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Abstract We study two continuous knapsack sets V> and V< with n integer, one
unbounded continuous and m bounded continuous variables in either > or < form.
When the coefficients of the integer variables are integer and divisible, we show
in both cases that the convex hull is the intersection of the bound constraints and
2™ polyhedra arising as the convex hulls of continuous knapsack sets with a single
unbounded continuous variable. The latter convex hulls are completely described by an
exponential family of partition inequalities and a polynomial size extended formulation
is known in the > case. We also provide an extended formulation for the < case. It
follows that, given a specific objective function, optimization over both J~ and V< can
be carried out by solving m polynomial size linear programs. A further consequence
of these results is that the coefficients of the continuous variables all take the values
0 or 1 (after scaling) in any non-trivial facet-defining inequality of the convex hull of
such sets.
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2 L. A. Wolsey, H. Yaman

1 Introduction

Letm and n be positive integers, M = {1, ..., m}, Mo = MU{O}and N = {1, ..., n}.
The parameters a; fori € M, c; < ... < ¢, and b are positive integers. The {c;} are
distinct. The multi-item continuous >-knapsack set is

Vs = (y,x)eZixRﬁ“:Zc,'yj—l- in >b,xi <aj,i €My,
JEN ieMy

the multi-item continuous <-knapsack set is

Y<=10,x) GZ’jF XRﬂJrl : chyj <b+ Zx,-, xi <aj,ieM
JEN ieMy

and the unbounded single item continuous knapsack sets are

Q- =10, x) eZ xRL: chyj +x>b
JeEN

and

QSZ (yax)eZﬁ_XR_l,’_ZC]yJSb-i-x
jeN

These sets arise as relaxations of many mixed-integer programming problems and
consequently strong valid inequalities for these sets can be used in solving more
complicated problems. Indeed, many strong inequalities used in the literature can
be obtained using such knapsack relaxations. For books and inequalities on general
knapsack sets, see among others [2,6,12,14,17].

Here we consider a case in which there is special structure, specifically the coeffi-
cients of the integer variables are divisible 1|cy] - - - |¢,. Generalizing results of Pochet
and Wolsey [16] for the >-knapsack set, we show that Q> and Q< can be described by
two closely related families of “partition” inequalities. This in turn leads to complete
polyhedral descriptions of )~ and V<. Specifically we show that

conv(Y) = Nscp conv(Q3) N{(y,x) 1 x; < a;,i € M}

where

Q¥ =1y, x)eZf x R"*!: Z ¢jyj+x(SU{0) = b—a(M\S), x(SU{0}) >0
JEN

with a similar result for Y~ (where v(A) = > v, for a vector v and a set A).

acA
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Continuous knapsack sets with divisible capacities 3

For )-, this generalizes a result of Magnanti et al. [10] concerning the “single arc
flow set” in which they show (modulo complementation of the continuous variables)
that when n = 1, the convex hull of V> N {(y, x) : xo = 0} is completely described
by adding the “residual capacity” or mixed integer rounding (MIR) inequalities one
for each of the relaxations

ey +x(S) = b —a(M\S),x(S) >0,y e Z,

where S € M. Atamtiirk and Rajan [3] give a polynomial time separation algorithm for
the residual capacity inequalities. Magnanti et al. [11] generalize the residual capacity
inequalities for the two facility splittable flow arc set when n = 2, ¢ = 1 and state
without proof that addition of the two MIR inequalities arising for each choice of
S C M suffices to give the convex hull.

Other work on divisible knapsack sets includes a convex hull description of the
integer <-knapsack set { yezi:y jeNCiYj = b} consisting of n Chvatal-Gomory
rounding inequalities by Marcotte [13] and a study of Pochet and Weismantel [15]
of the case with bounded variables. Other (continuous) knapsack sets with special
structure whose polyhedral structure has been studied include the set Q< with n = 2
and ¢y, cp arbitrary positive integers (Agra and Constantino [1] and Dash et al. [4]),
as well as 0-1 knapsack sets with super-increasing coefficients (Laurent and Sassano
[8]) and more recently a generalization with bounded integer variables (Gupte [5]).

The rest of the paper is organized as follows. In Sect. 2, we review some results
on knapsack sets with divisible capacities. In Sect. 3 we study the convex hull of the
multi-item continuous >-knapsack set and prove that the original constraints and the
so-called “partition inequalities” are sufficient to describe the convex hull when the
capacities are divisible. A result on the convex hull of the two-sided integer knapsack
{y ezl b < ZJ.GN cjyj < b} is an immediate corollary. In Sect. 4 we show that a
new, but related, family of partition inequalities is valid for the continuous <-knapsack
set with one unbounded continuous variable Q<. We also give a polynomial size
extended formulation for Q<. In Sect. 5 we provide a convex hull description for the
case of m bounded continuous variables and one unbounded continuous variable V<.
We conclude in Sect. 6.

2 The >-knapsack set and partition inequalities
Throughout the paper, we assume that the capacities are divisible. We use the notation
cy=>, jeNCiYj- Below we present results from Pochet and Wolsey [16] that will be

used in Sect. 3.
Consider the integer >-knapsack set

C:{yeZ’i:cyZb}

with ¢; = 1. Let v(b) be the index with ¢y < b < cypy41 if such an index exists
and be n otherwise.
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4 L. A. Wolsey, H. Yaman

For some integer p > 1,let{i; = 1,i; +1,..., j1},{io=j1+ Lia+1,..., ja}
,{ip =jpaa+tLip+1... 5= n}beapartitionof{l,...,n}suchthatip <
v(b)andi; = j_; + 1 fort =2,..., p. Compute

ﬁp:b, KIZIV&—‘, M[z(Kt_l)Citand,B[_l:ﬁ[_M[fort:p,...,l.

it

Note that the B, are positive and nondecreasing in ¢ and «; > 1 for all 7.
The partition inequality is

Zﬁwimm[ }y,>cht M

Pochet and Wolsey [16] prove that these inequalities are valid for the integer >-
knapsack set C. They also prove the following result on conv(C):

Theorem 1 The convex hull of C is described by its constraints and the partition
inequalities (1).

In addition, Pochet and Wolsey [16] establish the following results.

Theorem 2 Letg € R"and{iy, ..., j1},{i2, ..., j2} Aip, ..., jp}beapartition

of{1,...,n}suchthati, < v(b). Suppose that g > O is constantfor j =i, ..., ji

andi” ‘z"“ fort— l,....,p—1, i”’ ‘g—’_for] :lp,...,v(b)andgv(b)+1 =g
it i1 ip j

for j =v(b)+1,
i. All optimal solutions of min {Z'}zl gjyj:cy=b,ye Zﬁ} satisfy (1) at equality.

ii. All optimal solutions of min {Z'}:iz §jvit 2, Civi = {%—‘ Ciyyy € Z’i}
satisfy

iii. All optimal solutions of min {Z'}Ziz 8jyj 2im, Civi = L L J Ciy, ¥y €L }
satisfy

¢j
/| E min { —, k;
i

1=21=2  j=i b 1=2

M~
—L
X
=~
[E——
=
I~
ke
|
—

3 The multi-item continuous >-knapsack set

In this section, we study the convex hull of the multi-item continuous >-knapsack set
Y- when the capacities are divisible.
Our goal now is to show that

conv()>) = Nscm COHV(Q;) N{(y,x):x;i <aj,i € M}
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Continuous knapsack sets with divisible capacities 5

where
o8 = {(y,x) € Z" x R"™: x(So) + ¢y = b — a(M\S), x(Sp) > 0} ,

and Sop = S U {0}

Note that in the extreme points of conv()>), xo takes integer values. We give the
convex hull proof for Y. = V> N {(y, x) : xo = 0} since xo can be considered an
integer variable with coefficient 1.

Given § € M, consider the following reformulation of Qﬁ

{00,y € RL x 22 x R™1 2 yo ey = b= a(M\S), yo = (S0}

As the data is integral, yg takes an integer value in every extreme point of the convex
hull of the above set. Setting yg integer, we obtain the divisible capacity knapsack
cover set

(yo, y, x) € Z’fl x R+ Z cjyj = B(S), yo = x(So)
JE€Noy

where No = N U {0}, co = 1 and B(S) = b — a(M\S).

Proposition1 Let S € M, {i; =0,..., ji},.... {ip..... jp =n} be a partition
of {0, 1, ..., n} such that i, < v(B(S)) and i; = ji—1+ 1fort =2,...,p. Let

Bp = B(S), k1 = (%—‘, we = (ky — Dej, and Bi—1 = By — s fort = p, ..., 1. Then
the partition inequality

p t—1 J P
X(So)-i-zmm{cj,lq}y]+ZHKzzmm[— Kz]ijHKz 2
t=21=1 j=i; t=1

is valid for both Qi and Y.
Using Theorem 1, we obtain the following result:

Corollary 1 conv(Qs) is described by its constraints and partition inequalities (2)
with x = x(8p).

Theorem 3 conv (y’z ) is described by the initial constraints and the partition inequal-
ities (2).

Proof We use the technique of Lovasz [9]. Suppose that we minimize >, em hixi +
2 jen &jvjover YL where (h, g) # 0. Weneed g > 0 for the problem to be bounded.
Let £2(h, g) be the set of optimal solutions.

If h; < Oforsomei € M,then 2(h,g) C {(y,x) :x; =a;}.Ifh >0and g =0
with h; > 0 for some i € M, 2(h, g) € {(y,x) :x; =0} If g; =0and g;s > 0 for
some pair j, j' € N, 2(h, g) C {(y,x) : yj» = 0}. Thus we are left with 2 > 0 and
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6 L. A. Wolsey, H. Yaman

g>0.LetS={i e M:h; >0}.If B(S) <0, then £2(h, g) € {(y,x) : y; = 0} for
all j € N.

Now suppose that B(S) > 0. If there exist indices j; < jo» < v(B(S)) such that
%8/1 < gj,»then y;, =0 forall (y,x) € £2(h, g). Similarly, if there exist j; and j
in {v(B(S))+1,...,n}suchthat g;, < gj,,theny;, =0forall (y,x) € 2(h, g).

We are left with B(S) > 0, f—: >... > %—((SS:; > O0and gy(B(s)+1 = ... =& > 0.
One possibility is that £2(h, g) € {(y,x) : x(M) + cy = b}.

The last case to be considered is that in which there exists an optimal solution
(y*, x*) with x*(M) 4+ cy* > b. Note that y* # 0 for any such solution since
B(S) > 0. Let g be the smallest index such that there exists an optimal solution
(y*, x*) with x*(M) + c¢y* > b and y;‘ > 0. Then we know the following:

a. x; = 0foralli € §inany optimal solution (y, x) with x(M) +cy > b. Otherwise
one can decrease some x; withi € S by a small amount, remain valid and improve
the objective function.

8q—1 __ 8q

b. f"’: c .ForjeN, deﬁne ej to be the j-th unit vector of size n. If T = o
q— ‘I q

then (x*, y* — ¢,

c. ¢4 [/B(S). Suppose on the contrary that ¢, divides B(S). Let (y*, x*) be an optimal
solution with x*(M) + cy* > b and y; > 0. We have Z']’ — cjy;‘ > B(S) since
yi=0forj=1,....,qg—1,x%(5) = 0and x*(M) +cy* > b. Asz] chy] is
a multiple of ¢, it follows that Zj:q cj yj > B(S) + ¢4. Butnow (x*, y* —e;)
is feasible and cheaper since g, > 0, contradicting the optimality of (x*, y*).

d. cy > {B(S)J ¢4 in any optimal solution (y,x). If § = #, then by feasibility

we require cy > B(S) and hence cy > L%{S)J cqg. If S # 0, define ¢(0) =
min {>°; ¢ hixi 1 x(S) = B(S) — 0,0 <x; <a; i €S}. Optimality of (y*, x*)
as in c¢) above implies g, < ¢(c(y* — e4)) — ¢(cy™). The fact that the knapsack

cover constraint is not tight together with ¢, does not divide B(S) implies that

cy* > LBL(S )J cq + c4. Suppose now that (y’, x) is an optimal solution with

cy < LB (S)J ¢q. Now ¢ is a piecewise linear convex function with ¢ (o) > 0

for 0 < B(S) and ¢(0) = 0 for ¢ > B(S). It is strictly decreasing on the
interval [max (0, B(S) — a(S)), B(S)]. Therefore, as ¢y’ > B(S) — a(S), ¢y’ <
c(y* —eq) < B(S)and cy* > B(S),onehas ¢ (cy') —p(c(y' +e4)) > p(c(y* —
eq)) — ¢(cy®). It follows that ¢(cy’) — ¢p(c(y' + ¢4)) > g4 and thus g(y' +
eq) +o(c(y +e9) < gy + ¢(cy’). So increasing y(’{ by 1 and picking the best
x improves the objective function value. Hence (y’, x”) cannot be optimal.

Now let yo = x(S) and g be as defined above. Let {il,...,jl}, {ia, ..., jo},
. {ip, ..., jp} be a partition of {0,...,n} such that iy = 0, j; = g — 1,
ip < v(B(S)), f—j is constant for j = iy, ..., jr and g’; > fl_’“ fort=2,...,p—1,

141
8ip

L= f—j for j =1ip, ..., v(B(S)) and gy(B(s)+1 = &; for j = v(B(S)) +1,...,n
We claim that all optimal solutions satisfy the corresponding partition inequality (2)
at equality.
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Continuous knapsack sets with divisible capacities 7

Take an arbitrary point (y, x) € $2(h, g). If the knapsack cover constraint is not
tightat (y, x),thenx; = Oforalli € S,y; =0forj =1,...,g—land (y,, ..., yu)1is

optimal for the problem of minimizing >}, g,3; subjectto 7 ¢;¥; > {Bc(:)—‘ Ccq

and y € Z". Then >F  T];Z 2/(1 j’ i mm[ K,}yj = [1/_, «; using (ii) of

Theorem 2. Multiplying by x| > 1andaddmgthetermsx(S)—kZ’1 omin(cj, k1)yj =
0, we see that (y, x) satisfies (2) at equality.

Now suppose that the knapsack cover constraint is tight at (y, x). There are two
cases.

Case 1) x(M\S) < a(M\S). Then x; = O for all i € S since otherwise one can
decrease some x; with i € S and increase some x;; with i’ € M\S by the
same amount and improve the objective function value. Now the set of optimal
points have the same y values as in the above case, completed by x; = 0 for
i € Sand x; fori € M\S satisfying 0 < x; < a;, x(M\S) =b — cy.

Case 2) x; = a; fori € M\S. Since (from (c)) B(S) is not a multiple of ¢, we have

Z?zq cjyj < LBC(:)J ¢4 . From (b), we know that g" L ‘g—;’ and from (d) we

know that 377 _ ¢;y; > LBC(:)J ¢q. Hence ijq cjyj = LBC(QS)J cq. Since

the knapsack constraint is tight, we have yo+237} cjyj = B(S)— LB“)J cq.

Cq

As B(S) — LB(j)J cq = k1, (y, x) satisfies yo—i—zq ymin{cj, k1 }yj = k1.
Using (iii) of Theorem 2, any optimal solution to the problem of minimiz-

ing >7_, g;y; subject to X7\ c;y; = LB( )J cq and y € ZI} satisfies

zl 2H KZZ/ i,min{%,’(z})’j=H,:2K;—1.N0W

1—1 J )
ZHK[ Zmin [%,K,] yj

It

p t—1  j
—x(S)+Zm1n{cJ,K1}y/+ZHKIme[— /c,]y/
=1

t=2 Jj=is
g—1

p t—1 Jt
:x(S)+Zmin{cj,/q}yj+K1 Z KIme[— K,]yj

j=I t=21=2  j=i;
14 14
=K1 + K1 (HK, — 1) = HK,.
=2 t=1

Thus all optimal solutions satisfy this partition inequality (2) at equality. O

As conv(Q3) is described by the trivial inequalities and the partition inequalities,
we get conv()Ys) = Nscy conv(Q) N{(y,x) : x; < aj,i € M).

As a corollary, one obtains a simple result concerning the intersection of two parallel
divisible knapsack sets.
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8 L. A. Wolsey, H. Yaman

Theorem 4 conv ({y € Z, :b—a <cy <b}) =conv({y € Z, : b—a < cy}) N
conv ({y eZl 1cy < b})

Proof Consider the case of Theorem 3 when m = 1, i.e., when there is a single
continuous variable. Then we have

conv(YL) =conv ({(y,x) € Z, x R:cy > b—a})
Nconv ({(y,x) € ZL xRy :x +cy > b})ﬁ{(y,x)eR”+1 ix < a] .

We use the fact that if the inequality x 4 cy > b defines a face of conv(Z), then

conv(Z) N{(y,x) : x +cy =b} =conv(ZN{x =b —cy}).

We now intersect the above sets with the hyperplane {(y, x) : x + ¢y = b} and then
project into the space of the y variables.
Intersecting the set on the left gives:

Conv({(y,x)EZZ_xR:x—i—cyZb,ngSa})ﬁ{(y,x):x—}—cy:b}
=conv ({(y,x) €Z, xR:0<x=b—cy <a})
:conv({(y,x)eZixR:b—afcySb,x:b—cy})
=c0nv({(y,x)eZiX]R:b—afcyfb})ﬂ{(y,x):x=b—cy},

and the projection is conv ({y € Z} : b —a < cy < b}).

Using the facial property, we can show that the intersection of the set on the right
hand side with the set {(y, x) : x = b — cy} is equal to conv ({(y, x)eZi xR:cy
>b—a,x =b—cy})ﬁconv({(y,x) e Z xR:icy<b,x :b—cy}) N{(y, x)
eR"xR:b—cy<a,x =b—cy}. The projection of the first gives directly
conv ({y € Z} : cy = b —a}), the second conv ({y € Z, : cy < b}) and the third
{y : cy = b — a}. The claim follows. O

4 The continuous <-knapsack set

Now we study the convex hull of the continuous <-knapsack set, namely the set

n
Q.= 1(.x)eZ} xRy : > ¢jyj <b+xt.
j=1

where again the data are integer and c{| - - - |c,,. Initially we suppose that c; and hence
¢; for all i do not divide b. Below we will define a new family of “<-partition”
inequalities.

Given a partition {i1, ..., j1},---,{ip,..., jp} of {1,...,n} into intervals, let

,Bp =b,k; = {%],Mz = (Kt — l)Ci,» Bi—1 = Bt — uand 5, = Ci, — Bi—1 for
t=p,..., L
We first consider the partition into singletons ({1}, - - - , {n}).
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Continuous knapsack sets with divisible capacities 9

Observation 1 The following n + 1 points

F =0k =0,0,....0, k. k001 —1....kn—1,50) k=1,....n
D=0 =1 =1, kk—Lkksr —1... kn—1,0)

arein Q<.

Proof The point z" is in Q< since cy" —x" = cykp — Sy = Cnkn — (cn — b+ cp(ky —
1)) =b.Forl <k <n—1,(c, =)@ = %) = i1 — sk41 — crkr +s¢ = 0, and
thus cy¥ — x¥ = b fork = 1, ..., n. Finally (¢, —1)(z' —z°) = ¢; — 51 > 0. Thus

cyo—xozcy0<cy1—x1=bandzoisinQ§. O
Observation 2 The ({1}, - - - , {n}) <-partition inequality
n
anyjfno—i-x 3)
Jj=1
passes through the n + 1 points given in Observation 1, where m; = sy, w; =
Kji_1mj—1+ (sj —sj—1) for j =2,...,nand my = k7, — Sy. These points define

the inequality uniquely (to within scalar multiplication) and are affinely independent.

Proof Let e;. be the jth unit vector of size n 4 1. We suppose that all the points satisfy

the inequality Z'jl: 1 Mjyj — X < po at equality.

Since z! — 70 = e} +sie,, ., we have ) = s1. For j =2,...,n, 2 - =
e;- — Kj_1€;_1 + (sj —sj-1)e,,; and thus w; = kj_1uj—1 + (s; — s;j—1). Finally
wy" = o + s, implies o = «, iy — s,. As the inequality is uniquely defined by the
n + 1 points, the points are affinely independent. O

Observation 3 Let Z?:l ajy;j > agdenotethe ({1}, {2}, - - - , {n}) partition inequal-
ity (1) for the >-knapsack set C. Then the <-partition inequality (3) for Q< can also
be viewed as a lifting of this inequality, and can be written in the form

D (cj = (1 =sej)y; < (b= (e1 = sDao) +x.
=1

Proof By Observation 2, the points z* satisfy (3) at equality. In addition y0 = y! — ey,
SO cy0 = cy1 —c1=b+s1—c andozyo = ozy1 —a; = ag — 1. So z° also lies on
the proposed inequality and the inequalities must be identical. O

4.1 Validity of partition inequalities

We need a refinement of the notation in this subsection. We denote the continuous
<-knapsack set with n integer variables by Q' and the set with the first n — 1 integer

variables by Q';l. Similarly 7y is the right hand side of the partition inequality for
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10 L. A. Wolsey, H. Yaman

Q" and 716‘*] for Q!. In particular we will use validity of 2"7} wiy; <mg 4 x
for Q" to show the validity of Z J=1 Ty < 710 + x for Q2.

We first establish some basic properties. We still assume that ¢; does not divide b.
First note that

,szb—{—ch+1f0rj=1,...,n—l

Cj+1
and
S .
sj—sj_l:{4ch_1for]:2,...,n.
Cj—1
Lemmal i 7; <cjforj=1,...,n,
.o i TTj— .
ii. 2> forj=2,...,n

Cj _le

n—
iii. ) =m —I—(Kn—l)(nn—nn 1Ln 1)

. wy =b— (cp — Tp)kn.

Proof We use induction to prove part (i). For j = 1, we have 71 = s; < c1. Suppose
thatnj_l < Cj_l.Thennj =Tj_1Kj—1+Sj—Sj—1 < cj_llcj_l+sj—sj_1.Theright

”—Lr €j
hand side is equal to ¢j 1 | ———— | +¢j —cj—1 + LCQJ cj— Lck.chfl =cj.
J J=

€j-1

Hence ; < c;.
To prove (ii),

Tj=Kj-17j-1+58j = 8j-1

cj—s;
5
= ’7——‘ Tji—1+8j —Sj-1

Cj—1
Cj Ay
— _jTr i—1 — _'] 7-[71 _I_s._s.71
J . J J J
Cj—1 Cji—1
Cj Ay Cc
J J J
Z_ﬂj—l_\‘ JC]—1+S]_S]—12_7T]—1,
Cj—1 Cj—1 Cj—1

where the inequality is obtained using (i) and the last equality is obtained using s; —

. — Sj .
Sji—1 = P Cj—1-

Next we prove part (iii). First, Jr(’} = Tk, — S, and

_ b
7'[61 = TTn—1 ’7 —‘ — Sn—1 = TTn—1 (Knl +kp— 1) 1) —Sn—1-
Cn—

Now
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Continuous knapsack sets with divisible capacities 11

n n—1 __ 1 Cn
Ty — g = (kKn — D) | 0 — 01 + Th — Tn—1Kn—1 — Sn + Sn—1

n—1

Cy
=y, — 1) (ﬂn_ﬂnl . ),
Cn—1

using the definition of 7,.
Finally, since 7wy = KpTty — Sy and s, = ¢y — Bu—1 = knCp — b, we have mj =
— (¢ — 1)Ky, which proves part @iv). O

Lemma 2 Ifz 1 iy <my 'y x is valid for Q'gl, then

ZJT])’]+7Tn I ynin{)’ "tx
is valid for Q’é.
Proof If (y1, ..., yn, X) € Q’g, then Z’}Zl cjy, = Yiteiy + onn 1(yn71 +
"” x) € QT 1andz 17'r]y]+
c,, 1 ) < 7[ '+ xas clalmed O
Theorem 5 The ({1}, - - - , {n}) partition inequality is valid for Q.

Proof The proof is by induction.
For n = 1, the MIR inequality is:

b
ci(1= iy < {EJ ci(1=f)+x,

where (1 — f) = {%—‘ — b = S This is precisely the ({1}) partition inequality

cl cl
s1y1 < (k151 — 51) +x.

Now suppose that Z;’;} iy < n(')’_l + x is valid for Q’é‘l. We consider two
cases:
Case 1 y, > k.
Suppose that (y, x) € Q, so that Z?:] cjyj < b+ x, or rewriting Z’};} cjyj +
cn(Vn —Kn) +cnkn < b+x. Asc] > mj by Lemma 1(), y; = Ofor j =1,...,n—1
and y, — «, > 0, we have Z 1 7jyj + Tu(Yn — kn) + cnky < b + x, or equiva-
lently ijl Tjyj + Tuyn < b — (cp — mp)ky + x. Using Lemma 1(iv), we obtain
Z;l':l Ty < 7161 —+ x.
Case 2. y, <k, — 1.
From Lemma 2, (y, x) satisfies Z ln]y] + - 1¢yn < my~ 'y Adding

Ty — Tp—] = ”I > 0 (from Lemma 1(ii)) times y, < «, — 1 gives Z] 1Ty <
770 + (kn — DTy —
using Lemma 1(iii).

Therefore by a disjunctive argument, the inequality is valid for Q2. O

" 4+ x where the last equality is obtained
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12 L. A. Wolsey, H. Yaman

Example 1 Consider the continuous <-knapsack set defined by the constraints

5y1 +10y2 +30y3 <72 +x, y € 73, xeRL.

The coefficients of the ({1}{2}{3}) partition inequality are calculated as follows:

t B K n s

3 72 3 60 18
2 12 2 10 8
1 2 1 0 3

Thenty =3, 1o =1 x34+@8—-3) =8 713 =8x2+4+ (18 —8) = 26 and
o = 26 x 3 — 18 = 60 giving the inequality

3y1 + 8y, +26y3 < 60 + x.
Note that the ({1}{2}{3}) >-partition inequality for
S5y1 4+ 10y, +30y3 > 72, y € Zi
is the inequality
yi+y2+2y3 =6

Now 5y; + 10y, + 30y3 < 72 + x plus ¢; — s1 = 2 times the latter inequality again
gives 3y + 8y, 4+ 26y3 < 60 + x.

Now we describe the inequality associated with an arbitrary partition and we drop
the assumption that ¢; does not divide b. Thus we suppose that r is the unique index
with ¢,_1|b, but ¢, fb. Note that r < v(b) 4+ 1 and r = 1 implies that ¢; b for alli.

Proposition 2 For the partition {i, ..., ji},... . {ip, ..., jp} of {r, ..., n}, the par-
tition inequality
P Jt Ci
>y c%y,/ <7+ x. “
=1 j=ip M

is valid for Q<.
The set of points of Q< that satisfy (4) at equality is the union of the sets

Jk
c
Z' =l e Z xR 1y =0 <in > Ly =
—~ ciy
J=1k
i
¢j
ZC_,yj=Kl_1t=k+19"~’p,x=5k

— Ci
J=l
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forallk =1,..., pand

r—1
70 = (y,x)eZ"x]R Zc]y]<8 Z—yj_ic,—lt_l e px =0
j=1 J=it Cir

where § =b — > "_ ci (k; — 1).

Proof First observe that inequality Zle w,yi, < mo + x is valid for the set

Zle ¢i,yi, <b+x, ye€ Z-, x € R, . Now, the proof that the inequality (4)
is valid for Z?:r cjyi <b+x,ye€ Zi_”l, X e }R_l|r is as in Lemma 2. The structure
of the tight points follows from that of the tight points {zk},fzo in Observation 2. O

4.2 Decomposition and extended formulation for Q<

Here we show how the set Q< can be decomposed allowing one to derive a polynomial
size extended formulation for conv(Q<). First we look at the simple cases.

Observation 4 Ifcy|-- - |c,|b, the polyhedron
(y,x) e R} x Rfr : chyj <b+x
J
is integral and describes conv(Q<).

Observation 5 Ifc;lbforj=1,...,v(b)andv(b) < n, then conv(Q<) is described
by the original constraints cy < b + x, y, x > 0 and one additional constraint

D cj—bty <x

j=1
4.2.1 Decomposition of conv(Q<)

To avoid the case covered in Observation 5, we assume r < v(b). Let

v(b)
U= x) eZl xRy : D cjyj+ Z (c; —K)yj <b—K +x
Jj=1 Jj=v(b)+1

b
where K = L‘ (b)J Cu(b)-
Let R be the set of vectors (y, x, «, v, §) that satisfy

v(b)

Zc]a]—i—K Z aj <K

j=v()+1
(J/, Y0) € conv(U)
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14 L. A. Wolsey, H. Yaman

yi=a;+7; i=1,... 00
Yi=vj+8j. vi=q; j=vb)+1,....n
n
x>+ D, b
j=v(b)+1
a,6 e R,

Proposition 3 proj, ,R = conv(Q<).

Proof From the first constraint defining R, we see that o ; = 0 for all j in any extreme
ray of R. The extreme rays (ej, c;) for j = 1,..., v(b) and (0, 1) of conv(lf) also
become extreme rays of proj, ‘R by taking y; = 1 and yy = 1 respectively. The
variables §; provide additional rays (e;, c¢;) for j > v(b). Thus the rays of the two
sets are the same. In addition it is straightforward to check that the points (0, 0) and
the maximal points for the partition inequalities given in Proposition 2 lie in proj,, . R.

To show that proj, R < conv(Q<), consider a point (y, x) € proj, ,R. Thus
there exist (¢, y, 8) such that (y, x, «, y,8) € R. Let I be the set of extreme points
of conv(lf) with Z?:v(b) 4+1Yj = 0. Itis straightforward to check that the only other
extreme points are the points (ej,c; — b) for j = v(b) +1,...,n. As (y, p) €
conv(U{), we can write

v =D vk + D (ej.cj— Db

iel j=v(b)+1
v(b) n
+D . )i+ D (ej.ci — K)pj+ (0. Do
j=1 j=v(b)+1
where >y hi + 2116/ =LA €,6,8 0.
Also
n n
o= Zajvj,ZVj =1,v=>0,
j=0 j=0
where a/ for j = 0,...,n are the extreme points of {(x eR}: ng cjoj

+K Z;f:v(b)ﬂaj < K} Specifically o = 0, o/ = f—jej for j = 1,...,v(b)

anda/ =e; for j =v(b) +1,...,n.
Then for (y, x) € proj, 'R, we have

v(b) n
30 =D L v+ D@ 0w+ D (ej, ¢ —Dbe;
icl =0 J=v(b)+1

+ D (ejci—K)pj+ D (ej.c))8; + (0, Dgo.

j=v(b)+1 j=1
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Continuous knapsack sets with divisible capacities 15

Letp = >, ;A ando = ng’g)v] For j = v(b) + 1,...,n, since y; = «;,
wehavee; +¢; =v;. Also D0 110 =2y (Vi —€) =1—-0— (1~
Ziel Ai) =p—-0.

Let bV, yg) = (v", %)) + (@/,0) fori € I and j = 0,...,v(b). Clearly
', y]) € Q<. Also let (z”,zj) = ()/i,yoi) + (ej,c;j — K) fori € I and
j= v(b)—l—l,...,n.Ascy < b—K+yj,wehavecz = cy'+c; < b+(yy+c;—K)
and thus (277, 2§/ ) € Q<. Also (¢, ¢; — b) € O« for j > v(b).

Now since
v(b) v(b)
—Z(y Y)hi +Z<af Oy =D DU v + (@, 0 Lo,

iel iel j=0

v(b) 1

DB JLRGE
iel j=0 P
and

n

"% SO+ S (e — K)o,

iel j=v(b)+1

=> Z (V' %) + (ej, cj — K))— w,

iel j=v(b)+1

:z z (zij,zgj)%)»iqﬁ,/,

il j=v(b)+1

we can rewrite (y, x) as a convex combination of extreme points plus extreme rays

v(b)
1
(v, x) = E E Oy, ) )» vj + E E @, 2 =i
iel j=0 iel j=v(b)+1 P

n
+ Z (ej,cj —b)ej

j=v(b)+1

+ Z(ej, c;j)d; + (0, 1),

j=1

() 1 1
a8 D ey D50 phivi + e 2oyt pAib5 T 2 iupy1 € =0 + (0 —0) +
(1 — p) =1 and all multipliers are nonnegative. Thus (y, x) lies in conv(Q<). O
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16 L. A. Wolsey, H. Yaman

4.2.2 An extended formulation for conv(Q<)

Asbefore, we assume that ¢ |b for j < r, ¢, does notdivide b, cy) < bandc; > bfor
J > v(b). Repeating the decomposition a maximum of v(b) — r times, one terminates
with a set I/ of the form

r—1 n
. b
(v, x) € ZI x Rﬂr : ZCJyj +ch~yj <b- \f—J o +x
j=1 j=r 4

where ¢;|(b — ngc,) forj <randc; > (b — ngcr) for j > r, so Observation 5
gives conv(U/) completing the polynomial size extended formulation.

Example 2 Consider a set Q< withn =5, ¢ = (3, 6, 18, 90, 180) and b = 737.
With r = 1 and v(b) = 5, this decomposes into 3a1; + 612 + 1813 + 90014 +
180a15 < 720 and the convex hull of the set:

[(% V) € Zi X R}F :3y1 + 612 + 1813 + 90y + 180ys < 17 + )/().}

The latter with » = 1 and v(17) = 2 decomposes into 3as; + 6 + 12a23 +
12004 + 12025 < 12 and the convex hull of the set:

{(y, %) € Z3, x RL :3y1 + 6y2 + (18 — 12)y3 + 78ys + 168ys < 5+ yo}

with y3 = 023, y4 = az4 and y5 = as.
The latter with » = 1 and v(5) = 1 decomposes into 3«31 4 332 4+ 3023 + 304 +
3aps < 3 and the convex hull of the set:

{0 0) € Z5 X RY 1371 + (6 = 392 + (6= 3y + 75y + 16575 < 2+ o}

with y» = a32, y3 = @23, Y4 = az4 and y5 = as.
This is of the form treated in Observation 5, so to complete the convex hull of the
latter, we add the constraints

3y1 + (6= 3)y2 + (6 —3)y3 + T5y4 + 16575 <2+ po
B —=2y1+ 1y2+ 1y3 +73y4 + 163ys < pp.

with (1, v2, ¥3, v4, ¥5) = (a1, 232, @23, @24, 0125).
The complete extended formulation is:

311 + 6a12 + 18a13 + 90a14 + 18015 < 720
3an1 + 6022 + 12003 + 120004 + 12005 < 12
3a31 + 3032 + 3023 + 34 + 35 <3

3ag1 + 3a32 + 3003 + 7504 + 165005 < 2 + yy.
loay + lazy + 1oz + 7324 + 163a05 < Yo
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Y1 = a1 + 21 + a3 + o4 + 61

Yo =oap2+oaxn +azx+ 8

y3 = a3+ a3 + 83

V4 = 14 + 024 + 84

¥5 =15 + a5 + 85

X >y + 381 + 6382 + 1863 + 9084 + 18065
a;j >0Vi, j, 8 eR3.

5 The multi-item continuous <-knapsack set

Finally, we study the multi-item continuous <-knapsack set

y_ =1(,x) Eerr XRﬁ—H : chyj <b+ in, xi <aj,ieM

JEN ieMy
Proposition 4 Let S € M, B(S) = b+a(M\S) andr(S) be the smallest index j such
that cj does not divide B(S). Letq € {r(S), ... ,nyand{iy, ..., j1},--- ,{ip, ..., jp}
be a partition of {q, ..., n}. Define B, = B(S),k; = {ﬂ‘-l we = (& — Dy,

Bi—1 = Bt — e and s; = ¢i, — Pi—i fort = p,..., 1 Also let 1| = 54, 71 =
ki1 + (s —s—1) fort =2, ..., pand mo = kp7p—Sp. The partition inequality

Ji

PIEDICSVEL T I ®)

=1 j=i; " ieSy
is valid for Y<.

Proof Let
Q8 = {(y,x) e Z" x R™ : cy < B(S) + x(S0). x(So) = o}.

By Proposition 2, we know that the partition inequality is valid for the set Qi and this
set is a relaxation of V<. 0O

Theorem 6 conv()<) is described by the initial constraints and the partition inequal-
ities (5).

Proof Let £2(g, h) be the set of optimal solutions to the problem of maximizing
2 i=18Yj — 2itohixi over Y< with (g, h) # 0.

If ho < O or if there exists j € N with g; > c;ho, then the problem is unbounded.
If h; < O for some i € M, then all optimal solutions satisfy x; = a;. If g; < 0 or if
there exists i < j with ng, > gj,then 2(g,h) C {(y,x):y; =0}.

Now suppose that g > 5 > ... > g' >0and h > 0.1f hg = O then g = 0 and
2(g,h) C{(y,x):x; _O}forz € MW1thh > 0.
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18 L. A. Wolsey, H. Yaman

In the remaining case, we have hg > 0,2 > Oand hg > £ > ... > fi > 0. Let
S ={i € M : h; > 0}. Note thatif (y, x) is an optimal solutlon with cy < b+x(Mp),
then x(Sp) = 0, since otherwise one can decrease some x; with i € Sy by a small
amount and improve the objective function value. Since x(Sp) = 0, we also have
cy < b+ x(Mo\So) < b+ a(M\S) = B(S).

Consider the case in which there exists j € {1,...,7(S)—1} with g; > 0. Take the
smallestsuch j,sothatg; = Ofori < j, g; > Oandc;|B(S). Suppose that there exists
an optimal solution (y, x) with cy < b + x(Mp). One has x(Sp) = 0 by optimality
and setting x; = a; fori € M\S, y; = 0 for all i < j does not destroy feasibility or
optimality. Socy < B(S), ¢;|B(S) and c|cy. Then B(S) —cy is a positive multiple of
¢j,yj can be increased by 1, the resulting solution remains feasible and the objective
value is increased, a contradiction. Thus §2(g, h) € {(y, x) : ¢y = b + x(Mp)}.

From now on, we take g; =0for j € {1,...,r(S) — 1}.

We look at three cases. In one case, §2(g, #) C {(y, x) : x(Sp) = 0}. In the second
case, £2(g,h) C{(y,x) :cy = b+ x(Mp)}.

Finally in the third case, there exists an optimal solution (y, x) with x(Sp) > 0 and
there exists an alternative optimal solution with cy < b + x(Mp). Among the optimal
solutions (y, x) with x(Sp) > 0, let g be the smallest index for which there exists a
solution with y, > 0. Note that cy = B(S) + x(Sp) since x(So) > 0. If g, = 0, one
can decrease y; by 1, decrease x (So) and thereby improve the objective function. Thus
gg > 0andg > r(S) (since g;j =0forall j =1,...,7(S) — 1). Alsoif g > r(S),
g g" L as otherwise there would be an alternatlve optlmal solution with y, 1 > 0.

¢q Cq—

Deﬁne ¢ (o) = min [Ziesoh x; :x(Sg) >0 —B(S),x € R! °‘,x, <a;,i € S]
If o < B(S), then ¢ (o) = 0. For B(S) < o, ¢(0o) is piecewise linear, strictly
increasing and convex. Let (y*, x*) be an an optimal solution with x*(Sp) > 0 and

B (S)—‘ ¢q- In addition,

¥z > 0. Then since cy™ is divisible by c;, we have cy* >
optimality of (y*, x*) implies that g, > ¢ (cy*) — @ (c(y* —ey)).

Suppose that (y,x) € V< and ¢y < Lst)J cq. Let y) = y + e,4. Then ¢y’
cy +¢q < LB(;)J cqgtcqg = IVB( )-I ¢q (since ¢, does not divide B(S)). Now as

cy* > IVB(j)-Icq, we have cy’ < cy*. Then g; = ¢(cy*) — dp(c(y* — ¢y)) >

@ (cy")— ¢ (c(y' —eq)) where the strict inequality follows from the form of the function
¢ and the fact that cy* > B(S). Hence (y, x) cannot be optimal. As a result, every
optimal solution (y, x) satisfies cy > L%?J Cq.
Now consider the partition {iy, ..., ji}, ..., {ip, ..., jp} of {g, ..., n} with i—j =
g” fort =1,...,pand j € {if,..., ji} and Z* g" gi"' fort =2,...,p.
t 1

We first consider optimal solutions with x (So) = 0 and then optimal solutions with

x(Sp) > 0. In an optimal solution with x(Sp) = 0, we have Zj=q cjyj = {BC(‘IS)J Cq

as g;l > f;f—:; orelse g = r(S) and g, > 0, and Zq'ilcjyf' = B(S) - L%J -
Since%’ > f’_"—*lfort=2,...,p,wehavezj — C—yj =K —1fort=1,...,p.

fr—1

This point belongs to set Z° of Proposition 2 and so lies on the partition inequality.
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Now we consider an optimal solution (y, x) with x(Sg) > 0. Suppose that there
exists j with y; > 0 and c(y — e;) > B(S). Then as c¢(y — ¢;) > cy’, we have
gj < ¢(c(y +ej)—¢(cy’) < ¢p(cy) —p(c(y —ej)). This contradicts the optimality
of (y, x). Hence, in any optimal solution (y, x) with x(Sp) > 0, we have c(y —e¢;) <
B(S) for all j with y; > 0. Then for (y,x) € £2(g, h) with x(Sp) > 0, we have

S ey = Hﬁkﬂcik for some k € {1,....p}.y; = Oforj € {1,....ix — 1},
;t:it cCT], , ;":ik %yj = ki and x(Sg) = s¢. This

point is in Z¥ of Proposition 2 and so again lies on the partition inequality. O

yi=k—1fort=k+1,...,p

We obtain two immediate corollaries.

Corollary 2 conv(Q<) is described by its initial constraints and the partition inequal-
ities (4).

Corollary 3

conv(YV<) = Nscm conV(Qi) N{(y,x):x;i <aji € M}.

6 Conclusion

In this paper, we have studied the polyhedra associated with knapsack sets with integer
and continuous variables and divisible capacities.

In particular, we have studied the continuous >-knapsack set (equivalently the
splittable flow arc set) with multiple capacities (facilities) and given a description of
the convex hull when the capacities are divisible. We have shown that conv()>) =
ﬂSgMconv(Q‘i) N{(y, x) : x < a} where Q3 is a continuous >-knapsack set for each
S C M. As a corollary it follows that, in any non-trivial facet-defining inequality for
conv()>), the coefficients of the continuous variables all take the values O or 1 (after
scaling).

Consider the optimization problem min {ZieM hixi+2 ey 8iyj: (v, x) € yz}.
If h; < 0, x; = a; in every optimal solution and it suffices to solve a smaller
problem. Thus we can assume that 0 < h; < ... < hy,. Now there exists
an optimal solution (y,x) with x; = a; for j < i and x; = 0 for j >
i for some i. Thus it suffices to solve the m problems z; = >, hja; +
min {hixi + ZJ»GN gjyj i Xi+cy=b— Zj:j<l. aj,0<x; <a;,ye Z’l} and take
the best solution. Each of these can be represented by a polynomial size linear pro-
gram, so the optimization problem is in P. Thus separation of conv(} ) is polynomial
using the ellipsoid algorithm.

Though polynomial time combinatorial separation algorithms are known both for
the partition inequalities for the integer >-knapsack set and the residual capacity
inequalities for the single facility splittable flow arc set (see Pochet and Wolsey [16] and
Atamtiirk and Rajan [3], respectively), we do not know such an efficient combinatorial
algorithm to separate the exponential family of partition inequalities (2).

We have shown in Theorem 6 that a result similar to that of Theorem 3 holds for the
corresponding multi-item continuous <-knapsack set )< with the same consequences
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20 L. A. Wolsey, H. Yaman

for polynomial optimization and facet structure. It is natural to ask if similar results
hold for other continuous knapsack sets with some special structure. Recently Dash et
al. have shown that such results hold when there are just n = 2 integer variables and
arbitrary coefficients cy, c3. [4].

Kianfar [7] has shown how the partition inequalities for the integer >-knapsack set
with divisible capacities can be viewed as a special case of n-step MIR inequalities
and thus generalized. It seems likely that a similar approach can be taken for the
<-knapsack set.
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