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ABSTRACT

We focus on the updating of a specific contribution to the precession of the equator in longitude, usually named as
“second order.” It stems from the crossing of certain terms of the lunisolar gravitational potential. The IAU2006
precession theory assigns it the value of −46.8 mas/cy that was derived for a rigid Earth model. Instead of that
model, we consider a two-layer Earth composed of an elastic mantle and a liquid core, working out the problem
within the Hamiltonian framework developed by Getino and Ferrándiz. The targeted effect is obtained without
further simplifying assumptions through Hori’s canonical perturbation method applied up to the second order of
perturbation. On account of using a more realistic Earth model, the revised value of the second-order contribution
is significantly changed and reaches −55.29 mas/cy. That variation of the second-order contribution is larger than
other contributions included in IAU2006. It must be compensated with an increase of −8.51 mas/cy in the value of
the lunisolar first-order component ¢pA of the precession of the equator rate, which is derived from the total rate by
subtracting the remaining contributions accounted for in IAU2006 precession. The updating of the second-order
contribution implies that the ¢pA parameter has to be changed, from 5040684.593 to 5040693.104 mas/cy in
absence of potential revisions of other contributions. It entails a proportional variation of Earth’s dynamical
ellipticity Hd, for which the estimation associated with IAU2006, 0.00327379448, should be updated to
0.00327380001, about 1.7 ppm larger.
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1. INTRODUCTION

The main constituent of the precession of Earth’s equator
longitude is a linear variation due to the first-order effect of the
lunisolar torque. Besides, there are additional contributions to
the longitude rate coming from other sources. Most of the
contributions considered in the International Astronomical
Union (IAU) precession theories IAU1976 and IAU2006 are
computed for a rigid Earth model. However, Earth’s internal
structure also originates contributions of non-negligible
magnitude that cannot be ignored henceforward given the
current accuracy of the observations and the stringent accuracy
and stability demanded for the reference frames.

The theoretical modeling of the precession has advanced
significantly over the past decades following the increasingly
accurate monitoring of Earth’s rotation by the very long
baseline interferometry (VLBI) technique. In the comprehen-
sive revision of the precession theory carried out by Fukushima
(2003) for developing a new set of precession formulae, the
speed of the general precession in longitude (pA) was estimated
as p=5028.7958±0 0003/cy (where cy stands for Julian
century). That uncertainty of 300 μas/cy, equivalent to a
relative error of about 60 ppb (parts per billion), is of the same
order of magnitude as the targets of accuracy and stability of
the reference frames established by the Global Geodetic
Observing System (GGOS) of the International Association
of Geodesy (IAG), namely, 1 mm in position and 1 mm yr–1

in stability (Plag & Pearlman 2009). Those goals, which
correspond to geocentric angles and angular velocities near 30
μas and 300 μas/cy, were adopted by the IAU/IAG Joint
Working Group on Theory of Earth Rotation in 2013 (see, e.g.,
Ferrándiz & Gross 2015).

In 2006 (Hilton et al. 2006) the General Assembly of the
IAU approved Resolution 1, which endorsed the P03 model by

Capitaine et al. (2003, 2005) as the new precession theory
IAU2006 that superseded Lieskeʼs (1977) IAU1976. IAU2006
uses fifth-degree polynomials to model the precession variables
of the equator and the ecliptic. This kind of polynomial
expansion is the most used in precession theories (see,
however, Vondrák et al. 2011). The rate of the longitude of
the node of the equator adopted in IAU2006 is 5038 481507/
cy. It consists of several components. By far, the largest of
them, denoted here4 as ¢pA, is due to the first-order effect of the
lunisolar torque acting on the oblate Earth, close to 5040″/cy—
namely, the linear approximation of the solution for MacCul-
lagh’s term of the lunisolar potential. It is given by a simple
formula depending on Earth’s angular velocity wE and
dynamical ellipticity
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the masses of the Sun, Moon, and Earth, and some orbital
quantities (Kinoshita & Souchay 1990, Equation (8.7))
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Each theory arrives at different determinations of Hd (usually
without specifying estimated errors) depending on the preces-
sion rate inferred from observations and on the remaining
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4 We follow the notation introduced by Souchay & Kinoshita (1996). Notice
that this parameter is the same as that denoted r0 1( ) by Capitaine et al. (2003),
while, e.g., Fukushima (2003) uses ¢P .
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theoretical contributions accounted for. A selection of values
and their sources are displayed in Table 1.

Let us recall that the dynamical ellipticity is a main
parameter that also factorizes all the first-order nutation terms.
Therefore, any change of the adopted Hd requires correcting the
nutation amplitudes by computing the so-called indirect effects
(Escapa et al. 2016).

Besides the main lunisolar first-order rate of the equator
longitude, the IAU2006 precession theory included many effects
of noticeably smaller magnitude than ¢pA, which are listed in Table
3 of Capitaine et al. (2003)—with an update of a single component
in Capitaine et al. (2005). Most of them were derived before the
adoption of the MHB2000 theory (Mathews et al. 2002) as the
IAU2000 nutation theory, and their values are practically the same
as given by, e.g., Kinoshita & Souchay (1990), Williams (1994,
1995), or Souchay & Kinoshita (1996), despite the simplifying
assumptions made in some of the former theoretical models. The
contributions included in IAU2006 (Capitaine et al. 2003, 2005)
are listed in Table 2. All of them but the last one are derived for a
rigid Earth model. The largest contribution is 400 parts per million
(ppm) of ¢pA, due to the geodesic precession.

However, new contributions to the precession rate have been
found since the P03 derivation (e.g., Liu & Capitaine 2015).
For this paper’s sake, we emphasize the generalization of the
IAU2006 (REN2000) lunisolar second-order effects to a non-
rigid Earth (Ferrándiz et al. 2004). The contribution to the
longitude rate that IAU2006 names as lunisolar second-order
effect (split in one part for the Moon and another for the Sun,
labeled “a” and “b” respectively) comes from the main (zonal)
terms of the second order of perturbation solution of the rigid
Earth Hamiltonian (quadratic in Hd); it was derived by Kinoshita
& Souchay (1990) and remained unchanged in REN2000.
Ferrándiz et al. (2004) showed that, unlike commonly believed,
the presence of a fluid core affects the precessional motion of
Earth by a non-negligible amount, reaching−5 ppm of the value
of the precession constant when a Poincaré-like Earth model
(rigid mantle with fluid core) is assumed. An explanation can be
found in the amplification of the Oppolzer terms caused by the
resonance associated with the core.

This research consists in a further extension of those
lunisolar second-order effects for a two-layer Earth model
(Ferrándiz et al. 2004) by including the contributions of the
elasticity to the precession in longitude. Some partial and
preliminary computations of those contributions were derived
by Ferrándiz et al. (2007), but only the numerical results were
presented, due to the nature of that concise proceedings report.

Note that these terms are of a different nature from those
related with the redistribution tidal potential, and currently they
cannot be provided by any theory but the Hamiltonian one
presented in this work.5 Specifically, we evaluate the second-
order contributions to the precession in longitude through
Hori’s canonical method for a two-layer Earth model composed
of an elastic mantle and a fluid core. They arise as a
consequence of the crossing of first-order nutation terms due
to the (2, 0) harmonic of the gravitational potential and the tidal
rotational kinetic energy. We perform a rigorous computation
and a detailed analysis of those contributions. They involve the
indirect terms and also the direct ones, which must be
incorporated when fully taking into account the influence of
the elasticity of the model and nowadays accuracy require-
ments. The indirect terms reflect the effect of the core through
the nearly diurnal free wobble (NDFW), i.e., they can be
associated with the free core nutation (FCN), whereas the direct
ones stem from an additional contribution to the kinetic energy
of the system entirely due to the fluid core.
The structure of the paper is as follows. Section 2 contains

an outline of Hori’s canonical method that is applied to the
Hamiltonian of the non-rigid Earth model considered in this
work. It provides analytical expressions for the second-order
contributions to the precession rate. Those expressions are split
according to their different origins, which is possible thanks to
the analytical approach used in their derivation. Section 3
contains a numerical evaluation of new contributions, compar-
ing them with other relevant second-order corrections appear-
ing in the literature. Finally, in Section 4, we draw the main
conclusions of this investigation. The paper is completed with
two appendices including some auxiliary material.

2. DERIVATION OF THE NEW SECOND-ORDER
CONTRIBUTION TO PRECESSION

The solution that contains the new contribution to the
precession, due to the previously mentioned non-rigid Earth
structure, is worked out using the Hamiltonian approach
developed by Getino & Ferrándiz (1991, 1997, 2001) for the
non-rigid Earth. Some of its main features are as follows: (1) it
allows a consistent treatment, since the first- and second-order
lunisolar perturbations are derived from a sole Hamiltonian,
with only a set of basic Earth parameters (BEPs) and a sole

Table 1
Different Determinations of the Dynamical Ellipticity

Hd Value Uncertainty Source

0.0032737 634 ... Williams (1994)
0.0032737 548 ... REN2000, Souchay et al. (1999)
0.0032737 674 ... RDAN97, Roosbeek & Dehant (1998)
0.0032737 949 12 × 10−10 MHB2000, Mathews et al. (2002)
0.0032737 804 3 × 10 −10 Fukushima (2003)
0.0032737 9448 ... P03, Capitaine et al. (2003)
0.0032737 96 ... FNEG04, Ferrándiz et al. (2004)
0.0032738 0001 ... This work

Note. Ellipsis points means that the uncertainty is not provided in the source
along with the value. The Hd value in MHB2000 is 12 ppm larger than the
corresponding parameter in its underlying rigid Earth theory REN2000.

Table 2
Contributions to Precession Rate Included in IAU2006

Contribution Value (mas/cy) Source

First-order lunisolar ( ¢pA)
a 5040684.593 Capitaine et al. (2005)

Second-order lunisolar −46.780 Williams (1994)
Lunisolar J4 +2.600 Williams (1994)
First-order planetary +31.367 Capitaine et al. (2003)
J2-tilt −269.430 Williams (1994)
Geodesic precession −1919.883 Capitaine et al. (2003)
MHB2000ʼs nonlinear effect −0.960 Mathews (unpublished)b

Notes.
a Not provided explicitly, but obtained by subtraction.
b Recomputation of the Mathews et al. (2002) value cited in Capitaine
et al. (2005).

5 The nonlinear effects presented in Mathews et al. (2002) are related to some
part of the redistribution tidal potential (Lambert & Mathews 2006), i.e., to the
effects of the variation of the geopotential due to tidal deformations.
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tide-generating expansion; (2) the crossing effects are rigor-
ously obtained by Horiʼs (1966) perturbation method; and (3)
the procedure is systematic and can be performed by computer
algebra; therefore, no group of terms must be neglected in
advance to simplify the analytical derivations (unlike what
happens usually in less elaborated approaches dealing with the
equations of motion).

2.1. Outline of the Method

Next, the procedure followed in the derivation is sketched.
The method is very close to that used in Ferrándiz et al. (2004)
to derive an analogous contribution to the precession in the
case of rigid mantle, although the consideration of the elasticity
introduces noticeable complexities and differences. The
original Hamiltonian, , is divided into perturbation orders
and then transformed into a new Hamiltonian, , easier to
solve, by calculating the generating function,  , of a certain
canonical transformation close to the identity. Finally, the
precession rate perturbation is computed by taking a certain
partial derivative of the generating function.

More precisely, we apply a perturbation method based on
Lie series up to the second order, which is equivalent to the
Hori (1966) canonical method, combined with an averaging
requirement. The starting (“old”) and transformed (“new”)
Hamiltonians are each divided into an unperturbed or zeroth-
order term and perturbation terms of first and second orders,
namely,

   
   

= + +
= + +

,
, 3

0 1 2

0 1 2 ( )
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, .
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Here -- --,{ } denotes the Poisson bracket and subscript
“sec” the secular part (or time average) of a function. The
components of the generating function  = +1 2 satisfy
the equations of the method
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       = - - + º,
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Their solutions i can be expressed as

 ò= - dt, 7i i
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where subscript UP means that the integral is computed
along the trajectories of the unperturbed problem (0). It
is understood that functions on the right-hand side of
Equations (4)–(7) are expressed in the new canonical variables
q p,( ) on which  depends by literally substituting the old by
the new ones (Ferraz-Mello 2007).

Notice that all the terms i of the new Hamiltonian are
defined in order to be free from periodic components, whereas
functions i andi average to zero. The method provides an
asymptotic approximate solution to the original variables as
the sum of periodic perturbations superposed to a secular
evolution. The periodic perturbations are derived from the
so-called perturbation equations and are not needed for this

paper’s goals. The secular motion is the solution of the
transformed Hamiltonian, which is free of periodic terms up to
the second order of perturbation. Therefore, the equations
derived from  give rise to the secular motion of the canonical
variables, which is the relevant one to study precession. More
precisely, if the secular solution is assumed to be known up to
the first order of perturbation, the additive contribution to the
rate of a canonical coordinate qj conjugate to pj (e.g., the
incremental precessional rate in our problem) is obtained by
means of
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2.2. Arrangement of the Hamiltonian of the Two-layer Earth

Let us consider a two-layer Earth composed of a mantle and
a fluid core and subject to elastic deformations. A Hamiltonian
formulation of that system was used by Getino & Ferrándiz
(2001) in their GF2000 nutation solution, by means of an
Andoyer-like set of canonical variables. The first step is casting
the Hamiltonian into the form given by Equation (3). Term 2
gathers some small perturbations, e.g., the lunisolar potential
accounting for the rigid Earth’s triaxiality (Kinoshita 1977) or
corresponding to its higher-degree harmonics (Folgueira et al.
1998, 1999, 2001), the planetary rigid Earth potential
(Kinoshita & Souchay 1990), and non-rigid Earth terms like
the additional potential due to the deformations induced by the
rotational potential or lunisolar attraction (Getino & Ferrándiz
1995). However, the 2 contribution to precession, indepen-
dently of its magnitude, only depends on its secular part  ;2 as
we are concerned here only with the effect arising from the
interaction among 1, 1, and 1, according to Equations (4)
and (8), the expression of 2 is irrelevant for our purpose and
can be ignored without altering the results.
We can start from the simplified Hamiltonian

  = + , 90 1 ( )

which replaces Equation (3), where

 = = + + +T E V V T, . 10t0 0 1 sec per ( )

In these expressions, T0 is the rotational kinetic energy of Earth
in a certain unperturbed state prior to deformation considered
in the definition of the canonical variables, E is the term
introduced by Kinoshita (1977) for referring the problem to the
ecliptic of date, and Vsec and Vper are, respectively, the secular
and periodic part of the (2, 0) harmonic (the J2 term) of the
gravitational potential. Finally, Tt is the increment of the
rotational kinetic energy arising from the change of the inertia
tensor caused by Earth’s tidal deformation. This term is
responsible of the contributions to the precession in longitude
worked out in this investigation, and it is absent in Poincaréʼs
Earth model (Ferrándiz et al. 2004).
With this decomposition of, the secular perturbation terms

of Hamiltonian  read as

    = + = +E V ,
1

2
, , 111 sec 2 1 1 1 sec{ } ( )

where

 ò= +V T dt. 12
UP

t1 per( ) ( )
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Getino & Ferrándiz (2001) expressed the Hamiltonian in a
convenient canonical set (M, N, Λ, Mc, Nc, L ;c μ, ν, λ, mc, nc,
lc), where variables with c subscripts correspond to the core,
and the rest to the whole Earth—see Figure 1 and also Getino
(1995) or Getino & Ferrándiz (1997) for additional details.6

Andoyer’s plane (orthogonal to the total angular momentum) is
defined by its longitude λ (reckoned in the direct sense) and the
auxiliary angle = L-I Mcos 1( ). The secular evolutions of the
equatorial plane and the Andoyer plane are the same, and thus
the classic precessional variables yA and A, which provide the
longitude and obliquity of the ecliptic, are related to Andoyer’s
by y l= -A and  = -IA .

Therefore, the rate pA of the general precession in longitude
is given by Getino & Ferrándiz (1995),

⎜ ⎟⎛
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The unperturbed term 0 does not depend on Λ and I
or contribute to pA accordingly. The first-order contribution
arising from 1 is
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where ¢pA is the main term of the longitude rate given in
Equation (2), and the contribution from the moving ecliptic SL

E

is the same as derived by Getino et al. (2010, Equation (C1))
for the rigid Earth. In turn, the second-order contribution to
precession in longitude is given by
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since  ,1{ } has no secular part. Finally, let us indicate that
the only contribution to the obliquity rate under our assump-
tions stems from the term E (Getino et al. 2010), since the

perturbation model includes no dissipations—algebraically, 2

does not depend on angle λ since it is defined by averaging.

2.3. Calculation of 2

The components of the periodic first-order term of the
Hamiltonian, +V Ttper , appear in previous work of the authors
(see, e.g., Getino & Ferrándiz 2001, Equations (55) and (59))
and can be written as
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In the formulae above, the first summation index p takes the
values of the perturbing bodies, namely, M (Moon) and S
(Sun), and will be omitted hereinafter to simplify the
expressions. Constants ¢kp are the same as used in Kinoshita’s
rigid Earth theory, following the notation introduced by
Kinoshita & Souchay (1990); kp

m and kp
c are the constants

introduced by Getino & Ferrándiz (2001) to account for the
energy variations of mantle and core, respectively, induced by
elastic deformation, which have similar units to Kinoshita’s kp
and are proportional to the k2 Love numbers and Kubo’s κ

(Kubo 1991; Escapa 2011); B Ii p, ( ) and tC Ii p, , ( ) are the orbital
functions (see Appendix A) andQi the nutation arguments used
by Kinoshita (1977), which depend on a five-dimensional
vector subindex =i m m m m m, , , ,i i i i i1 2 3 4 5( ) such that

Q = + ¢ + + + Wm l m l m F m D m , 18i i i i i i1 2 3 4 5 ( )

with = +F l g, = + + - ¢ - ¢ - ¢D l g h l g h , lW = -h ,
and (l, g , h), ( ¢l , ¢g , ¢h ) the Delaunay variables of the Moon and
Sun, respectively.
As for the remaining variables, the auxiliary angle

s = - N Mcos 1( ) measures the deviation between the angular
momentum and figure axes, which allows neglecting the terms
of s2 order that factorize semidiurnal arguments in this
precession study—as done in Equation (17). Variables

m n t= + - Qthi i, were introduced by Getino & Ferrándiz
(2001) and lie in the diurnal band since m n w+ =d dt E( ) .
Finally, when the variables specifying Earth’s rotation must

be considered as time-dependent functions, because Earth is
playing the role of perturbing body in the elastic problem
(Kaula 1964; Efroimsky & Williams 2009), they are denoted
with a tilde (e.g., Ĩ , ñ) alike in Getino & Ferrándiz (1995,
2001). For the sake of simplicity, the argument of Kinoshita’s
functions is omitted in many steps and a self-explained
abridged notation is used, e.g., ºt tC C Ii p i p, , , , ( ), ºtCi p, ,˜

tC Ii p, , ( ˜).
The first-order generating function (12) is the same as

obtained in Equations (56) and (62) of Getino & Ferrándiz
(2001), particularizing them for our Earth model (G = 0).
Therefore, we can proceed with

  = + , 19P t1 ( )

Figure 1. Andoyer-like canonical set for a two-layer Earth model.

6 When reducing our model to the rigid case, the variables (M, N, Λ; μ, ν, λ)
correspond to (G, L, H; g, l, h) in Kinoshita’s notation. Similarly, the auxiliary
angle, s = - N Mcos 1 , corresponds to J.
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where subscripts P and t refer to Vper and Tt parts in Equation
(12), respectively, and its components are
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, , , , ,( ) (k= 1, 2) are the coeffi-
cients used in Getino & Ferrándiz (2001), which are displayed
in Appendix A. It can be seen there that coefficients F and G
depend on some dimensionless parameters (ellipticities and
ratio of inertia moments of Earth and core) and some angular
velocities, namely, wE, the frequencies of the free two-layer
Earth wobbles CW and FCN (Chandler Wobble and FCN) and
the frequencies of the diurnal band terms in those expan-
sions, w r= = -rrn dh dt nh j E j,j, .

The secular second-order term 2 (Equation (16)) can be
expressed as
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Therefore, the first step is the calculation of the four Poisson
brackets, and then of their secular parts. Notice that in the
absence of elasticity, i.e., in Poincaréʼs Earth model treated in
Ferrándiz et al. (2004), only the first bracket was necessary to
obtain 2. The main guidelines for computing these Poisson
brackets are given in Appendix B. Neglecting the terms of first
order in σ and sc and higher, we get after some algebra
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The first group of terms (coming from zonal–zonal crossing as
the presence of the Bi coefficients reveals) is analytically the
same for rigid one-layer or two-layer Earth models, either rigid
(Poincaréʼs) or elastic. The second group, with sectorial–
sectorial crossing origin shown by coefficients Ci, is formally
kept only inside the class of two-layer models. However, we
can recover the rigid Earth expression by replacing Fi

a1

functions with t-mn n1 i( ), where w=mn C AE .
The remaining Poisson brackets in Equation (21), also

truncated at s sO , c
0 0( ), are
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These expressions are exclusively due to the elastic yielding of
the two-layer Earth model (Tt term), i.e., they are not present in
Poincaréʼs Earth model (Ferrándiz et al. 2004). They have a
double origin. On the one hand, some of them depend
indirectly on the core, just through the functions rFj

ka
, and

rDj q
ka
, , , which are sensitive to the frequency of the NDFW. On

the other hand, some terms depend directly on the modulus of
the core angular momentum Mc.

2.4. Analytical Solution of the Second-order Precession

The secular part of the Poisson brackets that gives 2 can be
obtained straightforwardly, by simply requiring that the angular
arguments in Equations (22) and (23) vanish. Omitting the
tildes for brevity, in the case of arguments Q - Q = 0i j

(zonal–zonal) there is only a possibility, which is satisfied
when i=j; the contributions to precession of such origin are
identified in the following with the superscript 00. In the most
frequent case of having the argument t rQ - Q = 0i j , we have
two possibilities: first, = =i j 0 and unrestricted t r, (=1),
identified here with the superscript 10; and second,

t r= ¹ =i j 0 and , noted with superscript 11.
The contributions to the precession rate in longitude derived

from the resulting secular part of the first Poisson bracket given
in Equation (22) are readily obtained from Equation (15) and
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= ¢ =k k Mp p w¢k Cp E( ) being the usual Kinoshita’s (1977)
constants of Moon and Sun, proportional to the dynamical
ellipticity Hd.

Let us remark that the dpP
00 term (arising from zonal–zonal

crossing) corresponds to the second-order lunisolar effect first
computed by Kinoshita & Souchay (1990), whose value has
remained unchanged since then and has been adopted
particularly in REN2000 (Souchay et al. 1999), Williams
(1994), and Capitaine et al. (2003). Notice that the correspon-
dence is not exact, because the original derivation of it was
performed jointly with the J2-tilt effect and using a few terms
obtained from an elliptical approximation of the Moon and Sun
orbits (instead of their own accurate orbital coefficients Ai p

j
,
( )).

These three terms were first calculated by Ferrándiz et al.
(2004), who used the notation dp dp dp, ,0 10 11.

The remaining three Poisson brackets given in Equation (23)
provide the contributions steaming from the elasticity of the
model and have been derived for the first time in this work,
being one of its most important results. They can be arranged as
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Superscripts have the same meaning as before and, regarding
subscripts, terms dpt I, gather the indirect effects of the fluid
core, while dpt D, contain the direct ones. The latter come from

the terms of the generating function that depend on the
canonical variables of the core, and are proportional to M Mc .
Note that the T ,t t{ } bracket does not generate any
contribution, since it does not depend on the canonical variable
I but on the function of time Ĩ , so that all the direct effects of
the core arise from the second term of T ,t P{ }. These effects
have not been considered in the literature so far.
The direct and indirect contributions may be added up to a

single analytical expression taking into account the following
relationship between Fi and Gi functions:

= -t t
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M
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i
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which can be obtained from the formulae included in
Appendix A. The overall second-order contribution of the
elasticity to the precession rate in longitude can thus be
written as
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These expressions supersede Equation (25). Notice that the
indirect effects can be isolated by changing the factor of 2 that
multiplies -k kq

m
q
c( ) in Equation (27) to a factor of 1.

2.4.1. Final Analytical Expression of the Second-order Contribution

In conclusion, the total effect dp 2∣ can be represented by
means of a sum of three groups of terms in the form

d d d d d d dº = + + + +p p p p p p p . 28P P P t t
00 10 11 10 11

2∣ ( ) ( ) ( )

Each group of terms is associated with certain improvement of
the Earth model assumed in the derivation of the second-order
effect. A (one-layer) rigid model gives rise to dpP

00 only; a
two-layer model with rigid mantle (Poincaré’s) adds the terms
d d+p p ;P P

10 11
finally, d d+p pt t

10 11 is added in the elastic two-
layer Earth case (including both direct and indirect core
effects).

3. NUMERICAL RESULTS AND DISCUSSION

The analytical expressions that provide the different
components of the lunisolar second-order effect have been
evaluated numerically. The values assigned to the parameters
are displayed in Table 3, together with the sources of each.
Parameters specific to the Hamiltonian formulation have been
taken from the Getino & Ferrándiz (2001) two-layer nutation
series. Using the values resulting from the fit of a three-layer
solution, or a different set of parameters, produces differences
below the uncertainty threshold of the determination of
precession, given the small magnitude of the effect and the
small variations of parameters between both models. At any
rate, the analytical nature of our results allows the evaluation of
those contributions using different rheological models in a
straightforward manner.
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Table 4 contains the numerical values of the different
individual components of the precession rate contribution
derived in Section 2.4 for the considered elastic two-layer
model. The three central rows correspond to the different kinds
of groups identified with superscripts according to their origin,
00 (zonal) and 10, 11 (sectorial), whose constituents were
distinguished with subscripts p t, . The last two groups arise
from the components of the Hamiltonian and the generating
function, which give rise to the Oppolzer nutation terms at first
order. These kinds of terms were introduced in the precession
theory by Ferrándiz et al. (2004). Their magnitude is strongly
dependent on the Earth model features, since they are amplified
by the resonance induced by the fluid core as happens with
Oppolzer terms in nutations.

The first column of figures (column (2)) provides the first
three terms, dpP

00, dpP
10, and dpP

11, of the total contribution shown
in Equation (28). Let us recall that their sum would contain the
total second-order effect if we removed elasticity from the
hypothesis; the column is labeled as Poincaré–rigid mantle +
fluid core for that reason. Besides, the first term of column (2),
dpP

00, is common to rigid and non-rigid Earth solutions; it is
obtained from the terms of the potential and of the first-order
generating function that produce the Poisson nutation terms at
first order (Kinoshita 1977). The next two columns display the
additional contributions stemming from elasticity, named dpt

10

and dpt
11 in Equation (28), separating in each the indirect

(column (3)) and direct (column (4)) effects of the core, defined
in Equation (25)—dpt I

x
,
1 and dpt D

x
,
1 , respectively. The last column

sums the contributions of each kind, and the last row is the total
by columns.

Let us remark that all the constituents of the total precession
rate (except one, the direct core effect dpt D,

11 ) exceed 0.3 mas/cy.
We have taken here that value as proxy of the current accuracy
needs because it is the GGOS stability goal and also the
estimation of the speed of the general precession in longitude
made by Fukushima (2003). It can also be seen that the direct
effects of the core are smaller than but reach the same order of
magnitude as the indirect ones. Looking at the last column,
which gathers the total contribution of each group, we can
consider that its first cell, −45.51 mas/cy, has been somehow
accounted for in precession theory, since it corresponds to an

effect (dp00 term) common to rigid and non-rigid Earth models,
as noted in the previous paragraph. However, the contributions
in the other two cells (which gather the total dp10 and dp11

effects of sectorial origin) have never been considered in IAU
precession theories so far. These last effects amount to −9.78
mas/cy, about 20% of the zonal, rigid effect accounted for so
far. Let us notice too that in the absence of elasticity the
sectorial terms would produce a much larger effect that reaches
−23.67 mas/cy; therefore, elasticity reduces the impact of the
NDFW resonance in the precession rate in the same way that it
happens in nutation theory.
To ascertain the uncertainty of our evaluation to −55.29

mas/cy of the second-order effect is not simple, and any
estimation of it has its own drawbacks. Anyway, as it follows
from an approximate analytical solution of a given model,
the discussion can be started by grouping the sources of
inaccuracy into two classes: one relative to the goodness of the
approximation provided by that mathematical solution, and
the other associated with the inaccuracies of the values of
the astronomical and geophysical parameters used in the
numerical evaluation of the analytical solution. The first can
be ignored since the error of our solution is of the third order

Table 3
Numerical Values of the Parameters Employed in the dp Evaluation

Parameter Value Uncertainty Source

wE ´ -7.292115 10 5 rad s−1 ... Luzum et al. (2011)
I0(J2000) -84381.406 arcsec 0.001 arcsec Luzum et al. (2011)
qd dt 1.00273781191135448 rev UT1-day−1 ... Luzum et al. (2011)
Hd ´ -3273795 10 9 ´ -1 10 9 IERS Conventions Petit & Luzum (2010)
kMoon 7567.870647 arcsec cy−1 ... Getino & Ferrándiz (2001)
kSun 3474.613747 arcsec cy−1 ... Getino & Ferrándiz (2001)
k m

Moon 1906.852345 arcsec cy−1 ... Getino & Ferrándiz (2001)
k m

Sun 875.487397 arcsec cy−1 ... Getino & Ferrándiz (2001)
k c

Moon 4514.468392 arcsec cy−1 ... Getino & Ferrándiz (2001)
k c

Sun 2072.714329 arcsec cy−1 ... Getino & Ferrándiz (2001)
PCW 430.9 msd 0.7 msd Nastula & Gross (2015)
PFCN 430.00 msd 0.01 msd Krásná et al. (2013)
A Ac m 0.1284 ... Dziewonski & Anderson (1981)
Orbital coefficients Getino et al. (2010), Table 8 ... Kinoshita & Souchay (1990)

Note. The ellipsis points signify that the uncertainty is not provided in the source along with the value. The Hd value and uncertainty in IERS Conventions (Petit &
Luzum 2010) are consistent with the IAU2006/2000 precession-nutation model (Capitaine et al. 2003).

Table 4
Second-order Lunisolar Contributions to Precession Rate in Longitude (mas/

cy) for the Elastic Two-layer Earth Model Considered in This Work

Poincaréʼs Model Elasticity

Additive Rigid Mantle Core Effects TOTAL

contributions + Fluid Core Indirect Direct

dp00 −45.51 −45.51
dp10 −22.43 +9.45 +3.80 −9.17
dp11 −1.26 +0.48 +0.17 −0.61

dp −69.20 +9.94 +3.97 −55.29
Uncertaintya: ±0.01

Note.
a See the text for discussion.
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of perturbation, and the dimensionless perturbation order
is + » -O V V T 10sec per 0

7(( ) ) (see, e.g., Getino & Ferrándiz
1995).

The second kind of error is more intricate, since the
uncertainties of many parameters are not provided in the
original references and seem to be unavailable in the literature.
It forces us to make complementary assumptions.

For instance, the first component dp00 is independent of the
Earth model as noticed before; although the notation may not
be revealing enough, it only depends on a few astronomical
parameters, basically those present in Equation (2), all of which
are known with a relative uncertainty better than 10−6.
Therefore, all four significant figures of its value displayed in
Table 4 can be taken as exact if this reasoning is considered
plausible.

The two remaining components, dp10 and dp11, depend also
on additional geophysical parameters, mainly the periods of the
Chandler wobble and the retrograde FCN, PCW and PFCN—

which have been widely studied—and the ratio =r A Acm c m.
If we adopt for PCW and PFCN the values and uncertainties
provided in Table 3, the resulting dp uncertainty evaluates to
±0.002 mas/cy, and those parameters would have no effect on
the displayed figures.

The rcm ratio is the most critical parameter. Although there is
a high degree of agreement among different determinations of
it, we found no recent, reliable, explicit evaluation of its
uncertainty and had to resort to indirect estimations. For
instance, we could consider the recent determinations of the
moments of inertia of Earth’s layers appearing in Table 9 of
Chen et al. (2015), which assimilate information from the most
accurate geopotential models. The rcm uncertainty estimated
from those data is ±0.00005 and contributes with ±0.006 mas/
cy to the dp uncertainty, whose final value has been set to
±0.01 mas/cy in Table 4. A more conservative estimation of
the rcm influence can be derived from the difference between
their values derived from PREM and 1066A models (see, e.g.,
Table 1 of Mathews et al. 1991). The uncertainties of rcm and
dp are then estimated to be ±0.0008 and ±0.06 mas/cy,
respectively.

Therefore, the rcm ratio is the dominant source of uncertainty
under both assumptions, and the respective values, 0.01 and
0.06 mas/cy, have the same order of magnitude. In conclusion,
our correction can be considered more accurate than the
determination of the precession rate cited in the introduction
even under the less favorable assumption.

In Table 5 our solution is compared to previous determina-
tions of this second-order effect made for simpler Earth models.
Column (2), with the IAU2006 heading, shows the value
−46.78 mas/cy given to this correction in the P03 theory, the
sum of the second-order lunisolar effects (a) and (b) in
Capitaine et al. (2003) (Table 3). That value was first derived
by Kinoshita & Souchay (1990) and kept unchanged by
Williams (1994), Souchay & Kinoshita (1996), and in the final
release of REN2000 (Souchay et al. 1999) as well. The original
derivation only took into account four zonal terms and used an
elliptical approximation for the orbits of the Moon and Sun. It
is remarkable that their value only deviates 1% from our
complete computation in the rigid Earth case, which includes
198 terms with the same orbits used for the first-order nutations
and arrives at −45.51 mas/cy. In fact, an evaluation with a
reduced set of the largest 11 terms (Getino et al. 2010)
produces no significant variations. The value obtained by
Roosbeek & Dehant (1998) in their rigid Earth RDAN97
theory appears in column (3) and is very close to ours.
Column (4) displays the results published for a two-layer

Poincaré Earth model FNEG04 (Ferrándiz et al. 2004) with a
total amount of −69.25 mas/cy, close to the recomputation of
this work (see Table 4, column (2)). The small difference is due
to the different set of parameters used in both investigations,
PCW and PFCN in particular. Although for the sake of simplicity
they are not displayed in Table 5, the results derived in this
work are also consistent with the preliminary computations of
the indirect terms for a similar two-layer Earth model
(Ferrándiz et al. 2007), also shown in Table 4. Regarding the
rigid case, the first detailed derivation of the sectorial
contribution to the second-order effect on the longitude rate
appeared jointly with the second-order nutation solution by
Getino et al. (2010), who obtained −0.69 mas/cy, very close to
the −0.70 mas/cy here. The row below the total value of each
solution provides the respective deviations with respect to the
IAU2006 reference correction (i.e., the REN2000 value). It is
readily seen that all the deviations exceed 0.3 mas/cy and are
thus above the current goals of accuracy of Earth rotation
theories cited in Section 1.
The first-order precession rate ¢pA is estimated by subtracting

the corrections recognized in the relevant theory from the
observed rate, and then the dynamical ellipticity is determined
from ¢pA taking into account Equation (2) (maybe in the context
of a wider parameter fitting). Therefore, any change dp of the
second-order correction with respect to its reference value in

Table 5
Comparison of Second-Order Corrections (dp in mas/cy)

Solution IAU2006 RDAN97 FNEG04 This Work

Earth model Rigid Rigid Poincaré Elastic two-layer

dp00 −46.78 −45.40 −45.36 −45.51
dp10 −22.59 −9.17
dp11 −1.30 −0.61

Total δp −46.78 −45.40 −69.25 −55.29

Deviation of dp from
IAU2006 value 0 +1.38 −22.47 −8.51

Associated dHd 0 - ´ -90 10 11 1459×10−11 553×10−11

d+H Hd d,IAU2006 0.00327379448 0.00327379358 0.00327380907 0.00327380001

Relative Hd change (ppm) 0 −0.3 +4.5 +1.7
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IAU2006 must be compensated by an equal and opposite
change d d¢ = -p pA of the first-order rate ¢pA to keep the total
rate unchanged. In turn, that variation induces an associated
variation dHd of the dynamical ellipticity such that d =Hd

d¢H p pd A( ) and requires a rescaling of the nutation series
(Escapa et al. 2016).

The next row of Table 5 displays the variations in each case.
The uncertainties of the implied Hd variations can be estimated
similarly. Taking into account the pair of former possible
values of the dp uncertainty, the d = ´ -H 553 10d

11 induced
by the dp deviation −8.51 mas/cy can be attributed to an
uncertainty of  ´ -0.4 10 11 (and below  ´ -3.9 10 11 in any
case). It is worth underlining that this value is more than four
times larger than the uncertainty in the estimation of Hd made
by MHB2000, which was ´ -1.2 10 9, equivalent to 0.4 ppm.

The results of applying the former corrections to the
reference value =H 0.00327379448d adopted in IAU2006
(Capitaine et al. 2003, 2009) are shown in the next row. Note
that the uncertainty of the dHd corrections should not be
extrapolated to the modified values of Hd since the main source
of error of ¢pA still comes from the determination of the
observed rate. Finally, the relative variations of the modified Hd

values with respect to the reference one are provided in ppm in
the last row. This makes the estimation of the magnitude of the
corrections to the main nutation terms easy, taking 17″ and 9″
as proxies of maximum longitude and obliquity amplitudes.

4. CONCLUSIONS

The contribution to the precession rate due to the second-
order solution associated with the main lunisolar potential has
been considered in precession theory for decades; it is the third
in magnitude, after the geodesic precession and the -J tilt2
rates. The IAU2006 precession theory adopted for it the value
−46.78 mas/cy, corresponding to a simplified rigid Earth
model and derived by means of Hamiltonian perturbation
methods. In this paper we have carried out the computation of
that effect in the Hamiltonian framework, assuming a two-layer
Earth model and linear elasticity, and have arrived at an
analytical expression to evaluate those contributions. They
provide a final value of −55.29 mas/cy. The difference
between both values amounts to −8.51 mas/cy and is
noticeably larger than the −0.3 mas/cy that can be taken as
a target of precession theory considering the observational
accuracy and the GGOS goals for reference frames. Therefore,
the value of this correction must be updated and the dynamical
ellipticity of Earth revised accordingly.

This research has been partially supported by the Spanish
government MINECO projects AYA2010-22039-C02-02 and
AYA2016-79775-P (AEI/FEDER, UE). The authors acknowl-
edge the valuable advice of an anonymous referee that helped
to improve the manuscript.

APPENDIX A
FUNCTIONS APPEARING IN THE PRECESSION

FORMULAE

The functions Bi p, , tCi p, , , and tDi p, , are those defined in
Kinoshita (1977) and depend on the orbital coefficients Ai p
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provided in Kinoshita & Souchay (1990) or Navarro (2001).
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The two-layer Earth nutation solution by Getino & Ferrándiz
(2001) is given in terms of a set of functions that allows
determining the amplitudes of the nutation series. When
particularizing them to the Earth model considered in this
work (G = 0), we have
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w t w t= + - = + -t tf m n f m n, . 31i E i i E i1; , 1 2; , 2 ( )

These expressions can be written (Getino & Ferrándiz 2001) in
terms of the BEP of the model P P A A, , c mCW FCN{ } as

⎛
⎝⎜

⎞
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⎛
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m
P

1
1

,

1
1

1
,

1
1

,

,

1
1

, 32

E
c

m

E
c m

c m

c

m

E
c

m

E

E

2
CW

3
FCN

4
FCN

1
CW

2
FCN

( )
( )

( )

where PCW is associated with the Chandler wobble, PFCN is
associated with the FCN, and A Ac m is the ratio between the
equatorial moment of inertia of the core and the mantle.

APPENDIX B
COMPUTATION OF POISSON BRACKETS

In the notation we follow, the Poisson bracket of two smooth
functions f and g of the canonical set (q, p), is defined by the
bilinear operation

⎛
⎝⎜

⎞
⎠⎟å=

¶
¶

¶
¶

-
¶
¶

¶
¶=

f q p g q p
f

q

g

p

f

p

g

q
, , , . 33

i

n

i i i i1

{ ( ) ( )} ( )
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In terms of the Andoyer-like canonical set of a two-layer Earth,
the Poisson bracket is explicitly written as

m m n n

l l m m

n n l l

=
¶
¶

¶
¶

-
¶
¶

¶
¶

+
¶
¶

¶
¶

-
¶
¶

¶
¶

+
¶
¶

¶
¶L

-
¶
¶L

¶
¶

+
¶
¶

¶
¶

-
¶
¶

¶
¶

+
¶
¶

¶
¶

-
¶
¶

¶
¶

+
¶
¶

¶
¶L

-
¶
¶L

¶
¶

f g
f g

M

f

M

g f g

N

f

N

g

f g f g f g

M

f

M

g

f g

N

f

N

g f g f g

,

.

34

c c c c

c c c c c c c c

{ }

( )

The former expression can be split into two parts formally
identical to two Poisson brackets that would depend only
on the subset of variables corresponding to the whole
Earth,  l m n= L M N, , , , ,E ( ), and that of the core,  =c

l m n L M N, , , , ,c c c c c c( ),

= +f g f g f g, , , , 35E c{ } { } { } ( )

denoted with E and c subscripts.
In our developments the functions f and g may depend on the

auxiliary angles σ, sc, I, and Ic, defined through

s s= =
L

= =
LN

M
I

M

N

M
I

M
cos , cos , cos , cos . 36c

c

c
c

c

c
( )

Hence, the derivatives with respect to canonical momenta must
be performed by means of the following expressions (chain
rule):

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎛
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⎞
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⎠
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s s
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¶
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=
¶
¶L

-
¶
¶

M M M

I

M I

N N M

M I I

cot cot
,

1

sin
,

1

sin
, 37( )

and the analogous ones for the core variables (c subscript). The
derivatives in parentheses refer to partial derivatives in the case
of explicit dependence of the related variables.

Computing the Poisson brackets with the assistance of
a symbolic processor is a good option to avoid annoying
calculations and decrease the risk of flaws. The brackets in
Section 2.3 were derived in this way, with the aid of Maple
software. If hand calculation is preferred or used for checking
purposes, we can tackle the advantage of the particular
functional dependence of Vper, Tt,P, andt—Equations (17)
and (20)—functions to simplify the process.

First, σ and sc angles are of small magnitude, about -10 6 rad
(see, e.g., Getino 1995). Therefore, once the Poisson brackets
have been computed, we can ignore their terms beyond the
zeroth order in σ and sc, since we only need to compute the
partial derivative with respect to I according to Equation (15).
Furthermore, most of the brackets in Equation (21) can be
computed simply as reduced - -, E{ } or - -, c{ } brackets, since
only the third term inP given in Equation (20) depends on c
variables and also on a sole E variable, I.

Finally, the functional dependence of all the terms involved
in the computation (except the one just mentioned) allows them
to be arranged in one of the following forms:




l l
l m n l m n

= =
= =

f S V I g S I

f S V I g S I

, , , ,

, , , , , , , , 38
0 0 0 0 0 0

1 1 1 1 1 1

( ) ( )
( ) ( ) ( )

with s= -S 3 cos 10
2 , s s=S sin cos1 , and similarly for the

core (c subscript).
For instance, the computation of the bracket V , Pper{ } of

Equation (22) reduces to the form + +f f g g, E0 1 0 1{ } , which
produces few nonvanishing terms. Specifically, we have

⎡
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⎤
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¶
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.
39

E

E E

E

0 0
0 0 0 0

0 1 1 0

1 1
1 1

1
1 1

1

{ } ( )

{ } { } ( )

{ }

( )
( )

The remaining Poisson brackets of Section 2.3 can be derived
in a similar way.
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