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OPERATOR MODELS FOR HILBERT LOCALLY C*-MODULES

AURELIAN GHEONDEA

(Communicated by J. Ball)

Abstract. We single out the concept of concrete Hilbert module over a locally C*-algebra by
means of locally bounded operators on certain strictly inductive limits of Hilbert spaces. Us-
ing this concept, we construct an operator model for all Hilbert locally C*-modules and, as
an application, we obtain a direct construction of the exterior tensor product of Hilbert locally
C*-modules. These are obtained as consequences of a general dilation theorem for positive
semidefinite kernels invariant under an action of a *-semigroup with values locally bounded op-
erators. As a by-product, we obtain two Stinespring type theorems for completely positive maps
on locally C*-algebras and with values locally bounded operators.

Introduction

The origins of Hilbert modules over locally C*-algebras (shortly, Hilbert locally
C*-modules) are related to investigations on noncommutative analogues of classical
topological objects (groups, Lie groups, vector bundles, index of elliptic operators, etc.)
as seen in W. B. Arveson [3], A. Mallios [21], D. V. Voiculescu [30], N. C. Phillips [25],
to name a few. An overview of the theory of Hilbert locally C*-modules can be found
in the monograph of M. Joita [15].

This article grew out from the question of understanding Hilbert locally C*-modules
from the point of view of operator theory, more precisely, dilation of operator valued
kernels. For the case of Hilbert C*-modules, such a point of view was employed by
G. J. Murphy in [23] and we have been influenced to a large extent by the ideas in that
article. However, locally C*-algebras and Hilbert modules over locally C*-algebras
have quite involved projective limit structures and our task requires rather different
tools and methods. The main object to be used in this enterprise is that of a locally
bounded operator which, roughly speaking, is an adjointable and coherent element of a
projective limit of Banach spaces of bounded operators between strictly inductive limits
of Hilbert spaces (locally Hilbert spaces).

Briefly, in Example 3.1 we single out the concept of represented (concrete) Hilbert
locally C*-module by locally bounded operators, then prove in Theorem 3.2 that this
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concept makes the operator model for all Hilbert locally C*-modules and, as an appli-
cation, we obtain in Theorem 3.3 a direct construction of the exterior tensor product of
Hilbert locally C*-modules. These are obtained as consequences of a general dilation
theorem for positive semidefinite kernels with values locally bounded operators, pre-
sented in both linearisation (Kolmogorov decomposition) form and reproducing kernel
space form. We actually prove in Theorem 2.3, the main result of this article, a rather
general dilation theorem for positive semidefinite kernels with values locally bounded
operators and that are invariant under a left action of a *semigroup. Consequently, in
addition to the application to Hilbert locally C*-modules explained before, we briefly
discuss two versions of Stinespring type dilation theorems for completely positive maps
on locally C*-algebras and with values locally bounded operators.

In the following we describe the contents of this article. In the preliminary section
we start by reviewing projective limits and inductive limits of locally convex spaces that
make the fabric of this article, point out the similarities as well as the main differences,
concerning completeness and Hausdorff separation, between them and discuss the con-
cept of coherence. Then we recall the concept of locally Hilbert space and reorganise
the basic properties of locally bounded operators: these concepts have been already
introduced and studied under slightly different names by A. Inoue [11], M. Joita [12],
D. Gagpar, P. Gagpar, and N. Lupa [7] and D. J. Karia and Y. M. Parma [16] but, for
our purposes, especially those related to tensor products, some of the properties require
clarification, for example in view of the concept of coherence. Finally, we briefly re-
view the concept of locally C*-algebra, their operator model and spatial tensor product.

The second section is devoted to positive semidefinite kernels with values locally
bounded operators, where the main issue is related to their locally Hilbert space lin-
earisations (Kolmogorov decompositions) and their reproducing kernel locally Hilbert
spaces. For the special case of kernels invariant under the action of some *-semigroups
we prove the general dilation result in Theorem 2.3 which provides a necessary and
sufficient boundedness condition for the existence of invariant locally Hilbert space
linearisations, equivalently, existence of invariant reproducing kernel locally Hilbert
spaces, in terms of an analogue of the boundedness condition of B. Sz.-Nagy [32]. The
proof of this theorem is essentially a construction of reproducing kernel space, simi-
lar to a certain extent to that used in [8], see also [29] and the rich bibliography cited
there. As a by-product we also point out two Stinespring type dilation theorems for
completely positive maps defined on locally C*-algebras, distinguishing the coherent
case from the noncoherent case, the latter closely related to [17] and [13], but rather
different in nature.

In the last section, we first review the necessary terminology around the concept
of Hilbert module over a locally C*-algebra, then apply Theorem 2.3 to obtain the
operator model by locally bounded operators and use it to provide a rather direct proof
of the existence of the exterior tensor product of two Hilbert modules over locally C*-
algebras, similar to [23]; following the traditional construction of the exterior tensor
product of Hilbert C*-modules as in [20], in [14] this tensor product is formed through
a generalisation of Kasparov’s Stabilisation Theorem [17].

Once an operator model becomes available, the concept of Hilbert locally C*-
module is much better understood and we think that some of the results obtained in this
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article will prove their usefulness for other investigations in this domain.

1. Preliminaries

In this section we review most of the concepts and results that are needed in this
article, starting with projective and inductive limits of locally convex spaces, cf. [9],
[19], and [10], then considering the concept of locally Hilbert space and the related
concept of locally bounded operator, cf. [11], [12], [7]. For our purposes, we are espe-
cially concerned with tensor products of locally Hilbert spaces. Then we review locally
C*-algebras, cf. [11], [26], [1], [2], [25], and define their spatial tensor product.

1.1. Projective limits of locally convex spaces

A projective system of locally convex spaces is a pair ({ %o} acas {Pup}a<p) sub-
ject to the following properties:

(psl) (A;<) is a directed poset (partially ordered set);
(ps2) {¥a}aca is anet of locally convex spaces;

(ps3) {Pap | Pap: Vg — Yo, @B €A, a < B} isanetof continuous linear maps
such that @ o is the identity map on ¥4 forall o € A;

(ps4) the following transitivity condition holds

Py = Pop O Ppy forall o, B,y €A, suchthat a < < 7. (1.1)

For such a system, its projective limit is defined as follows. First consider the
vector space
I1 7= {{vatacalva € Yo, @ €A}, (1.2)
acA
with product topology, that is, the weakest topology which makes the canonical pro-
jections []gea #a — #p continuous, for all f € A. Then define ¥ as the subspace
of [Tgea Yo consisting of all nets of vectors v = {vy}gea subject to the following
transitivity condition

@ p(vg) = va, forall a, € A, such that o < f3, (1.3)
for which we use the notation
V= 1&1 V.- (1.4)
acA

Further on, for each o € A, define ¢y: ¥ — ¥4 as the linear map obtained by
composing the canonical embedding of 7" in []ycq Yo With the canonical projection
on 7. Observe that 7 is a closed subspace of [[yes 7o and let the topology on
¥ be the weakest locally convex topology that makes the linear maps @ : ¥ — %4
continuous, forall @ € A.
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The pair (¥;{ @ }aca) is called a projective limit of locally convex spaces in-
duced by the projective system ({#o}aca;{®ap}a<p) and is denoted by

¥ = lim %4 (1.5)

acA

With notation as before, a locally convex space % and a net of continuous linear maps
Vo: W — Vo, 0 €A, are compatible with the projective system ({7} aca’ { Qa,p}a<p)
if

Vo = Qg po g, forall a,f € A with o < . (1.6)
For such a pair (#';{Wa)}aca, there always exists a unique continuous linear map
v: W — ¥ =lim _ Vg such that

Va=9QaoY, Q€cA. (L.7)

Note that the projective limit (¥;{®q } ¢ca) defined before is compatible with the
projective system ({%a}aea;{®ap}a<p) and that, in this sense, the projective limit
(7a;{®a }aca) is uniquely determined by the projective system ({ 7o }acas { Qu,p}a<p)-

The projective limit of a projective system of Hausdorff locally convex spaces is
always Hausdorff and, if all locally convex spaces are complete, then the projective
limit is complete.

Let' (7./§{(Ra}'aeA), YV = liinaeA Yo and. (W AWataca), W = liinaeA 7/0.,, be
two projective limits of locally convex spaces indexed by the same poset A. A linear
map f: ¥ — W is called coherent if

(cpm) There exists {fu}aeca @ net of linear maps fy: Yo — #a, & € A, such that
Yoof=fao@y forall @ € A.

In terms of the underlying projective systems ({¥u}aca:{Qup}a<cp) and
({7a}aca{Wa,p}a<p). (cpm) is equivalent with

(cpm)’ There exists {fy}aca a net of linear maps fo: Yo — #o, @ € A, such that
Vo pOfp = fao@qp.forall o, cA with a <.

There is a one-to-one correspondence between the class of all coherent linear maps
[V — W and the class of all nets {fo }4ea as in (cpm) or, equivalently, as in (cpm)’.
It is clear that a coherent linear map f: ¥ — # is continuous if and only if fy is
continuous forall ¢ € A.

1.2. Inductive limits of locally convex spaces

An inductive system of locally convex spaces is a pair ({2« }acas {Xp,ata<p)
subject to the following conditions:

(isl) (A;<) is a directed poset;

(is2) {Za}aeca is anet of locally convex spaces;
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(is3) {Xpa: Za— 2p|a,B €A, a<B} is anet of continuous linear maps such
that )¢ o is the identity map on Z, forall oc € A;

(is4) the following transitivity condition holds

5.0 = X5,8° Xp,a> forall a,,6 € Awitha <f < 6. (1.8)

Recall that the locally convex direct sum @ycp Lo is the algebraic direct sum,
that is, the subspace of the direct product [],c4 defined by all nets {x¢ }qca With finite
support, endowed with the strongest locally convex topology that makes the canonical
embedding 2o — @qea £p continuous, for all f € A. In the following, we con-
sider 2, canonically identified with a subspace of @, Zo and then, let the linear
subspace Z( of @,cs Zo be defined by

% = Lin{x(x —XB’O‘(XO;) | Ot,ﬁ GA, o § B, Xq € 32//0;} (19)

The inductive limit locally convex space (2 ;{Xa}aca) of the inductive system
of locally convex spaces ({ Za}aca; {1Xp,a}a<p) is defined as follows. Firstly,

2 =1lim 2o = (P 2a)/ Zo. (1.10)
aEA acA

Then, for arbitrary o € A, the canonical linear map yq: Z¢ — @a " Py is de-
fined as the composition of the canonical embedding 2y — Dpea Zp with the quo-
tient map @yeq Zp — 2 . The inductive limit topology of 2~ = lim Z is the
strongest locally convex topology on 2~ that makes the linear maps ), continuous,
forall c € A.

An important distinction with respect to the projective limit is that, under the as-
sumption that all locally convex spaces 2, & € A, are Hausdorff, the inductive limit
topology may not be Hausdorff, unless the subspace 2 is closed in yeq Zp - Also,
in general, the inductive limit of an inductive system of complete locally convex spaces
is not complete.

With notation as before, a locally convex space %/, together with a net of con-
tinuous linear maps ky: Zg — %, a € A, is compatible with the inductive system

({ Zatacas{xp,ata<p) if
Ko =Kgoxpar OB €A a<p. (1.11)

For such a pair (#;{Kq)}aca, there always exists a unique continuous linear map
K:¥ — 2 =lim _ Zg suchthat

Ko = KO Xo, QEA. (1.12)

Note that the inductive limit (27;{Xa }aca) is compatible with ({ 2o }aca: {X8,ata<p)
and that, in this sense, the inductive limit (2";{ X« }aca) is uniquely determined by the
inductive system ({ 2o }acas {Xp,ata<p)-

Let (Z{Xa}taca), Z = hi>naeA 2o, and (¥ {Kkutaca), ¥ = li_r)noCeA %, be
two inductive limits of locally convex spaces indexed by the same poset A. A linear
map g: 2 — ¥ is called coherent if
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(cim) There exists {gq}aca @ net of linear maps go: 2o — 5, @ € A, such that
goXa=Kgogq forall x €A.

In terms of the underlying inductive systems ({Za}aca;{Xpata<p) and
({Za}acas {Kp,ata<p), (cim) is equivalent with

(cim)’ There exists {gq}aca a net of linear maps go: 2o — %, @ € A, such that
Kp,a© 8o = 8B © Xp,a» forall @, € A with @ < 8.

There is a one-to-one correspondence between the class of all coherent linear maps
g: 2 — % and the class of all nets {gy}gea asin (cim) or, equivalently, as in (cim)’.
It is clear that a coherent linear map g: 2~ — % is continuous if and only g¢: Zo —
%, 1s continuous for all o € A.

In the following we recall the special case of a strictly inductive system. As-
sume that we have an inductive system ({Zq}aca;{Xp a}a<p) Of locally convex
spaces such that, for all a,8 € A with a < 3, we have 2y C Zp , the linear map
Ap.o: Fa — Zp is the inclusion map, xg o (x) = x forall x € 24, and that the induc-
tive system is strict in the sense that the topology on 2y is the same with the induced
topology of 2 onits subspace Zq, forall &, € A with a < 8. Then, with notation
as in (1.9) and (1.10), observe the canonical identification,

lim 2y = @ 2o/ 20 = | Za. (1.13)
aEA acA ocA

For arbitrary o € A, the canonical map Y : Zo — £ is the inclusion map.
Even in the case of a strictly inductive system of Hausdorff locally convex spaces,
the inductive limit locally convex space may not be Hausdorff, cf. [18].

1.3. Locally Hilbert spaces
By definition, {579}, ca is a strictly inductive system of Hilbert spaces if
(Ihsl) (A;<) is a directed poset;
(Ihs2) {7 }sea is anet of Hilbert spaces (/43;(-,-) ), A € A;
(Ihs3) foreach A,u € A with A < u we have 4 C J7;

(Ihs4) foreach A,u € A with A < u the inclusion map J,, 3 : 75 — 2], is isometric,
that is,
() = (x,9),, forallx,y € 7. (1.14)

LEMMA 1.1. For any strictly inductive system of Hilbert spaces {6, }cn, its

inductive limit 7 = @AEA% is a Hausdorff locally convex space.

Proof. As in Subsection 1.2, for each A € A, letting J; : 54}, — ¢ be the in-

clusion of J#; in |J 77, the inductive limit topology on 7 is the strongest locally
AeEA
convex topology on 7 that makes the linear maps J; continuous for all A € A.
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On J# a canonical inner product (-,-) ;» can be defined as follows:
<h7k>3f: <h7k>3ﬁ7 hk € A, (1.15)

where A € A is any index for which &,k € 57, . It follows that this definition of the
inner product is correct and, for each A € A, the inclusion map J; : (J23;(-,-) ) —
(A5 (-,) ) is isometric. This implies that, letting || - || »» denote the norm induced
by the inner product (-,-)» on J#, the norm topology on 7 is weaker than the
inductive limit topology of J# . Since the norm topology is Hausdorff, it follows that
the inductive limit topology on .7 is Hausdorff as well. [

A locally Hilbert space, see [11], [12], [7], is, by definition, the inductive limit

A =lim Ay, = | A4, (1.16)
AeA AeA

of a strictly inductive system {.773 },ca of Hilbert spaces. We stress the fact that, a
locally Hilbert space is rather a special type of locally convex space and, in general, not
a Hilbert space. It is clear that a locally Hilbert space is uniquely determined by the
strictly inductive system of Hilbert spaces.

1.4. Locally bounded operators

With notation as in Subsection 1.3, let S = h_r)nleAc%ﬁ and 7 = &nleA%ﬁ
be two locally Hilbert spaces generated by strictly inductive systems of Hilbert spaces
{74} aen; {Jii}lgﬂ) and, respectively, ({#) }1ca: {J{A }a<u)» indexed on the same
directed poset A. A linear map 7: ¢ — ¢ is called a locally bounded operator if
T is a continuous coherent linear map (as defined in Subsection 1.2) and adjointable,
more precisely,

(Ibol) T{lere exists a net of operators {7} },.ca, wWith T € B(3, %5, ) such that ijf =
J{T;L forall A € A.

(Ibo2) The net of operators {7} } ¢4 is coherent as well, that is, T,f]f;L = J;ﬁ T, for
all A,u € A suchthat A < .

We denote by PBio.(5°, %) the collection of all locally bounded operators T: 57 —
. It is easy to see that B (A, %) is a vector space.

REMARKS 1.2. (1) The correspondence between T € PBoo (7, %) and the net
of operators {7} },ca as in (Ibol) and (Ib02) is one-to-one. Given T € PBioc (H, H),
for arbitrary A € A we have T)h = Th, for all h € 77, with the observation that
Th € ) . Conversely, if {T) },ca is a net of operators T, € HB(H,, %5 ) satisfying
(Ibo2), then letting Th = T),h for arbitrary h € 5, where A € A is such that h € 573,
it follows that 7 is a locally bounded operator: this definition is correct by (1b01). With
an abuse of notation, but which is explained below and makes perfectly sense, we will

use the notation
T =1lmT,. 1.17)

A€EA
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(2) Let T: 2 — % be a linear operator. Then T is locally bounded if and only
if:
(i) Forall A € A we have T3, C %, and, letting Ty :=T |54, : 76, — ;, Tj, is
bounded.

(ii) Forall A,u € A with A < p, we have Ty,5%) C ) and T;00) C 7.

(3) The notion of locally bounded operator 7: .7 — % coincides with the con-
cept introduced in Section 5 of [11], with that from Definition 1.5 in [12], with the
concept of “locally operator” as in [7], and with the concept of “operator” at p. 61 in
[16], that is,

(a) there exists a net of operators {7 },ca, With Ty € B(74,,%),) forall A € A;
(b) Tﬂjljf,l = Jfg Ty, forall A <pu

(c) T,LP/‘{’ P/ Tu ,forall A < u, where P/l is the orthogonal projection of J7j,
onto its subspace 70, .

(d) for arbitrary h € .2 we have Th = Ty h, where A € A is any index such that
he 76, .

Observe that the relation in (d) is correct: if h € 7 and h € 7, then for any
v EA with v > A, u (since A is directed, such a v always exists), by (b) we have

H H
I Th =T h =T,/ h =T, Th.

(4) Any locally bounded operator T': 5 — ¢ is continuous with respect to the
inductive limit topologies of # and J# but, in general, it may not be continuous
with respect to the norm topologies of ¢ and .# . An arbitrary linear operator 7 €
PBroc (A, %) is continuous with respect to the norm topologies of 7 and ¢ if and
only if, with respect to the notation as in (Ibol) and (1b02), sup, < [|73 || s B A7) <

In this case, the operator 7" uniquely extends to an operator T e %’(%ﬂ H ) where
A and ¢ are the Hilbert space completions of % and, respectively, %, and IT| =
suprea | Tall 2, -

For each A, € A with A < u, consider the linear map 7 ,: B(H, %)) —
B(5,,-%,) defined by

m,u(T) = T TIS T € B(Ay, Hy). (1.18)

Then ({%B(H, 7)) rens{ uta<u) is a projective system of Banach spaces and,
letting lim LeA HB(5,,,) denote its locally convex projective limit, there is a canon-
ical embeddingg
Proe A0, ) C lim B(A, 1), (1.19)
AEA
With respect to the embedding in (1.19), for an arbitrary element {7)},cp €

!iin/le A%(%ﬁ ,3,), the following assertions are equivalent:
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@ {Ta}rea € Bioc(H,X).
(i1) The axiom (1bo2) holds.
(i) Forall A,u € A with 2 <, we have Ty, 73, C %) and T; %, C ;.
As a consequence of (1.19), Bioc(H,#°) has a natural locally convex topology, in-

duced by the projective limit locally convex topology of @le A%(%’j,%ﬁ), more
precisely, generated by the seminorms {g; },ca defined by

au(T) = Tull zh.), T =1{Tataea € im B(H,)). (1.20)
LeA
Also, it is easy to see that, with respect to the embedding (1.19), Bioc(H, %) is closed
in lim,  %(7),.;), hence complete.

The locally convex space Boc(F,. %) can be organised as a projective limit of
Banach spaces, in view of (1.19), more precisely, letting 7, : lillle/\%’(f%ﬁ,t}iﬁ) —
PB(H,H#,) be the canonical projection, we first determine the range of 7, . To this
end, let us consider Ay, ={A € A|A < pu}, the branch of A determined by p, and note
that, with the induced order <, Ay is a directed poset, that ({74} }sen,,; {J;i;L Fa<y<p)
and ({74} AGAM?{J%L } /KKH) are strictly inductive systems of Hilbert spaces such
that 7 = Upep, 7 = lim A} and Ay = Upea, #2 = lim 7, and that

AeAy AeAy
Ty (PBroc(H, K ) = PBroc(Hu,H#y) is a Banach subspace of A(H#,.%,). Conse-
quently,
%loc(%at%/) = liﬁl%loc(jiﬂlaf%/l)- (1.21)
AeA

To any operator T € PBioc(, %) one uniquely associates an operator T* €

PBroo (A, ) called the adjoint of T and defined as follows: if T = lim7; is as-

AeA
sociated to {7 }2ca then T* = lim T} is associated to the net {7}, 5. Most of the
AeA

usual algebraic properties of adjoint operators in Hilbert spaces remain true, in partic-
ular, the classes of locally isometric, locally coisometric, and that of locally unitary
operators make sense and have, to a certain extent, expected properties.

1.5. Tensor products of locally Hilbert spaces

We first recall that the Hilbert space tensor product . ® % of two Hilbert spaces
- and .Z is obtained as the Hilbert space completion of the algebraic tensor product
space .’ ®q1 £, with inner product (-,-) S DagL defined on elementary tensors by
(s@1t@k) 70,2 = (s,t)7 (I,k) # and then extended by linearity to .% ®q1p £

We also recall that, for two Hilbert spaces . and . and two operators X €
PB(S) and Y € B(L), the operator X QY € B(S @.%) is defined first by letting
X®Y)(s®l) =Xs®YI for arbitrary s € . and [ € .Z, then extended by linearity
to . ®a1¢ Y, and finally extended by continuity, taking into account that ||[X ® Y| =
[|X]|1¥]|. In addition, (X ® Y)* = X*®Y*, and from here other expected properties
follow in a natural way.
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PROPOSITION 1.3. Let /' = lim 7 and A = lim Ay be two locally Hilbert
AeA oA
spaces, where A and A are two directed posets. Then {5, ® %}(A,a)eAxA can be

naturally organised as a strictly inductive system of Hilbert spaces.

Proof. With notation as in Subsection 1.3, we consider A x A with the partial
order (A, ) < (u,B) if A < u and o < B3, for arbitrary A, € A and a, B € A, and
observe that, with this order, A x A is directed. For each (1,@) € A x A, consider
the algebraic tensor product space . ®ayg -#o With inner product (-,-), , defined on
elementary tensors by

(h@k), (8@ D)0 = (&) (k1) ey, hig € G, kil € Hy, AEA, AEA,

and then extended by linearity. Observe that {7 @, Jf/a}( A,a)eAxA 1s an inductive
system of linear spaces and that

H ®alg H = U % ®alg e%/a-
(A,x)eAxXA

On J7 ®qyg  there exists a canonical inner product: firstly, for arbitrary h,k €
%®a]g¢%/, 1Ct
<hak>%®alg%f = <hak>l,a7 (122)

where A € A and o € A are such that h,k € 7, ®a1g #¢ , and then extend (-, ) s,

—~—

to the whole space J# ®q, % by linearity, to a genuine inner product. Let J7 ®g1g #~
be the completion of the inner product space (7 ®aig £ (",") @y, ) to a Hilbert
space and observe that, for any A € A and a € A, the inner product space (% ®ag

Hai(*y*)2,q) is isometrically included in the Hilbert space .#° ®q4 %", hence we can
take the Hilbert space tensor product .75 ® %4 as the closure of (] ®ag - #a: ()1 )

inside of J7 ®q, % . In this way, the inductive system of Hilbert spaces {7 ®
%}(A,a)g/\m is strict. [

With notation as in Proposition 1.3, the strictly inductive system of Hilbert spaces
{7, © Ha}(r,a)caxa givesrise to a locally Hilbert space

H @ = lim A= ) MO Ha, (123)
(A,a)eAxXA (A,a)eAxA

that we call the locally Hilbert space tensor product. The natural topology on 77 ®joc
 is considered the inductive limit topology. 77 ®ic % is equipped with the inner
product as in (1.22) and is dense in the Hilbert space % ®joc-# but, in general, they
are not the same.

Let T € PBioe(H) and S € Bioc () be two locally bounded operators and define
T Qioc S: I Qioc K — H Rioc A as follows: if T = liLn/leA T, and S = liinaeA Su
then, observe that {7 ® Sa}( 2,a)eAxA 18 a projective net of bounded operators, in the
sense that it satisfies the following properties:
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(i) Ty ®Sp reduces 77 @ Hq (thatis, J3 @ Hy is invariant under both 7, ® Sg
and its adjoint), forall A <y and a < .

(1) Py (Tu®@Sp)|(7, @ Hy) =T, @Sq ,forall A <p and o < .

Consequently, we can define T ®joc S € Bioc(F Rioc £ ) by

T Rioc S = m T, ®S,, (1.24)
(A,x)eAXA
and observe that
(T Rioc ) =T" Roc ™. (1.25)

In particular, if 7 =T* and S = §* then (T ®joc S)* =T Rjoc S and, if both T and S
are locally positive operators, then T ®j, S is locally positive as well.

1.6. Locally C*-algebras

A x-algebra 7 is called a locally C*-algebra if it has a complete Hausdorff locally
convex topology that is induced by a family of C*-seminorms, that is, seminorms p
with the property p(a*a) = p(a)? for all a € <7, see [11]. Any C*-seminorm p has
also the properties p(a*) = p(a) and p(ab) < p(a)p(b) for all a,b € o7, cf. [27].
Locally C*-algebras have been called also LMC*-algebras [26], b*-algebras [1], and
pro C*-algebras [30], [25].

If o is a locally C*-algebra, let S(<) denote the collection of all continuous
C*-seminorms and note that S(«7) is a directed poset, with respect to the partial order
p<qif p(a)<q(a) forallac . If p € S(«7) then

Ip={a€ o | pla)=0} (1.26)
is a closed two sided #-ideal of ./ and .¢7), = &7 / #), becomes a C*-algebra with respect
to the C*-norm || - ||, induced by p, see [2], more precisely,

la+ 2|, =pla), ac. (1.27)

Letting m,: &/ — <7, denote the canonical projection, for any p,q € S(.<) such that
p < g there exists a canonical *-epimorphism of C*-algebras 7, ,: </, — <7, such
that 7, = 7, 40 m,, with respect to which {7} pesS(er) becomes a projective system of
C*-algebras such that
o = lim o), (1.28)
PeS(<)

see [26], [25]. Itis important to stress that this projective limit is taken in the category of
locally convex *-algebras and hence all the morphisms are continuous *morphisms of
locally convex *-algebras, which make significant differences with respect to projective
limits of locally convex spaces, that we briefly recalled in Subsection 1.1.

An approximate unit of a locally C*-algebra .27 is, by definition, an increasing net
(ej)je ¢ of positive elements in &/ with p(e;) <1 forany p € S(#/) andany j€ #,
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satisfying p(x —xej) — 0 and p(x —ejx) — 0 for all p € S(«7) and all x € /. For
J J

any locally C*-algebra, there exists an approximate unit, cf. [11].

Letting b(/) = {a € & | sup,cg(y)P(a) < +oo}, it follows that [laf =
SUp ey P(@) is @ C*-norm on the x-algebra b(</) and, with respect to this norm,
b(</) is a C*-algebra, dense in <7, see [2]. The elements of b(.«7) are called bounded.

EXAMPLES 1.4. Let 7 = lim 7 be a locally Hilbert space and Hjoc (A) be

AeA
the locally convex space of all locally bounded operators 7: .77 — ., see Subsec-

tion 1.4.

(1) In the following we show that Zj,.(S) is a locally C*-algebra. Actually, we
specialise (1.18)—(1.21) for .7 = .# and point out what additional structure we get.
We first observe that %o () has a natural product and a natural involution *, with
respect to which it is a x-algebra. For each u € A, consider the C*-algebra %(77,)
of all bounded linear operators in 7, and 7, : By (H#) — HB(H)) be the canonical
map: for any 7 = lim 7 € PBioc (), we have 7, (T) =T, . Similarly as for (1.21),

AEA
Ty (PBroc(H)) = Broc(H,) is a C*-subalgebra of B(7,).

It follows that 7, : PBioc(H) — PBioc(-#4) is a *-epimorphism of sx-algebras
and, for each A,u € A with A < u, there is a unique *-epimorphism of C*-algebras
Tyt Broc(H1) — Proc(4,), such that my = m, 7y, . More precisely, compare with
(1.18) and the notation as in Subsection 1.4, 7 , is the compression of 7, to 77 ,

nl,u(S):JZJLS‘]IL,l? Se%ec(%). (1.29)

Then ({PBioc(H2)}reas 1T u}a,uen, a<p) 18 @ projective system of C*-algebras, that
is,

Ton =T u°Tun, AMNEA AU, (1.30)
and, in addition,
nﬂ(S)Pl7#:Pl7ﬂ7rﬂ(S)7 A«,.LLEA, )Lguv SE%[O(;(%), (131)
such that
Broe(H) = lim Bioce (I, (132)
AEA

hence Boc(H) is alocally C*-algebra.
For each € A, letting py @ Bioc(#) — R be defined by

pu(T) = ||Tu||,gg(%), T = @T’l S ﬁloc(f%ﬂ), (1.33)
AEA

then py is a C*-seminorm on HBioc(#°). Then HBio.(#°) becomes a unital locally
C*-algebra with the topology induced by {p3 }ca-

The C*-algebra b(PBioc(7)) coincides with the set of all locally bounded op-
erators T = liin/le A such that {Tj },ca is uniformly bounded, in the sense that
sup;ea |71l < oo, equivalently, those locally bounded operators T': . — S that are
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bounded with respect to the canonical norm ||- || ;» on the pre-Hilbert space (7 (-, ") ;7).
In particular b(<7) is a C*-subalgebra of %’(%, where 7 denotes the completion
of (;(-,-).») to a Hilbert space.

(2) With notation as in item (1), let &/ be an arbitray closed *-subalgebra of
PBioc(A). On o/ we consider the collection of C*-seminorms {py|.%} ca, Where
the seminorms p,, are defined as in (1.33) and note that, with respect to it, .27 is
a locally C*-algebra. The embedding 1: &/ — PBo.(#), in addition to being a *-
monomorphism, has the property that, for each A € A, it induces a faithful *-morphism
of C*-algebras 1y : .«7,, — () such that, {1}, has the following properties as
in Remark 1.2.(3): forany A < u,

l”(au)./ﬂ’l :Jy,lll(al)a a= liﬂlaﬂ €, (1.34)
neA
w(@)Pyy =Py yu(a), ac .. (1.35)

Also, the C*-algebra b(«/) of bounded elements of <7 is canonically embedded

as a C*-subalgebra of Z(5¢), with notation as in the previous example.

REMARK 1.5. With notation as in the previous examples, classes of operators as
locally selfadjoint, locally positive, locally normal, locally unitary, locally orthogonal
projection, etc. can be defined in a natural fashion and have expected properties. For
example, an operator A = liin/l . AA 2 In Bloe (F) is locally selfadjoint if, by definition,
Aj = Aj forall A, equivalently, (Ah,k) » = (h,Ak) » for all h,k € 7, equivalently
A =A". Similarly, an operator A = lim, A A; in PBoc(H) is locally positive if, by
definition, A, > 0 for all A, equivalently, (Ah,h)» > 0 for all h € 5. Then, it is
easy to see that, an arbitrary operator T € PBjo.(5) is locally positive if and only if
T = S*S for some S € Bioc ().

Let o/ =lim, o) and & =lim, %, be two locally C*-algebras, where
——A€EA —AEA
({ b rens {7 aen) and ({Z1}aea: {m}1cn) are the underlying C*-algebras and
canonical projections, over the same directed poset A. A s-morphism p: & — A is
called coherent if

(cam) There exists {p; }1ca @ net of x-morphisms p; : o/, — 9B, , A € A, such that
nfop=pyomy, forall A €A.

REMARKS 1.6. (1) Observe that any coherent x-morphism of locally C*-algebras
is continuous: this is a consequence of the fact that any smorphism between C*-
algebras is automatically continuous and the projectivity.

(2) With notation as before, a coherent x-morphism of locally C*-algebras p: o/ —
4 is faithful (one-to-one) if and only if, for all A € A, the *-morphism p; : <) — %)
is faithful (one-to-one).

. In case B = Bio.(H) = liLnAeA‘%OC(%)’ where 77 = @AGA%_B a locally
Hilbert space, we talk about a coherent x-representation p of o/ on J if p: o —
Ploc () is a coherent x-morphism of locally C*-algebras.
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Alocally C*-algebra & = lim 7 , where {7, | A € A} is a projective system of
AeA
C*-algebras over some directed poset A, for which there exists a locally Hilbert space

S = lim 7 such that, for each A € A the C*-algebra «7) is a closed *-algebra of

AeA
HB(F,), is called a represented locally C*-algebra or a concrete locally C*-algebra.

Observe that, in this case, the natural embedding of o7 in H.(H#) is a coherent
s-representation of &7 on 7.

The following analogue of the Gelfand-Naimark Theorem is essentially Theo-
rem 5.1 1in [11].

THEOREM 1.7. Any locally C*-algebra < can be coherently identified with some
concrete locally C*-algebra, more precisely, if o/ = lim o7, where {</) | A € A} is

AeA
a projective system of C*-algebras over some directed poset A, then there exists a

locally Hilbert space 7 = h_n)lt%ﬁ and a faithful coherent x-representation m: &/ —

AEA
PBloc ().

We briefly recall the construction in the proof of Theorem 1.7. By the Gelfand-
Naimark Theorem, for each p € A there exists a Hilbert space ¢, and a faithful
s-morphism py : o7 — (). For each A € A consider the Hilbert space

G, = P Y. (1.36)
u<i

and, identifying .77} with the subspace 7} ®0 of J#;, for any A < 7, observe that
{7, | L € A} is a strictly inductive system of Hilbert spaces. Then, for each A € A
define m, : oty — B(H3,) by

m(a) = P pulay), a=limay € o, (1.37)
USA neA

and observe that {7, | L € A} is a projective system of faithful s-morphisms, in the
sense of (1.30) and (1.31). Therefore, the projective limit 7 = lim 7, : A — PBroc ()

AeA
is correctly defined and a coherent faithful *representation of .« on 7.

1.7. The spatial tensor product of locally C*-algebras

Recall that, given two Hilbert spaces 2~ and % and letting 2" ® ¢ denote the
Hilbert space tensor product, there is a canonical embedding of the C*-algebra tensor
product B(2") ®. B(¥), called the spatial tensor product, as a C*-subalgebra of the
C*-algebra B(Z ® %), e.g. see [22].

We first start with two locally Hilbert spaces 7Z=lim, , ¢ and # =lim __ %y

—AEA — €A
and the corresponding locally C*-algebras c%’loc(%”):liglle A%’loc(f%’j) and Bioc(H)
=lm__ Pio.(H#y) for which the tensor product locally C*-algebra PBioc(H) Rioc

—ocA
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Pioc (") is defined by canonically embedding it as a locally C*-subalgebra into
PBloc (A Rioc A ), Where the tensor product locally Hilbert space 7 ®joc £ is de-
fined as in Subsection 1.5. More precisely, (1.24) provides a canonical embedding of
the *-algebra By (H) @aig PBioc(A) into the locally C*-algebra Bio (A Dioc H).
For T =lim,  T; € Proc(H) and S = lim _ Sq€ PBroc(H), letting

PralT @ocS) = I Tall2 [ISella, A €A, a €A, (1.38)

provides a net of cross-seminorms {py o }iea, aea ON Bloc(H) Datg PBioc(A) that co-
incides with the net of C*-seminorms on Bioc(H Rioc A ), see (1.33). Consequently,
the locally C*-algebra tensor product Bioc(H) Rloc PBioc(H#) is the completion of
Bloc(H) @aig Bioc(A) with respect to these seminorms and hence, canonically em-
bedded into Boe(H Rioc H).

Let of = @le A /), and B = @ae s Ay be two locally C*-algebras. By Theo-
rem 1.7, there exist coherent faithful #-representations 7: o7 — Bioc(H) and p: B —
PBioc(H), for two locally Hilbert spaces 57 = lim, % and J =lim _ Jy.
Then T ®p: & Raig B — PBloc(H) @ioc PBioc(A) is a coherent faithful *-morphism.
We consider the represented locally C*-algebras n(%7) in PBioc(°) and p(H) in
Broc(A") and make the completion (o) ®ioc p(H) of T() Dag p(#) within the
locally C*-algebra Bioc(H#) R1oc Bloc(#°) and then define the spatial locally C*- al-
gebra tensor product </ @, % by identifying it, through the coherent *-homomorphism
TR p, with ﬂ(JZ{) ®locp(93).

2. Dilations

This is the main section of this article. The object of investigation is the concept
of kernel with values locally bounded operators and that is invariant under an action
of a x-semigroup and the main result refers to those positive semidefinite kernels that
provide *representations of the s-semigroup on their locally Hilbert space linearisa-
tions, equivalently on reproducing kernel locally Hilbert space. When specialising to
completely positive maps on locally C*-algebras and with values locally bounded op-
erators, we point out how two Stinespring dilation type theorems follow from here.

2.1. Positive semidefinite kernels

Let X be a nonempty set and 7 = lim 703, be a locally Hilbert space, for some

AEA
directed poset A. A map k: X X X — Boc () is called a locally bounded operator

valued kernel on X . Equivalently, with notation as in subsections 1.4 and 1.6, there
exists a projective system {k; | A € A} of kernels kj : X XX — PBioc(H3,), L € A,
where

ky (x,y) =k(x,y);, A€A x,yeX, 2.1)

more precisely, for each A € A we have Kk, (x,y) € (44, ) such that

kl('xvy)PlJJ. :P)L,[lkl(xay)v X,y EXa A’ g .LL, (22)



654 A. GHEONDEA

where Py, is the orthogonal projection of 7, onto .7 , and, for any h € 7,
k(x,y)h=kj (x,y)h, xy€X, (2.3)

where A € A is such that h € 773 .
Given n € N, the kernel k: X X X — Bo.(H) is called n-positive semidefinite
if, for any x;,...,x, € X and any hy,...,h, € 7, we have

n

Y (k(xi,xj)hj hi) e = 0. (2.4)
i,j=1

It is easy to see that k is n-positive semidefinite if and only if, for each A € A, the
kernel k; is n-positive semidefinite.

The kernel k: X X X — Boo(F) is called positive semidefinite if it is n-positive
semidefinite for all n € N. Clearly, this is equivalent with the condition that, for each
A € A, the kernel k; is positive semidefinite.

Given a locally bounded operator valued kernel k: X X X — Bjoc(H), with
I = 11_11}1 A0, , a locally Hilbert space linearisation, also called a locally Hilbert space

AeEA
Kolmogorov decomposition, of K is a pair (. ;V) such that

any o = lim ), is alocally Hilbert space over the same directed poset A.
AEA

(12) V: X — Bioc (A, ) has the property k(x,y) =V (x)*V(y), forall x,y € X.
A linearisation (V) of k is called minimal if

(13) V(X)s7 is atotal subsetin 7 .

REMARK 2.1. From any locally Hilbert space linearisation (.#7;V) of k, we can
obtain a minimal one. Indeed, consider %}, the closure of the linear subspace generated
by V(X)#, which is a locally Hilbert subspace of .#. More precisely, for each
A € A, consider LinV (X).73 , the closure of the linear space generated by V(X)s# as
a subspace of #; and observing that {LinV (X )74} }; ca is a strictly inductive system
of Hilbert spaces, let

Ho = h_n}lLinV(X)jﬁ. (2.5)
AeA
Foreach A € A, let J) o: LinV(X)54, — ) be the natural embedding, an isometric
operator between two Hilbert spaces, and observe that

Jo= liLnJ)L,O € %loc(%w%/) (2.6)
AEA

is an isometric coherent embedding of % in JZ. Then, Py = Jj € Bioc (K, Hp) is
a locally orthogonal projection of %" onto .#; and then, letting Vy(x) = P,V (x) for
all x € X, we obtain a minimal locally Hilbert space linearisation (#;V) of k. Also,
all minimal locally Hilbert space linearisations associated to a kernel k are unique,
modulo locally unitary equivalence.
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With the same notation as before, let .% (X;.7) denote the collection of all maps
f: X — 2 and note that it has a natural structure of complex vector space. In addition,
observe that {7 (X;.743,) } 1ea is a strictly inductive system of complex vector spaces,
in the sense that .7 (X;.7¢3 ) C .7 (X;7¢,) forall A < u, and that

F (X ) =1lim F (X:.6,) = | ) Z(X:6,). 2.7
AEA AEA

A complex vector space % is called a reproducing kernel locally Hilbert space of k if

(k1) # C .7 (X;), with all algebraic operations, is a locally Hilbert space % =
H_H)L@;L , with Hilbert spaces %) C .7 (X;.7,) forall A € A.
AeA

(rk2) Letting ky(y) =k(y,x), x,y € X, we have kyh € Z forall x € X and h € 7.
(tk3) (f,keh)z = (f(x),h)p forall he S, x€ X, and f € Z.

Observe that, any reproducing kernel locally Hilbert space % of k has the following
minimality property as well

(tk4) {k¢h |x€ X, he A} istotal in Z.

Also, the reproducing kernels are uniquely determined by their reproducing kernel lo-
cally Hilbert spaces and, conversely, the reproducing kernel locally Hilbert spaces are
uniquely determined by their reproducing kernels.

We are particularly interested in the relation between locally Hilbert space lineari-
sations and reproducing kernel locally Hilbert spaces.

PROPOSITION 2.2. Let k: X X X — PBioc () be a locally positive semidefinite
kernel, for some locally Hilbert space 7 and nonempty set X .

(1) Any reproducing kernel locally Hilbert space % of kK can be viewed as a
minimal locally Hilbert space linearisation (#;V'), where V (x) = K.

(2) For any minimal locally Hilbert space linearisation (£ ;V) of K, letting

Z={V()Vk|ke X}, 2.8)
we obtain a reproducing kernel Hilbert space % .
The proof is rather straightforward and we omit it, e.g. see similar results and their
proofs in [8] and [5].
2.2. The general dilation theorem

With notation as in the previous subsection, let S be a *-semigroup acting on X
at left, Sx X 3 (s,x) —s-x € X. Akemel k: X x X — Bo.(H), for some locally
Hilbert space .77, is called S-invariant if

k(s-x,y) =k(x,s*y), se€S, x,yeX. 2.9)

Invariant kernels and their many applications have been considered in mathematical
models of quantum physics [6] and (quantum) probability theory [24].
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THEOREM 2.3. Let S be a x-semigroup acting at left on the nonempty set X and
let ki X X X — PBoc(H') be a kernel, for some locally Hilbert space 7 = lim 2 .

AeA
The following assertions are equivalent:

(1) The kernel K is locally positive semidefinite, invariant under the action of S, and

(b) For any s € S and any A € A, there exists ¢, (s) = 0 such that, for any
n € N, any vectors hy,...,h, € 76, , and any elements xy,...,x, € X, we
have

n

n
Z (s-xj,8 xp)hi, hj) o, Z (xj, X6, ) o, -
Jk=1 jik=1

(2) There exists a triple (', 1;V) subject to the following properties:

(ill) (V) is alocally Hilbert space linearisation of K.
(il2) 7: S — PBioc(H') is a x-representation.
(i13) V(s-x)=n(s)V(x) forall s€ S andall x€ X.

(3) There exists a reproducing kernel locally Hilbert space % with reproducing ker-
nel k and a *-representation p: S — Bioc(#) such that K = p(s)ky for all
seSandall xe€ X.

In addition, if this is the case, then the triple (¢ ;m;V) as in item (2) can be chosen
minimal, in the sense that T(S)V(X)A is total in ¢ and, in this case, it is unique up
to a locally unitary equivalence.

Proof. (1)=-(2). We first fix A € A and construct a minimal .77; -valued Hilbert
space linearisation (7 ;) ; V) ) of the positive semidefinite kernel k : X XX — Z(543).
Let .#(X;.743) denote the complex vector space of functions f: X — %3 and let
F0(X;74,) denote its subspace of all finitely supported functions. Consider the con-
volution operator K : %o(X;.76,) — F (X;76,)

(K2 f) () = Y K (x,0)f (), f€Fo(X;7), x€X, (2.10)
yeX

and let ¥, C .7 (X;74,) denote its range
G, ={ge F(X;5) | g =K, f forsome f € Fy(X;;)}. (2.11)
On ¥, a pairing (-,-); can be defined as follows

(e.f) =Y, (ka(n0)g(x),h(V))or, €. f €%y, (2.12)

x,yeX

where g.h € %y(X,5%,) are such that e = K) g and f = K; h. The definition (2.12)
is correct and the pairing (-,-); is an inner product on ¥, , the details are similar with
those in the proofs of Theorem 3.3 and Theorem 4.2 in [8].
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Letting %, denote the Hilbert space completion of the pre-Hilbert space (43;(-,-)1 ),

we now show that {.#} }, ca can be chosen in such a way that it is a strictly inductive
system of Hilbert spaces. To see this, we first observe that, for each A,u € A with
A < p, the pre-Hilbert space ¢ C 9, and that, the two inner products (-,-); and
(-,-)u coincide on ¢, . Then, let

g =1im% =%
AEA AEA

be the algebraic inductive limit, on which we can define an inner product (-,-)¢ as
follows:
<g7h>‘f = <g7h>lu

where A € A is any index with the property that g, € ¢ . It turns out that this defini-
tion is correct, due to the fact that ¢; C %, and that the two inner products (-,-); and
(-,-)u coincide on ¥, for any A < u. Let ¢ be the Hilbert space completion of the
inner product space (¥¢;(-,-«). Then, observe that, for each A € A, the inner product
space (4,;(-,-),) is isometrically included in &, hence we can take . as the closure

of 4, in ¢ . In this way, {#) },ca is a strictly inductive system of Hilbert spaces
hence, we can let
H = lim A, (2.13)
AEA

the corresponding locally Hilbert space.
For each x € X, define V) (x): 54, — %) by

Va0 () =k (»x)h, yEX, h€ A, (2.14)
note that the linear operator V; (x) has its range in %, , and that
(Va(0)h, Vi (x)h) s = (ka (x,x) 0, h) oz < |[Kp [ (Bo ) oy hE€ TG,

hence V) (x) € B(.7,,.#) . In addition, V) (x)* is the extension to %) of the evalua-
tion operator ¢4, 2 g — g(x) € %, . This shows that

Vi) Vah= (Va(y)h)(x) =k (x,y)h, x,yeX, he ;. (215
Foreach s € S let m) : .F(X;.7¢) — .F (X;.7%,) be the linear operator defined by
(M (5)f)(x) = f(s"x), [feF(X:H,), xeX, (2.16)

and observe that ) leaves the subspace ¢, invariant. Denoting by the same symbol the
linear operator 7, (s): 4 — 4, it follows that m) : S — Z(¥),) is a #representation
of the #-semigroup S on the vector space %, . In addition, taking into account the
S-invariance of the kernel k, and hence of k; , we have

(Va(s-x)h)(y) = kp (v, 5 -x)h =Ky (5" -y, ) = (V3 (x)h) (s™ - x)
= (m (s)Va(x)h)(y), x,y€X, he€ H;, sES.
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We observe that, due to the boundedness condition (b), for each s € S, the linear
operator 7, is bounded with respect to the norm of the pre-Hilbert space ¢, and hence,
it can be uniquely extended to an operator , (s) € (%)) such that the conditions
(i12) and (i13) hold. In addition, observe that the linear span of ) (S)V(X)J%, is 9, ,
hence dense in %}, .

On the other hand, observe that, for any A, € A with A < p we have

V“(x)h:J”’AVl(x)h, xeX, he i, (2.17)
and, similarly,
Jiamu(s)ua=m, sES. (2.18)

Consequently, letting V: X — By (2, %) be defined by

V(X)h=Vy(x)h, x€X, he A, (2.19)
where A € A is any index such that & € 7 and, similarly,

n(s)k=mu(s)k, s€S, ke, (2.20)

where u € A is any index such that k € %, we obtain a triple (¢ ;7;V) with all the
required properties.

(2)=(3). This is a consequence of Proposition 2.2.

(3)=-(1). This implication is clear, in view of Proposition 2.2. [

The proof of the implication (1) =>(2) in Theorem 2.3 follows a reproducing kernel
approach. As a technical observation, when combining with Proposition 2.2, it shows
that the completion performed at the end of the proof of the implication (1)=-(2) can
be done inside of .7 (X;.7¢), see also [29] for historical comments on this issue.

The boundedness condition (b) is the analogue of the Sz.-Nagy boundedness con-
dition [32] and it is automatic if S is a group with s* = s~ !, for all s € S, see [29] for
a historical perspective on this issue. Letting S = {e}, the trivial group, Theorem 2.3
implies that any positive semidefinite kernel with values in By, (.7), for some locally
Hilbert space, has a locally Hilbert space linearisation, equivalently, is the reproducing
kernel of some locally Hilbert space of functions defined on X and valued in HBjoc (),
a fact observed in [7].

2.3. Completely positive maps

Let o7 be alocally C*-algebra and consider M, (/) the *-algebra of n x n matri-
ces with entries in .<7'. In order to organise it as a locally C*-algebra, we take advantage
of the spatial tensor product defined in Subsection 1.7, more precisely, we canonically
identify M, (/) with the spatial tensor product locally C*-algebra M, ®. < .

Consider now two locally C*-algebras 7 and % and let ¢: o/ — 2 be a linear
map. For arbitrary n € N, consider ¢,: M, (&) — M,(2A), defined by

Gallai jlij=1) = [@(aij)]i =1, laijlij=1 € Ma(), 220
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equivalently, @, = I, ® @, where I, is the unit matrix in M, . Since M,(<) = M, @,
of are locally C*-algebras, it follows that positive elements in M,(</) are perfectly
defined, hence the cone of positive elements M, (<7)" is defined. The linear map @ is
called n-positive if @(M,(/)") C M, (%)" and, it is called completely positive if it is
n-positive for all n € N.

REMARKS 2.4. Consider a linear map @ : &/ — PBioc(-#), for some locally C*-
algebra o7 and some locally Hilbert space .77 .
(1) The map ¢ is called n-positive semidefinite if the kernel k: o/ X o — PBioc ()
defined by
k(a,b) = ¢(a*b), abe o, (2.22)

is n-positive semidefinite in the sense of Subsection 2.1, more precisely, forall ay,...,a,
€ o andall hy,... h, € 5, we have

n

Y (o(ajaj)hj,hi)w >0, (2.23)
ij=1

and it is called positive semidefinite if it is n-positive semidefinite for all n € N. Ob-
serving that

Mn(%loc(%)) :Mn R« 33100(%) = %((Cn)®* 33100(%) = %IOC((C” ®loc%)7 (224)

it follows that any positive semidefinite linear map @: & — Boc(H) is completely
positive. Since any matrix [a;;]} ;_; € Mn(o/ )™ is a linear combination of matrices of
type [aja;]};_,, it follows that the converse is true as well.
(2) Assume that & =1lim, <7 and S =lim, , 77, over the same directed
—AeA —A€eA
poset A, and that the linear map ¢@: o7 — P, () is coherent in the sense of Sub-
section 1.1, more precisely, there exists { @ }1ea With @) : &7 — B(7#,) linear map,
forall A € A, such that,

'%loc(jf)

, cp=g@omy’, AEA, (2.25)

where 7177 : @ — o/ and nf?"’“(%>: PBroc(H) — B(,) are the canonical *morp-
hisms. In this case, ¢ is completely positive if and only if ¢, is completely positive
for all A € A. Since completely positive maps between C*-algebras are automatically
continuous, it follows that any coherent completely positive map ¢: &7/ — Bioc(H)
is continuous.

(3) If the completely positive map @: &/ — PBioc(H°) is not coherent, it may
happen that it is not continuous. This is a consequence of the existence of s-morphisms
between locally C*-algebras that are not continuous, cf. [25].

Let ¢: &/ — Bioc(H) be a completely positive map, for some locally C*-algebra
</ and some locally Hilbert space 77 = 11_11}1/le A%’j. By Remark 2.4, the kernel
k: o X o — Pyo.(H°) defined as in (2.22) is positive semidefinite and observe that,
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when considering 7 as a x-semigroup with respect to multiplication, it is invariant
with respect to the left action of .7 on itself, that is,

k(ab,c) = ¢((ab)*c) = ¢(b*a*c) =k(b,a*c), a,b,c€ . (2.26)

In order to apply Theorem 2.3, the only obstruction is coming from condition (b).

We first make an additional assumption on ¢, namely that it is coherent, as in
Remark 2.4.(2). In particular, ¢ is continuous, cf. Remark 2.4.(3). Depending on
whether .o/ is unital or not, we distinguish two cases. If ./ is unital, then fixing
A € A, one obtains the condition (b) due to the fact that <7, is a C*- algebra, e.g. see
[4]. Briefly, for arbitrary a € <7, by,...,b, € & and hy,...,h, in J, since @, is
positive semidefinite, for any y € <7, we have

n

Y (@ b5y ybi)hi, hj) o, = 0. (2.27)
ij=1

Without loss of generality we can assume that ||a|| < 1 and let y = (1 —a*a)'/? € o7,
hence from (2.27) it follows

n n

Y (o(bia abj)hj hi) s, < Y, (Q(bibj)hj hi) sz (2.28)
i,j=1 i,j=1

which proves that condition (b) holds, in this case. Thus, we can apply Theorem 2.3
and get a locally Hilbert space linearisation (;V) of k, with #" = li_n})LE AJK@ and
Vil — Bioc(H, ) such that V(b)*V(c) =k(b,c) = @(b*c) for all b,c € &7, as
well as a srepresentation 7: &/ — PBjoc(H#") (this is indeed a *-representation of *-
algebras since linearity comes for free), such that w(a)V (b) =V (ab) forall a,b € o .
Since <7 is unital, letting W =V (1) € Bioc (A, %), it follows that @ (a) =W*n(a)W,
forall a € o7 .

In case o/ is not unital, one has to impose stronger assumptions. Firstly, the
boundedness condition (b) can be proven: with notation as in the proof of Theorem 2.3,
for a fixed A € A, as in (2.16), one has a *representation my : &/ — . (%L) Letting

o/ = o/ ®C denote the unitisation of the C*- algebra &, letting 7y : o =& (9)) be
defined by 7y (a,t) = my (a) + tly,, a € o/, t € C, we get a unital *representation
of </ on the pre-Hilbert space ¥, , in particular, ; maps unitary elements from o
to unitary operators on ¢, . Since o is linearly generated by the set of its unitary
elements, a standard argument, e.g. see [23], proves the validity of the boundedness
condition (b).

Secondly, recall that, according to a result in [11], 7 has approximate units. On
Proc (€, ") one introduces the strict topology, also known as the so *-ropology, which
is the locally convex topology defined by the family of seminorms Bjo.(H#) > T —
| Tahllk, + [Ty k|l , forall A € A, h€ 7, and k € %, where T =1im 7T} . Itis easy
to see that PBio. (H, ") is complete with respect to the strict topology. Then, ¢ : & —
PBioc () is called strict if, for some approximate unit {e;};c s of &7, {@(e;)}jc 7
is a Cauchy net with respect to the strict topology in P (#°). Under the additional
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assumption that ¢ is strict, one proves, e.g. as in [23], that the net {V(e;)};c 7 is

Cauchy with respect to the strict topology in Ao (7, %), hence there exists W €

Bioc (A, X") such that V(e;) —/> W, with respect to the strict topology. Again, we
J€S

conclude that @(a) = W*n(a)W forall a € o .
The preceding arguments prove a coherent version of the classical Stinespring
Dilation Theorem [28].

THEOREM 2.5. Let ¢: o/ — Pioc(FH) be a coherent linear map, for some lo-
cally C*-algebra o = liﬂlle/\’d’l and some locally Hilbert space 7 = h_n}lleAf%’jl.
The following are equivalent:

(1) @ is completely positive, and strict if </ is not unital.

(2) There exists a locally Hilbert space J# = lii>n;L GA%’ a coherent x-represen-
tation w2 A — Bioc(H ), and W € Bloo(H, H"), such that ¢(a) =W*nm(a)W for all
ac d.

The second Stinespring type dilation theorem for locally bounded operator valued
completely positive maps on locally C*-algebras, that we point out, says that in case ¢
is not coherent, one has to assume that it is continuous, and the same conclusion can
be obtained (of course, less the coherence of the *-representation 7). This theorem is
closer to the Stinespring type theorems proven in [17] and [13], but rather different in
nature.

THEOREM 2.6. Let @: o — Pioc(F) be a linear map, for some locally C*-
algebra </ and some locally Hilbert space 7 =lim, _ .7 . The following assertions
are equivalent:

(1) @ is a continuous completely positive map, and strict if </ is not unital.

(2) There exists a locally Hilbert space ¥ = 1i_r>n/l AJ/;L, a continuous x-repre-
sentation T: A — PBioc(H), and W € Bioo(F, X)), such that ¢(a) =W*n(a)W for
all ae o .

AEA

In order to prove Theorem 2.6, one has to take into account the continuity of ¢
in a slightly different fashion. Firstly, with notation as in Subsection 1.6, in this case

o/ = lim <,, where S(<7), the collection of all continuous C*-seminorms on
——peS()

o, is directed with respect to the order p < ¢ if p(a) < g(a) for all a € o7. The
main obstruction, when compared to the case of a coherent completely positive map
¢ as before, comes from the fact that the two directed posets A and S(<7) may be
completely unrelated. In this case, one has to assume that the completely positive map
¢©: o — PBio.(H) is continuous, hence, for any A € A, there exists p € S(«7) and
C, = 0 such that

lo(@)llg <Cipla), ac. (2.29)
A standard argument implies that ¢ factors to a completely positive map ¢, : &7, —

HB(7,). To @, one can apply a similar, but slightly more involved, procedure de-
scribed before for the case of a coherent completely positive map, to conclude that the
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boundedness condition (b) holds and, with a careful treatment of the two cases, ei-
ther 7 is unital or <7 is nonunital and ¢ is a strict map, that there exists a continuous
s-representation 7: &7 — Bioc(H) and W € Bioc (I, % ) such that ¢ (a) = W*n(a)W
for all @ € o7 . The technical details are very similar to, and to a certain extent simpler
than, those in the proof of Theorem 3.5 in [5], and we do not repeat them.

3. Applications to Hilbert locally C*-modules

In this section we show the main application of Theorem 2.3 to an operator model
with locally bounded operators for Hilbert modules over locally C*-algebras and a di-
rect construction of the exterior tensor product of Hilbert modules over locally C*-
algebras.

3.1. Hilbert locally C*-modules

We first briefly review the abstract concepts related to Hilbert modules over locally
C*- algebras, see [21], [25], [31]. Let 7 be alocally C*-algebra and let & be a complex
vector space. A paring [-,-]: & x & — < is called an < -valued gramian or </ -valued
inner product if

(gl) [e,e] =0 forall e € &, and [e,e] =0 if and only if e = 0.

(g2) [e,og+Bf]=0aleg|l+Ble, f],forall o,f €C and e, f,g € &.

(3) le.f]* =[f.e] forall e,f € &.

The vector space & is called a pre-Hilbert locally C*-module if

(h1) On & there exists an <7 -gramian [-, -], for some locally C*-algebra <7 .
(h2) & is aright </ -module compatible with the C-vector space structure of &.
(h3) [e,af] =le,fla forall a € o andall e,f € &.

On any pre-Hilbert locally C*-module & over the locally C*-algebra </, with <7 -
gramian [-, -], there exists a natural Hausdorff locally convex topology. More precisely,
forany p € S(&7), that is, p is a continuous C*-seminorm on <7 , letting

ple)=plle.e])'/?, e€é, 3.1)

then P is a seminorm on &. If the topology generated on & by {p | p € S(«)} is
complete, then & is called a Hilbert locally C*-module. In case </ is a C*-algebra, we
talk about a Hilbert C*-module &, with norm & > e — ||[e, €] ||iéz

Let & be a Hilbert module over a locally C*-algebra </ and, for p € S(<7),
recall that .#,, defined as in (1.26), is a closed *-ideal of &/ with respect to which
of), = 4f | .9, becomes a C*-algebra under the canonical C*-norm || - ||, defined as in
(1.27). Considering

Ny,={ec &|lee] € I}, (3.2)
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then .4}, is a closed .27 -submodule of & and &), = & /.4), is a Hilbert module over the
C*-algebra <7, , with norm

lle+-A

4= il Blet ), e (33)

For each p,q € S(&) with p < g, observe that .#; C .4, and hence, there exists a
canonical projection 7, : & — &, Tpyle+My) =e+.N,, he€ &, and 7w, , is an
o/ -module map, such that |7, ,(e +-47)[ls, < [le+ A} g, forall e € &. In addition,
{6} pesiary and {7y 4 | p,q € S(), p < q} make a projective system of Hilbert C*-
modules and & = lim &),.
—
peS()

EXAMPLES 3.1. (1) Let JZ = lim 7 and J¢ = lim .7} be two locally Hilbert

AEA AeA
spaces with respect to the same directed poset A. We consider Zio. () as a locally

C*-algebra as in Example 1.4 (1). Observe that the vector space PBio.(H, %), see
Subsection 1.4, has a natural structure of right By, (.#°)-module which is compati-
ble with the C-vector space structure of Hjo.(#,%#") and, considering the gramian

[, ']3?100(%”%) defined by
TS () =TS, 1,5 € Broc(H, H), (B4

Proc (€, ") becomes a pre-Hilbert module over the locally C*-algebra Zo. ().
The complex vector space Pioc(H#,- %) has a natural family of seminorms

qﬂ(T) - HTMH%’(%MJ/‘LN T= linTl € %100(%5‘1/)5 peA. (3.5
AeA

Observe that, with respect to the C*-seminorms p, on P (), defined at
(1.33), forall p € Aandall T =lim, _ T, € Proc (A, ), we have

2 2
au(T)” = 1Tull . t.00) = 1T Tull 2o6) = Pu((T, T oo,

hence, compare with (3.1), the collection of seminorms {g, },ca defines exactly the
canonical topology on the pre-Hilbert locally C*-module P (77, % ). Since, as eas-
ily observed, this locally convex topology is complete on Bio.(#, %), it follows that
Broc (€, %) is a Hilbert locally C*-module over B ().

(2) With notation as in item (1), let 2/ be a closed #-subalgebra of Bjoc(H),
considered as a locally C*-algebra as in Example 1.4 (2). Let & be a closed vector
subspace of Bioc(H#,-#") that is an o -module and such that T*S € &7 forall T,S €
& . Then, the definition in (3.4) provides a gramian [T,S]s = T*S, T,S € &, which
turns & into a Hilbert locally C*-module over <7 . Observe that the embedding of &
in Boe(FH,. ) is a coherent linear map.

A Hilbert locally C*-module & as in Example 3.1 (2) is called a represented
Hilbert locally C*-module or, a concrete Hilbert locally C*-module.
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THEOREM 3.2. Let & be a Hilbert module over some locally C*-algebra <f .
Then, & is isomorphic to a concrete Hilbert locally C*-module, more precisely, there
exist two locally Hilbert spaces 7 = lim ), and X = lim %), a coherent

PES() PES()
faithful s-morphism @ of — Bioc(H), and a coherent one-to-one linear map ®: & —
Broc (I, H) such that:

(i) ®(e)*®(f) =9¢([e.fls) forall e.f € &.
(ii) ®(ea) =P(e)@(a) forall e & andall a € o .

Proof. We consider the canonical representation of the locally C*-algebra .o/ =
lim <), as in (1.28). By Theorem 1.7, there exists a locally Hilbert space % =
peS()
lim ¢, , for some strictly injective system of Hilbert spaces {f%ﬂp}pes( > and a
peS()
coherent x-monomorphism ¢: &/ — ﬂloc(jf ), more precisely, for each p € (&)
there exists a faithful *-morphism ¢,: — Proc(Hp), such that ¢ = lim ¢,.
peS()
Consider the Bjoc(F)-valued kernel k: & x & — PBioc(H) defined by

k(eaf):(p([eaf]o@)v evfeg' (3.6)

We claim that k is locally positive semidefinite. To see this, let n € N, ey,...,e, € &,
and ay,...,a, € & . Then

n

Z K(eiej)@(aj) =Y. @(a) ¢([ei,ej]s) Z(p ‘leiejlea))

i,j= i,j=1
o5 o)

This implies that, for any p € S(<7), the kernel k,, has the following property: for any
neN, ey,...,e, € &, and hy,...,h, in the closed linear span of ¢,(<7,)7, in J¢,,

we have
n

Z (kp(ei,ej)hj,hi>% >0. 3.7
ij=1
Since, for arbitrary e, f € &, the closed linear span of ¢,(47,)7, is reducing k (e, f)
and k,(e, f)h =0 for all h € 7, and orthogonal onto (p,,(xz{ )7, it follows that,
actually, the inequality (3.7) is true for all hy,...,h, € J%,. Consequently, k, is a
positive semidefinite kernel for all p € S(.«7), hence k is a locally positive semidefinite
kernel.

We can now apply Theorem 2.3, for a trivial *semigroup S = {€}, and get a
locally Hilbert space linearisation (.#;®) of the kernel k, with a locally Hilbert
space & = lim Hp and @ = lim @, where, for each p € S(et), ®,: & —

peS() peS()
HB(I,,.%),) has the property

@,(e) @, (f) =kple, f) = @p(le, fls), e feé.
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This proves (i).
Inspecting the proof of Theorem 2.3, in particular (2.14), it follows that the map
D: & — Boc(H,X) is defined by

(D)) (f) =k(f,e)h=@([f els)h, e fe& he A,

and hence is linear. Moreover, forany e, f € &, a € o/, and h € 7 we have

(P(ea)h)(f) = @([f,eale)h = @((f,els a)h = @([f ele) p(a)h = (P(e)@(a)h)(f),

and hence (ii) is proven. [

3.2. The exterior tensor product of Hilbert locally C*-modules

Let o7 and % be two locally C*-algebras and let & and .% be two Hilbert locally
C*-modules over o7 and, respectively, #. Let &7 ®. % denote the spatial C*-algebra
tensor product, see Subsection 1.7. Consider the algebraic tensor product & ®qjg -#
of the vector spaces & and .# and observe that there is a natural right action of the
(algebraic) tensor product *-algebra .27 ®,1; 4, first defined on elementary tensors

(e@f)la®b)=(ea)®(fb), ac A, bc B, ecé, fcF, (3.8)

and then extended by linearity, hence & ®qg.# is naturally an o7 ®,, % -module.
Also, there is an .7 @41, % -valued pairing on & ®,g &, first defined on elementary
tensors

le1® fi,e2® fo] = ler, il ®[e2, fo], er,e2€ 8, fi, /€ F, (3.9)

and then extended by linearity.

THEOREM 3.3. With notation as before, the pairing defined at (3.9) is uniquely
extended to an ' @, 9B -gramian on & Rq-F , with respect to which it is a pre-Hilbert
locally C*-module, and then it is uniquely extended to the completion of & @y -F to a
Hilbert module over the locally C*-algebra o7 @, A.

Proof. By Theorem 1.7, as in Subsection 1.7, without loss of generality we can

assume that, for two locally Hilbert spaces ¢ =lim, , /3 and 4 =1lim 9, , o
—AEA — €A

is a locally C*-subalgebra of HBj,.(7#) and A is a locally C*-subalgebra of Hjo.(¥).

These yield a natural embedding of the spatial tensor product of locally C*-algebras

A R, B into Bioc(H RlocY).

Then, by Theorem 3.2, without loss of generality we can assume that & is an .o/ -
submodule of Boc (', %), for H = 1i_n>1/le A%ﬁ some locally Hilbert space, and .%
is an #-submodule of Bjoc(¥,.N), for N = 1i_r>n0£e A o some locally Hilbert space.

We consider the locally Hilbert tensor products 57 ®joc ¢ and J# @joc A, as
in Subsection 1.5, and observe that & ®,.# is naturally included in Boc (A Dioc
G, H @iocA"). Then observe that {B(H,, 3 @ B(Ga, Vo) } (1, a)eaxa 18 @ projec-
tive system of Banach spaces whose projective limit

%loc(%af%)@loc%loc(gaf/i/): m %(jflaf%/l)@%(gaw/’/a)a (310)
(A,x)eAXA
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is naturally organised as a Hilbert module over the locally C*-algebra Bjoc () Qioc
Proc(¥). Consequently, we perform the extension of the pairing defined at (3.9) to
an o/ ®, 8-gramian on & ®y)e -7 , with respect to which it is a pre-Hilbert locally C*-
module, and then we uniquely extend it to the closure of & @415 % in Bioe(H, H ) Dioc
PBroc(4,./), as a Hilbert module over the locally C*-algebra o7 @, #. [

The tensor product & ®exi-# , defined as the completion of & ®,), & and organised

by Theorem 3.3 as a Hilbert module over the locally C*-algebra .o/ ®, A, is called the
exterior tensor product of the Hilbert locally C*-modules & and .%, and it coincides
with that obtained in [14], see also [20].
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