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Stochastic Subgradient Algorithms for Strongly
Convex Optimization Over Distributed Networks
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and Tamer Basar, Life Fellow, IEEE

Abstract—We study diffusion and consensus based optimization of a sum of unknown convex objective functions over distributed
networks. The only access to these functions is through stochastic gradient oracles, each of which is only available at a different node;
and a limited number of gradient oracle calls is allowed at each node. In this framework, we introduce a convex optimization algorithm
based on stochastic subgradient descent (SSD) updates. We use a carefully designed time-dependent weighted averaging of the SSD

iterates, which yields a convergence rate of O( NN ) after 7' gradient updates for each node on a network of N nodes, where

(1I—-0)T
0 <o < 1denotes the second largest singular value of the communication matrix. This rate of convergence matches the performance
lower bound up to constant terms. Similar to the SSD algorithm, the computational complexity of the proposed algorithm also scales
linearly with the dimensionality of the data. Furthermore, the communication load of the proposed method is the same as the
communication load of the SSD algorithm. Thus, the proposed algorithm is highly efficient in terms of complexity and communication

load. We illustrate the merits of the algorithm with respect to the state-of-art methods over benchmark real life data sets.

Index Terms—Distributed processing, convex optimization, online learning, diffusion strategies, consensus strategies

1 INTRODUCTION

HE demand for large-scale networks consisting of multi-

ple agents (i.e., nodes) [1] with different objectives is
steadily growing due to their increased efficiency and scal-
ability compared to centralized distributed structures [2],
[3], [4], [5], [6]. A wide range of problems in the context of
distributed and parallel processing can be considered as a
minimization of a sum of objective functions, where each
function (or information on each function) is available only
to a single agent or node [7], [8], [9]. In such practical appli-
cations, it is essential to process the information in a decen-
tralized manner since transferring the objective functions as
well as the entire resources (e.g., data) may not be feasible
or possible [10], [11], [12], [13]. For example, in a distributed
data mining scenario, privacy considerations may prohibit
sharing of the objective functions [7], [8], [9]. Similarly, in a
distributed wireless network, energy considerations may
limit the communication rate between agents [14], [15], [16],
[17]. In such settings, parallel or distributed processing
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algorithms, where each node performs its own processing
and shares information subsequently, are preferable over
the centralized methods [18], [19], [20], [21].

Here, we consider minimization of a sum of unknown
convex objective functions, where each agent (or node)
observes only its particular objective function via the sto-
chastic gradient oracles. Particularly, we seek to minimize
this sum of functions with a limited number of gradient ora-
cle calls at each agent. In this framework, we introduce a dis-
tributed online convex optimization algorithm based on
stochastic subgradient descent (SSD) iterates that efficiently
minimizes this cost function. Specifically, each agent uses a
time-dependent weighted combination of the SSD iterates
and achieves the presented performance guarantees, which
matches the lower bounds presented in [22], only with a rela-
tively small excess term caused by the unknown network
model. The proposed method is comprehensive, in that any
communication strategy, such as the diffusion [3] and the
consensus [6] strategies, are incorporated into our algorithm
in a straightforward manner as shown in the paper. We com-
pare the performance of our algorithm with respect to the
state-of-the-art methods [6], [11], [23] in the literature and
present substantial performance improvements for various
well-known network topologies and benchmark data sets.

The distributed network framework is successfully used
in wireless sensor networks [24], [25], [26], [27], [28], [29], as
well as for convex optimization via projected subgradient
techniques [6], [7], [8], [9], [10], [11]. In [11], the authors
demonstrate the performance of the least mean squares
(LMS) algorithm over distributed networks using different
diffusion strategies. We emphasize that this problem can
also be cast as a distributed convex optimization problem,
and hence our results here can be applied to these problems
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in a straightforward manner. In [10], the authors consider
the cooperative optimization of the cost function under con-
vex inequality constraints. However, the problem formula-
tion as well as the convergence results in this paper are
substantially different from the ones in [10]. In particular, in
[10], agents seek to minimize an approximation of the origi-
nal optimization problem through penalty functions while
we directly consider the original optimization problem. Fur-
thermore, Reference [10] provides an upper bound on the
mean square error as the number of iterates goes to infinity
for sufficiently small step sizes. Yet that upper bound goes
to zero as the step size goes to zero. On the other hand,
here, we not only show that through the proposed approach
each agent achieves the minimum cost for a certain step
size, but also provide an upper bound on the convergence
rate, while that upper bound matches the lower bound pro-
vided in [22] up to constant terms.

In [2], [6], the authors present a (constrained in [6] and
unconstrained in [2]) deterministic analysis of the SSD iter-
ates and our results build on them by illustrating a stronger
convergence bound in expectation while also providing
MSD analyses of the SSD iterates. Similarly, a regret analysis
is conducted for every possible input stream in an online and
distributed manner in [30] for general convex cost functions;
and in [31] under Lipschitz continuous and strongly convex
cost functions, where the latter achieves a regret diminishing
at a faster rate of O(log (T')/T) (after T iterates). On the con-
trary, we study the distributed online convex optimization
problem in the expectation sense (with respect to the data
statistics), i.e., not in an individual sequence manner, where
we show that SSD iterates achieve the optimal convergence
rate of O(1/T"). In [7], [8], [9], the authors consider the distrib-
uted convex optimization problem and present probability-1
and mean square convergence results of the SSD iterates. In
this paper, on the other hand, we provide the expected con-
vergence rate of our algorithm and the mean square devia-
tion (MSD) of the SSD iterates at any time instant.

Similar convergence analyses have recently been carried
out in the computational learning theory literature [22],
[23], [32], [33], [34]. In [32], the authors provide determin-
istic bounds on the learning performance (i.e., regret) of the
SSD algorithm. In [33], these analyses are extended and a
regret-optimal learning algorithm is proposed. Along simi-
lar lines, in [23], the authors describe a method to make the
SSD algorithm optimal for strongly convex optimization.
However, these approaches rely on the smoothness of the
optimization problem. In [34], a different method to achieve
the optimal convergence rate is proposed and its perfor-
mance is analyzed. In this paper, however, convex optimi-
zation is performed over a network of localized learners,
unlike in [23], [32], [33], [34]. Our results entail convergence
rates over any unknown communication graph, and in this
sense build upon the analyses of the centralized learners.
Furthermore, unlike [23], [33], our algorithm does not
require the optimization problem to be sufficiently smooth.

Distributed convex optimization appears in a wide range
of practical applications in wireless sensor networks and real-
time control systems [3], [4], [5]. We introduce a comprehen-
sive approach to this setup by proposing an online algorithm,
whose expected performance is asymptotically the same as
the performance of the optimal centralized processor. Our

results are generic for any probability distribution on the
data, not necessarily Gaussian, unlike the conventional works
in the literature [11], [12]. Our experiments over different net-
work topologies, various data sets and cost functions demon-
strate the superiority and robustness of our approach with
respect to the state-of-the-art methods in the literature.

Our main contributions can thus be summarized as follows.

1)  We introduce a distributed online convex optimiza-
tion algorithm based on SSD iterates, which achieves

an optimal convergence rate of O ((f_@) after T' gra-

dient updates, for each and every node of the net-
work, where N is the number of nodes. We
emphasize that this convergence rate is optimal since
it achieves the lower bounds presented in [22] up to
constant terms.

2)  We show that MSD between the time weighted aver-
age and the optimal solution is also upper bounded
by O(%) after 7' gradient updates while MSD
between the average of the iterates (which can be
attained if the agents continue to exchange informa-
tion without gradient updates) and the optimal solu-
tion is upper bounded by O (%) .

3)  Ouranalyses can be extended to analyze the perform-
ances of the diffusion and consensus strategies in a
straightforward manner as illustrated in the paper.

4)  We demonstrate that the algorithm introduced out-
performs the state-of-the-art methods in terms of
normalized accumulated error and MSD from the
optimal solution under various network topologies
and benchmark data sets.

The organization of the paper is as follows. In Section 2,
we introduce the distributed convex optimization frame-
work and provide the notations. We then introduce the
main result of the paper, i.e., an SSD based convex optimiza-
tion algorithm, in Section 3 and analyze the convergence
rate of the algorithm. In Section 4, we demonstrate the per-
formance of our algorithm with respect to the state-of-the-
art methods through simulations and then conclude the
paper with several remarks in Section 5.

2 PROBLEM FORMULATION

2.1 Notation and Preliminaries
Throughout the paper, all vectors are column vectors and
represented by boldface lowercase letters. Matrices are rep-
resented by boldface uppercase letters. For a matrix H,
[|H|| is the Frobenius norm. For a vector z, ||z|| = VzTz is
the >norm. 0 (and 1) denotes a vector with all zero (and
one) elements and the dimensions can be understood from
the context. For a matrix H, H;; represents its entry at the
ith row and jth column.

For a non-empty, closed and convex set W C R™, Iy
denotes the Euclidean projection onto W, i.e.,

Iy (wy) = argmin||w — wyl|. (1)
wew
We say that a convex function (possibly non-smooth)

f:R"™ — R on the convex domain W has the subgradient
set df(-) C R™ ata point wy € Wif
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Fig. 1. The neighborhood of agent-i over the distributed network.

g€ df(wy) & f(w) > f(wo) + ¢" (w — wp) Yw € W.

Furthermore, we say that f is A-strongly convex on W if,
and only if, for all w, wy € Wand g € 3f(w), we have

F(w) 2 fun) +g"(w —w) + 5 o~ wlf @

2.2 System Overview
Consider a static and connected network of N-agents with
processing and communication capabilities. Over the net-
work, each agent has connections with certain other agents,
i.e., the ones in his/her neighborhood, and can exchange
information with them. We can represent such a network
through an undirected graph, where the vertices and the
edges correspond to the agents and the communication
links between them, respectively, as seen in Fig. 1.

Each agent seeks to minimize ' : R™ — R, which is a sum
of A-strongly convex (possibly non-smooth) local cost func-

tions Fj : R™ — R, fori =1,...,N,ie., eachagentaims to
N
min F(w) = min » Fj(w), (3)
weWw wew =

where W C R™ is a non-empty, closed and convex set. How-
ever, the cost function F' is unknown to the agents, and each
agent i has only access to F' via at most 1" stochastic subgra-
dient oracles' of the corresponding local cost function F;.

Let (Q;, F;,P;), for i=1,...,N, denote the probability
spaces, describing the uncertainty associated with individ-
ual agents. Here, (), is the outcome space, F; is a suitable
o-algebra over (};, and P; is the probability distribution over
Q;. Furthermore, let (), F,P) be the joint probability space
over those spaces. After agent-i’s call at instant ¢, for any
given point w; € W, the gradient oracle independently draws
a sample w,; € }; according to the distribution P;, and pro-
duces a vector g, ;(w;;) such that

Ep, {g;;(wi)} € 3F;(w;),

where 9F;(w;) denotes the sub-differential set of F; at w;. For
notational simplicity, henceforth, we denote the expectation
taken with respect to the probability distribution P; by E,{-}
instead of Ep,{-}. Correspondingly, we use E{-} instead
of Ep{}

Although the aim of each agent is to minimize F' over W
rather than the local cost Fj, the agents can only call local

1. The agents have a limited budget to call the gradient oracle.

subgradient oracles §,;,, for 1 <t <T. In particular, other
local cost functions are totally unknown. Therefore, the
agents exchange information with each other within the
neighborhoods to mitigate the access restriction.

2.3 Special Cases

We note that this problem formulation is general enough,
covering for example the following scenario as a special
case. Consider that the local cost functions are given by
Fi(w;) = Ei{ fi(w;;w;)}, where fi(w;;w;) is a certain local
loss function, which is a strongly convex function of w; for
any fix w; € €);. At each instant ¢, a new sample w,; is drawn
from (); independently according to the distribution P;,
and agent-i has access to a corresponding subgradient of
fi(a)t77;; U)l) atw; = Wy i, i.e.,

Gi(w1i) € fi(wpiswy;).
As an example, the local loss function could be as follows:

A
filwi;we;) = Ui we) + §Hwt,i| %, “

where ¢(w;; w;) is a Lipschitz-continuous convex loss func-
tion with respect to the second variable w;;, which has been
extensively studied in the literature [23], [32], [33], [34] as a
A-strongly convex loss function involving regularity terms.”

Here, the aim of each agent is to minimize the sum of the
expected losses (where the expectations are taken over the
random variables w;’s) over the convex set Y. To continue
with our example in (4), each agent seeks to minimize

N N
ZE’{f’(w”w“)} = ZE,{/(w7,w,7)} + % wa7| |2. (5)
=1 )

We emphasize that the formulation in (5) covers a wide
range of practical loss functions. As an example, for
di : QL — R and u; - QL — ]Rm, when K(a)i;wt‘i) = (dl(a)z)—
wl (w;))?, we consider the regularized squared error loss;
and when #(w;;w; ;) = max{0, 1 — d;(w;)w!u;(w;)}, we con-
sider the hinge loss. Since we make no assumptions on the
loss function f;(w;; w; ;) other than strong convexity, one can
also use different loss functions with their corresponding
subgradients and our results would still hold.

3 MAIN RESULTS

In this section, we present the main results of the paper,
where we introduce an algorithm based on the SSD updates,

which leads to a rate of convergence bounded from above

by O(({VQQYT after T iterates, where N is the number of
agents (nodes). In particular, the rate of convergence of the

algorithm for agent-i is given by

EW@M-&%HMSO(ﬂﬂi>

(1-0)T

where w; is the minimizer produced by agent-i, and the
expectation is taken over the randomness of the subgradient

2. Note that A in the regularization term is the same with A in the
strong convexity definition (2). In particular, the regularization term
ensures that f; is A-strongly convex even when / is not strongly convex.
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oracles, i.e., with respect to the joint distribution P. In order
to achieve this performance, the proposed method uses
time dependent weighted averages of the SSD updates at
each agent together with the adapt-then-combine diffusion
strategy [11]. However, as later explained in this section
(See Remark 1), our algorithm can be extended to cover con-
sensus in a straightforward manner.

At each time instant ¢, each agent ¢ has a pre-computed
pseudo-solution of problem (3), denoted by w;,. With this
pseudo-solution agent-i calls the local subgradient oracle
and receives g, ;. Then, agent-i computes the iterate ¢, ; by
projecting the SSD update of w;; onto W as follows:

Gi1i =y (we — 16y,
where p;; > 0 is a step size. In order to mitigate the access
restriction to the other oracles, agent-i exchanges ¢, ; ; with
his/her neighbors and computes '

W1,

N
= Z Hji¢t+1,ja (©6)
J=1

where H € RV is the communication matrix of the graph
such that H ;s are the combination weights in (6), and the
weight Hj; for any ¢, is nonzero if, and only if, ¢ and j
are neighbors. We assume that H is an irreducible and a
periodic doubly stochastic matrix, i.e., H;; >0 Vi,j and
H1= H"1=1. We emphasize that this assumption is not
restrictive, and previous analyses in the literature also make
similar assumptions [6], [7], [8], [9]. Furthermore, the
assumption holds for many communication strategies such
as the Metropolis rule [3]. At each instant, agent-i also com-
putes a time-variant weighted average as follows:

_ t
Wil = g t—=

T 2 Wit - (7

2
t+2
After consuming the budget to call subgradient oracles, i.e.,
after 7" calls, agent-i has w; = wr,;, as the minimizer of F.
The complete description of the algorithm can be found in
Algorithm 1.

Algorithm 1. Time Variable Weighting (TVW)

1: Initialize w; = w1; € W, Vi, arbitrarily.
2: fort =1to T do
3: fori=1to N do

4: Call the subgradient oracle to obtain g, ; for w ;.
5: Vi1 = Wi — UeiGr; % SSD update
6: i1 = (¥, 14) % Projection
7 Exchange ¢, +1,; with the neighbors.
8: Wi = Z/ VHjidy % Diffusion
9: Wiy f+2 Wy + tiz Wit % Weighting
10: if ¢ = T then
11: W; = Wiyl % Solution
12: end if
13:  end for
14: end for

To achieve the aforementioned result, we first introduce
the following lemma, which provides an upper bound on
the performance of the average parameter vector.

Lemma 1. Assume that for any given w € W, the expected
squared norm of any produced subgradient oracle is bounded by

G?, i.e,,E~||§L-H2< G? Viand ju,; = ju,. Let
wy w;; and w* := argmin F )
; b weWw ( )
Then, Algorithm 1 yields
E|lwp1 —w |~ (1 = Ma) Elfw; — w'[[*

2
’u’ ( \/IE]Hwt wy; | +\/E [|wr — W )
=1

This lemma provides an upper bound on the rate of con-
vergence and the squared deviation of the average parame-
ter vector w;. It provides an intermediate step to relate the
performance of the parameter vector at each agent to the
best parameter vector. We point out that the assumption in
Lemma 1 is practically a boundedness condition that is
widely used to analyze the performance of SSD based algo-
rithms [33], [34]. We emphasize that our algorithm does not
need to know this upper bound and it is only used in our
theoretical derivations.

< 2_]%, [F(w") — E{F(w,)}] + 4G22

Proof. In order to efficiently manage the recursions, we first
consider the projection operation and let

Ty = HW(‘/’rH,i) - 1//r,+1,7:- 9

Then, we can compactly represent the averaged estima-
tion parameter w; (defined in (8)) in a recursive manner
as follows [6]

wf7 Mtgtz "‘l'fq)

W1 =

Mz

N
Z
=1 [i=1
N
= Zztl Mrgm

where the last line follows since H is doubly stochastic,
ie, H1 =1.

Hence, the squared deviation of these average iterates
with respect to any w* can be obtained as follows:

(10)

2
’ 1 R
w1 — W*Hz =||w —w" + NZ(ITM - Mtgt,i)

i=1

N 2

Z(fﬂt; - Mt@t,i)

i=1

N
Z-’fu iGyi) (w[—w*).
i=1

1
w|P 5

= ||'LUf N2

(11)

We first upper bound the second term on the right
hand side (RHS) of (11) through triangle inequality as
follows:

3. Due to SSD update and information exchange, the parameters w;;
and ¢, ;, fort=1,...,Tand i =1,..., N, are F-measurable. Therefore,
the expectation is taken with respect to the distribution P.
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2

N
Z Ty — WiGri)

) (12)
1 A
< e <21:H$1‘7|| + MtH.‘Jt,z‘H)
We then note that
HﬂUuH = HHW(‘/ftH.i) - '/ft+1.,zH
< ||wes = Y| (13)

:/‘Lt”gt,i”v

where the second line follows from the definition of
the projection operator (1). Thus, we can rewrite (12)

as follows:
N 2 s /N 2
4
21:(%‘1 - Mtgt,z‘) = —]ig <21:} |9m| |>
i= =

and taking the expectation of both side with respect to P,
we obtain

2

1 ||
WE Zl(l'tz — 9| < 4G2Mt2’ (14)
-
since  E{|g,./[[19.,1[} < E|lgui | /Ellg.,||" < &2 for

any i # j due to Cauchy—SchwarZ 1nequa11ty and the
boundedness assumption.

We next turn our attention to [—g;,;(w; —
(11) and upper bound this term as follows:

w*)] term in

— 91w —w") = =g, (w, — wy; +wy; —w')

< =g (we — wy) + Fi(w") = Fi(w) (15)
=5l =
5 ]
=gpi(we — wii) + g (we — wei) + Fi(w')
, (16)

— Ewn) = o~ w3 s —

< F(w) = Fi(w) + (G| + 1[G ]) e — ]|

A * 2 A )
_§Hw _w11H —§||wt7i—wt’| s

where g,; € 9fi(w;), (15) follows from the A-strong con-
vexity of Fj at w,;, i.e.,

A
Fi(w") > Fi(wy;) + §/(w" — wy,) 5 [~ wi||,

(16) also follows from the A-strong convexity of F; at

IEEE TRANSACTIONS ON NETWORK SCIENCE AND ENGINEERING, VOL.4, NO.4, OCTOBER-DECEMBER 2017

N
_ E{thT,i(w’-‘ — w*)}
N
< 2GZ VE|[we — wei| [P + Fw') — E{F(w;)}

FE{llw" = il — wf P} 9

where the first inequality follows from the Cauchy-
Schwarz inequality and the boundedness assumption,
and the last inequality follows from the Jensen’s inequal-
ity due to the convexity of the norm operator.

We finally turn our attention to the ], (w;
in (11) and write it as follows:

— w*) term

mth('wt —w') = ‘I’Zi(wt —Vi,) + wg:i(WHl,i —w")
< xtT,i(wt - 1/’t+1,1',)’
since
xtz,ji(‘/ftﬂ.z‘ —w") < *xfixt,i + (Y1, — HW('/’tH,z‘))T
X (w" — HW(‘/’tH,q:))

<0,

where (¥, — HW('/’HL?‘,))T(W* —Ihy(¥41,)) < 0dueto
the Euclidean projection onto the convex set W [35]. Tak-
ing the expectation of both sides, we can upper bound
this term as follows:

5!, (w, - w) < B o[l — 1,

; (19
< Guy EHwt - '/ft+1,iH

by first using the Cauchy-Schwarz inequality, and then

using (13) and the bound E||g,. || < \/E||3.,|* < G

Putting (14), (18), and (19) back in (11), we obtain

%112 512
—w|["= (1 = ) E|w; — w|

2 N
<= [Fw') — E{F(w)} + G; (2V/E[w: — wii| [
+ EHwt - l/,t+1,i| |2)} + 4GQMt2

This concludes the proof of Lemma 1. 0

E w1

(20)

Having obtained an upper bound on the performance of

wy, ie., the average parameter vector, we then consider the mean
square deviation of the parameter vectors at each agent
from the average parameter vector. This lemma will then be
used to relate the performance of each individual agent to

the performance of the fully connected distributed system.

A
Fy(wyi) > Fi(wy) + g/ (wr; — wy) + 5“107‘1 - ’thQ,
and (17) follows from the Cauchy-Schwarz inequality.
Summing (17) from i = 1 to N and taking expectation of
both sides, we obtain

Lemma 2. In addition to the assumptions in Lemma 1, assume
that the initial weights at each agent are identically initialized
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to avoid any bias? i.e., wy; = wi, Vi,j. Then Algorithm 1

yields
- t—1
\/EHwt—wtﬂsz SQG\/NZ/Lt_ZUZ7 (2]—)
z=1

and

-1
V E‘ ’wt - Wt+1.,z" |2 <Gu, + QGWZMt_ZUZ, (22)
z=1

where 0 < o < 1 is the second largest singular value of the
matrix H.

Proof. We first let

W, = [wy,...,wn],Gi := [Gi1,- -, Gn), and

Xt = [mth Ce 7xt7N]'

Then, we obtain the recursion on W, as follows:

t—1
W, =W H™ +Y (X .~ p, .G )H". (23)

z=1

Letting e; denote the basis function for the ith dimension,
i.e., only the ith entry of e; is 1 whereas the rest are 0, we
have

1
i)

t—1

35

1
(thz - /’Lt—zthz) (*1 - Hzei) H

2=1 N (24)
+ ! w) — ’U)L,L'H
= (Xt — -Gy 2) (—1 - Hzez) H
z=1 N
t—1 1
< ||thz - /’Lt—zthzHF —1- H’Zei s
z=1 N
t—1 1
=5 [ P T ) R S S A
z=1
t—1 1
<2 G, —1— H’e;
> ;szﬂ t ||F N e

where (24) follows due to the unbiased initialization
assumption, i.e.,

w = wy,; = ’ij,VZ.,j S {1, .. ,N}
and (25) follows from (13).
We first consider the term ] ]%1 — H?e; H of (25) and
define the matrix B := le 117. Then, we can write

lfHZei = HBel 7H267;||

v
N (26)

= [I(B— H)’eil|,

where the last line follows since B* = B, Vz > 1.

4. This is basically an unbiasedness condition, which is reasonable
since the objective weight w* is completely unknown to us. Even
though the initial weights are not identical, our analyses still hold,
albeit with small additional excess terms.

Now, let

01(A) > 02(A) > --- > on(A)

denote the singular values of a matrix A. Then, we can
upper bound (26) as follows:

|(B~ H)’eil| < 01(B—H)||(B~ H)" e,

Vz > 1. Therefore, using the above recursion z times to
(26), we obtain

(B~ H)"eil| < oi(B — H)|[ei| o7)
=o0;(B—H).

We note that H and B are doubly stochastic matrices;
and B is a rank-1 matrix. Let A\ (A4) > X(4) > - >
An(A) denote the eigenvalues of a symmetric matrix A
and A(A) :={M(A),..., \v(A)}. Since B is a rank-1
matrix, we have M\ (B) =1 and \,(B)=0 for k > 1
[36]. We want to compute the largest singular value
of B— H, yet B— H is not a symmetric matrix. There-
fore, we check the eigen-spectrum of (B— H)"
(B— H)=H"H - B, and the matrices H'H and B
are commuting. This yields

AH'"H -~ B) C {\ — N2\ € A(HTH), )y € A(B)}.

Furthermore, (B — H)' (B — H)1 = (H"H — B)1 = 0, which
implies that the eigen-spectrum of (B — H)'(B— H) is
equal to the eigen-spectrum of H' H, except the largest
eigenvalue of H'H, ie, \\(H'H) = 1. Instead of that
eigenvalue, the eigen-spectrum of (B—H )'(B— H)
includes 0. Thus, we have

01(B—H) =05(H), (28)
and combining (26), (27), and (28), we obtain

1
Hﬁl — He,|| < o3(H). (29)

From here on, we denote ¢ := o9(H) for notational sim-

plicity. We also note that 0 < o < 1 since H is an irreduc-

ible and aperiodic doubly stochastic matrix [30], [37].
Using (29) in (25), we obtain

-1
Hwt —wy || < QZMtsz'ZHGt*ZHF' (30)
z=1

Taking the expectation of both sides and noting that

N
Enatz@:na{z gt_z,iu?}

i=1
< G"N,

we can rewrite (30) as follows:
t—1
\/E| |wt - wh‘ |2 < QG\/NZMt_ZGZ. 31)
z=1

An upper bound for the term ||w; — ¥,,,,|| can be
obtained as
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|we = || = |Jwe — wi + gy

< Jwr — wi || + 124] |8
where the last line follows from the triangle inequality.
Taking square and then expectation of both sides, we
obtain the following upper bound

-1
\/ IE| |'wt - ¢t+l,i‘ |2 < Gui+ QG\/NZM—ZUZ- (32)
z=1

This concludes the proof of Lemma 2. 0

I

The results in Lemmas 1 and 2 are combined in the fol-
lowing theorem to obtain a regret bound on the perfor-
mance of the proposed algorithm. This theorem illustrates
the convergence rate of our algorithm (.e., Algorithm 1)
over distributed networks. The upper bound on the regret
O(%) follows since each agent can only have access to
the other subgradient oracles through the exchange of infor-
mation among the agents. Reference [22] provides a lower
bound on the rate of convergence of any algorithm to mini-
mize a Lipschitz and strongly convex function for a single
agent system with T oracle calls as O(3). Over a central-
ized network, the lower bound becomes O(ﬁ) since at
each time instant, the centralized processor has access to
N oracles instead of 1. Therefore, the upper bound on

the rate of convergence, i.e., O((ﬁ%), matches the lower
bounds presented in [22] up to constant terms,” hence
the shown dependency of the convergence rate of the
algorithm on 7" is optimal.

The computational complexity of the algorithm intro-
duced is on the order of the computational complexity of
the SSD iterates up to constant terms. Furthermore, the com-
munication load of the proposed method is the same as the
communication load of the SSD algorithm. On the other
hand, by using a time-dependent averaging of the SSD iter-
ates, our algorithm achieves a substantially improved per-
formance as shown in Theorem 1 and illustrated through
our simulations in Section 4.

Theorem 1. Under the assumptions in Lemmas 1 and 2, Algo-
rithm 1 with learning rate j, = ﬁ and weighted parameters
wy; achieves the following guaranteed convergence rate

80\/N> . 33

1—0o

GQ
E{F(#r.1,)} - F(w') < A?él 5 (3 +

forall T > 1, where 0 < o < 1 is the second largest singular
value of the matrix H.

This theorem says that although the agents use only local
gradient oracle calls to train their parameter vectors, they
asymptotically achieve the performance of the centralized
processor because of the information diffusion over the net-
work. This result shows that each agent acquires the infor-
mation contained in the gradient oracles at every other
agent and suffers no regret asymptotically as the number of
gradient oracle calls at each agent increases.

5. The number of agents, NN, is fixed and independent of the budget
to call the oracles, i.e., T

Proof. According to Lemmas 1 and 2, we have

E{F(w)} — F(w")

N 2 2
< E{ 1- A — WP _— }
< ( p)llwe — w*|["—|lwir — w'| 34)

t—1
+3NG? 1, + 6NVNG® > 1y .07,
z=1
From the convexity of the cost functions, we also have
E{Fi(wt) - E(wt})} >E {gﬁ](wt - ’wt,j)}, (35)
Vi, j € {1,...,N}, where
91 € 0F; (wy5)-

Here, we can rewrite (35) as follows:

E{F(w;) — Fi(w)} <E {gzi_’j(wt_j — wt)}
< E[[|gei,/|]|we; — wil[] (36)

S G \/EHth — ’l,U,g||27

where the second line follows from Cauchy Schwarz
inequality and the last line follows from the bounded-
ness assumption. Summing (36) from i=1 to N, we
obtain

E{F(w,,;) — F(w)} < NG\/E|jw; —wi||’. 37

Using Lemma 2 in (37), we get
-1
E{F(w;) — F(w)} <2NVNG*Y 0. (38)
z=1

We then add (34) and (38) to obtain
E{F(w;)} — F(w")

N * *
< 5 E{ (1= ) llw — '[P~ flwies — |
Mt

t—1
+3NG? 1, + 8NVNG* > " juy_.0°.

z=1

(39)

Multiplying both sides of (39) by ¢ and summing from
t = 1to T yields [34]

]~

t[E{F(w)} - F(w")]

t=1

N(1 =\ ., TN .
< MO M1) g, — 2= ZY ooy — w]
21 2pr 40)
T
+ — —~ — El|lw; —w
S5 (L et

T T t—1
+3NG*Y tu, +8NVNG® >ty "y 0™,
t=1

t=1 2=l
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Next, we observe that

T t-1 T T
Zztl/vt 20 ZZtut,zaZI{Dz} (41)
=1 z=1 t=1 z=1
T T
= 207 Z tﬂt—z
z=1 t=2+1
T T
< Z o” Z Ly (42)

T
o
< Et
71_’_0_ Mt

where Ij; .y is the indicator function and (42) follows
since 0 <o < 1. Using (42) in (40) and inserting
= ﬁ, we obtain

T

> tE{F(w,)} - F(w")]

t=1
ANT(T + 1)
= 4

o a 2t
+ (3NG2+8NWG21_U);A(t+1

E|lwrs1 —w'|*

(43)

ANT(T + 1) o
< -2 Bl - |
2NG?T o
N—
+ T (348N ),
where the last line follows since 5 < 1. Dividing both
sides of (43) by Y/ t = (T;l), we obtain

E{ﬁ;t[ﬂwm) - F(w")] }

AN
< =5 Elwr —w'|f? “y
ANG?
AT (3+8VNTZ).

Since F;’s are convex for all i € {1,..., N}, F'is also con-
vex. Thus, from Jensen'’s inequality, we can write

9 T
E{F(W;twm> } — F(w")

) . (45)
= E{m;f(ﬂ%) — F(w")) }
Combining (44) and (45), we obtain
9 T
E{F<7T(T—|— 0 ,Z;twm) } — F(w")
AN
< =55 Ellwra - o 45

+/\EL1{V—|G—21) (3+svN{T).

Note that the weighting step in Algorithm 1, i.e., (7),
leads to

T—TT—2T—3 _2— 1 2
Y=

W,j

T T—1 o2¢71+70+7

IT—=T1TT—=2T=3 3 2 2
+
T+1

W2,

T T—1 3+72+71+7

2
+"'+T—+1’U)TJ

2 T
TT(T+1) ;tw“'
47

This concludes the proof of Theorem 1. 0

Hence, using the weighted average w;; instead of the
original SSD iterates w;;, we can achieve a convergence rate

of O(

lows smce we use a time-varian’t weighting of the SSD iter-
ates. The linear dependency to the network size follows
since we add N different cost functions, i.e., one corre-
sponding to each agent. Finally, the sub-linear dependency
to the network size results from the diffusion of the parame-
ter vector over the distributed network.

We note that the upper bound in (33) includes o, which
can depend on the network size N. In particular, for different
communication matrices, the corresponding upper bounds
on the second largest singular value can be included in (33).
As an example, Reference [38] shows that the second largest
singular value of the lazy metropolis matrix, defined by

) The denominator 7" of this regret bound fol-

1 e ) .
max{nim ] if j e Ni\i
Hij=1q0, if j ¢
2 _%Zje/\/',-\i H;;, ifi=j,

(48)

is bounded from above by 1 —
O(N?).

In the following corollary, we provide an MSD guarantee
on the weighted parameters w ;.

T T
vz which implies % <

Corollary 1. Under the assumptions in Lemmas 1 and 2, Algo-
rithm 1 with learning rate j1, = " +1 and weighted parameters
wy,; guarantees the following MS

E||@7:1; — w]

<
~N(T+2)

2 SNG?
1—o0

n 80\/ﬁ>’

for all T'> 1, where 0 < o < 1 is the second largest singular
value of the matrix H.

Proof. This follows from Theorem 1 (33) and A-strong con-
vexity (2) of I at w* since 0 € dF (w"). O

In the following corollary, we then consider the perfor-
mance of the average SSD iterate instead of the time-variant
weighted iterate in (47). Note that even though the agents
have consumed their budgets to call the subgradient oracle,
they can continue to exchange information, which averages
out the iterates. We show that the average SSD iterate

achieves an MSD of O( ‘/_ . This MSD follows due to the

number of gradient oracle Calls and diffusion regret over
the distributed network.
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Corollary 2. Under the assumptions of Lemmas 1 and 2,

Algorithm 1 with learning rate ju, = 5 +1 yields the following
guaranteed MSD
o2 8G? 80\/
— < .
E||lwry — w'||°< NTT1) 3+ - (49)

for all T > 1, where w;, = %Zf\:l wy; and 0 <o < 1 is the
second largest singular value of the matrix H.

Proof. This follows from (46) and (47) since E{F(wr;)}—
F(w") > 0. ]

Remark 1. Algorithm 1 can be generalized to apply to con-
sensus in a straightforward manner, while the perfor-
mance guarantee in Theorem 1 still holds up to constant
terms, i.e., we still have a convergence rate of O( A‘/)_T>
For the consensus strategy, the lines 5-8 of Algorithm 1

would be replaced by the following update

N
w1 =y (Z Hjiw:; — Mt@u) . (50)

=1

Hence, we have the following recursion on the parameter
vectors

-1
W,=WH" ' - Z(thz — G )H

z=1

instead of the one in (23). Under this modification,
Lemma 2 can be updated as follows:

t—1
]EH'U}t — wt’i| ’2 < QG\/NZMT/,Z(727 (51)
z=1

This loosens the upper bounds in (25) and (32) by a factor
of 1/o (note that 0 < o < 1). Therefore, diffusion strate-
gies achieves a better convergence performance com-
pared to the consensus strategy.

We note that the proposed algorithm leads to the theoret-
ical bounds on the convergence rate for a certain step size,
which is u, = SYESY) +1) Otherwise, the algorithm can also be
used with different step sizes yet not necessarily delivering
such theoretical performance guarantees Furthermore,
even though all the agents use 11, = 5775 +1 the only necessary
information for them to keep how many times they have
called the subgradient oracles and then they can all use the
same step size 2/\ and scale it by 1/(t + 1). We consider
that the cost function F'is A-strongly convex, i.e., the agents
have the knowledge of A even though they do not know
what the function is.

4 SIMULATIONS

In this section, we first examine the performance of the pro-
posed algorithms for various distributed network topolo-
gies, namely the star, the circle, and a random network
topologies (which are shown in Fig. 3). In all cases, we have
a network of N = 20 agents where each agent 7 at time ¢,
observes the data d;; = onum + v, 9=1,..., N, where the
regression vector u;; and the observation noise v;; are
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Fig. 2. SNRs of the agents in the distributed network.

generated from i.i.d. zero mean Gaussian processes for all
t > 1. The variance of the observation noise is o7, = 0.1 for all
i=1,...,N, whereas the auto-covariance matrix of the
regression vector u;; € R® is randomly chosen for each agent
i =1,..., N such that the signal-to-noise ratio (SNR) over the
network varies between —15 dB to 10 dB (see Fig. 2). The
parameter of interest, wy € R5, is randomly chosen from a
zero mean Gaussian process and normalized to have a unit
norm, i.e., ||wo|| = 1. We use the well-known Metropolis com-
bination rule [3] to set the combination weights as follows:

1 ijeN\i

max{ni,nj}

H;; =40, if j¢ N
L= Y oy Hijy ii=]

(52)

where n; is the number of neighboring agents for agent 1.

For this set of experiments, we consider the squared error
loss, i.e., {(wyi;ugi,di;) = (dii — wy, lum)Z as our loss func-
tion. In the figures, CSS represents the distributed constant
step-size SSD algorithm of [11], VSS represents the distrib-
uted variable step-size SSD algorithm of [6], UW represents
the distributed version of the uniform weighted SSD algo-
rithm of [23], and TVW represents the distributed time vari-
ant weighted SSD algorithm introduced in this paper. The
step-sizes of the CSS-1, CSS-2, and CSS-3 algorithms are set
to 0.05, 0.1, and 0.2, respectively, at each agent and the
learning rates of the VSS and UW algorithms are set to
1/(At) as noted in [6], [23], whereas the learning rate of the
TVW algorithm is set to 2/(A(t + 1)) as noted in Theorem 1,
where A = 0.01. These learning rates are chosen specifically
to guarantee a fair performance comparison between these
algorithms according to the corresponding algorithm
descriptions stated in this paper and in [6], [23].

In the left column of Fig. 3, we compare the normalized
time accumulated error performances of these algorithms
under different network topologies in terms of the global
normalized cumulative error (NCE) measure, i.e.,

t
§ 1'7

=1

1

N —w; u,,)z.

Mz

NCE(t

i
—

A
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Fig. 3. NCE (left column) and MSD (right column) performances of the proposed algorithms under the star (first row), the circle (second row), and a
random (third row) network topologies, under the squared error loss function averaged over 200 trials.
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Fig. 4. Normalized accumulated errors of the six algorithms versus train-
ing data length for cover type data averaged over 250 trials for a network
of size 20.

Additionally, in the right column of Fig. 3, we compare the
performances of the algorithms in terms of the global MSD
measure, i.e.,

N
MSD(¢) :%ZH% — || (53)
i=1

In the figures, we have plotted the NCE and MSE perform-
ances of the proposed algorithms over 200 independent tri-
als to avoid any bias.

As can be seen in the Fig. 3, the TVW algorithm substan-
tially outperforms its competitors and achieves a much
smaller error performance. This superior performance of
our algorithm is achieved thanks to the time-dependent
weighting of the regression parameters, used to obtain a
faster convergence rate with respect to the rest of the algo-
rithms. Hence, by using a certain time varying weighting of
the SSD iterates, we obtain a significantly improved conver-
gence performance compared to the state-of-the-art
approaches in the literature. Furthermore, the performance
of our algorithm is robust against the network topology,
whereas the competitor algorithms may not provide satis-
factory performances under different network topologies.

We next consider the classification tasks over the bench-
mark data sets: Covertype® and quantum.” For this set of
experiments, we consider the hinge loss, ie., f(wy;;
w;;,dp;) = max{0,1 — dt,,-wfiut?i}Q as our loss function. The
regularization constant is set to A = 1/7, where the step
sizes of the TVW, UW, and VSS algorithms are set as in the
previous experiment. The step sizes of the CSS-1, CSS-2,
and CSS-3 algorithms are set to 0.02, 0.05, and 0.1 for the
covertype data set, whereas the step sizes of the CSS-1,
CSS-2, and CSS-3 algorithms are set to 0.01, 0.02, and 0.05
for the quantum data set. These learning rates are chosen to
illustrate the tradeoff between the convergence speed and
the steady state performance of the constant step size SSD

6. https:/ /www.csie.ntu.edu.tw/~cjlin/libsvmtools /datasets /
7. http:/ /osmot.cs.cornell.edu/kddcup/
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Fig. 5. Normalized accumulated errors of the six algorithms versus train-
ing data length for quantum data averaged over 100 trials for a network
of size 50.

methods. The network sizes are set to N =20 and N = 50
for the covertype and quantum data sets, respectively.

In Figs. 4 and 5, we illustrate the performances of the six
algorithms for various training data lengths. In particular,
we train the parameter vectors at each agent using a certain
length of training data and test the performance of the final
parameter vector over the entire data set. We provide aver-
aged results over 250 and 100 independent trials for covert-
ype and quantum data sets, respectively, and present the
mean and variance of the normalized accumulated hinge
errors. These figures illustrate that the proposed TVW algo-
rithm significantly outperforms its competitors. Although
the performances of the UW and VSS algorithms are compa-
rably robust over different iterations, the TVW algorithm
provides a smaller accumulated loss. On the other hand,
the variances of the constant step size methods highly
deteriorate as the step size increases. Although decreasing
the step size yields more robust performance for these
constant step size algorithms, the TVW algorithm

Time evolution of the MSD

Global MSD (dB)

2000 3000 4000 5000

Data Length

0 1000

Fig. 6. Global MSD over the star networks with different sizes:
50, 100, 200, and 500.
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Fig. 7. Second largest singular value, o, of the combination matrix H

over the star networks with different sizes: 50, 100, 200, and 500.

provides a significantly smaller steady-state cumulative
error with respect to these methods.

Finally, we note that the upper bounds in Theorem 1 and
Corollary 1 directly depend on the number of agents in addi-
tion to the second largest singular value of the combination
matrix, o. In the following numerical examples, we examine
how the MSD of the algorithm scales with the network size.
To this end, we consider the setup for Fig. 3b with different
network sizes: 50,100,200, and 500. Fig. 6 shows how the time
evolution of the global MSD scales with increasing network
sizes from 50 to 500. Furthermore, Fig. 7 shows how o scales
with the network size and correspondingly we observe
that 1/(1 — o) scales with N. We also note that the global
MSD measure (53) is averaged across the network. There-
fore, the corresponding upper bound on the global MSD
(See Corollary 1) scales with /N/(1 — o). However, in Fig. 6,
we observe that when the network size scales by 10, e.g.,
from 50 to 500, the global MSD scales by 10 dB rather than
15dB. This raises the possibility that the dependency of the
upper bound on the network size might be tightened further
and formulating the upper bound, which is also optimal in
terms of network size complexity, can be an interesting
future research direction.

5 CONCLUSION

We have studied distributed strongly convex optimization
over distributed networks, where the aim is to minimize a
sum of unknown convex objective functions. We have intro-
duced an algorithm that uses a limited number of gradient
oracle calls to these objective functions and achieves an opti-
mal convergence rate of O((IV—\{')VT) after T' gradient updates
at each agent. This level of performance is achieved by
using a certain time-dependent weighting of the SSD iter-
ates at each agent. Additionally, the weighted parameters
achieve a guaranteed mean square deviation (MSD) of
@) (lvf‘(/,)VT after T' gradient updates. The computational com-
plexity and the communication load of the proposed
approach is the same as with the state-of-the-art methods in
the literature up to constant terms. We have also proved
that the average SSD iterate, which can be attained if the
agents continue to exchange information without gradient

updates, achieves a guaranteed MSD of O(&) after T'
gradient oracle calls. We have illustrated the superior con-

vergence rate of our algorithm with respect to the state-of-

the-art methods in the literature. Some future directions of
research on this topic include the computation of conver-
gence rate bounds for the heterogeneous case, where agents
can have different step sizes and/or learning rates, and
asynchronous distributed computation as in [39].
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