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Abstract
Surfaces of solids behave differently from the bulk due to different atomic rearrangements and processes such as oxidation
or aging. Such behavior can become markedly dominant at the nanoscale due to the large ratio of surface area to bulk
volume. The surface elasticity theory (Gurtin and Murdoch in Arch Ration Mech Anal 57(4):291–323, 1975) has proven
to be a powerful strategy to capture the size-dependent response of nano-materials. While the surface elasticity theory is
well-established to date, surface plasticity still remains elusive and poorly understood. The objective of this contribution
is to establish a thermodynamically consistent surface elastoplasticity theory for finite deformations. A phenomenological
isotropic plasticity model for the surface is developed based on the postulated elastoplastic multiplicative decomposition of
the surface superficial deformation gradient. The non-linear governing equations and the weak forms thereof are derived. The
numerical implementation is carried out using the finite element method and the consistent elastoplastic tangent of the surface
contribution is derived. Finally, a series of numerical examples provide further insight into the problem and elucidate the key
features of the proposed theory.

Keywords Surface elasticity · Surface plasticity · Finite element method

1 Introduction

The boundary of a continuum body can display its own dis-
tinct properties compared to those of the bulk, e.g. due to
broken atomic bonds at the surface. This phenomenon is
usuallymodeled via surface stresses [13,25,30,42,64] associ-
ated with a zero-thickness layer on the material. The surface
stress can also be derived fromaboundary potentialwhen one
deals with a conservative formulation. Such surface poten-
tial usually depends only on the surface deformation gradient
and also on the surface normal in the case of anisotropy. In
addition, the difference between the properties of the bound-
ary of a continuum body and those of the bulk can also be
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due to exposing the surface to processes such as oxidation,
aging, grit blasting, plasma jet treatment, etc. Phenomeno-
logical modeling of such surfaces is achieved by endowing
the surface with its own energy, and further surface specific
thermodynamic ingredients, see [1,27,36–39,41,64,65].

In the context of the current work, due to some confusion
in the literature, the definitions of the terms surface stress and
surface energy shall be re-iterated. Surface energy is usually
understood as an excess energy term due to the presence of
the surface as an enegetic layer or also as a superficial energy
term due to rearrangement of atoms very close to a surface
[25,40]. Alternatively, one can regard the surface energy to
be associated with either the creation of a new surface at
constant strain or the deformation (straining) of the already
existing surface [43], see also [23,57,58,67]. Surface stress
is the force responsible for elastically deforming the surface
of the body resulting in the change of the distances among
atoms or molecules on the surface [42].

In the current work, we build upon the surface elasticity
theory of Gurtin and Murdoch [30]. The surface elasticity
theory is a well-established methodology to capture the size-
dependent behavior of materials at the nano-scale and has
been extensively studied in the past decades, see e.g. [5,7–
9,12,28,31,36,44–47,50,56,63,66,69] and references therein.
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The effect of surface energetics, e.g. for inclusions, and the
size-dependent elastic state of the material has recently been
investigated for instance in [3,4,6,10,13–17,24,33,49,53–
55,68] and references therein. The numerical simulation of
surfaces has been realized in [2,48,51,52] when the bulk
behaves like a fluid, and in [34–38] for solids.

Nonetheless, the surface elasticity theory suffers from the
fact that the surface behavior remains elastic regardless of
the strain level at the surface. To address this problem, the
authors have recently extended the surface elasticity theory
to also account for damage along the surface [18–22] . The
objective of this contribution is to further extend surface
elasticity to account for another form of surface inelastic-
ity, i.e. plasticity along the surface. Although the plasticity
of interfaces specifically in the context of grain boundaries
and gradient plasticity formulations has been considered by
various authors [26,29], to the best of the authors’ knowl-
edge in [26,29] the bulk formulation therein is a gradient
plasticity model with corresponding consequences for the
attached surface. The resulting modeling of inelastic inter-
faces is thus indeed different from the one pursued in the
present work. Here surface plasticity is based on the concept
of a surface (superficial) deformation gradient and thus cor-
responds conceptually to plasticity of a thin layer of material
at the microscale that can be modeled by an effective two-
dimensional surface attached to an ordinary first-order bulk.
The surface elasticity theory of Gurtin and Murdoch [30]
has been one of the most cited papers in the past decade
mainly due to emerging applications of nano-materials and
the utility of the surface elasticity theory to predict the mate-
rial behavior at the nano-scale where the surface to volume
ratio increases dramatically. Likewise, the surface plasticity
theory here aims to provide a generic framework suitable for
understanding plastic-like material behavior at small scales
where the surface effects are no longer negligible. From
a geometrical viewpoint, both surface and membrane are
two-dimensional manifolds in a three dimensional Euclidean
space and thus identical.However, fromamaterial viewpoint,
a membrane can exist by itself and without a bulk, unlike a
surface. Surface is always the boundary of a bulk and cannot
be defined without an encased bulk. This subtle difference
between the surface and membrane leads to various surpris-
ing outcomes. For instance, the surface Young’s modulus Ê
is not required to be positive, whereas for a membrane, the
positive definiteness requires the Young’s modulus to be pos-
itive. Such distinctions between surface elasticity theory and
membrane theory stem from the “kinematic slavery condi-
tion” of the surface which does not hold for the membrane.

The surface plasticity theory here is the natural exten-
sion of the surface elasticity theory of Gurtin and Murdoch
[30] capable to capture size-effects, unlike the first-order
continuum mechanics. The proposed theory and the imple-
mentation aspects are very general and can be applied to

various scenarios. Note, the material modeling of the bulk is
a mature field with many standard references and associated
experiments. This is not the case for the surface though. There
have been several theoretical studies on surface elasticity, but
there are very few experiments for measuring the materials
constants. Nevertheless, without a clear theoretical frame-
work no experimental evidence can be obtained. We believe
that sooner or later new surface plasticity coefficients will
be measured and the relationship between the propagation
of dislocations in the bulk and that on the surface becomes
more clear. The same argument holds for the surface harden-
ing. Only equipped with a generic surface plasticity theory,
one can measure surface hardening and explains its nature.

The main contributions of this work is the extension of
surface elasticity into a phenomenological isotropic1 surface
plasticitymodel based on the notion of an intermediate stress-
free configuration. Thereby the phenomenological plasticity
model on the surface proposed here rests on themultiplicative
decomposition of the superficial surface deformation gradi-
ent F̂ (independent from the corresponding multiplicative
decomposition in the bulk). Subsequently, for the sake of
demonstration, a model problem that includes the simplest
surface plasticity formulation, i.e. J2 type surface flow theory
with isotropic hardening is developed and used for the numer-
ical examples to also study the computational aspects of
surface elastoplasticity. In doing so, we compare themechan-
ical response of the computational domain under various
circumstances where the bulk and/or the surface are allowed
to respond plastically. The plasticity in the bulk closely fol-
lows the works of Simo et al. [59,60]. For the sake of brevity,
we exclude the details of the elastoplastic bulk formulation
and refer the interested reader to [11,32,61]. In summary, the
key contributions of this work are as follows:

• To review the governing equations of a body possess-
ing an energetic surface in a finite-deformation setting,
extend them to include plasticity on the surface and to
derive the weak form of the local balance of forces on
the surface.

• To present a thermodynamically consistent formulation
resorting to the dissipation inequality on the surface.

• To derive the consistent tangent stiffness matrix on the
surface.

• To illustrate the theory with the help of numerical exam-
ples using the finite element method.

The manuscript is organized as follows. Section 2 sum-
marizes the kinematics of non-linear continuum mechanics
including elastoplastic surfaces. The governing equations in
the bulk and on the surface including the balance equations
and the surface dissipation inequality are given in Sect. 3.

1 The assumption of isotropy in this work is for the sake of simplicity.
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A general surface plastic yield condition and the evolution
equations are derived in Sect. 3.1. A specific surface yield cri-
terion and the kinematics of a surface volumetric–deviatoric
decomposition are discussed in Sect. 3.2. The decoupled
hyperelastic part of the model, the return mapping algorithm
and the exact linearization of the elastoplastic surface update
formula are presented in Sect. 3.3. A numerical framework
that encompasses surface elastoplasticity is established in
Sect. 4. The framework includes the weak formulation of the
governing equations and the corresponding finite element
implementation. A series of numerical examples based on
the finite element approximation of the weak form is pre-
sented in Sect. 5 to elucidate the theory. Section 6 concludes
this work.

2 Kinematics

This section summarizes the kinematics of non-linear con-
tinuummechanics including elastoplastic surfaces and intro-
duces the notation adopted here.

Consider a continuum body B that takes the material
configuration B0 ⊂ E

3 at time t = 0, and the spatial
configuration Bt at t > 0, as depicted in Fig. 1. The
bulk is defined by B0, with reference (material) and cur-
rent (spatial) placements of material particles labeled X and
x, respectively. The boundary of the bulk is described by a
lower-dimensionalmanifold (surface) embedded in the three-
dimensional Euclidean space and is denoted by S0 = ∂B0

and St = ∂Bt . The boundary placements in the material and
spatial configurations are defined by X̂ and x̂, respectively.
All hatted quantities {•̂} refer to the surface. The outward
unit normal to ∂B0 and ∂Bt are denoted respectively by N
and n. The deformation maps of the bulk and the encom-
passing surface are denoted by ϕ and ϕ̂ , respectively. Thus
x=ϕ(X, t) and x̂= ϕ̂(X̂, t). The inverse deformation maps
of the bulk and the surface are denoted by X = ϕ−1(x, t)
and X̂ = ϕ̂−1(x̂, t), respectively. The bulk and the (rank-
deficient) surface deformation gradients F and F̂, together
with the corresponding velocities V and V̂ are, respectively,
defined by

F(X, t) := Gradϕ(X, t), V := Dtϕ(X, t) and

F̂(X̂, t) := Ĝradϕ̂(X̂, t), V̂ := Dt ϕ̂(X̂, t). (1)

Thereby the surface gradient and divergence operators,
respectively, read

Ĝrad{•̂} := Grad{•̂} · Î and

̂Div{•̂} := Ĝrad{•̂} : Î with Î := I − N̂ ⊗ N̂, (2)

where Î and I denote the surface and bulk unit tensors.
Their spatial counterparts are denoted î and i . Moreover,
the surface unit tensors can also be defined using the sur-
face deformation gradient and the definition of its inverse as
follows:

F̂ · F̂−1 = î and F̂−1 · F̂ = Î . (3)

Note that surface deformation gradient F̂ is not invertible.
For further details on how the definitions of the inverse must
be computed see [19]. Finally the bulk and surface Jacobians
are denoted by J := detF > 0, and Ĵ := ˆdet F̂ > 0,
respectively, with ˆdet{•} denoting the area determinant [64].

The underlying hypothesis of the proposed finite defor-
mation surface elastoplasticity is the assumption of a multi-
plicative decomposition of the surface deformation gradient
F̂ into an elastic F̂e and a plastic surface distortion F̂p:

F̂ = F̂e · F̂p. (4)

This decomposition is based on the idea of a so-called inter-
mediate surface stress-free configuration. This configuration
can be obtained either starting from the material configura-
tion through the application of F̂p or starting from the current
configuration by a pure elastic and local unloading through
F̂−1

e . In other words the inverse of the surface elastic defor-
mation gradient F̂−1

e releases elastically the surface stress
in the neighborhood of a surface point in the current con-
figuration. See Fig. 1 for a depiction of the multiplicative
decomposition of the surface deformation gradient and the
corresponding configurations.

Remark 1 Micromechanically, in two-dimensional crystals
the plastic surface distortion F̂p is responsible for the micro-
scopic glide of dislocation through the crystalline lattice,
whereas the elastic surface distortion F̂e is a measure of dis-
tortion and rotation of the lattice.

Remark 2 The elastic and plastic surface distortions, F̂e and
F̂p, respectively, do not necessarily depend on the corre-
sponding bulk distortions in a similar way as the total surface
deformation gradient F̂ depends on the total bulk deforma-
tion gradient F, i.e. F̂ = F · Î . We imagine a thin layer
of surface material that can have its own elastic and plastic
decomposition of the deformation gradient F̂ independently
of the bulk. One could imagine for instance an extreme case
with a purely elastic bulk, F = Fe, combined with an elasto-
plastic surface where F̂ = Fe · Î with F̂ = F̂e · F̂p.

For the subsequent developments of surface elastoplastic-
ity we consider the following surface strain measures:

Ĉp := F̂t
p · F̂p and b̂e := F̂e · F̂t

e where

Ĉp := F̂t · b̂−1
e · F̂. (5)
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Fig. 1 The bulk domain B0, the surface S0, and the unit normals to the
surface N , all defined in the material configuration. The bulk, surface
deformation maps, denoted as ϕ, ϕ̂, respectively, map the material con-
figuration to the spatial configuration at time t . The bulk domain Bt , the
surface St and the unit normal to the surface n, all defined in the spatial
configuration. The bulk and (rank-deficient) surface total deformation
gradients are F and F̂, respectively. Micromechanically the material is
distorted by Fp and F̂p into the fictitious intermediate configuration by

dislocation motion. The multiplicative decomposition takes the form
F = Fe · Fp and F̂ = F̂e · F̂p in the bulk and independently on the
surface. The elastic and plastic surface distortions, F̂e and F̂p, respec-
tively, do not necessarily depend on the corresponding bulk distortions
in a similar way as the total surface deformation gradient F̂ depends
on the total bulk deformation gradient F, i.e. F̂ = F · Î . The elastic
contributions to the total deformations rotate and distort the bulk and
the surface. Both F̂p and F̂e are in general rank-deficient

Note that from a geometric point of view the surface right
Cauchy–Green tensor Ĉ and and its plastic counterpart Ĉ p are
the pull-backs of î and b̂−1

e where î is the surface Euclidean
metric in the current configuration and b̂−1

e is the inverse of
the surface elastic left Cauchy–Green tensor b̂e. The determi-
nants of the elastic and plastic surface distortions are defined
by Ĵe := ˆdet F̂e > 0 and Ĵp := ˆdet F̂p > 0, so that Ĵ = Ĵp Ĵe.
Next, the spatial surface gradient of the spatial surface veloc-
ity v̂(x̂, t) reads

ĝradv̂(x̂, t) = l̂ = ˙̂F · F̂−1. (6)

Noting the elastic-plastic decomposition of the surface defor-
mation gradient, Eq. (6) is written as

l̂ = l̂ e + F̂e · L̂p · F̂−1
e where l̂ e = ˙̂Fe · F̂−1

e and

L̂p = ˙̂Fp · F̂−1
p . (7)

with l̂ e and L̂p being elastic and plastic surface “velocity gra-
dients”. Although the surface velocity gradient l̂ itself and
the elastic contribution l̂ e are spatial quantities, the surface
plastic velocity gradient L̂p is associated with the intermedi-
ate configuration which is why in Eq. (7)1 a push-forward to
the current configuration is applied. Finally the surface Lie
derivative2 of Eq. (5)2 reads

2 The Lie derivative of a spatial surface tensor field f̂ (x̂, t), relative to

a vector field v̂ is obtained by £v̂ f̂ = ϕ̂∗
(

D
Dt ϕ̂

−1∗ ( f̂ )
)

, where ϕ̂
−1
∗ is

the surface pull-back and ϕ̂∗ the surface push-forward operators.
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Table 1 Localized force and
moment balances in the bulk
and on the surface in the
material configuration

Force balance DivP + Bp = 0 in B0

̂Div P̂ + B̂p − P · N = 0 on S0

Moment balancea P · Ft = F · P t in B0

P̂ · F̂t = F̂ · P̂ t on S0

Bp Force vector per unit volume B̂p Surface traction per unit area

The notation {•}p is to denote prescribed quantities
aBalance of angular momentum results in the symmetry of the bulk and surface Cauchy stress

£v̂ b̂e = ˙̂be − l̂ · b̂e − b̂e · l̂ t with £v̂ b̂e = F̂ · ˙̂C−1
p · F̂t.

(8)

3 Governing equations

The local balance equations of forces and moments in the
bulk and on the surface are listed in Table 1.

Restricting the material response to isotropy both on the
surface and in the bulk, the arguments3 of the corresponding
free energies are chosen as

� ≡ �(be,α) and �̂ ≡ �(b̂e, α̂), (9)

where α and α̂ are the internal variables characterizing the
state of bulk and surface strain hardening, respectively. Next
the reduced dissipation inequality on the surface is exploited.
By differentiating Eq. (9)2 with respect to time, using Eq. (7),
and the isotropy assumption, renders

˙̂
�(b̂e, α̂) = ∂�̂

∂ b̂e

: ˙̂be + ∂�̂

∂α̂
◦ ˙̂α

=
[

∂�̂

∂ b̂e

· b̂e

]

: [2l̂ + £v̂ b̂e · b̂−1
e ]

+ ∂�̂

∂α̂
◦ ˙̂α, (10)

where ◦ is a general contraction operator whose order of
contraction depends on weather α̂ is scalar or tensorial. Par-
ticularizing next the surface Clausius–Plank inequality and

3 Note that the most general set of arguments for the surface free
energy contains F̂p and F̂ in Euclidean space. Imposing the invariance
under superposed rigid bodymotion onto the intermediate configuration
results in Ĉe, where Ĉe is the elastic right Cauchy–Green strain in the
intermediate configuration. Imposing further invariance under super-
posed rigid body motion on the spatial configuration finally results in
b̂e, see [59] for further details.

using the relation d̂ = l̂
sym4 one expresses the surface dissi-

pation inequality D̂ as

D̂ = τ̂ : d̂ − ˙̂
� ≥ 0 �⇒ D̂ =

[

τ̂ − 2
∂�̂

∂ b̂e

· b̂e

]

: d̂

+
[

2
∂�̂

∂ b̂e

· b̂e

]

:
[

−1

2
£v̂ b̂e · b̂−1

e

]

− ∂�̂

∂α̂
◦ ˙̂α ≥ 0,

(11)

where the surface Kirchhoff stress τ̂ is the push-forward of
the surface Piola–Kirchhoff stress Ŝ. Thereby the following
relations hold

τ̂ = F̂ · Ŝ · F̂t and Ŝ = F̂−1 · P̂ and τ̂ = P̂ · F̂t .

(12)

Following the Coleman–Noll exploitation we eventually find
that

τ̂ = 2
∂�̂

∂ b̂e

· b̂e and

D̂red = τ̂ :
[

−1

2
£v̂ b̂e · b̂−1

e

]

− ∂�̂

∂α̂
◦ ˙̂α ≥ 0, (13)

where Eq. (13)1 is the surface constitutive relation and D̂red

is the reduced dissipation inequality on the surface.

3.1 Yield condition, maximum dissipation and
evolution equations

We now consider a surface yield function defined in the sur-
face stress space. Let φ̂(τ̂ , β̂) be a general surface yield
function dependent on the surface Kirchhoff stress and the
stress-like surface internal variables (or conjugate thermody-
namical forces to α̂) denoted by β̂ = ∂�̂/∂α̂. Let now Ê ,
∂Ê and Ê be defined as

4 The spatial symmetry operator is {•̂}sym = isym : {•̂}, where isym =
1
2 [î ⊗ î + î ⊗ î], for spatial second-order surface tensors. Its Material

counterpart is defined as {•̂}Sym = I
Sym : {•̂}, where I

Sym = 1
2 [ Î ⊗ Î+

Î ⊗ Î].
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Ê = {τ̂ | φ̂(τ̂ , β̂) < 0}, ∂Ê = {τ̂ | φ̂(τ̂ , β̂) = 0} and

Ê = {τ̂ | φ̂(τ̂ , β̂) ≤ 0}, (14)

which are respectively the surface elastic domain, the surface
yield surface (the boundary of Ê ) and the surface admissible
domain. Having defined the reduced dissipation inequality
and the yield function on the surface, we state the princi-
ple of maximum plastic surface dissipation, which is used
in associative plasticity to derive the flow rule and load-
ing/unloading conditions in Kuhn–Tucker form. Locally, for

a prescribed b̂e and prescribed rates
˙̂Cp and ˙̂α (so that £v̂ b̂e is

fixed), among all possible surface stresses τ̂ ∗ and stress-like
internal variables β̂∗ satisfying Eq. (14)3, the plastic dissi-
pation Eq. (13)2 is maximized for the actual state (τ̂

∗
, β̂

∗
),

i.e.

Max
(

Dred(τ̂
∗, β̂∗, £v̂ b̂e, ˙̂α)

)

subject to the constraint

φ̂(τ̂ ∗, β̂∗) ≤ 0. (15)

Equivalently, Eq. (15)1 can be written as

[τ̂ − τ̂ ∗] :
[

−1

2
[£v̂ b̂e] · b̂−1

e

]

− [β̂ − β̂∗] ◦ ˙̂α ≥ 0. (16)

Now the flow rule and loading/unloading conditions can
be obtained as follows: first we transform the inequality
Eq. (13)2 into a minimization problem. Next the constrained
minimization problem is reformulated into an unconstrained
problem by introducing the Lagrangemultiplier γ ≥ 0. Thus
the Lagrangian functional L̂ reads

L̂ := −Dred(τ̂
∗, β̂∗, £v̂ b̂e, ˙̂α) + γ φ̂(τ̂ ∗, β̂∗). (17)

For the stationary points of L̂, the derivatives ∂L̂/∂ τ̂ , ∂L̂/∂β̂

and ∂L̂/∂γ must vanish, thus

− 1

2
£v̂ b̂e = γ

∂φ̂

∂ τ̂
· b̂e, ˙̂α = γ

∂φ̂

∂β̂

γ ≥ 0, φ̂(τ̂ , β̂) ≤ 0, γ φ̂(τ̂ , β̂) = 0. (18)

Remark 3 For isotropy the flow rule Eq. (18)1 is equivalent
to

γ ∂φ̂/∂ τ̂ = F̂e · L̂p · F̂−1
e , (19)

which may be shown as follows5: by multiplying both sides
of the above relation by b̂e, noting F̂e · L̂p · F̂−1

e = l̂ − l̂ e and
that the left hand side in Eq. (19) is symmetric (due to the

5 Note that in Eq. (19) it is assumed that plastic spin Ŵ p = 0, thus L̂p

is symmetric.

isotropy assumption the tensor b̂e and ∂φ̂/∂ τ̂ commute), we
obtain

γ
∂φ̂

∂ τ̂
· b̂e = 1

2
[l̂ · b̂e + b̂e · l̂ t − ˙̂be] with

˙̂be = ˙̂Fe · F̂t
e + F̂t

e · ˙̂Fe, (20)

which proves the equivalence (see also Eq. (8)1). The flow
rule in Eq. (19) can also be reformulated for the intermediate
configuration resulting in L̂p = γ N̂

φ̂
· Ĉ e, where N̂

φ̂
=

F̂−1
e · [∂φ̂/∂ τ̂ ] · F̂−t

e is the normal to the surface yield surface
in the intermediate configuration. The spatial counterpart of
the normal N̂

φ̂
is denoted by n̂

φ̂
= ∂φ̂/∂ τ̂ . Furthermore,

a pressure-independent surface yield condition implies an
isochoric plastic deformation, i.e Ĵp = 1, as follows: first
from Ĵ = Ĵe Ĵp we have

ln Ĵ = ln( Ĵe Ĵp) �⇒ D ln Ĵ

Dt

= D ln Ĵe
Dt

+ D ln Ĵp
Dt

�⇒
˙̂J
Ĵ

=
˙̂Je
Ĵe

+
˙̂Jp
Ĵp

. (21)

Next expanding the time derivative of ˙̂Je results in6

˙̂Je = Ĵe t̂race(d̂ − γ n̂
φ̂
) with ˙̂J

= Ĵ t̂race(d̂) �⇒ D ln Ĵp
Dt

= γ t̂racen̂
φ̂
. (22)

Therefore if t̂racen̂
φ̂

= 0, then Ĵp = 1.

3.2 VonMises-type surface yield criterion and the
case of decoupled surface volumetric–deviatoric
response

In this section we consider the von Mises-type surface yield
condition7 as a function of the surface Kirchhoff stress tensor
as

φ̂(τ̂ , F̂p) := ‖̂dev(τ̂ )‖ −
√

2

3
[σ̂Y + K̂ (F̂p)] ≤ 0, (23)

where σ̂Y denotes the surface yield stress, K̂ is a (non)linear
function of F̂p, the surface hardening variable, which deter-

6 The surface trace operator for spatial second order tensor is defined
as t̂race{•̂} = {•̂} : î . In the material configuration the surface trace
operator is defined correspondingly as T̂race{•̂} = {•̂} : Î .
7 Note that henceforth only the classical example for metal plasticity,
i.e. the vonMises-type yield criterion is considered. Thus, we only take
into account the simplest plasticity model, i.e. J2 type flow theory with
isotropic hardening to be developed on the surface. This is to motivate
a surface elastoplasticity model and examine its computational aspects.
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mines the isotropic hardening behavior of the surface and
̂dev{•̂} = {•̂} − 1

2 t̂race{•̂}î is the spatial surface deviatoric
operator. The factor

√
2/3 is used for the sake of analogy

with classical bulk von Mises yield criterion.
Next we introduce briefly the kinematics of the surface

deviatoric–volumetric multiplicative split according to the
chosen yield criterion Eq. (23). Let F̂ iso and F̂vol denote the
volume-preserving (angle-changing) and volumetric part of
the surface deformation gradient8, hence F̂ = F̂vol · F̂ iso

where ̂det F̂ iso = Ĵ iso = 1. Consequently F̂ iso, F̂vol, Ĉ iso and
b̂iso are defined as

F̂ iso := Ĵ−1/2 F̂, F̂vol := Ĵ 1/2 Î,

Ĉ iso := [F̂ iso]t · F̂ iso ≡ Ĵ−1Ĉ and

b̂iso := F̂ iso · [F̂ iso]t ≡ Ĵ−1 b̂. (24)

Note that the same volumetric–isochoric decoupling can be
applied on the plastic and elastic contribution of any of the
above strain measures. We also point out that the exponents
−1/2, 1/2 and −1 appearing in Eq. (24) are due to the
lower-dimensional nature of the surface. The corresponding
exponents in the bulk assume the familiar values −1/3, 1/3
and −2/3.

3.3 Model problem: decoupled hyperelastic stress
response

As a model problem, and as the basis for the numerical
examples9, we consider the following decoupled surface free
energy

�̂ = �̂ iso(b̂iso
e ) + �̂vol( Ĵe) with

�̂ iso = 1

2
μ̂

[

t̂raceb̂iso
e − 2

]

and

�̂vol = 1

2
κ̂

[

1

2
[ Ĵ 2e − 1] − ln Ĵe

]

, (25)

where �̂ iso(b̂e) and �̂vol( Ĵe) are the isochoric and volumetric
contribution to the total surface free energy and b̂iso

e = Ĵ−1
e b̂e.

The surface shear modulus and surface bulk modulus are
denoted respectively by μ̂ and κ̂ . Next, to obtain the surface

8 The term volumetric has a different meaning on the surface. A surface
volumetric deformation describes a deformation that changes the area.
A volumetric deformation in the bulk however changes the volume.
Nonetheless, we use the same term for both the bulk and the surface for
the sake of simplicity.
9 Wemention the assumptionsmade for the numerical part of the current
manuscript: first, the surface stress response is isotropic. Second, the
plastic spin on the surface is assumed to vanish. Third, the main focus
here is on metal plasticity meaning that plastic yielding is isochoric, i.e.
Ĵp = 1, which justifies the decoupling of the surface strain energy. Note
that the same assumptions are also made for the bulk elastoplasticity.

Kirchhoff stress τ̂ from the energy given above we first note
that

t̂raceb̂iso
e = T̂raceĈ iso

e or t̂raceb̂iso
e = Ĉ iso : [Ĉ iso

p ]−1 with

Ĉ iso
e = Ĵ−1

e Ĉ e, Ĵe = [̂DetĈ e]1/2. (26)

Subsequently usingEq. (26) one can re-parameterizeEq. (25)
in material quantities. Consequently the surface Kirchhoff
stress reads

τ̂ = 2F̂e · ∂�̂

∂ Ĉ e

· F̂t
e = 2F̂ · ∂�̂(Ĉ, Ĉ p)

∂ Ĉ
· F̂t

= 1

2
κ̂[ Ĵ 2e − 1]î

︸ ︷︷ ︸

τ̂ vol

+ μ̂̂devb̂iso
e

︸ ︷︷ ︸

τ̂ iso

, (27)

where the intermediate steps to derive Eq. (27) are given as

τ̂ vol = 1

2
κ F̂e ·

[

[ Ĵ2e − 1]Ĉ−1
e

]

· F̂t
e and

τ̂ iso = μ̂ Ĵ−1
e F̂ ·

[

−1

2
Ĉ−1

[

Ĉ : (Ĉ iso
p )−1

]

+ (Ĉ iso
p )−1 : Î

Sym

]

· F̂t

= μ̂ Ĵ−1
e F̂ ·

[

D̂ev(Ĉ iso
p )−1

]

· F̂t, (28)

with D̂ev{•̂} := {•̂} − 1
2 [Ĉ : {•̂}]Ĉ−1 being the material

surface deviatoric operator and Î
Sym = ∂ Ĉ/∂ Ĉ. Note that in

the derivation above it is implied that Ĵ = Ĵe since Ĵ = Ĵe Ĵp
and Ĵp = 1. Consequently Ĉ iso

p = Ĉ p. Next the isochoric and
volumetric surface elasticity tensors of the model problem
Eq. (25) both in the material and spatial configurations are
given as

Ĉ
vol
e = 2

∂ Ŝvol

∂ Ĉ e

= κ̂

[

̂detĈ eĈ−1
e ⊗ Ĉ−1

e + ∂ Ĉ−1
e

∂ Ĉ e

[

̂detĈ e − 1
]

]

with [ĉvol
e ]i jkl = [F̂e]i I [F̂e] j J [F̂e]kK [F̂e]l L [Ĉvol

e ]I J K L

�⇒ ĉvol
e = κ̂

[

Ĵ2e î ⊗ î + îsym[ Ĵ2e − 1]
]

, (29)

and

Ĉ
iso
e = ∂ Ŝiso

∂ Ĉ
= 2μ̂

[

(Ĉ iso
p )−1 − 1

2

[

(Ĉ iso
p )−1 : Ĉ

]

Ĉ−1
]

⊗
[

−1

2
Ĵ−1

e Ĉ−1
]

+ 2μ̂ Ĵ−1
e Ĉ−1 ⊗

[

−1

2
(Ĉ iso

p )−1 : Î
Sym

]

− μ̂ Ĵ−1
e Ĉ : (Ĉ iso

p )−1
[

−1

2

[

Ĉ−1⊗Ĉ−1 + Ĉ−1⊗Ĉ−1
]

]

with [ĉiso
e ]i jkl = [F̂]i I [F̂] j J [F̂]kK [F̂]l L [Ĉiso

e ]I J K L �⇒ ĉiso
e

= μ̂t̂raceb̂iso
e [isym − 1

2
î ⊗ î] − μ̂[̂devb̂iso

e ⊗ î + î ⊗ ̂devb̂iso
e ],
(30)
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where

Ŝvol = 1

2
κ

[

[ Ĵ2e − 1]Ĉ−1
e

]

and Ŝiso = μ̂ Ĵ−1
e

[

D̂ev(Ĉ iso
p )−1

]

.

(31)

The volumetric surface elasticity tensors in the material and
spatial configuration in the above are denoted by Ĉ

vol
e and ĉvol

e ,
respectively. Their isochoric counterparts are denoted by Ĉ

iso
e

and ĉiso
e , respectively.

Now Considering the definition of τ̂ iso in Eq. (27) and
n̂

φ̂
= ̂devτ̂/‖̂devτ̂‖, one can simplify the flow rule Eq. (18)

as follows10

−1

2
£v̂ b̂e = γ n̂

φ̂
· b̂e = γ Ĵen̂φ̂

·
[

1

2
t̂raceb̂iso

e î + ̂devb̂iso
e

]

= γ Ĵe

[

1

2
t̂raceb̂iso

e n̂
φ̂

+ n̂
φ̂

· μ̂̂devb̂iso
e

μ̂‖̂devb̂iso
e ‖

μ̂‖̂devb̂iso
e ‖

μ̂

]

= γ Ĵe

[

1

2
t̂raceb̂iso

e n̂
φ̂

+ n̂2
φ̂�

�
��‖̂devτ̂‖

μ̂

]

≈ 1

2
γ Ĵet̂raceb̂iso

e n̂
φ̂
, (32)

with ‖̂devτ̂‖/μ̂ ∼= 10−3 for metals and thus neglected. Using
Eq. (8)2 the simplified surface flow rule (the last term in
Eq. (32)) can also be given in the material configuration as

˙̂C−1
p = −γ t̂raceb̂e F̂−1 · n̂

φ̂
· F̂−t. (33)

Finally to complete the surface plasticity formulation, the
evolution of the hardening variable F̂p in terms of the plastic
multiplier (Lagrange multiplier or consistency parameter) γ ,
and the consistency condition are now given as follows

˙̂Fp =
√

2

3
γ and γ

˙̂
φ(τ̂ , F̂p) = 0. (34)

3.3.1 Return mapping algorithm

In this section the time discretization of the model intro-
duced in the previous section, i.e. the integration algorithm
for J2 type plasticity on the surface together with the return
mapping algorithm are given. Due to the path-dependence of
the surface plasticity model, the surface stress tensor is the
solution of a constitutive initial value problem meaning that
the surface stress tensor is not only a function of the instan-
taneous value of the surface strain but also depends on the
history of surface strain. Therefore an appropriate numerical
algorithm for integration of the rate constitutive equations is
a requirement in the finite element simulation of such mod-
els. In doing so, we assume the data {ϕ̂τ , [b̂e]τ , [Fp]τ , F̂τ } is
10 Alternatively, a formulation adapting the flow rule in [62] to surface
plasticity is possible.

known at time tτ . Consequently the surface Kirchhoff stress
tensor τ̂ τ is also known through Eq. (27). We start by pro-
viding the discretized evolution Eqs. (33) and (34)1 in the
material configuration as

[Ĉ−1
p ]τ+1 − [Ĉ−1

p ]τ = −	γ
[

[Ĉ−1
p ]τ+1 : [Ĉ−1]τ+1

]

F̂−1
τ+1

· [n̂
φ̂
]τ+1 · F̂−t

τ+1 and

[Fp]τ+1 − [Fp]τ =
√

2

3
	γ, (35)

where τ denotes the time step and time discretization scheme
is backward-Euler. The spatial counterpart of the above reads
now

[b̂iso
e ]τ+1 = F̂ iso

τ+1 · [b̂iso
e ]τ · (F̂ iso

τ+1)
t

− 	γ t̂raceb̂iso
τ+1[n̂φ̂

]τ+1 with

F̂ iso
τ+1 = F̂ iso

τ+1 · (F̂ iso
τ )−1. (36)

Next we define a trial elastic state, based on the known data
as follows:

[Ĉ−1
p ]trialτ+1 = [Ĉ−1

p ]τ , [F̂p]trialτ+1 = [F̂p]τ ,
[b̂iso

e ]trialτ+1 = F̂ iso
τ+1 · [b̂iso

e ]τ · [F̂ iso
τ+1]t and

τ̂ trial
τ+1 = 1

2
κ̂

[

[ Ĵ 2e ]τ+1 − 1
]

î + μ̂̂dev[b̂iso
e ]trialτ+1. (37)

Having obtained the trial state, one can define a temporally-
discretized trial surface yield condition φ̂ trial, using Eq. (23)
as

φ̂ trial
τ+1 = φ̂(τ̂ trial

τ+1, [̂Fp]τ ) := ‖̂devτ̂ trial
τ+1‖

−
√

2

3
[σ̂Y + K̂ ([F̂p]τ )], (38)

from which the following two alternatives arise:

if φ̂ trial
τ+1 ≤ 0 trial step is elastic ⇒ 	γ

= 0 and {•̂}τ+1 = {•̂}trialτ+1

if φ̂ trial
τ+1 > 0 trial step is plastic ⇒ 	γ

> 0 and {•̂}τ+1 �={•̂}trialτ+1 and return mapping.

(39)

In case the second situation above arises, since 	γ > 0, to
find 	γ , we require φ̂(τ̂ τ+1, [F̂p]τ+1) = 0. Thus we have

φ̂(τ̂ τ+1, [F̂p]τ+1) = ‖̂devτ̂ τ+1‖ −
√

2

3
[σ̂Y + K̂ ([F̂p]τ+1)]

= ‖̂devτ̂ trial
τ+1‖ − μ̂	γ t̂race(b̂iso

e )trialτ+1

−
√

2

3
[σ̂Y + K̂ ([F̂p]τ+1)] = 0. (40)
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In general φ̂(τ̂ τ+1, [F̂p]τ+1) is a non-linear11 function of	γ ,
and thus to solve Eq. (40), one requires the use of Newton–
Raphson method.

Remark 4 In deriving the last term in Eq. (40) we made use
of the following relation

‖̂devτ̂ τ+1‖ + μ̂	γ t̂race(b̂iso
e )trialτ+1 = ‖̂devτ̂ trial

τ+1‖. (41)

To prove the above we recall the definition of τ̂ iso in Eq. (27),
the flow rule Eq. (36)1, Eq. (37)4, t̂raceb̂iso

e = t̂race(b̂iso
e )trial

and n̂
φ̂

= ̂devτ̂/‖̂devτ̂‖. We then write

̂devτ̂ τ+1 = μ̂̂dev(b̂isoe )τ+1 = μ̂̂dev(b̂isoe )trialτ+1

− μ̂	γ t̂race(b̂isoe )trialτ+1[n̂φ̂
]τ+1

�⇒
[

‖̂devτ̂ τ+1‖ + μ̂	γ t̂race(b̂isoe )trialτ+1

]

[n̂
φ̂
]τ+1

= ‖̂devτ̂ trial
τ+1‖[n̂φ̂

]trialτ+1. (42)

From the last term above it is implied that

‖̂devτ̂ τ+1‖ + μ̂	γ t̂race(b̂iso
e )trialτ+1 = ‖̂devτ̂ trial

τ+1‖ and

[n̂
φ̂
]τ+1 = [n̂

φ̂
]trialτ+1, (43)

where Eq. (43)1 concludes the proof.

Having found 	γ , we finally provide the update formula for
[b̂iso

e ]τ+1 and τ̂ τ+1 as follows

[b̂iso
e ]τ+1 = [b̂iso

e ]trialτ+1 − 	γ t̂race(b̂iso
e )trialτ+1[n̂φ̂

]τ+1 and

τ̂ τ+1 = τ̂ vol
τ+1 + μ̂̂dev(b̂iso

e )trialτ+1 − 	γ μ̂t̂race(b̂iso
e )trialτ+1[n̂φ̂

]τ+1.

(44)

3.3.2 Algorithmic elastoplastic tangent modulus

The objective of this section is to exactly linearize the update
formula provided for the surfaceKirchhoff stress in Eq. (44)2
in order to obtain quadratic convergence associated with the
Newton–Raphson method. The linearization of the first two
terms in Eq. (44)2 are given by Eqs. 29 and (30), respec-
tively. To linearize the last term in Eq. (44)2 we make use of
Eq. (40)3 and the following12

̂devτ̂ = F̂ · D̂evŜ · F̂t, τ̂ = F̂ · Ŝ · F̂t,

t̂race(b̂iso
e )trialτ+1 = Ĵ−1Ĉ : (Ĉ iso)−1

p and (45)

‖̂devτ̂‖ =
√

F̂i I [̂DevŜ]I J F̂j J F̂i K [̂DevŜ]KM F̂jM

=
√

[̂DevŜ]I J [̂DevŜ]KMĈI K ĈJM . (46)

11 This is the case when K̂ ([F̂p]τ+1) is a non-linear function of [F̂p]τ+1

and consequently a non-linear function of 	γ since [F̂p]τ+1 = [F̂p]τ +√
2/3	γ .

12 In the following derivations we drop the super- and sub-index trial and
τ + 1 for the sake of brevity.

Using the chain rule and Eq. (46)2, the linearization of
‖̂devτ̂‖ now reads

2
∂‖̂devτ̂‖
∂ĈAB

= [Ĉiso
e ]I J AB[N̂

φ̂
]KMĈI K ĈJM

+ 2‖̂DevŜ‖[N̂
φ̂
]AI [N̂φ̂

]BJ ĈI J‖̂devτ̂‖Lin

= 2F̂ · ∂‖̂devτ̂‖
∂ Ĉ

· F̂t

= μ̂t̂raceb̂iso
e n̂φ̂

+ 2̂dev(n̂
φ̂

· ̂devb̂iso
e )

= μ̂t̂raceb̂iso
e n̂φ̂

+ 2‖̂devτ̂‖̂dev(n̂
φ̂

· n̂
φ̂
). (47)

Thus, the linearization of n̂
φ̂
becomes

[n̂
φ̂
]Lin = ĉiso

e /‖̂devτ̂‖ − 1

‖̂devτ̂‖ n̂φ̂

⊗
[

μ̂t̂raceb̂iso
e n̂φ̂

+ 2‖̂devτ̂‖̂dev(n̂
φ̂

· n̂
φ̂
)
]

. (48)

Next the linearization of Eq. (46)3 reads

[t̂raceb̂iso
e ]Lin = 2F̂ · ∂( Ĵ−1Ĉ−1

p : Ĉ)

∂ Ĉ
· F̂t = 2̂devb̂iso

e . (49)

What remains now is to linearize	γ . By using Eq. (40)3 and
the results above we have

‖̂devτ̂‖Lin − μ̂
[

[	γ ]Lint̂raceb̂isoe + 	γ [t̂raceb̂isoe ]Lin
]

− 2

3
[	γ ]Lin dK̂ (F̂p)

d F̂p

= 0 �⇒ [	γ ]Lin = ‖̂devτ̂‖Lin − μ̂	γ [t̂raceb̂isoe ]Lin
μ̂t̂raceb̂isoe + 2

3

dK̂ (F̂p)

d F̂p

�⇒ [	γ ]Lin

=
[

μ̂t̂raceb̂isoe n̂
φ̂

+ 2‖̂devτ̂‖̂dev(n̂
φ̂

· n̂
φ̂
)
]

− 2μ̂	γ ̂devb̂isoe

μ̂t̂raceb̂isoe + 2

3

dK̂ (F̂p)

d F̂p

. (50)

Note that in the derivations above ‖̂devτ̂‖Lin, [	γ ]Lin and
[t̂raceb̂iso

e ]Lin are vectors and [n̂
φ̂
]Lin is a fourth-order tensor.

Having found the linearization of the terms appearing in the
update formula of the stress Eq. (44)2, the surface algorithmic
elastoplastic tangent modulus ĉalg

ep is now given as

ĉalgep = ĉvole + ĉisoe − 	γ μ̂̂traceb̂isoe
[

ĉisoe /‖̂devτ̂‖ − 1

‖̂devτ̂‖ n̂φ̂
⊗

[

μ̂̂traceb̂isoe n̂
φ̂

+ 2‖̂devτ̂‖̂dev(n̂
φ̂

· n̂
φ̂
)
]

]

− 2	γ μ̂n̂
φ̂

⊗ ̂devb̂isoe − μ̂̂traceb̂isoe
[

μ̂̂traceb̂isoe n̂
φ̂

⊗ n̂
φ̂

+ 2‖̂devτ̂‖ sym
(

n̂
φ̂

⊗ ̂dev(n̂
φ̂

· n̂
φ̂
)
)]

− 2μ̂	γ n̂
φ̂

⊗ ̂devb̂isoe

μ̂̂traceb̂isoe + 2

3

dK̂ (F̂p)

dF̂p

,

(51)

where sym(•) is the major symmetrization operator.
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4 Computational framework

In this section we establish a numerical framework that
encompasses elastoplasticity of surfaces. For further details
of the finite element implementation on surfaces see [18–
22] . The weak form, together with its temporal and spatial
discretizations will be presented next. The localized force
balance equations in the bulk and on the surface given in
Table 1 are tested with vector valued test functions δϕ ∈
H 1(B0) and δϕ̂ ∈ H 1(S0), respectively. By integrating the
result over all domains in the material configuration, using
the bulk and surface divergence theorems and the superficial-
ity properties of the surface Piola stress, the weak form of
the balance of linear momentum reads

∫

B0

P : GradδϕdV +
∫

S0

P̂ : Ĝradδϕ̂dA

−
∫

B0

δϕ · BpdV −
∫

S0

δϕ̂ · B̂pdA = 0,

∀δϕ ∈ H 1(B0), ∀δϕ̂ ∈ H 1(S0).

(52)

Since the surface stress derived in the previous section is
the surface Kirchhoff stress, in the weak form formulation,
relation Eq. (12)3 is used to convert τ̂ to P̂ .

In what follows, a classical Euler-backward integration
scheme is employed. Next, the spatial discretization of the
problem domain is performed using the Bubnov-Galerkin
finite element method. In order to have a straightforward
and efficient implementation of the finite element method,
the surface elements are chosen to be consistent with the
bulk elements. For example, if the bulk is discretized using
triquadratic elements, then biquadratic surface elements are
used. This choice has the advantage that facets to which only
one bulk element is attached can be regarded as a surface
element.

The domains B0 and S0 are discretized into a set of bulk
and surface elements

Bh
0 ≈

nBel
⋃

β=1

Bβ
0 and Sh

0 ≈
nSel
⋃

γ=1

Sγ
0 , (53)

where nBel and nSel denote the number of bulk and surface
elements, respectively. The geometry of the bulk and surface
are approximated as a function of the natural coordinates
ξ ∈ [−1, 1]3 and ξ̂ ∈ [−1, 1]2 assigned to the bulk and the
surface, respectively, using standard interpolations according
to the isoparametric concept as follows:

X |Bβ
0

≈ Xh (ξ) =
nnB
∑

i=1

Ni (ξ) X i ,

X̂ |Sγ
0

≈ X̂h
(

ξ̂
)

=
nnS
∑

i=1

N̂ i
(

ξ̂
)

X̂ i ,

ϕ |Bβ
0

≈ ϕh (ξ) =
nnB
∑

i=1

Ni (ξ) ϕi ,

ϕ̂ |Sγ
0

≈ ϕ̂h
(

ξ̂
)

=
nnS
∑

i=1

N̂ i
(

ξ̂
)

ϕ̂i , (54)

where the shape functions of the bulk and surface elements
at a local node i are denoted as Ni and N̂ i , respectively.
The bulk and surface elements consist of nnB and nnS nodes
respectively. The numerical integration in the bulk and on the
surface is performed using Gaussian quadrature formula, see
[19] for further details.

Remark 5 The surface is a two-dimensional manifold in the
three-dimensional space and therefore can be described by
two surface coordinates. The corresponding tangent vectors
to the coordinate lines i.e. the covariant surface basis vectors
are obtained by taking the derivative of the position vector
on the surface with respect to the coordinates. The covariant
basis vectors furnish the normal to the surface via a vector
product. The surface normal is then normalized by its mag-
nitude to obtain the unit normal to the surface, see [36,64].

Now the fully discrete (spatially and temporally) form
of mechanical residual associated with the global node I is
defined by

[

totR I
]

τ+1
=

∫

B0

Pτ+1 · GradN IdV −
∫

B0

N I Bp
τ+1dV

+
∫

S0

P̂τ+1 · Ĝrad N̂ IdA −
∫

S0

N̂ I B̂p
τ+1dA.

(55)

To solve Eq. (55), a Newton–Raphson scheme is utilized,
which results in the introduction of algorithmic stiffness
matrix in the bulk and on the surface, respectively, as fol-
lows:

KIJ = ∂R I

∂ϕ J
=

∫

B0

Grad N I · Aτ+1 · Grad N JdV and,

K̂IJ = ∂R̂ I

∂ϕ̂ J
=

∫

S0

Ĝrad N̂ I · Âτ+1 · Ĝrad N̂ JdA,

(56)

where A = ∂F P and Â = ∂F̂ P̂ . The spatial surface elasto-
plastic tangent modulus ĉalg

ep derived in the previous section

can be connected to Â, in index notation, using the relation

ÂaBcD = F̂−1
Bb

[[ĉalg
ep ]abcd + τ̂acδbd

]

F̂−1
Dd . (57)
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Table 2 Material properties
assumed in the numerical
examples

Bulk Surface

Lamé constant μ 80193.8 N/mm2 μ̂ 80193.8 N/mm

Lamé constant λ 110743 N/mm2 λ̂ 110743 N/mm

Compression modulus κ 164206.0 N/mm2 κ̂ 190936.8 N/mm

Hardening coefficient Kh − 12.924 N/mm2 K̂h − 12.924 N/mm

Yield stress σY 0 N/mm2 σ̂Y 0 N/mm

Initial flow stress σ0 450 N/mm2 σ̂0 450 N/mm

Residual flow stress σ∞ 715 N/mm2 σ̂∞ 715 N/mm

Saturation exponent δ 16.93 δ̂ 16.93

Note that κ = λ + 2/3μ and κ̂ = λ̂ + μ̂

Fig. 2 Strip with two elastoplastic surfaces placed at the x–y surfaces. The applied boundary conditions and the finite elements are shown in a and
b, respectively. The quadrature points within the circle in a are weakened to initiate the necking

5 Numerical examples

In this section we study the computational aspects of elasto-
plastic surfaces and their effects on the overall mechanical
response of a body. It is important to point out that the solution
procedure is robust and shows a proper rate of convergence
demonstrated in “Appendix A”. In the case of elasticity,
we obtain exactly the quadratic rate of convergence asso-
ciated with the Newton–Raphson scheme. For the purpose
of demonstration the computational domain is discretized
using 500 trilinear hexahedral elements. The surface inelas-
tic response in the form of elastoplasticity is determined by
the constitutive relations discussed inSect. 3. Thebulk elasto-
plasticity closely follows the work of [61], which for the sake
of brevity is not repeated here. For the following simulations
a general nonlinear saturation type hardening law of the form

K (Fp) := KhFp + [σ∞ − σ0][1 − exp(−δFp)] and

K̂ (F̂p) := K̂h F̂p + [σ̂∞ − σ̂0][1 − exp(−δ̂ F̂p)], (58)

in the bulk and on the surface, respectively is chosen. The
corresponding material parameters for the bulk and surface
together with the hardening parameters appearing in Eq. (58)
are given in Table 2. Note that each pair of the material
parameters in the bulk and on the surface are set to the same
numerical value. By taking this measure together with the
specific domain geometry shown in Fig. 2 one assures creat-
ing conditions observed in small-scale solids where surface
properties are as important as those of the bulk or even dom-
inant.

Consider now the strip shown in Fig. 2 where a con-
stant displacement is prescribed at the two opposite faces
that are 12.826 mm wide. The top and bottom x-y surfaces
are where we add the elastoplastic surfaces13 to the com-
putational domain. The thickness of the strip (z direction) is
kept constant. We point out that the reason the computational

13 Due to the negligible energetic contributions of the side surfaces only
the energetics of x-y surfaces are taken into account.
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Fig. 3 Distribution of the surface Piola stress P̂yy N/mm

Fig. 4 Distribution of the bulk Piola stress Pyy N/mm2

domain is chosen to be thin is to make sure that the surface
area to bulk volume ratio is large enough to see the effect
of surface properties on the overall mechanical behavior of
the solid. To initiate the necking the area inside the circle
shown in Fig. 2a is weakened. The prescribed displacement
is applied in 100 equal load steps. The discretization is den-
sified in the middle of the domain as shown in Fig. 2b. In
the following examples we have devised six different cases
to study surface plasticity. These cases are:

case 1 elastic bulk—no surface;
case 2 elastic bulk—elastic surface;
case 3 elastic bulk—plastic surface;
case 4 plastic bulk—no surface;
case 5 plastic bulk—elastic surface;
case 6 plastic bulk—plastic surface.

Note, the utility of the current framework is to capture size
effects, as a natural extension of the surface elasticity theory.
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Fig. 5 Distribution of the norm of the elastic deviatoric Cauchy–Green tensor ‖bisoe ‖ in the bulk (a)–(c) and ‖b̂isoe ‖ on the surface (d), (e)

Fig. 6 Distribution of the hardening variable Fp in the bulk (a)–(c) and F̂p on the surface (d), (e)
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Fig. 7 Distribution of the norm of the deviatoric part of the Kirchhoff (effective von Mises) stress tensor ‖devτ‖ N/mm2 in the bulk (a)–(c) and
‖̂devτ̂‖ N/mm on the surface (d), (e)

However, we do not present specific examples to show the
size effects here as it might be somewhat distracting for this
manuscript. Nonetheless, it is obvious that the “surface/bulk”
material parameters given in Table 2 are not dimensionless
and one can interpret the current examples as demonstra-
tions of size effects, as well. For instance, for a purely elastic
behavior, “case 2” can be understood as “case 1” at a very
small scale where the surface effects are no longer negligible.
For an elasto-plastic response, “case 6” can be understood as
“case 4” at a very small scale similarly.

Figure 3 depicts the surface Piola stress profile for case
2, case 3, case 5 and case 6. These are the cases with elas-
tic and elastoplastic surfaces. Due to the weakening of the
quadrature points within the circle, lateral contractions are
observed in Fig. 3a–c, and a necking in Fig. 3d where case
6 is considered. By allowing plastic yielding in the bulk or
surface, Fig. 3b, c, a drop in the stress level is observed. Such
drop is however intensified by surface plasticity. This is due
to the high surface-area to bulk-volume ratio (= 40 mm−1

in this work), which amplifies the influence of the surface
behavior on the overall response of the solid. Such influence
can also be seen by measuring the reaction force on the faces
where the displacements are applied as drawn in Fig. 8a–c.
By comparing Fig. 8a, b, it is easily understood that the force

due to surface effect is 40 times higher than that due to the
bulk.

In Fig. 4 the distribution of the bulk Piola stress is given. It
can be seen that an elastic bulk deformation is not influenced
by the presence of an elastic surface due to the assumed simi-
lar material properties of the bulk and the surface, see Fig. 4a,
b. However, adding energetic surfaces to the solid increases
the reaction force, compare case 1 and case 2 in Fig. 8a with
those in Fig. 8c. The same observation can be made for case
4 and case 6, an elastoplastic bulk in the absence of an ener-
getic surface and an elastoplastic bulk with an elastoplastic
surface, respectively, see Fig. 4d, f. Note that regarding case
3, plasticity of the surface when the bulk is elastic causes
more lateral contraction, see Fig. 4c, which consequently
increases the stress level in the bulk. This case can be com-
pared to its opposite, case 5 where now the bulk is plastic
and the surface remains elastic. Due to more dominant sur-
face mechanical response, less lateral contraction and thus
smaller stress in the bulk are observed, see Fig. 4e.

In Figs. 5, 6 and 7 we study the important quantities with
regard to the model presented in this contribution, i.e. the
elastic left Cauchy–Green tensors (biso

e , b̂iso
e ), the hardening

variables (Fp, F̂p) and the deviatoric part of the Kirchhoff
stresses (devτ , ̂devτ̂ ), in the bulk and on the surface respec-
tively. Thus, these figures show the deformation level, the
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Fig. 8 Force due to the bulk (a), Force due to the surface (b) and total force (c) versus boundary displacement. Effective von Mises stress versus
the norm of the elastic deviatoric Cauchy–Green tensor in the bulk (d) and on the surface (e)
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plastic yielding and von Mises effective stress of the here
presented examples, respectively, for all the relevant cases,
i.e case 3–case 6. In the first row of Fig. 5 the bulk is always
elastoplastic while the surface ranges from being not present
to being elastoplastic. It is clear that with an elastic surface,
the elastic deviatoric deformation is constrained, see Fig. 5b.
Another interesting observation is that even when the surface
is allowed to be elastoplastic still a lower level of deforma-
tion is achieved as shown in Fig. 5c compared to Fig. 5a.
These dissimilar levels of deformations consequently lead to
different evolutions of the equivalent plastic distortion, see
Fig. 6a–c, and the effective stress in the bulk, see Figs. 7a–c
and 8d. FromFig. 8d, which is drawn for one node in themid-
dle of the domain, one can also conclude that the strongest
plastic yielding in the bulk occurs for case 4 and the low-
est for case 5. Figures 5, 6 and 7d, e show the elastoplastic
behavior of the surface.

It is clear thatwhen the bulk remains elastic, surface plastic
deformation is constrained (see Fig. 5d compared to Fig. 5e),
thus much lower values of the surface plastic equivalent dis-
tortion (see Fig. 6d compared to Fig. 6e) and von Mises
effective stress are obtained (see Fig. 7d compared to Fig. 7e).
We also point out that although the evolutions of the effective
von Mises stresses on the surface for one node in the middle
of the surface for case 5 and case 6 are almost the same (see
Fig. 8e), their overall behavior is noticeably different which
can be observed from the measured reaction force due to the
surface, see Fig. 8b.

6 Summary and conclusion

A three-dimensional formulation and finite element frame-
work for elastoplastic continua encased by elastoplastic
surfaces is presented. The surfaces are endowed with their
own elastoplastic constitutive behavior whereby the free
energies capture the hyperelastic part of the constitutive
relations. The correspondingweak formsof the balance equa-
tions including the contributions from the surfaces are given
in detail. The balance equations are fully discretized in space
using the finite element method. The exact consistent stiff-
ness matrices in the bulk and on the surface are incorporated.
A three-dimensional numerical example serves to elucidate

the role of surface plasticity on the overall response of a
body. For the sake of demonstration, we assumed that the
surface response is isotropic, the plastic spin on the surface
is zero and the plastic yielding of the surface is isochoric.
The geometry of the computational domain is chosen so as
to have a large surface area to bulk volume ratio. It is shown
if the surface remains elastic, the otherwise-typical necking
in the bulk is prevented and vice versa. However, lateral con-
traction is higher when the surface is elastoplastic and the
bulk remains elastic which emphasizes the dominant role of
the surface on the overall mechanical response of the solid.
Necking initiates and develops to its complete form when
the elastoplastic bulk is either not wrapped by an energetic
surface or both the surface and the bulk are allowed to yield
plastically. Although for both of the above cases the necking
is fully developed and is similar in terms of deformation, their
overall reaction forces are substantially different. It is seen
that for the former case the force monotonically increases,
whereas for the latter case the force, after an initial increase,
continues to decline. The further extension of this work to
non-coherent interfaces will be elaborated in a future contri-
bution in which a traction-separation law similar to that of
the cohesive zone model is assumed to relate the interface
traction to the displacement jump across the interface. In
addition, it is straightforward to employ more sophisticated
plasticity models taking into account for instance anisotropy.
Moreover, an investigation of the influences of the bulk and
surface inelasticity on the thermomechanical response of a
body is of great importance. Regarding the numerical imple-
mentation, one needs to also consider measures to tackle the
volumetric locking and also a mesh densification study to
make sure the sufficient convergence of the results. These
extensions shall be discussed in later contributions.

Acknowledgements The first author gratefully acknowledges the sup-
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Appendix A: Convergence behavior

In this section we present some data on the convergence
behavior of the computational problem at hand. The L2

norms of the residual of few increments for some of the cases
discussed in Sect. 5 are given in Table 3.
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Table 3 L2 norm of the residual for case 4, case 3 and case 6

Increment Iteration

Case 4: plastic bulk—no surface

1 1.08e+3 3.99e+0 3.20e+0 1.67e+0 2.24e−02 2.04e−04 7.62e−06 2.74e−08

26 1.07e+03 2.15e−01 2.05e−01 2.02e−02 7.54e−03 2.49e−03 4.71e−04 3.33e−06 2.17e−09

31 1.07e+03 2.75e−01 5.12e−02 6.09e−04 3.12e−06 2.70e−08

100 1.72e+03 4.69e−01 9.28e−02 2.57e−02 7.99e−03 1.87e−03 2.35e−04 3.17e−06 6.87e−09

Case 3: elastic bulk—plastic surface

1 4.44e+04 3.46e+00-2 8.11e−01 3.68e−01 1.48e−03 1.22e−05 8.23e−09

26 4.29e+04 3.79e−02 4.43e−03 6.96e−07 7.55e−10

60 4.12e+04 2.62e−02 2.23e−03 3.24e−05 1.80e−08

100 4.10e+04 2.51e−02 2.286e−03 1.06e−06 3.38e−8 8.36e−10

Case 6: plastic bulk—plastic surface

1 1.63e+04 9.76e−02 3.46e−03 3.01e−06 4.43e−08

26 4.32e+04 1.18e−01 3.00e−02 8.28e−04 5.92e−06 1.45e−08

40 1.61e+04 1.33e−01 1.40e−02 8.66e−04 6.77e−06 1.82e−08 3.94e−10

100 8.06e+04 1.00e+00 1.10e−02 2.41e−04 8.37e−06 1.61e−09
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51. Saksono PH, Perić D (2006) On finite elementmodelling of surface
tension: variational formulation and applications—part I: qua-
sistatic problems. Comput Mech 38(3):265–281

52. Saksono PH, Perić D (2006) On finite elementmodelling of surface
tension: variational formulation and applications—part II: dynamic
problems. Comput Mech 38(3):251–263

53. Sharma P, Ganti S (2004) Size-dependent Eshelbys tensor for
embedded nano-inclusions incorporating surface/interface ener-
gies. J Appl Mech 71(5):663–671

54. Sharma P, Ganti S, Bhate N (2003) Effect of surfaces on the size-
dependent elastic state of nano-inhomogeneities. Appl Phys Lett
82(4):535–537

55. Sharma P, Wheeler LT (2007) Size-dependent elastic state of ellip-
soidal nano-inclusions incorporating surface/interface tension. J
Appl Mech 74(3):447–454

56. She H, Wang B (2009) A geometrically nonlinear finite element
model of nanomaterials with consideration of surface effect. Finite
Elem Anal Des 45:463–467

57. Simha NK, Bhattacharya K (1997) Equilibrium conditions at cor-
ners and edges of an interface in a multiphase solid. Mater Sci Eng
A238:32–41

58. Simha NK, Bhattacharya K (1998) Kinetics of phase boundaries
with edges and junctions. J Mech Phys Solid 46:2323–2359

59. Simo JC (1988a) A framework for finite strain elastoplastic-
ity based on maximum plastic dissipation and the multiplicative
decomposition. part I: continuum formulation. Comput Methods
Appl Mech Eng 66(2):199–219

60. Simo JC (1988b) A framework for finite strain elastoplastic-
ity based on maximum plastic dissipation and the multiplicative
decomposition. Part II: computational aspects. Comput Methods
Appl Mech Eng 68(1):1–31

61. Simo JC, Hughes TJR (1998) Computational inelasticity. Springer,
New York

62. Simo JC,MeschkeG (1993) A new class of algorithms for classical
plasticity extended to finite strains. Application to geomaterials.
Comput Mech 11(4):253–278

63. SteigmannDJ,OgdenRW(1999)Elastic surface–substrate interac-
tions. Proc R Soc Lond A Math Phys Eng Sci 455(1982):437–474

64. Steinmann P (2008) On boundary potential energies in defor-
mational and configurational mechanics. J Mech Phys Solids
56(3):772–800

65. Steinmann P, Häsner O (2005) On material interfaces in thermo-
mechanical solids. Arch Appl Mech 75(1):31–41

66. Wei G, Shouwen Y, Ganyun H (2006) Finite element characteri-
zation of the sizedependent mechanical behaviour in nanosystems.
Nanotechnology 17:1118–1122

67. Yang F (2006) Effect of interfacial stresses on the elastic behavior
of nanocomposite materials. J Appl Phys 99:054306

68. Yvonnet J,MitrushchenkovA, ChambaudG,HeQ-C (2011) Finite
element model of ionic nanowires with size-dependent mechanical
properties determined by ab initio calculations. Comput Methods
Appl Mech Eng 200(5–8):614–625

69. Yvonnet J, QuangHL, HeQC (2008) AnXFEM/level set approach
to modelling surface/interface effects and to computing the size-
dependent effective properties of nanocomposites. Comput Mech
42:119–131

123


	Surface plasticity: theory and computation
	Abstract
	1 Introduction
	2 Kinematics
	3 Governing equations
	3.1 Yield condition, maximum dissipation and evolution equations
	3.2 Von Mises-type surface yield criterion and the case of decoupled surface volumetric–deviatoric response
	3.3 Model problem: decoupled hyperelastic stress response
	3.3.1 Return mapping algorithm
	3.3.2 Algorithmic elastoplastic tangent modulus


	4 Computational framework
	5 Numerical examples
	6 Summary and conclusion
	Acknowledgements
	Appendix A: Convergence behavior
	References




