-
rithm. (C) The folded model.

bernou et al. developed and demonstrated a universal fold pattern that is capable of repro-

ducing any shape made of unit cubes [10]. Abel et al. developed algorithms for designing

pop-up cards, and proved any polygon can be deployed under a variety of conditions by

opening the structure [11]. These and other results provide an extensive framework with

which to study and use folding.

1.3 Linkages

Linkages are a common class of mechanisms comprising an interconnected set of rigid el-

ements and freely-rotating joints [6]. Folded sheets can be treated as linkage mechanisms

in which each face represents a rigid element and each fold a joint with a single degree of

freedom. Because of this relation, linkages provide a framework for studying the kinemat-

ics of folded structures, and computational geometry has established that a broad range

of kinematic results are possible.

The Kempe Universality Theorem states that a 2D linkage system can trace any polyno-

mial curve. The first published proof of this theorem established a more general result,

allowing the trace of any algebraic set defined by a system of polynomials [12]. This proof

was subsequently simplified and generalized to an asymptotically optimal algorithm for

linkage construction in arbitrary dimensions [13]. Furthermore, a practical algorithm has

been developed that generates a linkage design which approximates a desired motion (as

required by a robot, for example) [14].

3



1.4 Folding in Nature

Folded structures and mechanisms exist in nature at a wide range of length scales. For

example, most proteins start as a peptide chain and fold themselves into their functional

shape [15]. Proteins will also use folding to modulate their function [16]; tyrosine kinases

are enzymes that can be switched between active and inactive states by a partial unfold-

ing in the catalytic domain (Figure 1.3A) [17], and RNA folding alters its proton binding

behavior [18].

Similar behavior can be seen at larger scales as well; the Schrankia microphylla plant

will fold its leaves and expose thorns as a defense mechanism [19]. Folding is used to

increase the surface area inside a constrained volume such as the human brain (Figure 1.3B)

[20] or the inner surface of the intestine, which is folded at different length scales into

plicae circulares, villi, and microvilli, increasing the surface over 600-fold [21, 22]. Folded

patterns can also be used to deploy large structures such as leaves [23], and dynamic

folding mechanisms allow insect wings to fold beneath their rigid carapace (Figure 1.3C)

[24].

A B

C

Figure 1.3: Natural systems use folded structures in a variety of ways. (A) Proteins can fold and
unfold to change their functionality (source: Yang et al. [17]). (B) The human brain is folded, in-
creasing its surface area (source: Gray [21]). (C) Beetle wings fold underneath their carapace for
protection (source: Haas et al. [25] ©2001 Elsevier).

4



1.5 Folding in Engineering

Folded structures and mechanisms have also been used in a variety of engineering applica-

tions. Folded materials are used to create stiff, lightweight structures such as corrugated

sheets (Figure 1.4A) [26], and devices with a large surface area can be folded into small

volumes to make transportation and storage easier. This has applications in shipping [27],

satellite deployment in space (Figure 1.4B) [28, 29], disaster response [30, 31], and military

expeditionary capabilities (Figure 1.4C) [32].

Folding can produce sophisticated mechanisms by creating different functional compo-

nents from a single sheet: A hinge can act as a flexural spring or a freely rotating joint,

while a flat face can be a leaf spring or a rigid plate. These elements have been combined

to create folded devices such as origami wheels that change shape for increased mobility

or performance (Figure 1.4D) [33, 34], and an electroactive film that is folded into a bi-

morph actuator (Figure 1.4E) [35]. Folded structures can replicate mechanical joints with

many degrees-of-freedom and arbitrary ranges-of-motion (Figure 1.4F) [36], and flexure

joints have operational advantages over more traditional bearing joints, including negli-

gible friction losses and monolithic construction [37, 38]. Springs and other features can

even be embedded in laminate structures, resulting in 3D mechanisms that emerge from

D E FC

BA

Figure 1.4: Folded structures are used in engineering for a variety of purposes. (A) Corrugation
in cardboard increases its stiffness without significantly increasing its weight. (B) Folding can be
used to fit a large solar panel into a small volume for deployment in space (source: Zirbel et al.
[29] ©2010 ASME). (C) Tents and other foldable structures are critical for the military’s expedi-
tionary operations (source: TSgt. Joselito Aribuabo, USAF). (D) An origami wheel that can change
its radius (source: Lee et al. [33] ©2013 IEEE). (E) An actuator folded out of paper (source: Okuzaki
et al. [35]). (F) Folding can create a variety of functional transmissions, including this rotary joint
(source: Sung et al. [36] ©2013 ASME).
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Figure 1.5: Complete, functional machines can be built by folding flat materials. (A) A robotic bee
assembled using Pop-Up Book MEMS (Source: Sreetharan et al. [40] ©2013 IOP Publishing). (B) A
printed origami robot folded from a sheet of plastic (source: Onal et al. [44] ©2015 IEEE). (C) Sev-
eral copies of the Foldscope, a folded microscope (source: Cybulski et al. [45]).

flat sheets [39].

Complete and functional machines have been made by folding flat laminates. Many

mesoscale robots have been built by folding carbon-fiber laminates, including the flying

RoboBee (Figure 1.5A) [40] and the crawling HAMR [41] and myriapod robot [42]. These

robots are machined using lasers and lithographic etching and then folded into their func-

tional 3D form because 2D machining methods are easier at the millimeter scale than

more traditional methods such as milling and lathing. Larger machines have been folded

from sheets of plastic and paper in order to reduce manufacturing costs, including robots

(Figure 1.5B) [43, 44] and microscopes (Figure 1.5C) [45]. This fabrication style has led

to the creation of algorithmic design tools for folding, which harness the computational

nature of origami. PopupCAD is a design program tailored for designing laminate folded

structures [46], and geometric algorithms can compose cut-and-fold patterns for a given

machine geometry [47].

1.6 Printable Manufacturing

Our interest in origami-inspired engineering comes from our goal of printable manufac-

turing—methods for quickly and inexpensively building machines from digital plans with

a minimal amount of capital investment and training. This capability is most often associ-

ated with 3D printing, and research has shown that additive manufacturing is capable of

functional components such as actuators [48], sensors [49], and batteries [50]. However,

planar fabrication has its own advantages. In addition to the benefits of folded structures

listed above such as high strength-to-weight ratios and low costs, these structures are of-

ten faster to fabricate because only a limited number of layers (generally less than 10 for
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our applications) need to be machined. In comparison, when a 3D printer builds a struc-

ture, it must deposit each layer individually up to the final structural height, resulting in

hundreds or thousands of layers. Planar manufacturing also has a large number of ma-

chining and assembly options, including laser and water jet cutting, lithography, etching,

spin coating, and pick-and-place installation of discrete components. Despite these advan-

tages, folded manufacturing has one noticeable limitation. Although the unfolded sheets

can be machined quickly, it can be time-consuming and difficult to fold them by hand. For

this reason, we wanted to develop a method for the machines to fold themselves.

1.7 Self-Folding

Self-folding is a fabrication technique in which a flat structure bends itself along hinges,

resulting in 3D features [51]. A variety of self-folding methods have already been demon-

strated. One method relies on differential stress between two layers in a laminate. This

stress can be induced by a temperature increase in thermally mismatched materials [52] or

swelling a hydrogel on contact with water (Figure 1.6D) [53]. Alternatively, one layer can

be prestressed during fabrication and then physically constrained by a sacrificial layer

until released for self-folding (Figure 1.6B-C) [54]. This technique is often used for sub-

millimeter features and sub-micron thick films in which only a small stress is necessary to

induce folding. Folding is usually activated by a global stimulus, resulting in simultaneous

folding of all hinges. However, there are examples of focusing the stimulus on individual

hinges to achieve sequential folding [55].

Another class of self-folding utilizes shape memory alloy hinges. These hinges are me-

chanically preprogrammed, first by bending them into their folded state, then heating, un-

folding, and cooling them. They retain their unfolded shape until heated, at which point

they fold again. These hinges have been installed as discrete components connecting rigid

faces (Figure 1.6G) [56] and programmed along a single nitinol wire to demonstrate self-

tying knots [57]. This technique is often used when hinges need to be folded individually

because each hinge can be heated separately.

There are a variety of other self-folding techniques that are actuated by magnetic fields

(Figure 1.6A) [58], capillary forces (Figure 1.6E) [59], pneumatics (Figure 1.6F) [60], or shape

memory polymers (Figure 1.6H) [61]. The method used often depends on its application,

and these applications usually fall into two categories. The first is in the assembly of
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Figure 1.6: A variety of self-folding techniques have been developed that are actuated by many
different phenomena and materials, including: (A) magnetic fields (source: Yi et al. [58] ©1999
IEEE), (B-C) prestressed layers (source: Malachowski et al. [62] ©2014 ACS), (D) polymer swelling
(source: Guan et al. [53] ©2005 ACS), (E) capillary forces (source: Antkowiak et al. [59]), (F) pneu-
matic pouches (source: Niiyama et al. [60] ©2014 IEEE), (G) shape memory alloys (source: Hawkes
et al. [56]), and (H) shape memory polymers (source: Liu et al. [61] ©2012 RSC).

structures that are difficult to reach or manipulate. Examples include self-folding within

the body [62], in space [29], or at sizes that are too small for manual manipulation [63].

The second application is to speed up and parallelize foldable structures. For example,

a manually folded robot can take up to one hour to fold by hand [44]. A similarly sized

self-folding robot can fold itself in about five minutes [64].

1.8 Contributions and Chapter Organization

The purpose of this dissertation is to determine if self-folding can produce functional

structures and machines, and if so, develop design rules and determine the limitations of

self-folding with respect to scale, complexity, and functionality. During our research we

developed a new self-folding technique enabled by shape memory composites—a laminate
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sheet consisting of one or more layers of shape memory polymer and one or more layers of

a structural substrate. We explored variations of this composite at different sizes and with

different stimuli for triggering the folding process. We identified features and abilities

necessary for functional self-folding, and used these composites to produce them. We

also investigated ways to embed mechanisms and sensors into these machines.

Chapter 2 explains our initial attempt to build a self-folding system. We outline the

features we judged to be critical for creating self-folding machines. We developed our

new self-folding technique, the shape memory composite, and used it to build a functional

inchworm robot.

Chapter 3 explores the important properties of self-folding hinges. We identified torque,

angular control, and minimum feature size as parameters that define the design space for

self-folding. We developed analytical models that incorporate the thermodynamics and

mechanical properties of these hinges in order to predict their performance, and validated

these models with experimental data.

Chapter 4 presents our efforts to build a fully-autonomous self-folding machine. We

set out to demonstrate that the self-folding process could produce machines with arbi-

trary structures and mechanisms, without human intervention or external equipment. We

designed and built a self-folding crawling machine which demonstrated key features nec-

essary for these capabilities.

Chapter 5 explores different techniques for embedding sensors in self-foldingmachines.

We designed and built three sensors: a capacitive touch sensor, a bistable switching mech-

anism, and an electromagnetic velocity sensor. We also built a self-folding lamp to demon-

strate the efficacy of these sensors in a functional machine.

Chapter 6 explores a new shapememory composite design that is capable of self-folding

millimeter-scale features. This design incorporated newmaterials, new adhesives, and new

machining methods. We demonstrated the composite is capable of self-folding hinges as

small as 0.5 mm, and used it to build a self-folding model ship and a model bumblebee.

Chapter 7 details possible avenues for future research, including current limitations

and likely avenues for overcoming them.
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Everything is theoretically impossible, until it is done.

Robert A. Heinlein

2
Self-Folding a Machine

2.1 Introduction

In order to establish the feasibility of self-folding machines, we began by attempting to

build one. This chapter outlines our efforts to build a self-folding inchworm robot that is

capable of locomotion. Much of the content is previously published [65].

When we began our investigation into self-folding machines, the ability to fold func-

tional, printable robots by hand had already been demonstrated [66]. These robots were

folded from a single sheet of plastic, with a flexible circuit bonded to one side and elec-

tromechanical components installed before folding. The plastic sheet acted as both the

rigid structure of the robot and the flexural joints. In order to create a similar, self-folded

robot, we needed an actuation method for folding that suited the machine: It had to be

inexpensive and fast to produce in low volume; it had to be able to produce durable struc-

tures in a typical indoors environment; it had to work at length scales of roughly 1 to
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226 mm

Figure 2.1: (A) The inchworm before it has folded into its functional shape. (B) The folded inch-
worm, after the servo and battery has been added. This robot weighs 29 g, and moves at a rate of
2 mm/s.

30cm; it had to be capable of complex fold patterns and sequential folding for multiple

fold steps; and it needed to be capable of flexural hinges for dynamic mechanisms.

Many self-folding methods have been invented and demonstrated, but most are not

suitable for printable machines. Some can only form fragile structures in specific situa-

tions, such as aqueous environments [53]. Others can only produce a minimal amount of

torque at their hinges and are only suited to sub-millimeter scale structures [54, 62, 67].

Others require expensive external devices for actuation, such as lasers [55] or magnetic

field generators [58]. A few are functionally appropriate, but incompatible with printable

manufacturing. Shape memory alloy hinges, for example, require discrete installation and

individual programming, which increase cost and fabrication time [56].

One existing self-folding method, developed by Liu et al. [61], came close to our re-

quirements by using shape memory polymers (SMPs). SMPs are polymers that transition

from a glass to a rubber phase when heated above a certain temperature. During this

transition, the material can undergo a shape memory effect; if the material is deformed

in its rubber state and then cooled to its glass state, it will hold this new shape until it

is reheated back to its rubber state, at which point it will return to its original geometry,

effectively ‘remembering’ its original shape. This effect is often used to create contractile
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sheets, such as shrink wrap or heat shrink tubing. In these applications, The SMP has

three functional parameters: The transition temperature Tg at which the material changes

shape, the shrink ratio SR between its initial and contracted lengths, and the directions in

which shrinking occurs.

In this case, the SMP was prestretched polystyrene (PS), which was programmed to

shrink bidirectionally by 50% when heated. These PS sheets were induced to self-fold, first

by printing black lines on them, and then shining a light on them. The black lines absorbed

the energy from the light and selectively heated the sheet on one side only, which caused

that side to contract and the sheet to bend. This technique was inexpensive, printable, and

operated close to the length scales we were interested in. It did have two noticeable draw-

backs, however. The first is that the polymer sheets were not suited for repeated bending,

like we would need in a folded joint. The second is that the folding occurs simultaneously,

when the light is turned on. This can make folding complex shapes more difficult, as some

patterns must be folded sequentially.

In order for a self-folding method to be capable of producing a machine, we identified

four principle capabilities that it must demonstrate: (I) sequential folding for multiple

fold steps, (II) mountain (convex side up) and valley (convex side down) folds for complex

shapes, (III) angle-controlled folds for precise geometries, and (IV) flexural hinges for dy-

namic mechanisms. We developed a novel technique for self-folding that combined SMPs

with resistive circuits, a plastic substrate, and structural features to achieve these require-

ments. To demonstrate this technique, we designed and built an inchworm robot shown

in Figure 2.1. This device was chosen because it embodies all of the challenges we wished

to address: it requires a specific and functional structure and a dynamic motion to achieve

locomotion, which together require all of our principle capabilities.

2.2 Design

2.2.1 Composite Design

Self-folding robots require one-time, rigid folds to create the structure of the robot and

flexural hinges for movement. To build these features, we designed a new self-folding

method that we call a shape memory composite (SMC). This composite comprises two

outer layers of contractile SMP, a plastic substrate layer, and a flexible circuit board (Fig-
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Figure 2.2: (A) The shape memory composite includes four layers: a flexible circuit (yellow), a
plastic substrate (brown), and two layers of SMP (blue). The shape memory composite is capable
of both one-time self-folding hinges and repeatable flexural hinges. (B) Self-folding hinges are built
into the composite by removing a strip of SMP from the convex side. Folding occurs when the con-
cave SMP contracts. (B) Dynamic hinges are created by weakening the substrate and removing the
contractile layer from both sides.

ure 2.2A). Resistive heating elements are embedded along each self-folding hinge on the

flexible circuit. To activate folding, the heating element is supplied with current, which

causes the SMP to heat up and contract locally along the hinge. When the SMP on the

concave side contracts, it pulls the faces on either side of the hinge together, causing the

hinge to fold (Figure 2.2B). The plastic substrate is perforated along the hinge, increasing

its flexibility and localizing the bending to a fold. A one-millimeter wide strip is removed

from the convex SMP layer to bias the folding in one direction and prevent antagonistic

contraction. Both mountain and valley folds can be made by cutting gaps into the SMP on

either side of the composite. Flexural hinges are created by removing strips of the SMP

layer from both sides, allowing the substrate to bend freely (Figure 2.2C). Because the SMP

is only heated locally, individual hinges can be activated separately, allowing for sequential

folding. The flexible circuit also contains the electronics to power and control the robot. In

some hinges, additional SMP from the concave side was removed at the hinge ends where

traces could not be fit to ensure that the unactivated SMP did not prevent folding.

Materials were chosen for their physical properties, cost, and ease of use. A 125µm

thick sheet of Polyetheretherketone (PEEK) is used as the passive substrate due to its high

flexural strength (163 MPa [68]) and resistance to fatigue along folds. PS was chosen for

the contractile layer due to its high SR (2-to-1, or a contraction to 50% of its original length)

when heated above its relatively low Tg (105 °C). It is also one of the only commercially
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available SMPs that was thick enough (250µm) for our applications. Most SMPs are either

too thin to produce enough contractile force (such as shrink wrap) or only shrink in one

direction (such as heat shrink tubing). The flexible circuit board is made from a laminate

consisting of an 18µm copper layer and a 12µm sheet of polyimide (CuPI). More details

are in Appendix A.1.

2.2.2 Inchworm Design

An inchworm robot (Figure 2.1) was chosen to demonstrate our new self-folding technique

because it required each of the four capabilities mentioned earlier. The body is composed

of two halves connected by a dynamic hinge in the middle. A slider crank mechanism

actuates the hinge, causing the inchworm to contract and extend. Locomotion is achieved

by angling the ‘feet’ at the bottom of the front and back walls (Figure 2.3A-B) to create

asymmetric friction so that they slide in one direction, and push the robot forward in the

other. The front wall fold angle relative to the robot body is 45° and the back wall fold

angle is 135°. Side walls (Figure 2.3C) are included at right angles to the robot body to

improve structural rigidity. The servo is mounted on a platform that folds up 45° from the

body (Figure 2.3D). The servo is driven by a 0.3 Hz triangle wave from a microcontroller
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Figure 2.3: The inchworm robot consists of a front wall (A) and back wall (B) angled to create ‘feet’
with asymmetric friction. The front wall fold angle θf is 45° and the back wall fold angle θb is 135°.
The robot also includes side walls (C) with fold angles θs of 90°, and a servo platform (D) with a
fold angle θp of 45°. The top image represents the inchworm robot after the folding of its front,
back, and side walls. The bottom image represents an upright and completely folded inchworm.
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(ATtiny13, Atmel), and powered by a 7.4 V lithium polymer battery (EFLB1202S20, E-flite).

2.2.3 Angle Control

One challenge of self-folding is achieving precise folds without human observation and

intervention. Effecting accurate and repeatable fold angles through hinge design alone

would require precise fabrication and thermal control; instead we rely onmechanical stops

to physically limit the fold angle. The side-walls fold first, and include triangular tabs at

the far ends which fold simultaneously with the walls. The tabs act as mechanical stops

for the side walls, producing a right angle (Figure 2.4A-B). Because of its geometry, this

stop fold is tolerant of a large range of angles. Front and back walls fold next, aligning

off of the side walls to achieve angles of 45° and 135°, respectively. Slots on the folding

walls and tabs on the side walls aid in the alignment (Figure 2.4C-D). The servo platform

includes the single valley fold in the structure. Its angle is controlled by serpentine tethers

cut into the PEEK layer (Figure 2.4E-F). These tethers do not fully extend, but instead act

like springs against the platform’s hinge torque. The necessary length for constricting the

platform to 45° was found experimentally.

Stop

Tab

Slot

Tethers

A

B

C

D

E

F

Figure 2.4: In order to limit fold angles, stops were included in the design. (A-B) Initial stops were
designed to fold simultaneously with the side walls. These stops would create a 90° angle in the
wall fold as long as the stop was not parallel with the side wall. (C-D) The front and back walls
were designed to fold after the side walls. Slots were included in the front and back walls to align
with tabs on the side walls. (E-F) The servo platform was limited by tethers cut in the PEEK layer.
These tethers would not fully extend, but instead acted like springs that resist the actuated fold.
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Figure 2.5: The CuPI layer includes two independent circuits: the fold-activating heating circuit,
and the servo control circuit. (A) The bulk of the layer is a collection of resistive circuits patterned
to maximize the current path in order to produce and distribute heat. The traces are 0.5 mm
thick, with a peak-to-peak height wt varying from 4.5 to 8 mm. (B) Portions of the activating cir-
cuit designed to carry current without producing heat were made as wide as possible to reduce
resistance, preventing unintended heating. (C) The trace of the circuit used to drive the servo.

2.2.4 Circuit Design

In order to achieve local and sequential folding, we used joule heating from resistive traces

embedded on a flexible circuit board to selectively activate the SMP. The heat generated by

a resistor is equal to I2R—where I is the current and R is the resistance—and R is inversely

proportional to the trace cross-sectional area. In order to generate sufficient heat with

a reasonable current, the traces were made 0.5 mm wide, the lower limit of our copper

etching technique. A serpentine trace pattern was used that increased the resistance and

distributed the heat over a larger area (Figure 2.5A). Both the peak-to-peak trace height and

hinge length affected the temperature of the hinge. Therefore, for each hinge, the trace

height was determined empirically to ensure sufficient folding without excessive warping

or peeling. Along non-heating portions, the trace width was made as wide as possible

(under geometric constraints) in order to minimize unwanted heating and deformation

(Figure 2.5B). When possible, traces shared non-heating paths in order to simplify the

circuit design. The flexible circuit also included a separate set of traces for connecting the

discrete electronic components and controlling the servo (Figure 2.5C).

2.3 Fabrication

The robot was fabricated in five steps. The circuit design was printed directly onto the

CuPI in wax using a solid ink printer (Colorqube, Xerox), and then etched in ferric chloride

(CE-100, Transene) (Figure 2.6A) to produce the flexible circuit layer. Each layer (PEEK,

CuPI, and two layers of PS) was cut with layer-specific features using a commercial CO2
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Figure 2.6: The 2D composite is fabricated in five steps. (A) The CuPI is masked and etched to
produce the flexible circuit board. (B) Each of the four layers is machined with individual features
defining the self-folding and flexural hinges. (C) The layers are pin-aligned and bonded with sili-
cone tape. (D) The composite is cut into its final outline. (E) Electrical components are installed.

laser machining system (VLS2.3, Universal Laser Systems) that defined the flexural and

self-folding hinges (Figure 2.6B). These layers were aligned with two pins and manually

bonded with 50µm silicone tape (Figure 2.6C). The composite was laser-cut again into the

final shape to prevent misaligned edges (Figure 2.6D). Wires and electronic components

were then soldered on (Figure 2.6E). The unfolded structure weighed 17g.

2.4 Results

Self-folding occurred with minimal human intervention: The folding process was induced

by supplying two amperes from an external supply for a fixed amount of time to each set

of resistive traces in sequence; each mountain fold was activated for 60 s, and the valley

fold was activated for 90 s (Figure 2.7). The robot was manually flipped before valley

folding so that the hinge folded upwards and was not blocked by the table surface. Based

on resistance measurements of the circuit, the folding process consumed ≈900 J.

After completion of the folding process and manual addition of a servo and battery, the

inchworm robot weighed 29 g and measured 145 mm in its extended position. The robot

was capable of moving on paper at a rate of 2 mm/s for a 0.3 Hz contraction frequency,

or 0.8 body lengths per minute, and consumed 0.9 W during locomotion. Due to the com-

plexity of asymmetric surface friction, this speed was irregular (Figure 2.8). The stroke

length of the foot displacement measured 10 mm; therefore only 20% of the motion was

converted into locomotion, and the rest was lost to slippage. The contraction frequency

was chosen because higher frequencies resulted in even more slippage.

Effectiveness of the angle-control techniques was evaluated bymeasuring the final angle
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Figure 2.7: The robot folded in five sequential steps. Each set of resistive traces was supplied two
amperes of current for 60 s, except for the servo platform, which took 90 s. (A) The initial 2D
configuration. (B) The side walls folded first, and the left and right sides were folded in separate
steps. (C) the front wall and (D) the back wall were folded next. (E) The inchworm is flipped over
by hand, and (F) the servo platform folded.

of each fold (Figure 2.3); over the three robots tested, the twelve sidewalls exhibited an

angle θs on their tabbed edge of 88°±4° (standard deviation), compared to a planned angle

of 90°; these side walls also exhibited angle variance along the wall length; farther from

the mechanical stop on the tabbed edge, the walls folded farther inward, so the entire wall

is curved. Along all of the hinges the PEEK substrate exhibited deformations, likely due to

melting or softening, which increased angle variance.

The front and back walls were more repeatable, likely due to stops at both ends. The

back wall angle θb was 135°±1° compared to a planned angle of 135° and the front wall angle

θf was 60°±3°, even though the mechanical limit of the fold was 45°. This difference is likely

due to an observed relaxation of the fold angle when the hinge cooled. The tethers were

a less accurate control method; the angle of the servo platform θp was 52°±10°, compared

to a planned angle of 45°.

2.5 Discussion

The self-folding technique used here demonstrated solutions to the four principle require-

ments for a self-folding robot. Sequential activation, mountain-valley folding, and the flex-
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Figure 2.8: The displacement of the front edge of the inchworm robot over time. The flat regions
represent times when the inchworm is contracting. The irregular size of the steps demonstrates
the unpredictability of asymmetric surface friction as a driving force.

ural hinges all performed as expected. Mechanical stops proved adequate for approximate

angle control, but not for high-precision fabrication. The slight curvature observed along

nominally flat surfaces is also an obstacle to geometric precision, and different substrates

may do a better job of maintaining their shape.

Greater precision could be achieved with feedback control; however, the sensors would

need to be inexpensive and unobtrusive. An alternative way to increase precision would be

to choose hinge parameters (such as trace size and material thickness) that would produce

accurate fold angles without stops. Unfortunately, the variables affecting folding speed

and angle are difficult to quantify. SMPs often exhibit viscoelastic behavior and the thermal

dynamics in the hinge are complex and time-dependent. The substrate is also experiencing

changes as it is heated, and the bonds between the three layers will often fail, further

complicating an analytical model. However, even if the model couldn’t predict an exact

fold angle, it may be able to ensure that the hinge folded at a minimum to the mechanical

stop. Such a model could be used to automate hinge design, and so would be a valuable

tool for rapidly prototyping a wide range of machines.

The biggest obstacle towards achieving completely autonomous self-folding is insuffi-

cient hinge torque. The inchworm robot needed to be manually flipped because the actu-

ated folds were not able to lift the body of the inchworm. Similarly, the servo and battery

had to be attached after folding, because the hinges were incapable of lifting them. Once

the hinges are capable of lifting the weight of the body, a self-folding robot could trans-

form from a planar structure to a fully operational machine without human intervention.
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Essentially, all models are wrong, but some are useful.

George E. P. Box

3
Models for Self-Folding Hinges

3.1 Introduction

With the inchworm in Chapter 2 we demonstrated a new self-folding method—the SMC. We

also recognized that the scope of machines we could fold was limited by the SMC capabil-

ities. One limitation was the machine size; our maximum machine size was limited by the

torque the hinges could exert, and our minimum feature size was limited by mechanical

stops and fabrication methods. We also recognized a limit to our machine complexity due

to the ratio between our maximum machine size and minimum feature size. This ratio

indicates the maximum number of features we could install. Finally, the precision of our

folding technique limited the precision and functionality of our machines.

In this chapter we introduce three new SMCs: an electrically activated hinge that folds

in one direction, an electrically activated hinge that folds in both directions, and a hinge

activated by uniform heating, such as on a hot plate or in an oven. We characterize these
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composites with a combination of analytical and numerical models in order to predict

the folding torque, the precision of the final fold angle, and the thermal and mechanical

physics which influence these behaviors. We designed and built test hinges and measured

their temperature, torque, and displacement while varying hinge characteristics such as

the SMP thickness, the resistive trace size, the supplied current, and the hinge geometry.

After using the experiments to validate ourmodels, we developed design rules to relate key

design parameters to hinge performance. Much of the content in this chapter is previously

published [64, 69, 70], but some of the models have been modified to reflect our improved

understanding of these systems.

3.2 Unidirectional Electrical Folding

3.2.1 Design and Fabrication

The first composite we developed consists of three layers: an SMP layer on top, a paper

substrate layer on bottom, and a flexural layer between the two that also serves as a flexible

circuit board (Figure 3.1A). The substrate is weakened along the hinges by scoring the

substrate along a line (Figure 3.1B-C). Resistive circuits at each hinge are included on the

flexible circuit board to induce localized SMP contraction via joule heating. This layer is

flexible, and hasminimal impact on themechanics of the composite. Folds can be activated

A

Tape

CuPI

B

C

Tape

Paper

SMP

Figure 3.1: (A) The unidirectional SMC is assembled from three functional layers: The contractile
SMP, the paper substrate, and the flexible circuit (CuPI). The layers are bonded together with sili-
cone tape. The flexible circuit is embedded with a resistive copper trace arranged in a serpentine
pattern to maximize heat generation. The paper is scored along the hinge with a partial-depth cut
(red line). (B-C) Upon activation, the SMP contracts, causing the composite to bend at the hinge.
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simultaneously or sequentially by supplying current to the appropriate circuit.

The substrate in the new composite is 510µm thick paper; it does notmelt or warp under

the relatively high temperatures at which the hinges operate (≈150 °C), and it is stiffer than

plastic relative to its weight. For the SMP we used polyolefin (PO) that shrinks uniaxially

by 50% when heated above its transition temperature Tg = 95 °C. PO was chosen for the

following experiments because it is commercially available in a variety of thicknesses,

allowing us to observe the effect of this variation on hinge behavior. The PO was extracted

from heat shrink tubing, and we used a variety of thicknesses ranging from 410 to 690µm.

The resistive circuit was made from CuPI. The resistive traces were 0.5 mm wide, and

arranged in a serpentine pattern with a peak-to-peak height wt.

The composite was assembled by laser-cutting each layer separately using a commercial

CO2 laser machining system (VLS 2.3, Universal Laser Systems), aligning them with pins,

and bonding them together with 50µm silicone tape. The copper circuit was etched with

ferric chloride (CE-100, Transene) and masked by a solid ink printer (Colorqube, Xerox).

Material details are available in Appendix A.3.

3.2.2 Model Design

In order to predict the hinge torque, we consider our hinge as two separate systems: the

thermal system determines whether the SMP is in a glass or a rubber state, and therefore

how much of the material is under stress, and the mechanical model correlates this stress

to torque around the hinge. We model our hinge statically, assuming it is held in the

flat formation. We’ve observed that, as a hinge folds, the torque due to SMP contraction

increases while the torque due to gravity decreases. Therefore, if the hinge exerts enough

torque that it begins to fold, it will generally continue to fold to completion (Appendix C.3).

Because of this, the hinge torque in the flat state is the limiting factor in determining

whether or not a hinge will fold, and we use this configuration as a ‘worst-case’ scenario

for our models.

3.2.3 Thermal Behavior

Model

Developing a transient thermal model of the resistively heated hinge presents many chal-

lenges. It is a three-dimensional system in which thermal diffusion, convection, and re-
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Figure 3.2: (A) The thermal model predicts the temperature of the composite in a flat state. (B)
The hinge is divided into two regions: the core represents the region of width wt embedded with
the heating circuit, undergoing heat generation Qg and convection Qvc; the margin is the rest of the
hinge, heated by diffusion from the core and cooled by a lesser convection Qvm. (C) This system
can be modeled as a semi-infinite 1D system with constant heat flux q and convection h along a
boundary surface of length Lc (blue), and additional convection hm along its length. (D) The heat
generated from a particular slice of the core with length dξ is Qj, a fraction of Qg. In our transla-
tion from 2D to 1D, we calculate the specific heat transfer coefficient h by relating it to the surface
convection hc along the trace width wt. (E) To account for conduction into the table surface, we de-
fine Lc to include an additional thickness which accounts for heat flux into the table. This extra
thickness can be thought of as a semicircle around the point source.

sistive heating are all significant factors. In order to develop a single governing model,

we make three simplifying assumptions. For the following equations, we define all tem-

peratures Ti as the difference between the absolute temperature and the environmental

temperature in Kelvin, so that the environmental temperature T∞ = 0.

First, we treat the SMP layer as a 1D system (Figure 3.2A). The geometry of the hinge

is effectively constant in the y-direction, so we assume that the hinge is isothermal in

that direction. Experimentally we observed that there were variations in the temperature

at the edges of the material, but these regions are relatively small and difficult to model

(Appendix B.3). In the z-direction (vertical), we find that the difference between the inner

temperature of the SMP T and the surface temperature Ts is relatively small compared

to the difference between Ts and T∞. This small temperature difference is represented

by the ratio Cs = Ts/T. For all of our experimental hinges, Cs > 0.9. Therefore, for the

sake of simplification, we assume the material is isothermal in the z-direction. We use Cs

when comparing our model to experimental thermal data because the SMP temperature is

measured at the surface using thermal imaging. Because of these assumptions, we only
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consider thermal diffusion in the x-dimension.

Our second assumption is that the composite is divided into two adjacent but distinct

regions: the core consists of all material directly above and below the electrical trace, and

the margin is all material outside of the core (Figure 3.2B). The core is undergoing both

a convective heat flux Qvc with a transfer coefficient hc from the center of the hinge into

the air, and a constant heat flux Qg generated by the resistive heater. Thermal energy is

diffusing from the core to the marginal area, which is experiencing a lesser convection

Qvm with a corresponding coefficient hm. The difference in convection is due to the sig-

nificantly higher temperature at the core, which results in a higher convection coefficient

(Appendix B.2).

The thermodynamics of a 1D system undergoing diffusion and dissipation can be ex-

pressed by the partial differential equation (PDE) (3.1) as a function of time t and distance

from the hinge x. α represents the thermal diffusivity and β is the dissipation factor along

the marginal region (Appendix B.7).

∂T
∂t

= α
∂2T
∂x2

− β T (3.1)

Because this equation is linear, we can find the answer by considering the solution Tn due

to the heat flux Qj out of a single point along the resistive trace with infinitesimal width

dξ. We then integrate this solution along the width of the trace wt, effectively summing

each individual thermal profile to provide us with the complete solution (Appendix B.1).

Qj =
Qg

wt
dξ (3.2)

T(x, t) =
∫ x+wt/2

x−wt/2
Tn(ξ, t)dξ (3.3)

Because the 1D system with a point heat source is symmetric around the source, it

can be modeled as a semi-infinite region with heat flux occurring along the boundary

surface (Figure 3.2C). This surface is orthogonal to the direction of diffusion and has a

characteristic length Lc, which is equivalent to the thickness of the composite tc multiplied

by 2, to account for the fact that the heat flux is occurring in both directions along the

hinge. The surface is undergoing a constant heat flux q and convection with a transfer

coefficient h. The rest of the region is undergoing dissipation due to convection with a

transfer coefficient hm. The solution Tn to this system is governed by the PDE and the
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following boundary conditions:

Tn (x,0) = 0 (3.4)

−k ∂Tn (x, t)
∂x

∣∣∣∣
x=0

= q− hTn (0, t) (3.5)

These boundary conditions define that Tn begins at T∞ = 0 for all points x, and that the

conduction at the point source x = 0 is equal to the heat generation q due to the resistive

heater reduced by the convection hTn at that point.

In the physical system, convection is not actually acting on the orthogonal plane; Instead

it is occurring along the length of the trace wt (Figure 3.2D). Therefore, h can be approx-

imated as a function of wt, hc, and Lc. We validated this approximation by comparing

analytical and numerical solutions for the hinges in Appendix B.6.

This equation is not explicitly solvable with the given boundary conditions. Instead, we

can consider the solution in two different regimes. When T = 0, the dissipation term βT

is negligible. In this situation, the problem is similar to the transient, semi-infinite system

with surface convection, and we can find an explicit solution that fits the PDE and the

boundary conditions of our ideal 1D system [71].

∂Ti

∂t
= α

∂2Ti

∂x2
(3.6)

Ti(x, t) =
q
h

[
erfc

(
x√
4α t

)
− exp

(
hx
k

+
h2 α t
k2

)
erfc

(
x√
4α t

+
h
√
α t
k

)]
(3.7)

erfc is the complementary error function and k is the thermal conductivity. Definitions

for k and α in terms of material properties and composite geometry can be found in Ap-

pendix B.4.

As the solution approaches a steady state, the time derivative term becomes negligible

and the PDE can be approximated as the following:

α
∂2To

∂x2
= β To (3.8)

To(x) =

 q

h+ k
√

β
α

 exp

(
−
√
β

α
x

)
(3.9)

We can then combine these two solutions using a sigmoidal equation Fs that smooths

the transition between these two regimes across a range centered around time tr (Ap-
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pendix B.8).

tr = log

 k
√

β
α

h+ k
√

β
α

 k2

αh2
(3.10)

Fs =
1

1+ exp (5 (1− t/tr))
(3.11)

T (x, t) = Ti (x, t) + Fs (To (x)− Ti (x, t)) (3.12)

Our use of a 1D model assumes that the composite is insulated from the surface it

is resting on. In practice, when the composite is resting on a material (such as plastic or

particleboard) with a thermal conductivity of 0.05W/(mK) or greater, a substantial amount

of heat will conduct through that material, resulting in 2D diffusion. We cannot solve for

the 2D system with the given boundary conditions, so instead we adapt the 1D solution

by incorporating the table surface into the model as an additional composite layer. The

thickness tv of this virtual layer can be thought of as a semicircle around the hinge, so

that our analytical model effectively sweeps the 1D solution in a radial pattern around

the heat source (Figure 3.2E). As the temperature diffuses outward, tv increases, and we

approximate this with Equation (3.13) (Appendix B.10).

tv = (12mm)
[
1− exp

(
−0.025

√
t/ (1s)

)]
(3.13)

The primary effect of tv is reducing q and h through tc and Lc. tc is the sum of the thick-

nesses of the n layers, including the paper thickness tp, the SMP thickness ts, the adhesive

thickness td, and tv.

Lc = 2tc = 2
n∑

i=0

ti = 2 (ts + tp + 2td + tv) (3.14)

q =
Qj

LcLh
=

I2R0

wtLcLh
(3.15)

In our physical system, the increasing hinge temperature is increasing the resistance of

the circuit, which increases the power generated. Fortunately, this effect can be lumped

in with the convection term in the model. The derivation and validation of this term can

be found in Appendix B.5, and the complete term can be found in Equation (3.16).
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h =
hc Lhwt − I2 R0 αtc

LcLh
(3.16)

We built a two-dimensional finite element analysis (FEA) model in COMSOL to help vali-

date our experimental results. The FEA allowed us to confirm our geometric assumptions

and physical parameters, and test a larger range of variables.

Experimental Methods

To validate our thermal model, we built and activated experimental structures consisting

of two faces connected by a single hinge and measured the temperature of their SMP layer.

Test hinges for all experiments were 30 mm wide. One face was 30 mm long with copper

pads at the bottom edge for connection to a power supply. The other face was 27 mm

long, with a slot near the far edge designed to fit a weighted hook for torque testing in

later experiments (Section 3.2.4).

When measuring the temperature of the hinge, both faces of the test hinge were secured

to a horizontal piece of acrylic to maintain a flat state. A set amount of current was

supplied to the resistive circuit, and the SMP surface temperature was measured with a

thermal camera (T440, FLIR) at a rate of two hertz for five minutes. The core temperature

was determined by averaging the surface temperature over the length above the trace,

and the marginal temperature was determined from the temperature profile along the

midline of the SMP, perpendicular to the hinge (Figure 3.3). Five samples were used for

A B

25 mm 25 mm

Figure 3.3: The experimental setup used to measure the hinge SMP temperature, viewed in the vi-
sual spectrum (A), as well as through a thermal camera (B). The core temperature was determined
by averaging the temperature of each pixel along the solid black line. The marginal temperature
was determined by measuring the temperature profile along the dashed green line.
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each experiment.

Results

We first observed the effects of SMP thickness on the temperature profile. We measured

the core temperature as a function of time for hinges with an SMP thickness of 410µm and

690µm, and found that the standard deviation of the measurements were larger than the

mean difference between the two sets of hinges. The model predicts that Ts of the hinge

with 690µm SMP will always be 9% less than that of the hinge with 410µm SMP. Measured

temperatures supported this calculation; after the first minute of activation, the measured

Ts of the 690µm SMP remained within 10% of the temperature of the 410µm SMP. The pre-

dicted difference in Ts between the two thicknesses is derived mostly from the difference

in Cs between the models; the model predicts almost identical inner temperatures for the

two hinge designs.

We then observed the effect of time and current on the temperature. We measured the

core temperature T(0, t) of hinges with 690µm thick SMP layers, when their heating circuits

were supplied with either 2A or 1.75A (Figure 3.5A). The data indicates that our model

is effectively capturing the relationship between temperature and time. We measured

the temperature profile T(x, t) of the SMP as a function of distance from the hinge line

(Figure 3.5) at t = 150s and t = 300s. In the margin, the models and experimental data all
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Figure 3.4: Hinges with SMP thicknesses of 690µm and 410µm were supplied with two amperes
for five minutes. The measured, analytically modeled, and FEA modeled temperatures at the cen-
ter of the hinge are plotted as a function of time. The shaded region indicates standard deviation,
N=5.
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Figure 3.5: (A) Hinges were supplied with either 2A or 1.75A for five minutes. The measured, an-
alytically modeled, and FEA modeled temperatures at the center of the hinge are plotted as a func-
tion of time. (B) The thermal profile of these hinges was measured at 150 s and 300 s. The mea-
sured, analytically modeled, and FEA modeled temperatures are plotted as a function of distance
from the hinge. In both plots, the shaded region indicates standard deviation, N=5.

show that temperature decreases with distance from the hinge.

3.2.4 Torque Behavior

Model

The temperature profile of the SMP is used to predict the torque of the hinge through a

mechanical model with two components. First, we use the temperature model to calculate

the strain and stress in the SMP. As the SMP temperature increases, thematerial transforms

from a glass to a rubber state as a function of temperature, changing its material properties

and its resting length (Figure 3.6A). Second, we use the SMP stress to calculate the torque

exerted on the folding face by the SMP, based on the hinge geometry.

At room temperature, the SMP stress σ and strain ϵ are uniformly zero. However, as

the material temperature exceeds the transition temperature and the SMP is held in place

(Section 3.2.2), a strain is induced by the shape memory effect. For the PO with a shrink

ratio of 2-to-1, the contractile strain is one. We use the estimate from Tobushi et al. [72]

that the material transition occurs linearly over a temperature range 2Tr so that:

ϵ =
T(0, t)− Tg + Tr

2Tr
Tg − Tr < T(0, t) < Tg + Tr (3.17)
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Figure 3.6: (A) The mechanical model uses the thermal model (red line) to determine the width xa
of the SMP that is under contractile stress. (B) In a static state, the torque τs can be determined by
the contractile stress σ, the SMP thickness ts, and the lever arm tb. (C-D) Under large loads the SMP
will delaminate and the face will bend, resulting in a small deformation angle θd and increasing the
lever arm by a distance δ.

The strain corresponds with a stress. For this hinge we model the PO as elastic up to ϵ = 1

based on experimental data (Appendix C.2.1). We assume that the SMP is under plane

strain because it is constrained in the y-direction by the substrate. Therefore:

σ =
Eϵ

1− ν2

=


0 T(0, t) < Tg − Tr

4E
3

(
T(0,t)−Tg+Tr

2Tr

)
Tg − Tr < T(0, t) < Tg + Tr

4E
3 T(0, t) > Tg + Tr

(3.18)

where the Poisson’s ratio ν = 0.5. The Young’s modulus E varies along with the phase

transition, and is roughly an order of magnitude greater when the SMP is in a glass phase.

However, the glass portion of the SMP is at rest when held in place, so only E of the rubber

phase is considered in our model.

This stress produces a torque τs around the pivot point of the hinge (Figure 3.6B). This

pivot point is assumed to be at the interface between the substrate and the adhesive. The

steady state torque is determined by integrating the stress σ through the thickness of the
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SMP.

τs =

∫ ts+tb

tb

σx Lh dx

=

(
t2s + 2tbts

)
σLh

2
(3.19)

where tb is the combined thickness of the copper-polyimide and the silicone tape.

This model is sufficient if the composite is effectively rigid and static. However, we ob-

served that there is additional torque resulting fromdeformation of the hinge (Figure 3.6C).

Specifically, in our experimental setup there is a point load at the end of one hinge face

that balances the hinge torque in order to measure the blocked torque. This point load

causes the hinge face to bend, resulting in a small displacement angle θd. Any non-zero

angle will increase the torque by increasing the lever-arm. The deformation raises the SMP

layer away from the pivot by a length δ, which can be included in our model, resulting in

a modified torque equation.

τ =

∫ ts+tb+δ

tb+δ

σx Lh dx

=

(
t2s + 2 (tb + δ) ts

)
σLh

2

=τs + δ ts σLh = τs + τd (3.20)

We can separate this additional torque as a new term τd, representing the additional de-

formation torque. In order to solve for δ, we must first determine θd, which is dependent

on the stiffness kb of the folding face and its radius of curvature ρ.

ρ =
kb
τ

(3.21)

2θd ρ = Lf (3.22)

θd =
Lf τ
2kb

(3.23)

δ can be deduced from the geometry of the hinge (Figure 3.6D).

δ = xa sin (θd/2) ≈ xa θd/2

=
xa Lf τ
4kb

(3.24)
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Equations (3.20) and (3.24) express τd as a function of τ . We can rearrange these equations

in order to solve for an explicit solution to τ .

τ = τs +
τ xa Lf ts σ Lh

4kb
(3.25)

τ =
τs

1− xa Lf ts σ Lh
4kb

(3.26)

Experimental Methods

The sample hinges have the same design as in Section 3.2.3. The 30mm face of each sample

was secured with tape to a horizontal piece of acrylic, and the 27mm face was blocked by

a weight hooked through the slot. This weight rested on a scale (PL 303, Mettler Toledo).

A fixed amount of current was supplied to the resistive circuit for five minutes. When

folding was triggered, the sample exerted a force on the weight to balance the hinge torque.

The torque was deduced from the change in weight registered by the scale, indicating the

point load applied on the weight by the folding face. Data was collected with Matlab at

approximately 8.3 Hz. Five samples were used for each experiment.

Results

We measured and compared the blocked torque exerted by hinges with a six millimeter

wide trace and SMP thicknesses of 410µm, 560µm, and 690µm when activated by two

amperes and held in a flat configuration (Figure 3.7A). The torque exhibited two regimes.

The first, characterized by a rapid increase in torque and lasting approximately 50 s, is

governed by the rise in core temperature, until the material in the core has full transi-

tioned. The second regime exhibits a steady or slowly increasing torque, governed by the

deformation occurring in the hinge face. At 560µm and 690µm, the experiments match

the model assumptions of slowly increasing deformation, resulting in both a larger initial

torque during the first regime, and a slow increase in torque during the second. At 410µm,

the experiment does not exhibit any growth in the second regime, and instead resembles

the model without deformation; it is possible that the torque exerted from the 410µm SMP

is not large enough to cause deformation.

The torque was also measured for hinges with a 560µm SMP layer at 2 A with a three

millimeter trace, and at 1.5 A with a six millimeter wide trace. When the trace width was
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Figure 3.7: Experimental hinges were built and supplied with a fixed amount of current while their
tip was blocked and the resulting torque was measured. This torque is plotted as function of time,
along with the predicted torque from our analytical model. The shaded region indicates standard
deviation, N=5. (A) Hinges with three different SMP thicknesses: 410µm, 560µm, and 690µm. (B)
Hinges with a 6mm wide trace and a 3mm wide trace. (C) Hinges supplied with 2A and 1.5A.

reduced to three millimeters, the model predicts a decrease in torque (Figure 3.7B), but the

measured torque is still noticeably lower than what is predicted by the model. The trace

width affects the torque by twomeans: a reduced trace produces less heat, slowing the SMP

transition, and the small core leads to a smaller active width, reducing the deformation

torque. It is also possible that the smaller width interferes with our assumption of a

fixed strain. If the activated length is small, the unactivated SMP may deform enough to

substantially reduce its length and strain.

In the case of a reduced current, the model and the experiments both indicate a lower

torque that builds more slowly (Figure 3.7C). However, based on our measurements there

appears to be significant variability. We predict that this current is heating the SMP into

its transition range but not out of it, so small variations in temperature may have large

effects on the SMP stress and hinge torque.

3.2.5 Free Displacement Behavior

Model

The geometry of the hinge during folding is inherently 2D, which makes quantitative anal-

ysis intractable. However, we can predict certain behaviors based on our qualitative un-

derstanding. First, if we consider a symmetric hinge that folds to completion, we can
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Figure 3.8: (A-B) When a hinge folds, the SMP and each face form a triangle, from which the maxi-
mum fold angle can be predicted. In the case of the PO with a 2-to-1 shrink ratio, this produces an
equilateral triangle with an inner angle of 60° and a fold angle of 120°. (C) As the SMP folds, it sep-
arates from the substrate. If the thermal energy is not sufficient, the SMP will cease to be heated
above the transition temperature, and not fold to completion. (D) If the heat is more than suffi-
cient, the SMP will continue to transition to its rubber phase until it has completely contracted.

determine that there’s a maximum fold angle based on the SMP shrink ratio. In the case of

an SMP with a 2-to-1 shrink ratio, this maximum angle is 120° (Figure 3.8A-B). In general,

for a n-to-1 shrink ratio, we expect a maximum fold angle of 2 arccos
(
1
n

)
.

From observation, we also know that under certain situations, namely when the thermal

energy output is reduced, the hinge does not fold to completion. This can be explained

by the idea that, as the hinge folds, the SMP lifts away from the heating element. As the

distance between the two increases, the temperature of the SMP decreases and eventually

falls below the transition temperature, at which point the SMP stops contracting (Figure 3.8

C-D). Alternatively, it may be that the SMP temperature is settling at a temperature near

the transition temperature, resulting in an SMP layer that is partially rubber and partially

glass, and therefore exhibits partial strain recovery.

Experimental Methods

The sample hinges had the same design as in Section 3.2.3. The 30 mm face of the hinge

was secured to a horizontal piece of acrylic, and a fixed amount of current was supplied

to the resistive circuit for five minutes. The 27mm face was allowed to move freely. The

process was recorded using a camera (Powershot A1100 IS, Canon), and the angle between

the moving face and the horizontal surface was determined via image processing at half-

second intervals. Three samples were used for each experiment.
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Figure 3.9: Experimental hinges were supplied with current and allowed to fold freely. Angular
displacement is plotted as function of time. The shaded region indicates standard deviation, N=3.
Designs include hinges with three different SMP thicknesses: 410µm, 560µm, and 690µm. Each
hinge contained a 6mm wide trace and was supplied with 2A. In addition, hinges with 560µm
thick SMP were measured that included a 3mm wide trace and supplied with 2A, and contained a
6mm wide trace and supplied with 1.5A

Results

As can be seen in Figure 3.9 the SMP thickness does not have a significant effect on dis-

placement. However, decreasing the current to 1.5 A or decreasing the trace width to three

millimeters causes a significant decrease in displacement. One interesting behavior is that

the hinges often bend slightly (≈ 5°) in the opposite direction before folding. We believe

this is due to expansion of the SMP as its temperature increases, but before it transitions

into a rubber state.

3.2.6 Sample Structures

In order to demonstrate the functionality and versatility of these composites, we built

two self-folding structures using PS as the SMP layer instead of PO. PS was only available

in one thickness (250µm) and so was not appropriate for the earlier characterization ex-

periments. However, it shrinks bidirectionally, which is necessary for orthogonal hinges

in a single composite. We constructed a self-folding pyramid, seen in Figure 3.10A-B, to

demonstrate concurrent folding into a polyhedron. The four folds were simultaneously

activated by linking the resistive circuits in series. We also built a self-locking slot-and-tab

assembly, seen in Figure 3.10C-F. This mechanism first actuated the folds to fit the slot
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Figure 3.10: (A-B) A pyramid folded through simultaneous activation of four hinges. (C-F) A lock-
ing slot and tab assembly folded through sequential activation of three hinges.

into the tab, and then actuated another hinge within the tab to hold the slot in place. This

mechanism demonstrates the efficacy and potential applications of sequential folding. In

both structures, hinges were activated with two amperes for one to two minutes, so that

all examples completed their self-folding in less than four minutes.

3.3 Bidirectional Electrical Folding

3.3.1 Design

The unidirectional composite is simple to make, but functional folding requires that we

be able to fold in both directions. We designed a similar composite that is capable of

bidirectional folding using five layers (Figure 3.11A). This composite is symmetric on either

side and consists of a flexible circuit layer in the center sandwiched between two layers of

a paper substrate, and two outer layers of SMP. We use the same paper substrate and CuPI

flexible circuit as were used in the unidirectional hinges, and PS as the SMP layer.

Self-folding hinges are made by cutting slits into the paper and PS on the convex side of

the fold, and a wider gap into the paper on the concave side. This allows the SMP on the
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Figure 3.11: (A) The bidirectional composite consists of five layers: two outer layers of PS, two
layers of paper, and a CuPI layer in the middle bearing a flexible circuit. (B) A structural hinge, de-
signed to fold once when activated and then become static. A gap in the upper paper layer and
slits in the bottom layers of paper and PS allow the hinge to bend. (C) When activated, the PS on
the concave side pulls the two faces together, bending the CuPI along the hinge. (D-E) A dynamic
hinge, designed to bend freely and repeatably around the CuPI layer.

concave side to contract and the composite to bend at the circuit layer (Figure 3.11B-C).

In this way, the CuPI doubles as the flexural layer for our hinges. Because this layer is

much thinner than the rest of the composite, it substantially increases the flexibility of

our hinges.

Flexural hinges are made by cutting gaps into both paper and SMP layers at the hinge so

that the flexural layer can bend freely (Figure 3.11D-E). The range of bending is determined

by the gap width, and dynamic hinges that bend in only one direction can be created by

cutting a slit of negligible width on the convex side.

3.3.2 Thermal Behavior

Model

We adapted our previous model to predict the behavior of our new composite. In addition

to changing the thermal properties to match the new composite, we also ran our experi-

ments with the test hinges elevated so that both sides were exposed to air. This allowed

us to disregard the assumptions regarding the table surface and virtual thickness tv in

accounting for conduction in the z-direction, and determine if the rest of our model was

accurate. In this situation, Lc is equal to the composite thickness tc = 2ts+2tp+4td. hc and

hm are increased to account for convection on both sides of the composite (Appendix B.2).
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Experimental Methods

To confirm our model, we measured the SMP temperature using similar methods as in

Section 3.2.3. We built experimental laminate rectangles that were 40mmwide and 60mm

long, with a 6mm wide trace running parallel to the width of the rectangle. The trace was

located 20mm from one edge, similar to a self-folding hinge with a 20mm face, but these

rectangles did not have any of the mechanical features of a hinge in order to prevent

folding during the experiments.

In order to remove the effect of conduction through the table surface, the test structures

were suspended about the ground so that the resistive trace was approximately 20mm

from the edge of the supporting structure and exposed to the air on the top and bottom.

Each trace was supplied with either 1.5 A or 2 A, and four samples were measured in each

set.

Results

Figure 3.12A displays the measured temperature at the center of the heating element when

supplied with a fixed amount of current (1.5A or 2A), as well as the predicted temperature

from the analytical and FEA models. The models and the data both show the temperature

asymptotically approaching a maximum temperature. It is interesting to note that the tem-
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Figure 3.12: Test structures were supplied with either 1.5 A or 2 A for five minutes. (A) Measured,
analytically modeled, and FEA modeled temperatures of the structure center are plotted as a func-
tion of time. (B) Measured, analytically modeled, and FEA modeled temperature profiles of the
structures after 300 s are plotted as a function of the distance away from the hinge. In both plots,
the shaded region indicates standard deviation, N=4.
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perature in the FEA model increases more slowly than in the experimental results. This

is likely due in part to our assumption in the model of a constant convection coefficient,

when in fact this coefficient is dependent on temperature. Because of this, the numer-

ical model overestimates the amount of heat lost to convection in the beginning of the

simulation.

Figure 3.12B displays the temperature profile of the structure as a function of distance

from the heating element after being supplied with a fixed amount of current (1.5A or 2A)

for 300 s, along with the predicted temperature from the analytical and FEA models. The

model and data both indicate the temperature decays as a function of distance.

3.3.3 Torque Behavior

Model

The mechanical model of the bidirectional composite is similar to that of the unidirec-

tional composite, but there are two notable differences. First, the offset tb between the

SMP and the point of rotation is much larger because of the paper layer between the two.

Second, the composite is significantly stiffer, so the deformation torque τd does not con-

tribute to the predicted torque. We also observe experimentally that the PS does not act

elastically at its contractile strain, so we instead measure the contractile stress σ directly

during contraction (Appendix C.2.2), and use this value in our model as corresponding to

maximum strain.

Experimental Methods

We built experimental hinges that were 40mm wide, with one 40mm long and one 20mm

long face. Each hinge had a 1mmgapwidth. A hole was placed at the end of the 20mm face

and the 40mm face was secured 20mm from the edge, so that the hinge was suspended

above the ground 20mm from the supporting edge. These hinges were tested and analyzed

according to methods similar to those in Section 3.2.4, with the mass hooked through the

hole at the end of the 20mm face. Hinges were supplied with 1.75A so that the steady

state temperature was above Tg but not enough to melt the PS.
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Figure 3.13: Experimental hinges were built and supplied with 1.75A while their tip was blocked
and the resulting torque was measured. This torque is plotted as function of time, along with the
predicted torque from our analytical model. The shaded region indicates standard deviation, N=4.

Results

The measured torque is plotted as a function of time along with the model torque (Fig-

ure 3.13). The rise in measured torque occurs at approximately the same time as the model

predicts, and they both reach half of their peak torque at 65 s. The measured torque then

declines by approximately 75%. This is likely due to a combination of viscoelastic relax-

ation of the material and melting of the PS. Our model does not account for either of

these effects, but this decay does not generally affect hinge performance because once

the face begins to fold, the stress on the SMP will decrease, preventing this relaxation

(Appendix C.3).

The peakmeasured torque (2.8mNm) is also significantly less than the predicted torque

(5.1mNm). This may be related to our assumption that the temperature is constant in the

y-direction when in reality this is not true (Appendix B.3). If the center activates before

the edges, this region will also start relaxing before the edges reach peak stress, so that at

any given point in time, only a partial width region of the hinge is under peak stress.

3.3.4 Maximum Feature Size

One important characteristic that is governed by the hinge torque is maximum face length.

In a typical use case, the hinge must overcome the force of gravity to lift one or both of

the folding faces, and this force increases as the size of the folding face increases. To
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quantify this, we consider a rectangular face being folded from a flat state parallel to the

ground. For this model, we assume that the mechanical behavior of the SMP is quasistatic,

and that if the hinge begins to fold, it will continue to fold to completion (Appendix C.3).

Therefore, the face length Lf is at its maximum Lmax when the hinge torque τs is equal to

the torque due to gravity τg in the flat state, for a given hinge length Lh and composite

area density ρA. Relevant values can be found in Appendix C.1.1.

τs =
(2.8mNm)

(40mm)
Lh (3.27)

τg = g ρA Lh L
2
f /2 = Lh

(
9.8m/s2

)(
1.52kg/m2

)
L2f /2 (3.28)

τs = τg|Lf=Lmax (3.29)

Lmax = 97mm (3.30)

Based on the peak measured hinge torque, we calculate that this composite can fold a

rectangular face with a maximum length of 97mm.

3.3.5 Minimum Feature Size

We observed that if a folding face became too small, the SMP would delaminate from the

paper when activated, preventing folding. To quantify the minimum possible feature size

that could be folded, an experimental structure was built consisting of a static base at-

10 mm

Figure 3.14: Square self-folding faces were built that were 10mm, 5mm, and 3mm long to deter-
mine the minimum face size that could be folded. The 10mm faces (background) folded success-
fully. The 3mm faces (right) did not fold, while the 5mm faces (left) folded and then delaminated.
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tached to eight square folding faces: two 10mm long faces, three 5mm long faces, and

three 3mm long faces (Figure 3.14). This structure was supplied first with 2.25A for

one minute, and then 2.5A for two minutes to stimulate folding. The 5mm and 10mm

faces folded after 90 s, and the 5mm faces subsequently delaminated between 135s and

150s. The 3mm faces never folded, likely because the hinge was too short to produce

enough thermal energy. These results indicate that the minimum face size is approxi-

mately 100mm2, although smaller faces may be possible if their temperature is closely

controlled.

3.3.6 Angle Control

Model

In this composite the final fold angle θ of a hinge is dependent on the gap width wg of the

paper on the concave side. As the hinge folds, the paper on either side of the hinge even-

tually comes into contact, stopping the fold from progressing (Figure 3.15A). By varying

wg, we can control when this stop occurs. Based on the geometry of the hinge, including

wg and the paper thickness tp, we can solve for θ using Equation (3.31).

θ = 2arctan(wg/2tp) (3.31)
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Figure 3.15: (A) A geometric model was developed to predict the final fold angle θ based on the
paper thickness tp and the gap width wg. (B) The final fold angles of test hinges with gaps rang-
ing from 100 to 900µm were plotted as a function of gap width (solid line) along with the model
predictions (dashed line). Error bars indicate standard deviation, N=4.
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Results

To demonstrate this, we created test structures with self-folding faces that were 30 mm

long and 30 mm wide. These hinges were tested while secured to the ground on one side.

We supplied the resistive circuits with 2.5 A for two to three minutes, until self-folding

was complete. We measured θ as a function of wg, and compared this data to our model

(Figure 3.15B). There is a positive correlation between wg and θ but the measured angle

is greater than the model predicts; we believe this is because the model assumes that

the paper is incompressible, but in reality the corners deform under load. The maximum

fold angle is limited by the shrink ratio of the PS layer, in this case limiting the angle to

approximately 120° (Section 3.2.5).

3.4 Uniformly Activated Folding

3.4.1 Design

An alternative SMC design consists of two paper substrate layers and one SMP layer in the

middle (Figure 3.16). It was designed to be activated in an oven or on a hot plate, and is

capable of bidirectional folds. Hinges are programmed into the composite by cutting a

line into the convex paper layer and a wider gap into the concave layer. Like the bidirec-

tional electric hinges, the final fold angle can be programmed into the hinge by varying the

gap width of the concave substrate. This composite is faster and less expensive to build

because it uses fewer layers and no circuit layer. However, it must be activated uniformly,

and so cannot fold in sequential steps. It also cannot be programmed with passive hinges

because it does not contain a flexural layer.

Paper

PS

Paper

Figure 3.16: The uniformly heated composite consists of two layers of paper and one layer of
polystyrene (PS) in the middle. Folding occurs when the PS contracts, and the fold angle is deter-
mined by the gap width cut into the paper on the concave side.
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Figure 3.17: (A) The torque model for the uniformly heated self-folding hinges. In order to fold,
the torque induced by the stress σ must overcome the torque from gravity. This balance is depen-
dent on the thicknesses of the paper tp and the SMP t′s, the length Lf of the folding face, and the
distance δ of the rotation point P from the bottom of the SMP. (B) The final fold angles of hinges
are plotted in blue as a function of the folding face length. This is plotted over the moment on the
face due to gravity (red), as well as the torque exerted by the hinge (red dashed line), and the pre-
dicted fold angles based on our model (blue dashed line). Error bars indicate standard deviation,
N=4.

3.4.2 Maximum Feature Size

The torquemodel for this SMC is similar to previousmodels (Section 3.2.4). τs is dependent

on the stress σ and thickness t′s of the activated SMP, as well as the distance δ between the

SMP and the point of rotation P, and the activated width L′h of the SMP (Figure 3.17). In this

case, δ is primarily caused by deformation of the paper as the substrate on either side of

the hinge is compressed. We use t′s = 2ts and L′h = Lh/2 because we observed that under

uniform heating conditions the composite was unable to constrain the SMP, so it would

contract in the y-direction and expand in the z-direction.

τs = σL′ht
′
s (t

′
s/2+ δ) (3.32)

The moment due to gravity is due to the length Lf of the folding face and the mass m of

the composite.

τg = gLhρA
L2f
2

(3.33)
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The maximum face length is assumed to be when these two torques balance out.

τs = τg|Lf=Lmax (3.34)

Lmax =

√
σt′s (t′s/2+ δ)

gρA
(3.35)

We created test hinges that were 30 mm wide and had arbitrary lengths in order to

characterize the folding torque of the self-folding composite. One side of these hinges

was held flat in the oven, while the other was allowed to move freely during folding. The

lengths of the moving faces varied from 60 to 220 mm. The final fold angle of these

hinges is shown in Figure 3.17. This data is compared to the calculated moment exerted

on these self-folding hinges due to gravity, as well as the calculated torque exerted by the

hinges. We expected that the hinges with faces shorter than the maximum length would

fold completely to a final angle of approximately 45°, while those with insufficient torque

to overcome gravity would remain at 0°. Instead, as the face length exceeds the maximum

length, the final angle gradually decreased. All of our samples showed minor angular

deflections of at least 15°. We believe that this is due to the viscoelastic properties of

the SMP. At the higher loads associated with face lengths near the maximum length, we’d

expect to see relaxation of the SMP. It is also possible that some residual stress is exhibited

as the material cools and hardens, resulting in partial folding regardless of face length.

3.4.3 Angle Control

The final fold angle θ is mechanically programmed into the composite by cutting the gap

in the concave substrate at a particular width wg. When the hinge folds to the desired

angle, the two substrate layers on either face come into contact and physically stop the

folding process. This control method is particularly important in this composite because

it is uniformly heated and the folding process cannot be controlled through electricity.

Equation (3.36) relates wg to θ based on the geometry of the hinge.

θ = 2arctan
(

wg

tp + t′s + δ

)
(3.36)

The final fold angles for test hinges with gap widths ranging from 0.25 to 12 mm

were measured and compared to our analytical model (Figure 3.18). In general the model
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Figure 3.18: The measured angle of the uniformly heated hinges as a function of gap width (solid
line), as well as the analytical model (dashed line). Error bars indicated standard deviation, N=4.

matches our experimental results, with standard deviations of 5° or less. However, as the

wg becomes larger than 8 mm, the hinges start becoming less precise and less predictable.

3.4.4 Sample Structures

To demonstrate this technique we built two example structures. Self-folding was activated

by heating each structure in a 130 °C oven for less than four minutes. The first structure

was a regular icosahedron. This shape was folded from a net which includes three polyg-

onal chains, each consisting of six faces. The fact that the distal faces were able to align

demonstrates that the hinges were reliable enough to prevent error propagation along the

chains. The second structure was a Miura fold, demonstrating the effectiveness of this

method in folding many hinges simultaneously. This work would have been difficult to

accomplish by hand because each fold would have to be creased individually. The struc-

ture only has a single degree of freedom, so a manual folder would have to rely on the

C DA B

Figure 3.19: Structural samples were built using the uniformly heated composite and heated in
a 130 °C oven for less than four minutes. (A-B) A self-folding icosahedron before (A) and after (B)
folding. (C-D) A Miura pattern before (C) and after (D) folding.
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compliance of the material to fold each crease independently.

3.5 Discussion

Each composite presented in this chapter has strengths and weaknesses regarding func-

tional folding. The unidirectional composite is simple to build while allowing for sequen-

tial folding, but can only fold in one direction, and cannot reliably produce arbitrary fold

angles. The bidirectional electric composite has greater functionality, including higher

torques for a given SMP layer, angular control, and folding in both directions. However,

the extra layers increase the cost and time of building a device. The uniformly heated

composite is least expensive and easiest method, and has the best angular precision, but

the uniform folding limits the geometries it can achieve, and lack of dynamic hinges make

it ill-suited for machines.

These models and results inform us about certain design rules and limitations to con-

sider as we build more self-folding machines. The torque is governed primarily by the SMP

thickness, the SMP contractile stress, and the distance between the SMP and the flexural

layer. Because the SMP thickness and stress are fixed for a given off-the-shelf SMP, we can

only increase our torque by increasing the offset between SMP and flexural layer.

Current and trace width do not have a large effect on the maximum torque, but they

do govern whether that maximum is reached, and how quickly folding is activated. This

means that trace width can be used to adjust when a hinge folds, and create sequential

folds along a single circuit. Our model also indicates that conduction plays a greater role

than convection in heat loss from our hinge, and the thermal conductivity of the surface

on which the composite rests will have a substantial effect on hinge behavior.

The data indicates that we cannot achieve angular precision less than 5° with our given

materials, which limits our spatial resolution. This appears to be caused by the relaxation

we see in the SMP, and the apparent deformability of paper. Our model also indicates

that substrate density is the largest contributor to composite weight, which limits max-

imum face size. With the development of appropriate materials, such as stiffer, lighter

substrates and SMPs with greater contractile stress, we believe that these characteristics

can be improved.

The analytical model differs noticeably from the experimental measurements, and relies

on several simplifying assumptions. It is unlikely to be reliable for designing a self-folding
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hinge de novo. However, it does provide insight into the relationship between key design

parameters and hinge behavior, and is therefore useful for modifying existing hinge de-

signs and predicting gross behavior, such as whether or not a hinge will fold. It’s also

interesting that even the numerical models differ from the measured values. This could

be due to many factors, such as our assumption that the convection coefficient is con-

stant, despite the fact that this value is known to vary with temperature. These linearizing

assumptions are necessary, but make predictions difficult.

The material properties of the shape memory polymers are substantially more com-

plicated than our models predict. The mechanics of these polymers undergoing a shape

transition are complicated by three factors. The first is that the properties of an SMP in

between phases are not well documented. Several efforts have been made to capture the

polymer behavior in transition [73–75], but simplified models often miss certain aspects,

and more complex models are not useful for identifying larger trends. Another complicat-

ing factor is that the material is viscoelastic, and its behavior is dependent on the stress

and strain history. Because thematerial is not actually straining or stressing in ourmodels,

but instead transitioning between phases, this behavior is also dependent on the phase-

change model. Thirdly, we are operating under strains of 100% or greater, beyond the

normal elastic regime of many of these materials. In many of these cases we can apply a

‘worst-case’ scenario, and find some analytic model for which the generated stress is al-

ways greater than some function of time and temperature. This could be used to guarantee

that a hinge folds, but would not provide an accurate time-dependent prediction.
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In theory there is no difference between theory and prac-

tice.

Jan L. A. van de Snepscheut

4
Practical Self-Folding

4.1 Introduction

Chapters 2 and 3 have explored the hinge characteristics necessary for functional self-

folding. However, we still need to determine methods for combining these hinges to create

arbitrary self-folding machines. In this chapter we demonstrate three broad capabilities

necessary for producing any machine: (I) The ability to produce complex geometries, (II)

the ability to produce complex mechanisms, and (III) the ability to self-fold autonomously.

We identify a minimum set of features, based in part on geometric proofs, that can be com-

bined to achieve these capabilities. We recreate these features using SMCs in two products:

an origami-inspired crane structure that demonstrates complex geometry, and a crawling

machine that represents both a complex structure and a functional device (Figure 4.1).

Much of the content in this chapter is previously published [64, 69].
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Figure 4.1: (A) An origami-inspired self-folding crane. (B) An autonomously self-folding crawling
robot.

4.2 Design

For these devices we use the bidirectional SMC presented in Section 3.3. Self-folding and

dynamic hinges are programmed into the composite with layer-specific features, and the

final fold angles are controlled through the width of the gap cut into the substrate.

4.2.1 Geometries

The first capability we wish to implement is the production of complex geometries. In

theory, a single sheet of paper can be folded into any polyhedral shape [7]. In particular,

Origamizer is a practical approach to automating the design of origami fold patterns im-

plemented as free software [8, 9]. This program relies on two features: the ability to fold

a crease by an arbitrary angle in a desired direction, up to 180°, and the ability for these

A B C D

20 mm

Figure 4.2: (A) Origamizer uses cyclic folds to create concave surfaces. (B) These cyclic folds tuck
material into a polyhedral shell (source: Tachi [8] ©2010 IEEE). (C) A self-folding cyclic pattern.
This technique has the benefit of being able to cut holes and remove extra material. (D) The cyclic
fold closes the hole.
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creases to be connected together in any cyclic fold—a collection of creases radiating out-

ward from a point or area. These cyclic folds are necessary for folding concave surfaces,

and in Origamizer are used to ‘tuck’ paper inside of the polyhedral shell (Figure 4.2A-B).

To demonstrate this concept, we built a standalone self-folding cyclic pattern consisting

of twelve hinges (Figure 4.2C-D). Because we can cut holes into our composite, the cyclic

fold ‘closes’ the hole instead of tucking the material.

The first feature has already been demonstrated—In Section 3.3.6 we showed that a

hinge can fold to an arbitrary angle up to 135°, and folds up to 180° can be approximated

with two adjacent 90° folds, as can be seen in Section 5.4. The second feature, cyclic fold-

ing, is demonstrated in our two example products, the origami-inspired crane structure

and the crawling machine. The crane fold pattern contains four cyclic folds: one cyclic fold

with six hinges creates the body, two cyclic folds, each with four hinges, connect the neck

and the tail to the body, and one four-edge cyclic fold forms the head. The four-hinged

folds are sometimes referred to as four-edge, single vertex (FESV) folds. The FESV fold is

noteworthy because it is the subunit of the Miura pattern [28], a well-known fold pattern

that can reduce a large surface area into a small volume. It is also notable for having a

single degree of freedom, so that each fold angle can be defined by any other fold angle.

In the machine, cyclic folds are included in the fold pattern to create the body and the

legs (Figure 4.3G-H). The robot’s body is formed with a six-hinge cyclic fold, which stiffens

the body and raises it from the ground, while angling the legs downward (Figure 4.3H). Each

leg consists of a FESV fold (Figure 4.3G). Because this fold has a single degree of freedom,

the redundant actuation of the folds interact constructively to increase the effective force

of the folding. This is necessary because pushing the linkage system into position requires

a relatively high force.

Beyond these theoretical requirements, there are physical limitations which must be

considered. First, the spatial resolution of a folded structure is limited by the thickness of

the folded sheet. The algorithmmentioned above assumes an infinitesimally thin material.

Additional rules and algorithms for so-called ‘thick origami’ can be used to account for

the non-zero thickness of physical sheets [76]. Second, our composite has a minimum

face area depending on the adhesive strength between layers (Section 3.3.5), and this also

limits the spatial resolution. Third, a cyclic fold in a real material often produces a high

stress at its vertex. To prevent this, we remove a circle at each point where more than
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Figure 4.3: The robot folds itself in five steps, three of which are self-folding. (A-F) Depict the
robot in each stage of assembly, and (G-I) show the fold pattern and active hinges. Activated
mountain folds are highlighted in red, and valley folds in blue. (A) The robot begins in a flat con-
formation. Folding is initiated 10 s after the batteries are connected. (B, G) The outer legs and
alignment tabs fold first. As the legs fold, they bring the linkages into position. (C) The motors ro-
tate 180°, pushing the crank arm pins into notches in the alignment tabs. (D, H) Next, the body and
locking tabs fold. (E) The motors turn another 180°, causing the robot to stand up. (F, I) Smaller
middle legs fold down for added stability. Once the final folds cool and become rigid, the robot is
assembled and ready for operation.

two hinges meet. In the crane and the crawler, these circles are 4 to 17mm in diameter.

Finally, care must be taken that the folds are actuated in the right order. When laid flat,

a fold pattern exists at a singularity. It is possible for some hinges to fold in the wrong

direction, and if this happens they will be locked into the incorrect position. This can be

overcome by adjusting the resistive traces to ensure that vulnerable hinges are activated

slightly earlier than their neighbors, biasing their fold in the right direction.

4.2.2 Mechanisms

The second capability we demonstrate is the ability to produce arbitrary mechanisms. In

our device, this is accomplished with linkage assemblies—a collection of rigid elements

connected by freely rotating joints. It is mathematically possible to trace any algebraic

curve [12, 13] with an appropriate linkage mechanism, effectively producing any smooth
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Figure 4.4: (A) The linkages before self-assembly takes place. (B) The linkage assembly after cou-
pling with the motor. The front (right) leg is driven by a four-bar linkage (L1- L4), and the rear
(left) leg is driven by an eight-bar linkage (L1-L8). The kinematics of the linkages produce walk-
ing trajectories in the front and rear feet when driven by the motors (shown in red). The middle
leg (gray) supports the robot when the outer legs are raised. Linkage lengths are given in Table 4.1.

motion. These assemblies can also approximate any curve with a reasonable number of

elements [14], indicating this is a functional and versatile method for producing arbitrary

motions. To apply these results to self-folding, we need to produce general linkage as-

semblies with our composite. We demonstrate this by including two symmetric eight-bar

linkages in the robot’s design. Flat faces act as the rigid elements, and these faces are

connected to each other with flexural hinges that act as rotating joints.

Each linkage assembly is driven by one motor and actuates a front and back leg along

trajectories that replicate a walking motion (Figure 4.4). The design is built around a stan-

dard four-bar linkage that produces the front leg trajectory. Four additional elements are

added to produce a similar trajectory in the rear leg. The design was selected to demon-

strate that we can combine these linkages in relatively complex assemblies, as well as to

reduce the number of motors required for walking while enabling differential actuation

Table 4.1: Linkage lengths.

Linkage L1 L2 L3 L4 L5 L6 L7 L8 F1 F2

Length 85.0 20.0 24.5 10.0 30.0 15.0 68.5 70.5 50.0 45.0

53



BA

motor

crank
arm pin

locking
tab

alignment
tab

crank
arm

notch

C D

Figure 4.5: The motor couples to the linkage assembly in three steps. (A) Before folding starts,
the linkages are in plane with the composite and the crank arm is oriented upward. (B) The legs
and linkages fold into position, and the alignment tab folds into place. (C) The motor rotates 180°,
pushing the crank arm pin into the alignment notch. (D) The locking tab folds over the pin, cou-
pling the pin to the linkage. In (C) and (D) the obscuring linkage is displayed in outline only for
clarity.

for steering.

These linkages also demonstrate precision alignment by requiring that the crank arm

pin couple into a specific slot on the linkage mechanism. This is accomplished by first

folding tabs with an alignment notch during the folding of the legs (Figure 4.5B). After

the legs have folded and the linkages are in position, the motors rotate 180°, pushing the

crank arm pin into the notch (Figure 4.5C). A locking tab on the far side of the linkage then

folds around the pin, coupling it with the linkage mechanism (Figure 4.5D).

Two additional, static legs are included in the middle of the body to provide stability

(Figure 4.4B). The gait is designed so that the front and back legs of one side plant and

move simultaneously. Each side alternates planting so that when the legs on the left side

are planted, the legs on the right side are in the air. The middle leg is positioned to support

the robot when the dynamic legs are up by providing three points of contact – the middle

leg on one side and the dynamic legs on the other.

In addition to the desired foot trajectory, there are other considerations when designing

linkages for folded machines. The linkage design is constrained so that the lengths sum
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to zero. This ensures that the linkages can lay in a flat conformation prior to folding, and

do not have to change length during assembly (Figure 4.4A). While it is possible to change

the effective length of linkages through folding, we chose not to in order to simplify the

design.

There are tradeoffs to bemadewhen determining the linkage widths. Wider linkages and

hinges can support larger loads and mitigate off-axis twisting. In the crawling machine,

the off-axis stiffness of the hinges are increased by castellating the hinges—meaning that

the hinge line is staggered in a square wave pattern. However, even with castellation, we

observed that the minimum linkage width is at least seven millimeters in our crawling

robot, and is dependent on the location of the hinge in the fold pattern. We determined

the minimum widths through iteration of the robot design.

However, there are also reasons to make the linkages narrow. Because the machine is

cut from a single sheet, the linkages are arranged side-by-side, and each additional linkage

must be placed farther from the machine’s center. This becomes an issue if the area of

the machine is limited for fabrication or material reasons. It also increases the distance

between the center of gravity and the end point of the mechanism, resulting in a higher

off-axis torque, which deforms the linkage trajectory and increases joint fatigue. This

problem is exacerbated by the presence of coupling features, which must also be a certain

size or risk delaminating, and must be included within the linkages. In the case of our

machine, the total width of the linkage assembly varies from 15 to 32mm.

Finally, the linkage design is constrained by the torque exerted by the folding hinges

during assembly. During the folding process, the linkages must be lifted against grav-

ity, the passive hinges must be folded into the correct position, and the feet must move

slightly, overcoming ground friction. Some linkage designs require more torque to self-

assemble than the actuated folds can provide. The final linkage design for the robot was

selected with these constraints in mind and using a combination of kinematic simulations

and prototype testing.

4.2.3 Autonomous Folding

The third capability of the composite, autonomous folding, is demonstrated by the robot

through embedded circuitry and an onboard power supply (Figure 4.6). Both assembly

and locomotion are controlled by a single microcontroller with six outputs: three binary

outputs to control folding, and one binary and two pulse-width-modulation outputs to
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Figure 4.6: The electrical circuit of the self-folding robot. The crawling machine uses a flexible
printed circuit board (PCB) integrated into the laminate to control both assembly and locomotion.
(A) The trace pattern of the machine’s PCB. Red, blue, and green traces indicate the current path
during activation of the first, second, and third folding steps, respectively. (B) The machine’s cir-
cuit diagram, including one microcontroller (µC), two motor drivers (D), two voltage regulators (R),
two motors (M), two batteries, and four MOSFETs. (C) The flexible PCB layer of the machine, with
all electrical components installed.

control the two motors. Folding is triggered by current that is gated by four MOSFETs. Lo-

comotion is actuated through the motors, which are controlled via motor driver integrated

circuits. The self-assembly process comprises five steps, three of which involve actuated

folding (Figure 4.3):

1. From 0 to 75 s, the outer legs and dynamic linkages fold into position, and alignment

tabs fold into place.

2. At 85 s, the motors turn downward 180° to align the crank arm pins with the align-

ment tabs.

3. From 85 to 182 s, the body folds and locking tabs fold over the crank arm pins.

4. At 212 s, the motors turn 180°, causing the robot to stand up.

5. From 212 to 260 s, the middle legs fold downward.

Self-assembly is programmed to occur ten seconds after power is connected to the cir-

cuit, and each step occurs at a preprogrammed time. After each folding step, 10 to 30 s

were allowed to pass before the next step commenced so that the hinges could cool and

harden. Power is supplied from two batteries with a nominal voltage of 7.4 V. The resistive

circuits are voltage limited, so the resistance of each trace is adjusted to result in a current

that varies from 2 to 2.5A for desired heating. Voltage to the microcontroller and motor

drivers is controlled by two voltage regulators.
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This method of autonomous self-folding presents a few design challenges. First, our

flexible circuit only has a single layer, so multiple sets of resistive traces must be laid

out so that they do not intersect. Each trace must also contain a MOSFET which is con-

nected to a central microcontroller, requiring additional wiring to a central location. For

the crawler, we had to include three off-surface wires and two through-hole resistors in

order to route the traces (Figure 4.6C). Second, the traces must be drawn to minimize the

heat generation everywhere except at the self-folding hinges. Non-heating traces must be

made as wide as possible, which is made more difficult by having to pack multiple traces

in small areas. During the design process, we witnessed problems with excess heat includ-

ing pre-activation of folding hinges, melting solder, and thermally overloaded integrated

circuits. Finally, the resistance for each trace must be controlled so that the current is

approximately 2.5A for a given voltage. A voltage regulator could be used in this situa-

tion, but that would require additional traces and components, which make the first two

challenges more difficult. Instead, we included surface mount and through-hole resistors

to increase the trace resistances where necessary. This method should be used sparingly,

as the resistors produce a substantial amount of heat.

4.3 Fabrication

The robot and crane were assembled in a method similar to the SMCs in Section 3.3. Both

pieces required two sheets of 250µm thick PS and two sheets of 510µm thick paper (Fig-

ure 4.7B, Appendix A.4).The CuPI layer was masked using a solid ink printer (Colorqube,

Xerox) (Figure 4.7A) and etched with ferric chloride (CE-100, Transene). Each layer was

machined individually with layer-specific features (Figure 4.7C) using a CO2 laser system

Etch

Solid Ink
 Mask

BA C D E

F

PS

Paper

PS

Paper

Figure 4.7: The fabrication process of the self-folding robot. (A) A mask is applied to a sheet of
CuPI using a solid ink printer. (B) The CuPI is etched with ferric chloride. (C) The CuPI layer, as
well as two sheets of PS and two sheets of paper, are laser-machined with layer-specific features.
(D) These layers are bonded together by hand, using silicone tape. (E) The final composite is laser-
machined again. (F) Electrical components, motors, and batteries are added manually.
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(VLS 2.3, Universal Laser Systems), and then pin-aligned and bonded together with silicone

tape (Figure 4.7D). The final composite was laser-cut (Figure 4.7E). Electrical and electrome-

chanical components were manually installed when the robot was in the flat conformation

(Figure 4.7F).

For the robot, electrical components include seven integrated circuits, eight resistors,

and four capacitors. Additional components include two 3.9 g DC motors and two 7.4 V,

180 mAh LiPo batteries. A detailed part list can be found in Appendix A.8. Mounts for the

batteries and motors were 3D printed using an Objet 30 Scholar and installed with screws.

The crane composite took approximately one hour to build by hand. Fabricating the

machine composite and installing the electrical components took two hours by hand. This

was possible in part because the composite is two-dimensional, allowing for easy installa-

tion and soldering. Our process was designed around readily available parts andmaterials,

but the assembly time could be substantially reduced and completely automated with the

use of pick-and-place electrical component assembly machines and automated adhesive

dispensers.

4.4 Results

The crane folded in approximately three minutes and two sequential steps. Two amperes

of current were first supplied to all except the two most distal wing hinges, causing the

body to fold. Once it had folded, two amperes were supplied to the remaining distal hinges

to bring the wings down. The current was supplied from an external power supply and

manually controlled by an operator observing the folding process.

The robot self-assembled in 270 s, after which it was able to walk without human inter-

vention (Figure 4.3). The linkage mechanisms operated effectively, demonstrating both the

efficacy of the composite’s dynamic hinges, and its ability to precisely align folds to cou-

ple the motors to the linkages. When operating, the robot moved at a speed of 0.43 body

lengths per second (5.4 cm/s). It was also able to turn at an average speed of 0.56 rad/s

with an average turning radius of 6.1 cm. The folding process required approximately 8.8

kJ of electrical energy to activate. We calculate that the mechanical work required to as-

semble the machine was at least 3.8mJ, based on the mass (78g) and final center-of-mass

height (10mm) of the machine.

Out of three attempted self-assemblies, one robot was able to complete the assembly
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process and achieve the desired functionality. In the other two, a single hinge failed to fold

into the necessary position. In one robot, the locking tab failed to align with the crank arm

pin, preventing coupling. In the other, the locking tab failed to fold at all, and the PSPS

in that area delaminated from the paper. During these trials, the failed hinge was pushed

into place manually so that the assembly process could finish and we could observe if

there were other points of failure. Considering that each robot consists of 28 self-folding

hinges, the hinge success rate is 98%.

4.5 Discussion

The robot embodied features that can be combined to create arbitrarily complex machines.

By demonstrating self-folded cyclic folds and linkage mechanisms, and integrating them

into functional machines, we have shown that, geometrically, self-folding can produce

a wide range of structures and mechanisms. By embedding all of the necessary electrical

components into the body of the robot, we have demonstrated that the self-folding process

can occur autonomously.

However, there are still limitations to what we can make through self-folding. The pre-

cision and spatial resolution of our technique limit the size and complexity of a potential

machine. Seemingly small errors of 5° and hinge failure rates of 2% propagate, resulting

in incomplete folding in two out of three robots. The low stiffness of our materials result

in inefficient mechanisms and reduced lifespan. Packing multiple sets of resistive traces

on a single layer limits the total number of folding steps. Many of these problems are

exacerbated from using only a single functional layer, which limits the total surface area

from which we can create features.

Most of these limitations are due to the hinge-level capabilities in our composite, such as

angular precision, maximum fold angle, folding torque, minimum hinge length, and com-

posite thickness. As these capabilities improve, so will the complexity and functionality

of self-folded robots.

4.5.1 Design Process

One strength of this technique is the speed of the development cycle. This robot design

evolved through prototyping over 40 iterations (Figure 4.8). Many limitations, such as

minimum hinge size, trace width, and linkage lengths, were determined experimentally,
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100 mm

Figure 4.8: The self-folding robot was designed through over 40 iterations, 6 of which are shown
here.

and this would have been prohibitively expensive using traditional machining techniques.

However, we were able to design, build, and test new robots quickly, sometimes in less

than four hours.

4.5.2 Adaptability

The materials and components in this robot were chosen in part because of their low cost

and availability. The robot was designed to operate indoors in a typical room environ-

ment, and the fold pattern was chosen to demonstrate the complexity that the SMC was

capable of. However, there are many ways to alter the self-folding technique for different

applications and environments.

For the machine presented here, folding was initiated by a simple timing program in

the microcontroller, designed to trigger assembly ten seconds after the batteries were con-

nected. However, more complex triggers could be integrated, including wireless activation

or response to an environmental change.

We focused on an origami style of folding, meaning that everything was folded from a

single functional layer. However, there are other types of folding. Pop-up style folding

involves multiple functional layers stacked on top of each other and connected by hinges.

It has been used to build mesoscale devices, and has several advantages over origami-

style folding [40, 77]. Pop-up devices generally have a single degree of freedom, which

reduces folding errors. Because of the multiple functional sheets, features don’t need to
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be pulled in from the edges. This increases precision, because errors don’t propagate along

sequential folds, and it reduces the torque necessary for assembly by reducing themoment

arm. It also reduces the footprint of the unfolded device, allowing larger structures to

be built from similarly-sized laminates. All of these strengths could greatly improve the

performance of our self-folding techniques.

Depending on the application, the stimulus for self-folding can be changed in a variety

of ways. If the inclusion of a circuit layer is prohibitively expensive, but self-assembly

is occurring in a dedicated facility, sequential activation could be accomplished via an

external heater such as a laser [55]. For simpler geometries, a modified technique could

be accomplished by heating the composite in an oven [78]. For space applications, an

embedded heating source may not be necessary. Black lines could be used to absorb

thermal radiation from the sun along the hinges [61, 78]. For environments with large

thermal variations, the transition temperature can be raised as high as 150 °C [79], and

SMPs can be used that are triggered by non-thermal stimuli. There are several published

examples of SMPs that exhibit a shape change in response to water [80], light [81], magnetic

fields [82], or mechanical stress [83].

4.5.3 Energy Consumption

The electrical energy required during folding is the dominant factor in determining the

size and type of batteries that are installed and carried, and reducing this energy require-

ment would substantially decrease the weight and cost of the machine. It is important to

note that the amount of mechanical energy released during folding is decoupled from the

amount of energy needed to trigger that folding. The mechanical energy density Em is a

function of the shrink ratio SR and contractile stress σc of the SMP, and can be expressed,

assuming a perfectly elastic contraction, by Equation (4.1). For the PS in our composite,

Em ≈ 350kJ/m3.

Em ≈ σc (SR − 1) /2 (4.1)

The specific energy Ea necessary for activation is a function of the heat capacity ρcp and

relative transition temperature ∆T of the material. For PS, Ea = 134MJ/m3.

Ea = ∆Tρcp (4.2)
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This would be the activation energy if the SMP was heated with perfect efficiency. However,

heat loss due to convection and diffusion are always present. The electrical energy Ee

released per meter hinge length is a function of the resistance, current, and the time te

spent folding.

Ee = I2Rte (4.3)

For the hinges in the crawling robot, Ee ≈ 5kJm−1. These hinges have 250mm3 of con-

tractile SMP per meter of hinge length, so the electrical energy released per unit volume

of SMP is approximately 20GJ/m3.

There are two approaches to reducing the energy expenditure. The first is to reduce Ea

by altering the transition temperature of the SMP. Xie et al. have already demonstrated a

practical method for setting the transition temperature of an epoxy SMP anywhere from

room temperature to 89 °C [84]. While reducing the transition temperature of a self-folding

machine would make the device more susceptible to premature assembly due to heat,

in many circumstances this risk would be worth the substantial reduction in activation

energy. Based on the models in Chapter 3, we estimate that if we reduced the transition

temperature of the SMP to 60 °C, we could reduce the activation current by 70% and the

energy expended during self-assembly by 50%.

Alternatively, we could reduce Ee by delivering a larger current at a higher voltage. While

this requires greater power, the reduction in folding time would reduce the total expended

energy. Based on our thermal model in Chapter 3, Increasing the voltage and current by

40% would double the power and reduce the fold time by 93% (expected fold time of 3 s

instead of 45 s), resulting in total energy expenditure of 86% less than our current imple-

mentation. The complication with this technique is that if the current is supplied for too

long a period, the SMP would overheat and melt. Because of this, we recommend that

this method be used with sensors embedded in the hinges to provide angle and tempera-

ture feedback during the folding process. In this way, the controller would know when to

switch off current to a folding hinge.

The size of the machine will also affect the power expended during self-assembly. For

a given self-folding device, the energy released is relatively uniform along the length of

the hinges. For a machine of a given complexity, the total length of the hinges will scale

directly with the length of machine, and so the energy consumed during assembly will also
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scale directly with machine length. Based on our results in Chapter 3, SMP thickness and

hinge torque have little effect on power requirements, so the weight of the machine would

have a minimal impact on energy consumption during assembly. However, more complex

machines will require more folds, and therefore more energy.

4.5.4 Manufacturing Comparison

Because of its potential as a form of printable manufacturing, self-folding draws compar-

isons to other manufacturing methods. In particular, we’re interested in how self-folding

compares to other shaping processes—the subset of manufacturing processes that change

the geometry of the raw material. Shaping processes can be divided into three categories:

additive manufacturing, sometimes referred to as solidification or particulate process-

ing, involves taking a raw liquid or powdered material, forming it into the desired shape,

and hardening it. Common additive processes include injection molding, metal casting,

and 3D printing. Subtractive manufacturing, also known as material removal processing,

involves removing material from a solid shape. This encompasses most traditional ma-

chining methods such as milling and lathing. Finally, there is deformation processing, in

which a solid material is plastically deformed through force. This method includes sheet

metal bending and self-folding.

We are interested in the relative cost and speed of manufacturing equivalent devices

across different processes, and determining when self-folding is an appropriate manufac-

turing process. We compare self-folding to other machining methods by considering as a

test-case the crane structure shown in Figure 4.1A. We treat this shape in three possible

forms, depending on the manufacturing method: Either a flat sheet folded into our de-

sired shape, a solid volume in which the material has been added to the structure, or a

solid volume that has been formed by removing surrounding material from a rectangular

cuboid. Our estimated values for time and cost for setup and unit production are shown

in table 4.2, and the calculations for these values can be found in Appendix D.

3D printers have a wide range of equipment costs because there is a sizeable market

for consumer-grade printers. It is reasonable to get a printer for $1000 [85], and many

industrial printers are available for $10k to $100k [86]. Depending on the quality, printable

polymers can cost between $30 [87] and $500 per kilogram. Once a solid geometry is

generated in a design program, setting up the printing process only takes a few minutes
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and does not require significant training. Because of the wide range of options, we include

both industrial and consumer-grade 3D printers in our comparison.

Injection molding is the process of filling a mold with liquid polymer, usually by pump-

ing it in under high temperatures, and then allowing it to cool and solidify. It is commonly

used for mass-manufacturing plastic parts, and the speed of production is governed by

the injection time and cooling time, which are determined by the part quality and size.

The approximate setup costs vary between $10k and $80k, and per-unit costs of $0.10 to

$3 are common [88].

Milling, lathing, and other machining processes are common methods for prototyping

parts because a single machine can produce arbitrary geometries with a finite set of tool

bits. It is, however, expensive; machining takes time, and even the simplest parts require

a trained user. More complicated parts require extensive experience, and most machine

shops are manned by professionals, leading to labor costs ranging from $50 to $100 per

hour. Computer-controlled machines can speed up the process and improve precision, but

these machines are more expensive. Typical set up costs are dominated by programming

and labor, and vary between $50 and $500, while each unit can cost between $10 and $400

in labor and material [88].

Sheetmetal stamping is an excellentmethod for producing large volumes, typically 100k

to 10M units, because of its speed and relatively low cost. This is in part due to the fact

that only a small amount of material is used, and often requires only a single stroke to

produce the part. Total set-up costs can run between $20k and $200k, while typical unit

costs range between $0.06 and $0.60 [88].

Table 4.2: Estimated costs and time associated with manufacturing a crane.

Method Machine Cost Setup Time & Cost Unit Time & Cost

Additive

3D Printing (industrial) $25k 0 $0 21h $270
3D Printing (consumer) $3k 0 $0 7h $41
Injection Molding $50k 196h $7.8k 28 s $0.49

Subtractive

CNC Milling $85k 1.5h $90 9min $37

Deformation

Sheet Metal Stamping $150k 184h $7.4k 8 s $0.15
Resistive Self-Folding $13k 0 $0 1h $24
Oven Self-Folding $12k 0 $0 0.5h $2
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The prices for our self-folding method base costs off of the low-volume, high margin

prices that we buy in lab, and we assume that labor is free. Many of our processes could

be sped up with the right materials (such as wider tape for faster bonding) or automated

in a straightforward process.

When comparing these fabrication methods, it is worth considering the resolution they

are capable of. For injection molding, milling, and sheet stamping, the resolution is corre-

lated with manufacturing cost, but features at length scales of 1µm or smaller are possible

[89–91]. For 3D printers, The resolution is dependent on the printer. The Objet 30 Pro can

print layers as thin as 16µm and has a print accuracy of 100µm [92], while the Form 1 can

print 25µm thick layers and features as small as 300µm [93]. In contrast, our self-folding

technique has a the minimum folded face size is 10mm and the composite thickness is

approximately 2mm. However, other techniques have demonstrated self-folding hinges

under 10µm long [62].

The pricing is highly dependent on the final product, including whether it has any elec-

tromechanical components, which would require additional assembly steps. This is par-

ticularly noticeable for the resistively self-folded composite, in which the circuit board

increases the price substantially, but provides an existing substrate for other electrical

components. However, our estimates indicate that this technique is well-suited for pro-

duction volumes of 10 to 1000 units, and could be competitive with 3D printing as a rapid

prototyping technique.
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We see in order to move; we move in order to see.

William Gibson

5
Sensors for Self-Folding Machines

5.1 Introduction

Many machines require a way to accept external inputs, either for sensing the environ-

ment or interacting with a human operator. Traditionally, sensors have operated using

a combination of electrical and mechanical systems to translate a physical property into

an electrical signal, which is then interpreted by the control system of the machine. Mea-

sured properties include contact, distance, force, velocity, and temperature, and each of

these properties can be measured in different ways. For example, physical contact can be

measured with latches [94], pushbuttons [95], or mercury switches [96], while force can be

measured by a spring [97] or by a capacitive change between two plates [98]. The majority

of existing sensors require discrete components and three-dimensional features.

In order to make arbitrary and functional self-folding machines, we must demonstrate

that self-folding is capable of producing functional sensors and input mechanisms. In
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Figure 5.1: The composites for each of the three sensor designs were based off of the unidirec-
tional composite presented in Section 3.2. This composite consists of three layers: the PS, the CuPI
circuit, and the paper substrate. (A) The capacitive contact sensor does not require any additional
layers; the capacitive pad is included in the original circuit layer. (B) The mechanical switch in-
cludes three additional layers: a second CuPI circuit layer on the bottom, a small foam pad on the
top of the PS, and a small copper pad on top of the foam. (C-D) The velocity sensor consists of two
unattached composites. (C) The frame composite includes an additional magnetic layer on top. (D)
The slider includes an additional CuPI layer on the bottom to house the sensor loop, and an addi-
tional paper layer for structural support.

this chapter we present designs for three sensors built from planar materials that can be

integrated into self-folding devices. We designed and built a capacitive contact sensor, a

bistable switching mechanism, and an electromagnetic velocity sensor, all based on our

unidirectional composite from Section 3.2. We accomplish this by integrating new, func-

tional layers into the self-folding composite and creating 3D features and mechanisms

through folding. We integrate the capacitive sensor and mechanical switch into a self-

folding lamp, demonstrating the use of these sensors in functional devices. Much of the

content in this chapter is previously published [99], but some of the models have been

modified to reflect our improved understanding of these systems.

5.2 Capacitive Touch Sensor

The capacitive sensor consists of a copper plate embedded in the flexible circuit board

that contains the heating traces. The laminate does not require any additional materials

(Figure 5.1A).
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Figure 5.2: The capacitive sensor consists of a copper pad (yellow) underneath a paper substrate
(white) and silicone tape (blue) . The capacitance between the plate and the air (A) is small, but the
capacitance when in contact with a finger (B) is relatively high. If the finger presses down (C), the
paper and silicone compress, further increasing the capacitance.

5.2.1 Model

The capacitance C of two parallel plates is governed by Equation (5.1):

C = ϵ
Ap

dp
(5.1)

ϵ is the relative permittivity of the dielectric layer, dp is the distance between the plates,

and Ap is the overlapping area. In this case, the copper pad makes up one plate, and the

second plate is the surrounding environment. When the switch is not in use, the atmo-

sphere acts as the second plate and the corresponding capacitance is low (Figure 5.2A),

but when a finger is pressed to the sensor, the finger becomes the second plate and the

capacitance increases (Figure 5.2B). The dielectric layer is made up of the silicone tape

and paper substrate. When the finger is lightly pressed on the sensor, dp is the resting

thickness of the dielectric layer. However, if pressure is applied, the paper and tape will

compress, reducing dp and increasing C (Figure 5.2C).

A B

25 mm

Figure 5.3: Image of the front (A) and back (B) of the standalone capacitive sensor. The yellow is
the polyimide layer, and the black is the wax used to mask and etch the circuit. The copper is un-
derneath the wax.
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Figure 5.4: The measured capacitance as a function of finger force. Error bars indicate standard
deviation, N=5.

5.2.2 Results

A standalone capacitive sensor was built (Figure 5.3) and tested manually. The capacitance

was measured with a surface-mount device tester while the user applied increasing force

through their finger in increments of 0.49 N. The sensor registered a capacitance of 25

pF when first touched at 0.49 N, and the capacitance increased as the force increased

from 0.49 to 4.9 N (Figure 5.4). The average standard deviation of the capacitance at

each point is 2.0 pF. Over this range, the mean capacitance increases from 25.2 to 38.4

pF, indicating that, after contact, the capacitance increases 3.0 pF/N. Because of this, we

expect a standard deviation of 0.67 N for a given capacitance reading.

5.3 Mechanical Switch

The design of the self-folding switch is inspired by the compliant mechanisms presented

by Howell [100] . We designed a four-bar linkage that acts as a bistable mechanism based

on existing kinematic models [100, 101]. In order to create this mechanism, we used

sequential folds to first bring the linkages into position, and then trap one end, effectively

closing the loop (Figure 5.5A-C). The self-folding hinges are stiff but compliant, so the

hinge that folds in Figure 5.5B is effectively a spring for kinematic purposes.

The composite for this device is similar to the basic self-folding composite, but includes

three additional layers (Figure 5.1B). A second circuit layer is included between the heating

circuit and the paper substrate. This layer contains the sensor circuit, which is a copper
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D

Figure 5.5: The mechanical switch is a four-bar linkage mechanism created through sequential
self-folding. Blue indicates a passive hinge, red indicates a hinge that is self-folding, and gray is
a self-folding hinge that is inactive. The rightmost hinge is stiff but still compliant, and acts as a
spring.

loop broken at one point. A small foam pad with a copper layer is attached to the top paper

layer. The copper pad acts as a bridge. When the sensor is assembled this copper pad is

folded over, facing down and located above the break in the sensor loop (Figure 5.5C). when

the switch is flipped, the pad is pressed down and makes contact with the circuit layer,

closing the loop (Figure 5.5D). The foam layer allows the pad to be compliant, ensuring a

connection between the two copper layers.

To validate the design, a standalone switch was fabricated and induced to self-fold by

supplying two amperes of current in two sequential steps (Figure 5.6A-B).

A B

C D

10 mm 10 mm

50 mm 50 mm

Figure 5.6: (A) A standalone mechanical switch before folding. (B) The switch after folding. (C)
The switch in the open position. The foam contact pad can be seen on the upper linkage. (D) The
switch in the closed position. The foam pad is pushed against the bottom circuit layer, closing the
circuit.
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5.4 Electromagnetic Velocity Sensor

The standalone velocity sensor consists of two components: a slider and a frame. The

frame has two 90° folds on either side set nine millimeters apart, so that they approximate

a single 180° fold. These folds constrain the slider motion to a single degree of freedom

and hold it flush with the frame. The frame also has a single magnetic Halbach array on top

(Figure 5.1C). This array is a row of magnets arranged so that each set of dipoles is rotated

90° relative to its neighbors [102]. It is commonly used in refrigerator and other sheet

magnets. Because of constructive and destructive interference, This orientation creates

a sheet with a negligible magnetic field on one side and a strong alternating field on the

other.

The slider has a handle on top for manual control and an additional circuit mounted

to a second paper substrate layer on the bottom (Figure 5.1D). The extra circuit is the

sensing layer, and it contains a copper coil in which a voltage is induced by the magnetic

flux produced by Halbach array. In order to maximize the flux, the coil consists of fingers

arranged in a row with the same spatial frequency as the magnetic array, so that it can

be positioned over the positive (or negative) regions of the array only (Figure 5.7). This

design is similar to many magnetic encoders, which produce a voltage peak when moved

a certain step length [103].

5.4.1 Model

Faraday’s law of induction states that a magnetic field induces a voltage V along a closed

path according to the following equations:

V = −dΦ
dt

(5.2)

Φ =

∫
S
B⃗ · n̂ dA

=

∫
S
By dA (5.3)

A is the area inside of the path, Φ is the magnetic flux through that area, B⃗ is the flux

density, and By is the flux density through the surface. The strong-side magnetic field of

the Halbach array has a spatial period λ and spatial angular frequency k = 2π/λ. Equa-

tion (5.4) expresses the magnetic potential φ on the strong side of the array [104, 105], and
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Figure 5.7: A Halbach array is a series of permanent magnets in which adjacent dipoles are ro-
tated 90°, resulting in an alternating magnetic field on one side of the array with a spatial period λ.
A serpentine copper loop with a similar spatial period is held parallel to the magnet. When the coil
moves, the magnetic flux Φ changes, inducing a voltage V in the loop.

Equation (5.6) expresses the magnetic flux density By, which is dependent on the magne-

tization M0 of the array, the position y above the array and x alongside it, the thickness d

of the array, and the free-space permeability µ0.

φ = −M0

k

(
1− e−kd

)
e−ky cos (kx) (5.4)

B⃗ = −µ0∇⃗φ (5.5)

By = −µ0
δφ

δy

= M0

(
1− e−kd

)
e−ky cos (kx) (5.6)

We can apply this equation to our coil geometry. The coil is made up of N fingers

extending from a base, so that the entire loop is similar to an array of smaller loops all

connected at one end (Figure 5.8C). This array has the same spatial period λ as the Halbach

array and each finger has a length l = π/k that is half of the period. The width w of each

finger is also equal to the width of the Halbach array. The coil is held flush with the

surface of the Halbach array, so d and y are both constant, and the other constant terms

can be lumped into the maximum flux density B0 at the surface of the magnet. With these

assumptions, we can solve for V as a function of the position r of the coil relative to the
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A B C

50 mm

Figure 5.8: (A) The self-folded electromagnetic velocity sensor. The slider and frame fold together.
(B) The slider and frame shown separately. (C) The bottom of the slider contains a copper loop
consisting of several fingers extending along its width. These fingers have a spatial period match-
ing the magnetic field of the Halbach array.

magnet and the velocity v = dr/dt.

By = B0 cos (kx) (5.7)

Φ = NwB0

∫ r+π
k

r
cos (kx)dx

=
−2NwB0

k
sin (kr) (5.8)

V = 2NB0w cos(kr)
dr
dt

(5.9)

As the slider moves, the copper loop produces a sinusoidal signal (5.9). The velocity of the

slider relative to the frame can be determined from either the frequency or the amplitude

of the signal.

5.4.2 Results

The velocity sensor self-folded with the application of two amperes to the resistive circuits

(Figure 5.8A). The signal voltage from the slider was measured using an external micro-

controller (Uno R3, Arduino) after the signal was amplified with an operational amplifier

(LM741, Texas Instruments) circuit with a gain of 459.33. The slider was manually moved

through the frame at different velocities. The velocity of the slider was measured via video

recording, while the voltage amplitude was recorded.

The velocity v varied between 0 and 0.5 m/s, corresponding to a range in signal voltage

amplitude V from 0 to 9 mV. The relationship between velocity and voltage appeared to be

linear (Figure 5.9). The relationship between velocity and amplitude was fit with a linear
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Figure 5.9: The measured signal voltage amplitude is shown as crosses as a function of slider ve-
locity. The dashed line indicates a linear best fit model with an R2 value of 0.8234

model, V = 19.2v with an R2 value of 0.8234. From this relationship we can define a

measured signal coefficient Cm = 19.2mVsm−1. From Equation (5.9) in our model, and

given that for our sensor, λ = 3.2mm, N = 27, w = 45mm, and maximum magnetic field

of our Halbach array was measured to be 9.2 mT, we estimated an ideal signal coefficient

Ci = 30.6mVsm−1. This difference could be due to an error in matching the copper loop

period to the magnetic field period. Even small errors would propagate over the length

of the sensor, resulting in the flux in some fingers cancelling out the flux in others. The

signal could also be affected by the width of the copper trace, which we did not account

for, or variations in the distance between the slider and the frame.

5.5 Lamp

We constructed a self-folding lamp to demonstrate that printable sensors could be inte-

grated into a functional device (Figure 5.10). The lamp incorporated a capacitive sensor

and a bistable switch, which were both used to turn the lamp on and off, and an LED to

provide light. The lamp was folded in eight sequential steps by selectively supplying the

resistive circuits with two amperes of current. The angle of each fold was limited by the

fold before it to ensure geometry alignment. Current was supplied by an external power

supply and controlled by a human operator. After folding, the lamp was attached to an

external microcontroller (Uno R3, Arduino) that read and interpreted the sensor signals.

The lamp was used as a platform for testing the reliability and durability of the bistable

switch. The switch was flipped on and off 350 times; It successfully completed the circuit
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50 mm

Figure 5.10: A functional self-folding lamp integrated the capacitive sensor and mechanical switch
into a working device. A) The lamp in its flat state. B) The lamp after folding.

and turned on the lamp the first 156 consecutive times, and 335 times total. Failures in

the switch were due to insufficient contact between the top and bottom copper layers,

preventing the circuit from closing. The capacitive switch was also capable of turning the

lamp on and off.

5.6 Discussion

The sensors presented here were all functional and compatible with our self-folding pro-

cesses, and they could be combined or altered for other measurements as well. Multiple

capacitive sensors could be arranged in a row to create a position or velocity sensor, or

oriented in a grid for 2D positioning or to act as a keyboard. Two capacitive sensors could

also be placed over one-another and allowed to slide, creating a continuous switch. The

electromagnetic sensor can be wrapped around an axle and bearing to create a continuous

rotation sensor, or it could act as a magnetic encoder by counting voltage peaks.

These sensors could be improved, particularly with regards to precision. The capacitive

sensor’s accuracy is approximately one newton. This could be improved with a softer

dielectric layer, which would allow for a similar displacement with less force. The bistable

switch worked well after folding, but began to fatigue after approximately 150 switches.

This could be improved by optimizing the geometry and material selection. The switch is

also limited by its size. It currently takes up an area of 12 cm2, and the minimum size for

this switch is constrained by the length of the self-folding hinges, which must be over 10

mm long to ensure actuation, as well as the geometric measurements required to maintain

stiffness andminimize fatigue. The velocity sensor was also less accurate than similar non-
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printable sensors. This could be due to less precise fabrication or the low signal voltage.

We expect that as self-folding techniques improve and functional materials become more

advanced, laminate sensors will become a viable part of self-folding engineering.
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There is plenty of room at the bottom.

Richard P. Feynman

6
Self-Folding at the Millimeter Scale

6.1 Introduction

So far in this dissertation, SMCs have only demonstrated a feature length range of 10 to

100 mm (Chapter 3). Not only does this limit the complexity of these machines, but it is

also inappropriate for several applications. Many centimeter-scale devices are built using

folding techniques, including robots [40] and medical tools [106], and the fabrication of

these devices can be automated using self-folding to increase speed and precision. Some

devices, such as microfluidic reactors [107] and biochips [108], require ‘ship-in-a-bottle’

geometries, in which one structure is embedded inside another. Self-folding can be used

to assemble the internal structure when it is otherwise unreachable.

In this chapter we present an improved SMC capable of folding faces at length scales

ranging from 0.5 to 40mm. This is accomplished through thinner materials, new machin-

ing techniques, new adhesion layers, and additional structural layers to prevent delami-
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nation. We begin by presenting our first attempt at miniaturizing the SMC, and show our

design, fabrication process, and results. This version had insufficient precision and re-

liability, so we continue with an improved SMC that corrects for these deficiencies with

a better fabrication process and more design options. The size reduction of the com-

posite results in a more favorable torque-to-weight ratio, which allows us to experiment

with new design parameters. We demonstrate simultaneous folding of an aluminum-based

composite activated by a hot plate, and sequential folding of a composite based around

a glass-reinforced epoxy (FR-4) and activated by internal resistive heating. We compare

the minimum feature size and angular resolution of these designs and demonstrate their

efficacy with a resistively heated model ship and a uniformly heated model bumblebee.

Much of the content in this chapter is previously published [109] or will be [110].

6.2 First Generation

6.2.1 Composite Design

The miniaturized SMC consists of three different materials in seven layers. In the middle

is a polymer flexural layer. On either side of the flexural layer is a sublaminate consisting

of an SMP layer sandwiched between two substrate layers. In our previous designs, the

minimum feature size was limited by delamination of the SMP from the substrate (Sec-

tion 3.3.5). To mitigate this, this composite includes two additional substrate layers on

the outside of the SMP to prevent delamination. This has the added benefits of increasing

stiffness and maintaining a uniform outer surface.

Actuated hinges in the laminate are created by cutting a gap with an arbitrary width in

the two substrate layers on the concave side, and cutting a line in the substrate and SMP

layers on the convex side (Figure 6.1A-B). Flexural hinges are created by cutting a gap in

the substrate and SMP layers on both sides of the laminate, leaving only the flexural layer.

The stiffness is adjusted by varying the length and gap width of the hinge.

This composite is activated by uniform heating in an oven instead of resistive heating.

The CuPI used in our previous composites is too stiff for use at this scale, and we had not

developed a technique for printing smaller circuits at the time of these experiments.

We chose to use the following materials in our composite: 50µm aluminum (Al) as the

substrate because of its high stiffness-to-weight ratio; 18µm polyolefin (PO) as the SMP
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Figure 6.1: The self-folding composite consists of a stiff substrate (brown), a polyolefin SMP
(blue), a flexural layer (yellow), and an adhesive (green). A diagram of a self-folding hinge is shown
before (A) and after (B) activation. This composite is also capable of bidirectional flexure hinges
(C-D) for dynamic mechanisms.

(different from the material used in Section 3.2) because it is non-toxic and commercially

available as heat shrink wrap; and 2.5µm polyester (PE) as the flexural layer because it

is thin and flexible. A cyanoacrylate adhesive (CA) was used to bond each layer together.

Therefore, the final laminate consists of two similar sublaminates composed of Al and PO

(Al-CA-PO-CA-Al) on either side of a flexural layer (CA-PE-CA). More material information

can be found in Appendix A.9.

6.2.2 Fabrication

Each self-folding laminate is assembled in five steps. First, each of four aluminum layers is

machined with layer-specific features using a diode-pump solid-state laser (DC150H-355,

Photonics Industries). A cyanoacrylate adhesive is spin coated onto each aluminum layer

and these layers are bonded to either side of a sheet of prestretched PO, using pins to

align the layer features. This results in a top and bottom composite, each comprising one

PO and two aluminum layers. These composites are laser-machined again with additional

features such as cuts through the PO layers. Adhesive is spin coated on each composite,

and these are pin aligned and bonded to either side of a polyester thin film sheet. The full

laminate is laser-machined to release the desired mechanism.

For example, in order to create a single 90° self-folding hinge, we first cut a 0.5 mm

gap in two aluminum layers along the length of the hinge. We then spin coat adhesive on

these two aluminum layers, lay a single layer of PO between them, align them with pins,

79



and bond them together. We also spin coat adhesive onto two uncut aluminum layers and

bond them to either side of another layer of PO. After curing, we cut a single line into the

second Al-PO-Al composite along the hinge. We then spin coat adhesive onto each Al-PO-

Al composite and bond them to either side of a PE layer, aligning the two composites with

pins. Finally, we cut the composite into its final outline, releasing the hinge.

6.2.3 Models and Results

Angle Control

The final angle of an actuated hinge is mechanically programmed into the laminate, similar

to the method shown in Section 3.3.6. The final angle varies with the gap width wg of the

substrate on the concave side. The relationship between wg, composite thickness tc, and

fold angle θ is shown in Equation (6.1) (Figure 6.2A).

θ = 2arctan (wg/tc) (6.1)

We built self-folding hinges with uniform face size and varying wg to determine the rela-

tionship between wg and θ. Each folding face was five millimeters long by five millimeters

wide, with a gap width of 0.2 to 0.8mm. We placed five samples for each set in an oven

preheated to between 140 °C and 150 °C for 45 s in order to ensure complete folding. Fig-

ure 6.2B compares the experimental results with the predictive model. The data indicates

0.2 0.4 0.6 0.8
40

80

120

160

Hinge gap (mm)

A
n

g
le

 (
d

e
g
re

e
s
)

t
c
/2

w
g
/2

θ/2

θ

BA

Measured
Model

Figure 6.2: (A) A model for predicting final fold angle based on hinge geometry was developed
based on the assumption that folding stopped when the two faces came into contact. The fold
angle θ is dependent on the composite thickness tc and the width of the gap wg cut into the sub-
strate. (B) The experimental data (solid) and model (dashed) relating wg to θ. Error bars indicate
the standard deviation, N=5.
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a positive correlation between wg and θ, but the folding is not precise.

Thermal Behavior

The time required to fold these composites is less than one minute because the composite

can be rapidly heated. The time this takes in an oven can be predicted by assuming that

conduction within the composite occurs more quickly than heat transfer into the com-

posite and that conduction between the ceramic floor of the oven and the composite is

greater than the heat flux due to convection and radiation. This allows us to use a lumped

thermal model to express the energy transfer rate Q̇ as a function of the surface area As,

time varying temperature T, and thermal contact conductivity ho of the composite, as well

as the constant temperature To of the oven. ho was estimated to be from the calculations

of Yovanovich et al. [111].

Q̇ = hoAs (To − T) (6.2)

We can also express the temperature in terms of the initial temperature Ti, the total en-

ergy transfer Q, and the total heat capacity of the composite, which is dependent on the

composite volume V, lump density ρ, and lump specific heat capacity cp.

(T− Ti) =
Q

ρVcp
(6.3)

Equations (6.2) and (6.3) can be combined into a differential equation, and the temperature

can be solved explicitly as a function of time t. Here the area density ρA = ρV/As.

ρAcp
ho

Ṫ = To − T (6.4)

T = (Ti − To) exp
(
−t ho
ρAcp

)
+ To (6.5)

The time required for the activation of self-folding is the time it takes for T to reach the

glass transition temperature Tg of the composite, when folding is activated.

t =
ρacp
ho

log
(
Ti − To

Tg − To

)
(6.6)

Here we assume that the composite’s initial temperature Ti is the room temperature, 20 °C,

the oven temperature To is 140 °C and the transition temperature Tg is 130 °C. Because of
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10 mm 2 mm

Figure 6.3: Self-folding hinges were built that were 1 mm, 2 mm, 3 mm, 4 mm, and 20 mm long in
order to determine the minimum feature size this self-folding technique was capable of creating.
All hinges successfully self-folded except the 3 mm hinge, which delaminated during the folding
process. This indicates that the spatial resolution of this technique is at least 1 mm.

this, we expect folding to occur within five seconds of contact with the ceramic surface.

Minimum Feature Size

We built self-folding hinges with square faces that varied in size from 1 to 20 mm long.

The 1 mm, 2 mm, 4 mm, and 20 mm faces all folded successfully (Figure 6.3). The 3 mm

face failed to fold because the aluminum delaminated from the PO during folding, and was

subsequently removed. This indicates that the composite can fold hinges as short as one

millimeter, although it is not reliable at lengths shorter than five millimeters.

Sample Structures

We built a self-folding cube to demonstrate the ability of this method to produce structures

(Figure 6.4). The unfolded composite was placed into an oven preheated to between 140 °C

5 mm

A B

Figure 6.4: A five-millimeter self-folding cube before (A) and after (B) folding.
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5 mm 5 mm

Figure 6.5: A spherical five-bar linkage before (A) and after (B) folding. (C) The mechanism in its
resting state. (D) The mechanism transmitting motion from one linkage to another.

and 150 °C for 20 s, until folding was completed. The cube weighed 80 mg.

We fabricated a spherical five-bar linkage using this self-folding technique to demon-

strate the ability to produce complex mechanisms (Figure 6.5). This linkage has two de-

grees of freedom and transforms two angular inputs into one or two decoupled angular

outputs. This linkage is based on a similar one demonstrated by Sreetharan et al. [40]

and is used in multiple microrobotic designs [41, 112]. The design requires five dynamic

hinges to be arranged so that their coincident lines intersect at a single point. The un-

folded version of this linkage was placed into an oven preheated to between 140 °C and

150 °C for 20 s, during which the out-of-plane component of the linkage folded into place.

Afterwards, the ability of the linkage to transmit an angular displacement from one link-

age to another was verified by applying a torque to one linkage with tweezers. After the

torque was removed, the linkage returned to its resting state, indicating that the flexural

hinges behaved elastically. The mechanism weighed 120 mg.

6.3 Second Generation

The previous composite was capable of hinges as short as one millimeter, but was not reli-

able or precise. In addition, we had only demonstrated simultaneous folding with uniform

heating. These issues stemmed primarily from the adhesive used and the lack of resistive

heaters. We developed a new millimeter-scale SMC to address these issues.

6.3.1 Composite Design

The second composite also consists of three different materials in seven layers. In the mid-

dle is the flexural layer, a 7.5µm thick polyimide (PI) film. On either side of the flexural

layer is a sublaminate consisting of a 25µm thick PO SMP sandwiched between two 50µm
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substrate layers. The layers are bonded together with 5µm thick acrylic tape. More mate-

rial information can be found in Appendix A.10. In this composite we can activate folding

either by supplying heat from an external source, such as a hot plate, or by embedding

resistive circuits along each hinge, similar to the bidirectional composite in Chapter 3.3.

The substrate can be any sufficiently stiff material. In our devices we use two different

substrates: aluminum in the uniformly heated structures and FR-4 in the resistively heated

structures; in both cases the substrate is 50µm thick. Aluminum was chosen for the

uniformly heated structures because of its high stiffness and high thermal conductivity

(170 W/m-K). This enables the entire structure to maintain a uniform temperature even

when parts of it lose contact with the hot plate, ensuring that folding continues over the

entire structure. In contrast, FR-4 is used in the resistively heated structures because of its

low thermal conductivity (0.4 W/m-K). When folding sequentially, insulation is necessary

between adjacent folds to prevent the heat from one hinge from prematurely activating

another.

In order to compare the thermodynamics between substrate materials, we developed a

COMSOL thermal finite element model of two composites, one made with aluminum and

one with FR-4. The simulation assumed each hinge was generating heat at a constant rate,

and the PO temperature at the center was approximately 150 °C after 20 s. The tempera-

ture profile of the SMP layer in both situations is shown in Figure 6.6. In the aluminum

substrate, the temperature five millimeters from the hinge only dropped to 145 °C, while
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Figure 6.6: A thermal finite element model of the hinge was built in order to determine the tem-
perature profile of the SMP when the hinge is internally heated to 150 °C. (A) Hinge temperature
as a function of distance from the hinge. The red line indicates the temperature profile of the PO
when the substrate is aluminum, and the blue line is the temperature profile when the substrate is
FR-4. (B) A diagram of the model hinge is shown at scale with the graph, and below that a section
is blown up to illustrate the hinge geometry. In this figure, red indicates the volume of the hinge
which is generating heat.
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in the FR-4 substrate the same location is 21 °C. The transition of an SMP often occurs over

a 30 °C range [72], so a difference of at least a 30 °C between hinges would be necessary in

order to achieve sequential folds. This indicates that aluminum is not suited for sequential

folding, but FR-4 is.

If the structure requires an embedded circuit, either for resistive heating or for its final

function, a copper trace is included on the flexural layer. Copper is used in the devices

presented here because it is flexible, easy to sputter coat, and has adequate resistivity

for our trace geometry. The copper layer is approximately 200 nm thick; however, we

found that our sputtering rate varies from 90 to 200 nm/min, so the trace thickness varied

commensurately. In most hinges (and unless otherwise noted) the resistive portion of the

trace is 800µm wide and runs coincident to the midline of the hinge.

6.3.2 Fabrication

The composites are assembled in steps alternating between laser machining with a diode

pump solid-state laser (DC150H-355, Photonics Industries) and bonding (Figure 6.7). First,

the two top substrate layers (T1, T2) and bottom substrate layers (B1, B2) are prepared by

applying the tape to both sides of two layers (T1, B1), and one side of the other two (T2,

B2). The tape backing is left on the outer sides of the tape. The features exclusive to the
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Figure 6.7: Fabrication occurs in sequential steps alternating between laser machining and bond-
ing layers together.
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substrate are then machined into the layers. This step uses two different cut patterns: one

cut pattern for the substrate layers of the top sublaminate (T1, T2), and one for the layers

of the bottom sublaminate (B1, B2). After machining, the PO layers are bonded to T2 and

B2 and machined again to remove the PO at the alignment holes. Layers T1 and B1 are

then pin-aligned and bonded to the other side of the PO, resulting in the top sublaminate

(TS) and bottom sublaminate (BS). Each is machined with another cut pattern, removing

material from both the substrate and PO layers. At this point there is adhesive on one side

of the TS and BS sublaminates.

Making the flexural circuit layer requires four steps. First, the flexural thin film is rolled

onto a piece of Gel-Pak (WF Film, Delphon Industries), which keeps it flat during handling.

A mask made of Gel-Pak is cut with the circuit trace pattern and applied with pressure to

the flexural layer. It is then sputter-coated with copper for a total of 110 s until the copper

layer is approximately 200nm thick, after which the mask is removed and alignment holes

are machined in both the flexural layer and supporting Gel-Pak. If the flexural layer does

not include a circuit, the thin film is still attached to the supporting Gel-Pak and machined,

but is not masked or sputter-coated.

Once the flexural layer is prepared and the two sublaminates are machined, the TS sub-

laminate is pin-aligned and bonded to the exposed side of the flexural layer. The support-

ing Gel-Pak is then removed, and the BS sublaminate is aligned and bonded to the other

side. The complete composite is then machined with the release cut pattern, resulting in

the final planar structure. This structure is pressed with approximately 2.5 MPa for 45

minutes. For our resistively heated samples, the composite is secured to a glass slide with

double-sided tape and the exposed traces are connected to copper pads with conductive

epoxy (8331-14G, MG Chemicals).

6.3.3 Models and Results

Maximum Feature Size

The maximum face length is generally limited by the torque of the hinge, and we use a

model similar to the one in Section 3.3.4 to predict the maximum face size a self-folding

hinge can lift against gravity (Figure 6.8). This model assumes that the forces and mechan-

ical behavior of the SMP are quasistatic, and that if the hinge begins to fold, it continues

to fold to completion (Appendix C.3). Therefore, we are primarily interested in whether
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Figure 6.8: The hinge torque τs is caused by the force F due to the stress of the SMP while con-
tracting, as well as the lever arm δs of the SMP layer from the point of rotation P, which is the in-
tersection of the flexural layer and the hinge line.

the torque exerted by the SMP in the flat state is enough to overcome the torque due to

gravity and start the folding motion.

The torque τs exerted by the SMP is a function of the contractile stress σ, the thickness

ts, the hinge length Lh and the distance δs of the SMP from the bending point. The moment

due to gravity per meter hinge length τg is proportional to the mass mf of the face and

the distance df between the hinge and the center of mass of the face. These values are a

function of the area density ρA, face length Lf, and shape of the folding face. Equations

(6.7-6.11) solve for the maximum face length Lmax that can be folded with our composite,

assuming a rectangular face.

τs = Lhtp σδs (6.7)

df = Lf/2 (6.8)

mf = ρALfLh (6.9)

τg = gmfdf (6.10)

Lmax = Lf
∣∣
τg=τs

=
√
2 tp σ δs/g ρA (6.11)

ρA is the sum of the density of each layer multiplied by its thickness. n is the total number

of layers, and ρi and ti are the density and thickness of the ith layer, respectively. In our

composite, ρA depends on tp, the PO density ρs, the substrate thickness tp and density ρp,

the PI thickness th and density ρh, and the adhesive thickness td and density ρd. δs is the
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distance between the SMP and the flexural layer.

ρA =
n∑

i=1

ρi ti

= 4ρptp + 2ρsts + ρhth + 6ρdtd (6.12)

δs = tp + ts/2+ th/2+ 2td (6.13)

The stress was measured to be 5.1 ± 0.3 MPa (Appendix C.2.3), and the maximum face

lengths were calculated to be 65mm for the FR-4 composites and 56mm for the aluminum

composites (Appendix C.1.3).

We built aluminum test hinges that were 30 mm wide and of varying lengths (30 mm,

40 mm, 50 mm, and 60 mm) to confirm our predictions. These hinges were activated on

a hot plate (97042-574, VWR) set to 130 °C. The 30 mm and 40 mm long faces folded to

completion in approximately 15 s, judged by observing a fold of more than 90°, at which

point gravity no longer limits the fold angle. The 50 mm and 60 mm long faces took

approximately two minutes to stop moving, and neither folded to completion. The 50

mm face stopped at approximately 46°, and the 60 mm face stopped at approximately 32°.

These results underperform our model, which predicted a maximum face length of 56mm.

We believe that this could be due to two factors. Our model ignores the viscoelasticity of

the PO in its rubbery state, but the stress relaxation could be a significant part of the

material behavior at higher loads. The other possibility is that the higher loads caused

the layers in the hinge to delaminate, changing the hinge geometry and blocking folding.

2 mm

Figure 6.9: The self-folding hinge after folding a 50 mm long face. The layers of the composite
partially delaminate when folding large hinge faces, which may stop folding prematurely.
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In the 50 mm and 60 mm samples we can see signs of delamination, as well as contact

between the two folding faces, suggesting that folding stopped when the two sides collided

(Figure 6.9).

Minimum Feature Size

The minimum face size is governed by fabrication precision and adhesion between layers,

and was determined experimentally. We built experimental hinges with square faces of

variable lengths. We first built uniformly heated hinges with an aluminum substrate and

faces varying from 0.5 to 3mmmm long on a single sample (Figure 6.10A). Each hinge had

a 400µm gap width. The completed sample was placed on a hot plate set to 130 °C and left

to fold for approximately one minute. These faces all folded successfully. However, there

was a noticeable trend that larger faces folded to greater angles. We built resistor-heated

hinges with FR-4 and faces from one to three millimeters long (Figure 6.10B). Smaller faces

were not possible because the size of the trace and separating gaps were too fine for our

masking process. Because of the small size, the resistive traces were 400µm wide. These

faces also folded successfully when supplied with 100 mA of current (using a 1666 BK

Precision power supply). However, they showed greater individual variation in final fold

angle. This is likely due to the differences in heat profiles at each hinge; different sized

hinges have different edge effects where the traces enter and leave the hinge line. In this

case, the smaller faces folded at a lower current than the larger faces. When the current

was increased to activate the larger faces, the increased heat led to some deformation in

the smaller faces.

5 mm

5 mm

A B

Figure 6.10: Experimental pieces were built with square faces of variable length to determine the
minimum feature size that could be self-folded. (A) A composite with an aluminum substrate was
activated by uniform heating from a hot plate, and folded faces from 0.5 to 3mm in length. (B) A
composite with an FR-4 substrate was activated through resistive heating, and successfully folded
faces one to three millimeters in length.
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Angle Control

We used the model from Section 6.2.3 to predict θ based on wg (Equation 6.1), and built ex-

perimental hinges consisting of square faces five millimeters long, attached to a stationary

base face. These hinges had gap widths of 0.1, 0.2, 0.4, 0.6, 1.2, and 1.8 mm wide. They

were supplied with 180 to 250 mA of current for 20 to 60 s, until folding was completed.

This variation is due to the variable resistivity of the heating trace.

The measured fold angles can be seen in Figure 6.11 as a function of wg, along with the

analytical model. The model overestimates the final fold angle; we believe this may be

due to the substrate increasing in thickness as the SMP contracts and thickens. A thicker

composite results in the two faces coming into contact sooner and stopping the folding

process prematurely.

We created more experimental hinges with the same geometries and 0.4 mm gap widths.

One of these pieces was made with aluminum, and the other was made with an FR-4 sub-

strate, but without the copper traces. Both were uniformly heated on a hot plate set to

130 °C for approximately 15 s. The uniformly heated FR-4 hinges folded to a final angle

of 82° with a standard deviation of 1°. This demonstrated more precision than the resis-

tively heated hinges with the same gap width, which had a mean final angle of 90° with a

standard deviation of 6°. The aluminum hinges folded to a mean final angle of 122° with

a standard deviation of 5°. This increase in angle may be due to the increased rigidity of

the aluminum, which would better constrain the PO. Constraining the PO would prevent

it from thickening, which in turn would keep tc from increasing and θ from decreasing.
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Figure 6.11: The fold angle was measured as a function of gap width (solid line, N=8, error bars
indicate standard deviation). These results were compared to an analytical model (dashed line)
shown in Equation (6.1).
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A B

10 mm 10 mm

C

Figure 6.12: (A) The flat composite programmed to fold into a ship-like structure. (B) The ship
after the hull is folded in the first folding step. (C) The ship after the sails are folded in the second
folding step.

The standard deviation of the aluminum hinges was less than the standard deviation of

the resistively heated hinges with a similar mean fold angle; the resistive hinges with a 0.6

mm gap folded to an angle of 121°±8°.

Demonstration Structure: Ship

We designed a structure resembling a miniature ship to demonstrate the possible com-

plexity of a structure folded sequentially via resistive heating (Figure 6.12). This structure

assembled through two sequential folding steps. The first folds created the hull of the

ship and were activated with 220 mA of current. The second set raised the sails and was

activated with 160 mA. Each step took approximately 20 s. We believe the difference in

activating currents may be related to differing thermal profiles in the hinges. The hinges

ranged in length from 3 to 13 mm in length, and included both mountain and valley folds.

Demonstration Structure: Bumblebee

We designed and built a structure that resembled a bumblebee to demonstrate that uni-

form folding could produce static structures and dynamic mechanisms (Figure 6.13). The

A B

10 mm

C

Figure 6.13: (A) The flat composite programmed to fold into a bumblebee-like structure. (B) The
bumblebee after folding. (C) The bumblebee with its wings raised.
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bumblebee assembled during a single folding step that was activated by a hot plate set to

130 °C. Assembly took eight seconds. This structure includes a self-folding Sarrus linkage

which comprises the ‘body’ of the bee, and wings that are attached to the body via flexural

hinges. The wings can be actuated by pushing on tabs in the body of the bee. The Sar-

rus linkage is a single degree-of-freedom mechanism which allows two surfaces to move

towards or away from each other while constraining them to remain parallel. This link-

age is particularly significant because it forms the basis around which Pop-Up Book MEMS

[40, 77] devices are designed, indicating that the self-folding technique presented here is

compatible with Pop-Up Book MEMS and could be used to actuate the assembly process.

The self-folding hinges ranged in length from 8 to 15 mm in length, and included both

mountain and valley folds. The flexural hinges were each three millimeters long.

6.4 Discussion

This self-folding technique is appropriate for features from 0.5 to 40mm long and is com-

patible with different materials and activation methods. Previous electrically activated

hinges demonstrated an average standard deviation of 6° for hinges folded up to 120°

(Section 3.3.6), while this new composite exhibited an average standard deviation of 5° for

hinges across the same range. It is also capable of achieving a maximum fold angle of

159°, in comparison to a maximum angle of 118° for the previous design (Section 3.3.6).

This composite is also capable of greater complexity than our earlier composites. If the

maximum face length indicates the largest structure we can fold, and the minimum face

length indicates the smallest feature we can make, then the ratio between the maximum

and minimum lengths indicates how many features we can fit in a single device, or the

complexity of the device. The complexity ratio of our earlier paper based composite was

(100mm)/(10mm) = 10, while the complexity ratio for the aluminum-based composite in

this chapter is (40mm)/(0.5mm) = 80.

Despite the high fabrication precision required, this is a relatively inexpensive and fast

process. For uniformly activated hinges, the only significant piece of equipment needed is

a laser cutter with an appropriate resolution. For mass production, the cutting step could

be replaced with stamping. Resistively activated hinges also require a means to fabricate

the trace, but this was performed without a cleanroom or any hazardous materials.

Our results indicate that geometry is not sufficient for predicting hinge behavior. Alu-
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minum hinges exhibit greater fold angles than FR-4 hinges with similar gap widths, which

we believe is due to their greater stiffness. In addition, uniformly heated hinges demon-

strate greater precision and smaller faces than equivalent resistively heated hinges. This

variability may be due to their thermal behavior. These hinges have variable temperature

profiles depending on their trace geometry, hinge size, and sputtering process. When this

issue is combined with the heat sensitivity of the composite, it can result in delamination

and inaccurate fold angles. For instance, the PO used in these experiments has a nominal

transition temperature of 130 °C, yet the adhesive has a nominal maximum operating tem-

perature of 150 °C, resulting in a narrow operational range for the composite. If the current

is too low, some faces might not fold completely, and if it is too high, other faces might

delaminate. When faces delaminate, the joint stops programmed into the composite via

gap width are no longer reliable. Unfortunately, the thermodynamics of these anisotropic

systems are difficult to predict. During our experiments the appropriate current for each

sample was determined experimentally.

This issue could be corrected by selecting new materials with different thermal prop-

erties, or by adjusting individual features of each hinge, such as the supplied current or

the trace width. These adjustments would benefit from a thorough characterization of

the SMP, the thermodynamics, and the hinge behavior. The uniformly heated hinges were

more precise, but there was still angular variation depending on the hinge length, which

also warrants further investigation.

It is worth noting that the minimum folded feature length (0.5 mm) is close to the thick-

ness of the composite (0.3 mm). To increase feature resolution, we could combine self-

folding with other micromachining techniques. These techniques generally involve etching

features into a flat material, so they can only produce features as tall as the thickness of

the raw material. In the case of our composite, these techniques could be used to machine

features into the surface of the composite up to 0.3 mm in height, while features greater

than 0.5 mm could be self-folded. Only features with heights between 0.3 and 0.5 mm

would be unmachineable by either method.

We used popupCAD to design the bumblebee; this has demonstrated the potential of

folding-focused computer design tools to speed up our prototyping process. Further work

could automate the generation of sequential folding steps, trace patterns, and the control

system to supply the necessary currents. We are also interested in integrating electrome-

chanical components such as actuators and sensors into our self-folded mechanisms to
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produce autonomously folding machines. Finally, while we have studied the geometric

capabilities of this technique, further work must be done to determine its mechanical

properties. For example, the self-folding hinges, while nominally static after cooling, are

actually noticeably compliant.

By scaling shape memory composites down, integrating newmaterials, and demonstrat-

ing pop-up style folding, these results represent a link between self-folding techniques and

fold-based mesoscale manufacturing.
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There are no facts about the future.

Thomas Wilson

7
Future Work and Conclusion

7.1 Introduction

The work in this dissertation has demonstrated that functional and complex structures

can self-fold at a range of sizes. However, there are still substantial limitations to this

technique. The majority of our research was motivated by the idea of printable manu-

facturing, so we worked to make our self-folding fast and inexpensive. This is why, for

example, the majority of our results are paper-based and we focused on a laminate ap-

proach instead of discrete components. However, some of our work has been motivated

by the applications for self-folding to increase functionality. Autonomous folding, for ex-

ample, has limited applications in terms of manufacturing, but is valuable for applications

like space exploration or search and rescue. By accommodating both of these goals, we

have ignored opportunities to develop features that would aid one problem at the expense

of another. In this chapter we discuss possible improvements for shape memory compos-

95



ites, alternative methods for functional self-folding, and new folded components that are

both within and adjacent to our vision of printable self-folding machines.

7.2 Improving Shape Memory Composites

We dealt with many restrictions when designing our shape memory composites. One of

the strictest limitations we faced was our choice of SMP. For larger scale folding, the only

suitable material available to us was prestretched PS, sold commercially as a child’s toy

known as Shrinky-Dinks. Most other commercially available SMPs are too thin, too soft, or

do not contract bidirectionally. Relying on a single SMP has led to several limitations in

our design space. First, contractile stress and SMP thickness are two of the three signifi-

cant factors in hinge torque, which in turn limits a structure’s size and geometry (Chapter

3). Because these parameters were fixed by our material, the size and complexity of our

designs was constrained. In addition, the shrink ratio limits themaximumpossible fold an-

gle. Fortunately, a variety of SMPs have been developed [113–116], and future self-folding

composites could use this work to customize an SMP for a specific application. There are

a variety of ways to alter SMP material properties, such as increasing stiffness, increasing

crosslink density, or adding fillers to the polymer matrix [117]. Table 7.1 displays some

representative SMPs, along with their maximum measured contractile stress and recover-

able strain (100% strain is equivalent to a 2-to-1 shrink ratio). There are several SMPs with

substantially higher shrink ratios and contractile stresses, and these could be integrated

into an SMC for better performance.

Another aspect of our technique that needs improvement is angular precision. Our cur-

rent method results in errors of approximately 5°, likely because paper is easily deformable

and our adhesive delaminates slightly at the edges so that opposite faces are not aligned.

One way to improve fold precision is to use more precise machining methods and more

intricate features. Stiffer substrates and stronger adhesives would prevent deformations,

Table 7.1: Material properties of experimental shape memory polymers.

Material Contractile stress (MPa) Recoverable strain

Polystyrene (PS) 0.7 100%
Polyurethane [113] 2.8 75%
Polyurethane with nanoclay particles [114] 4.9 90%
Epoxy Resin with SiC particles [115] 6 35%
Acrylate with Xini [116] 4 600%
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which lead to unpredictable folds. Automated alignment and lamination would increase

the precision of hinge geometries.

Another method is to integrate sensors into each hinge and introduce a control system

for the folding process. Electrically activated SMCs already contain most of the necessary

components: there is an existing embedded circuit board, we have demonstrated that

the folding stimulus (electric current) can be controlled and gated with a MOSFET, and

the resistive heating circuit can double as a temperature sensor by measuring resistance

change. The angle of a hinge can bemeasuredwith encoders [103, 118], strain gauges [119],

or gyroscopes [120], and controlled self-folding in non-printable applications has already

been demonstrated using soft strain sensors [121]. Many of these methods would require

installation of discrete components, which would make the entire process more expensive,

more time consuming, and less printable. However, strain gauges can be printed with

conductive inks [122], and so could be integrated into a printable process.

7.3 Alternative Self-Folding Methods

SMCs have some intrinsic limitations which would be difficult to overcome. Polymers are

generally soft, especially in their rubber phase, so there’s a limit to howmuch torque could

be produced even with tailored materials. In addition, the shape change in the SMP is not

reversible, so SMCs are not suited for certain applications. Fortunately, a variety of other

self-folding methods exist, and some of these could be adapted for functional machines.

7.3.1 Pneumatics

Pneumatic pouches have been used as limited-range rotary actuators, and if attached to

two flat faces, can cause them to fold [123]. Pouch motors are notable in particular as a

printable method for actuation and self-folding [60, 124]. These motors are made when

two sheets of PVC are selectively bonded into pouches with arbitrary shapes. This process

allows for rapid fabrication without investing in customized tools.

Pneumatic hinges have two distinct advantages over SMCs. First, they are repeatable.

This allows for new applications, such as structures that must fold and unfold multiple

times. It also makes them more precise, since any control scheme used to govern the

folding process can correct for overfolding. The second advantage is substantially higher

folding torque. The torque is governed by the pressure in the pouch, which is only limited
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by the material and seal of the pouch. Pouch motors have demonstrated torques as high

as 100mNm at a pressure of 10kPa, and the data indicates a linear relationship between

torque and pressure [60]. Similar actuators have withstood pressures of over 100kPa, so

we expect that pneumatic hinges could reasonably produce at least 1Nm of torque [125].

7.3.2 Shape Memory Alloys

Shape Memory Alloys (SMAs) are similar to SMPs in that they undergo a phase change at

a specific temperature, and this can lead to a preprogrammed shape change. There are

some key differences however. SMAs can usually be activated repeatably, and have been

used as actuators in robots [66] and other systems [126]. They can exhibit contractile

stresses of up to 500MPa, but have maximum recovery strains of only 1% to 8% [127].

SMAs have already been used for some self-folding applications, but in many cases the

fold had to first be mechanically programmed into the SMA [56]. Making each hinge was

time consuming, and the hinges and faces were discrete parts that had to be assembled,

so it was not a printable process.

An alternative method would be to create a laminate consisting of one or more layers of

active SMA and one passive substrate. A thin bimorph actuator can achieve large displace-

ments with small material strains [54, 128]. The SMA layer can be programmed through

local annealing [126] to produce both active and passive sections, resulting rigid faces and

active hinges.

7.3.3 3D Printing

In this dissertation we have often treated folding as an alternative to 3D printing. How-

ever, it is possible to 3D print sheets which are then folded into more complex structures

[129], harnessing the two fabrication techniques in succession. Batteries, actuators, and

high-resolution features could be 3D printed and folding could be used to make the larger

structures efficiently. Previous examples of 3D printed origami have been folded manually

[129] or actuated with polymer swelling [130]. It is unclear whether mechanically prepro-

grammed materials like SMPs and SMAs could be utilized in the 3D printing process, but

other techniques, such as utilizing gravity along with selective softening [131], could be

appropriate for many applications.
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7.4 Components

One noticeable limitation in the self-folding crawling robot is the bulky discrete compo-

nents on top of the composite. Electric motors are effectively the default actuationmethod

for robotic systems, but only exist in 3D geometries. Sensors come in a larger variety of

designs, but many of these rely on 3D features as well. There are many examples of flat

actuators and sensors, in particularly in microelectromechanical system (MEMS) devices,

but further work is necessary to harness their full potential in a system that transforms

from flat to 3D.

7.4.1 Printable Sensors

There are many examples of printable sensors beyond those we presented in Chapter 5. A

variety of conductive inks can be used to sense strain and pressure, and these have been

fabricated with inkjet [132] and 3D printers [49]. MEMS sensors generally consist of 2D

geometries and can sense many mechanical effects including force [133] and acceleration

[134]. Some of these designs can be scaled and integrated directly into our folded ma-

chines. For example, conductive surfaces can be embedded in larger folded structures to

measure macroscale deformations and forces [135].

We predict it will bemore challenging to design non-mechanical sensors into self-folding

laminates. Optical [136] and chemical [137] sensors, for example, require special materi-

als and fabrication processes, which may be incompatible with a generic and inexpen-

sive printable process. However, many of these sensors can be manufactured with a sub-

100µm thickness, and so could be set inside a via in the substrate without increasing the

thickness of the SMP.

7.4.2 Printable Actuators

In order to build truly flat self-folding machines, methods for folding and coupling actu-

ators will need to be developed. Many flat actuators already exist, such as piezoelectric

actuators [138], dielectric elastomers [139], and pneumatic pouch motors [60]. SMA wires

are also suitable [66], and Chen et al. have even developed a paper-based electrostatic

actuator specifically for printable robots [140]. Each of these actuators has strengths and

weaknesses, but they all produce an oscillating motion, which can be a limitation when

compared to rotary motors. Many machines use a cyclic actuation to produce a continu-
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ous or asymmetric motion, such as a wheel-driven robot [141] or a walking linkage with a

single degree of freedom [142].

An oscillating input cannot achieve these motions directly, but this limitation has been

overcome in a variety of ways. Centimeter-scale walking robots can create a walking gait

with two piezoelectric actuators and a five-bar linkage mechanism [41]. asymmetric fric-

tion can be used to transform linear motion into rotary motion through a stick-slip drive

[143], and asymmetric geometry such as a ratchet can be used to extract rotary motion

from linear forces [144].

In many of these situations, the most challenging part of the self-folding process will

be coupling the motor to the transmission. Linkages are an effective method for getting

arbitrary motions from the input of an actuator, and these mechanisms create a structural

loop consisting of the linkages, the mechanical ground of themachine, and the actuator. In

many situations, before self-folding, the actuator will only be attached to the ground layer,

and must be joined to the transmission during the folding process. In the crawling robot,

this joining was accomplished with alignment and locking tabs, but these required precise

folds and were not robust. At this point we don’t believe there is a single best practice for

designing this coupling system, but instead it must be designed on a case-by-case basis.

An alternative actuator schema is to have the actuator be the only connection between

two independent components, such as a car wheel to its axle. In this case, either the two

structures must be installed in sequence, or an actuator layer must be integrated into the

self-folding laminate.

7.5 Conclusion

We have successfully demonstrated that self-folding can be applied to complex and func-

tional machines. This includes demonstrations of several composites for different ap-

plications, controlled fold angles, predictable thermal and mechanical behavior, and the

integration of folded sensors and linkage mechanisms at a range of sizes. However, the

majority of all possible machine designs are still beyond our capabilities. Our experiments

have demonstrated the size, weight, complexity, and spatial resolution all depend on the

self-folding technique and materials, and these parameters define the design space. Fu-

ture work can address these challenges by building on the substantial existing research in

materials science and computational geometry.
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A

Parts and Materials
A.1 Inchworm Composite

Material Thickness Provider Number

Polystyrene (PS) 300µm Grafix KSF50-CIJ
Polyetheretherketone (PEEK) 125µm Victrex APTIV 1000
Copper-clad polyimide (CuPI) 30µm DuPont AC181200R
Silicone tape 50µm Adhesives Research ARclad 7876

A.2 Inchworm Composite Cost

Component Unit Cost

Polystyrene $7.21/m2

Polyetheretherketone $270.00/m2

Copper-clad polyimide $197.94/m2

Silicone Tape $79.71/m2

Complete composite $721.49/m2

A.3 Unidirectional Paper Composite

Material Thickness Provider Number

Polyolefin (PO) 410µm Raychem RNF-100-1-BK-STK
560µm RNF-100-2-BK-STK
690µm TAT-125-2-0

Paper 510µm Epson Cold Press Bright
Copper-clad polyimide (CuPI) 30µm DuPont AC181200R
Silicone tape 50µm Adhesives Research ARclad 7876

A.4 Bidirectional Paper Composite

Material Thickness Provider Number

Polystyrene (PS) 250µm Grafix KSF50-C
Paper 510µm Canon 0850V071
Copper-clad polyimide (CuPI) 43µm DuPont AC182500R
Silicone tape 50µm Adhesives Research ARclad 7876
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A.5 Bidirectional Composite Cost

Component Unit Cost

Polystyrene $7.21/m2

Paper $14.85/m2

Copper-clad Polyimide $197.94/m2

Silicone tape $79.71/m2

Complete composite $560.90/m2

A.6 Uniformly Heated Paper Composite

Material Thickness Provider Number

Polystyrene (PS) 250µm Grafix KSF50-C
Paper 510µm Canon 0850V071

A.7 Uniformly Heated Composite Cost

Component Unit Cost

Polystyrene $7.21/m2

Paper $14.85/m2

Complete composite $36.91/m2

A.8 Crawling Robot Components

Component Amount Provider Number

Microcontroller 1 Atmel ATTiny13
Buffered H-bridge 2 Vishay Siliconix Si9988
Dual MOSFET 2 Fairchild Semiconductor FDS6930B
Voltage regulator 2 Vishay Diodes Inc. AP1117
Resistors, 1.0Ω 2 Vishay Dale MRA-051R000FE12
Resistors, 0.75Ω 2 Vishay Dale RCWE2512R750FKEA
Resistors, 0.5Ω 4 TT Electronics LR2512-R50FW
Capacitors, 4.7µF 4 Kemet C0402C475M7PACTU
DC motor 2 Precision Microdrive 210-002
LiPo battery, 7.4V 2 E-flite EFLB1802S20

A.9 Millimeter-Scale Composite 1

Material Thickness Provider Number

Polyolefin (PO) 18µm Syfan Sytec MVP 75 G
Aluminum 1145-H19 (Al) 50µm Shop-Aid
Polyester (PE) 2.5µm Chemplex 100
Liquid Adhesive (CA) 10µm Loctite 496
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A.10 Millimeter-Scale Composite 2

Material Thickness Provider Number

Polyolefin (PO) 25µm U.S.Packaging&Wrapping DU-POF-1000-8
Aluminum 1145-H19 (Al) 50µm Shop-Aid
FR-4 50µm Isola Group FR408HR
Polyimide (PI) 7.5µm Chemplex 440
Acrylic tape 5µm 3M 82600
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B

Thermal Model
B.1 Solution for PDE

We can model our thermal system as a sum of solutions, each representing the energy

generated from a point along the resistive trace in the core region. Consider the solution

Tj(x, t) that represents the thermal diffusion due to a point heat source at x = j. The total

thermal system T can be solved by integrating across every solution Tj at the same point

x and time t.

T(x, t) =
∫ wt/2

−wt/2
Tj(x, t)dj (B.1)

Each Tj can be rewritten in a different spatial coordinate ξ as a single solution Tn for a

point source at ξ = 0. This allows us to rewrite the integral for T.

ξ = x− j (B.2)

Tj(x, t) = Tn(ξ, t) (B.3)∫ wt/2

−wt/2
Tj(x, t)dj =

∫ x+wt/2

x−wt/2
Tn(ξ, t)dξ (B.4)

B.2 Derivation of Convection Coefficient

The convection coefficient h of a fluid along the surface of a solid is dependent on the

Nusselt number Nu of the fluid-solid interface, the conductivity k of the liquid, and the

characteristic length Lch of the geometry.

h = NuLch/k (B.5)

In the case of the hinge, we consider the geometry directly above the resistive trace because

the temperature at this location is significantly higher than elsewhere along the composite.
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For a horizontal rectangle defining the core region, Lch = wtLh/(2wt + 2Lh).

Lch =
(30mm) (6mm)

72mm
= 2.5mm (B.6)

The Nusselt number can be determined from another dimensionless number, the Rayleigh

Number (Ra), which is in turn the product of twomore dimensionless numbers: the Prandtl

number (Pr) and the Grashof number (Gr). The Nusselt equation is dependent on both the

system geometry and Ra; for this system we use an equation from Lloyd and Moran [145].

We simplify the model by solving for the convection and other properties at a constant

temperature Tchar.

For the unidirectional composite supplied with 2A, Tchar = 150 (170 °C).

Pr =
ν

α
=
16.0× 10−6m2/s

22.4× 10−6m2/s
= 0.71 (B.7)

Gr =
gβ (Tchar − Tatm)L3ch

ν2

=

(
9.8m/s2

) (
3.43× 10−3 1/K

)
(125K)

(
1.6× 10−8m3

)(
16.0× 10−6m2/s

)2 = 308 (B.8)

Ra = Pr×Gr = 219 (B.9)

Nu = 0.96Ra0.17 = 2.4 (B.10)

h =
NuLch
k

=
(2.3)

(
2.5× 10−3m

)
26.2× 10−3W/mK

= 25W/m2K (B.11)

For the same composite supplied with 1.75A, Tchar = 80 (100 °C).

Gr = 164 (B.12)

Ra = 117 (B.13)

Nu = 2.1 (B.14)

h = 22W/m2K (B.15)

The bidirectional composite is experiencing convection on both the top and bottom

surfaces, and the bottom surface is governed by a different Nub, which we derive using an

equation from Fujii and Imura [146]. For the bidirectional composite supplied with 2A,
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Tchar = 200 (220 °C).

Gr = 503 (B.16)

Ra = Pr×Gr = 359 (B.17)

Nut = 2.6 (B.18)

ht = 25W/m2K (B.19)

Nub = 0.58Ra0.2 = 1.9 (B.20)

hb = 18W/m2K (B.21)

For the bidirectional composite supplied with 1.5A, Tchar = 90 (110 °C).

Gr = 226 (B.22)

Ra = Pr×Gr = 162 (B.23)

Nut = 2.2 (B.24)

ht = 22W/m2K (B.25)

Nub = 1.6 (B.26)

hb = 16W/m2K (B.27)

For the bidirectional composite supplied with 1.75A, Tchar = 150 (170 °C).

Gr = 377 (B.28)

Ra = Pr×Gr = 269 (B.29)

Nut = 2.4 (B.30)

ht = 24W/m2K (B.31)

Nub = 1.8 (B.32)

hb = 17W/m2K (B.33)

Using an explicit model to calculate themarginal convection coefficient hm is challenging
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Table B.1: Material properties used in the hinge thermal model.

Property Symbol Value Units

Air

Thermal conductivity k 26.2× 10−3 [147] W/mK
Viscosity µ 18.6× 10−6 [147] Pa s
Density ρ 1.16 [147] kg/m3

Kinematic viscosity ν 16.0× 10−6 m2/s
Specific heat capacity cp 1007 [147] J/kg K
Thermal diffusivity α 22.4× 10−6 m2/s
Thermal expansion coefficient β 3.43× 10−3 1/K

Polystyrene—SMP

Thermal conductivity k 0.2 W/mK
Density ρ 1200 kg/m3

Specific heat capacity cp 1400 J/kg K
Transition Temperature Tg 105 °C
Transition Range Tr 15 °C

Polyolefin—SMP

Thermal conductivity k 0.2 W/mK
Density ρ 1200 kg/m3

Specific heat capacity cp 1200 J/kg K
Transition Temperature Tg 95 °C
Transition Range Tr 30 °C

Paper—substrate

Thermal conductivity k 0.25 [148, 149] W/mK
Density ρ 650 kg/m3

Specific heat capacity cp 1500 J/kg K

Silicone—adhesive

Thermal conductivity k 0.2 W/mK
Density ρ 1100 kg/m3

Specific heat capacity cp 1000 J/kg K

Acrylic—table surface

Thermal conductivity k 0.18 W/mK
Density ρ 1150 kg/m3

Specific heat capacity cp 1470 J/kg K
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because the temperature varies along the length of the marginal region, and one edge of

the region is adjacent the core region with a significantly higher temperature. This heat

would convect away from the core and over the margin, reducing the effective convective

transfer coefficient over the hottest part of the marginal region. Therefore, we settled for

approximating hm by assuming hm = hc/5 for a given system.

B.3 1D Approximation

The geometry of the hinge is effectively constant in the y-direction, so we assume that the

hinge is isothermal in that direction. Experimentally we observed that there were varia-

tions in the temperature at the edges of the material, but these regions are relatively small

and difficult to model. Figure B.1 shows the measured temperature across a bidirectional

composite hinge at 50 s and 150s. When the hinge is reaching the transition temperature

of the SMP, the marginal area is about 15% of the total hinge length, but the edge effects

appear to grow larger as the temperature increases.

In the z-direction (vertical), we calculated the Biot number Bi = hsts/ks, which indicates

the ratio between conduction through a material and the convection at its surface. For the

SMP layer, Bi is much smaller than one for all hinges tested, indicating that conduction

through the SMP will occur more quickly than convection. Because of this, we can ignore

the transient effects of vertical conduction, and assume that the vertical heat conduction
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Figure B.1: The thermal profile along the hinge of a bidirectional composite after being supplied
two amperes of current for 50 s (blue) and 150s (red). Shaded region indicates standard deviation,
N=4.
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through the SMP is equal to the convection from the SMP surface.

hsmpTs =
(T− Ts)k

ts
(B.34)

Ts = CsT =
k

k+ hts
T (B.35)

In this way we can solve for the ratio Cs of the surface SMP temperature Ts to the inner

SMP temperature T. For all of our experimental hinges, Cs > 0.9. Therefore, for the sake of

simplification, we assume the material is isothermal in the z-direction, and can be treated

as a one-dimensional system.

B.4 Derivation of Bulk Conductivity and Diffusivity Terms

Our 1Dmodels assume uniformmaterial properties. We derive the bulk conductivity k and

diffusivity α from the material properties and thicknesses of each layer in the composite.

k can be expressed as the sum of the conductivities ki multiplied by the thicknesses ti of

all n layers.

k =

∑n
i=0 kiti∑n
i=0 ti

(B.36)

α is a function of k and the bulk heat capacity c.

α =
k
c

(B.37)

c =

∑n
i=0 ρiciti∑n
i=0 ti

(B.38)

B.5 Derivation of Core Convection Term

The convection at the core hc is proportional to the heat transfer coefficient at the surface

of our ideal system h. However, These two values are not equal, because h is occurring

along the virtual length of the surface Lc and hc is occurring along the width of the trace

wt. Instead, we estimate h as a function of hc, Lc, and wt.
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Qvc = hLc = hcwt (B.39)

h =
wt

Lc
hc (B.40)

The temperature T is also increasing the resistance of the circuit, which increases the

power generated. Fortunately, this effect can be lumped in with the convection term in

the model because both result in heat transfer at the surface that’s linearly proportional

to the temperature. If we consider the total thermal flux Qtot occurring in the core as a

function of the core convection Qvc and heat generation Qg from the heating element, we

can rearrange it as seen below, resulting in lump convection h. R0 is the resistance of the

heating trace at T = 0 and αtc is the temperature coefficient of resistance.

Qtot = Qg −Qvc

= I2R− hcTLhwt

= I2 R0 (1+ αtcT)− hcTLhwt

= I2 R0 − T
(
hcLhwt − I2 R0 αtc

)
= I2 R0 − T

(
h̄Lhwt

)
(B.41)

h̄ =
hc Lhwt − I2 R0 αtc

Lhwt
(B.42)

h =
hc Lhwt − I2 R0 αtc

LcLh
(B.43)

B.6 Validation of Core Convection Approximation

In order to test our assumption that the core convection can be approximated as a function

of trace width, h̄ = hcwt/Lc, we compared our analytical model to a numerical solution for

a hinge system without any convection along the marginal area and trace widths of 3

mm, 6 mm, and 9 mm when supplied a fixed amount of current (2A or 1.5A). We used the

composite design for the bidirectional hinge, assuming an elevated hinge so that there was

no z-direction conduction, and the only form of heat loss was through core convection. The

results can be seen in Figure B.2, indicating that our approximation of surface convection
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Figure B.2: Analytical (dashed) and numerical (solid) model predictions of hinge temperature as a
function of time, assuming no marginal convection, for trace widths of (A) 3 mm, (B) 6 mm, and (C)
9 mm when supplied either 2A or 1.5A.

is reasonable.

B.7 Derivation of Dissipation Term

The dissipation along the margin due to convection with a heat transfer coefficient hm can

be simplified to a single term β. In order to determine β, we solve for the energy balance

for a discrete element of length dx.

∆Qi

∆t
=

k t (Ti+1 − Ti)

∆x
+
k t (Ti−1 − Ti)

∆x
− hTi∆x (B.44)

∆Ti

∆t
=

∆Qi

t∆x ρ cp∆t
=

k∆2Ti

(∆x)2 ρ cp
− hTi

t ρ cp
(B.45)

∂T
∂t

=
∂2T
∂x2

− dT (B.46)

β =
hm
t ρ cp

(B.47)

B.8 Derivation of Regime Transition Time

Our analytical solution consists of two regimes: The initial regime when T ≈ 0, and the

steady-state regime when ∂T/∂t ≈ 0. We consider the boundary between these two regimes
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based on when the initial solution would intersect with the steady-state solution at x = 0.

Ti(0, t) =
q
h

(
1− exp

(
h2αt
k2

)
erfc

(
h
√
αt
k

))
(B.48)

To(0) =
q

h+ k
√

β
α

(B.49)

Ti(0, tr) = To(0) (B.50)

ψ =
h2αtr
k2

(B.51)

h

h+ k
√

β
α

= Ch = 1− exp (ψ) erfc
(√

ψ
)

(B.52)

We can solve for ψ numerically, but for our models we use the following analytical approx-

imation.

1− exp
(
−
√
ψ
)
≈ 1− exp (ψ) erfc

(√
ψ
)

(B.53)

ψ ≈ log (1− Ch)
2 (B.54)

tr = ψ
k2

αh2
(B.55)
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Figure B.3: Comparison of analytical (dashed) and numerical (solid) models for a 1D, transient,
semi-infinite system with convection and heat generation at the surface, and dissipation through-
out its length. Red indicates condition 1, blue indicates condition 2, and black indicates condition
3 (see Table B.2 for parameters).
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Table B.2: Physical parameters used when comparing analytical and numerical models.

Condition q k h α β

1 10W/m2 1W/(mK) 0.2W/(m2K) 1m2/s 1 s−1

2 10W/m2 1W/(mK) 1W/(m2K) 1m2/s 1 s−1

3 10W/m2 5W/(mK) 1W/(m2K) 1m2/s 1 s−1

B.9 Validation of Regime Transition Model

To find an approximate solution to the governing PDE (B.56) and boundary conditions, we

find separate solutions for the initial regime Ti and steady-state regime To and combine

them using an equation Fs.

∂T
∂t

= α
∂2T
∂x2

− β T (B.56)

T (x,0) = 0 (B.57)

−k ∂T (x, t)
∂x

∣∣∣∣
x=0

= q− hT (0, t) (B.58)

Ti(x, t) =
q
h

[
erfc

(
x√
4α t

)
− exp

(
hx
k

+
h2 α t
k2

)
erfc

(
x√
4α t

+
h
√
α t
k

)]
(B.59)

To(x) =

 q

h+ k
√

β
α

 exp

(
−
√
β

α
x

)
(B.60)

Fs =
1

1+ exp (5 (1− t/tr))
(B.61)

T (x, t) = Ti (x, t) + Fs (To (x)− Ti (x, t)) (B.62)

To validate this model, we compare it to a discrete-time linear state-space model of the

full PDE, written in Matlab. Figure B.3 compares the analytic and numerical models for

three different systems. The parameters for these systems are shown in Table B.2.

B.10 Explanation of the Virtual Surface Thickness

To approximate the 2D diffusion of heat into the surface on which the hinge is resting,

we include an additional layer in our model composite. This layer has identical material

properties to the table surface (for our experiments, this material is acrylic). We must

also give this layer a representative thickness tv, to account for the total energy flux at

the surface of our system and approximate the specific flux into a given thickness of the
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composite. tv can be thought of as a semicircle around the hinge, so that our analytical

model effectively sweeps the 1D solution in a radial pattern around the heat source. At

t = 0, we expect that, for a point source, the characteristic length Lc of the material into

which it is diffusing is small, so we assume tv = 0 at t = 0. As t → ∞, we expect that

the thermal system asymptotically approaches a steady state, so we assume that tv ap-

proaches a constant. To capture this behavior in our model we use Equation (B.63); it was

chosen because it has a form similar to the one found in Appendix B.8 to approximate

the surface temperature with respect to time. We chose appropriate constants based on

our experimental results. We do not have a physical justification for these values, but it is

worth noting that 0.025 s ∼ h
√
α(1s)/k for the parameters of our experiments, and these

parameters appear in this form in the original Equation (B.53).

tv = (12mm)
[
1− exp

(
−0.025

√
t/ (1s)

)]
(B.63)
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C

Mechanical Model
C.1 Values for Determining Maximum Face Size

C.1.1 Bidirectional Composite

Value Symbol Value Units

Density of polystyrene ρs 1200 kg/m3

Thickness of polystyrene ts 250 µm
Density of polyimide ρh 1400 kg/m3

Thickness of polyimide th 25 µm
Density of adhesive ρd 1100 kg/m3

Thickness of adhesive td 50 µm
Density of paper ρp 650 kg/m3

Thickness of paper tp 510 µm
Area density of composite ρA 1.51 kg/m2

Torque per meter τs 70 mN m/m
Max face length Lmax 97 mm

C.1.2 Uniformly Heated Composite

Value Symbol Value Units

Area density of composite ρA 1.07 kg/m2

Torque per meter τs 96 mN m/m
Max face length Lmax 142 mm

C.1.3 Millimeter Scale Composite

Value Symbol Value Units

Density of polyolefin ρp 1000 kg/m3

Thickness of polyolefin tp 25 µm
Density of polyimide ρh 1400 kg/m3

Thickness of polyimide th 7.5 µm
Density of adhesive ρd 1200 kg/m3

Thickness of adhesive td 5 µm
Density of aluminum ρal 2700 kg/m3

Density of FR-4 ρfr 1400 kg/m3

Thickness of substrate ts 50 µm
Area density of aluminum composite ρa 636 g/m2

Area density of FR-4 composite ρf 467 g/m2

Lever arm δs 76 µm
Torque per meter τ 9.7 mN m/m
Max face length—aluminum Lmax 56 mm
Max face length—FR-4 Lmax 65 mm
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C.2 Shape Memory Polymer Characterization

The relationship between stress and strain in an SMP is complex. SMPs generally exhibit

viscoelastic behavior and undergo large strains, often exceeding their linear elastic regime

[150]. Their behavior is also temperature-dependent, especially as the SMP transitions

from a glass to a rubber phase [72]. For the purposes of our models, we assume that the

heating process occurs quickly enough that the SMP phase transition is a discrete event,

allowing us to ignore the temperature dependence and viscoelastic effects.

C.2.1 Thick Polyolefin

The thick polyolefin used in our experiments (Section 3.2) contracts uniaxially and has

a shrink ratio of 2-to-1, indicating it shrinks to 50% of its initial length. It has a transi-

tion temperature Tg of 95 °C and a full recovery temperature of 125 °C [151], indicating a

transition range 2Tr of 60 °C.

To measure the Young’s modulus of the SMP, a 25 mm wide by 15 mm long strip of

410µm thick polyolefin (PO) was heated above 120 °C via joule heating from a flexible

circuit. While heated, it was stretched at a rate of 500µms−1 to a final length of 30 mm

in a material testing machine (5566, Instron). During this time the resulting force was

measured at 20 Hz. The force was found to be approximately linearly proportional to

the displacement over the range measured (Fig. C.1). This indicates that the PO remained
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Figure C.1: The measured stress (solid line) of a single polyolefin sample as a function of strain
under a constant strain rate of 0.033 s−1. The dashed line indicates our linear model with a
Young’s modulus of 400kPa.
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elastic up to a strain of 1 in its rubber state, which is the effective strain its under when it

is first activated. The Young’s modulus in the rubber state was determined to be 400 kPa

from the ratio of the engineering stress to the strain.

C.2.2 Polystyrene

In order to determine the transition temperature and range of the PS, we placed 216

mm long samples in a temperature-controlled oven at temperatures ranging from 70 °C

to 140 °C for at least five minutes, and then removed, cooled, and measured. These mea-

surements are shown in Figure C.2, and the data indicates that the transition temperature

Tg = 105 °C, with a transition range 2Tr = 30 °C

The contractile stress of the PS was measured using a material testing machine (5544A,

Instron). Five dogbone samples with a width of 10 mm and a length of 50 mm were fixed

in length and then activated with a heat gun. The peak contractile force was measured

to be 1.74 N with a standard deviation of 0.16 N. Given that the PS is 250µm thick, the

contractile stress of the PS is 696± 64kPa.

C.2.3 Thin Polyolefin

The thin polyolefin (PO) used in our experiments (Chapter 6) has a shrink ratio of 4-to-1,

meaning that it contracts to 25% of its original length when activated. This also means

that if it transitions into its rubber phase while its length is fixed, it is under an equivalent

strain of 300%.
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Figure C.2: The measured stress (solid line) indicates the resting strain of the PS as a function of
the fully contracted length. The dashed line indicates our predicted lengths based on a Tg = 105°
and Tr = 15°
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Figure C.3: The measured stress (solid line) of the polyolefin as a function of fixed strain after
activation. A second order polynomial curve was fit to the data (dashed line). Error bars indicated
standard deviation, N=5.

Rectangular samples of the PO were cut with a width of 40 mm and a length of 80 mm.

Each sample was installed in a material testing machine (5544A, Instron) and clamped

so that the length of the material between the clamps was 30 mm long. Each sample

was heated with a heat gun until it had transitioned completely, and the peak stress of the

material was recorded. This activation occurred within three seconds in order to minimize

viscoelastic behavior. Five samples were measured, resulting in an average stress of 5.11

MPa with a standard deviation of 0.25 MPa.

To measure the contractile stress at different strains, a 30 mm length of the sample

was clamped, and the clamps were then moved to 22.5 mm (to measure the stress at 200%

strain) or 15 mm (for the stress at 100% strain) apart. This allowed the SMP to contract

freely until reaching the target strain. Five samples were measured for each configuration.

The measured stress σ as a function of strain ϵ is displayed in Figure C.3. Because the

unconstrained PO contracts to its resting length when activated, we expect that σ mono-

tonically decreases until we reach complete contraction at 0% strain. However, the data

indicates that σ and ϵ are not linearly related in this regime; the tangent modulus during

initial contraction is higher than after partial relaxation. We fit the measured values to a

second order polynomial (C.1) and used this to model the PO σ as a function of ϵ.

σ =
(
0.58ϵ2 − 0.07ϵ

)
MPa (C.1)

In each of these cases, the sample was fixed at a sufficient length that the sample was
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allowed to contract freely in the orthogonal direction. However, in our hinges, the width

of the PO is effectively fixed because it is clamped at both ends and the length is much

smaller than the width. To determine if the aspect ratio of the PO sample affected the

contractile stress, we ran additional experiments, clamping the PO at a length of 8 mm,

replicating the aspect ratio of the PO in the hinges. We measured five samples and found

that the PO clamped at an 8 mm length exerted a stress of 4.87 MPa, with a standard

deviation of 0.25 MPa. This is similar to the stress measured in the PO clamped at 30 mm,

indicating that the orthogonal contraction does not have a significant effect on the stress

in the PO.

C.3 Angular Dependence of Hinge Torque

We generally solve for the torque exerted by a self-folding hinge in a flat and static state,

and use this as a model for predicting whether or not a hinge will fold. We do this because

we have observed experimentally that once a hinge begins to fold, it continues until either

the motion is physically blocked or the SMP has contracted to its resting state. If this

assumption is true, then as long as the initial torque is great enough to overcome gravity

and begin the folding process, the hinge will fold to completion.
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Figure C.4: A geometric model of torque due to SMP contraction as a function of hinge angle. Red
indicates the contracting SMP. Ls is the length of the exposed SMP, Fs is the force exerted by the
SMP layer, wg is the gap width of the hinge, to is the offset distance of SMP layer from the flexural
layer, Lf is the length of the folding face, δs is the distance of the SMP layer from the point of rota-
tion, δg is the lever arm of the force of gravity Fg around the point of rotation, θ is the hinge angle,
and ϕ is a dependent angle used in the model.
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To justify this analytically, we consider the self-folding hinge at an arbitrary fold angle

θ, experiencing a total torque τt that is the function of three separate components: a torque

τs due to SMP contraction, a torque τg due to gravity, and a torque τh due to the stiffness of

the flexural hinge (Fig. C.4). For the following equations, we have normalized each value

to a hinge length of one meter, as this length affects each torque proportionally. At this

angle, the length Ls of exposed SMP and the distance δs of that SMP from the hinge point

can be calculated as a function of θ using an intermediary angle ϕ, as well as the gap width

wg and the offset distance between the SMP and the flexural layer to.

ϕ =
π − θ

2
(C.2)

Ls = 2 [(w/2) sin (ϕ)− to cos (ϕ)] (C.3)

δs = to sin (ϕ) + (w/2) cos (ϕ) (C.4)

We use the shrink ratio SR to calculate the resting length Lr and strain ϵ of the PO, and

use the best-fit equation relating stress and strain (appendix A) to model the PO stress σ

as a function of ϵ.

Lr =
w

SR − 1
(C.5)

ϵ =
Ls − Lr
Lr

(C.6)

Fs = ts σ (C.7)

From these values we can calculate τs and τg.

τs = Fs δs (C.8)

Fg = g ρa Lf (C.9)

δg =
Lf
2
cos (θ) (C.10)

τg =
g ρa L2f
2

cos (θ) (C.11)

In the case of the composite in Chapter 6, the length of the flexing layer dh is approx-
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Figure C.5: The modeled torques exerted on the hinge due to SMP contraction (blue), gravity (red
dashed), and hinge stiffness (black dotted) as a function of hinge angle for a representative hinge
geometry (relevant values in Table C.1). This graph is for a hinge with a maximum possible face
length, so the SMP torque and gravity torque are equal when the hinge is flat.

imately 100µm, which is due in part to the SMP delaminating from the substrate on the

convex side. τh can be solved as a function of dh, the curvature κh, the thickness th of the

polyimide, and the Young’s modulus Eh of the polyimide.

κh =
θ

Lh
(C.12)

Ih = t3h/12 (C.13)

τh = Eh Ih κh (C.14)

τt = τs − τg − τh (C.15)

Table C.1: Values used for calculating the hinge torque, gravity torque, and hinge stiffness in the
millimeter-scale aluminum composite.

Value Symbol Value Units

Polyolefin thickness tp 25 µm
Aluminum composite area density ρa 636 g/m2

Face length Lf 55 mm
Offset thickness to 76 µm
Shrink ratio SR 4
Gap width wg 0.4 mm
Flexural thickness th 7.5 µm
Flexural Young’s modulus Eh 2.5 GPa
Flexural length dh 100 µm
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For the case of a typical hinge using the composite design presented in Chapter 6, we’ve

plotted these three component torques as a function of hinge angle (Fig. C.5). In this graph

the face length is set to be the maximum possible, so τs and τg are equal at 0 rad. This

represents the maximum face size that can self-fold against gravity. The graph shows that

τs initially increases as a function of fold angle, and then remains greater than τg, so if τt ≥ 0

in the hinge’s flat state and the hinge begins folding, τt will only be larger at higher angles.

The stiffness of the flexural layer is small but becomes significant at higher angles. Based

on our observations, the hinges rarely stopped folding before reaching their mechanical

stops, so we believe the stiffness never becomes great enough to stop folding. This may be

due to the delamination between the flexural layer and the hinge. If delamination increases

as fold angle increases, then dh will also increase, decreasing the stiffness of the hinge

and τh. This behavior would explain the large standard deviations we see when folding

extremely high angles. If some of these hinges delaminated and others didn’t, we would

see some hinges fold completely and others stop prematurely.

The model here does indicate that we cannot assume that all hinge geometries will fold

to completion. Ifwg or Sr are too small, or to is too large, τs will fall below τg before reaching

a 90° angle.
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D

Manufacturing Estimates
D.1 3D Printing

We estimate the cost associated with both industrial and consumer-grade 3D printers in

our comparison. Our example industrial printer is an Objet30 Scholar 3D printer, the

cheaper of two printers our lab has access to. Printing the crane would consume 390g of

build material and 150g of support material at a cost of $0.50g−1 (based on the prices

paid in our lab), ignoring power consumption. This results in a part cost of $270. The

printing job would take 21 hours.

For a consumer-grade printer we used the Form-1 printer, currently available for $3000.

Printing this piece requires 7 hours and 275 mL of material. The polymer costs $150 per

liter, for a material cost of $41 for each piece. This printer is cheaper and faster than an

industrial printer, but has less material options, is less precise, and in our experience is

less reliable. Both of these estimates are provided by the printing software written by the

printer manufacturer.

D.2 Injection Molding

To estimate the cost of injection molding a plastic crane, we assume the geometry is a hol-

low shell with the same shape as the folded crane. Given a thickness of 2mm and a surface

area of 19200mm2, this requires 38400mm3 of material. The density of thermoplastics

is approximately 1000kg/m3 and thermoplastics cost $1 to $10/kg, so we estimate each

crane to cost about $0.20 in material.

The time to injection mold each part depends on several factors, and equations for

estimating the injection time can be found in Boothroyd et al. [152]. The injection cycle

can be separated into three phases: The injection time tf, the cooling time tc, and the

resetting time tr.
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tf =
2Vs pj
Pj

s = 0.3 s (D.1)

tc =
h2max

π2α
ln

4 (Ti − Tm)

(Tx − Tm)
s = 22.3s (D.2)

tr = 5s (D.3)

(D.4)

We assume that operation of these machines costs $40 per hour [152], the injection

cycle takes a total of 28 s, so the per-part operation cost is $0.28 and the full per-part cost

is $0.49.

For our estimates, we assume a typical injection molding machine with a clamping force

of 1100kN, a maximum clamp stroke of 37 cm, and a driving power Pj of 22kW [152]. We

use high-impact polystyrene as our example material because its properties result in a

relatively fast production time.

The setup cost of an injection molding process is dominated by fabrication of the mold.

The cost of machining the mold Cm can also be estimated using equations from Boothroyd

et al. [152]. This cost can be expressed as a function of many factors, including the mold-

making hours Mb, the ejector pin hours Me, the hours due to complexity Mx, the hours due

to size Mpo.

Mb = 50+ 0.023Ac h0.4p h (D.5)

Me = 2.5A0.5
p h (D.6)

Mx = 5.83 (Xi + Xo)
1.27 h (D.7)

Mpo = 5+ 0.085A1.2
p h (D.8)

Cm = (Mb +Me +Mx +Mpo) fa CL (D.9)

From these equations we estimate that the time required to make the mold is 196h and

the cost is $7.8k.
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Table D.1: Values for estimating injection molding time and cost.

Symbol Value Description

tf 0.5 s injection time
tc 22s cooling time
Vs 38.4cm3 shot volume
pj 96.5MPa[152] injection pressure
Pj 22kW[152] injection power
hmax 2mm maximum thickness
α 0.09mm2/s [152] thermal diffusivity
Ti 218 °C [152] injection temperature
Tm 27 °C [152] mold temperature
Tx 77 °C [152] ejection temperature
Mb 84h base mold-making hours
Me 51h ejection mold-making hours
Mx 26h complexity mold-making hours
Mpo 121h size mold-making hours
Ac 410cm2 area of mold cavity plate
Ap 410cm2 area of project part
hp 24.4cm combined plate thickness
Xi 1.6 inner complexity
Xo 1.6 outer complexity
fa 1.1 [152] appearance factor
CL $40h−1 [152] cost of labor
Cm $12400 total mold cost

D.3 Milling

For our analysis we consider a computerized numerical cutting (CNC) three-axis milling

system operating on aluminum. A CNC mill can remove 1500 to 7000mm3/s of aluminum

[153]. Assuming that our crane is cut from a single block of aluminum with a volume of

1.50× 106mm3 and the final product has a volume of 2.3× 105mm3, the mill will need

to remove 1.27× 106mm3, taking 3 to 15 minutes. In addition, it takes approximately 45

minutes to set up one machine and approximately 30 minutes to program for cutting the

geometry of the crane [153]. The starting block is estimated to cost $16 to $40 [152].

D.4 Sheet Metal Stamping

For these estimates we assume the crane will be bent from a 0.5mm thick sheet of steel.

The area of the raw material needed for a single crane is 420 cm2, and the cost of a steel

sheet at this thickness is about $0.79/kg, so the raw material for each crane would cost a

total of $0.13.

The part would be manufactured by a pair of press-brake machines in series, one for
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shearing and one for bending. Based on equations provided by Boothroyd et al. [152] we

can estimate the time and money required to set up the manufacturing line and produce

each unit.

The shear die manufacturing time Ms can be broken into a few different components. It

is dependent on the base die machining timeMds, the time due to the perimeter complexity

Mp0, and additional factors accounting for the die plate thickness fp, the plan area fLW, and

the die-type fd.

Mds = 3+ 0.009Au h (D.10)

hp = 9+ 2.5 ln
(

U
Ulc

Vh2
)
mm (D.11)

fp = 0.5+ 0.02hp (D.12)

Xp =
P√
LW

(D.13)

Mp0 = fd (28+ 1.03Xp) h (D.14)

Ms = fp
(
fLW fdMp0 +Mds

)
h (D.15)

Cs = Mp $40h−1 (D.16)

The bending die is a separate machine which transforms the sheared piece. The cost Cb

of the bending die can be estimated from the following set of equations:

fd = 0.9+ 0.02D (D.17)

Mp0 = fd (18+ .023LW) h (D.18)

Mpn = 0.68Lb + 5.8Nb h (D.19)

Mb = Mpn +Mp0 (D.20)

Cb = Mp CL (D.21)

The total machinery setup time and cost isMs+Mb = 184h andCs+Cb = $7.4k, respectively.

A typical 200kN press has a speed of 100 strokes per minute, and a typical operating

cost of $55 per hour [152]. This indicates that operating these twomachines will cost $0.02

per unit. Including material cost, each unit will have a total production cost of $0.15.
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Table D.2: Values for estimating sheet metalworking time and cost.

Symbol Value Description

Mds 6.78h base die set time
Mp0 32.44h perimeter complexity time
Ms 12.5mm total shear die time
hp 6.78h die plate thickness
fp 0.75 thickness factor
Xp 4.3 complexity index
U 4.4× 105 kN/m2 [152] ultimate tensile stress
Ulc 4.4× 105 kN/m2 [152] ultimate tensile stress of low-carbon steel
V 100 production volume, in thousands
h 0.5mm sheet metal thickness
P 88.3cm perimeter length
L 20.5cm rectangular length
W 20.5cm rectangular width
fd 1 [152] die-type factor
fLW 3 [152] plan area correction factor
Lb 83cm total length of bends
Nb 19 number of bends
CL $40h−1 [152] cost of labor

D.5 Resistive Self-Folding

The total cost of the composite is $570 /m2 (Appendix A), and the area of the composite

is 42× 103mm2, resulting in a total material cost of $24, based on the prices we paid

in lab. At high volumes we expect these costs to be roughly half of that. The assembly

process takes approximately one hour by hand, but does not require special training or

safety considerations. In addition, the process is primarily one of cutting and laminating

layers, which could be easily automated.

The equipment required for this process includes three pieces of equipment. The most

expensive component is a laser cutter. We used a Universal Laser Systems VLS 2.30, which

cost us $11700. We also require a power supply capable of supplying up to three amperes,

and a ferric chloride etch tank. Each of these items can be purchased for $500.

D.6 Oven Self-Folding

The cost for the oven-activated composite is much less than for the current-activated com-

posite due to having fewer layers. In particular, this composite does not have a flexible

circuit board, which is the most expensive component of the current-activated compos-

ite. The composite cost is $37 /m2 (Appendix A), and the total area is the same as for the
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current-activated folding sample, resulting in a material cost of $2.

Machining this composite requires the same laser machining system as for the current-

activated folding, but instead of a power supply and an etch tank, it requires an oven or

hot plate. These are also available for less than $500.
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