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Abstract. In this paper, we investigate the arithmetical rank of a binomial
ideal J. We provide lower bounds for the binomial arithmetical rank and
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case where J is the binomial edge ideal of a graph. We compute the
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1. Introduction. Consider the polynomial ring K[z1,...,z,,] in the variables
T1,...,Tm over a field K. For the sake of simplicity, we will denote by x" the
monomial z}* .-zt of Kxy,...,2Zm], with u = (u1,...,uy) € N, where

N stands for the set of non-negative integers. A binomial in the sense of [12,
Chapter 8] is a difference of two monomials, i.e. it is of the form x" — xV. A
binomial ideal is an ideal generated by binomials.

Toric ideals serve as important examples of binomial ideals. Let A =
{a1,...,an} be a subset of Z™. The toric ideal I4 is the kernel of the K-
algebra homomorphism ¢ : K[z1,...,zm,] — K[tlil, ..., tF1] given by

P(z;) =t =¢{"" - t%n forall i=1,...,m,

where a; = (a;1,...,Gin).

We grade K[x1,..., 2] by the semigroup NA := {lja; +- - -+Ipnan|l; € N}
setting deg 4(x;) = a; for ¢ = 1,...,m. The A-degree of a monomial x" is
defined by

deg 4(x") = wa; + - - + upma, € NA.

A polynomial F' € K|z, ...,z,] is A-homogeneous if the A-degrees of all the
monomials that occur in F' are the same. An ideal is A-homogeneous if it is
generated by A-homogeneous polynomials. The ideal I4 is generated by all
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the binomials x" — x¥ such that deg 4(x") = deg 4(x") (see [11, Lemma 4.1]),
thus I 4 is A-homogeneous.

Let J C Klx1,...,2m,] be a binomial ideal. There exist a positive integer n
and a vector configuration A = {ay,...,a,} C Z" such that J C I4, see for
instance [7, Theorem 1.1]. We say that a polynomial F' = ¢y M1+ - -+c¢s M € J,
where ¢; € K and My, ..., M, are monomials, is J-complete if M; — M; € J
for every 1 < i < [ < s. Clearly every J-complete polynomial F' is also A-
homogeneous.

Computing the least number of polynomial equations defining an algebraic
set is a classical problem in Algebraic Geometry which goes back to Kronecker
[9]. This problem is equivalent, over an algebraically closed field, with the
corresponding problem in Commutative Algebra of the determination of the
smallest integer s for which there exist polynomials Fi, ..., Fs in J such that
rad(J) = rad(Fy,...,Fs). The number s is commonly known as the arith-
metical rank of J and will be denoted by ara(J). Since J is generated by
binomials, it is natural to define the binomial arithmetical rank of J, denoted
by bar(J), as the smallest integer s for which there exist binomials By, ..., B
in J such that rad(J) = rad(By, ..., Bs). Furthermore we can define the J-
complete arithmetical rank of J, denoted by ara.(J), as the smallest inte-
ger s for which there exist J-complete polynomials Fy, ..., Fy in J such that
rad(J) = rad(Fy, ..., Fs). Finally we define the A-homogeneous arithmetical
rank of J, denoted by ara 4(J), as the smallest integer s for which there exist .4-
homogeneous polynomials Fi,. .., Fy in J such that rad(J) = rad(F1, ..., Fy).
From the definitions and [2, Corollary 3.3.3] we deduce the following inequal-
ities:

cd(J) < ara(J) < araq(J) < ara.(J) < bar(J)

where cd(J) is the cohomological dimension of J.

In Sect. 2 we introduce the simplicial complex A ; and use combinatorial
invariants of the aforementioned complex to provide lower bounds for the bino-
mial arithmetical rank and the J-complete arithmetical rank of J. In particular
we prove that bar(J) > 6(A),13 and ara.(J) > 6(As)q, see Theorem 2.6.

In Sect. 3 we study the arithmetical rank of the binomial edge ideal Jg of
a graph G. This class of ideals generalizes naturally the determinantal ideal
generated by the 2-minors of the matrix

( T T2 ... $n>

Tn4l Tpy2 --. T2n ’

We prove (see Theorem 3.3) that, for a binomial edge ideal Jg, both the
binomial arithmetical rank and the Jg-complete arithmetical rank coincide
with the number of edges of G. If G is the complete graph on the vertex set
{1,...,n}, then, from [3, Theorem 2], the arithmetical rank of Jg equals 2n—3.
Tt is still an open problem to compute ara(Jg) when G is not the complete
graph. We show that ara(Jg) > n+1— 2, where n is the number of vertices of
G and [ is the vertex connectivity of G. Furthermore we prove that in several
cases ara(Jg) = cd(Jg) = n+1—2, see Theorems 3.7, 3.9, Corollary 3.10, and
Theorem 3.13.
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2. Lower bounds. First we will use the notion of indispensability to introduce
the simplicial complex A ;. Let J C K[x1, ..., 2] be a binomial ideal contain-
ing no binomials of the form x" — 1, where u # 0. A binomial B=M —N € J
is called indispensable of J if every system of binomial generators of J contains
B or —B, while a monomial M is called indispensable of J if every system of
binomial generators of J contains a binomial B such that M is a monomial of
B. Let M be the ideal generated by all monomials M for which there exists
anonzero M — N € J. By [7, Proposition 1.5] the set G(M ) of indispensable
monomials of J is the unique minimal generating set of M ;.

The support of a monomial x" of K[z1,. .., %] is supp(x") := {i|z; divides
x"}. Let 7 be the set of all E C {1,...,m} for which there exists an indis-
pensable monomial M of J such that E = supp(M). Let T, denote the set
of minimal elements of 7.

Definition 2.1. We associate to J a simplicial complex A ; with vertices the
elements of Tn,. Let T = {Ey,..., E;} be a subset of Tnin, then T € Aj if
there exist M;, 1 < i < k, such that supp(M;) = E; and M; — M; € J for every
1<i<I<E.

Next we will study the connection between the radical of J and A ;. The
induced subcomplexr A" of A by certain vertices V C Ty, 1s the subcomplex
of Ay with vertices V and T' C V is a simplex of the subcomplex A’ if T is a
simplex of A ;. A subcomplex H of A is called a spanning subcomplex if both
have exactly the same set of vertices.

Let F be a polynomial in KJz1,...,z,]. We associate to F' the induced
subcomplex A;(F) of A, consisting of those vertices F; € Tnin with the
property: there exists a monomial M; in F such that F; = supp(M;). The
next theorem provides a necessary condition under which a set of polynomials
in the binomial ideal J generates the radical of J up to radical.

Proposition 2.2. Let K be any field. If rad(J) = rad(Fi,...,Fs) for some
polynomials Fy,...,Fs in J, then Ui_;A;(F;) is a spanning subcomplex of
Aj.

Proof. Let E = supp(x") € Zmin, where B = x" —x¥V € J and x" is an
indispensable monomial of J. We will show that there exists a monomial M in
some Fj, 1 <1 < s, such that E = supp(M). Since rad(J) = rad(Fi,..., F),
there is a power B", r > 1, which belongs to the ideal generated by Fi, ..., Fs.
Thus there is a monomial M in some F} dividing the monomial (x")" and
therefore supp(M) C supp(x™). But F; € J and J is generated by binomials,
so there exists x* — xV € J such that x* divides M. Since x* € M ; and
G(My) generates M, there is an indispensable monomial N dividing xZ,
thus

supp(V) C supp(x”) C supp(M) C E.
Since E € Tpnin, we deduce that E = supp(NV), and therefore E = supp(M).

O
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Remark 2.3. (1) If F'is a J-complete polynomial of J, then A ;(F) is a sim-
plex. To see that A (F) is a simplex, suppose that A;(F) # () and let
T ={E,...,E;} be the set of vertices of A;(F). For every 1 <i < k
there exists a monomial M;, 1 < i < k, in F such that F; = supp(M;).
Since F is J-complete, we have that M; — M; € J forevery 1 <1i <[ < k.
Thus A;(F) is a simplex.
(2) If B is a binomial of J, then A;(B) is either a vertex, an edge, or the
empty set.

Remark 2.4. If the equality rad(J) = rad(Fy, ..., Fs) holds for some J-compl-
ete polynomials F,..., Fs in J, then UJ_;A;(F;) is a spanning subcomplex
of Ay and each A;(F;) is a simplex.

For a simplicial complex A we denote by ra the smallest number s of
simplices T; of A, such that the subcomplex Uj_,T; is spanning and by ba the
smallest number s of simplices T; of A, such that the subcomplex UJ_,T; is
spanning and each T; is either an edge, a vertex, or the empty set.

Theorem 2.5. Let K be any field, then ba, < bar(J) and ra, < ara.(J).

It turns out that both ba, and ra, have a combinatorial interpretation in
terms of matchings in A .

Let A be a simplicial complex on the vertex set 7,;, and @ be a subset of
Q:={0,1,...,dim(A)}. A set N = {T1,...,Ts} of simplices of A is called a
Q-matching in A if T, NT; = 0 for every 1 < k,I < s and dim(Ty) € Q for
every 1 < k < s; see also [8, Definition 2.1]. Let supp(N) = U{_,T;, which is a
subset of the vertices Tpin. We denote by card(AN) the cardinality s of the set
N. A Q-matching N in A is called a mazimal Q-matching if supp(N') has the
maximum possible cardinality among all Q-matchings. By §(A)g, we denote
the minimum of the set

{card(N)|N is a maximal Q — matching in A}.

Theorem 2.6. Let K be any field, then bar(J) > §(Aj)o,1} and arac(J) >
§(Ar)a-

Proof. By [8, Proposition 3.3], ba, = 0(As)0,1} and ra;, = 6(As)q. Now the
result follows from Theorem 2.5. O

Proposition 2.7. Let J be a binomial ideal. Suppose that there exists a mini-
mal generating set S of J such that every element of S is a difference of two
squarefree monomials. Assume that J is generated by the indispensable bino-

mials, namely S consists precisely of the indispensable binomials (up to sign,).
Then bar(J) = card(S).

Proof. Let card(S) = ¢. Since S is a generating set of .J, we have that bar(.J) <
t. It is enough to prove that ¢ < bar(J). Let |Tnin| = g. By [4, Corollary 3.6] it
holds that card(G(My)) = 2t, so g = 2¢. For every maximal {0, 1}-matching
M in Ay, we have that supp(M) = Tpnin, 50 6(Ar){0,1} > L%J and therefore
d(As)f0,1y > t. Thus, from Theorem 2.6, bar(J) > t. O
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Ezample 2.8. Let J be the binomial ideal generated by fi = ziz¢ — z2ws,
fo = 227 — 2376, f3 = L1208 — X4T5, f4 = X318 — 1427, and f5 = x127 — T3T5.
Actually J is the binomial edge ideal of the graph G with edges {1, 2}, {2, 3},
{1,4}, {3,4}, and {1, 3}, see Sect. 3 for the definition of such an ideal. Note

that J is A-homogeneous where A = {a;,...,ag} is the set of columns of the
matrix
10001000
D 01000100
00100010
00010001

By [4, Theorem 3.3] every binomial f; is indispensable of .J. Thus

Toin = {B1 = {1,6), By = {2,5), By = {2, 7}, By = {3,6}, B5 = {1,8},
Es = {4,5}, By = {3,8}, B = {4,7}, By = {1,7}, E10 = {3,5}}.

By Proposition 2.7 the binomial arithmetical rank of J equals 5. The simplicial
complex Aj; has 5 connected components and all of them are 1-simplices,
namely Al = {El,EQ}, AQ = {Eg,E4}, Ag = {E5,E6}, A4 = {E7,E8}, and
A5 = {Ey, E1p}. Consequently

5
5(ANa =) 6(A)e=1+1+1+1+1=5,
i=1

and therefore 5 < ara.(J). Since ara.(J) < bar(.J), we get that ara.(J) = 5. We
will show that ara4(J) = 5. Suppose that aras(J) = s < 5, and let Fy,..., F
be A-homogeneous polynomials in J such that rad(J) = rad(Fi,..., Fy). For
every vertex E; € T, there exists, from Proposition 2.2, a monomial M; in Fy,
such that E; = supp(M;). But s < 5, so there exist E; € Tin and Ej € Tiin
such that

(1) {E;, E;} is not a 1-simplex of Ay,

(2) E; =supp(M;), E; = supp(M;), and

(3) M, and M, are monomials of some F}.
Since F}, is A-homogeneous, it holds that deg 4(M;) = deg 4(M;). Considering
all possible combinations of E; and E;, we finally arrive at a contradiction.
Thus ara4(J) = 5. Note that J is B-homogeneous where B is the set of columns
of the matrix

11110000
10001000
N=101000100
00100010
00010001

Since every row of D is a row of N, we deduce that every B-homogeneous poly-
nomial in J is also A-homogeneous. So arag(J) is an upper bound for ara 4 (.J),
therefore arap(J) = 5. We have that rad(J) = rad(f1, f2 + f3, fa, f5), since
the second power of both binomials fo and f3 belongs to the ideal generated
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by the polynomials f1, fo+ f3, f4, f5. Remark that the polynomials fi, fo+ f3,
f4, and f5 are C-homogeneous, where C is the set of columns of the matrix

<1 234123 4)
56785678/
Thus arac(J) < 4, so ara(J) < 4. A primary decomposition of .J is
J = (f1, f2, f3, fa; f5, waws — waze) O (21, 23, 25, 7).
Hence, by [2, Proposition 19.2.7], it follows that ara(J) > 4. Thus
ara(J) = arac(J) =4 < b5 = araa(J) = arag(J) = ara.(J) = bar(J).

3. Binomial edge ideals of graphs. In this section we consider a special class
of binomial ideals, namely binomial edge ideals of graphs. This ideal was in-
troduced in [6] and independently at the same time in [10].

Let G be an undirected connected simple graph on the vertex set [n] :=
{1,...,n} and with edge set E(G). Consider the polynomial ring

R:=K[z1, ... Zn, Tnt1,-- -, Ton)
in 2n variables, x1,...,Tn, Tpy1,. .., Ton, Over K.

Definition 3.1. The binomial edge ideal Js C R associated to the graph G is
the ideal generated by the binomials f;; = x;Zn4; — T;Tp44, With 7 < j, such
that {i,7} is an edge of G.

Remark 3.2. From [7, Corollary 1.13] every binomial f;;, where {7,j} is an
edge of G, is indispensable of Jg. Thus

Tmin = {Ellj = {i7n+j}aEz’2j = {],n+z}|{z,]} € E(G)}

We recall some fundamental material from [6]. Let G be a connected graph
on [n] and let S C [n]. By G\S, we denote the graph that results from deleting
all vertices in S and their incident edges from G. Let ¢(S) be the number
of connected components of G\S, and let G1,...,Gg) denote the connected

components of G\S. Also let G; denote the complete graph on the vertices of
G;. We set

Ps(G) = (UiES{xhx““}’ J51""’J5c<s>> R.

Then Ps(G) is a prime ideal for every S C [n]. The ring R/Py(G) has Krull
dimension n+1. For S # @ the ring R/ Ps(G) has Krull dimension n—card(S)+
¢(S). The ideal Pg(G) is a minimal prime of Jg if and only if S =0 or S # 0,
and for each ¢ € S one has ¢(S\{i}) < ¢(5). Moreover Jg is a radical ideal and
it admits the minimal primary decomposition Jo = Ngeprq(a)Ps(G), where
M(G) ={S C [n] : Ps(G) is a minimal prime of Jg}.

Theorem 3.3. Let G be a connected graph on the vertex set [n] with m edges.
Then bar(Jg) = ara.(Jg) = m.
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Proof. Every binomial f;;, where {4, j} is an edge of G, is indispensable of J¢,
thus, from Proposition 2.7, bar(Jg) = m. Note that, for every edge {4, j} of G,
{E};, EZ;} is a 1-simplex of A, . Furthermore A, has exactly m connected
components and all of them are 1-simplices. Thus §(A ;,)q = m and therefore,

from Theorem 2.6, ara.(Jg) > m. Consequently ara.(Jg) = m. O

Theorem 3.4. Let G be a connected graph on the verter set [n] with m
edges. Consider the canonical basis {e1,...,e,} of Z™ and the canonical ba-
sis {W1,...,Wpi1} of Z"tL. Let A = {ay,...,a2,} C N" be the set of vec-
tors where a; = e;, 1 < i < n, and apy; = €; for 1 < i < n. Let B =
{by,...,bop} C N+ be the set of vectors where b; = wi + wWit1, 1 <i<mn,
and by = wipq for 1 <i<n. Then aras(Jg) = arag(Jg) = m.

Proof. Suppose that aras(Jg) =t < m, and let Fy,..., F; be A-homogeneous
polynomials in Jg such that Jg = rad(Fy,..., F;). For every edge {i,j} of G
with ¢ < j there exist, from Proposition 2.2, monomials MZIE and NZ-lj in Fj and
Fy, respectively, such that E}; = supp(M};) and E?; = supp(N/;). But ¢ < m,
so there exists B}, € Toin, where {r, s} is an edge of G with r < s, such that

(1) {E};, E}} is not a 1-simplex of A,
(2) E’Ll_] = Supp(Mi];')v E;}s = Supp(M/“cs)a and
(3) Mi’;- and MPF, are monomials of some F}.

Let Mf; = af'z)) ; and M}, = azfra), .. Since F} is A-homogeneous, we
deduce that degA(Mikj) = deg 4(MF,), and therefore g;e; + g;e; = gre, + gses.
Consequently ¢ = r, j = s, and also MZIE = MF, is a contradiction. Let D
and @ be the matrices with columns A and B, respectively. Since every row
of D is a row of @), we deduce that every B-homogeneous polynomial in Jg
is also A-homogeneous. Thus arap(Jg) is an upper bound for ara(Jg), so
m < arag(Jg) and therefore arag(Jg) = m. O

The graph G is called l-vertez-connected if | < n and G\S is connected for
every subset S of [n] with card(S) < . The vertex connectivity of G is defined
as the maximum integer [ such that G is [-vertex-connected.

In [1] the authors study the relationship between algebraic properties of a
binomial edge ideal Jg, such as the dimension and the depth of R/Jg, and the
vertex connectivity of the graph. It turns out that this notion is also useful for
the computation of the arithmetical rank of a binomial edge ideal.

Theorem 3.5. Let K be a field of any characteristic and G be a connected
graph on the vertex set [n]. Suppose that the vertex connectivity of G is .
Then ara(Jg) > n+1—2.

Proof. Tf G is the complete graph on the vertex set [n], its vertex connectivity
is n—1, then ara(Jg) = 2n—3 = n+1—2 by [3, Theorem 2]. Assume now that
G is not the complete graph. Let Py(G), W1, ..., W; be the minimal primes of
Jg. It holds that Jg = Py(G) N L where L = N!_, W;. First we will prove that
dim (R/(Py(G) + L)) < n—I+1. For every prime ideal ) such that Py(G)+L C
Q, we have that L C @, so there is 1 < ¢ < t such that W; C Q. Thus
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Py(G)+W; C @ and therefore dim (R/(Py(G) + L)) < dim (R/(Py(G) + W;)).
It is enough to show that dim (R/(Py(G) + W;)) < n—1+1. Let W; = Ps(G)
for O # S C [n]. We have that Py(G) + Ps(G) is generated by
{ixng; — xjxnyi 14,5 € \SU{zs, 2pqs i € S

Then dim (R/(Py(G) + Ps(G))) = n — card(S) + 1. If [ = 1, then card(S) > 1
since S # ), and therefore dim (R/(Py(G) + W;)) < n. Suppose that [ > 2 and
also that card(S) < I. Since Ps(G) is a minimal prime, for every i € S we have
that ¢(S\{i}) < ¢(S). But G is I-vertex-connected, namely G\ S is connected,
so Py(G) C Ps(G), a contradiction to the fact that Pg(G) is a minimal prime.
Thus dim (R/(Py(G) + W;)) < n—1+1 and therefore dim (R/(Py(G) + L)) <
n — 1 4+ 1. Next we will show that min{dim (R/Fy(G)),dim (R/L)} > dim
(R/(Py(G) + L)) . Recall that dim (R/Py(G)) = n+1, so dim (R/(Py(G) + L))
< dim (R/Py(QG)). Since L C Py(G) + L, we deduce that dim (R/(Py(G) + L))
< dim (R/L). Suppose that dim (R/(Py(G) + L)) = dim (R/L), say equal to
s,andlet Q1 G Q2 G -+ & Q be a chain of prime ideals containing Py(G)+ L.
Then there is 1 < j <t such that Q1 = W;. So Py(G) C W;, a contradiction.
By [2, Proposition 19.2.7] it holds that

cd(Jg) > dim(R) — dim (R/(Py(G) + L)) — 1 = 2n — dim (R/(Py(G) + L))
—1>2n—(n—-14+1)—1=n+1-2.
Consequently ara(Jg) >n+1— 2. O

Ezample 3.6. Let G be the graph on the vertex set [5] with edges {1, 2}, {2, 3},
{1,3}, {2,4}, {4,5}, and {3,5}. Here the vertex connectivity is I = 2. By
Theorem 3.5, ara(Jg) > 5. The ideal Jg is generated up to radical by the
polynomials fi2, fo3, fi3 + fo4, f35, and fis, since both fZ and f3, belong to
the ideal generated by flg, f23, f13 +f24, f35, and f45. Thus ara(Jg) =5<6=
bar(Jg).

Theorem 3.7. If G is a cycle of length n > 3, then ara(Jg) = bar(Jg) = n.

Proof. The vertex connectivity of G is 2, so, from Theorem 3.5, the inequality
n < ara(Jg) holds. Since G has n edges, we have that ara(Jg) < bar(Jg) =n
and therefore ara(Jg) = n. O

Proposition 3.8. Let G be a connected graph on [n], with m edges and n > 4.
If G contains an odd cycle of length 3, then ara(Jg) < m — 1.

Proof. Let C be an odd cycle of G of length 3, with edge set {{1,2},{2,3},
{1,3}}. Since G is connected, without loss of generality, there is a vertex
4 < i < nsuch that {1,i} is an edge of G. We will show that (212, ;—2;Zn1)?
belongs to the ideal L generated by the polynomials fio, f13, f1: + fo3. We have
that

2,2 _
TIThyi = L1Tn4+iTiTnt+1 — T122Tn4+iTn+3 + L1T3Tn4iTn+2 = T1TiTp4iTnt1
—X2TpiT3Tn41 + T2T3Tp 1 1Tn i = T1TiTn4iTni1 mod L.

Similarly we have that 2?22 | = 2122y 4iTn41 mod L. Thus 2322, +zi22
= 2010 Zn1iTny1 Mmod L, 80 (1245 — 2iTn11)? belongs to L. Next we prove
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that (x93 — 237, 12)% belongs to L. We have that
2.2 _
Loy 13 = L2Xn43L3Ln+2 — L2Ln4+3L1Ln4q + L2Tn4+3LiTn41
= T2Tn4323Tn42 — T2Tn+iTl3Tn41 T Tn43TiT1Tn42
= T9Tn3T3Tni2 — T1Tn42Tn1iT3 + TiTni203Tpe1 Mod L.
Furthermore
2.2 _
$3$n+2 = T2Tp4+3TL3Tp4+2 — L3Tn42TL;Tn+1 + T3Ln4+2T1Tn+q mod L.

Thus m%x%+3 —|—x§a:%+2 = 2292, 437312 mod L, 50 (22T 3 — T3%542)? € L.
Let H be the subgraph of G consisting of the cycle C' and the edge {1,i}. Then
Jg is generated up to radical by the following set of m — 1 binomials:

{ful{k, 1} € E(G)\E(H)} U {fi2, f13, f1i + fo3}.

Therefore ara(Jg) < m — 1. O

Let G1 = (V(Gy),E(Gy)), G2 = (V(G2), E(G2)) be graphs such that G; N
G4 is a complete graph. The new graph G = G; @ G2 with the vertex set
V(G) = V(G1) UV (G2) and edge set E(G) = E(G1) U E(G2) is called the
clique sum of G1 and G2 in G N Go. If the cardinality of V(G1) NV (Gs) is
k + 1, then this operation is called a k-clique sum of the graphs G; and Gs.
We write G = G @; G2 to indicate that G is the clique sum of Gy and G2
and that V(G1) NV (Gz) = 0.

Theorem 3.9. Let G be a connected graph on the vertex set [n]. Suppose that G
has exactly one cycle C. If n > 4 and C is odd of length 3, then ara(Jg) = n—1.

Proof. The graph G can be written as the 0-clique sum of the cycle C' and
some trees. More precisely,

Gzc@ﬂ@...@ﬂ

for some vertices vy, ...,vs of C. The vertex connectivity of G is 1. By Theo-
rem 3.5, the inequality n — 1 < ara(Jg) holds. Since G has exactly one cycle,
we have that card(E(G)) = n. From Proposition 3.8, ara(Jg) < n — 1, and
therefore ara(Jg) =n — 1. O

Let ht(Jg) be the height of Jg, then we have, from the generalized Krull’s
principal ideal theorem, that ht(Jg) < ara(Jg). We say that Jg is a set-
theoretic complete intersection if ara(Jg) = ht(Jg).

Corollary 3.10. Let G be a connected graph on the vertex set [n] with n > 4.
Suppose that G has exactly one cycle C and its length is 3. Then the following
properties are equivalent:

(a) Jg is unmized,

(b) Jg is Cohen—Macaulay,

(¢) Jg is a set-theoretic complete intersection,
(d) G=CP, T1 D, D, Ts, where {vy,...,vs} CV(C), s > 1, vy, are

pairwise distinct and Ty, are paths.
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In particular, if one of the above conditions is true, then ara(Jg) = ht(Jg)
=n-—1.

Proof. The implication (b)=-(a) is well known. If J¢ is a set-theoretic complete
intersection, then, from Theorem 3.9, ht(Jg) = n—1 and dim(R/Jg) =n+ 1.
Also depth(R/Jg) = n + 1 by [5, Theorem 1.1], so Jg is Cohen-Macaulay,
whence (c)=(b). Recall that M(G) = {S C [n] : Ps(G) is a minimal prime of
Jo}. If Jg is unmixed, then every vertex v of T}, v # vy, has degree at most
2. In fact, {v} € M(G) and, if degq(v) > 3, then by [6, Lemma 3.1], one has
ht(Ppy(G)) = n +card({v}) — c({v}) =n+1—degg(v) <n—-2<n—-1=
ht(Py(@Q)), a contradiction. Moreover, v, has degree at most 3 for every h. In
fact, {vn} € M(QG) and, if degq(vy) > 4, then by [6, Lemma 3.1], one has
ht( Py, 1 (G)) = n+card({vn}) — c({vn}) =n+1— (degg(vp) —1) <n—2 <
n —1 = ht(Py(Q)), a contradiction. Thus, (d) follows. Finally, assuming (d),
Jg is unmixed by [5, Theorem 1.1] and ht(Jg) = n — 1. By Theorem 3.9, it
follows that

ara(Jg) =n —1 = ht(Jg).
U

If C; and C5 are cycles of G having no common vertex, then a bridge
between C; and C is an edge {i,j} of G with i € V(C4) and j € V(C5).

Proposition 3.11. Let G be a connected graph on the vertex set [n] with m
edges. Suppose that G contains a subgraph H consisting of two vertex disjoint
odd cycles of length 3, namely Cy and Cs, and also two bridges between the
cycles Cy and Cy. Then ara(Jg) < m — 2.

Proof. Let E(Cy) = {{1,2},{2,3},{3,1}} and E(C2) = {{4,5},{5,6},{4,6}}.
Suppose first that the bridges have no common vertex. Let e; = {1,4} and
ea = {3,6} be the bridges of the two cycles. Then fZ, belongs to the ideal
generated by the polynomials fio, f13, fi4+ f23. Furthermore f2; belongs to the
ideal generated by the polynomials fs6, f56, f36 + f15. Thus Jg is generated up
to radical by the union of { fi2, fi3, fia+fa3, fae, f56, f36+fas} and { fi;|{7, j} €
E(G) and {i,j} ¢ E(H)}. If the bridges have a common vertex, then without
loss of generality, we can assume that e; = {1,4} and e; = {3,4} are the
bridges of the two cycles. Applying similar arguments as before, we deduce
that ara(Jg) < m — 2. O

Ezample 3.12. Suppose that G is a graph with 6 vertices and 8 edges consisting
of two vertex disjoint odd cycles of length 3, namely C; and C5, and also
two vertex disjoint bridges between the cycles C7 and Cy. Here the vertex
connectivity is I = 2. Thus ara(Jg) > 6. By Proposition 3.11, ara(Jg) < 6 and
therefore ara(Jg) = 6.

Theorem 3.13. Let Gy, be a graph containing k odd cycles C1, ..., Cy of length
3 such that the cycles C; and C; have disjoint vertex sets, for every1 <i < j <
k. Suppose that there exists exactly one path P; ;11 of length r; > 2 connecting
a vertex of C; with a vertex of Ciy1, 1 <i < k—1. If G has no more vertices
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or edges, then ara(Jg,) = ht(Jg,) = 2k + Y ;_ 1 r;. In particular, Jg, is a
set-theoretic complete intersection.

Proof. The graph G}, has 3k + Ei:ll (r; — 1) vertices. Here the vertex connec-
tivity is { = 1, so

2k+2n*3k+z ;i —1)+1—-2<ara(Jg,).

We will prove that ara(Jg, ) < 2k + Z 1 r; by induction on k > 2. Suppose
that £ = 2 and let E(Cy) = {{1,2},{2,3},{1,3}}, P> = {{3,4},{4,5},.
{r+2,r+3}},and Co = {{r +3,r+ 4}, {r +4,r+ 5}, {r +3,r + 5}}. Then
Ja, is generated up to radical by the union of

{fi2 + f34, Try2Tntrt3 — Try3Tnirt2 + TrpdTngris — Trp5Tntrtd}

and

{fi;{i,j} € E(Ga)\{{1,2},{3,4},{r + 2,7 + 3}, {r + 4,7+ 5} }}.

Thus ara(Jg,) < 4 + r. Assume that the inequality ara(Jg, ) < 2k + Zl 1T
holds for k, and we will prove that ara(Jg,.,) < 2(k+1) + Zi:l r;. We have
that Jg,,, = Jg, +Jg where H is the graph consisting of the path Py ;11 and
the cycle Cgy1. By Theorem 3.9, ara(Jg) = r + 2. Then, from the induction
hypothesis,

k—1 k
ara(Jg, ) < ara(Jg, ) + ara(Jy) < 2k + Z ritre+2=2(k+1)+ Zri.
i=1 i=1

Since Jg, is unmixed by [5, Theorem 1.1], we have that

r—1

ht(Ja,) = card(V(Gi)) — 1 =2k + > 7.

i=1
Remark 3.14. All the results presented are independent of the field K.
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