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WELLPOSEDNESS OF A NONLINEAR, LOGARITHMIC
SCHRODINGER EQUATION OF DOEBNER-GOLDIN TYPE
MODELING QUANTUM DISSIPATION

P. GUERRERQO, J. L. LOPEZ, J. MONTEJO-GAMEZ, AND J. NIETO

ABSTRACT. This paper is concerned with the modeling and analysis of quan-
tum dissipation phenomena in the Schrédinger picture. More precisely, we do
investigate in detail a dissipative, nonlinear Schrédinger equation somehow ac-
counting for quantum Fokker—Planck effects, and how it is drastically reduced
to a simpler logarithmic equation via a nonlinear gauge transformation in such
a way that the physics underlying both problems keeps unaltered. From a
mathematical viewpoint, this allows for a more achievable analysis regarding
the local wellposedness of the initial-boundary value problem. This simplifica-
tion requires the performance of the polar (modulus—argument) decomposition
of the wavefunction, which is rigorously attained (for the first time to the best
of our knowledge) under quite reasonable assumptions.

1. INTRODUCTION, SETTING OF THE PROBLEM AND MAIN RESULT

Quantum dissipation and diffusion modeling has been widely analyzed over
last years, mainly in the context of open quantum systems. We refer for instance
to 6, 7, 9, 22, 31, 41]. Recently, the quantum-mechanical treatment of dissipa-
tive processes and other nonequilibrium phenomena has been a subject of much
attention due to its applicability in various fields such as solid state and statisti-
cal physics, photochemistry, Brownian dynamics, heavy ion scattering, quantum
gravity theories or ecology. In the Schrodinger picture, quantum friction and dif-
fusion effects have been more or less succeedingly modeled by nonlinear terms of
type ASy1 (formulated by Kostin [31] to describe nonlinear Schrodinger-Langevin
dynamics), where A is a friction constant and S, = —ilog(v/||) stands for the
(multivalued) argument of the complex wavefunction ¢ (¢, x), as well as by loga-
rithmic nonlinearities with the form log(|1|?)¢ (first studied by Bialinicki-Birula
and Mycielski in [9]), among others (see for example [6, 13, 15, 27, 34|). A large
number of the nonlinear Schrodinger equations proposed in the literature involve
complex nonlinearities describing different phenomenologies in condensed matter
physics, e.g. incoherent solitons, dynamical modes of plasma physics, propaga-
tion of optical pulses or damping effects in nonlinear media. For instance, the
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Doebner—Goldin equations

h? hD (A, , V- J
ih@tw:——AI¢+L< n)w+V¢+mDu1( )@D
2m 2 n n

m? I\’ J - Van
+ fD/M?) (%) P +mD < 2 )w
Agn V.n|?
b (i 2 D)

were introduced in [22] as the most general class of Schrodinger type equations
compatible with the Fokker—Planck continuity equation for the probability den-
sity n = |[¢]?, namely On + V, - J = DA,n, with J(¢,z) denoting the electric
current. The subfamily of these equations characterized by the identities

(1) Dy =D=~Duy, pa+2p5=0, pz3=0,

satisfies the Ehrenfest theorem of quantum mechanics and was shown to be lin-
earizable through a suitable nonlinear transformation (see [6, 23, 36]) if the con-
straint

4mD’ 4m2D?

(2) p M2 < 1- 5

is fulfilled. The nonlinearities of the Doebner—Goldin equations were derived in
the frame of group theory, more precisely from the representation analysis of the
quantum kinematical group of diffeomorphisms Diff(R?). Very recently a non-
linear logarithmic Schréodinger equation of Doebner—Goldin type was introduced
and analyzed by two of us in [35] from a hydrodynamic perspective, starting from
the Wigner—Fokker—Planck system (see e.g. [4, 5, 11] for a physical motivation
and some mathematical analysis concerning the wellposedness of the latter model
coupled to Poisson’s equation).

In this paper we investigate the following nonlinear Schrodinger equation of
logarithmic type (that might be called 'Full Logarithmic Schrodinger Equation’
or, in short, FLSE for future reference), derived in [34] in the one-dimensional
case and in full generality in [28] under a Nelsonian stochastic approach, which
rules the evolution in (¢,z) € [0,7) x © of a quantum electron gas interacting
with a heat bath in thermodynamic equilibrium

. o?
(3) i) = (—%Ax + Va) Y,

2m\ 2 n

(4) V, = ;—EQ + Alog(n) + —— (i—o‘Ax" +mV, - %) ,
with initial and boundary conditions given by

(5) (0, 2) = o(z), ze€Q,

(6) Y(t,x) =¢p(x), ze€dQ, tel0,T),
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where 1 = 9 (t, z) is the (complex) wavefunction,
a=2mDy, A=2Dy,+nD,,

) is a smooth bounded domain in R? (though all of our results can be also stated
without changes in the case 2 C R4, 1 < d < 3), m is the effective mass of the
electrons and where

nwh? nh?
7 D =—1'"" _ D —=__1T"
(7) PE 1 20emkgT’ M 12m2kgT
are phenomenological (diffusion) constants related to the system-reservoir in-
teractions. Here, h is the reduced Planck constant, n = 2mA\ is the damp-

ing/coupling constant of the thermal bath, A is the friction coefficient, w is the
cut—off frequency of the reservoir oscillators, kg is the Boltzmann constant and T’
is the bath temperature. Also, Q(t, z) denotes Bohm’s quantum potential defined
by

(8) Q= I (Aevi) _ P (A [Vonf?
o2m\ v ) 4m \ n 2n2 )’
n = [1|? holds for the local density and
1% _
_ 9
(9) J=—1Im (¥Va1)

is the electric current, Im(z) and Z denoting imaginary part and complex con-
jugation respectively. The electron Hamiltonian H, may appear augmented by
an external potential V' = V/(¢,x), typically the quantum harmonic oscillator
confining potential V' = Zwi|z|?, with wy standing for the oscillator frequency,
although nonlinear and self-consistent couplings can be also considered.

The quantum correction involving Bohm’s potential in Eq. (4), which gives
rise to a modular type nonlinearity kQ1 [6, 25|, represents a field through which
the electrons interact with themselves and can be interpreted as a quantum dif-
fusion term yielding a theory which contains quantum—mechanical confinement
effects. This potential has been used, for example, to study wave packet tun-
nelling through barriers. On the other hand, meaningful physical interpreta-
tions have been also given to the presence of the logarithmic potential log(n)
in the Schrodinger equation. Indeed, it can be understood as the effect of sta-
tistical uncertainty or as the potential energy associated with the information
encoded in the matter distribution described by the probability density n(t, z).
The logarithmic nonlinearity has been recently proposed for the modeling of sev-
eral phenomena occurring in capillary fluids and magma transport [20, 21, 32]|.
Furthermore, Eq. (4) retains a nonlinear complex potential describing quantum
position diffusion. This is in good agreement with the physical interpretation of
complex potentials, as they have been used in the literature to simulate dissipa-
tive processes and decoherence effects in the transition regions of small quantum
devices.
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The Schrodinger system (3)—(4) can be viewed as a particular subclass of the
Doebner-Goldin equations (with action unit « instead of /) belonging to the
Ehrenfest family (cf. (1)) and containing an additional logarithmic nonlinearity,
by just identifying

DZDQQ? ps =0, D/NIZqu:_D/,UAa

D
DIILLQ = —qu = —2DIILL5 .

Besides, the linearization condition (2) is also fulfilled (with « instead of A).
As a matter of fact, the nonlinearities in (4) can be drastically simplified to
just the logarithmic one still preserving the underlying physics. In particular, if
considering the Madelung form of the wavefunction

(10) o(t.a) = o) exp { L)}

then the nonlinear change of phase 1) — ¢ = F(1) defined by
1
F()(t,x) = \/ny(t, z) exp {—ilog ( n¢(t,x)> + asw(t,x)}

(1) — 0(t.2) exp {~J1og (02}

is a (formal by the moment) one-to—one correspondence between solutions of the
FLSE and solutions of the following ’purely logarithmic Schrodinger equation’
(PLSE)

2

(12) iadyp = —;—mqub + Alog(n)é.

The transformation F' defined in (11) does belong to a general class of mappings
known as nonlinear gauge transforms, which preserve some fundamental aspects
of quantum mechanics such as the probability density n(t,z). We are intended
to reduce (via F') the wellposedness problem associated with Eq. (3)—(6) to the
study of Eq. (12) with the following boundary and initial conditions

(13) ¢(0,:L‘) = ¢0(Z‘), r €,
(14) 8(t,z) = ép(z), ze€dQ, tel0,T).

Similar strategies were also recently developed in [16, 38|, in the scope of deriva-
tive Schrodinger equations.

Some wellposedness and stability properties were shown in [12, 13, 14| for a
class of logarithmic Schrodinger equations, where the logarithmic nonlinearity
was considered with opposite sign to that explored in this paper. Nevertheless,
this fact drastically changes the dynamics of the system (see [28, 34|, where
a comparison between the phase portraits of both stationary systems was per-
formed). For instance, in that situation one finds soliton-like solutions with
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Gaussian shape (Gaussons) in any number of dimensions, describing the propa-
gation of nonspreading wave packets of freely moving particles [9]. In fact, the
radial Gausson was shown in [13] to be orbitally stable under radial perturba-
tions. The single sign choice for the logarithmic term first made in 9] and later
continued in [13, 14] was owing to the fact that the other sign led to an energy
functional which was not bounded from below. However, the positive sign for
the logarithmic nonlinearity was also physically justified in [18] as representing a
diffusion force within the context of stochastic quantum mechanics [8, 37|, and
mathematically analyzed in the whole space in [29]. Besides, a simple minimiza-
tion argument for slow varying, compactly supported density profiles was carried
out by Davidson in [19] to conclude that the (usual) assumption about the sign of
the logarithmic term made in [9] is not the only reasonable possibility and that a
sensible theory can be developed with the opposite sign as well, as argued herein.

Our strategy will consist in developing a fixed—point argument on an appropri-
ate subset of H?((Q), consisting of those wavefunctions living far from vacuum, in
order to obtain regular solutions to Eq. (12)—(14), thus to Eq. (3)-(6) by means
of F' (cf. formula (11)). This analytical treatment does require an accurate defi-
nition of Sy due to the multivaluedness of the complex logarithm. The required
assumptions for our analysis are

(H1) Q C R? is a simply—connected, C* bounded domain.
(H2) 4o € H*(Q), ¥p € H*(09), and vy = tbp in €.

(H3) There exists § > 0 such that

ess-inf{|vo(z)| : 2 € Q} > 6,  ess-inf{|¢p(z)] : 2 € 0N} > 4.

Note that the Rellich-Kondrachov compactness theorem (see for example [10])
along with the regularity properties of ¥y and ¢, allow us to consider the con-
dition ¢y = 9 p stated in (H2) in the usual sense, 1y — 5 € Hi(Q), as well as a
pointwise identity in 0f).

We start by fixing some notation that will be useful in the sequel. Let H be a
subset of L?(Q), § a positive constant, and denote

H5:{g0€H:|cp|>5a.e. inQ}.
Given T > 0, we also denote
X' =0(0,7); H*() n C'([0,7); L*(2))

and

XéT:{QDEXT:|<,0|>5a.e.xEQ,V0§t<T},

where H*(Q) is the usual Sobolev space W*2((Q).
Finally, given ¢ € H'(Q) we write n, = |¢|? and J, = 2Im(@V,¢p) (or
simply n and J when an unique wavefunction is involved). In the following,
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we shall simply denote V and A the gradient and Laplace operators when no
possible confusion concerning the variable with respect to which differentiation
is being performed can arise. Otherwise we will denote V, and A, to indicate
differentiation with respect to the position coordinate. Our main result reads as
follows.

Theorem 1.1. Assume that (H1)—(H3) hold. Then, the following properties are
satisfied

(1) There exists T = T, %0, ¥p,2) > 0 such that the nonlinear Schrédinger
initial-boundary value problem (3)—(6) admits a unique strong solution
Y e X].

(ii) The dynamics underlying (3)—(6) is (topologically) equivalent to that asso-
ciated with the initial-boundary value problem consisting of Eq. (12) sub-
ject to the conditions (13)—(14), in the sense that there exists a suitable
homeomorphism in C([0,T); HZ) that carries strong solutions of (3)—(6)
into strong solutions of (12)—(14).

The contents of the paper are structured as follows: In Section 2 we give
an overview of the stochastic derivation of our main equation (see [28] for de-
tails). Section 3 is devoted to a detailed discussion and analysis of the main
mathematical difficulties arising when dealing with Madelung’s representation of
the wavefunction, mainly consisting of the multivaluedness of the argument of the
wavefunction. In particular the existence of regular arguments shall be proved,
which is of fundamental importance for our research. In Section 4 we show how
the FLSE is topologically equivalent to the standard PLSE through the action of
the homeomorphic transformation. In Section 5 we address the local wellposed-
ness issue for the mixed initial-boundary value (auxiliary) problem associated
with the PLSE. Finally, in Section 6 the three—dimensional local solvability of
the FLSE is proved on bounded domains satisfying (H1), starting from that for
the PLSE, by carefully "transporting’ the wellposedness result shown for the latter
along F~1.

2. ON THE MULTIDIMENSIONAL DERIVATION OF EQ. (3)

In this section we review the main aspects of the three-dimensional derivation
of Eq. (3)—(4) carried out in [28] (see also [34] for the 1D derivation). The starting
point is the Wigner—Fokker—Planck equation
(15) dw + (§ - Va)w + Oy [w] = Lorplw]

with

D 2D
(16) LQFP[UJ] = ?p;’Agw + 2)\V§ : (fw) + b Vx : (VgU]) + quAxw,

m

where w = w(t, z,§) is the (quasi)-probability distribution function. Here, z and
¢ respectively hold for the position and velocity coordinates of the electron gas,
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and

_ i V(t,l’_,_) — V(t,$_) / —i(E=&")y ¢/
vl = s [ (PRI w0 agtay

is a pseudo—differential operator associated with the external potential V', with
ry =x £ f—i Of course, this operator can make the quantum Fokker-Planck
equation to become nonlinear in virtue of the eventual nonlinear character of the
chosen potential.

One of the main aspects of dissipative theories in quantum mechanics relies on
the presence of a diffusive term in the continuity equation. Indeed, if we write
the balance equation for the local density, n = fR3 wd, we find

(17) om+Vy-J=DyAmn, with J(t,z) = / Sw(t,z,£)dE,
R3

which is nothing else than a Fokker—Planck equation describing the time evolution
of n(t,z). This equation along with

V.V V,-P 2D, (Vxn

— 2 \u —

m n m

(18) O+ (u-Vy)u = ) +Z(n,u)

n
constitute the hydrodynamic system associated with the Wigner—Fokker—Planck
equation (15)—(16). Here, u = J/n is the fluid mean velocity and P = E —nu®u

is the stress tensor with £ = fRS ¢ ® Ewd€ denoting the kinetic energy tensor,

while v
Z(n,u) = Dy, {2( ik -Vm)u—i-Axu}
n

stands for the dissipative force. The main idea underlying this derivation consists
of admitting a ’classical’ interpretation of the continuity equation (17) in terms of
Nelsonian stochastic mechanics [37]. This theory, initiated in 1952 by 1. Fényes
[24], is intended to give a description of quantum mechanics by means of classi-
cal probability densities for particles undergoing Brownian motion with diffusive
interactions. In this framework, the evolution of a particle subject to nondissi-
pative Brownian motion is shown to be equivalent (in the sense of its probability
and current density) to that described by the Schrédinger equation [37]. In our
context we assume Brownian motion as produced by the dissipative interaction
between the quantum gas and the thermal environment, the particles thus being
subject to the action of forward and backward velocities uy and u_ := uy — 2u,,
respectively, entering the continuity equation as

(19) O+ V- (nuy) = £Dy,An.
Here, u, denotes the so—called osmotic velocity defined by
V.n
n

according to Fick’s law, that sets the exact balance between the osmotic cur-
rent nu, and the diffusion current D, ,,V,n and somehow controls the degree

Uy 1= Dyq
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of stochasticity of the process. Now, summing up both forward and backward
Fokker-Planck equations in (19) and introducing the current mean velocity

vi= §(u++u_):u+—u0,

it is easy to check that the standard continuity equation of quantum mechanics
om + V, - (nv) = 0 is recovered. Henceforth we shall use Einstein’s convention
(i.e. sum over repeated indices). By defining the mean backward derivative of
the forward velocity as

D,U,+ = atU+ + (’U/f . Vx)UJ+ — quAxU+ s

Eq. (18) can be rewritten for u, as

2D, Van

1 1
(20) D_uy=——V,V—-=V, P, —2\u; —
m n m n

We now perform time inversion according to the following rules [26]:
t— —t, O+— -0y, ur+— —up, Dy+r— —D-.

Since the internal stress tensor P, is a dynamic characteristic of motion, its
divergence changes sign under time inversion. Accordingly, after time inversion
Eq. (20) becomes

1 1 2D .
(21) Dot = -~V V42V, Py, +2au — DVl

m n m n
where Diu_ = dyu_ + (uy - Vi)u_ + DygAyu_ is the mean forward derivative of

the backward velocity. We then sum up (20) and (21) and obtain the following
frictional version of Nelson’s stochastic generalization of Newton’s law (in tensor
notation, with Vj, =V, )

1
Oy + v;Viv; = _Evj (V + Alog(n))
Vine, (Vn Vin
22 —D2 | —V(——)-V; [~ :
(22) qq{nvl<n) VJ(”>}

Combining now Egs. (19) and (22) with the identity v = u; — uo, the equation
for uy

1 A 202
Oulur)j + (ur)iViuy)j = = —V;V = —Vjlog(n) — —5V;Q

+ Dyq [% (Vilug); — VJ‘Z+>Z') - Vi (um}

can be recovered. Under the original assumptions on the parameters (see for
example [5] for details)
kgT

1
LT, AN Kw, w<<—,
w h
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7 being the characteristic time scale of the electrons, we are straightforwardly led
to a < h, which means that the Bohm potential effects are drastically relaxed
due to the spatial diffusion introduced by the quantum Fokker—Planck equation.
As consequence, the D, term confers ’classical” behaviour to the system at the
hydrodynamic level.

Then, after the identification of the velocity as an irrotational field we get
uy = +V,S, hence

1 202
which after formal integration along x; yields the following Hamilton—Jacobi type
equation for the evolution of S:
1 2 202 A A

X (t) being an arbitrary function of time. This along with the continuity equation
1
on + va - (nV,S) = DygAun

constitute a closed potential-flow quantum hydrodynamic system, thus we may
construct an ’envelope’ wavefunction which contains the same physical informa-
tion that the quantum Fokker—Planck equation. Indeed, if we define

Ot 7) = \/n(ta) exp{éS(t,J,‘)}

along with the quantization rule m fL uy dl = 2kmwa, where k is an integer and L
is any closed loop [43], in order to keep 1 single-valued, we are led to the following
Schrodinger—like equation accounting for frictional and dissipative effects

. a? i Ayn J
i0O) = Hob + ﬁQw + Alog(n)y + Dy, <7 - +mV, - E) v,

where H, = —%Aﬁ—v is the electron Hamiltonian (under the new action unit «,
see [17] for details). In this picture, the magnitudes |1|* and %Im(ﬂvxw) coincide
with n and J, respectively. Notice also that x has been set to zero in virtue
of the gauge 1 = €. Here, the crossed-diffusion D,,~term (or ‘anomalous
diffusion’), owing to a linear velocity—dependent frictional force caused by the
interaction of the electrons with the dissipative environment, is of logarithmic
type |9] (actually, log(n) can be seen as an expansion of V up to O(h?*) when
V' is assumed to be the Hartree electrostatic potential solving A,V = n). On
the other hand, the position-diffusion Dg—terms contain nonlinearities which
form part of the Doebner—Goldin family of Schrodinger equations [22]. It is also
noticeable the fact that the term involving D,, = 2mAkgT', responsible for the
decoherence process, does not contribute to the final form of Eq. (3). This is
due to the fact that the moment system has been truncated at the level of the
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momentum equation, while the D,,,—contribution is only ’visible’ at the next level,
i.e. that of the energy equation. However, the role played by D,, is essential for
the fulfillment of the uncertainty inequality as well as for the Lindblad form [33]
of the Wigner—Fokker—Planck equation, thus for the positivity preservation of the
density matrix operator. As a matter of fact, a sufficient and necessary condition
to fit Lindblad’s class is that the reservoir parameters be such that the inequality

DppDgg — D2 > 17X /4 holds.

3. ON THE EXISTENCE OF A REGULAR ARGUMENT FUNCTION

The right definition and regularity of the argument of a complex wavefunction 1
has been one of the most serious drawbacks in quantum mechanics for years, when
aiming to connect the Schrodinger equation with the fluid description provided by
the balance laws for the square amplitude n, = |[¢)|* and the quantum phase S,
via the Madelung transformation [43]. To the best of our knowledge, this is the
first time in which an analytical treatment partially ends up with this question
and make it possible to rigorously write the Madelung form of the wavefunction
in an unique way (up to additive constant factors). This section is devoted to
discuss several rigorous aspects related to the existence of Sy, as well as to find
a smooth argument for i) under just some regularity assumptions for V, /v,
which are known to hold true in HZ.

In [30] a very general approach to this sort of nonlinear Schrédinger problems
stemming from quantum hydrodynamics was carried over to solve a flow—potential
quantum hydrodynamical system by using its formal equivalence with the equa-
tion

(24) ihdph = Hvp + h(ng )y + Syib,

which contains Kostin’s term Syt [31] describing Schrédinger-Langevin dynam-

ics, where H = —%AI + V(x) stands for the electron Hamiltonian and where
the enthalpy function h is defined by

i) < P

,
the scalar pressure p (typically expressed as p(n,) = 6n, in classical fluid dy-
namics with 6 > 0 standing for the temperature) being assumed to depend only
on the particle density n,. In the particular case v = 1 the isothermal fluid
condition p = On,, is met, which is straightforwardly translated into the nonlin-
ear term Olog(|v)|*)1 in the Schrodinger picture. In [30] it is already shown the
local existence of H? solutions to a family of logarithmic Schrédinger equations
with Poisson coupling in bounded domains. Nonetheless, some mathematical
shortcomings are still present in the whole theory concerning the selection of
an argument Sy, = —ilog(y/|¢y]) owing to the mutivaluedness of the complex
logarithm. As a matter of fact, in 30| the eventual ambiguity of the argument

Vr>0, h(l)=0,
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is partially overcome by introducing it as the solution of the following elliptic

problem
A;Sy =hlIm (Vm ) szﬁb)
(25) _ hnwlm(@be@/)) — 2R2(2¢Vx¢) .Im(¢vx¢)
P

with somehow arbitrary Dirichlet boundary values, far from vacuum regions
(ny = 0) in 2 in order to circumvent the singularities. In spite of that, some
important defficiencies must be still managed to be fully rigorous from a math-
ematical point of view. To illustrate this point, we can consider for instance
Q = B; C R? the unit ball centered at the origin and ¢(z) = exp{3=|z|*} for all
x € Q. Then, it becomes clear that Sy(z) = |z|*/2 is a global argument for 1
that satisfies AS = 3 in . On the contrary, solving the problem

Aoc=3 inQ), o=1 in 09,

yields o(z) = 1(Jz|*+ 1/|z|?), which clearly is not an argument for . Of course,
this means that not every solution to Eq. (25) with prescribed values on the
boundary of €2 is a 'true argument’ of the wavefunction. In this context, Neumann
boundary conditions seem to be more appropriate given that ¢ fully determines
V. Sy through the physical observables n, and Jy. Indeed, if we assume that a
pure quantum state can be decomposed in Madelung’s modulus-argument form
(10), then the equation

Va J,
(26) V.Sy = a lm ( ¢w) =m (ﬁ)

is formally fulfilled for the gradient velocity field, which allows for a connection be-
tween the hydrodynamic and the Schrodinger descriptions of quantum mechanics.
What we propose here is to directly tackle Eq. (26), as it readily implies Eq. (25)
(by just taking its divergence) and moreover does not ’see’ eventual solutions of
(25) which are not ’true arguments’. In this spirit, the problem is reduced to the
computation of a scalar potential associated with Im(V 1 /¢). This obviously
requires the irrotationality of the field, which can be deduced from Schwartz’s
Lemma and the fact that the domain is simply—connected, as shown in [1, 2| in a
much more general situation. Proceeding like this, we shall obtain an unique (up
to an additive constant) solution Sy to Eq. (26) for a given ¢ € Hj, that of course
also solves the corresponding Neumann boundary value problem associated with
Eq. (25). Thus, a countable family of functions S), € H*(Q), | € Z, there exists
such that

(27) P(z) = \/ny(z) exp {éSf/,(x)} , ae x €,
(28) Sh — Sy =2ma(l —m).
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Furthermore, for any fixed 1 € R, the mapping 9 + S, is continuous from H? to
{S e H*(Q) : [,Sdr = p}. Indeed, this makes it possible to find a continuous-
in—time argument for any given ¢» € X} solution to a general Schrédinger—like
equation.

A different approach to the treatment of S, was recently given in [3], where
the authors demonstrate the existence of finite energy solutions to the quantum
hydrodynamic system (coupled to Poisson’s potential V)

Jyp @ Jy
Ny
via its formal equivalence with the family of nonlinear Schrédinger equations
(24). However, they do not have the need to calculate Sy thanks to the use of a
fractional step method which allows them to obtain the macroscopic magnitudes,
say n, and Jy, by just solving the previous Schrodinger-Poisson equation without
the Schrodinger-Langevin term Syt and taking the adequate limit. On the
contrary, computing the argument of the wavefunction seems to be unavoidable
for us to be able to establish the potential-flow hydrodynamic system associated

with our Schrédinger equations.

The simple connectedness of the domain will be of crucial importance for our
purposes, since otherwise we are oblied to admit jumps in Sy. The following
simple example so testifies it: take the ringed cylinder

Q={(z,y,2) eR*:0<r? <2’ +¢y*<1,0<2z<1}

OrJy + Vg - ( ) + Jy + Vip(ng) = —ny Vi (V +mQ)

and consider the complex function ¢: Q@ — C defined as ¢¥(x,y,z) = x +iy. It
is clear that ¢ € C°(Q) N L3(Q) and || = /22 +y2 > r > 0 for all (z,y,2) €
2, but ¢ has not a continuous argument Sy in €. Indeed, if such a function
Sy: ©Q — R could be built up, we might consider R(0;7%,1) C C the annulus
centered at zero with radius r? and 1 and i: R(0;7%,1) — Q defined by i(w) =
(Re(w), Im(w), 0) in such a way that Sy 07 would be a continuous argument for the
identity operator v o i: R(0;7%, 1) — R(0;7%,1). However, this is impossible in
virtue of well known results from complex analysis (see for instance Theorem 13.18
in [40]).

In the sequel we are concerned with the problem of existence of a regular
argument for a strong solution of a Schrodinger equation. The first step is to
solve Eq. (26) for a given wavefunction . To proceed we shall follow the track
of some ideas developed in [1] and [2].

Lemma 3.1. Let Q C R? be a simply—connected, Lipschitz—continuous bounded
domain and 0 < k € Z. Then the following assertions hold.

(i) For all complex functions ¢ € H*(Y) such that
Ve (Vevy Vi v

k—1 3
g SHETQN, e ey

e ()",
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there exists an unique (up to an additive constant) function Sy, € H*({)
that solves Eq. (26). Besides, given pu € R there exists an unique Sy €
H*(Q) solution to Eq. (26) such that [, Sydxr = p, and also an unique
B, € [0,2ma) such that the family

(29) Sfp::Sw—l—ﬁM—i—Zﬂla, leZ,

satisfies (27)-(28).
(ii) Under the hypotheses of (i), there exists C' > 0 such that

Vi Vo
HSUJ - S(}SHHk(Q) <C H Im (7) — Im (?)

for all Sy, Sy solutions to Eq. (26) (associated with ¢ and ¢, respectively)
satisfying [, Sy dx = [, Sy dx.

kal(Q)

This result is mainly achieved by using Proposition 2.10 in [2] and Theorem 1
in [1], that we state below for selfconsistency.

Proposition 3.1 (Amrouche-Girault [2|). Let ©Q be a bounded Lipschitz—
continuous domain of RY, m an integer and r any real number with 1 < r < co.
(i) If p € D'(Q) has its gradient in W™17(Q), then p belongs to W™ (Q).
If in addition ) is connected, then there exists a constant C' > 0 such that

the following inequality is satisfied

Vp] e W™ Q)/R,  |[pllwmr@yr < CIIVDllwm-10) -

If Q is arbitrary (not necessarily bounded nor Lipschitz—continuous), then
p belongs to W, (Q).

loc

(ii) When m > 0 and 2 is connected, there exists a constant C > 0 such that
all distributions p in D'(Q) with Vp in W™ 1"(Q) and [, pdx = 0 satisfy
the bound

HpHWWT(Q) < CHVPHWW—LT(Q) .

Theorem 3.1 (Amrouche Ciarlet-Ciarlet [1]). Let f € (H ™(Q))* for some
integer m > 0. Then, the following assertions are equivalent:
(D) a-m@)(f> € mp@) =0 for any ¢ € Vi, = {p € (H(Q))* : V- =0}.
(ii) H*m(Q)<f> 90>H{,"(Q) =0 forany p €V = {90 € (D(Q))3 :Vep= 0}-

(iii) There exists a distribution x € H-™(Q), unique up to an additive con-
stant, such that f = Vx in (.

If Q is in addition simply—connected, then the three previous statements are
equivalent to:

(iv) curl(f) =0 in Q.

CRM Preprint Series number 1098
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Proof of Lemma 3.1. Let ¢ € H*(Q) be a complex function under the hy-
potheses stated in (i). Then

vem(T)pm (T e ),

P (& A

hence curl(Im(Vzp/w)) = 0 in the sense of distributions. By Theorem 3.1
((iv) = (ili)) we deduce the existence of S, € D'(Q), unique up to an addi-
tive constant, such that V.S, = alm(V1 /), that is to say it solves Eq. (26).
Using now the fact that V¢ /¢ € (H*1(Q))? by hypothesis along with Proposi-
tion 3.1 (i), we find that S, € H*(Q). In addition, given u € R and S € H*(Q)
any solution to Eq. (26), we find that S, defined by

Sulz) = S(z) + I%! (u _ /Q de)

is the unique solution to Eq. (26) that satisfies fﬂ Sy dxr = p. Finally, if defining

W)= o) e { 28,0} ae. s e,

we can easily deduce that 1 € H*(Q) in virtue of

Vi = {Re (%) +iIm (%) } Vo,

thus ¥ V¢° = V1. As consequence V(v/1)°) = 0, which implies the existence
of an unitary z € C such that 1/ /¢° = 2. Therefore, there exists 3 € R such that
Y = eP/*pS  In particular,

(30) v(o) = ol e { 2 (Su0)+9)} ae.ac.

Of course ( is not unique, as whether 3;, 3, € R are chosen so as to satisfy
Eq. (30), then it is clear that 5 — 2 = 2wal for some | € Z. Now, it is enough
to choose 3, as the unique number in [0, 27« ) fulfilling (30). This concludes the
proof of (i).

In virtue of Proposition 3.1 (ii), we have that a positive constant C' does exist
such that

1Sl ev () < ClIVS| pre-1(0)

for all S € H*(Q) with vanishing mean value. Therefore, if Sy, S4 are two
solutions to Eq. (26) as those given in (i), then it is clear that Sy, — S, € H*(Q)
and fQ (S¢ - S¢) dr = O, so that ||S¢ - S¢||Hk(Q) S CHV(S¢ - S¢)||Hk—l(Q). This
ends the proof. 0

Remark 3.1. Notice that

(i) We need Q) to be connected in order that Proposition 3.1 can be applied,
yet otherwise a parallel argument might be carried out on every connected
component.
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(ii) Our main assumption in Theorem 1.1, i.e. the fact that
ess-inf{|Yg(x)| : 2 € Q} >0,
implies the conditions of Lemma 3.1
The following result establishes the main regularity properties of the funda-
mental observables we are concerned with. In the sequel we shall skip €2 from the

subsequent norms for the sake of notational simplicity, and write || - || x instead
of || - ||x(a) for any given functional space X.

Lemma 3.2. Let Q C R? be a C' bounded domain, 6 > 0 and ¢» € H?. Then,
forn = [¥|? and J = 2Im(V)), the following identity holds

(31) oV = -Vn+ .
2 o
As consequence
(i) Vne H, ne Ha, J,Vn/n,J/n € (H'(Q))?, and the mappings
v Vi, g,

n’'n
are continuous from HE onto the corresponding functional space in each
case.

(ii) Ay € L3(Q2) may be written as
Ay = {_Q_mQ_@ (Tﬁ_iv"])}lp,

h? a \ a n? n

where Q is given by formula (8).

Proof. The identity (31) comes out straightforwardly from the definition of J and
the fact that Vn = 2Re (EV@D). To check (i) we first notice that the regularity
of v/n and its continuous dependence upon 1 follow from the fact that /n =
9] Also, ¢ € L>®(f) as sheds from the Sobolev embedding H?*(Q2) — L>(0Q).
Furthermore, 1)V € L*(€2) and

Ve (§Vy) =V VY +9(Ve Vi e LX(Q),

since Vi € H(Q) C L*(€2), so that Vi@ Vi € L2(2). Hence Vi € (H'(Q))3.
Taking real parts in (31) we find that Vn € (H'(Q2))3, thus n € H*(Q). Also, the
nonvacuum condition |¢| > ¢ implies that n € H},. Taking now imaginary parts
we can easily deduce that J € (H'(Q))3. Again, the fact that || > § allows to
guarantee that Vn/n, J/n € (H'(Q))3.

To observe the continuity of the mappings stated in (i) it is enough to show
that for all v, ¢ € HZ we have

Iy — ngll2 < Cling — nglle = Cll — ¢4, .
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< O @ = 8 o + 11666 — )] §
(32) < Ol + Nl ) I = Sl

[0V — oVo|,. < [0(VY = V)|, + | Vo —9)| .
<Nl IV = V|12 + |V 12 ][¢ — ]l 1o

(33) < C (Il + élue ) I = ol

IV ® (Ve — Vo)l < ||[VE @ (VY — V)| . + |[Ve @ (Vi — V) .
+ Ve V@ = 9)| . + | -9V Vy,,
(34) < C(Iluz + Nelluz) 16 = 6l

where we denoted C various positive constants only depending on 2. Therefore
the mapping ¢ € HZ — ¢V € H' () is continuous, thus ¢ — Vn and ¢ +— J
so are. This along with (32) yield the continuity of H? 3 ¢ — n € HZ,. Next,
checking that ¢ +— V1) /1) is continuous from H? onto L*(Q) is a simple matter
stemming from the strict positivity of |¢|. Furthermore, we have

VY Vo Vevy Vevs| Vv _ Ve Ve Vs
v®(¢ as)LQ—H v s 5 %% %%

where the first term in the right-hand side is bounded as in (34) by

)

L2

16V © V9 — 97 @ Volle < 55 (19l = olle + lollelld — o)
<35> < S5 l9lell =l

while the second one is bounded by

°’Q

1
—||¢2V1/) ® VY — 4’V @ V|12

< {101 (19Ol 4 IV ) I — T+ I3l + bl — ol }

30)
< Sl (s + ) — Ol

Consequently, we have that H? > ¢ — Vi/¢b € H'(Q) is also continuous.
Finally, taking real and imaginary parts we see that both 1) — Vn/n and ¢ +—
J/n are continuous from H? onto H'(Q). This proves the first statement of the
lemma.
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To demonstrate (ii) we use that

(37 vi— (e M) v e i@,
2n an

which is a straightforward consequence of formula (31) and of the previous esti-
mates. Then, by taking divergences we achieve the expression in (ii) for Ay after
simple calculus. U

We now make explicit the rigorous connection between the wavefunction de-
scription of the quantum—mechanical process and its associated hydrodynamic
formulation.

Lemma 3.3. Let Q C R? be a bounded domain, 6 > 0, T > 0, and let ¢p € X}
be a strong solution of the following model Schrédinger equation

(38) 0 = 5 A0 + O, JJo

where ©: H3, x (HI(Q))3 — L*(Q) is a continuous (complex) operator. Then

V.n

neXh, ——, J,% e C([0,T); H'()) nCH([0,T); H (),

and the following identities hold:
(i) On + V- J =2Im(OIn, J])n in a strong sense.

(i) 9 = 25 Re (wvx (%)) — 2Re (va (@)) in the sense of dis-

tributions.
(i) 9 (£) = -V, <%Q + % + 2Re(On, J])) in the sense of distributions.

Proof. The regularities of n, J, V,n/n and J/n are deduced from the previous
lemma and the fact that ¢ — 1) (¢) is a continuous mapping in H?(Q2).

(i) follows after multiplying the Schrédinger equation by —iv) and taking twice
the real part. As t — O[n, J|(t)n(t) as well as t — V. - J(t) are continuous from
[0, T) onto L*(Q), we find that n € C1([0,T); L*(2)).

We now prove (ii). It is a simple task to verify that 0,J = %Im(a@vzw +
0,V ;1)) in the sense of distributions. Using Eq. (38) this identity can be rewrit-
ten as

2 f— J— —_— j—
0] = 5 Re(VVa2st) = Vot A, D) + —Re( Vot Ol [ — 6 V. (O, J]1) )

which can be easily recast in the form stated in (ii). Note that the regularity of
¢ and O[n, J] allows d;J to make sense in H ().
According to the previous balance laws for n and J we get

(7) = are (5-(57) e (37 (57))
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J{Vx-J

n n

— 2Im(O)n, J])} .

The subsequent computation of %Vx <A;ﬁ> via Lemma 3.2 (ii) and that of

%Vm (—6[""W> gives

C
(50 (G-
s () m ()
e
%vx (@) = V.(8[n, J]) + O[n, J] (Vg — v:;w) ,

respectively. Finally, taking real parts and making some simplifications we arrive
at the equation shown in (iii). Furthermore, using the regularity known for v
and ©[n, J] it is easily found that J/n, V,n/n € (C*([0,T); H‘l(Q)))S. O

To close this section, we shall prove that strong solutions of a general
Schréodinger equation as that of Lemma 3.3 can be rigorously decomposed in
Madelung’s form in an unique way (up to a change of constant global phase) in

terms of a regular argument.

Theorem 3.2. Let Q C R3 be a simply—connected, C* bounded domain. Let also
§>0,T >0, and v € X] under the hypotheses of Lemma 3.3 Then, there exists
Sy € X7 such that the following properties are accomplished.
(i) For any fized t € [0,T), the equation V,Sy(t) = Z(t) holds almost every-
where in ) and

(39) 0(0,2) = \/n(0.2) exp {ésw(o, x)} |

(ii) The evolution equation
(40) 05, =~ Lo mUE Rl
holds strongly in [0,T).
(iii) There exists a countable family {S},}icz C X such that the Madelung

decomposition

W(t,2) = /nlt7) exp {éSfp(t,x)}

holds for any | € 7Z.
(iv) Sy satisfying (i) and (ii) is unique in the sense that Sy € {S}}iez.

CRM Preprint Series number 1098



CRM Preprint Series number 1098

WELLPOSEDNESS OF LOG. SCHRODINGER EQ. OF DOEBNER-GOLDIN TYPE 19

Proof. Define K: H, x (Hl(Q))3 — L?(Q) as

m|JJ?
Kn,J] := Q~|———+aRe(@[n, J]).
On one hand, the fact that W)| is nonvanishing along with the Sobolev embedding
H?(Q2) — L*>(Q) makes t — K[ny, Jy](t) continuous from [0,7") onto L*(2). On
the other hand, 1(0) € HZ. Then, by fixing (for instance) u = 0 in Eq. (29) the
hypotheses of Lemma 3.1 (i) are fulfilled, hence there exist Sy € H?(2) and
Bo € [0,27a) such that

(41) $(0,2) = /n(0,z) exp {éSo(x)} ae. 1€Q,

where we denoted Sy = Sy(0) + Bp. Now we can define

(42)  Sy(t,z) == Sp(x /Kanxds+|Q|//Kanydsdy

for all ¢ € [0,7). The fact that the operators © and K depend upon 1 only
through the observables n and J emerges here as a relevant feature to make the
definition of S, explicit. Let us finally check that S, defined as above satisfies
(i)-(i).

The definition of Sy jointly with (41) yield (39). Also, the continuity of
t — Klny, Jy)(t) in L*(Q) implies that Sy, € C*((0,T); L*(£2)). Besides, combinig

(42) and (41) gives V,S,(0) = Jgoi To check that Eq. (26) holds strongly, we

first fix t € [0,7"). For t > 0, we can differentiate Sy to get

V.50 (t) = VaSo(t) (/Knjsx )

In virtue of Schwartz’s lemma and Lemma 3.3 (iii) we obtain

V. Su() = VSo(t) m/ at(—> ,

which implies V,Sy(t) = m(J/n)(t). Then, Lemma 3.3 ensures that V,S, €
C([0,T), H'(Q)), so that S, is easily seen to belong to C((0,T); H*()).
Since [, Sydx = [, Sodx for all t € [0,T), Lemma 3.1 (ii) implies that Sy €
C([0,T); H*(Q)) and that Eq. (26) holds strongly for all ¢t € [0,7). A simple
exercise involving the facts that 9,5, € C((0,T); L*(Q2)) and S, is continuous
at t = 0 then leads to Sy, € XT. Now, from the definition and regularity of K
it is a simple matter to deduce that Eq. (40) is fulfilled in a strong sense. As
consequence, Sy, defined by (42) satisfies (i) and (ii).
To prove that (iii) is also satisfied we define

VIt x) = \/n(t, z) exp{éSw(t,x)} Vtel0,T), ae. z €.
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It is straightforward to check that ¢° € X7. Furthermore, the computation
of V(1/¢%) leads us to the relation (t,x) = z(t)y°(t,x) for certain z €
CY([0,T); L*(2)) verifying

1
()2

We do know by hypothesis (cf. (38)) that dip = 22A,¢p — iO[n, J|1). Then,
invoking Lemma 3.2 (ii) we have that

(43) 7 = (Vo0 — Yow®).

R mi|J|> V. J .
Oy = (‘ﬁ T Sanr  o2n —19[”’J]> v
On the other hand 9,4° = (%(‘in + é@tSw)l/JS, and an application of Lem-
mata 3.2 (i) and 3.3 (iii) gives

Vo J (o JI*
ows ={-T5 o + £ (- 5@~ 2L - are(epn. ) o0
i milJ[? Vg-J s
_{_EQ_%F_T_Z@[ ’”)}1” ’

so that 2/ = 0 and thus z = 2y € C. As consequence we may write
Y(t, z) = zon/n(t, x) exp {£S¢(t,x)} Vtel0,T), ae. z €.
!

In particular, if ¢ = 0 Eq. (41) allows to get zp = 1. Therefore, S, satisfies the
Madelung decomposition established in (10). Furthermore, by defining S}, (¢, z) =
Sy(t,x)+2mal for t € [0,T), a.e. Q and [ € Z, we find that {Sfp}lez C X7 fulfills
(ii).

To end up, given S € X7 satisfying (ii) it is a simple matter to check from
Eq. (26) that V.S = V,Sy, hence S(t,x) = Sy(t,z) + I(t) with [ € C'([0,T)).
Now, making use of (ii) we have that S(t,z) = Sy(t,x) + lp with [y constant.
Actually, Eq. (39) implies that Iy € 2maZ in such a way that S € {S}. This
shows (iv).

Now we are done with the proof. O

Remark 3.2. Notice that prescribing the value fQSda: = u € R allows us to
obtain an unique, reqular S(t,x) (both in time and space) which satisfies the
Madelung decomposition (10), that is, any solution of a Schrodinger equation has
an argument function with constant—in—time mean value.
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4. ON THE EQUIVALENCE BETWEEN THE FULL LOGARITHMIC AND THE
PURELY LOGARITHMIC SCHRODINGER EQUATIONS

Once the existence of a regular argument function has been established, the
transformation F' introduced in (11) as well as its inverse operator

(44) F Y (o)(t,z) = ¢(t,x) exp {2 log < ng(t, x))}

make full sense and the equivalence between both Full Logarithmic and Purely
Logarithmic initial-boundary value problems can be tackled. In the following we
shall take advantage from the fact that F' (as well as F~1) preserves the amplitude
of the wavefunction and use n = |¢|*> = |¢|* indistinctively. Firstly we set up
the abstract frame in which F keeps the H? regularity in a one-to—one way. As
a matter of fact we prove that F' is homeomorphic on C([0,T); HZ), which in
particular guarantees the preservation of the dynamical behaviours.

Proposition 4.1. Let Q C R3 be a bounded domain and § > 0. Given 1) €
C([0,T); H?), consider F(¢) defined as in (11). Then, F: C([0,T); H}) —
C([0,T); H?) is an homeomorphism (for the H* norm) with inverse operator F~*,
defined as stated in (44).

Proof. Given F: X — X an homeomorphism and defining F'(z)(t) := F(z(t))
forallzeC([0,T); X) and t€[0,T), it is clear that F': C'([0,7); X)—C([0,T); X)
is also an homeomorphism. Then, it is enough to show that F: Hf — HZ defines
an homeomorphic operator. We split the proof into two steps.

Step 1: F(HE) C HE. Given ¢ € H} we have ngy) = ny, hence F(¢) € L*(Q)
and |F(¢)| > d a.e. Q. Differentiating now F (1)) we find

Van .

5, ¢> exp{—zlog (\/ﬁ)} .

Then, in virtue of Lemma 3.2 we easily deduce that V,F(v) € (L*(Q))3. In
addition

V, ® V,F(i) = {Vm © V.0 _%‘ (vw eivxn) by 2 (Vxn ; Vm) .

4 n n

(16 - L8y (Van V) foxp (~ilog (VD))

where we denoted Sym (V,n ® V1) the symmetric part of the rank-two tensor
V.n @ Vb, Since v € HE, we have V, @ V9 € (LQ(Q))g. Likewise, the fact
that n € H3, yields (V, ® Vyn)y/n € (Lz(Q))g. Besides

\%

V.0, n” e (H'(Q)® c L4(Q),
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which implies (V,n ® V,n)¢/n?, Vb @ Vb, (Ven/n) @ Ve € (LX(Q))°, so
that F(v) is readily seen to belong to H3.

Step 2: F is one-to-one and bicontinuous. Formulae (11) and (44) make it
clear that F(F~1(¢)) = ¢ and F1(F(¢)) = o for all ¢,¢) € HZ. As consequence,
F is clearly one-to—one. To analyze bicontinuity it is enough to show that F is
continuous, as for F~! the argument is analogous.

Let ¢ € H? and {¢;} C H} such that 1, — ¢ in the H? norm. Since (2 is
bounded, we can estimate

17 W) = F@) e < VI ([ — 0) exp {=ilog(v/m)}|
4 (exp {—ilos(y/)} — exp { ~iloa(vm)}) [

The first term in the right—hand side can be straightforwardly bounded by |[1, —
¥||p=. For the second term, Rellich-Kondrachov’s compactness theorem along
with the convergence nj, — n in H*(Q) (cf. Lemma 3.2) and the fact that n > 62,

imply that log(y/ng) — log(v/n) in L>°(Q). Consequently
[k (exp {—ilog(v/nx)} — exp {—ilog(vn)}) |,
< Ol Mog(y/7) — log(v/@)l|z= — 0.

Now, employing the identities (45) and (46) and the continuity of the derivatives
of n and ¢ from H? onto L*(), it is a simple task to prove that F () — F(¢)
in H?(Q). This ends the proof. O

Remark 4.1. In the sequel we shall make use of Proposition 4.1 to give sense to
the action of F on the boundary condition g € H*?(0Q). To this aim we just
note that, for functions in HZ, formulae (11) and (44) are valid pointwise in (2,
thus in 0. Then, defining F(yp) := F(vo)pa we have that F(ip) € H3/*(99)
and that the identities

F(FY¢p)) = ¢5, FYF(p)) =1 Yz ecdQ, Yoz, vp € H'?00Q)
hold.

Our next result shows how the solutions to both problems are linked each
other through F. The idea is the following: (i) Given a solution of the initial-
boundary value problem for the PLSE (respectively, the FLSE), Theorem 3.2
applies to get the corresponding hydrodynamic system. (ii) This potential-
flow system is linearly connected to its FLSE (respectively, PLSE) counterpart
(cf. Corollary 4.1). (iii) The solutions to the latter provide the ingredients for the
effective reconstruction of a solution to the initial-boundary value problem for
the FLSE (respectively, the PLSE), that will be shown a posteriori to be unique
(cf. Theorem 4.1 (iii)).

Theorem 4.1. Let T > 0 and Q C R® satisfying (H1). Then, the following
assertions hold true.
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(1) Let 1o, ¥p satisfying (H2) and (H3) be such that

F(t) = ¢o € HE, F(¥p) = dp € H*(09).
Let also ¢ € X} be a strong solution of (12)—(14) in [0,T). Then, ¢ =
F~Y(¢) is a strong solution of (3)-(6) in [0,T).
(ii) Conversely, let ¢o, ¢p satisfying (H2) and (H3) be such that
F~No0) = o € HY, F(ép) = ¥ € H;(00).

Let also v € XT be a strong solution of (3)—(6) in [0,T). Then, ¢ = F(¢))
is a strong solution of (12)—(14) in [0,7T).

(iii) Uniqueness is inheritable via F, namely if 1y, ¥p satisfy (H2) and (H3)
and the problem (12)—(14) admits a unique solution, then (3)—(6) also
admits a unique solution. Likewise, if ¢o, ¢p satisfy (H2) and (H3) and
the problem (3)—(6) admits a unique solution, then (12)—(14) also admits
a unique solution.

Proof. Let ¢ € X! be a strong solution of (12)—(14) satisfying the hypotheses
of Theorem 3.2 with ©[n] = 2log(n). Then, a function S5 € X7 does exist that
verifies

b(t,2) = \/n(t,2) exp {és¢(t,x)} |

In particular, Eqgs. (26) and (40) are fulfilled, which along with Lemma 3.3 allow
to conclude that the couple (n,Sy) solves the following hydrodynamic system
strongly in [0,7)

1
(48) O4S, +L|VSP——O‘—2Q—A1 (n)
0o T 5 I Vasl = T3 ogin).

Defining now

(49) Sy(t,x) == Sy(t,x) + alog(\/n(t,a:)) ,

the following system is satisfied strongly by (n, S,) after simple calculations
1
(50) (9,571 + EVZ . (anSd,) = quAxn,
1 9 202
If we now define ¢ := F~1(¢) we have

o(t.a) = Vlta) e { 5,(t.0) |
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so that the evolution of 1 can be easily computed in terms of the following
Schrodinger equation

iad) = __QAmz/J + Qw + Alog(n)y + ——1 ZO‘D (An”) ¥ +mD,,V, - (i) "

in a strong sense, thus 1 is a strong solution of (3)—(4) in [0,7"). Furthermore,
the following identities hold almost everywhere in 2 and OS2, respectively:

¥(0,7) = /no(x) exp {é (S4(0,2) + alog(m)>}
= do(z) exp {ilog(\/m)} = (),

Wit 2) = \/n(t2) exp{é (St ) + oo n(t,x)))}
= op(e) exp {ilog(V/np()) } = vn(a).

Consequently, ¢ solves (3)—(6). This proves (i).
The proof of (ii) is fully analogous to that of (i), by just taking into account

that now
o« A iDgyy [ Agn J

1
2 n 2
), and the fact that

is a continuous operator from H3, x (Hl(Q))S onto L?(Q
(52) Se(t, ) = Sy(t,x) — alog(v/n(t,z)).

To prove (iii) we firstly assume that vy, ¥y € X7 are two strong solutions of
(3)—(6). It is clear that ¢o(z) = 1o(x) exp{ — ilog( no(a:)>} and ¢p(r) =

vp(x )exp{ — zlog(x/nB )} satisfy (H2) and (H3). Besides, ¢12(0,2) =
F~Y(¢o)(z) and ¥ 5(t,x) = F~Y(¢p)(t,z) for all t € [0,T), almost everywhere in
0. As consequence, 1 o fulﬁll the assumptions required in (ii) so that

Pr2(t,x) = F(12)(t,x) = ¢12(t, x) exp {—z’log ( nLQ(t,x)) }

belong to X} and are strong solutions of (12)—(14). As this problem is assumed
to enjoy uniqueness, there should be ¢, = ¢, hence

Yrexp{—ilog(vn)} = veexp{—ilog(vn2)}, mz=|¢1af*,

from which we straightforwardly deduce that n; = ng, therefore ¢y = 5. The
reciprocal assertion is analogous. 0

It is noticeable the fact that we have established the equivalence between
Egs. (3) and (12) via the systems (50)—(51) and (47)—(48), respectively. More pre-
cisely, the proof of Theorem 4.1 requires both systems to be biunivoquely linked,
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which is true because of the linearity of the correspondence (n,Sy) < (n,S,).
Then, we might end this section with the following

Corollary 4.1. Assume that (H1) is fulfilled and let T > 0. Then
(i) If (n, Sy) € XI' x X7 is a strong solution of the system (47)-(48) in [0,T),
then (n,Sy) € XI x X7 is a strong solution of the system (50)—(51) in
[0,T), where Sy, is that given in (49).
(ii) Conversely, if (n,Sy) € X x X7 is a strong solution of the system (50)-
(51) in [0,T"), then (n,Sy) is a strong solution of the system (47)—(48) in
[0,T), where Sy is that given in (52).

5. AN AUXILIARY PROBLEM: LOCAL WELLPOSEDNESS OF THE PURELY
LOGARITHMIC SCHRODINGER EQUATION

In this section we shall handle the auxiliary mixed initial-boundary value prob-
lem for the PLSE (12) in HZ. Indeed, our equation of interest (3) has been shown
to be equivalent to Eq. (12) by means of a suitable nonlinear gauge transformation
F (cf. (11)), in such a manner that strong solutions of Eq. (12) are straightfor-
wardly led to strong solutions of Eq. (3) via the action of I (cf. Theorem 4.1).

Wellposedness of Eq. (12) has already been dealt with in the literature [12, 14],
mainly for negative values of A (in which case stable Gaussons do exist [13]) or in
the whole space case. In particular, the multidimensional whole space problem
for both signs of the logarithmic nonlinearity has been recently investigated by
some of the authors in [29]. Eq. (12) fits Davidson’s sign choice [19]. The single
sign choice for the logarithmic term first made in [9] and later continued in [13, 14]
was owing to the fact that the other sign typically leads to an energy functional
which is not bounded from below. However, the positive sign for the logarithmic
nonlinearity was physically justified in [19] as representing a diffusion force within
the context of stochastic quantum mechanics and analyzed in [41] in the context
of the Schrédinger-Langevin-Kostin equation accounting for negative dissipation.

Here, we are concerned with an H? theory for the problem consisting of solving

2
(53) 1006 = — 58,6+ Aog(n)é, n = |,

in a nonvacuum bounded region () along with the compatible initial-boundary
conditions

(54) #(0,2) = ¢o(z) in Q, @(t,x) = ¢p(z) in [0,T) x 0N.
Our main result in this section is the following.

Theorem 5.1. Let Q C R? be a C? bounded domain. Let also ¢y € H*(Q) and
b € H32(00) satisfy (H2)~(H3). Then, there exists T = T(6, ¢o, o5, Q) > 0
and a unique strong solution ¢ € XTI of Eq. (53) in [0,T) satisfying the ini-
tial/boundary conditions stated in (54).
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For the sake of clarity, first of all we define the concept of mild solution for this
problem.

Definition 5.1. Given T > 0, we will say that ¢ € C([0,T); H*(Q)) is a mild so-
lution of the logarithmic Schrodinger equation (53) subject to the initial-boundary
conditions (54) if it solves the following integral equation

55)  o(t0) =0+ V)~ D [ A loglnts,a))ots.2) — ] ds,
0
where A = i(a/2)A, is the generator of the evolution semigroup with domain
(56) D = Hy(Q) N H*(Q),
and where U and V' respectively solve the following linear Schriodinger problems
UeX?T,
10U = =Dy, AU in[0,T) x Q,
U(0,2) = ¢o(x) inQ,
Ut,r) = ¢pp(x) n 0, tel0,T),
and
V e C([0,T); D)nC'([0,T); L*())
10,V = =Dy, AV + %GB in [0,T) x Q,
V(0,2) =0 inQ,
Vit,2)=0 indQ, tel0,T),
G being the harmonic extension to Q of log(|¢s|*)é5.

Remark 5.1. Notice that the Rellich-Kondrachov compactness theorem along
with (H3) guarantee the existence of a continuous representative of log(|¢s|?)és
along 0. Since Q is C? by hypothesis, it can be claimed that there exists Gg €
C%(Q) N C(Q) harmonic in Q and such that Gp = log(|¢s|*)¢p in 09, i.e. the
harmonic extension to Q of log(|¢s|*)¢5-

To prove the existence of mild solutions to Eq. (53) subject to (54) we will use
the Banach fixed—point theorem applied to the operator
ik [t
67 T =UO+ V) -5 [ flogln(s)als) - Gi] ds.
0
defined on an adequate subset of X7. Clearly, any fixed point ¢ € X} of T
is a mild solution of (53) with (54). We start by showing that the nonlinear
potential log(n) is contractive and then establish an appropriate subset for which
the operator I' is closed, in order to meet the hypotheses of Banach’s fixed point
theorem. Finally, we prove that our mild solution is actually a strong solution.
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Lemma 5.1. Under the hypotheses of Theorem 5.1, there exist positive constants
ro, 1o, Ko, depending upon 6, 2, ¢g and ¢g, such that

101z oy IV |z .m0 < Ko,
and B.r C C([0,T); H?) for all r € (0,70) and T € (0,Ty), where

Byr:={¢ e C(0,T); H(Q)) : l¢ = U = V| poe(o,ryrr () <7} -

Proof. Let
mo = ess-inf{|¢o(z)| : x € Q}, mp = ess-inf{|pp(x)| : x € 0N},

m = min{mg, mp}.
By (H2) and (H3) (cf. Remark 5.1) we have m > ¢, so that there exists ¢ > 0

such that ¢ < m —4¢. Define rg := ﬁ, with C] as in the proof of Lemma 5.2 The
continuity in time of U and V guarantees the existence of T > 0 such that

(58) ||U(t)_¢0||H27 ||V(t)||H2 < T V0§t<T0.

We also define Ky = 19 + ||¢o||zz and consider 0 < r < 1y and 0 < T < Tp.

Then, the first claim is obvious according to (58). To check the second one, let
¢ € B,r. We have

16(t) = ¢O)][a> < Nlo(t) = UE) = V()2 + U () = ollz + [V (D)l 2

£
<3rg = —
To 01
for all ¢ € [0,T), thus [[¢ — ¢ol|L(0,);m2()) < & Also, the Sobolev embedding
H?(Q) — L>() allows to claim that |¢o(z)] — |¢(t, z)| < |do(x) — B(t,2)] < €
a.e. v € Qforall te€|0,T), hence |p(t,x)| > |po(z)| — > my—m+ 6 > 6 and
¢ € C([0,T); H?). The arbitrariness of ¢ ends the proof. O

Lemma 5.2 (a priori estimates). Let M,§ > 0 and Q C R? bounded. Then the
following assertions hold true.

(i) There exists K1(6, M, Q) > 0 such that ||¢plog(n)||z= < Ky for all ¢ € H}
such that ||p||g, < M.
(ii) There exists Ko(d, M,$2) > 0 such that

|p1log(na) — ¢olog(ng) |l < Kallp1r — @212

for all ¢1, ¢y € HE such that ||y 2]z, < M.
(iii) There exists K3(9, M,€Q) > 0 such that

[¢1log(n1) — galog(na) |2 < Ksl|1 — ol
for all ¢1, gy € HE such that ||¢12||m, < M.
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Proof. Consider constants Cy,Cy > 0 such that ||¢||z~ < Ci||¢||gz < C1M and
|ollza < Csl|p||zr < CoM for any ¢ € C°(£2). Define also

M, = max{|log(8)|,2|log(C1M)|} .

(i) The L? estimate straightforwardly yields

(59) [¢log(n)|r2 < MM .

Estimating the first order derivative is also a simple matter
C

(60) IVz(glog(n))l| 2 < My M + 5—21M||n||H2-

Finally, taking into account that

V. ® Va(dlog(n) = (V. ® Vag) log(n) + 2 Sym (w ® W)

n

(61) +¢(Vx®vmn_vxn®vxn)
n n n
we find
202
Ve @ Va(dlog(n))|ze < MiM + FMH?”LHIP
C C?
(62) + oMl (14 Sl )

Combining (59), (60) and (62) and noticing that
(63) Inll2 < (5Cy + 2C3)M?
we are done with the proof.
(ii) We have
I érog(nn) — dolog(na)lz2 < g (log(m) — log(na))z

+ [llog(n2)(¢1 — ¢2) |12

204

(64) < (TM + Ml) 61 — a2,

for which we used the fact that [log(r{) — log(r3)| < 2|ry — ro| as directly sheds
from the mean value theorem. This ends this part of the proof.

(iii) We first compute

V. [61(log(n1) —log(ng))] = Vi (log(ni) — log(na))
+ [Vz(nl - n2) + Vang

(ng —n1)
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and estimate

Va1 (log(ny) —log(nz))ll> < gIIV $1(|on] = [02])]2

203
< Z2M|j61 = balln

HW =52 Hﬁbl Va1 = Vatz) = (62— 61)Vatr | 2
< 401M\|¢1 Soll 2
Van 2 Do o1 b2 b2
n1Mg (nz — m) _4H¢2Vx¢2HL2 <H¢1(¢1 - ¢2)HL°° + ||¢2(¢1 N ¢2)HL°°>

4C%
< =M1 = ol

Then, taking into account (61) we just need the following bounds

Ve ® Va1 (log(ny) — log(ns)) |2 < 2||V ® Vad1(p1 — ¢2)ll 12

20
< —IMHle ool 12,

5 (Vm Ve Veni®@Veng V,® Vxnz Vaeng @V, n2>
1

n n? Ny n3 2
202 20,02
M1+ 12 2M ) o1 — dallae
02 )
HVI¢1 2 (Vxnl B V;BTLQ) < 02 Vanq V:pn2
nq N9 L2 U H
20 C 2C"
;Mﬁ{p%M@+QMhﬁ%m—@h%

which leads to

Ve @ Va[dr(log(na) —log(na))]llz < C(0, M, Q)][¢1 — dal|a2 -

We now estimate |[log(ns)(¢1 — @2)||z2. The L? norm is controlled as in (64).
We also have

02
= 52 HMHH?H% G2l a2,

(1 — ¢p2)
[log(n2)V.(p1 — €Z52)||L2 < Mil|or — ¢a|lm2

o

CRM Preprint Series number 1098



CRM Preprint Series number 1098

30 P. GUERRERO, J. L. LOPEZ, J. MONTEJO-GAMEZ, AND J. NIETO

Then, ||V, [log(na)(d1 — ¢2)]llzz < C(6, M, Q)||¢1 — ¢o||gz. According to (61),
there only remains to estimate

V,®V, V. V.
( e Vatz o ”2) (61— )

na no ng

L2
2

C’ C3
< el (1+ SElinalle ) 161 = ol

’ V;ng V(o1 — ¢2)
2

[log(n2) Ve ® V(1 — ) HLQ < M| — bol|me -

We then have ||V, ® V. [log(n2)(¢1 — ¢2)||2 < C(6, M, Q)||¢p1 — P2l 52, for which
the estimate (63) has been employed again. Now we are done with the proof. [J

02
S5 —Inalla2llér — @2l 2,

Proof of Theorem 5.1 In order to use the Banach fixed point theorem, we
shall show that the operator I' defined in (57) is contractive in

Y;,T = {¢ € Br,T : 10g<n)¢ - GB € C([OaT)7D>} )
for r < rq and T < min{Ty, T1, Tz}, with ro, Ty as in Lemma 5.1 and

ar T — (6]
MK+ |Gallz)” 77 2AKy'

K, K3 chosen as in Lemma 5.2 (i) and (iii), respectively. Here, D denotes the
domain of the evolution semigroup defined in (56).

T, =

Step 1: Y, r equipped with the distance associated with || - || Lo (jo.1);m2(0)) 5 @
complete metric space. We just need to observe that Y, r is closed in B, 7. To
this aim consider G defined in B, by

glol(t) = log(n(t))e(t) - Gs Vi e[0,T).

Since r < ro and T' < Ty, Lemma 5.1 guarantees that B.r C C([0,7); H?). In
particular, ||¢p(t)|| g2 < ro+2K, for all t € [0,T") and applying Lemma 5.2 we find
that G(t) € H*(Q2) and

1G[¢1](t) = Gloo] (D)l 2 < Ksl|on(t) = ¢o(t) |z VE € [0,T), b1z € Brr,
thus G: B.7— C([0,T); H*(Q)) is (Lipschitz) continuous. Finally, as C'([0,T); D)
is closed in C'([0,T); H*(£2)) it is enough to notice that Y, = G~1(C([0,T); D)).
Step 2: T (Y1) CY,r. Let ¢ € Y. Clearly T'(¢)(t) = U(t) + V(t) + Wy(t) €
C([0,T); H*(S2)), where Wy € C([0,T); D) is given by
At
Walt) = =2 [ A0 log(n(s)) () ~ Ga) s

@ Jo
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Therefore

IT@)(t) — U(t) = V()| < = /||1og o(s) — Gl s ds

< — 2
2 [ 16l s

A
< (K1 +|Gsllm) T =7

for all t € [0,T), thus I'(¢) € B, r. Finally, in order to prove that I'(¢) € Y, 7 we
observe that U(t) = ¢p + eAt(qbo — ¢p), where ¢p is the harmonic extension of
¢p to Q, and write I'(¢) = ¢p + F((;S) with

L(¢)(t) = e™(do — d5) + V(1) + Wy(t) € C([0,T); D).

As consequence I'(¢)(t)jpo = ¢ Vt € [0,T) a.e. in 02, which implies (along with
Lemma 5.2) that log(nr) I'(¢) — Gp € C([0,T); D). This concludes this step of
the proof.

Step 3: I': Y, r — Y,.r is contractive. Let ¢1,¢2 € Y, r and t € [0,7). Then,
the isometric character of et: D — D leads us to the estimate

IT(@1)(#) = T(d2)(O)[| a2 < %/0 | (log(na(s))¢2(s) — log(na(s))é1(s))|| - ds

Now, according to Lemmata 5.2 (iii) and 5.1 we find

ID(61)(t) = D(bo) (D)2 < 52 / l61(s) — ba(s)ll 2 ds
AK3T2

[¢1 = P2l (0,1);12(02))

= §|l¢1 = b2l o=(ro. 12 ()
and we are done with this step of the proof.

Now, an straightforward application of Banach’s theorem leads us to establish
the existence of a mild solution ¢ € Y, to Eq. (53)—(54), hence ¢(t) = U(t) +
V(t) + Wy(t) with U,V € XT. In particular, U,V : [0,T) — L?*(2) are Lipschitz
continuous. Besides, given 0 < t; < t; < T we have

W (t2) — Wo(ty)|| 2
A f
< S e (1 =) flogtn(e)o(6) ~ Gl
0

«

+ /t2 ||6A(t2_5) [log(n(s))d)(s) — GB] HL2 ds}
A

= {7 =) ostatenots) - Gl

«
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- /t2 llog(n(s))o(s) — Gl ds}

<A {/ [ e dogtntsyots)ar

+ (K1 + |Gallue) (t2 — tl)}

ds

L2

A
< E(KI(TO +1)+ ||GB||H2)(t2 —t1),

where we have used some standard properties of strongly continuous semigroups
of operators (see for example [39]). The arbitrariness of ¢y, ¢, allows to conclude
that Wy: [0,7) — L?*(Q) is Lipschitz continuous, and so ¢. Finally, using the
estimates in Lemma 5.2 (ii) we also guess that [0, 1) 5 t — ¢(t)log(n,(t)) —Gp €
L*(9) is Lipschitz continuous. Since W, is a mild solution of

A
iOWy = —D g AWy + E(log(n)gb —Gp) in[0,T) xQ,
W¢(O,ZL‘) =0 in Q,

Wy(t,x) =0 in0Q, tel0,T),

we have that W, € C([0,T); D) N C'([0,T); L*(Q2)), thus it is actually a strong
solution. As consequence ¢ € X7 and, since ¢ € B, r, then ¢ € X/ in virtue of
Lemma 5.1 Moreover, ¢ is clearly a strong solution of Eq. (53) that satisfies (54).
This concludes the proof. 0

6. LOCAL WELLPOSEDNESS OF THE FULL LOGARITHMIC
SCHRODINGER EQUATION: END OF PROOF OF THEOREM 1.1

We can now finish the proof of Theorem 1.1 Let ¢ = F(¢g) and ¢p = F(¢p).

Using Proposition 4.1 we find that ¢y € HZ and ¢p € H§/2(a§z). Then, Theorem
5.1 applies to yield the existence of a strong solution ¢ € X7 of the initial-
boundary value problem associated with Eq. (53). Applying now Theorem 4.1
we can deduce that ) = F~1(¢) € X7 is the unique solution to the corresponding
problem for Eq. (3) in [0,7"). This proves (i). Assertion (ii) has been proved in
§4. This concludes the proof of Theorem 1.1 0

Remark 6.1. Theorem 4.1 also applies to any equation of the Doebner—Goldin
family satisfying the linearization condition (2) and to a general gauge transfor-
mation

F(6)(t,x) = \/ny(t, z) exp {z [A(t) log(n(t,z)) + B(t) Sy(t, z)] }

that might be proved to be an homeomorphism in a quotient space of admissible
states, A(t) and B(t) being arbitrary time—dependent functions. In this theoretical
framework, the assumption that Q be simply—connected can be removed.
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Remark 6.2. The analysis of global existence of solutions to Eq. (3) in full
generality seems to be a hard task. Indeed, the eventual presence of vacuum
regions (n = 0), which in our case are locally circumvented thanks to (H3) and
the boundednes of 2, make most of our nonlinearities singular and leads to the
possible formation of vortex structures.

Remark 6.3. The same difficulty arises when studying the initial value prob-
lem associated with Eq. (3)—(5) in whole space. In [42], local wellposedness was
achieved for a Doebner—Goldin model on a dense subspace of L? under some
conditions on the coefficients that make solutions to behave in a parabolic way.
However, these conditions are not compatible with the linearization relations given
in (2), although the techniques there developed can be adapted to our case. We
postpone this research to future work.
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