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ABSTRACT 

I n  order t o  det ermine the int ermolecular force field o f  c2H2 · · HC 1 ,  a 

normal coordinate ana l ysis appropriate for two we akly bound ri g i d  rods i s  

develop e d . An exact cent r i fug a l  disto r tion ana l ys i s  i s  then carried out 

on t he microv.·ave spectrum of this "T'' - shaped hydrog en-b onde d  TI comp l ex .  

The distort i on const ant s and pub l i shed �atrix-i so l at e d  vibrat ional  fre-

quen c i e s  are empl oye d  in  the normal coo rdinat e analys i s  to obtain the 

intermo l ecul ar for c e  fi e l d  and refinement s in the s t ructural paramet ers . 

The foll owing \·an der  Waal s for c e  field is found t o  r eproduce  the  exi s t in g  

35 
s p e c t ro s cop i c  cons t ant s o f  c 2H2 · · H Cl: 

f .. Mod e  rcc 2v
) C H • · H

35
cl lJ  2 2 

fll 
(mdyne/A) H-bond s tret ch Al 0 . 0630 

f 22 
(mdyn e A) in-p l ane HCl l ibrat ion B

l 
0 . 0 5 2 2  

f
23 (mdyne A) in-p l ane i nt e r act i on B

l 
0.0302 

L-
.)j 

(rndyne A) C2H2 librat ion B
l 

0 . 0454 

f 44 ( rndyne A) out-o f-p l an e  HCl librat i on B
2 

0 . 0 544 

This s t udy permi t s  t he f i r s t  opportuni t y  to a s cert ain the e ffect of corn-

p l exat i on on monomer p r opertie s in c2H2· · HX/ DX where  X = F,C l . A more 

accurate des cri p t i on of the quadrupo l e  coup l ing const ant a cknow l edg ing 

the e ffect s of vi brat i onal av erag ing of th e proje c t ion operator and change s 

in ( 2 2v; ci/) i n d i cat e that hydro gen bondi ng decreas e s  (Cl;,/ Clz 2) by 7. 8% 

for Cl in c2H2 · ·HC 1 and 10% for deuterium i n  c2H2 · · DF .  In the cour s e  o f  

th i s  s tudy , D
HF 

and r
HF

' the s p in-spin coupling con s t ant and the H- F bond 

l ength, were obtained for the c omplex . Comparison with r
HF 

in fre e  HF 

indicat e s  that cornp l exat ion caus e s  an incr e a s e  in  bond l ength by 1%. 

i 
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I NTRODUCT I ON 

Van der  Waals comp l exes hav e  l ong been the obje ct o f  cons iderab l e  

study. It has been within the p as t  twenty to  thi rty years that spe ctro s -

copy has adv anced  such that the spectra o f  van d e r  Waa l s  comp l exes can be 

re corded . The mot iv at ion for the spectros cop i c  s tudy o f  van der Waa l s  com-

p l exes  i s  a des cript ion o f  the forces  that ho l d  them together. Thi s  study 

is concerned with extract ing a des cript i on of the int ermo l e cu l ar force  

fi e l d  o f  the  an der Waa l s  comp l ex acetyl ene - HC l . Det erminat ion o f  the 

force fi e l d  wi l l  involve  an analys i s  o f  mi crowav e dat a  obt ained prev i ous l y  

1 
by A .  C. Legon and co - workers at the Univers ity  o f  I l l ino i s  and infrared 

dat a obt ained by Le ster  Andrews
2 

and co-workers at the University o f  

Virgin i a . The methods u s e d  t o  extract the force  fie l d  a s  w e l l  a s  a d i s -

cus s i on o f  the resu l t s  o f  t h e  anal ysis wi l l  fo l l ow .  An exper iment a l  s e ction 

wi l l  not be  inc l uded as the author did  not part i c ip at e  in the colle ction 

of either the mi crowave or infrared dat a. Thi s  int roduct i on wi l l  s erve to  

acquaint the  reader with the  s tudy of  van der Waal s mo l ecu l e s  by  a d i s cus s i on 

o f  major experimental  methods  emp l oyed in  the i r  s tudy .  Major emphas i s  wil l 

be  p l aced  on tho s e  methods whi ch deal  with the determinat ion of  the inter-

molecul ar force  fi e l ds of van der Waal s comp l exes . 

A di s cus s ion o f  van der Waa l s  comp l exes  mus t  begin  w i th some c l ari fi-

cation of the termino l ogy invo lv ed. Van d er Waa l s  comp l exes  are we akly  

bound aggregat e s  comp o s e d  o f  two o r  filOre subunit s . For the purpo s e s  of  

thi s study, the  t erm "comp l ex" wi l l  be used  t o  d e s cribe a d imer Kho se  sub-

uni t s  may vary . The s e  subuni t s  c an take the form o f  nob l e  gas atoms , or 

1 



2 

diat omi c or polyat omi c mo l e cul e s . Examp l e s  o f  some typ e s  o f  v an der 

Waals comp l exes  are Ar2 ,
3 

(N2 ) 2 ,
4 

He··I
2 ,

5 
CH3c2H··HF.

6 
A fair l y  com

p l e t e  li st ing (as  o f  November 1983) o f  v an der  \\·aa l s  comp l exes  that have 

been s tudi ed may be found in Reference 7 .  Addi t i onal n ew comp l exe s studied  

8 9 10 1 1  12 inc lude HCN••C0
2 , NH3 · · C 2H2 , Ar · ·NCCN , Ar · · HCN , and H20 · · C02

. 

The t ypes  o f  interact i on s  between the subunits  may al s o  vary . They 

3 
may be di spers i on interact ions as in  the cas e o f  Ar2 , hydrogen bonded TI 

6 
comp l exes  such as CH3C2H · · HF ( th e  hydrogen at om i s  p o inted dire ctly at 

the TI bond al on g  a l ine perpend i cu l ar t o  and b i s e ct ing the TI bond) , and 

1 3 
charge - trans fer comp l exe s such as c

6
H

6
· · I 2 . I t  i s  the  variety o f  

int eract ions that l eads t o  the  int ens e s tudy o f  the s e  c omp l exes . The 

charact erizat i on o f  the s tren gths o f  the s e  int eract ions are o f  great 

int erest  to the s ci ent i fi c  community . 

14- 1 9  
The s e  comp l ex e s  have  b e e n  s tud i ed direct l y  v i a  s p e ctros copy and 

a lso  indirect ly  through many phys i cal  p ropertie s . The ir  exi s t ence  has 

been det ermined by the i r  e ff e ct s on spe ctra  and phys i c a l  propert i e s . The 

e ar l i e st  work on van der Waa l s comp l exes  evo lved as  a cons equenc e  o f  the ir 

effect  on many phys i c a l  propert ies . With  the  advent of  spectros copy , more 

accurat e dete ction and quant i t at iv e  informat ion about thes e  comp l exes  be-

came avai l ab l e . Tab l e  I l i s t s  the  maj o r  spectro s c op i c  methods us e d  to  

s tudy van der Waa l s  comp l exe s as we l l  as physi cal  propert ies affect ed by  

the s e  comp l exes . With recent adv ances  in t e chno l ogy , spectro s c opy has 

become the principal  t o o l  us e d  in the study o f  the s e  comp l exes  and thus 

wi l l  be the  focus o f  the  int roduct i on .  

The amount and typ e  o f  i nformat ion avai l able from spe c t ro s c opy vari e s  

with t h e  t ype o f  method . Of  the  various spectros copi c methods , nuc l ear 

magnet i c  resonance , mas s  spe c t ro s copy, e l ect ron , neut ron and x- ray d i ffrac-



3 

Tab l e  I .  Methods o f  I nv es t i gat ing van der Waal s Comp l exes  

Spectros copy 

El ectron Di ffract ion 

Neut ron D i ffract i on 

X- Ray Di ffraction 

Laser Induced  Fluores cenc e 

Mas s  Spectros copy 

NMR 

UV-Vi s i b l e  

Raman 

I n frared 

Mo l e cu l ar Beams 

Mi crowave  

Phy s ical  Propert i e s  

S o l ubi l i ty 

Den s i ty 

Viscos ity 

Heat s of  React ion 

Conduct ivity 

Me l t ing Po int 

Mo l ar Refract ion 

D i amagnet i c  succept ib i l i ty 

Di e l e ctri c  con s tant 
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t i on are marg inal in t erms o f  det e c t ion and quant i t at ive informat i on on 

van der Waa l s  complexes, part i cular l y  h;.·d rog en bonded comp l exes.  

I n  nuc l e ar magnet i c  resonan c e  (�>rn.:, the anoma l ous chemi c a l  shi ft s  o f  

certain protons are indicat ive  o f  their  part i cipat i on i n  hydrogen bonding , 

a typ e  o f  van der Waa l s  interact i on .
14 

The Derging o f  s i gnal s in the NMR 

can be an indi c at ion of format ion and dis soc iat i on of v an der Waa l s  com-

p l exe s . The fact that thi s  c an be  obs erved indi cates  a short l i fe t ime 

relatiYe to the t ime s ca l e  of the exper:.rr.ent. The line wi dths of NMR 

s i gnal s ,  whi ch are a fun c t i on o f  r e laxa�ion t ime s T 1 and T
2 

( l ongitudinal 

and t ransverse  re l axat i on t ime) , are affect ed by corap l exat ion . 
14 Format i on 

o f  compl exes t ends t o  fre e z e  the immed i at e  envi ronment of  a mo l ecul e , thus 

requiring more t ime for nuc l e i  in an upper energy stat e  to tran s fer their  

energy t o  the  surround ing l at t i c e  of  e lectrons and nuc l e i . As  the s e  re l axa-

t ion t imes incre ase , the l ine  wi dth increas es . Thus examinat ion o f  the NMR 

can reveal  the exi s t ence of v an der  lfaals c omp l exe s. 

Mas s pectro s c opy has been us ed  to det ect and me asure concent rat i ons 

o f  van der Waal s comp l exes . Leckenby a::-id Robbins hav e s tudi e d  concentra-

t i ons o f  both rare gas and po l yat omic van der Waa l s  d . 20 ,21 
imers . Their  

instn.unen t at i on , des i gned t o  d i s t inguish beh·een true dimers formed and 

thos e  produced as a resu l t  o f  i on- atom int erac t i ons w i thin the spectrome t er , 

determined  dimer concentrat ions whi c� are in r e as onab l e  agreement with 

2 1  22 cal cu l at ed values . ' Thi s  method w i l l  be  shown l at e� used  in conj unct i on 

w i th mo l ecu l ar b e ams t o  provide  a po•;erful  too l in the inve s t i gat i on o f  

van der Waa l s  c omp l exes . 

Neutron and X- ray d i ffract i on can a l s o  indirect l y  yi e l d  informat i on 

on van der Waa l s  interact i ons within tte s tructure o f  a crys tal . Bombard-

rnent of the  crys t a l  wi th n eutrons and X-rays can yi e l d  informat i on 

part i cul ar l y  on the l o c at i on o f  hydro g en at oms . The l o c at i on o f  the 
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hydrogen at om can yi e l d  informat i on as to  whether i t  i s  involved in hydrogen 

bonding. I t  i s  a l s o  po s s ibl e t o  det ermine hydrogen bond d i s t ances  in com-

14 p l exes found in crys t a l s. E l e ct ron di ffract ion stud i e s  c an al s o  yi e l d  

18 
informat ion  on v an der Waa l s  comp l exes . The interference patt ern obtained 

when an e l ectron beam is cro s s e d  into a mo l ecu l ar beam cont aining rare gas v an 

der Waa l s  mo l e cu l e s  can be ana l yz ed  for the vibrat ional l y  averaged s epara

tion d i s t ance between the subun i t s  of the comp l ex .
23-2 6 

Thi s  method can be 

expected to yi e l d  even more informat ion in  future stud i e s  as more  extens ive 

van der Waa l s  comp l exes are s tudi e d . 

Las er  induced fluores c ence  and UV-vi s ib l e  spe ctros copy are other more 

substant i a l  sources  of informat i on on v an der Waal s comp l exes . The vacuum 

ultravio l et spectrum o f  gas eous argon i s  a c l as s i c  examp l e  o f  u l travio l et 

3 
spectros copy o f  v an der Waal s comp l exes . Addit ional s tructure s that appe ar 

in the l ine  spectra  o f  argon are due t o  trans i t i ons  betwe en the vibrat ional 

and rotat i onal l eve l s  of the rare gas v an der Waa l s  comp l ex Ar
2

. Thus , the 

mo l ecul ar pot ent i al funct ion and the d i s s o c i at ion energy of the comp l ex 

can be c a l cu l at e d  from the vibrat i onal fine s t ructure obs e rved . Laser 

induced f luore s c ence prov ides v ibron i c  spectra whi ch can be  used  to  charac-

teri z e  the vari ous e l e ctron i c  s t at es of v an der Waal s comp l exes . Smal ley 

and coworkers have measured the  l as er induced fluorescence spectrum of  

He••I and analyzed  the vibron i c  s tructure for  informat i on on the  e l ectron i c  
2 

5 
s t at e s  o f  the comp l ex .  

O f  the spectro s cop i c  methods  l i s t ed i n  Tab l e  1 , mo l ecu l ar beams , Raman , 

infrared and mi crowav e spectros copy provide dat a that can be ana lyz ed  to  

yi e l d  the  int ermo l e cul ar force  fi e l d  o f  a van der Waals comp l ex .  Raman 

spectro s copy has the pot ent i al to yi e l d  force  fi e l d  dat a ,  but i t s  pot ent i a l  

h a s  y e t  to  b e  real ized due to di ffi cul ty in  dat a  ana lys is.  The s catt ering 
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due t o  van der Waal s comp l exes i s  weak and oft en obs cured by the s catt ering 

. . 1 6  
due t o  the subun i t s . 

Mo l ecular beams , infrared and mi crowave spectros copy are the thre e  

maj o r  s ources  o f  force  fi e l d  dat a for van d e r  Waa l s  c omp l exes . The remain-

der o f  thi s  s e c t ion w i l l  detai l how the s e  three  methods  are used  t o  s tudy 

van der Waa l s  c omp l exes  for the purpose  of obtaining the intermo l ecul ar 

force field. 

I n frared spect ro scopy i s  generally used  when the fo rce fi eld o f  a 

mo l e cu l e  i s  under inves t i gation . By us ing what i s  known as  a norma l 

. 27-29 
coord inat e ana l ysis , it i s  possib l e t o  re l at e  th e force con s t ant s to  

the obs e rved  v ibrat i onal  frequenc i e s . However , due t o  the nature o f  van 

der Waal s comp l exes , it i s  nece s s ary t o  depart from the usual infrared 

t e chniques t o  obtain the i r  spectra . Thi s  is  due to the fact that v an der 

Waa l s  comp l exes  are weak l y  b ound speci e s; i . e . , the intermo l e cu l ar bonds 

are weaker , hence the force cons t ants for the s e  bonds are sma l l er . 

Recal l ing th at the vibrat i onal  frequenc i e s  are a funct i on o f  k, the force 

cons t ant , i t  is ev ident that v an der Waal s frequencie s wi l l  be sign i fi cant l y  

smal l er than thos e  in  convent ional  mo l e cu l es . Another factor t o  be  con-

s i dered is the very smal l chang e  i n  dipo l e  moment due t o  van der Waal s 

vibrat ion . Thi s  wil l  result  in very we ak trans i t i ons as the int ensity i s  

a funct i on o f  the change i n  dipo l e  moment. 

D e sp i t e  the s e  l imi t at ions , the infrared spectra of van der Waal s 

mo l ecul e s  hav e  been obs erved . Two appro aches  hav e  been used  to obt ain 

the spectra of  the s e  comp l exes - -mat rix i s o l at i on s tudi e s  and LPLS ( l on g  

path l ength spectros copy) . 

LPLS ( l ong p ath l ength spectr oscopy) prov i d e s  a means o f  obt aining 

infrared spectra for compl exes  whose monomers possess  no d ipo l e  moment . 

Thi s  can be achi eved by the modu l ation o f  an e l ectric  dipo l e  induced by 
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the proximity o f  a v an der Waal s partner (or co l l i s ion partner) .  I f  the 

incoming monomer h as a quadrupo l e  moment , it  wi l l  induce a dipo l e  moment 

in the t arget monomer . I t  is  a l s o  pos s ib l e  that upon co l l i s i on ,  e l e ctron 

dens ity between the two monomers  wil l  over l ap and become d i s t orted , giving 

rise  to a dipo l e  in the comp l ex .  The dipo l e  creat ed as a result  o f  the s e  

effects i s  then a l t ered b y  the van der Waa l s  v i brat i on and can int eract 

with the incident radi at i on ,  thus giving ris e  t o  an infrared spectrum .  

In order t o  achieve  suffi c i ent concent rat i ons s o  as t o  record a 

spectrum , condi t ions mus t  be opt imum for dimer formation. The gas s amp l e s 

are coo l ed t o  v e ry l ow t emperatures  ( l e s s  than lOOK) to  ach i ev e  this.
30 

Large amount s o f  gas s amp l e s  are required  t o  obt ain a suffici ent opt i c al 

dens ity o f  dimer t o  record the weak sp e ctrum . To further optimize 

condit i ons  for r e cording the infrared  spectrum, an extreme ly l ong p ath 

length c e l l is us e d .  Ear l y  LPLS experiment s invo l ved ce l l s up to  2 2 0m in 

3 1 
l ength. Thes e ce l l s  were cons t ruct ed out o f  s t e e l  drums that lit erally 

stretched the l ength o f  a c i ty b l o ck .
32 

The LPLS ce l l  des igned by B l i ckens

derfer , et . al . 
33 

avo ided  this by th e u s e  of Whit e  opt ics which p ermit  

mul tip l e  transvers a l s  in a ce l l  a fract i on o f  the  l ength o f  the  e arliest  

LPLS c e l l s .  This LPLS c e l l  ( l o cat ed at Indiana Univers ity) wil l  generat e  

variab l e  path l engths u p  t o  230m in a 38m c e l l.
33 

The dat a obtained from LPLS can b e  analyz ed for force  cons t ant s. Pr i -

mari l y ,  the rot at ional fine s t ructure i s  ana l yzed t o  det ermine mo l ecu l ar 

geometry and energy l ev e l s  o f  van d er Waal s comp l exes . Th e s e  spectra are 

charact e r i s t i c a l l y  comp l ex with many unr e s o lved  features  due to  the l arge 

Bo l tzmann popul ation of excit e d  van der Waa l s  mod e s . Moreover the spectral  

l ines are typi c a l ly  broad due t o  the re l at iv e l y  short l i fet ime o f  weak 

comp l ex e s  in  a s t at i c  gas; i . e . typ i c a l  c o l l i s ion  energi es  are suffi c i ent 

to d i s s oci at e  them . 
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Another direct s ource  o f  vibrat i onal  frequen c i e s  for comp l exes  i s  

mat rix i s o lation infrared spectra . Thi s  method was dev e l oped fo r the 

study of re ac_tive , uns t ab l e  specie s by Pimentel and c oworkers.
34 

It h as 

mo st recent l y  be en used  by L .  Andrews t o  s tudy van der Waal s comp l exes . 

35 36 I n  the techn ique emp l oyed by Andrews , ' the monomer s  of  int erest  

are di lut e d  with  argon and sprayed ont o a co l d  Cs I window in a vacuum . 

This  ent ire  as s embly r e s i d e s  ins ide  a vacuum ves s e l  maint ained at 1 4K .  

I nfrared spe c t r o s copy c an b e  done during o r  after the depo s i t ion o f  the 

monomer/ argon s amp l e s . Th e vacuum ce l l  u s ed by Andrews i s  shown in Fig . 

( 1 . 1) . 

The argon serves  to  trap and cont ain spec i e s  wh i ch mi ght not o therw i s e  

survive i n  order t o  obt ain spe ctra. Argon i s  not a uni que choi c e  as  a 

matrix . Be cker and P iment e l  have d e t ai l ed the d e s ired criteria  for a 

matri x .
35 

I n  order for a mat r ix t o  be us e ful , i t  mus t  be  chemi cal l y  inert 

with re spect  to  the spe c i e s  i t  wi l l  cont ain . The matrix must  accommodat e  

and cont ain t h e  t r appe d  spe c i e s . Th i s  fa ct or wi l l  b e  influenc ed great l y  

b y  t emperature . Ano ther property o f  mat r i c e s  wh i ch i s  a l s o  influenced by 

t emperature i s  i t s  l i ght s catt ering abi lity .  A mat rix shou l d  not s cat t er 

a l arge  amount o f  inci dent l i ght and shou l d  b e  transparent in the  region o f  

int erest . The m at rix mus t a l s o  be invo l at i l e  s o  as t o  be  used i n  a vacuum 

at tempe ratures be low lOOK. Another charact e ris t i c  i s  the mo l e  ratio o f  

mat rix to  monomer ,  M/A .
35 

Th i s  mus t  b e  det ermined s o  as t o  properly i s o l at e  

t h e  spec i e s  t o  prevent any undes ired  re act ions. Undes ired encount ers and 

subsequent r eact ions are usua l l y  l imit ed  when the number o f  neare st  neigh-

bars i s  kept at  two or l ower. Thi s  corre sponds t o  a M/A o f  100/1. Th i s  

will vary, however, accord ing t o  mat r i x  and monomer s tud ied . The s tudy o f  

vibrational mode s i n  an argon matrix  permi t s  infrared act ive van der Waa l s 
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Fig. [ 1.1] Vacuum Ce l l  ut i lized by L. Andrews for argon matrix isolated 

vibrational spectroscopy. The s ample  is  de l ivered from a gas spray (S) onto 

the cold Cs I window (W). Thi s  cell  i s  als o des igned for argon photolys is  

experiments by using (D) as  the dis charge c avity and (T) as  the discharge 

tube. The vacuum port (V) is rep l aced with a quartz window (Q) during this 

experment. 



> 

0 



1 0  

modes t o  b e  as s i gned and charact er i ze d . However , the method do e s  have i t s  

drawbacks . The matrix  atoms may perturb the loc al force  fi eld o f  the com

plex which wi l l  be  r e f l e ct e d  in the frequenc ies ob served and in the force 

const ant s obt ained from t he s e  frequencies .  The e ffect of the matr ix i s  to  

shi ft the  frequenc i e s  t o  a lower value, the shi ft being rough l y  1096 o f  

the ir gas phas e value s .
36 

The us e o f  force  cons t ant s obt ained from a 

matrix iso l at ion infrared spectrum s hou l d  be  done with the above cons ider

at ion. 

There do ex i s t  two spectros cop i c  methods where it is p o s s i ble t o  

obt ain g a s  phas e dat a  t o  determine int e rmo l ecul ar force fi e l ds for van der 

Waa l s  comp l exes . Mo l e cul ar B e ams and mi crowave spectro s copy provide rota

tional  spectra which c an be analyz ed for the e ffects  o f  c ent r i fugal 

dis tort i on . The resul t s  o f  the  cent r i fugal  di s t ort ion analys i s  c an be 

used to  obt ain an int ermo l e cul ar force fi e l d .  

Mo l e cu l ar beams encompas s a wide r ange o f  experiment al  methods . A 

c l as s i c  di s cus s i on o f  the  fi e l d c an be found in Re ferenc e  37. The spec i fi c  

method emp l oyed i n  v an der Waa l s  mo l ecul e s i s  known a s  mo l ecul ar beam 

e l ectric  doub l e  res onance  spectros copy . Thi s  method , emp l oyed by K l emperer , 

ut i l i z e s  a supersoni c noz z l e  to  d e l iver the gas s amp l e s  into the spectro

meter  where they expand adi abat i cal l y .  Th e  spectrome t er , a Rab i - type 

mo l ecul ar beam inst rument , involves  the use o f  thr e e  e l ectric  fie l ds , two 

inhomo geneous refl e ct ing fi e l ds (A & B ) , s eparat ed  by a homogeneous fi e l d  

(C) . A s  t h e  mo l ecu l ar beam l eaves the no z z l e ,  it ent ers the first  refl ect

ing field at an ang l e  and is defl e cted  s l i ght l y . The amount o f  deflect ion 

wi l l  depend on the fi e l d- induced  e ffe ct ive molecu l ar dipo l e  moment, which 

i s  a l s o  a funct i on o f  the rot at i onal  s t at e  of  the molecule.
37 

Thus mole cu l e s  

i n  d i fferent J s t at e s  wi l l  be  d e fl ected  b y  di fferent amount s. This defle cted 
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beam then p as s es through a c o l l imator in  the cent er  o f  the spect rometer 

and ent ers the C fi e l d .  Thi s  homogeneous fiel d  can o s cil l at e  at a given 

frequency, in thi s  case  in the mi cro�ave- radio frequency region of the 

spectrum . As the C fi e l d  o s c i l l at e s , tran s i t i on s  between energy l eve l s  

in the mo l ecul e oc cur when the o s c i l l at or frequency i s  i n  resonance with 

the energy l evel spacings o f  the mo l ecul e . The beam i s  then pas s ed through 

another refl e ct ing fi e l d, the B fi e ld, whi ch focu s es the b e am onto the 

d et ector according to  the s ame principle that applie s to the A fie l d . 

Resonance i s  detected  as a decreas e in intens ity at the det e ctor, whi ch 

38 i s  a mas s spect rometer in  the ins t ru.�ent used  by Kl emperer ( see Fig (1 . 2 ) ) . 

Resonance betwe en the o s c i l l ating e l ectric  fi e l d  (C )  and the rotat ional 

energy l eve l s  of a comp l ex gives  ri s e  to trans i t i ons in  the microwave- radio  

frequency region of the e l e ctromagnet i c  spectrum. Analys i s  o f  the rot a-

t i onal  spectrum c an yie l d  va luab l e  informat ion about comp l exes provided 

certain as sumptions are made regarding the monomers . I n  order for the 

anal ys i s  of the rot ational  spectrum of a van der l\aal s  comp l ex to  be  tract -

ab l e ,  the s t ructure , el e ct r i c a l , and magnet i c  prope rt i es o f  the monomers 

are c ommonly as sumed to  be  unaffected by comp lex at i on .  Th i s  permi t s  the 

structure , e l ectrical  and magnet i c  propertie s of the comp l ex to  be  extracted 

from the spectrum . When the spectrum i s  analyzed under thes e  c ircumst ance s , 

the d i s tort ion o f  the c omp l ex due t o  rot ation c an al s o  b e  detected. 

Thi s  contribut ion t o  the over a l l rotat i onal spectrum , known as c entri fugal  

dis tort i on, yie l ds distortion  constant s which c an be u sed t o  obt ain an 

int ermo l e cu l ar force fiel d .  The force con s t ant s obt ained in thi s  manner 

are as accurat e as the d at a  from �hich they were obt ained . I t  shou l d  be  

noted that the accuracy o f  the force fiel d obt a i ned i n  this manner is  

generally subje ct t o  approximat ions made in  the c a l cu l at i on as opposed  to 
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F ig .  [1.2] D iagram o f  Mo l ecu l ar Beam E l e c t r i c  Doubl e Resonance  Sp ectrometer  

used by  W. Kl emperer . I l lustrated is  the method by whi ch mo l ecul e s  in the 

J=O,  K=O state  are s e l ected  from the beam by the e l ectro static fields .  
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experimental  uncert ainty , s ince t he method yie l ds rot at ional frequenci e s  

with pre c i s i ons of  1 0  kHz . 

An a l t e rnat ive method develope d  by T .  J .  Bal l e  and W .  H .  F lygare at 

the Univers ity  o f  I l l ino i s  o ffer s  an even more pre c i s e  det erminat i on of  

the rotat i onal frequencies  o f  a comp l e x. This  met hod ( F lygare - Bal l e  

method )  a l s o  invo lve s obt aining the rot at i onal spectrum of  a comp l e x ,  but 

the manner in whi ch it is obtained o ffer s  greater  accuracy. 

The rot at i onal spe ctrum i s  obt ained us ing a pul s ed nozzle , Fabry 

Perot cavity spe ctrome t er. The thoery o f  this  spe ctrometer has been des -

"b d . d ·1 1 h 4o-43 cr1 e in e t a1 e s ew ere. The gas s amp l e s  of monomer/carri e r  gas 

are pul s e d  t hrough a supersoni c no zzl e , causing  the gas s amp l e s  t o  exp and 

adi abatical ly into a vaccuum. Thi s  t echnique favors l ow rotational gas 

t emperatures  whi ch l e ad to d imer format i on. The gas mo l e cul e s /dimers 

exp and between two mirrors in a Fabry Perot cavity and are subjec t e d  to  a 

mi crowave pul s e  whi ch ent ers the cavity through one of  t he mirrors.  Thi s  

pul s e , cont aining fre quenci e s  over a r ange o f  1 MHz , i s  the monochromat i c  

rad i at i on that emerges from t he s ource  compres s e d  over t ime. As thi s pul s e  

trave l s  t hrough the gas s amp l e , i t  i s  p o s s i b l e  for res onance t o  occur between 

frequenci e s  of t h i s  pul s e  and fre quenc i e s  due to trans i t i ons between energy 

l eve l s  in the gas s amp l e. Aft er  t he pul s e  has di s s ip at e d , mo l e cul ar coherent 

emi s s i on due to free  induct ive decay o c curs and is detected  us ing a super 

het erodyne dete ctor. Thes e  d at a  are d i git ized , s t ored  and l ater  c orrected  

for background . Thi s  cyc l e  i s  repe ate d  unt i l  a suffi c i ent number o f  pul s e s  

i s  obt ained .  The s e  data are averaged and the frequency spectrum i s  obt ained 

by a fourier  t r ans form . A di agram o f  t he spectrometer i s  shown in F i g  ( 1 . 3) .  

The rot at i onal  spectra  obt ained i n  thi s manner for complexe s has 

been ana lyzed  under the s ame cons t raint s as in mo l e cu l ar e lectric  doub l e  

res onanc e .  Th e  e l ectri cal  and magnet i c  propert i e s  o f  comp lexes  as we l l  as 
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Fig. [ 1.3] Block Di agram of  the major components of the F lygare-Balle  

Microwave Fourier trans form spectrometer. 
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mo l e cul ar s t ructure c an be  det ermined from the spectrum . D istortion o f  

mo l ecul ar structure due to  rotat i on can a l so be detected i n  the spectral 

analysis to yie l d  dist ortion const ants to be analyzed for force cons t ants . 

The intermo l e cu l ar force fi e l d  det e rmined here wi l l  have  unc ert ainty due 

to  mod e l  approximat i ons . The experiment al  uncert ainty in frequenc i e s  

measured on t h e  F l ygare- Bal l e  spectrometer  i s  report ed as 5 - 10 kHz; however, 

it res o l v e s  hyperfine s t ructure more comp l et e l y  than the spectrometer used 

by Kl emp erer . 

The maj or spect roscop i c  method s for obtaining dat a for the extract ion 

of  intermo l ecu l ar fo rce fi e l ds hav e  been d e s cribed bri efl y to  acquaint the 

reader with the fi e l d .  O f  the methods des cribed, th i s  s tudy wi l l  use  

matrix i s o l at ion infrared dat a and microwave  d at a  from a F lygare - Bal l e  

spect romet er t o  obt ain the int ermo l e cul ar force fi e l d  o f  the van der Waa l s  

comp l ex c2 H2 · · HC1 . The next s ect i on wi l l  detai l how the s e  dat a wi l l  be  

analyz ed to  yi e l d  force con s t ant s . It wi l l  a l s o  b e  shown that a know l edge 

of  the vibrat ional force fi e l d  wi l l  permi t the first microwave d e t ermina

tion o f  change s  in monomer propert i e s  due to  comp l ex format ion. 



METHODS 

A. Norma l Coordinate Analys i s  o f  Two \\·eak ly  Bound Rigid Rods 

In a des cr ipt i on o f  forces  between at oms in a Do l ecu l e  or  between 

monomers in  a compl ex , it  is extreme ly import ant to under s t and the n ature 

of the mot ions or degre e s  of fre edom wi thin the mo l ecul e or comp l ex ,  i . e .  

vibrat ions . Th e s e  mot i ons can be  dire c t ly  t i ed t o  the force  fi e l d  within 

a mo l ecul e  or comp l ex .  The magnitude and frequenc i e s  o f  the vibrat ions 

of  a mo l ecul e or  comp l ex can be  ana lyz ed for the force fi e l d  of a p art i cu-

l ar mo l e cul e or comp l ex .  The method o f  ana l ys i s  o f  the vibrat ional 

frequenc i e s , known as a Normal Coordinat e Anal ys i s , permits the extract ion 

of  a force fi e l d  bas ed  on know l edge of  vibrati onal frequenc i e s  and structure 

o f the mo l e cu l e or  comp l ex .  Th i s  s e ct i on wi l l  devel op the concept s o f  a 

Normal Coordinat e Analys i s  for a chemi cal l y  bound mo l e cu l e  and for the 

cas e  of  two weak l y  bound rigid  rods (ex: 
35 

C 2H2 · · H C l ) . 

In  a normal coordinat e analys i s , the pot ent i al energy o f  the mo l e cu l e  

o r  c omplex  undergoing vibrat ions c an b e  wri t t en i n  terms o f  two types o f  

coordinat es , internal coordinat e s  and normal coordinate s . Int ernal coordi-

nat e s  are change s  i n  bond ang l e s  or  bond l engths , i.e .  change s  in structural  

paramet ers d e fined with respect to  an internal mo l e cu l ar frame who s e  l inear 

combinat i ons give r i s e  to the vibrational mot i on o f  a mo l e cu l ar comp l ex. 

The cho i ce of int ernal coordinat es for a given mo l e cu l e or comp l ex is not 

un ique. However the s e l ect i on of int ernal coordinate s  is genera l l y  made 

such that the force  fi e l d  obt ained can be re l at ed t o  propert i e s  o f  int ere st  

within the  mo l ecu l e  or comp l ex .  Internal coord inat e s  mus t  a l s o  be invariant 

16 
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to trans l at ions and rotat i ons o f  the active mo l ecul e. Thi s  const raint 

mus t be met such that the pot ent i al funct i on wri t t en in terms of these 

coordinates wil l not be affected  by transl ations or rotat i ons of the entire 

mo l e cul e .  The number o f  int e rnal coordinat e s  may not neces s ari l y  coincide 

with the number o f  vibrat ions of  a given mo l ecul e .  Th i s  i s  quit e  common 

4 4  
i n  highly  s ymmetric  mo l ecu l e s  such a s  ch l oroform where in  o n e  cho ice o f  

int ernal coordinat e s, there are ten int ernal coordinat e s  and onl y  n ine 

pos s ib l e modes  o f  v ibrat ion . 

The s e cond type o f  coordinat e s  that can be  us ed t o  wr i t e  the potent i a l  

func t i on o f  a vibrat i ng mo lecu l e  or  comp l ex are cal l ed normal coordinates . 

The value o f  normal  coordinat es  l i es  in the fact that the potent i a l  and 

kinetic  energ i e s  o f  vibrat i on can be wri t t en without o ff- d i agonal  cro s s  

terms . Normal coordinat e s  are a l s o  very conc i s e  in  that a normal coordinat e 

wi l l  encompass a l l the d i s p l a c ement s o f  the at oms during a vibrat i on . S ince  

the  mechanics  o f  comp l ex vibrat ional mot ions are  best  described in terms 

of  normal coordinat e s  whi l e  the mo l ecu l ar force  fie l d  and pot ent ial  energy 

are mos t  conven ient l y  wr it ten in_terms of int ernal  coordinat e s  and the 

kinet i c  energy in t e rms of Cart e s i an d i sp l acement coordin at e s , t rans forma-

ti ons between the s e  coord inat e s  wou l d  b e  de s irab l e. 

Us ing int ernal coordinat e s  (due t o  their  phys i c a l  s igni ficance and 

the ease  in their us e ) , the pot ent i al energy o f  a non l inear mo l e cu l e in 

a harmoni c  approximat i on can be wri t t en in the fo l l owing manner : 

2V = R '  f R (1) 

where � i s  a vector  of  3N-6 (where N equa l s  the number o f  atoms) int ernal 

coordinates and _i is the Wi l son symmetri c square _i o r  force const ant mat rix 

o f  order 3N-6 . The kinet i c  energy of  a vibrat ing nonl inear mo l e cul e c an 
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also be wri t t en in mat rix notat i on: 

2T = X '  M X ( 2 ) 

where X is a 3N- 6 vector who s e  e l ement s are the derivat iv e s  o f  the cart e s i an 

di sp l acement coordinat e s  (C art e s i an di spl ac ement c oordinat e s  are c oordinat e s  

which can be  u s e d  to  describe t h e  disp l acement s o f  the at oms i n  a conveni ent 

coordinat e sys t em) and M is a s quare di agonal matr ix of order 3N- 6  who s e  

element s are t h e  mas s e s  o f  a l l t h e  atoms in t h e  mo l e cu l e, each being pres ent 

three t imes. 

It is pos s i b l e  to  convert bet�een the C art e s i an d i s p l acement coordinat e s  

and int ernal  coordinat e s  v i a  eqn ( 3 ) .  Here R and X are de fined as before 

R = B X (3 )  

and � is a rect angul ar matrix o f  3N- 6 x 3N who s e  e l ement s are  d e fined 

be l ow .  S ince  B is  rectangul ar, it is not pos s ib l e  t o  inv ert B and convert 

B.. = aR. /dX . iJ i J 
(4) 

dire c t l y  to  int ernal  coordinat e s  un les s the Eckart condit i on s  are incorpor-

d . Th E k d" . 45-47 ( 1 t" t" at e int o B . e c art con i t i on s  z ero net  trans  a i o n  or r o t a  ion 

of the mo l ecul e  in a vibrat i on) add 6 addi t ional rows to the � matrix 

corre sponding t o  the 3 degrees  o f  trans l at i on and 3 degree s  o f  rot ation 

in the case  of a non l inear mo l ecu l e. 

Having the ab i l ity  to  convert from C art e s i an d i s p l acement coordinates  

to  internal coordinat es, it  i s  now pos sible to  wr ite  e qn ( 2 ) in  int ernal 

coordinat e s . Us ing eqn ( 3 ) , the kinet i c  energy i s  wri t t en as: 

2T  = R' KR (5) 
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where K i s  a symmetri c s quare matrix o f  order 3N - 6  as defined b e l ow: 

K = = ( 6 )  

The K matrix i s  the  inver s e  of  the  Wi l s on Q matrix, a s ymmetri c square 

matrix o f  order 3N- 6. 

Having expr e s s e d  the pot ent i a l  and kine t i c  energi e s  as a funct i on of 

the int ernal coordinat e s  in the l imit of a harmoni c o s c i l l ator  model,  it 

is now po s s ibl e t o  cons t ruct an e quat ion  of mot i on us ing Lagrange ' s  equa-

t. (7) . f . f 
. 

1 d. 
27 

ion , eqn , in a o rm approp r i at e  or  interna coor inat e s: 

av 
aR. 

i 

= 0 (7) 

where i denotes  the ith int ernal coordinate. Sub s t i tut ion o f  e qns (5) and 

( 1 )  and s imp l i fi cat ion o f  i e quat ions y i e l ds i s e cond order di fferent ial  

e quat ions t o  be  s o lved s imu l t aneous ly. 

f R + K R = 0 (8) 

An appropr i at e  s o lut i on t o  eqn (8) invo lves  expre s s ing the e l ement s o f  the 

R matrix, R. (t ) in  terms of a co s ine funct i on . Expre s s i ons  for the s e  - i 

e l ement s are shown b e l ow al ong with the appropriat e  d erivat ives �ith respect 

t o  t ime . 

R. ( t )  = l.. cos  ( 2rrv . + 8) (9) i i) J 

R. (t )  = -2rrv.l.. s in ( 2rrv. t + 6) ( 10) 
i J iJ  J 

R. (t )  
2 2 

( c o s  2Ti'J.t 8 )  ( 1 1 )  = -47T \) .l. . + 
i J i) J 

l re fers t o  the amp l itude  of  the function and its subs cripts i and j refer  

to  the  number o f  internal  coord inat es and th e number o f  vibrat ions re spec-
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t ive l y . e i s  the phas e factor o f  the wave funct ion and v i s  the frequency 

of the jth vibrat ion . The s o lut i on of eqn ( 8 )  us ing eqns  (9) - (1 1) yi e l ds 

3N-6 eqns o f  !he form o f  eqn (12),  wher e  A. J 

[ f  . .  lJ A . K . . ]L . = 0 J lJ lJ 

2 2 
= 4TI \J .  � 

J 

(12) 

The 3N- 6 equat i ons in the form of eqn (12) can be  cast in a mat rix  forma-

tion and a s olut ion obt ained by left mult iplying the t erms within the 

-1  
bracke t s  by _! (g_). 

[_g_ i �].!:. = 0 

G f L = L A 

(13) 

(14) 

( 15) 

In  e qn ( 15) , .!:_and � are mat r i c e s  of order 3N- 6 who s e  e l ement s are the terms 

l . . and A. that appe ared in eqn (12). The mat rices  G and f are as d e fined lJ J 
ear l i er. 

The s i gni fi cance o f  eqn (15 ) i s  immedi at e l y  evident . The frequencies  

of the  v ibrat i ons o f  a mo l ecu l e  or a complex c an b e  det ermined if  the f 

and G matri ces  are known and their product c an be di agonali z e d . Be fore 

the method of  solving e qn (15) is d i s cus s ed , i t  would be  appropriat e  t o  

d i s cus s the nature o f  the G and f mat r i c e s  i n  more detai l .  

The f Matrix . The f matrix  i s  a symmet r i c  (Hermitian) s quare matrix 

o f  order 3N- 6 who s e  e l ement s are  the force  cons t ants th at de scribe the  

vibrat ions of  a mo l ecul e or a van der Waal s comp l ex. 

The s t ructure o f  the f matrix  cons i s t s  o f  di agonal  and o ff- d i agonal 

e l ements. The d i agonal e l ement s are the force cons t ant s that re lat e  how 

much force is required to  cause  a change in a g iven int erna l coordinat e .  

The o ff- diagonal  e l ement s are c a l l ed int eract ion cons t ant s; th e s e  relat e 
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how the change in bond l ength or bond ang l e  can affect  the force  required 

to  change other bond lengths or bond ang l e s  in the mo l e cu l e  or comp l ex .  

Th e assignment o f  non- zero value s  t o  interact ion  con s t ant s i s  not  a s impl e 

proce s s  for mos t  mo l ecul e s  and comp l exes . There do exist  a few general 

guideline s in  the det erminat ion of non-zero int eract ion constant s .  One 

cons i derat i on whi ch is import ant i s  the re l at iv e  proximity of the two 

motions . I t  i s  high l y  unl ik e l y  that a change in bond l ength wou l d  affect 

a change in bond ang l e  more than three or four atoms away. However , th i s  

type  o f  r at i onal e must  b e  invoked with c aut ion . Another guidel ine i s  that 

there mus t  be a on e - t o - on e  corre spondence  between the _i matrix e l ements 

and G - matrix e l ement s . I f  any Q- mat rix e l ement i s  zero , then i t s  correspond

ing _i-matrix e l ement mus t  be s o . 

Us ing the guid e l ines ment i oned previous l y ,  the dens ity o f  the £-matrix 

wou l d  be reduced to the di agona l  e l ement s and s ome s e l ected  int erac tion 

cons t ant s . At this  po int , the non-zero e l ement s in the _i matrix are deter

mined by the descript i on o f  the forces  within a mo l ecul e or comp l ex .  There 

exi s t  three  general approximat ions to  the descript ion o f  forces  within a 

mo l ecul e  or  comp l ex: the cent ral  forces  approximat i on , the val ence  force 

approximat i on and the Urey- Brad l ey approximat ion . 

The c ent ral forces approximat i on c ons iders a l l forces  act ing with in 

a mo l e cu l e  or  comp l ex t o  b e  act ing al ong l in e s  joining pairs of at oms.
28 

I n th i s  l ev e l  o f  approximat i on , the forces  act ing on an atom are the 

t o t a l  o f  the attract i ons and repu l s i ons  o f  other atoms t o  whi ch it  is 

bonded .  The forces  vary according t o  the d i s t ances between the at oms 

a l ong l i nes  (bond l engths ) whi ch j o in the s e  at oms . Th i s  approximat i on 

i s  the leas t s oph i s t i cat ed o f  the three descript ions o f  forces  within a 

mo l e cule or  comp l ex in  th at i t  very poorly  des cribes the forces  involved 
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in bending vibrat ions . The only  advant age t o  th i s  d e s cript i on l ie s  in the 

fact that the number of  force  consta�ts  is l es s  than the number of normal 

vibrat i ons , thus making the prob l em soluble . 

The val ence  force approximat i o n  i s  an improvement on the  central forc e  

de scrip t i on i n  that i t  cont ains a more re fined des cript i on o f  t h e  forces  

invo lved in changing a bond ang l e . Thi s  i dea , first  propos ed  by Bj errum , 

stat e s  that rest oring forces  act a l ong every val ence bond in  a mo l e cu l e  and 

48 
in bonds that jo in at a common atom to form a bond angle. I n  add i t ion t o  

i t s  improved des cript i on o f  t h e  forces , i t  al s o  h a s  the advantage that the 

number of force  cons t ants  used  is o ften l e s s  than the number of normal 

vibrat ional frequenc i e s , once  again making the probl em s o l ub l e . Due t o  

the s e  advant age s , the v a l ence forc e  des cript i on i s  con s idered t h e  firs t 

l ev e l  o f  approximat i on in any normal  coordinat e  analys i s. 

The mo st  re fined des cript i on o f  forc e s  within a mo l e cul e  or comp l ex 

i s  the Urey- Brad l ey approximat ion . The Urey- Brad l ey descript ion bui l ds 

upon the v a l ence force des cript ion by acknow l e dg ing the cont ribut ion of 

non- bonding interac t i ons to  the forces within a mo l e cu l e .  The dens ity of 

the i matrix under the Urey- Brad l ey approximat i on is  the maximum permitted  

by  the number of  experiment al  frequ encie s avai l abl e .  Thi s  descrip t i on i s  

the mos t  r e fined and comp l ete  o f  t h e  three approximation s. 

In the des cript ion of the i matrix ,  it has been sho"� that the forces 

us ed t o  des cribe the vibrat i ons  of a mo l e cu l e  or  compl ex c an be  modifi ed 

through the us e of  d i agonal and o ff-di agonal  e l ements t o  reproduce the 

normal vibrat ional  frequen c i e s . Ho"ev er , the vibr ation al frequencie s 

are not s o l e l y  dependent on the force s within a given mo l e cul e  or  a comp l ex .  

The e qui l i brium geome t ry o f  a mo l e cul e o r  a comp l ex al s o  makes  a s i gn i -

ficant contribut ion to  t h e  norma l frequen c i e s  through the Q matrix , whi ch 

wi l l  be des cribed in the next s e ct ion . 
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The G Matrix . The _g_ matrix  i s  the inv ers e o f  the kinet i c  energy 

matrix  in eqn (6) . By t aking the invers e o f  eqn (6) , i t  i s  p o s s ible t o  

de fine G i n  the fo l l owing manner : 

G = B M
-l 

B '  ( 16) 

where � is the rectangu l ar matrix ( 3N-6 x 3N) that trans forms c art e s i an 

disp l acement coordinat e s  into int e rnal coordinat e s , �' d enot es  B -trans -

po s e  and � i s  a d i agonal  square mat rix o f  order 3N Khere  the mas s o f  e ach 

at om appe ars three t ime s. 

In the cas e o f  mo s t  chemi cal ly bound mo l e cu l e s , however , it i s  not 

neces s ary t o  revert to  eqn ( 16) to derive the G matrix . Each G matrix e l e -

ment i s  compos e d  o f  two B matrix  e l ement s whi ch in turn coore spond t o  two 

int ernal coordinat e s . There are many combinat i ons of internal coordinat e s  

that o c cur frequent l y  i n  chemi cal l y  bound mo l ecul e s , thus genera l  formul as 

. 2 8 49 
for the s e  e l ement s are avai l ab l e . ' For more  geometri cal l y  comp l et e  

mo l ecul e s  o f  l ow symmetry , the _g_ matrix e l emen t s  are constructed  by deri ving 

the B mat rix us ing eqn ( 16) . Thi s  appro ach has a l s o  b e en emp l oyed on many 

occas i ons t o  derive the G matrix  for v an der Waal s comp l exes . The deriva-

t i on of the B matrix ut i l izes  the s -ve ctor  metho d ,  s imu l t aneous l y  deve l oped  

by Wi l son
5 0 

and E l i ashev i ch ,
5 1 

whi ch wi l l  be d i s cus s ed in the  next sect ion . 

The " s" Vect or Method- - Derivat ion o f  B 

I n  the derivat i on o f  the B matrix us ing the  " s "  vector method , 

eqn ( 17) i s  the po int from whi ch the der ivation begins . Thi s  equat ion 

states  that for a given s e t  of Cart es i an d i sp l ac ement coordinat es  there 

exist  coeffici ent s B . that wi l l  prop e r l y  mix the s e  d isp l acement s such 
t i  

that t h e  summat i on o f  the product o f  these two quant i t i e s wi l l  generat e 

R
t

, one o f  the 3N-6 int e rnal coordinat e s. 
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This equat i on i s  then rewrit t en such that the  three  C a rt e s i an d i sp l acement 

coordinat es  used  t o  des c r i be each at om a ' s d i sp l acement are rep l aced by a 

vector , pa ' who se component s a l ong the three ax es  o f  the C arte s i an frame 

are the art e s i an displ acement coordinat es  of the at om a .  The e l ement s 

= L: Bt . X . 
i = l  J. J.  

t = 1 , 2 . .  3N - 6  ( 1 7 ) 

B
t i

' every three being as so c i ated  with an atom a ,  are a l s o  convert e d  into 

a ve ctor , s whi ch cares  about an internal  coord inat e t and an at om a .  
t a ,  

Thus eqn ( 1 7 ) c an be  rewri tten in  the fo l l owing manner : 

= 
N 
L: s · p ta a 

a = 1 
( 1 8 ) 

where R
t 

i s  now expre s s ed as the summat ion o f  the dot products o f  thes e  

vect ors . 

The  advant age s  to eqn ( 1 8 )  in  re l at i on to  deriving � are not immediat e l y  

c l ear . There i s  no need to  de fine a reference frame for the cart e s i an d i s -

p l ac ement coordinat e s . Th ere are al so  defini t e  rul e s  for quant i fying the 

vect o r s  s
ta · 

I n  phys i c a l  terms , s
ta 

i s  de fined in th e fo l l ow ing manner : 

al l atoms except the ath atom are at equi l ibrium such that the vector d i s -

p l ac ement o f  atom a i s  in  t h e  direc t i on that wi l l  produce t h e  great est  

increas e  in R
t 

and the  magn i tude o f  s
ta ' l s ta

l , i s  e qual to the increa s e  

i n  R
t 

due t o  a unit  disp l acement of  a in  the direct i on o f  max imum increas e 

of R
t

.
2 8  

I n  terms o f  the derivat ion o f  B-mat rix e l ement s ,  when the vector 

s i s  r e s o lved  in the s ame c art e s i an frame as the C art e s i an displ acement 
to: 

coo rdinat e s , the component s a l ong the three axes  are the B matrix e l ement s . 

The s
ta vect ors hav e  been worked out for the four mo st frequent l y  

. 28 ' 29 
enc ount ered i nternal  co o rdinates in chemi cal l y bound mo lecu l es . The 

s vectors for bond s t retching and bond bend ing w i l l be des cribed in 
to. 



2 5  

detai l . The derivat ion o f  the s
ta  

vect ors nec e s s ary t o  describe tors ion 

and out - o f- p l ane bending can be  found in de t ail  e l s ewhere .
28 , 29 

To i l lust rat e the construct i on of an s
t a  

vector appropriat e  for bond 

stretching , it  wi l l  be  informat ive to  u s e  a s imp l e d i atomic  mo l ecul e as 

on l y  two at oms are onl y  invo l ved in  stretching a bond ( s e e  Fig . 1 . 4 a) . 

I t  i s  c l e ar from F i g . ( 1 . 4 a) that the opt imum direct i on for each at om t o  

move so  as  t o  increas e t h e  bond l ength i s  away from t h e  other at om al ong 

a l ine  j o ining the two at oms . Th e magn i t ude o f  the  s vector appropriat e  
ta 

for e ach at om has prev ious l y  been defined as  the increase  in the int ernal 

coordinat e due t o  a uni t  disp l acement i n  the mo s t  effectiv e direct i on . I f  

e
ab 

repre s ents  a uni t  vector from at om a t o  at om b a l ong the bond j oining 

atoms a and b ,  then the magn i tude o f  the vector s
t a  

i s  equal  to - e
ab 

or 

in terms of the uni t  vector from atom b to  atom a ,  e
b a · 

The magn itude o f  

the vector  s
tb 

i s  equiv a l ent t o  - e
b a  

o r  e
ab · 

The cons t ruct i on o f  the s
t a  

vectors  appropri at e  for the val ence ang l e  

bending i nvo lves  thre e  atoms and hence a t riat omi c mo l e cu l e  l ike that shown 

in F i g  ( l . 4b )  w i l l  be used  in the i l lus trat ion . I f  cons truct ion of the s ta 

vectors for atoms a and c ,  s and s , are cons idered first , the direct ion 
t a t c  

o f  t h e s e  vect ors wi l l  be  perpend i cu l ar and outward from r
ba  

and r
bc  

respectiv e l y . The dis t ances  r
b a  

and r
b c  

corre spond t o  the bond l engths 

between atoms b and a and at oms b and c respectiv e l y .  The direct i on o f  

the s e  vect ors p erpend i cu l ar t o  r
b a  

and r
bc 

wi l l  resu l t  in the l onge s t  

increase  t o  t h e  ang l e  defined b y  r
ba  

and r
b c · 

The magni tudes o f  s
t a  

and 

s c an be cal cu l at e d  by recogni z ing that an infini t e s imal unit  disp l ace-
tc  

ment in the  directions o f  s
t a  

and s
t c  

wi l l  increment ¢ by 1 / r
ba 

and 1 / r
bc 

respect ive l y , thus the magnitudes of s
t a  

and s
t c  

are 1 / r
ba 

and 1 / r
bc 

respective l y . 
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Fi g .  [ 1 . 4a] Diatomi c Molecule-Illus trat ion of  s ta vect ors for bond 

stretching . 

Fig [ 1 . 4b] Tri atomic Molecule-Illustrat ion of s vectors for valence 
ta 

angle bending . 
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C a l cu l at i o n  o f  the v e c t or s t b  c an b e  s imp l i fi e d  by i nvok ing cons t r a i nt s 

wh i ch mus t  b e  fo l l ow e d  i n  t h e  c on s t ruc t i on o f  t h e s e  v e c t o r s . Th e s e  con-

s t raint s ar e known a s  t h e  E ckart c on d i t i on s  and s t at e  that dur i n g  a v i brat ion 

the c ent er of mas s of the mo l e cu l e  o r  c omp l ex mu s t  not s h i ft and that no 
. 45 - 4 7  angu l ar momen t um mu s t  b e  imp ar t e d  t o  t h e  mo l e cu l e .  Wh e n  t h e  E c k art 

Cond i t i on s  are i nvok e d  i n  the c a l cu l at i on o f  the s ta v e c t o r s  th e s e  con

s t r a i nt s  t ak e  t h e  fo l l owing form : 5 2  

L: R a 

= 0 

= 

( 1 9 )  

0 ( 2 0 )  

wh e r e  R i s  a v e c t o r  wh i ch d e f in e s  the at om a ' s e qui l i br ium p o s i t i on r e l aa 
t iv e  t o  an arb i t r ary o r i g i n  and t h e  X denot e s  the c ro s s produ c t . 

U s ing e qn ( 1 9 ) , i t  i s  now p o s s ib l e  t o  d e t e rm i n e  t h e  magn i tude and 

d i r e c t i on o f  s t c  for t h e  v a l e n c e  ang l e  b end ing c as e .  Th e magn i tude o f  

s t c  mu s t  b e  e qu i v a l e n t  t o  - C l s t a l + ! s t b l )  s i n c e  a l l s t a  v e ct o r s  mu s t  obey 

t h e  con s t raint of eqn ( 1 9 ) . .  The d i r e c t i on o f  s t c  downward b e t w e en rb c  and 

rb a  i s  a cons equenc e o f  eqn ( 1 9 ) such that the cent e r  o f  mas s d o e s  n o t  

s h i ft du e t o  t h e  mo t i on s  o f  at oms a and c .  

Hav ing d e r i v e d  t h e  s t a  v e ct o r s  f o r  t w o  o f  t h e  mo s t  c onunon coor d i 

n at e s , t h e  componen t s  o f  the s e  v e c t o r s  r e s o l v e d  i n t o  a car t e s i an r e fe rence 

fram e  b e c ome the e l ement s of the ! mat r ix n e c e s s ary t o  c a l cu l at e  G .  

I f  t h e  B mat r i x  i s  n o t  t o  b e  ut i l i z e d i n  ano t h e r  c a l cu l at i on , the s t a 
v e c t o r s  c an b e  ut i l i z e d d i r e c t l y  t o  c a l cu l at e  t h e  mat r i x  e l emen t s o f  G in 

t h e  fo l l owing mann e r : 

1 = 
N = numb e r  of  a t om s  
t , t ' = 1 , 2 , 3 . . .  3N-6 

( 2 1 )  



2 8  

wh e r e  t , t '  d e not e t h e  v i b r a t i on a l  mod e s , N i s  the numb e r  o f  at oms i n  the 

mo l e cu l e  an d t h e  dot d e n o t e s  t h e  s c a l ar p r o duct . 

Th i s  app r o a ch i s  g e n e r a l l y  t h e  m e t h o d  o f  ch o i c e for a l l  chemi c a l l y  

bound mo l e cu l e s and a v ar i e t y  o f  v an d e r  Waal s comp l ex e s . Wh en t h i s 

appro ach i s  ut i l i z e d  on v an d e r  W aa l s  comp l ex e s , t h e  i n t e r n a l  c o o r d i nat e s  

o f  t h e  monomers a s  w e l l  a s  t ho s e  o f  t h e  comp l e x mus t  b e  c on s i de r e d . Th i s  

l e ad s  t o  a G mat r i x  who s e  e l ement s are n o t  e a s i l y c a l cu l at ed and r e qu i r e s  

a mo r e  e l ab o r at e  fo r c e  f i e l d  Ci. mat r i x ) . T h e r e  h av e  b e en two o c c a s i o n s  

wh e r e  t h i s d i ffi cu l t y  h a s  b e en c i r cumv e nt e d . I n  t h e  c a l cu l at i on o f  vibra-
5 3  . 5 4 t i on a l  frequenc i e s  o f  c arboxy l i c ac i d  dime r s , Hal ford and P i t z e r hav e  

u s e d  a " r i g i d  monom e r "  mo d e l t o  c o n s t ru c t  the G m a t r i x  i n  wh i ch on l y  t h e  

int e rn a l  c o o rdinat e s  o f  t h e  d ime r were us e d . Th i s  method l ed t o  a much 

smal l er G mat r i x  and a s ma l l er numb er o f  f o r c e  con s t an t s . Th e j u s t i fi c at i on 

fo r the " r i g i d  monom e r "  m e t h o d  w a s  t h at t h e  v i b r at i o n a l  frequenc i e s  o f  the 

monomer were s ev e r a l  o r d e r s  of magn i t u d e  l ar g e r  t h an the v i br at i o n a l  fre -

quen c i e s  o f  t h e  d im e r . Thi s s t at ement i s  e qu i v a l ent t o  s aying that the 

" ex a c t "  Q mat r i x , one th at i s  cons t ru c t e d  u s i n g  b o t h  monomer and d imer 

int e rn a l  c o o r d i n at e s , c an be fac t o r e d  into two b l o ck s . Th e two b l o ck s  

c o r r e spond t o  o n e  whi ch i s  c on c e rn e d  p r imar i l y  w i t h  t h e  h i gh frequency 

mo d e s  of the monome r s  and one that is conc e rn e d  w i t h  the l ow fre quency 

d im e r  mo d e s . H a l ford and P i t z er did not , h ow e v e r , b e g i n  with t h e  " exact " 

G mat r i x  and b l o ck f a c t o r  i t  i n t o  h i gh and l ow fr e qu e n cy b l o c k s . Th e i r  

meth o d , i nv o l v i n g  a Q mat r i x  b a s e d  s o l e l y o n  t h e  i n t e rn a l  c o o r d inat e s  o f  

t h e  d im e r , ach i ev e d  t h e  s ame r e s u l t s  a s  t h e  fact o r i ng o f  t h e  " e xac t "  G 

mat r i x  i n t o  h i gh and l ow fr e qu e n c y  b l o ck s . 

S i n c e  t h e  " r i g i d  mo nomer" mo d e l  w a s  f i r s t  i n t r o du c e d  by H a l fo r d  and 

P i t z e r ,  i t  h a s  b e en r ar e l y  u s e d  in t h e  an a l y s i s  o f  comp l exe s . Th e l arge 
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v ari e t y  o f  c omp l exe s  s t ud i e d  w i th t h e  adv ent o f  Mo l e cu l ar b e am  e l e c t r i c  

r e s onan c e  and pu l s e d  no z z l e  four i e r - t r an s f o rm m i c r owav e  s p e c t ro s copy who s e  

int e r:no l e cu l ar fo r c e fi e l d s h av e  charac t e r i z e d v i a a no rma l c o o r d i n at e 
5 5  5 6  ana l y s i s  h av e  u s e d  " exact " Q- mat r i c e s  c a l cu l at e d u s ing t h e  s - v e c t o r  metho d . ' 

The G m at r i c e s  c a l cu l at ed for th e s e  comp l e x e s  h av e  a l l s hown the fe ature 

o f  b e i n g  b l o ck e d  o ff into h i gh and l ow fre quency b l o c k s . 

I n  t h e  s tudy o f  t h e  int e rmo l e cu l ar fo r c e  f i e l d  o f  a c et y l en e - HC l , the 

" exact " G mat r i x  w i l l  approx imat e l y fac t o r  int o h i gh and l ow fr e quency 

b l o c k s . Bas e d  on t h i s  as s ump t i o n , the Q mat r i x  i s  ca l cu l at e d  c on s i d e r ing 

on l y  the i n t e r n a l  c o o rd inat e s  of the comp l ex and as suming t h e  monom e r s  to 

be " r i g i d  r o d s " . A d e s c r ip t i on o f  how the Q mat r i x  i s  c a l cu l at e d  i n  t h e  

" r i g i d  r o d "  approx imat i o n  w i l l  b e  d i s cus s e d  in t h e  next s e ct i on . 

C a l cu l at i on o f  the 1i Mat r i x  for Two W e ak l y  Bound Ri g i d  Ro d s  

I n  t h e  c a l cu l at i on o f  t h e  Q mat r i x  fo r two w e ak l y  bound r i g i d  rods , 

i t  i s  n e c e s s ary t o  d e fi n e  the r o d  s y s t em and d i s cus s how the d e gr e e s  o f  

fr e e dom a r o d  p o s s e s s e s  c an b e  ut i l i z ed t o  c on s t ruct int e rn a l  c o o r d i n at e s  

fo r a non l i near r i g i d  r o d  comp l ex .  

F i gure ( 1 . 5 ) shows two r o d s  i n  an o r i ent a t i on exact l y  l i k e  that o f  

ac e t y l e n e - HC l ( F i gu r e  ( 1 . 6 ) ) . Th e arrows and c o o r d inat e s  i l l u s t r at e the 

fact that a r o d  r e qui r e s  5 c o o r d i n at e s  t o  d e s c r i b e  i t s  l o c at i on r e l at iv e  

t o  a r e f e re n c e  fram e , 3 c art e s i an c o o r d i n at e s  ( x , y , z )  and t w o  ang l e s  

( 8 , ¢ ) . I f  two r o d s  are b r ought t o g e t h e r  i n  an arrangement such as in 

F i gu r e  ( 1 . 5 ) , the r e s u l t i n g  non l i n e a r r o d  c omp l ex c an e as i l y  be shown to 

hav e  thr e e  d e gr e e s  of rot at i on and thr e e  d e g re e s  of t r an s l at i on . I n  

an a l o gy t o  the t r e atment u s e d  t o  c a l cu l at e t h e  numb er o f  n o rm a l v ib r at i on s  

i n  a n o n l i n e ar mo l e cu l e ,  i f  t h e  numb e r  o f  r o d s  i s  mu l t ip l i e d b y  t h e  numb e r  

o f  c o o r d i n at e s  n e c e s s ary t o  d e s c r i b e  e ach ro d ' s  l o c at i on i n  s p a c e  and then 
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Fig  [ 1 . 5 ]  The ten degree s  o f  freedom and rod di sp lacement coordinates  o f  a 

two rod "T" - shaped comp l ex and their  respective c2v symmetry types.  
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Fi g .  [1 . 6 ] Equi l ibrium Structure o f  Acetylene - HC l . 



a. 
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the numb e r  o f  t r an s l at i o n s  and r o t at i o n s  p o s s i b l e fo r a non l i n e ar rod 

s y s t em i s  subt r act e d  from t h e  product , i t  i s  p o s s i b l e  t o  ob t a i n  t h e  

numb er o f  no rm a l  v i b r at i on s  f o r  a non l i n e ar rod c omp l e x ,  S p - 6  (wh e r e  o i s  

t h e  numb e r  o f  r o d s  i n  th e c omp l e x ) . F o r  t h e  non l i n e ar comp l ex s hown in 

F i gure ( 1 . 5 )  t h e r e  ex i s t  4 norma l v i brat i o n s . 

I n  d e s c r i b i n g  t h e  n o rma l mod e s  o f  a r i g i d  r o d  s y s t em ,  i t  i s  n e c e s s ary 

as in a chemi c a l l y  bound mo l e cu l e  to choo s e  a s e t of c o o r d i n at e s  i n  wh i ch 

t o  c on s t ru c t  t h e  k i n e t i c  and p o t ent i a l  e n e r g i e s  o f  t h e  r o d  coDp l ex .  

Int ernal c o o r d i n at e s  are ch o s en fo r the i r  phys i c a l  s i gn i fi c an c e  and the s e  

are i l l u s t r at e d  for a n on l i n e ar two - ro d  s y s t em i n  F i gure ( 1. 7 ) .  F i gure ( l . 7 a )  

s hows R 1 , wh i ch i s  e quiv a l ent t o  a chan g e  i n  d i s t an c e  b e t w e en c e n t e r s  o f  

mas s o f  the monomer s . R 1  i s  v ery s imi l ar t o  a ch ang e  i n  bond l ength i n  

chemi c a l l y  bound mo l e cu l e s . Th e t h r e e  r ema i n i n g  int e rn a l  coord i n at e s , 

R2 - R4 ar e l i b r at i on s  or r o t at i on s o f  t h e  r o d s  about t h e i r  c e nt e r s  o f  mas s 

wh i ch g i v e  r i s e  t o  an i n c r ement at i on o f  an ang l e . L i b r at i o n s  are s omewh at 

s imi l ar t o  v a l en c e  bond ang l e  d i s p l a c em ent s i n  chemi c a l l y  bound mo l e cu l e s . 

E ach l i brat i on i n  F i gure ( 1 . 7 b - d )  s h o w s  d i s p l acement o f  both ro d s . Th i s  

i s  due t o  the fact that i n  o r d e r  fo r t h e  l i brat i on a l  mo d e s  t o  b e  c on s i d e r e d  

prop e r  i n t e rn a l  c o o r d i n at e s , the s e  mot i on s  mus t  i n  no w ay sh i ft t h e  cent e r  

o f  mas s o r  i mp ar t  angu l ar momentum t o  t h e  comp l ex .  Thu s , fo r e ach l ibrat i on 

or r o t a t i o n  o f  a rod about i t s  c e n t e r  o f  mas s a s  i n  F i gure ( 1 . 4b ) , t h e r e  

i s  a s imu l t an e ous count e r  r o t at i on o f  t h e  o t h e r  r o d  about t h e  f i r s t r od ' s 

cent e r  o f  mas s . Th i s  " E c k art " coun t e r  r o t a t i o n  o f  t h e  o t h e r  rod guarant e e s  

that n o  angu l ar mome n t um  i s  imp art e d  t o  t h e  c omp l e x .  I mp l i c i t  a l s o  in 

F i gure s ( 1 . 7 b - d) is the fact that e i th e r  on e or b o t h  of t h e  ro d s  mus t  a l s o  

b e  t r an s l at ed s u ch t h a t  t h e  c e n t e r  o f  m a s s o f  t h e  c omp l ex r e m a i n s  unchan g e d . 

At t h i s  p o i n t , t h e  numb e r  o f  norma l mo d e s  and t h e  i n t ern a l  c o o rd i n at e s  

fo r a non l i n e ar we ak l y  bound c omp l ex o f  two ro d s  o f  uni form mas s d i s t r i bu -
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Fig .  [ 1 . 7a-d] The van der Waals  internal  coordinates of a two rod c omp l ex 

of c2v 
symmetry . The angles � and o are the instantaneous angles  made by 

c 

HCl with the (a)  inertial  axi s  in the [a , b ] and [a , c ] p l anes re spective ly .  The 

Eckart disp l acement s  shown are de l iberat e ly exaggerated to permit definition 

of various s tructural  paramet ers . 
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tion has been dev e l oped . I t  i s  ev i dent , though , that the v an der Waa l s  

comp l ex for whi ch thi s conc ept i s  be :.. ng  deve l oped  ( C 2H2 · · HC 1 )  is  comp o s e d  

o f  t w o  � o d - l i k e  monomers who s e  ma s s  d i s t r i but i o n  i s  n o t  un i fo rm . I t  

becomes nece s s ary t o  t ry t o  construct internal  coordinat e s  for a rod 

syst em where  the rods ' mas s d i s tr ibut i on is not un i fo rm . 

The 1 1 r igid  rod" appro ach has been mod i fi ed for this  in the fo l l owing 

manner .  I f  the s e  rods are const ructed o f  d i s c r e t e  point mas s e s  corre sponding 

to  at o�s , i t  is pos s ib l e  to wri t e  rod d i s p l acemen t operators for the rot a

t i on or trans l at i on o f  the pth rod  in an  inert i a l  frame .
2 8 

Trans l at i ons 

of  the Jth rod c an b e  expr e s s ed as : 

T 
pg 

= 
N 
L: 

i = l  
m .  [fig . ] l l g = x , y , z ( 2 2 ) 

where Lg . repre s ent s the cart e s i an disp l ac ement o f  the pth rod composed  of 
l 

N atoms and a t o t a l  mas s mp . Rot at ions o f  the pth rod about the  X ax i s  can 

be de s cribed by eqn ( 23 ) :  

R 
px 

= 
1 

I 
px 

N 
L: 

i = l  
m .  { z . [ 6v . ]  - y .  [ llz . ] } l l ' l  l l ( 23 )  

where x , y , z can be  t aken in cyc l i c  order for rot at ion about the y and z 

axes  and I i s  the moment o f  iner t i a  o f  the pth rod about the x axi s . I n  
px 

thi s approximat i on the monomers are rep l aced  with inert i al ly equival ent 

r i g i d  r o d s . Therefore , at the t ime s c a l e  o f  the van der  Waal s mot i ons , 

the r o d s  are inert i a l ly equiva l ent to  the monome r s  av eraged over the i r  

h i gh frequency ground s t at e  v ibrat i ons . Th i s  s ep arat i on o f  h i gh and l ow 

fr e qu e r: ;::y mod e s  i s  then ana l o gous t o  t h e  ' ' r i g i d  r o t o r "  approx imat i on i n  

whi ch r o t at i on a l  con s t ants  corre spond t o  a v i b r a t i o n a l l y  av eraged moment 

of inert i a .  I n  cons t ruct ing  the coord inates  o f e a ch o f  the at oms o f  each 
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rod , vibrat i onal ground s t at e  s t ructura l  paramet ers  are  there fore us ed 

for the cal cu l at i ons  o f  int eratomi c d i s t ances  and equi l ibrium p aramet ers  

are used  for the  int ernal coordinat e s  o f  the comp l ex .  

With the abi l ity t o  wri t e  the rot at i on o r  trans l at ion o f  a rod in 

terms o f  at omi c d i s p l ac ement s in a cart e s i an frame , the s e  ri gid  rod d i s 

p l acement operat ors  are then u s e d  t o  cons truct internal coordinat es that 

confo rm t o  the E ckart Constraint s . The rotat i ons  and trans l at i ons are 

writt en such that each rod is rot at ed and/ or t rans l ated  t o  give maximum 

increment at ion t o  the i nt e rnal  coordinat e s  in  a manner s imi l ar t o  that 

us ed  in  the s -v e c t o r  metho d out l ined  previ ous l y .  For the cas e o f  a " T1 1 -

shaped  rod comp l ex o f  c
2v 

s ymmetry such as  c
2H

2
· · HC 1 ,  the fo l l owing 

equat i ons d ev e l oped  by Hender s on de s cribe the int e rnal coordinat es of the 

comp l ex in t erms o f  r i g i d  rod  di sp l acement operators . 
57 

R
l 

= T
l z  

T
2 z 

(2 4 ) 

R
2 

= R
l y l  

R
2 y l  

+ C 2Tlx  ( 2 5 ) 

R
3 

= R
2 y2 

R
l y2 + 

C
3

T
2x 

(26) 

R4 
= R - R

2 x l  + 
C 4Tly (2 7 ) 

l x l  

The subs cripts  d i ffer s l i ght l y  from the notat i on p re s ented e ar l ier  ( s e e  

eqn (2 3 ) ) . The addit i onal  subs cript i s  required to  encode spe c i fi c  informa

t i on about the axi s  of rot at i on ,  i . e . , R
2x l  

i s  the rot at i onal  operator  

wh i ch wi l l  give  ri s e  to  rot at i on of  rod  2 about the  center o f  mass  o f  rod 

1 in the x- p l ane . The c o e ffi c i ent s of the trans l at i on operat ors  guarant ee  

the  cond i t i on o f  : ero net t r ans l at i on o f  the  comp l ex .  

When  t he s e  operators  are summed , the x , y , z component s o f  e ach atom 

are us ed  to  cons t ruct a B -mat rix o f  order 5p-6 by 3N wh ere p and � are as 
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defin e d  e ar l i er . The B mat r i x  i s  then used  with the M mat rix as de fined 

earl i er t o  con s t ruct the G mat rix according  to eqn ( 1 6 ) . 

I t i s  c l e ar that whi l e  the  con s t ruct i on o f  the  f mat r i x  i s  not s i gn i fi -

cant l y  a l t ered by whether the spe c i e s  being s tudi e d  i s  a comp l ex o r  

chemi cal l y  bound mo l e cu l e ,  t he _Q_ matrix  i s  s i gn i f i c ant l y  affect e d . Having 

di s cu s s ed the methods avai l ab l e  to hand l e  the spe c i al cas e o f  a G mat rix 

for a van der Waa l s  comp l ex and the nature of f and G mat r i c e s  in g eneral , 

i t  wou l d  now be appropriate  t o  d i s cuss  the s o l ut i on o f  eqn ( 1 5 ) . 

So lut ion o f  the S e cul ar Eqn 

As s t ated  e arl i e r , i f  the product Gf  cou l d  be  det e rmined  and 

diagonal i z ed , it wou l d  be  po s s ib l e  to d e t e rmine the e l emen t s  o f !:_ , whi ch 

cont ain the normal frequen c i e s . I t  turns out that whi l e  i t  i s  p o s s ib l e  to  

L '  G f L = fl ( 2 8 )  

obt ain the product G f ,  i t  i s  n o t  p o s s ib l e  t o  d i agonal i z e  i t  using  al gorithms 

for Hami l t onian matr i c e s . The f and G mat r i c e s  are both s quare symmetr i c  

matri ces , but the i r  product G f  i s  n o t  s ymmetri c ,  i . e . Hermi ti an . I f a 

matrix  i s  not Hermit i an , i t  c annot be  d i agonal i z ed us ing the a l g or i thms 

appropr i at e  for d i agonal i z ing Hami l t oni an matr i ces . To byp as s  thi s  d i ffi -

cul ty , i t  i s  nec e s s ary t o  cons truct a s imi l ar matrix , _!:!, us ing G and f .  

The f i r s t  s t ep i n  thi s  procedure i s  t o  di agonal i z e  _Q_ ,  whi ch i s  Hermiti an , 

and obtain the t rans format i on matr i x  A and the Q matrix , a d i agonal matrix  

who s e  e l ements are  the  s quare root  o f  the  e i genvalues  o f  G .  Equat i on ( 2 9 )  

A '  G A = D D ( 2 9 )  

can be  re arranged and u s e d  t o  rewr i t e  e qn ( 1 5 ) . I t  shou l d  b e  noted in  

eqn ( 3 1 )  that the L matrix can e as i l y be  re covered  and defined  in eqns 

( 3 2 ) and ( 3 3 ) . 
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- 1  A '  G A D - l D = E - - - ( 30 ) 

_f_ I [Q I A '  G A D - l D A '  i �  Q]_f_ = A - - - (3 1 ) 

L = A D C (32) 

- 1  
L = C ' D '  A '  ( 3 3 )  

I t c an be  shown that s ince eqn (34) i s  t rue that eqn (3 1) r e duce s  to  

eqn ( 3 5 ) . Rep l acing  G wi th its  new definit ion ( eqn ( 2 9 ) ) ,  i t  i s  po s s i b l e  

A D - l D A ' = E 

= 

to de fine the new s imi l ar matrix , H .  

_f_ ' [� Q � '  i � Q]_f_ = A 

_f_ '  [Q A '  f � Q]_f_ = A 

H = D A '  f A D 

(34 ) 

(35 ) 

= A (36 ) 

(37 ) 

( 3 8 )  

( 3 9 )  

The s o lut i on to  t h e  s e cul ar equat i on ( 1 5 ) n o t  on l y  provide s frequencies  

for t h e  normal mode s  of  vibrat i on but a me ans o f  t rans forming the int ernal 

coordinat e s  o f  a mo l e cu l e  or  comp l ex into the normal coordinat e s  of  the 

mo l e cu l e  or comp l ex .  I f the norma l coordinat e s  o f  a mo l e cu l e  or comp l ex 

are d e fined  as e l ement s o f  the  3N- 6 dimen s i onal  c o l umn v e c t or Q, then the 

e i genvector  mat rix  of the s e cul ar e qn ,  the ..!:_ matrix , c an be u s e d  to  con -

vert  R into  _Q.  A more d e t a i l ed pro o f  c an be found i n  r e feren c e  ( 5 ) . 

R = ( 40) 
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A normal co ordinat e  anal ys i s  c an be  us ed in two d irect i ons - - t o  deter-

mine the fo rce  fi e l d  o f  a mo l e cu l e  or  comp l ex if  the norma l mode frequenc i e s  

are avai l ab l e  or  t o  det ermine  frequen c i e s  i f  a force  fi e l d  i s  avai l ab l e . 

Both approaches  depend a l s o  on a knowl edge  o f  structural  parameters  o f  

the mo l e cu l e  or  comp l ex .  

I n  the s ituat i on where  the force fi e l d  i s  being s ought , i t  may be  

nece s s ary t o  supp l ement the  exper imenta l  data  i n  order to  obt ain the most  

ac curat e and re fined force  fi e l d . The mos t  common s ource o f  dat a  t o  

supp l ement v ibrat i onal  spectra i s  from a cent r i fugal di stort i on ana lys i s  

o f  t h e  mi croKave  spectrum . I n s e ct ion B ,  the micro,.,·ay e  spectrum and the 

phenomenon known as Cent r i fuga l D i stort i on wi l l  be  inves t i gat e d  to  a s c ertain 

how they c an b e  us e d  t o  det ermine  force con s t ants  for both chemi cal l y  bound 

mo l e cul e s  and van der Waal s comp l exes . 

B .  The Mi crowav e  Spectrum and C entri fugal  D i s t ort i on Analys i s  o f  van der 
Waal s Comp l exe s 

To c l early  unders t and how the microwave  spectrum c an b e  used  as a means  

of  supp l ement ing vibrat i onal  dat a for  the  det e rmi nat i on o f  the force  fi e l d  

of  a chemi c a l l y  bound mo l ecu l e  o r  comp l ex ,  i t  wi l l  b e  nece s s ary t o  firs t  

pres ent a bri e f  summary o f  t h e  bas i c  p r incip l e s o f  rot at i onal spectros copy . 

Thi s  sununary wi l l  s erve t o  int roduce the  nature o f  rot at i onal spectros copy 

and provide  a bas i s  upon whi ch the t op i c  of C entrifugal  D i s tortion c an be 

d eve l oped . 

In  the des cript i on o f  a rotat ing nonl inear mo l e cu l e  or comp l ex ,  the 

dynami cs  can be des cribed to a fi r s t  approximat i on by as suming that the 

bonds connect ing at oms in a mo l e cu l e  or  comp l ex are not d i s torted during 

rot at ion . Th i s  approx imat i on , known a s  the r i g i d  rotor approx imat i on ,  can 

be u s e d  t o  c a l cu l at e  the compon en t s  o f  the angu l ar �omenturn v e ct or £. in  

both a mo l ecu l ar fixed frame (xy z )  and i n  the principal  inert i a l  frame 
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(abc) o f  the mo l ecu l e  or comp l ex .  The component s o f  an gu l ar momentum in 

the mo l e cu l ar and princ ipal  inert i a l  frame s are operators  wh i ch c an be 

interconverted  v i a  a di rect i on c o s i n e  t r ans format i on .
5 8  

( P  P
b 

P ) 
a c 

= ( P  P P ) C 
x y z - ( 4 1 ) 

The angu l ar momentum operat ors along with the moment s o f  i nert i a  in 

the princ ipal  inert i a l  frame c an b e  us e d  to con s t ruct the r i g i d  rot o r  

Hami l t oni an :  

p2 p2 
p

2 

H a b c 
( 4 2 ) = n- + 

2 I
bb 

+ n-r 
aa cc 

where I
aa 

� I
bb 

� I
c c  

and the l ab e l s  a,  b ,  and c are given t o  the inert ial  

axe s  according t o  the convent i on s  d e s cr i b e d  in Re ference  5 8 .  Eqn ( 4 2 )  c an 

now b e  ins erted  into  the Schrodinger equat i on : 

(3-

p 2 p2 

H'±' b F- ) �  
E'i' = + 

2 I
bb 

+ = 
2 ! 

aa c c  
( 43 )  

and c ons iderat ion given t o  the wav e  fun c t i on s  o r  b as i s  s e t  appropr i at e  t o  

so l v e  thi s e i genvalue  prob l em .  

The wave funct i ons appropr i at e  for the s o lut i on o f  eqn ( 43 ) wi l l  b e  

funct i ons  i n  three ang l e s  e ,  ¢ ,  and x s in c e  i t  requires  three  ang l e s  to  

des cribe the  mo l e cu l e or comp l ex ' s o r i ent at i on re l at ive t o  e i ther the 

princ ipal  inert i a l  frame or the mo l ecu l ar frame . The wave funct ions mus t  

al s o  b e  e i g enfunct ions  o f  t h e  commut ing angu l ar momentum operators , P
2

, 

P ,  and P .
5 8  

z c 

The exact form o f  the  wav e  funct i ons  i s  g iven  in  det a i l e l s e,,·here . 
5 9 • 6 0 

I t i s  suffi c i ent to not e that wh en the s e  funct i o n s  are  emp l oy e d  i n  the 

e i g envalue equat ions  invo l v i n g  the  c ommut ing  angu l ar momentum operators  

P , and P the fo l l owing e i genv a l u e s  z c 
resul t :

5 8  
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2 
P '¥ ( 8 ,  ¢ ,  X) 2 

h J (J + 1) '¥ ( 8 , � , x) 

P '¥ ( 8 , ¢ , x) = hM'¥ ( 8 , ¢ , x ) 
z 

I n  the s o l ut i on o f  eqn ( 4 3 ) , i t  ;,·i l l  be  adv an t ageous to  emp l oy a 

(44) 

(45 )  

(46) 

mat rix repre s en t at i on o f  the Hami l t onian .  I t  b e c omes  n e ce s s ary then t o  

det ermine t h e  mat rix e l ement s o f  t h e  angul ar momentum operators P
a

2
' P

b
2

' 

and P 
2 

u s ing '¥ ( 8 , ¢ , x) . The s e  mat rix e l ement s in the '¥ ( 8 , ¢ , X) bas i s  s e t  
c 

can b e  cons t ruct ed us ing the  commut at i o n  re l at ionship s and the e i genvalue 

eqns ( 44 )  - (46) . The d e t ai l s  o f  the derivat i on o f  the matrix e l ement s 

can b e  found in Referen c e s  5 8 and 6 1 . 

The mat rix  repr e s ent at ions o f  P
a

2
' P

b
2

' and P
c

2 
are s quare , symmetr i c  

mat r i c e s  o f  order 2J + l .  The s e  mat r i c e s  can be  factored into b l ocks 

corresponding t o  a p art i cu l ar value  o f  J .  Each J b l o ck w i l l  b e  o f  order 

2J + l  with d i agonal  e l ement s in J , K , M .  I n  the  mat r i x  repr e s ent at ions o f  

2 2 
P

a 
an d P

b 
, the J b l ocks  w i l l  al s o  hav e  o ff d i agonal  e l ement s corre sponding 

to K± 2 . 

The angul ar momen: um mat r i c e s  may be  comb ined in accordan c e  w i th 

eqn ( 4 3 )  t o  con s t ruct H
R

, the Hami l t oni an mat rix  appropriat e  for any typ e  

of  r i g i d  rotor . The Hami l t on i an matrix  i s  a s quar e , symmetr i c  matrix o f  

order 2J + l  and c an a l s o  b e  factored int o J b l o c k s  i n  a manner s imi l ar t o  

2 2 2 
that o f  P a 

, P
b 

and P
c 

. The int e rnal  s t ructure o f  th e s e  J b l ocks con-

s i s t s  o f  d i agonal  e l ement s in J , K , M  an d off d i agonal e l ement s c orre sponding  

to  K± 2 . The mat r i x  e l emen t s  are  fun c t i ons  o f  J ,  K and the moment s of  

inert i a  expre s s ed as rot at i onal  cons t ant s A , B , C .  The s e  rot at i onal con s t ant s 

are d e fined  as -fl/ 4nI where  g = a , b , c .  The d i agon a l  and off d i agon a l  
gg 

matrix  e l emen t s  for the  r i g i d  rot o r  Hami l t on i an are given be l ow in the 

1 . b . 

5 8  
pro at e symme t r i c  ro tor as i s : 



<J , K , M I H  I J , K , M> 
r 

= 

4 1  

h ( B +C)  [J (J + l ) - K2 ] 
2 

+ 

<J , K , M i Hr i J , K± 2 , M> = � ( B - C: ) [J (J + l ) - K ( K± l ) ] � 
1 

[J �J+ l ) - ( K± l ) ( K± 2 ) ] 2  

( 4 7 )  

c 4 8 ) 

It i s  pos s ib l e  by p e rmut ing A w i t h  B ,  B wi t h  C ,  and C w i t h  A t o  obt ain the 

corre spond i n g  Hami l toni an i n  the ob l at e  s ymmet r i c  rotor bas i s . 

I t  i s  evident from e qn (4 8 )  that i n  the l imit  o f  a s ymmetri c rotor 

( B = C )  the Hami l t on i an mat r i x  is  d i agon a l  and the di agon a l  e l ement s give 

the energy l eve l s  o f  the symme t r i c  rotor d i rect ly . 

The d i s cus s i on t o  t hi s  p oint has acknow l edged the l imit ing cas e s  o f  

pro l at e  and ob l at e  s ymmet r i c  rotors . The intermed i at e  cas e , an asymmetri c 

rot or , requir e s  spec i a l  cons i derat i on .  There e xi s t s  no general  c l o s e d  

expre s s i on for t h e  bas i s  s e t  o f  an asymmet r i c  r o t or , hence an appropr i ate  

cho i ce of  a b as i s  s e t  woul d  b e  l inear comb inat i ons o f  � ( 8 , ¢ , X) ,  the symme t r i c  

rotor  wave funct i on s . The Hami l t on i an construct e d  for an asymme tr i c  rotor 

in this  b as i s  set  is  no l on ger d i agonal . The o ff d i agon a l  e l ement s corre -

sponding  t o  K±2  are now pres ent . 

To d e t e rmine the energy l eve l s  of  an asymme t r i c  rotor , the Hami l t oni an 

. . d 0  1 . d 
5 8  

matrix  i s  1 agona 1 ze : 

U '  H U = E 
r -

( 49) 

The t rans format i on matrix , U ,  yi e l ds the c o e ff i ci ents n e c e s s ary t o  cons truct 

� from the s ymme t r i c  rotor wave funct i ons . 

Having de s cr i b e d  the methods  n e ce s s ary t o  obt ain the energy l eve l s  o f  

the t hre e t yp e s  o f  rotors , i t  i s  e s s ent i a l t o  des cribe the energy l eve l s  

and s e l ect i on ru l e s  appropr i at e  t o  c a l cul at e  t he spectra o f  the s e  r ot ors . 

The energy l eve l s  for t he s ymmetri c rotors  are given in det ai l in 

other s ourc e s .
5 8 - 60 

It is s uffic i ent to r e c o gn i z e  that the K- s t at e s  in 
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the symmet r i c  rot o r  are degenerat e and that when the symme t ry o f  the s e  

rotors  i s  d e s t royed the degeneracy i n  t h e  K- s t at e s  i s  broken . Thi s  i s  due 

to th e fact that a s  the mo l ecu l e  o r  comp l ex become s mor e  asymmet r i c , off 

diagona l  e l ement s in K are no l onger z er o  and t hu s  mixing o c curs between 

the K- s t at e s  of a given J b l o ck . The not at i on u s e d  t o  ident i fy the asym-

met r i c  t op energy l ev e l s  rev e a l s  thi s  fe ature as each l ev e l  i s  denoted  J ,  

K-pro l at e , K- ob l at e  where K-pro l at e  and K - ob l at e  are the  quantum numbers  

o f  the degenerate K l ev e l s  that i t  is  derived from (see  Fig  ( 1 . 8 ) ) . 

The s e l e c t i on ru l es wi l l  a l s o  d i ffer s l i ght l y  between s ymme t r i c  and 

asymmetr i c  rot o r s . The d e t ai l s  o f  the d erivat i on of  the  s e l e c t ion rul e s are 

. 59 6 0  
given e l s ewhere . ' The s e l e c t ion ru l e s for a s ymme tri c rotor are 

!:::,J = ± 1 , 0 , 6K = 0 .  The s i tuat i on . di ffers s l i ght l y  for an asymmet r i c  rotor . 

The s e l e c t i on rul e s  for J are s t i l l  app l i cab l e ,  but the  s e l ect i on rul e s  for 

K mus t  acknowl edge the fact that there are proj e c t ions of the d i po l e  moment 

of  the mo l e cu l e  or c omp l ex al ong any one or a l l thr e e  inert i a l  axes . The s e  

are g iven i n  Tab l e  I I ,  where e and o re fer t o  the  evenn e s s  o r  oddne s s  o f  

the K - pro l at e ,  K - ob l at e  quant um numb ers . 

. 

F i gure ( l . 9 a) shows the s t i ck repre s entat i on o f  the  spectrum o f  an 

asymmetr i c  rotor . The t r ans i t ions  i l l u s t rat ed are R-branch , a- d ipo l e  tran -

s it i ons . The int ens i t i e s  are n o t  drawn t o  s c al e .  

Hav ing d i s cus s ed the dynami cs  o f  t h e  r i g i d  rotor , i t  i s  now appropr i at e  

t o  consider  the e ffect o f  re l axing thi s  cons traint o n  the des cript ion o f  

rot at ion for a chemi c a l l y  bound mo l e cul e o r  comp l ex .  I n  a non- r i gid  mo l ecu l e  

o r  comp l ex , rot at i on c aus e s  cent r i fugal d i s tort i ons o f  bond l engths and 

bond ang l e s  wh i ch are oppo s ed by the  r e s t o r ing for c e s  o f  the bonds . I t  i s  

pos s ib l e t o  obt ain mo l e cul ar for c e  cons t ant s from an ana l ys i s  o f  the 

e ffe c t s  of the s e  d i s t ort i ons  on the rot at ional  s p e ctrum .  Thi s  t e chnique 

i s known as a Cent r i fugal  D i s t ort i on An a l y s i s  and wi l l  be  d i s cus s e d wi th 
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Fig . [ 1 . 8 ] Energy l eve l diagram for the ne ar pro l ate  asymmetric rotor NSF . 

The energy l eve l s  in the l imit of a rigid rotor are shown on the l eft and 

the energy l eve l s  acknowl edging centrifugal dis torti on (calculated us ing a 

first order approximat i on from distort i on cons tant s in Reference 76 )  are 

shown on the l eft . 



a 3 o 
.3 3 ' 

3 2. I -21�0 

3 2. z. .,.._ ____ = === -==- -=" - - � - - - .===: � � .::=o- --=- ..::=- ----===-==! 

2 2 0 ----- -2' "3 
2. 2. l  .-- - - - - - -- - =- - === =- - -----......-

3 1 2. _____ _ _ 

3 1 3 
- - - ------- - -- - -

- - - - - - ------1 - - - - - -

3 0  3 1------- - - - - - - - - - - - - -------! 2. 1 l = = -- = -- = -- -- -- -- -- -- =======! 
2.. I 2. 

l ' 0 
I I I .,_ _____ ...._. ..... ...... ...._. .._. ._. � ._.. ...... ._.. ._. -.  -----...i 

- 102.i 

2. 0  2.. ------ - - - - - - - - - - - - -------4- l{(o l 

I o 1 1------- - - - - - - - - - - - - --------! 

0 0 0 --
-------------------------

R I GI D  R O TOR SEH i -f\ I G J D  R C  TOR 



44 

Fi g .  [ 1 .  9a] Spectrum of a near pro l at e  asymmetri c ri gid  rotor , NSF . I l lus -

trated  are s e l ected  R-branch , A-dip o l e  trans i t i on s . The trans i t i ons  are denoted 

1 - 1 0  and the corre sponding quantum l abe l s  are given be l ow .  The fo l lowing 

7 6  
spectros copi c  con s t ants  were emp l oyed in  the c a l cu l at i on of  the spectrum :  

A= 49 7 1 9 . 5 600  MHz B= 8 7 1 2 . 3300  MHz C= 7393 . 1 30 0  MHz 

Fi g .  [ 1 . 9b ]  Spectrum o f  NSF acknow l edging cent r i fugal d i s torti on . The s ame 

trans i t i ons s hown in F i g . [ 1 . 9a]  were c a l culat e d  with c entrifugal d i s t ortion 

inc luded . Centri fugal Di s tort i on was treated  as  a fir s t order correct i on us ing 

dis tort i on c ons t ant s from Re ference 76 . The effe c t s  of d i s tortion are s omewhat 

exaggerate d  to i l lustrat e  the e ffect more c l e ar l y .  

J K ( - 1 )  K ( + l )  J K (- 1 )  K (  + l )  
1 .  1 0 1 2 0 2 
2 .  1 1 1 2 1 2 
3 .  1 1 0 2 1 1 
4. 2 1 2 3 1 3 
5 . 2 0 2 3 0 3 
6 .  2 1 1 3 1 2 
7 . 1 0 1 2 2 0 
8 . 2 0 2 3 2 1 
9 .  2 1 1 3 3 0 
1 0 . 2 1 2 3 3 1 
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Tab l e  I I . S e l ect i on Rul es for an Asynunetr i c  Rotor 

A- dipo l e  ee  .(;; ) eo  

0 0  ( ) o e  

B dipo l e  0 0  ( ) e e  

e o  < ) o e  

C dipo l e  e e  < ') o e  

e o  � ., 0 0  
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respect  t o  an asymmetri c rot o r  in the next s ec t i on . 

C e nt r i fu g a l  D i s t o r t i on 

The e ffec t s  o f  d i s t o r t i on and the sub s equent re s t o r i n g  fo r c e s  on a 

chemi c a l l y  bound mo l e cu l e  or comp l ex c an b e  d e s cribed by an approp r i at e  

H · 1 . 6 2  
am1 t on1 an :  

H = + v ( 5 0 )  

where a , B = x , y , z (mo l ecu l ar fixed frame ) , µa:B are e l ement s of  the invers e 

o f  the moment o f  inert i a  t en s o r ,  P
a 

and P
B 

are comp on ent s o f  th e t o t a l  

angul ar momentum al ong the a: and B axe s  in t h e  mo l e cu l ar f i x e d  frame and 

V i s  the pot ent i al energy in the l imit o f  a harmoni c  o s c i l l at o r . 

v = 
3N- 6 

l l: 
i j  

f . .  R . R .  l J  1 J ( 5 1 ) 

I n  t h i s  d e fin i t i on f . .  are e l ement s o f  the f mat r i x  and R i s  a v e c t or who s e  l J  
e l ement s are the int ernal  coordinat es  o f  the mo l e cu l e  o r  comp l ex ( s e e  

Methods  S e ct i on , Part A) . The sub sr ipt s i and j are u s ed t o  deno t e  the 

3�- 6  int e rnal coordinat e s . 

The e l ement s µa:B 
e 

about µ B where ).l B 
a: a: 

z ero  (no rotation) . 

= 

can b e  

f ( R . ) • 
1 

e 
At µa:B ' 

approximat ed  i n  a Tay l o r  s eri e s  expan s i on 

The value  of  
e 

when a l  1 r .  ' s  µ
:xB o c curs are 

1 

the  moment o f  inert i a  tens or , _!., i s  di agonal 

and the e l ement s of µ are the i nv e r s e  of the e l ement s of ..!.. · Th e s er i e s  

c an b e  t runcat ed at t h e  l inear t erm s i n c e a l l R . ' s ar e as sumed t o  b e  v ery 
1 

s m a l l . 

= + + (5 2 ) 



4 7 

= ( :��s ) 
e 

( S 3 ) 

Th i s  r e s u l t  c an be  u s e d  in conj unc t i on wi th Hami l t on ' s  equat i on o f  

mot i on : 

= CJH 
CJR . 1 

( S4 ) 

to expre s s  the re l at i onship b e tw e en the d i s t o rt ing forces  o f  rot at i on and 

the r e s t oring for c e s  at e qui l ibrium :  

1 
2 

CJV 
+ --

(J R . 1 
= 0 i = 1 , 2 . . .  3N- 6 

when v ibrat ion i s  n e g l e c t e d . Upon sub s t itut i on ,  eqn ( S S )  become s : 

1 
2 L: 

a , S 

]J ( i ) p p 
aS a S 

+ L: f . .  R .  
j 

1 J  J 
= 0 

( S S )  

( S6 )  

whi ch when s o lved for R .  for a l l 3N - 6  int ernal  coordinat e s  h a s  t h e  general J 
form : 

R .  J = ( S 7 ) 

- 1  
where  ( f  ) . .  i s  the i j th e l ement o f  the i nv e r s e  o f  the f mat rix . J 1  

Eqn ( S 7 )  i s  valuab l e  s in c e  both the  pot ent i al energy and Jl
aS 

c an now 

be  expre s s e d  in t e rms of the c omponent s of angu l ar momentum , P
a 

and P
S

. 

v = 

= 

1 / 8  ( i )  - 1  
L: Jlas C f  )

i j  
i , j , a , S 

e 
Jl

as 

y ' 6 

( S S )  

( S 9 ) 
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The s ub s cr i p t s  a. , S , y , e repre s ent  x , y , z in  cyc l i c order . 

The s e  re su l t s are sub s t i tut e d  into  e qn ( 5 0 )  an d the e xpr e s s i on s imp l i -

fied t o  obt ain : 

H = 1 / 2  e 
L: µ BP P f3 f3 a a. 

a '  
1 / 8  L: 

i , j 
a , 6 , "'( , 5 

( i )  - 1 
µ B ( £ ) . .  µ � P  P f3P P �  

a lJ Yu  a. Y u 
( 6 0 )  

This  e xpr e s s i on c an b e  further s imp l i f i e d  by sub s t i tut i on o f  t h e  fo l lowing 

. 6 2 
expre s s i o n : 

T
a.f3ye = 

to  obt ain : 

H = 1 / 2  

(6 1 )  

e 

L: µ f3p p
f3 B a a 

a '  

+ ( 6 2 )  

I t shou l d  b e  obs erved that the firs t  t e rm i n  the Hami l t on i an i s  H , the 
r 

rigid  rot or  Hami l toni an .  The s e c ond t e rm c orre sponds t o  HD ' the d i s tor-

t i on Hami l toni an . 

I n  order t o  eva luate H
D

' i t  i s  ne c e s s ary t o  d i s cus s the cal cul at i on 

o f  Ta. Bye ' The Ta. Bye ' s ,  known as  d i s t or t i on cons t ant s , require knowl edge 

- 1  ( i )  - 1  
o f  both the ( f  ) matrix and µ

a.f3 • The Ci ) matrix  c an be  obt ained by 

- 1  
inver s i on o f  the i mat r i x  (the e l ement s of  Ci ) are not the s ame as  the 

inve r s e s  of the e l ement s of the f mat r i x ) . The p art i a l  derivat ives , 

µ��) , can be  obt ained by wri t ing the produc t o f  µ and I expre s s e d  as 

mat r i c e s : 

= E (6 3 )  

where  E i s  the uni t  matr i x . Tak i n g  t he p art i a l  d e r i vat i v e s  in  e qn (63 )  

with respect  t o  R .  at equi l ibrium ,  a s e t  o f  3N- 6 e quat i on s  re su l t  which 
1 



( i )  
can b e  s o lved for µ

as
· .  Thi s  result  i s  given b e l ow :  

( :µas
) o R .  

1 e 
= _ ( �

I
aS ) o R .  1 

1 

Ut i l i z ing the fo l l owing expres s i on for 3 I 0/ 6R . : 
a �  1 

it i s  pos s i b l e  to  rewrite  eqn ( 60 )  in the fo l lowing manner : 

-raSyo = 

(64) 

( 65 )  

(66 ) 

The value s  for the inert i a l  derivat ive s , JaS ' are eva luated  at e qui l ibrium 

for the ith int ernal coordinate . 

- 1  When 
-raSyo 

i s  expr e s s ed as in e qn ( 6 5 ) , the Cf_ ) mat r i x  and va l ue s  

for I�
a 

(the moment of  inertia  about t h e  a axi s  at equ i l ibrium) and [J
aB]

e 

are required  for i t s  cal cu l at i on . The moment s of  inert ia c an be ca l cu l at e d  

at e qui l ibrium in  the  princ ipal inerti a l  frame us ing the e quat i on b e l ow :  

= 
N 

2 2 � m.e_ C B.e_ + Y.e_ ) 
l= l 

where  a , S , and y are x , y , z taken in cyc l i c order . 

( 6 7 )  

Obt aining [J 0 ] i s  
aµ e 

pos s ib l e  by two approache s ;  both o f  whi ch wi l l  be  d i s cus s e d  in the next 

s e c t i on . 

C al cu l at i on of J
a8
- -The Inert i a l  Derivat ives 

The inert i a l  derivat ives  are actua l ly e l ement s of  the J matrix  which 

i s  a 3 - dimens i onal  matrix of  order  3 X 3 X3N - 6 . Each cros s s e ct i on corre sponds 

to derivat ive s of  the moment of inertia  t ens or c a l cu l ated  for an appropri at e  
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change in  an int erna l coordinat e . The change in a given internal  coordinate 

c anno t  b e  made arb i t r ar i l y . I t  mus t  b e  made such t hat the E c kart condi 

t ions are s at i s fi ed
3 

( s ee M e t h o d s  Se c t i on , Part A) . Kive l s on and Wi l s on 

have obt ained general  analyt i c a l  e xpre s s i ons  for the matrix e l ement s of  

h . Th . . b 1 6 2 ' 63 
eac cro s s  s ect i on .  e s e  expre s s i ons are given e ow : 

= 

= 

2 
N 

A R  l: m o ( S o !::. B o + y o !::. y 0 ) 
Ll i l= 1 ,(__ ,(__ ,(__ ,(__ ,(__ 

2 
L!.R . I yy 

i 

N 
2 

where  Iyy i s  de fined accordin g t o  e qn (66 ) and Ia = l: m a 
s = l s 

(6 8 )  

(6 9 )  

There are spec i fi c  guide l ine s as s o c i at e d  with t h e  use  o f  the s e  e qua-

tions . The coordinat e s  of the at oms not invo lved in incrementing tR mus t  

be e qui l ibrium va lue s  in the principal  inerti a l  frame . The l o c at ions of  

the atoms mus t  be  changed so  as t o  increment the  int ernal  coordinat e  R . .  
i 

The advant age t o  the Wi l s on m e t h o d  i s  t hat the s e  disp l acements  o f  the atoms 

can be  arbitrary . The axi s  system can even be trans l at ed such that the 

d i sp l acements  c an be c a l cu l at e d  c onven i ent ly  (not e : They must  be trans -

l ated  b ack t o  the princip al  inert i a l  frame for us e in e qns ( 6 8 )  - ( 69 ) ) .  

Thi s  i s  due to the fact that the Eckart Condi t i ons  are bui l t  into the s e  

eqns . I nherent i n  e qns  ( 6 8 )  - ( 6 9 )  are trans l at i ons  and rotat i onal  t erms 

that wi l l  convert any arbi trary d i sp l ac ement to an "Eckart al l owed" d i s -

p l ac ement , provi ded the coordinat e s  are in the princ ipal  inert i al  frame . 

As s t at e d  e ar l i er ,  thi s m e t h o d  i s  appropr i at e  for b o t h  chemi c al ly  bound 

mo l e cu l e s  and c omp l e xe s  and c an be  us ed  \d th d i s tort i on c on s t an t s  to  

det ermine forc e  constant s for  a non l in e ar rigid  rod sys tem . 

An a l ternat ive matrix  m ethod determine s JaS from readi ly avai l ab l e  

matri c e s . Th i s  method ge n e r at e s  a co lumn of a cros s s e c t i on of the J 
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matri x  according to  the fo l l owing e qn :
64 

= ( 70 )  

where Q and � are  as  defined e ar l i er ( s e e  Methods Se ct i on , Part A) , ! i s  

a 3N- d imens i onal  co lumn vect or o f  the e qui l ibrium coordinat e s  o f  al l the 

atoms in the principa l  inert i a l  frame , ..!.a and ..!.B are auxi l i ary matrices  

of  order 3N wi th the fo l l owing matrices  rep e at ed N t imes a l ong the diagonal : 65 

0 0 0
1 I 0 0 - 1 0 1 0 

. x  . y . z  1 = 0 0 1 1 1 = I 0 0 0 1 = - 1  0 0 ( 7 1 )  
I l I 

0 - 1  O I  1 0 0 1 ' 0 0 0 1  

The Eckart cons i derat i ons are cons o l idat e d  in the construct i on o f  B ( see  

Methods Section , Part A) . 

I t  i s  now p os s ib l e  t o  c a l cul at e TaByo and thus 8n for a chemi c a l ly 

bound mo l e cu l e , comp l ex ,  and a non l inear r i g i d  rod comp l ex in a c l a s s i ca l  

sens e . I f  the c omponent s o f  angul ar momentum are re garded as operators , 

the quantum me chan i c a l  Hami ltonian i s  obt ained .  The result ing di s t ortion 

Hami l t on i an , H
D

, c an be treated as a corre c tion o r  p erturbat i on to the 

rigid  rotor Hami l t on i an .  The order of the correc t i on ( fi rs t , s e cond , etc . ) 

i s  that required t o  bring the calculated  spectrum into agreement with the 

obs erved spectrum .  Th e  order gene ra l l y  indicat e s  the magni tude of the 

e ffect the perturb at i on has on a given sys t em .  I n  the next section , the 

fir s t  order perturbat i on or corre c t ion due to cent r i fugal d i s t ort ion wi l l  

b e  di s cus s ed . 

First  Order Perturb at i on Tre atment o f  Cent r i fugal  D i s t ort ion 

Us ing the quantum mechanical  H��i ltonian (eqn (6 2 )  where the c omponents  

o f  angu l ar momentum are  c ons trued to  be  operators ) ,  the  c a l cul at i on o f  8n 

wi l l  invo lve averaging H
D 

over the asynunetric  rotor  wave func tions . Thi s  



5 2  

di s cus s i on wi l l  s erve t o  i l lus t rat e the pert inent p o int s o f  thi s averaging 

to determine 8n to  fi rst  order . More detai l e d  d i s cus s i ons can b e  found in 

Re ferences  6 2 , 6 6 , 6 7 . 

The number o f  t e rms in the summat i on over a , S , y , o in e qn ( 7 2 )  and 

= ( 72 ) 

hence  the number o f  t e rms t o  average can be  reduced  by invoking the commu-

6 8  
tat i on rul e s  of  t h e  angu l ar momentum ope rators . The commut at i on rul e s  

reduce the summat i on t o  e i ghty- one t erms . I t  i s  a l s o  pos s ib l e  t o  reduce 

thi s further by recogni z ing that many of the remaining taus are equal ( see  

eqn (66) ) .  I t  a l s o  c an b e  shown that many o f  t he s e  t e rms wi l l  not contribute 

to the firs t  order correct i on .
62 

TaSyo = = = T o Sya = T Soya ( 7 3 )  

Another reduc t i on o c curs due t o  group theore t i c a l  cons iderat i ons . 

The product o f  the angu l ar momentum operators averaged over the asymmetri c 

rotor wave funct i ons  mus t be  invari ant to  the s ymmetry operat ions o f  the 

point group to whi ch the wave funct ions be l ong (D
2

) .  Thi s  me ans that thi s 

product mus t  be l ong t o  the t ot a l l y  synmetri c  repr e s ent at i on A .  Thi s  require -

ment mus t be met such that the int e gral  doe s not go t o  zero . The angu l ar 

momentum operators P , P
b

, P trans form as  the i rreduc ib l e  repre s entat i ons 
a c 

. 5 8  6 2 B1 , B2 , and B3 respect ive ly . ' Thus any term in the summat i on that con -

tains an odd p ower o f  an angu l ar momentum operator wi l l ,  when averaged , 

vanish  b e c aus e the product o f  the s e  O?erators wi l l  not trans form as the 

symmetric  repr e s ent at i on A .  Thi s  wi l l  reduce the number o f  terms in  the 

summat ion to twenty- one (many of whi ch are s t i l l  equiva l ent to  e ach other) 

f . 66 
or any asymme tr i c  rotor . 
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Al t ernat iv e ly , thi s reduct ion can be made i f  the po int group o f  the 

mo lecule  or comp l ex is c ons idered . For the mo l e cu l e s  or comp l exes  o f  

orthorhomb i c  s ymmetry (C2v ' D2h , D 2  p o i n t  group s ) , th e t aus  that  cu l t ip l y  

terms whi ch cont ain odd powers o f  angul ar momentum vanish  s ince H
r 

and H
D 

mus t be  invar i ant  t o  the symmetry operat i ons  o f  the point group of  the 

mo l e cul e .  This  a l s o  yi e lds  twenty- one non-vani shing terms in  H
D

. For 

mo l e cu l e s  of nonorthorhomb i c  symmetry ther e  are , in addit ion to the other 

twenty- one , t erms whos e  angu l ar momentum operator s  w i l l  gene rat e  K± l and 

K±3 terms in  H
D

.
66  The s e  t e rms wi l l  be come s i gn i fi c ant only i f  H

D 
i s  

d d d b 
. 66  

treat e as  a s e con or er pertur at ion . 

The twenty - one remaining t e rms can be arranged into nine di fferent 

group s , s ince s everal of the s e  terms c an be  grouped  under the s ame t au .  

Th . 
. 

b 1 6 2  
e nine t aus are given e ow : 

where  a , S = x , y ,  or z .  

( 74 )  

The nine  r emaining groups can be  reduce d  s t i l l  further by  ut i l i z ing 

5 8 , 66 
the c ommut at i on rul e s  for angu l ar momentum and the fo l l owing eqn : 

= + 3 p 2  - 2 p2  - 2 p2 
y a S ( 75 ) 

where a 1 S 1 y and a , S , y  are x , y , z t aken in cyc l i c order . I t  shoul d  be 

note d  that PaP S does not commut e , therefore , there wi l l  b e  four P4 
t erms 

whi ch c an be grouped under TaSaS ' I f  the r i ght hand s ide o f  eqn ( 7 5 ) i s  

subs t i tut ed  for the s e  P4 
terms , i t  i s  poss ib l e  t o  e l iminate t he TaSa B 

terms . The P2 
terms from the s ubst itut i on are ab s o rbed  a l ong  with the 

as s oc i ated  TaBaS coe ffi c i ent s into H
r

. The t aus are comb ined with the 

rot at iona l cons t ants  to de fine new e ffe ct ive rotat i onal  cons tant s .  Of  

the  coeffi cien t s  o f  the s ix remaining groups in H
D

' three  are  now l inear 
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combinat i ons  of  t aus . The new coe ffi c i ents  are denoted  by T ' aas s ·  The 

Hami l t oni an corre cted  t o  fi r s t  order for centri fugal d i s t or t i on i s  shown 

be l ow : 

H = H + H
D (76 ) 

r 

H = A 1 P
2 

+ B 1 P
2 

+ C 1 P
2 

( 7 7 ) 
r a s y 

H
D 

= 1 2: T ' P
2

P
2 

( 7 8 )  4 aaSS  a B a , S 

The coeffi c i ent s , T ' and corre cted rotat ional  con s t ant s are de fined aaS S ' 
in Tab l e  I I I . 

Us ing e qn ( 7 8 ) , the firs t order d i s tort i on energy c an be wri t t en as an 

average over the asymmetric  rotor wave functi ons : 

= 1 / 8  '\' I p2 p2 
'" T aaSS  < a 8 a, 8  

+ ( 7 9) 

The integrals  c an b e  e xpres s e d  as a funct i on o f < P 
n > 

(n= 2 , 4 ) ,  the s quare z 
2 2 

o f  the rigid  rotor energy , Er , and P (the square o f  the total  angul ar 

momentum) . By use  o f  c ommut at i on re l at i onships deve l oped by Wi l s on ,
6 7 

2 E c an be  e l iminat e d  from the s e  integral s .  The det a i l s  o f  the sub s t i tur 

tion o f  E 
2 

can be  found in Re ferences  2 4 and 1 9 .  For thi s di s cus s i on ,  i t  
r 

i s  nece s s ary t o  note that E
r

2 
introduc e s  addi t i onal  t e rms , P; , whi ch c an 

be  ab s orbed  int o Hr . Thi s  results  in a redefini t i on o f  the e ffect ive 

rotat i onal  cons t ant s . The detai l s  of  the sub s e quent c a l cu l at i on of E
D 

are 

given in Re ferences  6 7 and 6 2 .  The result ing e xpre s s i on de fine s the energy 

o f  a s emirigid  asymmetric  rotor : 

E = E + E
D 

( 80 )  
r 

E
D 

2 2 
+ 1 ) <  p 2 

> - d < p 
4 

> = - d
J

J (J + 1 ) - d
J K (J z K z 

-d
EJ

E
r

J (J + 1 )  - dE K
E

r < p �
2 > 

( 8 1 ) 



Tab l e  I I I . Coeffi c i ent s  

T '  = .fi.4 
T 

xxxx xx xx 

T ' = fl4
T 

yyyy yyyy 

T '  = fl
4

T 
z z z z z z z z  

A '  A 
11

4 
( 3 T  = + -

4 

B '  B 
fl

4 
(3T = + 

4 

C ' c .fi.4 
( 3 T  = + 4 

5 5  

in H
D ' the 

T '  = 
xx z z  

T '  = 
xxyy 

T '  = 
yy z z  

2 T  
xyxy 

2 T  
yzyz  

2T  
xzxz  

Di s tort i on Hami l t oni an 

-i'i4 
( 

-n4 
( 

.fi. 
4 

( 

xzxz  

xyxy 

xyxy 

T
xxz z  

+ 

T
xxyy 

+ 

T
yy z z  

+ 

2 T  ) 
xzxz · 

2 T  ) 
xyxy 

2 T  ) 
yzyz  

2 T  ) 
yzyz 

2 T  ) 
yzyz 

2T  ) 
yzyz 
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where J i s  the rotat i onal  quantum number , the l ower c as e  d ' s  are Wat s on 

distort i on coe ffi c i ents de fined in  Tc.b l e  IV  and < P n 
> (n=2 , 4 ) i s  de fined z 

be l ow :  

< p n 
> z = ( 8 2 )  

where the coe ffi c i ents  a are the e l ement s o f  the trans format i on mat rix  o f  

the r i gi d  rotor . 

Tab l e  IV gives the d i s t ort i on coe ffi c i ent s and de fin i t i ons o f  the 

rot at i on a l  cons t ant s for the energy of a s emir i gid corre cted  to  fir s t  

d 
66 , 6 7 

or er . 

Thi s d i s cus s i on of the fir s t  o rder correct i on to the energy i s  appro -

pri at e  for any mo l ecul e .  The s i tuat i on s imp l i fi e s  gre at l y  for a p l anar 

mo l e cu l e .  In this  c as e  T and T are equal t o  zero . Thus , there xyxy y zy z  

are s even non ze r o  t aus , four o f  whi ch are indep endent (T , T , T , xxxx z z z z  xx z z  

T ) .  The three  remaining t aus are l ine ar comb inat i ons o f  the independent 
x zxz  

t aus and a l s o  dependent on the  e qui l ibrium rot at i onal  cons t ant s . I f  the 

equi l ibrium rot at ional  cons t ants  are not avai l ab l e , the e ffect ive r ota-

. 1 b · 1 · d 
6 2  

t i ona cons t ant s can e ut i i z e  : 

T 
yyyy 

= 

T = 
xxyy 

= 

(C ' /A ' )
4 T z z z z  

(C I / B I ) 
2 T xx xx 

(C I  I A I )  
2 T z z z z  

2 C 1 4  
+ ' 

A ' 2
B

, 2  xx z z  
+ ( C 1 / B 1 )

4 T xxxx 

+ 

+ 

(C 1 /A 1 )
2 T xx z z  

(C 1 / B 1 )
2 T z z xx 

( 83 )  

( 84) 

(85 ) 

Thes e  t aus  c an b e  used in  the previ ous d i s cus s i on to determine the first  

order corre ct i on to  the  energy . 
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Tab l e  IV .  Di s tor t i on Coe ffi c i ent s and Rot at i onal  Con stant s 

o f  the Firs t -Order Energy Expre s s i on 

A = A '  + 1 6 R
6 

B = B '  ( 1 6 R
6 (A ' - C ' ) ) / ( B ' - C ' ) 

( 1 6 R
6 (A ' - B ' ) ) / ( B ' - C ' ) C = C '  + 

d
K 

= 

d
EJ 

= 

d
EK 

= 

0 = 

= 

= 

= 

= 

+ 

D
K 

+ 4o (R
5 

+ 2 0R
6 ) 

4 o  
J 

B - C 

- 8 (R
5 

+ 2 0R
6

) 

B - c 

2A - B - C 
B - C 

+ 

1 0R6 

- 1 / 32 { 3T + 3T + 2 ( T  + 2 T  ) }114 
xxxx yyyy xxyy xyxy 

D - 1 /4 1  �4 
K z z z z  

( T  + 2 T  ) }�
4 

yy z z  yzyz  

- 1 / 3 2 { 1  - 1 - 2 ( T + 2 T  ) + 2 (1 + 2 T  ) }.fi
4 

xxxx yyyy xx z z  xzxz  yy z z  yzyz  

1 /64 { 1 + T - 2 (T + 2 T  ) Hi
4 

xxxx yyyy xxyy xyxy 

- l / 1 6 { T - T }fi4 
xx xx yyyy 
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For the c a s e  o f  the "T"- shap e d  p l anar comp l ex o f  c 2v 
s ymmetry , 

c 2H2 · · HC 1 ,  further s imp l i fi c at i on i s  pos s ib l e . Us ing the int ernal  coord i -

nates  shown i n  F i g .  ( 1 . 4 )  and eqn (6 7 ) , i t  can be  shown that J 
z z  

i 
vani shes 

for the s e  internal  c oordinat e s . I t  i s  evident from e qn ( 6 5 )  that thi s 

wi l l  caus e two o f  the four independent t aus t o  vanish . Thus , for C 2 H2 · · HC 1 ,  

thi s c l e ar l y  permi t s  a fi t of  the two remaining independent t aus , T and 
xx xx 

T , and three  rot at i onal  cons t ants  to the s ix obs erved l ine cent ers 
xzxz  

using  a first  order approximat i on o f  cent r i fuga l d i s tort ion . 

For more asymmetric  mo l e cu l e s  and l i ght er mo l ecul e s , cent r i fuga l d i s -

tort i on c annot b e  treat e d  as a fir s t  order correc t i on .  For d i s cus s i ons  o f  

the tre atment o f  centrifugal d i s t ort ion a s  a h i gher order e ffec t , r e ference s  

6 2 and 6 9  are he lpful . 

h�i le the cent r i fugal d i s tort i on analys i s  o f  the mi crowave spe ctrum 

and a norma l coordinate analys i s  o f  the v ibrat iona l spectrum are the 

primary s ourc e s  o f  informat i on about mo l ecul ar force  fi e ld s , nuc l e ar quad-

rupo l e  c oup l ing cons t ant s can b e  us e d  t o  supp l ement the force fi e ld o f  

tho s e  van d e r  Waa l s  comp l exe s p os s e s s ing nuc l e i  w i t h  a quadrup o l e . Vibra-

t i ona l averaging o f  s t ructural  p ar amet e r s  of  comp l exes over the appropri at e  

wave funct i ons a l s o  provides  a n  addi t i onal  s ource  o f  informat i on about the 

forc e  fie l d .  The next two s e c t i on s  bri e fly de s cribe the s e  s econdary 

s ourc e s - - the nuc l e ar quadrup o l e  coup l ing const ant s and the vibrat iona l l y  

averaged s t ructure . 
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C .  Nuc l e ar Quadrup o l e  Coup l ing Cons tan t s  and the  van der Waal s  Force  Fi e l d  

I n  the prev i ous di s cus s i ons , the nuc l e i  i n  a mo l ecu l e  o r  a comp l ex have 

been d e s cribed  as  di s crete  point change s .  A more accurate d e s cript i on , 

however , recogn i z e s  that e ach nuc l eus p o s s e s s e s  a rot at ing charge d i s t r i -

but ion whi ch may o r  may n o t  be  spheri c a l ly symmetric . Thi s  s e c t i on wi l l  

briefly  i l lus trate how thi s des cription o f  the nuc leus wi l l  affect the rot a-

tion a l  spe c t rum and how informat ion from thi s  spectrum c an b e  analyzed  to 

yi e l d  force  con s t an t s  for comp l exe s . 

In  the refined des cript i on o f  the nuc l eus , the nuc l e ar char ge distri-

but i on is  no  l onger fixed in  space  but i s  spinning . Thi s  mot i on , known 

as nuc l e ar spin , gives r i s e  t o  a quant i z ed angu l ar momentum 1 ..!. 1  = ./i ( I+ l )'fl , 

where I i s  the nuc l e ar sp in quantum number , a property of  the nuc l eus . 

There  exi s t  2 I + l  a l l owed ori ent at i ons o f  the angu l ar momentum vector , I ,  

in the nuc l eus . For the values o f  I > 1 ,  the nuc l e ar charge di s tribut i on 

i s  no  l onger spher i c a l l y  symmetri c . I n  cas e s  o f  nonspherical  nuc l e ar 

char ge d i s tribut i on ,  the nuc l e ar s p in may coup l e  with the rotat i on a l  mot i ons  

of  the  mo l ecu l e  caus ing sma l l sp l i tt ings  in  the rotat i on a l  energi e s . 

The energy due t o  thi s c oup l ing i s  a funct i on of  the nuc l e ar char ge 

dens i ty and the e le ctro s t at ic pot ent i a l  at the nuc l eus due to the s urround-

ing e le c t r i c  fi e ld of  the e l ectrons . To de fine the energy , it  is conveni ent 

to  e xpand the e l e ctric  pot ent i a l  as a Tay l or s er i e s  in  three  dimen s i ons : 

v = 
xav 

0 
+ -

dX 
y av 

0 
+ --

ay 
+ 

z av 
0 

az ( 8 6 )  

int e grate over the nuc l e ar vo lume wi th the charge dens i ty ,  p = f (x , y , z )  

and n e g l e c t  tho s e  t e rms that are independent of  the nuc l e ar orient at i on 

and are due to  the nuc l e ar . dipo l e  moment ( z ero in  abs ence  of  an app l i ed 

fi e l d ) : 5 9 
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2 2 a
2

v 2 2 a
2
v _ 2 2 a

2
v p [ ( 3x - r ) - + ( 3y - r ) - + ( .n - r ) 

dX 2 
3y

2 
3 z

2 

a
2

v a
2

v a
2

v J dV + 6xy � + 6yz  -��" - + 6 z x  � � oX dY o y o z  o Z dX ( 8 7 )  

where x , y , z are coordinat e s  i n  a C arte s i an reference frame w i th the nuc l eus 

at  the ori gin . 

The matrix repre s ent at ion o f  e qn ( 8 7 )  i s  the dot product o f  the quad

rupo l e  moment t ensor  and the e l e ct r i c  fi e l d  grad i ent :
5 9  

= - 1 / 6 Q: V .§. ( 8 8 )  

where VE i s  the e l e ctri c fie l d  grad i ent due t o  the e l ectrons of  a mo l ecul e .  

By defining Q and VE as ope rat ors , the quadrupo l e  Hami l tonian may be written :
5 9 

= - 1 / 6 Q: v .§. ( 89 ) 

The detai l s  of  the s o lut i on of  H
Q 

are d i s cu s s e d  by Cas imir .
7 0 

for a l i near mo l e cu l e :
5 9 

The s o l ut i on , 

E
Q

, i s  giv en be l ow 

E
Q 

= ( 1 / 2 ) ( eqQ/ ( I ( 2 I - l ) J ( 2J - 1 ) ) ) ( 3/ 4C ( C + l ) - I ( I + l ) J (J + l ) ]  ( 90 )  

where Q ,  the  nuc l ear quadrupo l e  moment , rev e a l s how much the  nuc l e ar charge 

distribut i on dev i at e s  from spheri c a l  symmetry .  When Q i s  po s i t ive , the 

nuc l e ar charge d i s tribut i on is ext ended a l ong the nuc l ear z - axi s ; if Q is 

negat ive , the nuc l e ar charge d i s t ribut i on is fl att ened against  the nuc l ear 

. 5 9 
z - axi s . 

5 9  
The quant i t y  C i s  d e fined  as : 

C = F ( F+ l ) - I ( I + l ) -J (J + l )  

where  F = I + J ,  the nuc l e ar spin  and rot at ional  quantum numbers . In  

( 9 1 )  

eqn ( 9 0 ) , e i s  the charge o n  an e l e c t ron , q i s  the e l e c t r i c  fi e l d  grad i ent 
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at the nuc l eus due t o  an ax i al l y  symme t r i c  charge d i s t r ibut ion : 

q =
) ( 3 c:� 2 8 - 1 ) 

dT =(::�) 
( 9 2 )  

where  r and 8 are c o o r dinat e s  that de fine t h e  o r i entat i on o f  the symmetri c 

charg e dens i ty ,  p ,  a l ong the z axi s . I t  shou l d b e  not e d  that p i s  de fined 

s o  a s  to inc l ud e  a l l the charge d en s i ty out s i de of the  nuc l eus . It inc l ud e s  

t h e  cont r i but i o n s  due t o  val ence e l e ctrons and charge d i s t ribut i ons  as s o -

c i at e d  w i t h  ne i ghboring at oms or  mo l e cu l e s . A more  det ai l ed d i s cus s ion 

whi ch des cribes  a more quant i t at iv e  means o f  cal cu l at in g  the e l e ct r i c  fi e l d  

gradi ent can be found in  Reference 8 5 . 

I t  i s  ev i d ent that the nuc l e ar spin angu l ar momentum , I ,  can coup l e  

t o  the angu l ar momentum o f  a mo l e cu l e  o r  comp l ex through the e l e ctri c fi e l d  

gradi ent o f  the mo l e cul e .  Thi s  coup l ing wi l l  c aus e sp l i t t ing i n  the rota-

6 0  
t i onal l eve l s  in the mo l e cul e or comp l ex . Th i s  sp l itt ing wi l l  cau s e  a 

s ingl e trans i t ion in the spectrum t o  become a s e r i e s  o f  c l o s e l y spaced 

l ines known as  nuc l ear spin  hyperfine s t ructure . 

Th e  co l l ect i on o f  t e rms , eqQ , i s  re ferred t o  as the nuc l ear quadrupo l e  

coup l ing con s t ant and has been obt ained accurat e l y  for a number o f  mo l ecul e s , 

HC l 
e x :  fre e HC l , x0 e qQ/h = - 6 7 . 6 1 8 9 3  MH z . 7 1 Howev er , in the hydro gen 

bonded comp l ex c 2 H2 · · HC 1 ,  it i s  l o g i cal  to expect s l ight changes in the 

2 2 
e l e ct r i c  fi e l d  gradi ent about HC l , a V/ 8 z  , due t o  a l t erat ion of  the charge 

dens i t y  p (as  defined in  eqn ( 9 2 ) ) due to hydrogen bond format ion . Since  

the  nuc l e ar quadrupo l e  coup l ing constant i s  a funct i on of  a 2v ; a z 2 , change s  

i n  e qn ( 9 0 )  due t o  comp l exat i on give  r i s e  t o  xHC l ' t h e  nu c l e a r quadrupo l e  

cons t ant for HC l i n  c 2 H2 · · HC 1 . I t  shou l d  a l s o  b e  ob s e rv e d  that in c 2 H2 · · HC 1 

the l ibrat i onal mod e s  o f  the HC l s ubuni t  w i l l  c au s e  i t s  e l e ct r i c  fi e l d  

gradi ent t o  be  d i spl aced b y  s ome ang l e  a away from the ( a ) i n e r t i a l  ax i s  

( s ee Fig  ( 1 . 7 ) ) . The obs erved  sp ect rum t hus yi e l ds  an e ffe ct i v e  nuc l e ar 
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quadrupo l e  cons t ant whi ch i s  the v ibrat i onal ly  av erage d proj ect ion of XHC l 

on the ( a )  inert i a l  ax i s :
1 

\/ 
,\HC l < 3/ 2  2 1 

c o s  a - 2 / ( 9 3 ) 

I n  the s i tuat ion where the in-p l ane a�d out - o f- p l ane l i brat iona l amp l i -

tudes  are not equiv a l ent ,  there exi s t s  a c o r r e s p on d i n g  an i s ot ropy in  the 

nu c l eur quad rupo l e  t ens or (X
bb

fX
cc

) .  Th i s  r e s u l t s  in  the fo l l owing expre s 

s i on s  for t h e  v ibrat i on a l l y  av eraged  c o s i n e  o f  t h e  ang l e  o f  the pro j e ct i ons 

h . . 1 1 on t e inert i a  axe s : 

1 
2 Xa a  

+ 2 XHC 1 
< cos � > = 

Xa a  
+ xbb + XHC l 

( 94) 

+ , 
2 Xaa 2 XHC 1 < cos Ct > = 

c Xa a  
+ Xc c  + XHC l 

( 95 ) 

where Xgg (g = a , b , c )  i s  the v ibrat i ona l l y average d proj ect ion o f  the nuc l e  r 

quadrupo l e  coup l ing cons t ant on the i n e r t i a l  ax i s  and X
HC l 

i s  as de fine d 

e ar l i e r . 

An a l t ernat iv e way o f  cal cu l at ing 
} 2 

< c o s - o.
c 

> and < cos  °b > invo lve s  

the norma l mode wave funct ion , '¥ (Q) : 

2 < co s fJ. g 
* 

'¥ (Q) 
2 

cos  0. a 0 
'f (Q) dQ g = b , c  ( 96 ) 

To det ermine the value o f  thi s int e gral , it  wi l l  be  ne c e s s ary t o  obt ain 

f d d f . h 
2 

. f Q h expre s s i on or  '¥ (Q) an e ine t e ope r at o r , c o s  a , in t e rms o , t e a 0 

normal coor dinat e .  C l o s ed ana l yt i c a l  expre s s i o n s  fo r t h e  s o lut i on of  

the s e  i nt egral s are derived  i n  App e n d : x  V .  

Th e norma l i z ed ground s t at e  h ar:wn i c  wa\· e fun c t i on for the i th normal 



mode , 'f (Q . )  i s :
7 2 

0 l 

6 3  

1 

y .  4 l 'f (Q . )  = 0 l 1T exp ( - (y . Q . ) / 2 ) 
l l 

( 9 7 ) 

h . d f '  d 
7 2 

w ere y .  i s  e ine as : 
l 

2 
4TI  C(;; . 

Yi 
= ___ 1 

h ( 98 ) 

w .  i s  the ith  no rma l mode  frequency and c and h are the  speed  o f  l i ght l 
an d P l anck ' s  con s t ant r e s p e ct iv e l y .  

I t  i s  obvious from e qn ( 9 8 )  that the for c e  fi e l d  c an b e  used t o  determine 

w .  v i a  a normal coordinat e ana l ys i s  and subs equen t l y  d e t ermine 'f (Q . ) .  A 
l 0 l 

2 
normal coordinat e analys i s  may a l s o  be used  to expre s s  the op erator , cos  ag , 

in t e rms o f  Q . . Un l es s  t h e  ang l e  formed by the proj ect i on o f  the monomer l 
and the g inert i al ax i s  i s  a norma l coordinat e , it  wi l l  b e  neces s ary to wri t e  

a as a funct ion o f  a conv eni ent internal  coordinat e , R . .  With a expr e s s -
g l g 

ed as f (R . )  , the e l ement s o f  the L matrix  can b e  us ed t o  trans form the R . l l 
int o Q .  according t o  e qn ( 4 0 ) . 

l 

Thus , the nuc l eur quadrup o l e  coup l ing cons t ant s c an be  used  t o  c a l  cu-

l at e  the v ibrat i ona l ly ave r aged  pro j ect i on operator , whi ch i s  a l s o  a 

funct ion o f  'l' ( Q . ) ,  the norma l mod e  wav e  funct i ons  c a l cu l at e d  v i a  a know
o l 

l edge  o f  the for c e  fi e l d . I t  i s  now apparent that i f  XHC l  
i s  knovm , 

l ibrat iona l for c e  cons t ant s c an be  obt a ined from eqns ( 94 )  - ( 9 5 )  v i a  

Xbb 
and Xc c · Convers e l y ,  know l edge of  the for c e  fi e l d  wi l l  p e rmit det er

minat i on of x
HC l 

vi a eqns ( 9 4 )  - ( 9 5 ) us ing xbb 
and Xc c · 

Comp ar i s on o f  X
HC l 

with x�
C l

' the nuc l eur quadrupo l e  coup l ing con s t ant 

o f  t h e  fre e monom e r , wi l l  make it p o s s ib l e  to infer change s  in the e l ectr i c  

fi e l d  gradi ent a t  c h l orine  due t o  comp l exat ion  v i a  e qn ( 9 2 ) .  

An other  source  t h at may b e  emp l o y e d  i n  th e acqu i s it i on o f  the force  

fi e l d  i n  the v ibrat i ona l l y  av eraged  s t ructure . Th i s  me thod , ut i l i z e d 
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spe c i fi c a l l y  for  comp l ex e s , i s  an  add i t i on a l  s ource  o f  i n format i on and 

wi l l  be d i s cus s ed in the next s e ct i o n . 

D .  V i brat i onal l y  Av erag e d  S t ructure 

Th e v ibrat i ona l l y av eraged  s tructure refers t o  the i n s t an t an eous 

s t ructural paramet e r s  av eraged  over the v ibrat i o n a l  ground s t at e  mo t ion 

and charact e ri z e  the experiment a l l y  ob s erved moment s of inert i a .  

I n  order t o  d e s cribe t h e  v i brat iona l l y  averaged s t ructure o f  a "T" - s haped  

p l anar comp l ex o f  c
2v 

s ymm e t r y  such a 3  C 2 H2 · · HC l , i t  shou l d b e  acknow l e dged 

that the monomers are und ergo ing l arge amp l i tude e x cur s i on s  from the i r  

equi l ib r ium p o s i t i on s  wh i l e  in  t h e  vi:Orat i o n a l  ground s t at e . Th e po s i t i o n  

and o r i ent at ion o f  the  monomers duri ng the s e  e x cu r s i on s  c an b e  d e s cribed  

re l at ive  t o  a conveni ent xyz  frame by t h e  fo l l owing s t ructural p ar ameters , 

r ,  R3 , a
x 

and a
y 

( s ee F i g . ( 1 . 1 0 ) ) . 

The derivat i on o f  inert i al e quat ions  that w i l l  re l at e  the s e  s t ructural  

parame t e r s  t o  the obs erv e d  rot at i o n a l  cons t ant s wi l l  i nvo l v e  s ome approx i -

mat i o n  about the nature o f  the monome rs  and t h e i r  mot i on s . I t  wi l l  b e  

as sumed that t h e  s t ructure o f  t h e  monom e r s  wi l l  remain un changed upon 

comp l ex at i on .  The l in e ar comb i n at i ons of the i n - p l an e  and out - o f - p l ane 

l ibrat ional  mot i o n s  of the HC l s ubunit g ive  ri s e  to a pre c e s s ional  mot i on 

who s e  per i od i s  l e s s  that the  rot at i on a l  p e r i o d  o f  the comp l ex .  Thus , the 

inert i a l  e qu at i o n s  for the  v ibrat i o n a l l y  av eraged s t ructure de s crib e the 

rods a s  mas s e s  d i s t ribut e d  ov er the  vibrat i ona l l y  av eraged mo t i ons  o f  

d 
. 1 1 , 7 3 

the  comp l ex as oppo s ed t o  the r i g i d  p o int  ma s s  s t ructure u s e  prev i ous  y .  

Hen c e , the v i brat i o na l l y  av erag e d  s t r'..l ct ure can b e  d e s cribed  e ffe c t ive l y  by 

thr e e  p ar amet e r s , r ,  R3 and a
z

. 

The above approx imat ions  an d the  p a r a l l e l  ax i s  theorem were  u s e d  t o  

obtain  eqns fo r t h e  i n s t ant aneous i nert i a l  t en s o r  e l ement s ,  wh i ch were 

then av eraged ov er the z e r o  point mot ion t o  y i e l d  the non - z e ro i n e r t i a l  
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F i g . [ 1 . 1 0 ]  I n s t ant aneous S t ructure o f  Ac e t y l e n e - HC l . 



z 
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tensor e l ement s : 

I R
2 1

AC 
< . 2

R ! 1
HC 1 

( 1  
2 

> ) ( 99 ) = 
µ 0 

+ s in 
3 

> + + < cos  a xx z 

I R
2 1

AC 
1 1

HC 1 
( 1  + < 

2 
> )  ( 1 00)  = µ 0 

+ + 2 c o s  a 
yy z 

I 1 AC 
2 

( 1  + < 
2 > )  ( 1 0 1 )  = < cos  8 > + 1 HC 1 

cos  a z z  z 

I = I
AC 

< cos  R
3 s in R > ( 1 0 2 )  xz 3 

where  µ i s  the p s eudodi at omic  

< 
2 

> r ' t he s quare o f  the d i s t ance  between the centers o f  mas s o f  t he 

monomers averaged over the ground s t at e , I
AC 

and I
HC l 

are the moment s o f  

inert i a  o f  c 2H2 and HC l i n  the i r  r e spect ive ground s t at e s , and a
2 

i s  the 

ins t ant aneous ang l e  HC l makes  with  the z axi s  de fined in  terms of a and x 
a : 

y 

2 
< cos  a > 

z 
= < 2 

cos  

2 
cos  a 

2 
a + cos  Cl x 

2 
cos  a 

x > 
2 2 

( 1 03 )  
- cos  a cos  a y x y 

The inert i a l  t ensor c a l cu l at e d  from e qns ( 99 )  - ( 1 02 )  can b e  di agona l -

i ze d  vi a  a dire c t ion cos ine trans format ion t o  obt ain the pr inc ipal  moment s  

o f  inert i a .  

Exami nat i on of eqs  ( 9 9 ) - ( 1 0 1 ) c l e ar l y  show that t he rotat iona l constants 

2 
are insens i t ive  t o  the va lue o f  a , there fore , < cos  a > i s  obt ained 

z z 

from the norma l mode wave func t i ons that reproduce the vibrat i onal  spe ctrum . 

2 1 
Thi s  wi l l  p ermi t  a fit  o f  the remaining structural  paramet ers , R = [ <r > ] 2 

0 
* ') 1 

and R
3 

= Arccos [ <c o s
�

R
3

> ] 2
• Convers e ly ,  it  i s  a l s o  pos s ib l e  t o  de t ermine 

the s e  parameters  by averaging over the ir ground s tate wave  funct i ons , 

� (Q) = f (w . ) ,  determined by the mo l e cu l ar force  fie l d  via  a norma l 
0 l 

coordinat e analys i s  ( s e e  Methods  Sect i on ,  Part C ) . 
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I n  summary , t h e  methods out l ined in th i s  s e c t i on hav e  d emon s t r at e d  

that t h e  v ibrat ional  s p e c t rum , cent r i fu g a l  d i s t or t i on con s t ant s , nuc l eur 

quadrupo l e  coup l ing t en s o r  e l ement s and th e vibrat ional l y  averaged 

s t ructure are int imat e ly r e l a t e d  t o  the int e rmo l e cul ar for c e  fi e l d  through 

an approp r i a t e  norma l coord in at e ana l ys i s . 

A r i g i d rod  mo d e  has been  d ev e l oped t o  d e t e rmine the Wi l s on f mat r i x  

that w i l l  reprodu c e  t h e  obs e rved s p e ctro s cop i c  con s t an t s  o f  c2H2 · · HC 1 .
5 7  

The re s u l t o f  the app l i cat i on o f  t h i s m e t ho d , obt a i n e d  us ing Fort r an codes  

in App end i c e s  I and I I ,  wi l l b e  pre s ent e d  in  the n ext s e ct ion . 



RESULTS 

The det erminat i on of the int e rmo l e cu l ar force  fie l d  of c 2 H2 · · HC 1 

invo lves  the us e o f  me thods  d e t ai l ed in  the previ ous s e c t i on .  The e xpe r i 

ment a l  dat a emp loyed in  the s e  methods were obt a ined previous ly  b y  le gon
1 

and Andrews . 
2 

The dat a cons i s t  o f  two R-branch trans i t i ons  (J= l  � 2 

and J=2 ..::,. 3 ) , nuc l e ar quadrupo l e  c oup l in g  cons t ant s , and norma l mod e  fre -

quenc i e s  o f  the comp l ex . Thi s  s e c t i on wi l l  det ai l  the out come of  this  

app l i cat i on .  

A . Cent r i fuga l  Di s t or t i on Analys i s  

As suming the s t ructure s o f  the monomer s  t o  b e  unaffe c t e d  by cent r i fugal 

distrot i on , the matrix  repre s entat i on o f  the s emi - r i g i d  as ymmetric  rotor 

Hami l t on i an was con s t ruct e d  i n  acc ord with  e qn ( 7 6 ) . Due t o  p l anar ity  

and the  s ymmet ry of  the  comp l ex ,  on ly t wo l ine ar ly independent d i s t ort i on 

cons t ant s and three  rot at i ona l cons t ant s were needed  t o  fi t the obs erve d  

quadrupo l e  hyperfine band ori gins . Us ing t h e  FORTRAN code in Appendix I ,  

A , B ,  C ,  T and T were obt ained and are report e d  in Tab l e  V with  xxxx xzxz  

pre c i s i ons o f  ± one  s t andard dev i at i on . The c a l cu l at e d  barid origins  are 

pres ent e d  in  Tab l e  V I  in add i t i on to the observed band ori gins and the 

1 
ear l i er re s u l t s  o f  Le gon . 

B .  Vibrat i ona l ly Averaged Structure 

The s t ructural p arameters  of c 2 H2 · · HC 1 filay be  det ermined from the 

rot at iona l cons t ant s ( see  Tab l e  V)  v i a  e qns  ( 9 9 )  - ( 1 0 2 ) .  Since examina-

t i on of e qns ( 9 9 )  - ( 1 0 1 )  indi cat e d  that t he moment s of  inert i a  were very 

6 8  



Table V .  

A 

B 

c 

T 
xxxx 

T 
yyyy 

T xxyy 
T xzxz 

6 9 

a 
Spe c t r o s cop ic Cons t an t s  o f  c

2
H

2
· · HC1 (MHz ) 

C H • · H35
cl 

2 2 
C H • · H

3 7  
Cl 

2 2 

3 5 9 7 5 . 6 3 3 3 ( 4 8 . 4 ) 35 9 6 6 . 2 6 6 3  ( 1 3 . 6 ) 

2 4 8 2 . 1 0 65 ( 1 1 ) 2 4 2 5 . 4 2 0 1 ( 3 )  

2 3 0 7 . 3 0 6 4 ( 8 )  2 2 5 8 . 2 2 95 ( 2 ) 

-0 . 0 3 7 8 9  ( 1 )  -0 . 0 3 6 2 8  ( 3 ) 

- 0 . 0 2 8 3 5  ( 1 ) -0 . 0 2 7 3 2 ( 1 ) 

- 0 . 0 3 2 7 8  ( 1 )  -0 . 0 3 1 4 8 ( 1 ) 

- 1 . 0 2 3 8  ( 8 ) - . 9 80 6  ( 2 ) 

�umbers in parenthe se s represent  one s t andard deviat ion in the 
fit  



-----

I s o t o pe 

C i1 • · 1 1 3 5 c 1  
2 2 

C H • · H3 7  
C l  

2 2 

Tab l e  V I . O b s c 1- v c d  a nd C a l c u l a t e d  L i. n e  C e n t e r s  C o r  c I I  • • H C 1  
2 7 

� ·-----

T r a ns i t ion Ob se rved (MHz )  Th is Wo rk 

1 0 1 2 0 2 
9 5 7 8 . 11 1 7 9 5 7 8 . 4 1 7  

1 1 0 2 1 1 
9 7 4 9 . 5 7 1  9 7 4 9 . 5 7 1 

1 1 1 2 1 2 
9 4 0 4 . 6 1 3 9 4 0 4 . 6 1 3  

2 0 2 
3 o 3 

1 4 3 6 5 . 4 8 9  1 4 3 6 5 . 4 8 9  

2 1 1  3 1 2 
1 4 6 2 3 . l1 30 1 4 6 2 3 . 4 3 0 

2 1 2 
3 1 3 

1 4 1 0 6 . 0 6 4  1 4 1 0 6 . 0 6 4  

1 0 1 2 0 2 
9 3 6 6 . 9 3 6  9 3 6 6 . 9 3 6  

1 1 0 2 1 1  95 3 0 . 6 0 6  9 5 3 0 . 6 0 6  . 

1 1 1 2 1 2 
9 2 0 0 . 6 7 0  9 2 0 0 . 6 7 0  

2
0 2 

3 0 3 
1 4 0 4 8 . 4 2 9  1 4 0 4 8 . 4 2 9 

2 1 1  3 1 2 
1 4 2 9 5 . 0 3 8  1 4 2 9 5 . 0 3 8  

2 1 2 
3 1 3 

1 3 8 0 0 . 2 0 2  1 3 8 0 0 . 2 0 2 

Res d  ( Kl l z )  

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

·- · ----·-- · --· --· �- ·-

Legon , 1 
e t  a l  Re s d  ( KH z )  

9 5 7 8 . ld. 7  0 

9 7 4 9 . 5 5 5  1 6 

9 4 0 4 . 6 2 9  - 1 6 

1 4 3 6 5 . 4 8 9  0 

1 4 6 2 3 . 4 /d - 11  

1 4 1 0 6 . 0 5 4 1 0 

9 3 6 6 . 9 3 6  0 

9 5 3 0 . 5 9 1  1 5  

9 2 0 0 . 6 8 5  - 1 5 

1 4 0 4 8 . 11 2 9  0 

1 4 2 9 5 . 0 4 8  - 10  

1 3 8 0 0 . 1 9 2 1 0 

'1 
0 



7 1  

2 
weakly dependent on < c o s  a > , thi s value was determined from the l ibra

z 

t i onal  amp l i tud e  by approximat e ly < c o s
2

a > � < cos
2

a > ( s e e  Re sul t s  
z 

Se ct i on , p art  D ) . The v a l i d i ty o f  thi s approximat i on c an be demo::is t rat ed  

b y  cons ider ing the  magn i tude o f  the  Eckart count e r - r o t at i on n e c e s s ary to  

offs e t  the  l ibrat i onal  mot i on o f  the HC l subunit . For  an in-p l ane l ibra-

tion o f  HC l about i t s  center of mas s o f  3 5 ° , the Eckart count errot at i on 

of the comp l ex required t o  bring the z - axi s int o the ( a )  inert i a l  frame 

is . 2 ° .  Thi s approximat i on c an a l s o  be  demonstrat ed  t o  be r e as onab l e  when 

the magnitude o f  I i s  c ons idered  re l at ive  t o  the d i agona l inert i a l  tensor 
xz 

e l ement s . 

G iven the moment s o f  inert i a  o f  the subun i t s  ( s e e  Tab l e  VI I )  and 

2 * 
the value o f < c o s  a > =  1 7 . 1 ° ,  R

3 
2 1 

= Arccos [cos  R
3

] 2 and R
0 

were determined 

from the rot at i ona l con s t ant s by an it erat ive fit of e qns ( 9 9 ) - ( 1 0 2 ) . 

The vibrat i ona l ly  averaged structure o f  c 2H2 · · HC 1 i s  reporte d  in Tab l e  VI I I  

al ong with the e ar l ier  s tructure propo s ed by Le gon . 

C .  Van der Waa l s  Force Fi e l d  

The van der Waa l s  force fi e ld can b e  comp l et e ly speci fi e d  by four 

force cons t ant s and one int erac t i on cons t ant that coup l e s  th e in-p l an e  

l ibrat ional  mod e s  o f  t h e  c omp l ex .  The c entr i fugal d i s t ort ion analys i s  

provi de d  two l inear ly independent t aus whi ch c an b e  c a l cu l at e d  from a 

know l e dge o f  the force  cons t ant s .  The analys i s  o f  the nuc l e ar quadrupo l e  

hyperfine s t ructure yi e lded  tensor e l ement s whi ch were  us e d  with a know-

ledge of  the e l ectr i c  fi e l d gradi ent to c a l cu l at e  vibrat i ona l ly averaged 

2 2 
pro j ect ion operators  < c o s  °b > and < c o s  a

c 
> . The s e  operators  c an a l s o  

b e  determined from t h e  force fi e l d  when c a l cul at e d  from the normal mode 

wave  funct i ons  ( s e e  Methods  Sect ion , p art C ) . In order t o  c omp l et e ly 

det ermine the force fie l d , i t  was nece s s ary t o  supp l ement the s e  Y a l ue s  
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Tab l e  V I I . Spe c t r o s co p i c  and Mo l e cular Cons t ant s o f c 2H2 and HCl 

a B (MHz ) 
c 

b B (MHz ) e 
r ( C-C )  (R) c 

0 

r ( C-H) (i) c 
0 

r ( C- C )  CR) b 
e 

r ( C-H) CR) b 
e 

Q l l  
2 d ( e s u-cm ) 

e B (MHz ) 
0 

e B (MHz ) e 
r <R/ 

0 

r cR) e 
e 

X (MHz )  g 
0 

µ (D) h 

aRe ference  7 7  

bRe f e rence  78  

C 2H2 

35 2 7 3 . 8 2 0  

3 5 4 5 5 . 3 7 4  

1 . 2 0 8 5 8  ( 5 )  

l . 05 7 0 6  ( 1 0) 

1 .  2 0 2 4 1 ( 9 )  

1 . 0 6 2 5 0 ( 1 0 )  

8 . 0  ( 1 6 ) x 1 0- 2 6 

H35 cl  H3 7 cl  

3 1 2 98 9 . 2 9 7  3 1 2 5 1 9 . 1 2 1  

3 1 7 5 5 7 . 1 1 5 3 1 7 0 7 6 . 60 1  

1 . 2 83 8 7  1 .  2 83 8 6  

1 . 2 7 45 9 9 1 1 . 2 74 5 9 9 1  
' 

- 6 7 . 6 1 8 9 3  -5 3 . 2 94 

1 . 0 7 1 . 0 7 

c Cal culated  f rom B values in Re f e r e n c e  7 7 v ia l e a s t  s quar e s  f it 
0 

d Re f e rence 7 9  

e Re f e rence 8 0  

£ Ca l c u lat e d  f rom Re fe rence 8 0  

gRe ference 7 1 

hRe f e r enc e 8 1  
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Tab l e  V I I I . The Vibrat ionally Ave r a ged  Struc ture 

This Work Le g on 1 e t . al . 

R (A) 3 . 6 6 0  ( 6 )  a 3 . 6 6 3  
0 
* 

( 4 ) a R3 ( de g ) 9 . 3 no t d e termine d 
* 

1 2 . 6b 
C\ ( de g ) 1 5 . 7 

* 1 1 . 7b 
a .  (deg)  1 5 . 0  c 

8net ermined from r o t at ional cons t ants  

bDe t e rmined from normal mod e  wave func t ions , uncer t a inties de s cr ib ed in 
Discu s s ion Sect ion 
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determined from the microwave  spectrum with norma l mode frequenc i e s  from 
2 

an argon mat rix  infrared  s tudy . 

S i n c e  fre quenc i e s  o f  the v an der Waa l s  mod e s  may b e  s h i ft e d  5 t o  1 0%  

from the ir g a s  phas e values by matrix e ffect s , a corre sponding unc ert ainty 

36 
in the forc e  fie ld  i s  e xp e ct ed . 

The d i s t ort i on cons t an t s ,  normal mode frequenc i e s  and proj e c t i on 

operat ors are not  al l l inearly dependent on the force fie l d .  Recal l ing 

e qn ( 6 6 ) , i t  i s  c l e ar that the di s tort i on con stant s are l ine ar funct ions 

of the e l ement s of the inverse  force  cons t ant matrix , whi l e  the vibrat i on -

al ly averaged proj e c t i on operat ors and normal mode fre quencie s  are t o  firs t  

order l i ne ar funct i ons o f  the f matrix e l ement s . Due to  thi s incompat i -

bi l ity  i n  dependence on the force  fie l d , a s imu lt aneous fi t o f  the force  

fie l d  t o  the s e  five  va lue s was  not po s s ib l e  us ing t he usua l Jacob i an 

method .
7 4 

The f mat r i x  o f  c 2 H2 · · HC 1 , however , factors into A1 , B2 and B2 symme try 

b l ocks of order 1 , 2 , 1  respect ive ly . Thi s  c l e ar ly permi ts  two o f  the five 

force cons t ant s to  be determine d  independent l y . The force  cons t ant s f
1 1  

and f 44  correspond to  the e lements of  t he A1 and B2 symmet ry b locks , whi le  

f 2 2 , f2
3 

and f
3 3 

compri s e  the  B 1 symme t ry b lock . 

Con s iderat i on of  the iner t i a l  der ivat ives , evaluat e d  under the rigid  

r od approximat i on us ing a "T" - shap ed g e ometry and r = R , indi cat ed that 
e o 

- 1  T
xxxx was a funct ion o f  f

1 1  only . Since f
1 1  

is  independent of  the r e s t  

. - 1 
o f  t he .£ mat r ix , f

1 1 
= l / f 1 1

, and may there fore be  determined direct ly . 

The value o f  f 4 4  c an a l s o  b e  determined independent ly by me ans o f  the 

s e cu l ar eqn ( 1 5 )  s ince  the norma l mode  w4 is the on ly mode of B2 symmetry . 

The remaining force  cons t ant s , f2 2 ,  f2 3  and f3 3 , were  det ermined 

i t e r at ive ly  from w2 = 2 40 cm
- 1

, Txzx z ' and < cos
2
�b> .  Th e normal mo d e  fr e -



Tab le I X .  

7 5  

Normal Coor d inat e  Analys is  o f  C H  · · H35 c1  2 2 

f l l  (mdyne /A) 0 . 0 6 3 0  ( 2 )  

f2 2 (mdyne A) 0 . 0 5 2 2  

f2 3  (mdyne A) 0 . 0 30 2  

£ 3 3  (mdyne A) 0 . 04 5 4  

£ 4 4  (mdyne A) 0 . 05 44 
- 1 8 4 . 2  wl ( cm ) 
- 1  2 40 . 0  w2 ( cm ) 
- 1  5 8 . 2  w ( cm ) 3 
- 1 2 40 . 0  w4 ( cm ) 

HCl (Mhz ) - 6 2 . 3  x 
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quencies  w2 and w4 are de generat e as they are report e d  as unreso lved 

feature s in the argon mat r i x  s tudy o f  .<\;1drews , et . a l . 
2 

The v ibrat i onal ly  

averaged proj e ct i on operat or was det ermined  from the e l e c t r i c  fi e l d 

gradient and the nuc l e ar quadrupo l e  t en s or e l ements as des cribed in Part 

C , Methods Sect i on . The i t erat i ve proce s s  was deemed ne ce s s ary due to  

the non l inear dependence of  T on the s e  forc e  cons t ant s . 
xzxz 

The comp l et e  force fie l d  and c a l cu l at e d  normal mode frequenci e s  from 

a rigid  rod normal coordinat e anal y s i s  are gi ven  in Tab l e  I X .  Appendix I I I  

detai l s  the mat r i c e s  and e qns  us ed  in this  c a l cu l at ion . No uncert aint i e s  

i n  t h e  force  fi e l d and norma l mod e  fre quenc ies  are c i t e d  as  the uncertainty 

due to matrix  e ffect s is expected  to  b e  l arger than the uncert aint i e s  in 

the spectro s cop i c  c ons t ants . 

D .  Effe c t s  o f  Hydrogen Bonding o n  Monomer Propert ies  

The symmetry o f  the  c omp l ex afforde d  the opportunity to  inves t i gat e 

the e ffect o f  hydro gen bonding ,  i . e . , c omp l exat i on on the monomer propert i e s , 

spe c i fi ca l l y  the bond l ength in c2tt2 · · HF and the e l e ctri c fi e ld gradi ent 

at a quadrupo l ar nuc l eus in c2tt2 · · DF and c 2H2 · · HC 1 .  I t  had been c ommon 

prac t i c e  pri or to thi s s tudy to as sume the e l ectric  and structur a l  pro -

pert i e s  o f  the monomers  remained unchan ge d  upon comp l exat i on .  

Since w4 i s  the on l y  mode o f  B2 s ymmetry , the vibrat i ona l l y  averaged 

2 
pro j ect i on operat or , < c os ac > , c an be c a l cul at e d  from w4 v i a  the norma l 

mode wave funct i on '¥4 ( s e e  Part C ,  Methods Sect i on ) . 

The proj e c t i on operator c an a l s o  b e  determined from the e l ectric  fie l d  

gradi ent and the nuc l e ar quadrupo l e  tensor  e l ement s v i a  eqn ( 95 ) .  Wi th 

2 
the va lue o f  < cos  a > and the nuc l e ar quadrupo l e  t en s or e l ement s , a 

c 

value for the e l ectri c f i e l d  gradi ent at C l  in the comp l ex  can now be 

obt ained via  eqn ( 95 ) .  Thi s  permi t s  c a l culat i on o f < cos
2C\ > v i a  e qn ( 94 ) , 
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which can be  u s e d  in obt aining the fo rce  cons t ant s o f  the B 1 symmetry b l o ck .  

Know l edge o f  the e l ectric  fie l d  gradient a l s o  permit s c a l cu l at i on o f  <cos
2

a> 

1 from X : 
aa 

= 
Xaa 2 _ 1 1 - 1 

2 [ 3  < cos  a > J 

Thi s value c an be ut i l i ze d  in  the determinat i on o f  the vibrat ional ly  

averaged s t ructure ( see  Part B ,  Re sult s Sect ion) . 

Thi s  s ame approach may be  invoked for c 2 H2 · · D F t o  determine the 

( 1 04 )  

e l ectric  fi e l d  gradient a t  deuterium .  
73 

The spectrum , obt ained by Re ad , 
2 2 

reve a l s  that xbb 
= xc c

' thus < cos  � > = < cos a
c 

> as  determined by 

eqns ( 94 ) - ( 95 ) . With normal mode  frequen c i e s  avai l ab l e  from an argon 

matrix study ,
2 < cos

2
a

c 
> = < cos

2� > c an be obtained from the normal 

mode wave funct i ons ( s e e  Methods  Section , Part C ) . The proj ect i on 

operator < cos
2

a > can be wri tten as a func t ion o f  the s e  c omponent s ( s e e  

Appendi x  IV )  : 

2 
< cos  a > = 

and emp l oyed in e qn ( 1 06 ) : 

Xaa 2 1 
x0F = �2- [ 3  < c o s  a > - 1) -

> ( 1 0 5 )  

( 1 06 )  

to  obt ain Xop · The value s  for XDF ' XHC l and their  re spect ive e l ectric  

fi e l d  grad i ents  are c ited  in Tab l e s  X - XI . The ir unc ert aint i e s  are 

governed by · the s ame cons i derat i ons invo lved  for the force fie l d .  

Cons iderat i on o f  c 2 H2 · · HF perm i t t e d an oppo r t un i t y  t o  obt ain an e s t i 

mat e o f  bond e l ongat i on upon c omp l e xat i o n . S i n c e  both  hydro gen and fluor ine 

p o s s e s s  spins of � the sp e c t rum of C 1 H ,, · · HF v; i l l  po s s e s s fine structure ... ... 
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Tab le X .  S p e c t r o s co p i c  and Mo lecu l ar Cons t ant s o f  c2 H2 · · RF /DF 

C H • · HF 2 2 C H • · DF 2 2 
- 1  a w4 ( cm ) 3 8 2 . 0  2 8 4 . 4  

b
HF /DF  (M1iz ) 6 1 6 3 6 5 . 5b 32 5 5 8 4 . 9 8 c 

B (MHz ) d 4 7 1 9 . 9 7 90 4 6 9 8 . 4 3 1 2  

G44 
e (amu A2 ) - l 1 . 2 2 8 9 5  0 .  6 5 354  

Xaa ( KHz) d 2 82 . 6  
DF (KHz) f 354 . 2 3 8 x 
0 
DF ( KHz ) e 3 1 5 . 7 3 x 

D (KHz) d -2 3 7 . 2  
aa 

D
HF (KHz) f - 2 8 6 . 75 
0 

D
HF (KHz) e - 2  7 7 . 3 

a
Re f erence 2 

b 
Re ference 82 

c
Re ference 8 3 

d 
Re ference 73 

e
This wor k  

f 
Re ference 8 4  



( a2v r 
az2 

( a 2v r 
az2 

r
HF (Ao ) 

Tab l e  XI . 

0 0 1 3 vo lt ) 2 
cm 

( 1 3 vo l t
) 1 0 --

2 cm 

7 9  

Ef f e c t  o f  Hydro gen Bond ing on HX Propert ies 

Comp lex bound HX /DX free HX/DX 

C H • · H3 5 c l  2 2 1 .  7 9  1 .  9 4 

C H • · DF 2 2 0 . 2 0 8  0 . 2 3 3  

C H • · HF 2 2 0 . 93 6 0 . 92 5 5 9  
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re l at e d  to the int erac t i on o f  t he magnet i c  moment of fluorine with the 

magne t i c  moment of hydro gen in HF . An an a l ys i s of thi s hyper fine struc -

ture yi e l ds D , the vibrat iona l ly averaged pro j e c t i on o f  the s p in- spin 
aa 

interac t i on of HF on the (a)  inert i a l  axi s , de fined in the fo l lowing manner :
7 3  

D = 
aa 

2 
D

HF
/ 2 [ 3  < cos  a > - 1 ]  ( 1 07 ) 

4 
where  D

HF 
i s  defined as : 

= ( 1 0 8 )  

where g
F ' g

H 
are t h e  nuc l e ar g - fac t ors , µ N  i s  the nuc l e ar magnet on and 

R i s  the H- F bond l engt h .  
2 A knowl e dge o f  D and < cos  a > permit calcu

aa 

l at ion of D
HF 

and vi a eqn ( 1 0 8 ) , the H - F  bond l ength in the comp lex . The s e  

resu l t s  are report e d  i n  Tab l es X - X I  subj e c t  t o  uncert ainty due t o  matrix 

e ffec t s .  



D I SCUSS I ON 

Examinat i on o f  the resul t s  o f  thi s study c l e ar l y  reve a l s  a s i gn i ficant 

improvement in the des cript ion of c 2 H2 · · HC 1 . Compar i s on of the spectra  

given in Tab l e  V I  ind i c at e s  that for  the  trans i t i ons  ob s erved the e ffect s 

o f  centri fuga l di s t ortion c an be proper ly account e d  for by an e xact 

asymmetri c  top fi rst  order perturbation treatment as opposed  t o  the approxi 

mate symmetric  t op treatment prop o s ed by  Legon .
1 

Thi s  c a l cu l at i on a l s o  

yie l de d  spe ctros copi c  con s t ants  whi ch were us e d  t o  further charact eri z e  

the comp l ex in terms o f  i t s  vibrat i ona l ly averaged structure  and inter 

mo l e cu l ar force fi e l d .  

The rot at i onal  cons t ant s obt ained from the c entri fuga l d i s t ort i on 

ana lys i s  permi t t e d  a comp l et e  des cript i on o f  the structural  par ame t ers o f  

the r i gi d  rod  mode l .  Us ing inert i a l  eqns  derived t o  des cribe the comp l ex 

as a we ak l y  bound n on l inear r i gi d  rod s ys t em ,  i t  was p o s s i b l e  t o  obtain 

the refined st ructure in Tab l e  VI I I . 

The des cript i on o f  the intermo lecu l ar force  fi e l d  bas ed  on the avai l 

ab l e  dat a s erve d  a s  the inc ent ive for the deve l opment o f  the rigid  rod 

normal coordinat e  analys i s . Thi s  descript i on , ne glecting  anharmon i c i ty 

and o ff-di agonal  e l ements  c oup l in g  the h i gh and l o" frequency b l ocks o f  

the exact G f  mat r i x ,  permi t t ed charact e r i z at ion o f  t h e  int ermo l ecu l ar 

force  fie l d  o f  the comp l ex . The ne g l e ct o f  o ff- d i agonal e l ement s that 

coup l e the hi gh and l ow frequency b l ocks of the Gf matrix wi l l  introduce 

uncert ainty int o the force  fi e l d ,  te�ding to overe s t imat e the norma l mode 

frequenc i e s  by s ever a l  percent .
54 

A measure o f  the s e l f  c ons i s t ency o f  

thi s ca l cu l at i on can b e  demonst r at e d  by us ing norma l mode wave  funct i ons  

81  
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2 
to c a l cu l at e  < cos  R

3 
> :  

2 
< cos  R

3 
> 

where � CQ2 ) and � (Q
3

) are defined in t e rms o f  w
2 

and w
3 

re spe ct ive l y  ( s e e  

Methods Sect i on ,  Part C ) . Th i s  vibrat iona l l y  ave r aged  proj ect i on operator 

was a l s o obt ained from the (A) rot at ional  con s tant via eqn ( 1 0 1 ) . The va lue 

* 2 1 * 
R

3 
= Arcco s [ co s  R

3
] 2 = 9 . 3 °  evaluated  from (A) can be comp ared t o  R3 

= 8 . 2 ° 

obtained from the int e grat i on over the normal mode wave funct ions . The 

dis crepancy can be  at tribut e d  t o  model  dependent e ffect s and matrix pertur-

bat i ons o f  the force  fi e l d  as we l l  as the uncert ainty in the (A) rotat ional 

const ant . 

Thi s  method permit s  a very import ant advance  in the know l edge o f  the 

comp l exes  in that it  is now pos s ib l e  t o  e s t imat e the e ffect s o f  comp l exat ion 

on monomer propert i e s  such as  bond l ength and the e l ectric  fie l d  gradi ent 

at a quadrupo l ar nuc l eus . Examinat ion of Tab l e s  X - X I  reve al s a decreas e in 

the  e l ectric  fi e l d  gradi ent . due to comp l exat ion . Th i s  decrease  can be 

at t ri buted to  an incre a s e  in charge s ep arat i on due to  hydrogen bonding . I n  

c 2H2 · · HC 1 ,  th i s  caus e s  t h e  H- C l  bond to  become more i oni c . A s  the i o n i c  

ch aracter incr e as e s , t h e  e l ectri c charge dens ity imme d i at e l y  surrounding the 

at om t ends to  b e come more spheri c a l l y  symmet r i c  thus d e creas ing th e amount 

of int eract ion between the spinning nuc l e ar charge and the rotat ing mo l ecul e .  

The obs erved incre as e s  in H- F bond l ength and ion i c  charact er o f  the HC l 

monomer are c l e a r l y  con s i s t ent with the  report e d  red  sh i ft o f  the HX 

- 1  7 5  2 
stretching frequenc i e s , e . g .  2 0 8  cm for HF . ' 

The importance o f  the methods deve l oped  in the  cour s e  o f  th i s  s tudy 

c annot be overemphas i z ed . I t  i s  ev ident that the s e  methods wi l l  permit 
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the opportunity o f  further re finemen t s  o f  int ermo l e cu l ar force fi e l ds of 

co8p l ex e s  as we l l  as gas  phas e  v ibrat i onal  sp e c t r a  and \' i brat ional l y  

exc i t ed r o t at i onal  spectra  be come avai l ab l e .  I n  add i t i on ,  the d e s cript ion  

of  the  v an der Waal s v i brat ions  i n  t e rms  o f  r i g i d subun i t s  can c l e ar l y  be  

genera l i z ed and ext ended t o  further unders t and the e l e c t r i c a l  propert i e s  

and dynami c s  o f  other v an der Waa l s mo l e cul es . 
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C A � • I T C H T J  C A L C U L A T E T H E E W E R � l E S  C � R R E . i E J  F � R  CE " T R l F U G � L 0 0 0 0 3 1 4 0 

: O I S T Q ;;. T I O N .  l T  <. A L L .;; A S J e R C W T l N C:  C C C I ) • r1l C H • I L L <.. .t.. '- C.J L. .t.. T E  T HE 0 0 0 0 .3 1 5 0 

c C I :S T O R T I O N E N ER G I ES & c : oR O I N �  TJ A F I R ST �R� E ?.  A P P� u X I M A T l G N .  I T  0 0 0 0 3 1 6 0 

� I L L A C C  T H I S  C O � RECT l LJ N T O T H E R I G I D R � r � ;;,  EN E R G Y . � � T � E N  A L S O  0 0 0 0 3 1 7 0  

� C A - C U L A I E S  T � E  S P E C T R u �  JF T h E  � u l.. E CU L. E i N  O U E S T I �N A C C O R O l NG TO 0 0 0 0 3 1 8 0  

C $ a I T C H o Q A N O R b R A N C H  T � A N :S I T l J � S � I T rl � N Y  C O M d I NA T I C N OF A o d . C 0 0 0 0 .3 1 9 0 

: D I P O L E  T R A NS I T I C � S  C A N SE O E S I �� A T E O .  T n .:: A. P P ?. O P R l A T E  OE S I G N 4 T I O N S 0 0 0 0 3 2 0 0 

C F J �  T h E  S � I T C h ES W I LL F OL.LO W • T� E S • l T Crt � S A R E  E l T h e R  ON E O R Z E R O  0 0 0 0 3 2 1 0 

c • I T H C " E A S  T H E V AL J E  T O  o aT A I N  r HE D E S l � E O O P T I O N .  T H I S  PR O G R A M  0 0 0 0 3 2 2 0  

C • 4 S  w R I T T E S  • I TH TM E $ T R 4 T E G l E S ? R C V l O EO d Y  O .. . G l � E S  H E N D E R S O N .  0 0 0 0 3 2 .3 0  

C p ,. :; F � S S � �  DF P !"i Y S I C 4 L.  � rt::: l'! I S T � Y . E A .S T E;:( N  .i. i.. L l N .:H S Ul d YE R S l TY .  0 0 0 0 3 .2 4 0 . j 
: * * * "' * * *  * * * * '* * * * "' * * . . .. . . . . . .. . . . . . ..  * * ** •  . . . . . . . .. . . . . . . . . .. . . . . .. * * * * * * * * * * 0 0 0 0 3 2 5 0  ,1 

S U B R O U T I N E  R O T C E N  ( A P . d P e C P . T A U . F R Q J  0 0 0 0 3 2 6 0 

I M ? L l  c I T  J;:E A L *8 ( A-H , o - z ) 0 0 0 0 3 2 7 0 I 
u l l( E N S l O N  T A U { 7 ) e F R .:2 ( 2 0 ) , rf ( .2 1 . 2 1 )  e E I V R ( 2 1 e 2 l J , E ( l l o 2 l ) . T ( 7 )  0 0 0 0 3 2 8 0  t 
0 1  M E N S 1 C N  KP O N (  1 1 . 2 1 )  e K O w N ( l l e  21 ) • I S M (  l l • 2 1 ) 0 0 0 0 3 2 9 0  ·i 
NO M = l 1 0 0 0 0 3 3 0 0  j 
M ) I M = 2 1 0 0 0 0 3 3 1 0  I 
! G N -= 1  0 0 0 0 3 3 2 0  t 
l :O ;o N .:: O 
I O � N .:> = l 

0 0 0 0 3 .3 3 0 

0 0 0 0 3 ;"j 4 0  I 
� · · ** * * * * * * * * * * * * * * * * * * * * * * * * * • * • * * * *" * " * * * * * • • · · · · · · · · · · · · · · · · ·· · · · · · · • 0 0 0 0 3 3 5 0  

C A ? , S P . CP A R E  T H E  EQ U 1 L l �?. I U M  C ON S T A N T S  S � K MA L LY USED l N  T HE R I G1 0 0 0 0 0 3 3 6 0 

: R O T O R  H A fo! I L T C N I A. N .  4 , a . c A O< E T HE  S C R I ? T  C O N S T A N T S G I V E N  I N  E O N  8 . 4 0 0 0 0 3 3 7 0  ! 
c O N  ? ,  2 2 2 . G C � D Y  A N O  C OOK . O t' 0 0 3 3 S O  i 
= · · · · · · · · · · · · · · • * * * * * * * * * "' * * * * * * * * * * * • • • • · · · · · · · · · · · · · · · · · · · • • * * * * * * * * • • 0 0 0 0 3 3 9 0 

l C E DS = l 0 0 0 0 3 4 0 0  I 
.J M A.  X= 3 
l O B R = O  

l R 3 R= l 
1 A S = l 
i :, s = o 

I C S = O 

0 0 0 0 3 4 1 0  i 
0 0 0 0 3 4 2 0  I 
0 0 0 0 3 4 .3 0  I 
0 0 0 0 3 4 4 0  i 
0 0 0 0 3 4 S O  l 
0 0 0 0 .3 4 6 0  ! 

: • * * * * T A u - T 1 NT E R F A C E * * * * * * * * * * * "' "' * * * "' * * * * "' "' * * "' * * * * " * * ** • * * • * • * * * * * * * * * * 0 0 0 0 3 4 7 0 t 

D O  6 l = l . 7  0 0 0 0 .3 4 8 0 1 

T ( l l = T � U ( l )  0 0 0 0 3 4 9 0 i 
6 � D � T l � L E 0 0 0 0 3 5 D O j 

: • • • • • C A � C U L A T E  A . e . c • · · · · · · · · · · · · · · · · · · • • • s • • • * * * * * * * * * * * ** * * * * * * * * * * * • 0 0 0 0 3 5 1 0 1 

R � = ( 1 . 0 C Cl / 6 4 . C D O ) • C T C 2 ) 1-T { 5 ) - 2 . 0 .) 0 * T C 6 ) ) 0 0 0 0 3 5 2 0 i 
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E. = <:: ::> - ( ( 1 i: • !) ::> O  ,. ;:; 6 * ( ;. � - .: ? I ) I" ( � P - C.=> I ) 
C = C  ;> + ( ( 1 b .  o :>  0 * Ro •  ( :..? - cl ?  ) I  I" ( :::1 ? - CP ) ) 

G O  T O  1 2  

"' : :, ;>  
c = � ?  

0 0 0 0 3 5 .3 0 1 

0 0 0 0 .3 5 " 0  I 
0 0 0 0 35 5 0 i 
0 0 0 0 3 5 6 0  I 
O C: !) O J 5 7 0 : 

0 0 0 0 .;; : s o · 

0 0 0 0 .3 5 9 0 : C = CP 
; • • s • � l , ! T l � L I Z E i h E  

J j  :; 1 = 1 . 2 0 

;= :;. :. ( I } : l' . C D� 
c _ -.: T l  r• L'E 

� r � 4 Y S * * • • * � * • • * * $ • * • � · · � - · � • • • • * * * • • • * * * * • * * * * * * * • 0 0 0 0 3 0 0 0 ' 

0 0 0 0 3 0 1 0 :  

1 2  "" '� � ),, = J :J L.. .x. .. 1 
� . .• .  - .... : ..: s:: J � :. � + l  
L- .;  L J  .--.: l = I , :.; II :.. X 

0 0 0 0 3 6 2 0 : 
0 0 0 0 .J c .? o :  
O t' 0 :> .3 b � !)  I 
C 0 0 0 3 c S O i  OC0 0 .3 0.. o U I  



1 .... 

1 5  

D C  1 3  t- .J = 1' I , 1' ,.., A X  
H C N I  , r-.; .J ) : C . O D C  
i:: I V ;.. ( to;  l , r :  .J )  = O  . o  D O  

n I t-i .J , 1' l ) .: "" { t. I , N J ) 

� l V k ( toi .J , N l l = E l V� ( " l • N J )  

C i.,; N T  I " L E  
;) .;  l o  �'. l = l d H � A X  

C> O  1 5  l' J = l , N M A X 

'.:: I ;:, l , "' J } = C .  0 D C  
K P .J N ( l' J , M .J l = O  

KC � N ( lo' l , M.J J =O 
J .:.. '1 ( ._ I  , M .J ) : O  

C U 'I T I N U E  
J ,.., :. )( D = O  

9 5  

0 0 0 0 3 0 7 0  

0 0 0 0 .3 0 0 0  
o o o o .J u 9 o  
C C 0 0 3 7 0 0  

0 0 0 0 3 7 1 0  

0 0 0 0 3 7 2 0  

0 0 0 0 3 1 .; o  

O O O O  .. H 4 0  I 

C 0 0 0 3 7 5 0  

0 0 0 0 .3 7 6 0 

0 0 0 0 .3 7 7 0  I 
0 0 0 0 3 7 8 0  

0 0 0 0 3 7 <,i O  

0 0 0 0 3 8 0 0  

� ** * * * C 4 L C U L 4 T E  4 S Y M � = K A .:> � :.. , T H E  4 � Y M � � Tk Y P :..� � M E T E � * * * * * * * * ** * * * * * * * * ** 0 0 0 0 3 a l O I 
A $ Y M P = (  ( 2 . 0 0 C * d P ) - 4 .:> - C? J / ( A P - C P J  0 0 0 0 .3 62 0  I 

: ** * * • C 4 L C U L A T E  T H E  H A l' l L T O N 1 4 N  M A TR I X  F O R  E AC� 

0 0  5 0 0  M= l , M M A X 
J- � T 4 T E ** * * * * * * * * * * * * * * * 0 0 0 0 3 8 3 0  

0 0 0 0 3 8 4 0  I 
C 0 0 0 3 8 5 0  I 
0 0 0 0 3 8 6 0  I 
0 0 0 0 3 8 7 0  

0 0 0 0 3 5 8 0  

0 00 0 3 8 9 0  I 
0 0 0 0 3 9 0 0  J 
0 0 0 0 3 9 1 0  

0 0 0 0 3 9 2 0  ; 

0 0 0 0 3 9 3 0  I 
2 5  

3 0  

4 0  

N = 14 - 1 

N X N "'  2 * N  t- 1 
O:l 4 0 I I =  l • N X N 

DO 40 I J = I I , N XN 

K = l l - C N H J  
K P= l .J - ( N + l ) 
I F  ( A S YM P - 0 . 0 0 0 ) 2 5 , 2 5 0 30 

I F C K . E O . K P ) H ( I I . l J ) = H ? � ( A . s . c . N . K )  

z ;:  ( ( K + 2 J  . E O . K P )  H ( l l , { .J ) : HP O D ( A ,  B , C , N , l O  

l F  ( ( K . ,... E . K P ) .  A N O .  ( (  K + 2 J  . N E .  ;< P ) )  H (  I I . l  .. U = O .  O D O  

H ( I .J ,  1 l l = H (  I l ,  l .J )  
G D  T O  4 0  

I F  ( K . E O . K P ) H ( I l . 1 .J ) = H OJ ( A , a . c . N . K J  

I F  ( ( K l- 2 ) . E Q . K P )  H ( l { . I .J J = H O O D C A . a . c . N , IC ) 

I F  ( ( K . N E . K P )  . A NO ,  ( ( K l- 2 ) , NE . K P ) J  H (  I I ,  ! J )  = 0 . 0 0 0 

H C I .J o I I J = H C I I . I J )  

G O T O  4 0  

C O N T I N U E  

0 0 0 0 3 9 4 0  i 
0 0 0 0 3 9 5 0 1 

0 0 0 0 3 9 6 0 1 

0 0 0 0 .3 9 7 0 1 

0 0 0 0 3 9 5 0 '. 

0 0 0 0 3 9 9 0 . 

0 0 0 0 4 0 0 0 ; 

0 0 0 0 4 0 1 0 1  

0 0 0 0 40 2 0 ; 

: • * * * * D I A G O N A L I Z E J B L G C K . O � O E R ,  R E 4 0  � I G E NV '-L .J E S I N T O  E M 4 T R 1 X * * * * * * * * * 0 0 0 0 4 0 3 0 1 

2 8  

C ' L L  H D I A G ( H , N X h , M .J l M , L G E N , l O RN J , E l V R J  0 00 0 4 0 4 0 :  

D G  2 8  J = l  , N X N  0 0 0 0 4 0 5 0 : 

E C  /l>I ,  .J J = H (  .J , .J ) 
C C N T I N UE 

0 0 0 0 4 0 6 0 '  

0 0 0 0 4 0 7 0 i 

: • * * * * R � I N l T I A L l Z E H M A TR I X * * ** * * * * * * * * * * * ** * * * * * * * * * * * ** * * * * * * * * * * * * * * * 0 0 0 0 4 0 B O i 

4 5  

0 0 4 5  1 L = l  o 2 1  C 0 0 0 4 0 SO O :  

D .J  4 5  L l = l , 2 1  

H (  ! L . L l ) = C . 0 0 0 

CON T I N UE 

0 0 0 0 4 1 0 0 1  

O C 0 0 4 l l o i  
0 0 0 0 4 1.2 0 '  

: * * * * • C C N S T � U C T  K - P R O L A T E , K - 0 3L A T E  L A j � L S * * * * * * * ** * * * * * * * * * * * * * * * * * * * * * * C 0 0 0 4 1 � 0 

I K • O 0 0 0 0 4 1  .. 0 

L = Z 
C:i 2 >1  K J= l o N X N . 2 
l K = I K t l  
L = N X toi +- 1 - K J  

K i> .:I N ( M  , 1< .J ) : K .J - l K  
� ... � h ( � o L l = K µ O h ( M , K J )  

I F  ( ! K . c Q . K J ) G O  T O 2 9  

I F  ( l i< , r-. E . i< .J l i< P G N ( 'l . C "' J - 1 ) ) = i< P .; 'j ( !-l , K .J l  
,... i,; j to; { I' , ( L t l ) ) = KP 0 t.. ( .\ ,  K J l 

C C 0 0 4 1 5 0 

0 0 0 0 4 1 6 0 '.  

C 0 0 0 4 1 7 0  

0 0 0 0 4 1 6 0 

C C 0 0 4 1 9 0 

C 0 0 0 4 .2 0 0  

0 0 0 0 4 <:'.l  0 

0 0 0 0 4 2 .:! 0  

C C 0 0 4 i J O  

2 Y  L .:ihl T I N U E 0 0 0 0 4 2 4 0  

: ,, ,. . ,. ,. L '- L C \J t. .l. T C  IOl< E R G I E S  •· I T rl  .: E N T R ! F .; ., AL .) J .3 l J ;;. T I .J N  1 N C i... ... .) E D • * * "" ._ * * * * * * C O 'J 0 " � 5 0  

, ;;  ( l t.: :: u s . E O . l )  C l.. L!_ : .J t  t :::: , ,, J 1 -� . N .:; :.1. 9 r . ::. 1 .' �  . ... .  ..\ P  • .:.>� . '- ,:> )  0 0 0 0 4 2 c 0  



9 6  

= · · � • * S � T  U P  S Y � M � T � Y  �- L T � I x · · · · · � · * * · � · · · · · · · · · · · � · · · · · · · � · - · · · · · · · · · · • c c o o 4 � 7 0 
L; J  b O  .JS = t , N lO• 0 0 0 0 4 2 8 0 • 
N ? = l<. P C t. ( M , .J S )  0 0 0 0 4 2 9 0 

K . � =  K S Y M I N P )  O C 0 0 4 3 0 0  
N O : K ;) C � ( M , J S )  0 0 0 0 4 3 1 0 

50 

52 
5 3  

r.. ;. - : I<. E y � ;  ( N J ) 
l F  ( ( K C F . E Q , - t ) , A N :J . ( K ;, U . E O . l l l  .; O  T :l  5 0  
l ;= ( ( K C P , c ·J , - l ) , ,:. N .)  , ( i< C .:l • E J , - ! l l G 0 T 0 ::)1 
. F  ( ( K C P . E. 0 . 1 )  • .:, r. c . t i< .:i .:i . ; .;.  • .1 1 1 .., .;,  T u  5 .2  
t =  ( ( K CP . E Q . 1 ) , A N O , ( K Q .:l . E Q . - 1 ) )  .; o  T O  5 3  
1 5  .. q "4 , J S l = 7 
G el  T O  t C  
I S � { ;.1 , J S ) : I O  

G C  T O  cO 
l 5 "'1 ( M , .J S l = 1 6  
G O  T O  c O  

I S M ( M , .JS ) = 4 1 

0 0 0 0 i1 � 2 0  
0 0 0 0 4 3 3 0  
0 0 0 0 4 3 i1 0  

0 0 0 0 4 3 :i 0 I 
0 0 0 0 4 3 6 0  I 
0 0 0 0 4 J 1 0  I 
0 0 0 0 4 3 0 0  i 
0 0 0 0 4 3 � 0 i 
0 0 0 0 4 40 0 ; 

I 
0 0 0 0 4 4 1 0 1 

0 0 0 0 4 4 2 0  i 
0 0 0 0 4 4 3 0 i 
0 0 0 0 4 4 4 0 1 

0 0 0 0 4 4 5 0 t 
"' C  C L,; N T !  N \.:E 
5 0 0 C ON T I N U E  

: • * * * • C A L C U L A T E  
I F =O 

SP E C T R U � * * * * * * * ""* * * * *-" * * * * * * * * * * * * * * * * * * * * * "' ** * * * * * * * * * * 0 0 0 0 4 4 6 0 ! 
0 0 0 0 4 4 7 0 1 

1 ;=  ( I R S R .  EO o l l GO TO 2 :> 0  0 0 0 0 4 4 i! O i 
60 0 l F C l O S R . E O . l )  GO TO 3 0 0 0 0 0 0 4 4 9 0 i 

G O  T O  1 0 0 0  0 0 0 0 4 5 0 0 1 
2 0 0  I F  ( l A S . E 0 . 1 )  G O  T.:l 2 0  l 0 0 0 0 4 5 1 0 i 
2 5 0  I F  ( I S S , EO . 1  ) G O  T O  2 5 1 0 0 0 0 4 5 2 0 i 
2 6 0  1 =  ( I C S . E O . l l  G O  TO 2 8 1  0 0 0 0 4 5 3 0 i 

G C  T O  t; O O  0 0 0 0 4 5 4 0 i 
: * * * * * A - ) ! P O L E S EL E C T l C N  R U L c S * * * * • * *-' * * * * * * * � * * * * * * * * ** * * * * * * * * * * * * * * * 0 00 0 4 S S O i 

20 l l CHK= O 0 0 0 0 4 5 6 0 1 
DO 2 1 0  l G = l , J M A X  0 0 0 0 4 5 7 0 :  

I <:: .:: l G + l  
J = l G - l  
t. X N = 2 * J + l  

N X N E = 2 * 1 G + l  

DO 2 1  5 J G= l , N X N 

DO 2 2 0  J E = l , N X N E  

N S = I S � C I G , J G J + I S � ( l 2 1 J E )  

I F  ( N S . E 0 . 5 7 ) G O  T O  2 3 5  

t r  ( NS . E C . 1 7 )  G O  T O  2 3 5  

G O  T O 2 2 0  

2 3 5 D A = C E ( I E , J E l - E C l G , J G ) ) 

I C n K = l C H K + l  

F R :l (  ! C H K ) =D A  
2 2 0 C C t. T I NUE 
2 1 5 C O NT l r... L·e 
2 1 0 C C N T l N U E  

0 0 0 0 4 5 8 0 

0 0 0 0 4 5 9 0  

0 0 0 0 4 0 0 0: 

0 0 0 0 4 6 1 0:  

0 0 0 0 4 6 2 Cl  

0 0 0 0 4 6 3 0  

0 0 0 0 4 6 4 0  
0 0 0 0 4 6 5 0  

0 0 0 0 4 0 6 0  

0 0 0 0 4 6 7 q 
0 0 0 0 4 6 8 0  

0 0 0 0 4 6 9 0  

0 0 0 0 4 7 0 0 

0 0 0 0 4 7 1 0 
0 0 0 0 4 7 2 0 
0 0 0 0 4 7 3 0 
0 0 0 0 4 7 4 ( G u  r ::i  2 !: n  

. �- �� * � - j · � � L !  S!L e C T l C N � �� : � · · � · · · � · � - � � · · · · · - * • • · � � · ·· · - � · � · · · • • * • • • � 0 0 0 0 4 1 5 ( 
25 1 OG 2 5 4  L G = l o J � A X  

L E = 1... G + I 
.J S = L G - 1 

N t '< = <! • J ,:, + 1 

N 5 ·; E = .C: � L G  + l 
;;.,:; 2 5 c  K G= l , N 8 N  
D C  2 5 7  r< :: = l , N i:> N E  

� S = I S � ( L G . K G l + l S � ( L ! o � E J  
l �  { '4 S . c c . 2 0 >  G C  T .:.,  2 :i J 
I F  1 � s . c � . • 6 l  � o  T J  2 5 �  

o o o o 4 7 6 C  
0 0 0 0 4 1 1 1 
0 0 0 0 4 7 8 (  

0 0 0 0 4 7 9 1  
O C 0 0 4 o 0 C  

0 0 0 0 4 8 1 (  

O C 0 0 4 o 2 i  
O OO :l 4 t! .; I  
0 0 0 0 4 a 4 /  
0 0 0 0 .:. a s ! 
O O C• C 4 6o l 



Z S o w J = t E t L E . � E l - E C L G . � G l l  
.C: :- 7 c :: :-.T I N U E  
z ;j c  C i.i !H l " l.'E 
.< $ 4  (. u r-; T  l N U E  

G u  T C  2 e 0  

97  

0 00 0 4 0 7 0  
0 0 0 0 4 S tl 0 
C C 0 0 4 & "' 0 
0 0 0 0 4 "1 0 0  
0 0 0 0 4 9 1 0  

� -· � · · � - ) l ? L L �  � � L E C T l ON � v- ; � • • * * * * • � • • • • • • • • • • * * * * * * * * • • • • • • • • • • • • • • •• 0 0 0 0 4 - 2 0 
Z � l CO 2 9 0  l C = l . j M A X  0 0 0 0 4 9 � 0  

I U = ! C + l 0 0 0 0 4 � 4 0  
j C= I C - 1  0 0 0 0 4 9 5 0 
" C � = < � • j C ) + l 0 0 0 0 4 9 6 0 

.2� 3 
29 2 
2 9 1 
2 9 0  

30 0 
3 5 0  
�t. O 

" '- '- E. = 2 • I C + l  

C (j  2 9 1 M G = l . N C N  
C u  2 Y 2  � E = l . NC NE 
L S = l S M ( l C , M G ) + l S M ( l O , M : J  

I F C � S . E C . 2 3 J � O  TO Z 9 J 
I F  ( L S . E 0 . 5 1 ) G O  TO 2 9 3  

G O  T O  2 9 2  
D C = t E l I C , ME J - E ( I C , M � l l 
CO N T I N U E  
C O N T I N U E  

C O N T I N UE 

GO T O  6 0 0  
I F  ( I A D S . E O . l J  G C  T O  3 0 1 
I F  < I B O S . E O . l J  G O T O  3 5 1  
I F  C I C C S . E Q . 1 ) G O  T O  3 8 1  
G O T O  1 0 0 0 

0 0 0 0 4 ; 7 0  
C 0 0 0 4 9 S O 
0 0 0 0 4 11 9 0  
0 0 0 0 50 0 0  
0 0 0 0 5 0 1 0  
0 0 0 0 5 0 2 0  
0 0 0 0 5 0 3 0 ! 
O C 0 0 5 0 4 0  j 
0 0 0 0 50 5 0  I 
0 0 0 0 5 0 6 0  i 
0 0 0 0 5 0 7 0  j 
0 0 0 0 5 0 8 0  ! 
0 0 0 0 5 0 <; 0  I 
0 0 0 0 5 1 0 0  I 
0 0 0 0 5 1 1 0  I 
0 0 0 0 5 1 2 0 ! 

C * * * • • A - O I P C L E 5 EL E C T I O N * * * * * * * * * * * * * * * * * * * * * * * * * * * .-. * * * * * * * * * * * * * * * * * * * 0 0 0 0 5 1 � 0 1 

.:;c 1 C O  3 1  l l G =2 •  lo' X 0 0 0 0 5 1 4 0  l 

3 1 4 
.. :f1 3 
3 1 2 
..3 1  1 

j : t G - l  

N X N = 2 a j t l  
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( 1 ) - R  

( 2 ) - CI, 
( 3 ) - R ( 3 RD 

ROD l = BCL 

OF A. TOMS 

1 1 5  

RO TA T I ON A.S D  T RAN S LA T I O N  OP E RA TORS 

F O R  ACET YL :::NE - RCL ( CG S  UN ITS ) IN 
T ERMS OF E QU I L I B R IUM COO RD lli A.TES 

. ( 4 ) -C ( 3RD CD;..D RA.NT)  
( 5 ) - C ( 4 T B  QUADRANT ) 

QUADRANT ) ( 6 ) - B ( 4 T B  QUADRANT ) 
ROD 2 = ACET YLENE 

DEFIN ITI ON OF OPERATORS 

T = T RAN S LA TI O N  OF ROD l lli Z - DIRECT I ON 
l Z  

R =RO TA TI ON OF ROD l A.BOU T T EE  Y -AX I S  WBI C B  RUNS TBROU GB T E.E  

1 Y 2  

CE N T ER O F  MA. S S  OF RO D  2 

OPERA.TORS 

T = 2 . 8 0 1E- 0 2 Z ( 1 ) + . 9 7 20 Z ( 2 ) 
l Z  

T = 3 . 87 4 E- 0 2 Z ( 3 )  + . 4 6 1 3 Z ( 4 ) + . 4 6 13 Z ( S ) + 3 . 87 4E- 0 2Z ( 6 ) 
2 Z  

R = 7 . 7 8 9E + 0 7 X ( l )  - 7 . 7 8 9E+ 0 7 X ( 2 ) 
lYl 

R = l . 0 17 E+ 0 6 X ( 3 )  - 4 . 6 15 E+ 0 7 Z ( 3 ) + l . 2 1 1 E+ 0 7 X ( 4 ) - l . 9 9 9 E + 0 6 Z ( 4 ) 
2 Y l  

+ l . 2 1 1E+ 0 7 X ( S ) + l . 9 9 9 E+0 6 Z ( S ) + l . 0 17E+0 6 X ( 6 ) + 4 . 6 1 5 E +0 6 Z ( 6 )  

R = - l . 1 6 9 E+ 0 7 Z ( 3 )  - S . 0 6 1E + 0 7 Z ( 4 )  + 5 . 0 6 1E + 0 7 Z ( S )  + l . 1 6 9 E+0 7 Z ( 6 )  

2 Y 2  

R = - S . 0 27 E + 0 5X ( l ) + 2 . 8 0 1E+ 0 7 X ( 2 ) 

1Y 2 

R = - 7 . 7 8 9E + 0 7 Y ( l ) + 7 . 7 8 9E +0 7 Y ( 2 )  

lX l 

R = - l . 0 58 E + 0 6 Y ( 3 )  - l . 2 6 0 E+ 0 7 Y ( 4 )  - l . 2 6 0 E + 0 7 Y ( 5 )  - l . 0 58 E + 0 6Y ( 6 )  

2 X l 



A ppe n d i x I V  
2. 1 '2. 

D e r i v a t io n  o f  <c o s o(. > = f ( < c o s � > , < c o s °"c_ > ) 

T h e  a ng l e  ma d e by th e HC l su b u n i t w i t h th e { a )  i n e r t ia l  

ax i s  app e a r s  s e v e r a l  t ime s  i n  th e c o u r se o f  th i s  s tu dy . 

H o w e v e r , ex p e r ime n ta l  d a ta p e r m i t  th e c a lc u la t io n o f  the 

p r o j e c t i o n  o f  BC l o n  e i th e r  th e ( b )  o r  ( c )  i n e r t ia l  ax i s .  

T h e r e fo r e ,  i t  wou ld b e  d e s i r ab l e  t o  w r i te < c o s 2o(. > a s  a 

f u nc t io n  o f  th e se two q u a n t i t i e s ,  < c o s� > a n d  <c o s 2cXc..> .  

T h e f ig u r e  b e lo w  d e sc r i b e s  th e ne c e s s a ry s tr u c tu r al 

p a r ame te r s  emp loy e d  i n  th i s  d e r iv a t io n .  

1 1 6  
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I n sp e c t io n  o f  th e p r e v i o u s  f ig u r e  y i e ld s th e fo l lo w ing 

r e l a t i o n s h i p s : 

c o s � = z / hx (A 4 - l )  

c o s  ct. = z/h z (A 4 - 2 )  

c o s Ole. = z/ h y  (A 4- 3 ) 

By th e p y th ag o r e an th e o r em ,  hx , hy , a n d  hz c an b e  

r e p la c e d : 

c o s  O{h = z/ ( xz. + z2 ) '11.. (A 4- 4 )  

(A 4- 5 ) 

(A 4 - 6 ) 

I f  th e e x p r e s s io n f o r c o s  ol. i s sq u a r e d ,  eq u a t io n ( A 4 - 7 ) i s 

ob ta i n e d :  

'2. 2. ,. 2. c o s � = z  / ( z  + r  ) (A 4- 7 )  

A t  th i s  po i n t , i t  i s  d e s i r ab le to r e p la c e  z� w i th expr e s s io n s  

c on ta i n ing co s o< �  an d c os d. c. ( eq n s  ( A 4 - 4 ) and (A 4 - 6 ) ) . I n  o r d e r 

to ma k e  th i s  s u b s t i tu t io n ,  c o s  ot b  a n d  c o s Ole,_ mu s t  b e  sq u a r e d  and 

z. 2.. s o l v ed fo r z • T o  e a s i ly sol v e  e q n s  ( A 4 - 4 ) an d ( A 4 - 6 )  fo r z , 

t h e  fo l low i n g  su b s t i tu t io n s a r e  ma d e : 

2. 2. l. . 1  x + z  = x / ( s i n � b ) (A 4 - B }  



" :z. 2. .J. y + z  = y  / ( s i n � )  

a n d  expr e s s io n s  f o r  z'2. i n  

1 1 8  

(A 4 - 9 )  

te r m s  o f  
2 2 

c o s  ol b  a n d  c o s  etc. a r e  

ob ta i n e d u s i n g  eq n  (A 4 - 1 0 )  , a s tan d a r d  t r ig o n ome t r ic id e n t i ty :  

s. .c  . � n  
c o s  o + s in er = l  

z
� = xL c o s1� / ( l-c o s 2.°'& ) 

z
" = y  "-c o s "� !  ( 1-c o si. c(.c.. ) 

(A 4- 1 0 ) 

(A 4- l l )  

(A 4 - 1 2 ) 

Wh e n  equ a t io n s  ( A 4 - l l } - ( A 4 - 1 2 )  a r e s u bs t i tu t e d  i n to th e 

d e n om i n a to r  and n ume r a to r  o f  eqn (A 4- 7 ) ,  th e f o l low ing 

expr e s s ion r e su l t s : 

z. :z. � a 
c o s  o(. =y c o s  �t.. I ( 1-c o s  C<c.. ) 

(A 4 - l 3 )  

C lo s e sc ru t i n y  o f  th e f ig u r e  o n th e  f i r s t  pag e o f  th i s  

appe n d i x  c le a r ly i n d i c a te s  th a t  x and y f o r m  the s id e s  o f  a 

r ec ta ng le in wh i c h  r i s  the d i ag o n al . B y  th e p y th ag o r ean 

th e o r em ,  it can be s h ow n  th a t :  

(A 4 - 1 4 )  

Us i ng eq n (A 4- 1 4 )  a n d  s imp l i fy i n g  , c o s  "l ee.. i s  n ow d e f i n e d  in  

a c c o r d anc e w i th eq n  ( A 4 - 1 5 ) : 

1 4 2. 2 2 
c o s  c( = y  ( c o s  ot c.  - c o s C{c. c o s  �.b ) 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ( A 4 - 1 5 ) 
: :Z 2. a ;..., _ .t a. 

x ( 1 -c o s  (:(c. ) + y  ( 1-c o s Cl.h - c o s  """C. -c o s olb c o s  ctc_ )  
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I t  i s  impo r t a n t  th a t  x �  a n d  y� be e l i m i n a t e d  f r om e q n  

(A 4 - 1 5 ) ,  t h e r e f o r e , t h e  fo l l o w i n g d e f i n i t i o n s  o f  x 2  and y2- i n  

te r m s  o f  t a nz. <Xt, and ta n2t<c. a r e  u s e d : 

i. � 'I. 
x = z t a n  c(.b 

&. � � y = z  tan � 

( A 4- 1 6 ) 

(A 4- l 7 )  

S u b s t i t u t i o n  o f  eq n s  (A 4 - 1 6 ) - (A 4 - 1 7 ) y i e l d s th e fo l lo w i n g  

ex p r e s s i o n : 

.. ,., ... :l :&. i. 1 c o s ""' = z tan «c, ( c o s  ot.C'. -c o s  «c. c o s  � ) 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - (A 4 - 18 ) 

1.. I. 2tt 2 � 2-.J '2,y . . 2...1 :\/) J z tan � ( 1-cos � )  + z  ta n °'c_ ( 1-cos ""\.b -c os �- c o s  """hco:s_T:.; 

I t  i s  c l e a r  th a t  z� f a c to r s  o u t o f  eqn (A 4 - 1 8 ) , l e av i ng 
.. :&. 'l ,. o n l y  c o s  0(. a s  a f u nc t i on o f  c o s  d.b , co s o<c_ ,  t a n  � , and 

t a n 2�� - R e c a l l i ng the d e f i n i t i o n  of th e ta ng e n t  f u nc t i o n , eqn 

( A 4 - 1 9 ) 

t a n&= s i n&/c os e 

and eqn ( A 4 - 1 0 ) , eqn (A 4- 18 ) c a n  be r ew r i t te n :  

• 'Z ,., _ 2 "'  2..1. . a.,J c o s  = s i n  -<:. ( c o s  � -c o s  ""C. co s  ...._b )  

(A 4 - 1 9 ) 

(A 4- 2 0 )  

s i n  10..b ( 1-c o s  2G(c.> + s i n \tc. ( l- c o s2� -c o s  'l� c:. -c o s \ilb c o si ct.c J 
- - - - - - - - - - - -

c o s  2oC. b c o s  �olc. 

T h e  fo l low i n g  eq n s  ar e th e  s u b s e q u e n t  s i mpl i f i c a t i o n  o f  

e q n  ( A 4 - 2 0 ) . 



:Z_, • 2 2._, c o s  ..... = s i n  o{c. ( 1 -c o s  """ b )  

1 2 0 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ( A 4 - 2 1 ) 
. a.J . �-' :tn' . "J..""1 2. ..J  'I. 2 ::irL . :t s i n "\ b s 1 n ""c. c o s  � + s i n -'t:. c o s "'h ( 1 -c o s c( b -c o s � - c o s � c o s c:t.c_ ) 

c o s:d... = s i n � s i ni..c( 0 c o s 2°'1:, c o s2ct..c:_ 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - (A 4 - 2 2 ) . 

• t.,.t • . �-1 � • Id 2.,.l. 2,./ . 'I '\£, 2_, s i n � s i n t>.c. c o s  "'-c. + s i n � c o s - 1:>  ( 1 -c o s  -"h -c os � -c o s  - b  c o s  """c. ) 

:._, - �  � 2. 
c o s  ""' = s in ""& c o s ..,, c o s  C<c. · 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ( A 4 - 2 3 )  

s in,_� cos 2°'c. + c o s :t.o(.b ( 1-c o s  �.b - c o s � -c o s� c o s 2� ) 

":. Z. 1  2. ,J _  
� 

c o s  Of. = s i n  tJ.. b c o s  ""1:1 c o s  cl.c.. 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ( A 4 - 2 4 ) 

s i n � c o s  �c.. + c o s  -:i.� -c os*li..b -c os  z.'\, c o s1�c.. + c o s  14-� c o s� 
. 2. • 'a"' . I. i. c o s  Ci( = s in ""'b c o s  oC.b c o s  o<.c.. _ 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ( A 4 - 2 5 )  
• Z.J � 'Z..J ::t. ' -:JN. . 1 ,,__, s in "" be e s  « c.  +c o s '"" b ( 1-c o s �b ) -c o s � c os �c.. ( l-c o s '7\..b ) 

':l. .  t..-1 2 2.. 
c o s  Cl,, = s in ""' h  c o s  « bc o s  ol..c.. 

---------------------------------------- ------- (A 4- 2 6 )  
s in � ( c o s .. o(b+ c o s  z.G{c. -c o s 1 �  c o s 2

c(c..) 

(A 4 - 2 7 )  

I n o r d e r  t o  ob ta i n  <c o s'\<. > , e q n  ( A 4 - 2 7 ) i s  av e r ag ed ov e r 

t h e  g r ou n d  s ta te v i b r a t io n al wav e f u n c t io n s  ( s e e  Me th ods 

s e c t io n ,  P a r t  C fo r a d e sc r i p t io n  o f  th e se wav e f u nc t io n s ) : 

< c o s X > =  c o s 1� c o s 2.c:\. c.  

< -- - - - - - - - - - - - - - - - - - - - -- - - - - - -- - - - - - - - - >  
c o s�+ c o s 1c1.c. -c o s�.b c o s � c.  

(A 4- 2 8 )  

I t  i s  a s s um e d  th a t  the r i g h t  h a n d  s id e  o f  eqn (A 4 - 2 8 ) c an be 
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w r i t t e n  i n t e r m s  o f  t h e  i n d i v i d u a l  v i b r a t i o n a l l y  a v e r ag ed 

p r o j e c t i o n  o p e r a to r s :  

(A 4 - 2 9 )  
< c o s �c(� > + < c o s � > - < c o s\il. b > < c o s 1 °"c_> 

s o  a s to ob t a  i n  <c o s'2.d... > a s  a fu nc t io n  of < c o s2ct.b > a n d  <c o s� > .  



T h e 

Appe n d i x  V 

D e r i v a t i o n  o f  S o l u t i o n  to I n te g r a t i o n  o f  
2. th e  P r o j e c t i o n  O p e r a to r <c o s  J. b  > 

i n te g r a t i o n  o f  % < c o s  c( b  > i n v o l v e s  av e r ag i n g  th e 

op e r a tor cos 1c:i,..h o v e r  the g r o u n d s ta te v i b r a t io n al w av e 

f u nc t ion s . I n  o r d e r  to a c c omp l i s h th i s , t h e  op e r a to r  mu s t  be 

w r i t te n  a s  a fu nc t io n  o f  O j r th e no r ma l  c oo r d i n a te .  T o  w r i te 
2. c o s  � b = f  ( Q ) , t h e  a n g l e  a< b  mu s t  f i r s t  b e  w r i t te n  a s  a fu nc t io n 

o f  R i , a n  i n te r n al c oo r d i n a te . I n te r n al c oo r d i n a te s  a n d  no r ma l  

c oo r d i n a te s  ar e r ela ted th r o u g h th e fo l lo w ing ma tr ix equ a t io n :  

R= LQ - - (A S- 1 )  

whe r e  L i s  th e e i g e nv e c to r ma t r ix o f  th e s e c ula r eq u a t io n : 

G f L = L .A.  ( A  5- 2 )  

F o r mo r e  d e ta i l s  r eg a r d i ng .& a nd eqn (A S - 2 )  , s e e  Me th ods 

s e c t ion , P a r t  A .  

E x am i n a t i o n  o f  F ig ( 1 .  7 b ] cle a r ly r ev e al s th a t  oC. b  i s  a 

f u nc t ion o f  R 2.: 

(A S- 3 )  

w h e r e  � i s  the ang l e  be twe e n  th e l i n e  j o i n i ng th e c e n te r s  o f  

ma s s o f  th e two r od s  a n d  th e ( a ) i n e r t i a l  ax i s .  T h e  ang l e  't i s  

a n e g a t i v e  a n g le d e f i n e d  i n  a c c o r d a nc e  w i t h v e c t o r  conv e n t io n s  

a n d  a ng u l a r mome n tum c on s t r a i n t s . B y t h e  E c k a r t  c ond i t io n s  

1 2 2  
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( s e e  Me th od s  s e c t i o n , P a r t  A f o r  a d i sc u s s i o n  o f  th i s  top ic ) , 

i t  i s  po s s i b l e  to r e l a te R 2 t o 1 a n d  t h u s  ob t a i n  o( h  sol e l y  a s  a 

f u nc t i o n  o f  R1:  

(A S- 4 )  

(A S- 5 )  

whe r e  I �; ' i s  th e mome n t  o f  in e r t i a  abo u t  th e y ax i s  o f  th e  

c omp le x wh e n  R t  i s  inc r eme n te d . B y  th e pa r al le l ax i s  th e o r em ,  

i t  c a n  b e  s h own th a t  th e c o n tr ib u t io n  o f  R t  to I �� ,  w i l l  be 

q u i te sma l l ; th e r e fo r e , I ��, c a n be app r ox ima ted by I�t : 

(A S- 6 )  

wh e r e  I A� a nd I Hct a r e  th e g r o u n d s ta te mome n ts o f  in e r t ia ( s e e  

T a ble VI I I ) , R0 i s  th e d i s tanc e be twe e n  the c e n te r s of ma s s  of 

the two rod s and � i s  th e ps e u do d i a  tom ic r e d u c ed ma s s  eq u al to 

An t ic i p a t in g  t h e  conv e r s io n  f r om 

i n te r n al c oo r d i n a te s  i n to no r ma l c oo r d i n a te s ,  t h e  la s t  te r m of 

eqn (A S- 6 ) is a s s ume d  c on s ta n t  i n  o r d e r  to s imp l i fy th e 

c alc u l a t i o n . T h i s  appr ox im a t i o n  i s  v al id a s  i t  c an be s h ow n  

th a t  c o s ,. Ri.. i s  c o n s t a n t to fo u r f ig u r e s  ov e r  th e i n teg r a t io n 

l i m i ts . 

I t  s h o u ld al s o  be no te d th a t th e i n te r n al coor d i n a te s  R4 

a n d  R3 a r e bo th of � s y mme t r y  a n d  the r e fo r e  ar e c o u ple d .  
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I t  wo u ld be ex pe c t e d th a t  any i nc r e me n ta t i o n  o f  R 3  c o u l d  be 

e xpec ted to a f f e c t �b . E x am i n a t i o n  of F i g [ l . 7 c ]  a nd the 

Ec k ar t cond i t i on s  p e r m i t �b to be ex pr e s s e d as a f u nc t i o n  of 

whe r e  I �,, i s  app r ox ima te d onc e ag a i n  by r�1 .  F r om F ig [ l . 7 c ] , 

i t  i s  c l e a r  th a t  R 4  i s  z e r o ; t h e r e f o r e ,  t h e  l a s t  t e r m  in eqn 

( A S- 6 ) v an i s h e s . 

Th u s , Cl(.b c an b e  expr e s s e d  a s  a f u nc t i o n  of Rl. a nd � :  

(A S - 8 ) 

and c an be wr i t te n  as a f u nc t i o n  of Q v i a  eqn (A S - 1 ) : 

(A S- 9 ) 

wh e r e  �
l.

and �3 a r e  d e f i n e d  i n  te .r rr. s o f  the .k m a t r i x  e l e m e n t s  a n d  

a n d  the g r o u nd s ta te mome n t s  o f  in e r t i a  o f  th e mo nome r s :  

( A S- 1 0 ) 

( A S - 1 1 )  

H av i ng d e f i ne d  o(h i n  te r m s  o f  th e normal c oo r d i n a te s o, 

a n d  o3 , i t i s  po s s i b l e to w r i t e t.":i e op e r a  t o r  co s : c< b  in t e r m s  of 

Q� and Q 3 u s i n g th e tr i g o norne t r i c  i d  e n t i ty , e q n  ( A S - 1 2 ) : 

c o s  (e +/ )  = c o s&c o sp+ s i n&s i n/ ( A S - 1 2 )  
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2 2 
c o s  °i, = [ c o s � :. Q:...co s  f'� Q - s i n i� Q .=.. s i n �3 O.s ) (A 5 - 1 3 )  

(A 5 - 1 4 )  

I t  i s  ev i d e n t  f r om sy mme t r y  c o n s id e r a t i o n s  th a t  th e te rm 

c o s A'.Q.  s in'2.rt · i n eq n  ( A 5 - 1 4 )  i s  an a n t i sy mme t r ic fu nc t io n  a n d  -w i l l  Y, I \-', "' I 

v a n i s h  upon i n teg r a t i o n .  T h e r e fo r e , i t  i s  e l im i n a ted fr om eqn 

(A 5 - 1 4 ) le av i n g  th e f o l lo w i ng ex p r e s s io n :  

( A 5- 1 5 )  

When eq n  ( A 5- 1 5 ) i s  i n teg r a te d ov e r  the g r ound s ta te 

v i b r a t i o n al wav e f u n c t io n s ,'!( ( Q i ) : 

w h e r e  oi i s  d e f i n ed 

'6� = 4 rrr1cw.;h 
• 

(A 5 - 1 6 )  

(A S- 1 7 ) 

i n  t e r m s  o f  c ,  th e  s p e ed o f  l ig h t , wi , th e  i th no rma l mode 

f r eq u e nc y ,  t h e  fo l lo w i ng in teg r al i s  ob t a i n e d :  

< c o s 'ot b  > =f, � exp ( - 1, Q,� 
) e x p  ( - 1,0:  ) c o s'

-<h dQ,_ dQ3 (A S- 1 8 ) 

. co  

wh e r e  c o s 1cilb i s  d e f i n ed a s  in eqn ( A S- 1 5 )  and Ni a nd N3 a r e  

d e f i n e d  as : 

v ·  N = (i /'fl' ) � 
i .l 

N = (�hr) �;.. 
3 

(A 5 - 19 ) 

(A S- 2 0 ) 
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5 u b s t i tu t io n  o f  eqn ( A S- 1 5 )  pe r m i t s  eq n ( A S - 1 8 ) to b e  w r i t te n  

a s  a s um o f  i n teg r al s : 
oO 

< c os'<lb > =S N, � e x p ( - r,
o: ) e x p ( - t

3o;- ) c o s
' �.o ,_c o s 1 �

5
Q

3
dQ 1

d Q3 
oO ..ao 

+ (  N N e x p ( - '(. Q '2. ) ex p ( - o Q l.  ) s i n" �� Q s i n'" � Q dQ dQ3 
( A S - 2 1 ) ) .Z. ,!o  � 2.  � 3  -. 2.  J. .5  :1. 

-oO 

T h i s s um  c a n  be r e w r i t te n  as a sum of  · p r od uc ts o f  in teg r al s  : 

<c os� > = f N ._  ex p ( - 1,0 � ) c o s
"- (S ._O ,_dQ,_rN 3 ex p ( - Y3 Q� ) c o s• t3 3 0.. dQ3 

+ s:,_ ex p (=-:, a .._"- ) s i n-.. /1._ 0 ._  dQ 1 y3e x p ( - ;:a: ) s i n' (3• Q3 
dQ3 ( A S- 2 2 ) 

- �  - �  

i n  wh i c h  i n teg r a t i o n  ov e r  th e Q .:2. sp ac e i s  s e p a r a ted f r om 

i n te g r at i o n ov e r  th e o 3  sp ac e .. 

c an be r ew r i t t e n  i n  te r m s  

( A S- 2 3 ) - ( A S - 2 4 ) : 

T h e  in teg r al s  involv i n g  s in� P,-0; 

o f  c o s:t 
�i Q i  u s ing eq n s  

(A S - 2 3 )  

(A S - 2 4 )  

T h e  so l u t i o n  to eq n ( A S- 2 2 ) c a n  be ob t a i n e d nume r ic al ly o r  

by fu r th e r  s imp l i f ic a t io n  o f  th e i n teg r al s  s o  a s  t o  ob t a i n  

e x p r e s s io n s  th a t  c an be evalu a te d b y  the u s e  o f  table s .  T h e  

l a te r  me thod w i l l  b e  u s e d  t o  e v alu a t e  th e i n teg r al s  t o  acq u i r e  

< c o s l� > . 

E x am i n a t i o n  o f  th e i n teg r a l  t a b l e s y i e ld s  two d e f i n i t e 
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i n teg r al s  th a t  c a n  be u s e d to so lv e the i n t eg r al s i n eq n 

( A S - 2 2 )  : 

f.x p  ( - a• 
x� ) dx: ( l/ 2 a ) (T> 'b_ 

0 

}:x p ( - a2 
x

2.
) c o s  bx dx= ( l/ 2 a

.
) ( (1r)

1/'ex p ( -bz. / 4 a2. ) ] 
0 

(A S- 2 5 ) 

(A S- 2 6 )  

Howev e r , th e u s e  o f  th e se i n teg r a l s  w i l l  i nvolv e ma k i ng 

a c c omod a t i o n s  fo r th e i r  i n teg r a t i o n  l i m i t s  i n  eqn ( A S- 2 2 ) . The 

ac tu al i n teg r a t io n  w i l l go fr om z e r o  to i n f in i ty and th e 

r e su l t i ng ar e a  w i l l b e  double d  to ob t a i n  th e s o l u t io n  to eqn 

( A S- 2 2 ) . . An o th e r  r eq u i r eme n t  involv i ng use of th e s e  in teg r als 

i s  th a t  c o s:z. e,· o \  be r e w r i t te n  in a fo r m  app r op r ia te fo r eqn 

( A S- 2 6 ) . I n  o rd e r  to accomp l i s h  th i s , the fo l lo w ing 

t r i g onome t r ic id e n t i ty is u s e d : 

cos'l..8 = { 1/ 2 )  [ l+ co s  29] (A S- 2 7 ) 

T h e s e al te r a t i o n s a n d  s u b s t i tu t i o n s  pe r m i t  th e s o lu t i o n  of 

< c o s� > to b e  w r i t  te n i n  a clo s e d  analy t i c al fo r m :  

2. :t 
<c os � > = ( l/ 2 )  [ l+ e x p ( - �.r. / il. ) ) { 1/ 2 )  [ l+ e x p ( - �� /03 ) ]  

+ ( 1/ 2 )  [ 1-e x p < - K'l ia. > ]  ( 1/ 2 )  [ l- exp ( - �a
:i./Q'3 ) ] (A S- 2 8 )  

Mu l t ip l ic a t io n  o f  te r ms i n  eqn {A S- 2 8 )  and s imp l i f ic a t i o n  le ads 

to th e s o lu t i o n  o f  <c o s"'ci{b > :  

(A S- 29 )  
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