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Abstract 

Titl e of · th esis :rEmpirical Equati on s  for Activity and  

Osmotic Coefficients. 

By N. Ragu natha n .  

Thesis Directed b y  D r  David W. Ebdon , P rofessor of  Chemist ry .  

A system of  equat 1 on s  foi f 1 ttin g  the  expe rimental 

activity a n d  osmotic coefficients of s 1 n g l e  and  mixed 

e l ectrol ytes in aqueous sol utions  has been empirical l y  

devel oped  1 n  the p resent research. T he  res u l ts o btained 

th rough  the equation s  deve loped  here are c omparab l e  to the 

Pitzer equations in terms of  accu racy and  rang e  of fitting . 

T he  equation for activity coefficient deve loped  1 n  the 

p resent research compared to the Pitzer  activity coefficient 

equation has a form w hich is conveinient for c omputational 

p u rposes . The equation for activity coefficients is 

l n  g = -IZ Z IA [! 112/Cl + b I 112 >J + E I l nCI > + J 1 I + J I 3 1 2  
m x D 2 

w here ,  b is fixed parameter having a val u e  of  1.8; E, J 1 , 

and  J 2 are  fl oating paramete rs. T he  c o r responding  equation 

for osmotic coefficients is obtained  through  the Gibbs-Duhem 

equatio n .  The  parameters have been eval uated by a non l in ear 

l east squares computer p rog ram. This p rog ram w eights al l 

the  data p oints equal l y .  Parameters for both the 

coefficients are p resented. I n  most of  the cases data 

recommended  b y  Robin son and  Stokes is u sed. I n  the case of 
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the 2-2 electrolytes one additional parameter ts included  to 

obtain acceptable results inst�ad of two by Pitzer . 

Representing  the  2-2 electrolytes in this man n er ignores 
-

association constants, and thereby simpl ifytn g  the treatment 

of these electrolytes at hig h er solution con centrations.  

Treatment of mixed electrolytes Involves, I n  addition to 

pure electrolyte terms, parameters to account for the mixing 

effects Is utll lsed • . Only a few mixed electrolytes 

Involving osmotic coeff lclents as experimental data has been 

treated here , and the results obtained are comparable to 

Pltzer • s. 

i i  



Acknowledgements 

I would I Ike to express my sincere gratitude  to Dr Ebdon 

for his Ideas, assistance, encouragement and patience during 

the research and  thesis . 

I wish to thank al I the faculty and students at the 

·Chemistry Department at Eastern I I I I nots University for 

their cooperation and  exc hange of Ideas . Fina I ly, this 

research was made possible by the fun ding provided for 

computer time by Eastern I I I I nots University. 

i i i  



Table Of Contents 

Abstract 

Acknowledgement 

Table Of Contents 

List Of Figures 

List Of Tables 

Glossary Of Symbols 

Introd uction 

Debye-Huckel Theory 

Statement Of Problem 

Pitzer Equation s  

Present Research 

Results 

Discussion 

Appendix 

Reference  

Vita 

• • , f 

iv 

Page 

iii 

iv 

v 

vi 

vii 

1 

5 

10 

11 

21 

30 

39 

42 

47 

49 



LI ST OF FIGURES 

Figure Page 

1 )  Plot of Osmotic Coefficients verses I for NaCl and 
CaC1

2 . (for the el ectrostat.ic term only) . . . . . . . . . . . . . . . . .  38 

v 



Table 

1) 

2) 

3) 

4) 

5) 
6) 

7 )  

8) 

9) 
10) 

11) 

Osmotic 

II 

II 

II 

II 

II 

II 

II 

Activ ity 

II 

II 

coefficients 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

LIST OF TABLES 

Page 

of 1-1 electrolytes . . . . . . . . . . . . . . . . .  30 
II Salts of Carboxylic acid . . . . . . . . . .  31 
II Tetraal kylammonium Hal ides . . • . • . • .  31 
II 2-1 el ectrolytes . . . • • . . . . • . . • . . • • .  32 
II 3-1 II 33 . . . . . . . . . . . . . . . . . .  

· · =-
II 4-1 I I  33 . . . . . . . . . . . . . . . . . .  

II 2-2 II 33 . . . . . . . . . . . . . . . . . .  

II Mixed electrolytes 34 . . . . . . . . . . . . . .  

II 1-1 electrolytes . • . • . . . • . • • • • . . . .  35 
II 2-1 II 36 . . . . . . . . . . . . . . . . .  

II 3-1 II 37 . . . . . . . . . . . . . . . . .  

vi 



Glossary of Symbols: 

g 
d 
� 
m 
v 

mean activity coeff lctent of the electrolyte 
rational osmotic coeff tclent 
practical osmotic coeff tctent 
molal tty of the solute ( when not a su bscript) 
moles of tons obtained on dissociation of 1M of 
.et ectro I yte · 

concentration of a given tonic species 
·charge den.stty 
dielectric constant 
charge of �n electron 
Debye-H�cJel distance 
Boltzmann constant 
distance of closest approach 
radial dtstrtbutton function 
temperature ( deg K) 
excess Gibbs free energy per mole 
two ton Interaction parameter 
three ton 1nteractton parameter 
mole of the solvent 
second  vtrtal coeff tctent 
third vlrlal coeff lclent 
fixed parameter (1.2 or 1.8) 
Pitzer parameter for second vlrlal coeff 
" " " " " " 

Pitzer 2-2 electrolyte addtttonal parameter 
.Pitzer. f txed parame�er (2.0) 
Pitzer f lxed parameter (12.0� 
coefftctent of the logartthtmtc term 
coefficient of the l l n!ar term 
coef f I c I ent of the I • term 
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I nt roduct ion 

Thermodynamic  p ropert i es of non i d eal  sQl ut i on s  can be  

accounted for by obta i n i n g  theoret i c a l  exp ress ion for the 

chem i c a l  poten t i a l s  or act ivity  coeff i c i ents. To obta i n  a 

t heoret ica l  exp res s i on the chemica l  potent i a l  or act iv ity 
c 

coeffi c i ent can  be  expressed as a function of temperatu re, 

compos it ion , p ressu re,  solvent p rope rt i es or a ny  other 

rel evant  va r i ab l e .  For comp utat ional  p u rposes act ivity  

coeff i c i ents rather  than  chem i c a l  potent i a l s  a re ut il ized to 

exp ress the  non i d eal  portion of sol ut i on behav ior .  T h i s  

a p p roach i s  ut i l i zed d u e  to the  n atu re of the  rel at ion s h i p  

between t h e  chem ica l  potent i a l  a n d  the act ivity  coeff i c i ent. 

As the sol ute  concentration a p p roac h es zero the chemical  

potential of  the sol ute a p p roaches n egative i n f i n i ty whereas 

the act i v i ty coeff i c i ent of the sol ute tends  to u n ity . 

Correspond i ng l y  t he  solvent act ivity  app roac hes  u n ity  a n d  

hence t he  solvent chemica l  poten t i a l  to i t s  sta n d a rd va l u e .  

The reason for not u t i l i z i n g  solvent c h em i cal potent i a l  to 

exp ress thermodynamic  p ropert i es i s  d u e  its  poor sens it ivity  

at l ow to mod erate concent rat ion s .  In  a dd i t i on one i s  

gen e ra l l y  more i nte rested i n  the  behavior of d i fferent 

sol utes i n  a g i ven solvent . Phys i ca l l y  w h at t h i s  means i s  

that a d d i t i on of a n  i n f i n ites ima l  amou nt of sol ute to a n  

i n f i n itel y  d i l ute  sol ut ion i s  a spontaneous p roces s .  The  

fundamenta l  d i fference between the  p rope rt i es of  a n  i deal  

1 



solut i on a n d  a non i deal  so lut i on i s  the  ex i stence of 

1nterpart i c l e  i nteract i ons i n  the l atter . The conc ept of an 

i deal so lut i on is hypothet ica l , but it  h e lps to form a bas i s  

. i n  t he  treatment of  non i deal  so lut i on�.  The degree or 

extent of  dev i at i on from i d eal i t y  i s  g i ven by the  act iv ity 

coeff i cient . D i fferent thermodynam i c  propert ies  of a 1 

solut i on can be i nterrel ated i f  one knows the degree of 

departure from i deal 1ty or the activity  coeff i c i ent • 

. for .a n  aqueous solut i on s  so lutes can be  c l as s i f i ed 1nto 

.· el ectrol ytes or nonel ectro l ytes .  E l ectrol ytes are 

substa�ces.w h 1 c h  on d i ssolut ion  i n  an  aqueous med ia  

d i ssoc iates 1 nto c harged  spec i es known  as  fon s ,  as  was  f i rst 

proyed by Arrhen 1us 1• For any so lut i on w hether el ectro l y t i c  

or nonel ectro l yt i c  there ex i st i nteract i on s  between var i ous 

component part i c l e s .  
. ' 

In the  case of  a nonel ectro l y t i c  

so lut i o n ,  i nteractions · are l i m i ted t o  s hort ran ge forces 

between so lute part ic l es ,  and  the  betw een so lute  and 

solvent.  The  n ature of these forces are such that they fal l 

off w i th i ncrea s i ng d i stance rap i d l y .  In i o n i c  solut i on s  

such i nteract ions  ex i st i n  a d d i t i on one has t o  account for 

l on g  range or coul omb1c i nteract i ons betw een ions  due to the  

presence of c harge on the  ions  to expl a i n  the thermodynam i c  

propert i e s .  T h e  l atter i nteract ions  d o  not fall off w 1 th 

i ncreasing d i stance  as rap i d l y  as  the  short range 

i nteract i ons  and  are respon s i bl e  for the observed deviat i ons 

from i d ea1 1ty under d i l ute  con d it i on s .  Under d i l ute 

2 
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·� ... 

cond i t ions the  s hort · rang e  forces make neg l i g i b l e  

cont r i b ut ion ·to non 1 d eal ity  even thou g h  at h i gher  

concentrat ions  suet'! s hort · range forces beg i n  to  p redom i nate 

over the cou l omb 1 c  forces and have to be accounted for. In 

any  theoret i cal ' t reatment the  rel at ion s h i p  between c hem i c a l  

poten t i a l  a n d  act�v i ty.coeff i c i ent  of a sol ute i s  exp ressed 

as ' ' .  

- 0 G8 = · G8 + vRT 1 n Cg m ) { 1 ) 

w here,· G8 - 0 i s  the  c hem i c a l  potent i a l  of the  sol ute b ,  Gb i s  

t he  sta ndard ··c hem i c a l  poten t i a l ; g i s  the  mean act i v i ty  

coeff ic i ent and  m the  mean mol a l i t y .  

For· t he  sol vent 

. J. • � , 
0 �A =:GA + RT l�  �A 

and  GA
O a re sol vent 

( 2 )  

a n d  sta n d a rd sol vent 

.�he� i c�} p�tent i�l , and aA is the  act i v i ty of the  solvent • 
. . •. ., .. . . . . 

Chang�s i n  sol vent act i v ity  w i th  c h anges- i n  conc ent rat i on of 

the  sol ute  at a low  to mod erate concentrat ion  does not 

p rov i d e a sens i t i v e  measure of sol vent act i v i t y .  Hence  

Bjerrum2 i ntroduced the conc ept of osmot i c  coeff i c i ent. The  

rat iona l  osmot i c  coeff i c i ent  is  defi ned as  fol l ows 

{ 3)  

w here,  d i s  the  rat iona l  osmot i c  coeff i c i ent and  NA the 

mol e frac t i on of the  sol v ent. The p ract i c a l  osmot i c  

coeff i c i ent i s  def i ned a s  

l n  aA = - d  [ ( vmMA/1000 )  - .S*C vmMA/1000 > 2 + • • • •  ] 

= -

3 

( 4) 



w here is  the pract ica l  osmot i c  coeff ic ien t .  T h i s  is the 

coeff i c ient  that is used for prac t i c a l  thermodynam ic  

cal cul at ions a n d  hence w i l l  be  s imply  termed the  "osmot ic  

coeff ic ient" . 

The act iv ity coeff ic ient of a solute a n d  the osmot i c  

coeff ic ient of a sol vent are rel ated b y  the G i bbs-Duhem 

equat ion as shown i n  the fol l ow i ng equations.  

1: n i dG = 0 

n A dGA + n8 dGB = 0 

(1000/MA> d l n  aA + vm d l n  g m = 0 

d Cm� ) + m d 1 n g m = 0 

d [m ( � -1 > J = m d 1 n g 

� = l + C 1. /m ) I m d 1 n g 

Equation  (Sf) rel ates the two coeffi cients a n d  w i l l  
. . 

C S  a >  

( s b )  

(Sc) 

CSd  > 

C Se) 

(sf )  

henceforth be termed as the G i bbs-Duhem rel at ion . Thus w hen 

a theoret i ca l  or an emp i r i c a l  equat ion for act iv ity 

coeff i c ients is  k nown the cor respond i n g  equation  for osmot ic  

coeff i c ients ca n  be  obta i ned us i n g  the above rel ation . 

Furthermore., · data f.or one o.f the coeff ic ients ca n  be 

computed graph i c a l l y  or n umer i ca l l y  f rom the expe r i mental 

data of the other by ut i l i z i n g  the above rel at ion . 
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Debye-Huckel  Theory 

I n  1923 Debye and Hucke l 3 were the f 1 rst to present a 

s i mp l e  theory of i nt e r i o n i c  attract i on i n  aqueous 

solut i ons .  T h i s  theory a l l ows one to pred i ct act iv ity or  

osmot i c  coef f i c i ents of an  el ectrolyte 1n  d i l ute  sol ut i ons. 

A fun d amental  assump�ion of the theory is the comp l ete 

d issoc i ation of el ectrol ytes i n  aqueous sdl ut i ons w i th i ons 

cons i d e red to be h a r d  spheres i n  a d i el ec t r i c  cont i nuum . 

W ith  t he  assumpt ion  of  a h a r d  sphere  o r  h a r d  core model , 

ef fects of  short range  i nteract i on on thermodynamic  

propert i es a re cons i d e red . Due to the  d i l ute  nature of  the  

solut i on ,  effects of suc h short range i nteract i ons are  

n eg l i bl e . The  d ev i at i on f rom i d eal ity a re asc r i bed to the  

coul omb i c  or  l on g  range  el ect rostat i c  i nteract i ons between 

ions .  Mathemat i c a l l y ,  the potent i a l  between two i ons i n  

a queous so l ut i on i s  represented as 

U i , j ( r ) = Ui , j <r > * + z1z2e2iD*r 
* 

(6) 

w here,  ui , j ( r )  is  the  short range potent i a l  

a n d  z1z2e2/D*r i s  the  el ect rostat i c  poten t i a l . 
* u i , j< r >  = � for r<a , w here a is  the rad ius of  

the  i o n  
= 0 fo r r>a 

Debye a n d  Huckel  i n  order  to obta i n  the  potent i a l , W,  

at a po i nt i n  an i o n i c  solut i on ,  ut i l i z e  the  Poisson 

equat i on of electrostat i c  theory and  the Bol t zmann  

d i st r i but i on l aw of stat i st i c a l  mechan ics .  An i o n i c  

5 
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sol ut ion on the w hol e 1s  e l ect r i ca l l y  neutral,  but fn the 

v i c i n i ty of a g i ven 1on t h i s  is  not t r ue .  The  Bol tzmann 

d i st r i b ut i on l aw for ions a rou nd  a g iven "centra l"  1on 1s 

n ' i ( 7 )  

w h e re Z i eW is  equa l  to the average e l ectr i ca l  potent i a l  

energy o f  the  1 -th  1o� . Wj i s  the potent i a l  at the  po1 nt  

where the  1 -th  io n  is  a n d  the  su bsc r i pt j denotes that t he  

potent i a l  i s  measu red w i th respect to the  j-th ion as  the 

"c ent ra l"  ion . 

Cha rge densi ty, p, i n  the  v i c i n ity of the  central  ion is 

equ a l  to 

( 8) 

The  Poisson equation rel ates c h a rg e  density to the 

potent i a l  and  1 s  the  most genera l ized form of Cou l omb's l aw .  

v2 w = - 4 n p/D j 

v2 = C l/r2 > d/dr[ r2 dWj /d r] , for � spher i ca l  symmetry . 

The  Poisson equation is based on the  pr inc i p l e  of l inea r 

superpos it ion of potent fa l s; i . e .  the potent i a l  at a po i nt 

d ue  to two i n dependent l y  c h a rged pa rt fc l es is equal to the 

sum of the  potent i a l s  d u e  to eac h at that pofnt . To sat isfy 

t h i s  con d i t i on Debye a n d  Huckel  expanded the exponent i a l  

te rm a n d  d roped terms beyond the lfnea r .  Appl i cation to 

d i l ute sol ution  makes t h i s  approx imation of l i nea r i z i n g  the 

Boltzmann  d ist r i b u t i on l aw poss i b l e .  Al so fn d i l ute  

6 



solut i ons, Z i eW<<kT . Thus terms beyond the l i near  a re 

negl i g i b l e. Sub stitut i on of the  rad i al d i str i but ion 

funct i on i n  the  c h a rge dens�ty equat ion, foll owed by 

expans ion  l eads  to 

p = + • • • • •  (1 0 )  

The  f i rst term vanishes ·due to the  e l ectr i ca l  �eut ra l ity 

cond it ion i n  the  solu� i on . Subst itut i on of the charge  

dens ity 1 n  the  Po1 s�on equat ion and solut i on of  the  l i near  

d i fferent i a l  equat i on i n  wj a nd  r g i v es the  potent i a l , wj' 

at a p o i nt i n  the  solut ion  w ith  j-th ion as  the center of 

t he  coordi nate system . 

wj D Zj exp (-K (r-a ) ) /D r (l+K a )  

w here,  .K = 4 e2rr n i z i
2/DkT 

l/K i s  the  Oebye Hucke l  d i stance and  k i s  the Boltzmann 

constant Using the  p r i nc i ple of l i near  sup e rpos i t i on of 

potent i a l ,  the potent i a l  due to a l l the i ons exc ept the j-th 

ion at r equal s  

W ' = W - Z e/Or j j j C l 2a )  

or ,  Wji = C Zj e/D r ) [  exp C -K C r-a ) )/ C l+Ka )  - l] ( 12b )  

Oebye and  Hucke l  rega rded i ons as hard  i n e l ast i c  s p heres 

c a r ry i n g  a po int  c h a rg e  at its  center. Henc e the Poisson 

equat i on 1s app l i c ab l e  on ly  for r>a . For r<a the  r i g ht hand 

s i d e  of the  Poisson  equat i on van i s hes . Due to cont i nu ity of 

t he  potent i a l  and  its d e r i v at i ve ,  so lut i on of the Poi sson 

equat i on for r<a g i ves the e l ec t r i c  potent i al due to i on 

7 



atmosphere  at r < a 

w ' j = - Zj e K/D C l+Ka)  (13 ) 

Excess f ree energy d u e  to e l ec t r i c a l  1 nteract1 ons 1s 

obta i n ed by the  "cha rg i n g  p rocess". Guntel berg4 was  the 

f i rst to p ropose t� 1 s  method , w h 1 c h  i s  much s i mp l er than the 

o r 1 g 1 n a l  Debye-Huckel  method . Here ,  a hypothet ica l  1 on w i t h  

zero c h a rg e  i s  i nt rodyced i n  t h e  so l ut i on and  then c h a rged 

to its  o r i g i na l  va l ue ,  Ze,  a g a i n st the  ion atmosp her ic  

potent i a l . Mathemat icall y ,  t h i s  i s  rep re�ented as  

or ,  

Gex/N = -KID C l+K a )  !0 Q d Q  

= - C Zj e > 2 K/2D�T C l+Ka ) ,  · C l4 )  

l n  g = IZ 1z2t e2/2DkT * K / C l+Ka ) ( 1 5 )  

where g = the  mean act i v 1 ty coeff i c i ent .  Rep l a c i ng K b y  1ts 

·def{rii t��n , one obta i n s  for l n  g : 

. 2 w here ,  I =  .St Z i m i ' the  i on i c  strength 

B = C 8 II  Ne2/1000DkT> 112  C cm ) -l ( L  deg K/mo l e > 112  

Th i s  1 s  the  Debye-Huckel  equ at ion f�r act i v i t y  coeff i c i ents 

in d i l ute ion i c  so l ut ion s .  For suff i c i entl y d i l ute  sol ut i ons  

p red ict i on of  act i v ity coeffic i ents u s i ng the  equat ion i s  i n  

a g reement w ith  expe r i mental  data . As concent ration  i s  

i nc reased , d e v i a t i o n  from exper i mental act i v ity coeff i c i ents 

i nc reases . Thus ,  a p p l i cat ion of the equat i on to h i g her  

8 
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c oncentrat ions; y i el ds poor results . 

In the  case  of  d i l ute solut i on s, t he  numerator rel ates 

· to the· eff�cts of ·long ran g e  el ectrostat i c  force and  the 

'd��omf natdr rel�tes to the  p a rt i a l  effects of  s hort range 

forces on t·he rmod ynamic  '-p ropert i e s .  For an  ext remel y d i l ute 

solut i o n ,  Ka<<l ,  the refore dev iat i on from i deal ity  i s  sole l y  

1 'a s�ti b ed t6 the · p rese�ce  o f  l on g  range  el ectrostat ic  forces 

between ions  and  the  effects of short range forces i s  

·neg l ected; At ·h i g her  ·concentrations  effects o f  s hort range 

forces are  too l arge.to be  i g nared , and  theoret i c a l  

rep resentat i on o f  s ho rt range forces b y  Debye a n d  Hucke l  

w i th  · t h·e s · i mp 1 est p o s s i 'b 1 e mod  e 1 fa  1 1  s at h i g h e  r 
· ·conc ent r·at ions .  

Extens i on of the�oebye Huckel  theory i s  l i m i ted by 

matheri'iat' i ca l  comp l i cat i on s  $ i nce  the above method out l i ned 

takes care  of o n l y · l on g  ·range e l ec trostat ic  forces . 

Emp i ri c a l  exten s i on i s  made poss i b l e  by a d d i t i o n  of  terms i n  

concentration  to· f f t  act i v ity· o r  osmot i c  coeff i c i ent  data . 

Most of the  ext en s i on s a re· 1 i m i t e d 'to add  i t i on  of  a s i n g 1 e 

term . The  Dav i s5 equat ion i s  su itab l e  for 1-1 and  1-2 
6 el ectro l ytes ; the  Guggenhe im  equat i on t reats 1-1 

e l ectro l ytes .  Both equat i on s  a re not va l i d  for 

concentrat ions  h i g her than  0.1 M a n d  hence have l i m i ted 

a p p l i cat ion s .  
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Statement of the Problem 

The primary objectiv.e of this research is to develop 

empiricall y  a system of equations for fitting experimental 

activity and osmotic coefficients of pure and mixed 

electrolytes in aqueous solutions to an ionic streng th of 

6M. A system of.equ�ions obtained in a semiempirical 

manner for the�e coefficients has been developed by Pitzer7-14 

The equation for activity coeff�cients proposed by Pitzer is 

in an inconven�ent form for computational purposes. The 

extent of nonideality of � solution is expressed in terms of 

activity coefficients. Hence a simple equation for activity 

coeffici��ts�reduces to an easier treatment of nonideality. 

The Pitzer equation i� the most recent semiempirical 

extension of,t�e Debye-Huckel theory. Pitzer's equations 

fit ex _p�rim�ntal activity and osmotic coefficients of pure 

and mixed electrolyte solutions to 6 .M ionic strength. The 

present research involves developing equations which 

are empirical extensions of the Debye-Huckel theory 

with simil ar capabilities to those of Pitzer's equations but 

in a simpler form. The ability of the equation developed in 

this research to fit experimental activity and osmotic 

coefficients of singl e  and mixed el ectrolytes will then be 

assessed relative to the Pitzer equations. 

10 
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P i tzer Equations 

Fundamenta l l y ,  the  Debye-Huckel theory fa i l s  at h i g h e r  
. 

concentrations due to l ack of p roper representation of s hort 

range forces betwee� i on s .  Advances i n  the th eory of l i q u i d  

m ixtures has made it  poss i b l e  to app l y  newer i deas to ion i c  

sol ut ion s .  An ad vanced stat i st i c a l  mec h a n i c a l  treatment by 

Mayer15 l eads  to a better rep resentat ion of · both long  and  

s hort range  forc es .  Other  theoret i c a l  a p p roaches based on 

statist ica l  mec h a n i c s  by K i rkwood 16, ·Poi r i e r17, ·a n d  
18  F r i edman has made  i t  poss i b l e  to  p red i ct act i v ity  or 

osmotic coeff ic i ents i n  the  1 to 2M ��n g e  a�cu rate l y  for 1-1  

el ectro lytes .  Most of the  recent theoret ical methods 

requ i re nume r i c a l  technques such  as the Monte Ca r lo19 method 

for computation of thermodynamic  p rop e rt ies . 

Stati st1ca l  theory i s  extremel y  comp l ex even for 1-1  

el ect rol yte systems . Hehce it  i s  d i ff i c u l t  to  obta i n  

work i ng equations wh i c h  are  s imp l e r  to hand l e  mathemat ica l l y .  

A sem i emp i r i c a l  extent i on of the  Debye-Huckel theory u s i ng 

stat i st i c a l  mecha n i c s  as g u i dance  has been made by P i t zer7• 

P i tzer  ut il i zes a method s i m i l a r  to the  v i r i a l  

expans ion for the  non i d ea l behav ior o f  gases and  mod i f i es 

these equations to account for cou l omb ic  i nteract ions i n  

ion i c  sol ut ion s . V i r f a l  expans i ons  for gases a re genera l l y  

power  serf es i n  p ressu re or vol ume, and  coeff i c i ents of 

p ressure  or vol ume are  termed v i r i a l  coeff ic i ents . In the  

case  of rea l gases, v i r i a l  coeff i c i ents rep resent the  s hort 
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range forces b etween mol ec u l es 1 n vol ved 1 n  b 1 nary, ternary 

• •  etc 1 nteract 1ons . Rep resen t 1 n g  the behav ior  of 1on 1c  

so1ut ions w 1 th  such  expan s 1 ons l eads to  diff icul t i es whic h 

are pecul iar to i on i c sol ut ions due to the  p resence of 

e l ectrostat i c  forces b etween ion s .  The p rob l em is sol ved by 

assum ing that one can comb i n e  t he  el ect rostat 1 c  term w i t h  a 

v i r 1 al expan s i on 1 n  ipn ic  strength or concentrat i on terms . 

I n  s uch  an app roach the  b ehav ior of v i rial coeffic i ents w i t h  

concentrat ion must b e  determ i ned . T h i s  p rob l em can b e  

overcome by  a n  1mproved anal y s 1 s  o f  t h e  Debye-Huckel  theory 

u s 1 n g  stat 1 st 1 cal mec han 1cs  as a g u 1 d e .  

P i tze r ' s  app roach ut i l 1zes t h e  Debye-Huckel mod el  for the  

· ·  1nter1on1c potent ial . 
· · 

* 2 u1jCr >  = u 1j C r> +z1z2e /Dr 
. 22 w he re, U ij<r>  i�  the  potential  of mean force • 

(17} 

Here, tne s hort range  potential i n c l u des al l the  effects 

w h ich t he  l on g  range  potential  by itsel f i s  unab l e  to 

accou nt for. The e l ectrostat�c'term accounts for 

inte raction between ions w hen r· i s  l arge.  E ffects related 

to sol vat 1 on, the  assumpt i on of diel ect ric continuum, 

d i spers i on forces b etween ions and d i rect rep u l s ion d ue  to 

el ectron c l oud  over lap when  ions come into contact or in 
* c l ose p roxim ity are com b 1 ned i n  U ij  C r > .  I n  order to obta i n  

t he  d i rect effect o f  s hort rang e  forces on t h e  thermodynam i c  

p ropert i e s ,  P i tzer  abandons the  trad itional "charg i ng" 

p roc ess an d i nstead uses the  "p res su re"20 equation w h i c h 

12 



.. . 
yields the pressure of a pure fluid or in the case of a 

dilute solution its osmotic pressure. Macmillan and Mayer21 

. . 
were the first to show that equations applicable to 

molecules in imperfect fluids could be extended to solutes 

1n dilute solutions where pressure is equated to osmotfc 

pressure of the solution. The interionic potentfal of mean 

force and the radial distr1bution of 1ons are required to 

solve the �pressure� equation. 
-1 2 ' - l = -C 6 ck T > . l: l: c-1 c j 1; r d U i j C r > I d r g i j C r } ' C 4 n r > d r 

,. ' ·. ... 

U i j z:= + oo f o� r < a 
= z1zj e /Dr for r > a 

(18} 

where dU1jCr)/dr is the mean force on the ions, g�j<r> is 

the radial distrfbution funct1on, ci,cj are the 

concentration of species i and j respectively, and c is the 

tot�l concentr�tion. Introducing the.potential of mean 

force, .. the derivative of which gfves ·the force on a ion or 

particle averaged over the motion of other ions or particles 

·Constituting the dielectric, the integral reduces to two 

parts, one relating to the effects of long range forces and 

the other to the effects of short range forces. 

00 • 2 -C l I 6 ck T } l: l: c i c j /0 r d I d r C Z i Z j e I D r ) 

gij<r>'C4n r2>dr - Cl/6ckT}l:l:c1cj 
* 2 f� r d I d r C U 1 j > g 1 j C r ) ' C 4 II r > d r (19} 

To solve the ffrst integral, P1tzer uses the potentfal, Wj, 

at a point f n a solutfon as derived in the Debye-Huckel 
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theory . H e  subst itutes th i s  i nto the  Bol tzman n  d i st r i but ion 

l aw a n d  expands  the  exponent i a l  i n  the  Bol tzman d i st r i but ion 

function to th ree terms . The t h i rd term i n  the  expanded 

form for cha rge dens ity· has  a zero v a l u e  i n"the case of 

symmet r i c a l  e l ectrol ytes . 

or ,  

expC-Z i eWj/KT >  = expC-q ij ) 
2 1 - q i j  + (l/2 ) q ij 

2 ' 
w here ,  q ij = Zi Zje expC-KCr-a ) ) /OkTCl+K a > r  

C20 a )  

C20 b )  

Comp a r i s ion o f  the th ree term form a n d  the two term Debye

Huckel  rad i a l  d i st r i but ion app rox i mations w i th exact Monte 

Car lo  ca lcu l at i on s  s hows a better app roximat ion i n  t he  case 

of the  th ree term extended Debye-Huc kel  rad i a l  d i st r i b ut ion 

funct i on . The exponent i a l  form i s  not used d i rect l y  s i nce 

on l y  a nume r i c a l  sol ut ion to the  i ntegral is  poss i b l e .  W ith  

s ubst itut ion of  t he  col oumb i c  potent i a l  between two ions and  

t he  exp anded rad i a l  d i st r i but ion function one observes the  

effects of e l ectrostat ic i nteractions on the thermodynamic  

p rope rt i es i n  the f i rst i nteg ral . 

I1 = -K3 /�6Dkt{l + K a ) ]  (21 ) 

The  f i rst a n d  t h i rd terms a re zero i n  the  c h a rg e  dens i ty 

equation . Thi s  i s  the  Debye-Huckel  el ect rostat i c  term 

obta i n ed u s i ng the  p ress u re equation  a n d  reduces to t he  

l i m i t i ng l aw at l ow concent ration s .  Sol �tion 23 to the 

second i ntegra l , w h i c h  rep resents effects of s hort range 

forces, equ a l s  

12 = -<2 n a3 /3c )  I:I:c icj g ij Ca > 
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Thus ,  the  osmot ic·p ressure  of a sol ution after substitution 

for g i j ( a ) ,  i s  

ip-1 = -K3/ C 6DkT (l+K a ) )  + c[2 n a3 /3 + K4/ C 48 II c2 C l+Ka>2>J (23 ) 

'The  first term i s  t he  ·elect rostat i c  term . Comp a rison w i t h  

' t he  Oebye-Huckel  e l ectrostat ic term for osmot i c  coeffc i ents,  

w h i c h  i s  obta i ned by convert i n g  the  act i v ity  coeff�c i ent 

equ at ion u s i ng the G f b bs-Ouhem equat i o n ,  i s  i nconvenient to 

u se . ·· Both of them , however ,  can  be a pp l  i e·d t h r-ough the  same 

concentrati on ran g e .  The  f f rst ·term i n  the  s hort range 

i nte ract ion  ·term rep resents the  i nteraction at contact 

between ions  i n  t he  absence of any e l ectr ica l  effects . 

P itzer l abe l s  t h i s  as  the  "k i nect i c  effect of hard ·core" .  

Thi s term i s  equ i v alent to  t he  second v i r i al coeff i c i ent of 
" a noni-dea l ''f l u i d  . .. -I n  a d d i tion ·one has the s econd term whi-ch 

is due to· i n c reased rep u l sive ha rd-core e l ectr ica l  

1nteractions-between'ions .  Ap p l i cat i on of the  above 

equat ion  to el ectrol ytes i s  va l i d  to about l M, thus ,  an  

imp rovement over the  Debye-Huckel theory is  achieved in  a 

very s i mp l e  mann e r .  

Ap p roxi mations involved i n  d e r i v i ng t h e  equat i on here 

a re s i m i l a r  to those of  Debye and  Huckel since  the 

potent i a l , w, at a po i nt  i n  the  so l ut ion  is der i ved using 

the l in ea r i zed Bolt zmann d i st r i b ution l aw .  To obta i n  

thermod ynam ic p ropert i es a th ree term expans i on i s  used �nd 

the de r i v at i on i s  further s implif i ed by ut i l Jz i n g  the 

p roperty of symmet r ica l . electro l ytes . 

The above equat i o n ,  (23 ) ,  i s  not s u i t a b l e  for p ract i c a l  
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the rmodynamic ca l c ulat i o n s .  · F irst, i t  has on l y  one 

pa rameter, a ,  that can be  adjusted to fit expe r1menta l data . 

Second ,  the  �ange of pred ict i o n  1 s  1 1m 1 ted to 1 M ion ic 

stren gth. In a d d i t i on to . the above d i ff i cult i es ,  

approximat ions  i nvo lved do  not perm it  f u rther mathemat ica l  

exten sion of the  equat ion  to  h i g her  concentrat ion  ranges i n  

a s i mpl i f i ed form. Hence P i tzer ut i l izes the i dea of v i r i a l  

expans i on w here t h e  second v i r i a l  coeff i c i ent  h a s  a behav i o r  

q u a l itat i v e l y  s i mil a r  t o  t h e  s hort range i nteract i on term 1 n  

h i s  "approximate" d e r i v at i on. Subst itut i on o f  functions  

w h i c h  have s i m i l a r  mathemat i c a l  behav i o r  but a l so have  

g reater f l exi b i l ity enab l i ng  exten s i on to  a h i gher  

concentrat ion  range wou l d  be  usefu l .  In  the  v i r i a l  expans 1on  

for el ectrol ytes , the  f i rst term i n  concent rat i on represents 

the effect of el ectrostat ic  i nteract i on s  and  terms beyond 

t he  f i rst desc r 1 b e  effects �f s hort range i nteract io n s  

between two,th ree • •  etc i o n s ,  respect ive l y .  

Th us ,  P i tzer def i nes the  excess G i bbs  free energy as 

Gex is  the  exc ess G i bbs  free ene rgy. T h i s  represents the 

d eparture from i d eal ity  d u e  to a d d i t i onal i nteracti ons 

present i n  an i on ic  s o l ut i on from those not present i n  a 

nonel ectro l yte sol u t i o n .  Here f ( i )  i s  the  e l ect rostat ic  

term, L ij  t he  two  ion  i nteract i on coeff ic i ent ,  a nd  w h i c h  i s  

a funct i on o f  i o n i c  strength ,  a nd  u ijk' t h e  th ree ion  

16 
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1 nteract 1oo coeff i c i ent wh i c h  u n d e r  mode rate c9ncent rat ions  

i s  assumed to  be  i n d ependent of concentrat i o n .  Equat i on s  

for osmot i c  a n d  act i v ity  coef f i c i ents are obta i ned by 

d i fferent iat ion  of the  excess G i bbs  f ree energy funct io n  

w ith resp ect to  nw and  n i . After p roper a l geb raic  

a r ran gements, the  osmot ic and  act i v ity coe f f i c i ent  equat ions  

a re 

� - 1 = IZ Z I f <•�+ m m x C2v  v /v ) s<•> + m x mx 
m2 [2 C v  v > 312/vJc• 

m x mx (25 ) . 

l n  gmx 

where 

. 

= IZ Z I f C g> + m C 2v v /v ) B C g> + m x m x mx 
m2[2(v v > 312/v]C (g ) 

m x mx 

a<• >  = C L  +I L' ) +  C v  /2v ) ( L + I  L' ) mx mx mx m x mm mm 

( 2 6 )  

+ ( v  /2v ) (L + I L' ), x m xx xx 

s<g > = a<• > . + c 11r> r1 s<• > cr > dr, MX MX � mx · 
c<g> 

mx = 3/2 C mx'· a n d  

L'i j  = dli j /d I .  

Bmx i s  the  second v i r i a l  coeff i c i ent and Cmx i s  the  th i rd 

v i r i a l  coeffic i ent . The  above equat i on s  are general i n  

n ature and  d i rect ap p l i cat io n  to el ectrol yte so lut i on s  i s  

not poss i b l e .  T h i s  i s  d u e  to the  equat i on i nvolv i ng a l arge 

number  of v a r i ab l e s ,  a n d  these var i a b l es cannot be 

aserta i ned  f rom expe r i mental data . Also L and u are i on- 1o n  
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i nteraction p a ramete rs ,  a n d  they do not take i nto accou nt 

ion-sol v ent i nteractions d i rect l y .  However  such  a t reatment 

makes ext rapol ation  to m ixed el ectrol ytes s i m p l e r .  P i t ze r  

c hooses a n  exact form for t h e  second v1r 1 a l  coeff ic i ent b y  

comp a r i son w i t h  exp e r i mental  data . 

To.rep resent p rop ert i es of el ect rol ytes accu ratel y P i tzer 

tests s i x  poss i b l e  comb i nat ion of f ( i ) ,  the  el ectrostat ic  

term a n d  Bmx' the second v i r i a l  coeff i c i ent . The 

el ec t rost�t i c  funct ion s  con s i de red a re: a)  Debye-Huckel  

"cha rg i ng", b )  Oebye Huckel  osmot ic  der i ved f rom t he  

"p r&ssu re" equat ion , c )  O ne  d ue  to Gl ueckauf24• For the  

second v i r i a l  coeff i c i ent  two forms are  tested 

. .  

. . 

B (� ) (l ) = b (O ) + b (l ) exp C -a•1112 > (27 ) 

(28 ) 

where ,  a '  i s  a f ixed pa rameter,  not rel ated to, a ,  the  

rad i u s  of the  ion . I n  the  test t he  maximum concentration 

of each  sol ut ion i s  l i m i ted to 2 M ion i c  stren gt h .  The best 
• 

poss i b l e  stan d a rd dev i at i on i s  obta i ned i n  t he  case  of the 

Debye-Huckel  "osmot ic" and  e0c1 > .  T h u s ,  work i ng equat ions 

for the pu rpose of f i tt i n g  osmot i c  or act i v i ty coeff ic i ent 

data to an accept a b l e  accu racy a re 

� - 1 

(29) 
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l n  g = -A<�>1z z I[ 11121 c 1  + bt112 > +C2/b ) l n  Cl + bI112 > J  mx m x 
+ 2m[b (O ) + Cb (l ) /a•2I>Cl  - Cl + a•1112 - Cl/2 ) a•2I > exp<-a•I112 >lJ 

*C2vm. vx/v} + m2C2 ( v. v >-1• 5 1v > c<g >  
· m x mx (3 0 )  

Here,  b and  a '  a r e  f ixed pa rameters w i th a v a l u e  of 1 . 2  a n d  

2 . 0  resp ect i vel y ,  for a l l  el ect rol ytes ; b0 , b 1 a n d  Cmx a re 

the  v a r i ab l e  pa rameters and  a re d i fferent for d i fferent 

el ect rol ytes . Concern i ng the  app l i cab i l ity of the  

equat i ons ,  a l l  but the  2-2 e l ect rol ytes fit t h i s  equat i on . 

The  ·2-2 e l ectro l ytes ,  d ue  to exten s i ve assoc i at i on even at 

l ow concent rat ions ,  do not pe rm i t  one to ut i l ize these 

,equat i on s .  P i tzer mod i f i es the equat ions by i nc l us i on of 

two a d d i t ional  pa rameter s .  Bas i c a l l y� these pa rameters  f i t  

t he  data �t l ower  �oncentrat ions . Thus  for 2-2 el ect rol ytes 

th• fol l ow i n g  a d d i t ional  terms a r e  added  to t he  second 

v i r,, i al , � oe f, fi i �.1 ..e·f\ t : 

for. B.� �) mx ·. · 

b (2� expCa•21112 > 

for a<g >  
mx 

C2 b<2> 1a c 2) 2 I >[l  - Cl+ a<2>•1112  - Cl/2} a<2 >•21 >  

expC-a (2 )  •.I
112 >J 

w here ,  a (2 )  i s  a f i xed pa rameter hav i n g  a v a l u e  1 2 . 0 ,  and  

b<2 > i s  a v a r i a b l e  p a rameter . 

The equat ion for t he  G i bbs  f ree energy permits  one eas ily to 

extend the  method of i nter ion i c  attract 1on/rep u l s 1on to 

m i xed el ect rol ytes . In a m ixed el ectrol yte sol ut i on addit i onal  
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i nteractions between cations and  an ions of a l l  el ectrol ytes 

i s  cons i d ered . The general  equ at ions for osmot i c  and  

act i v i ty coeff i c i ents of  m i xed el ectrolytes are  

"' - 1 = o:m i ) -l  { 2If(4>) + 2 ttm m [ B .
<4> > + 't' . · c a · ca 

' 
+ tt m m , [ e , + I e ., + t m 1" , ] . a a v ·a a a a · c c a  a 

(3 2 )  

( 31) 

Here,  the  a�d,t ional  pa rameters . for m i x i ng "e " a n d  "1j1" 

represent i nteract ion s  between d i fferent ion s hav i n g  the  

same charge  s i g n  and  i nteractions between th ree i on s ,  w here 

two of the  fons have the  same c h a rg e  s i g n ,  respect i v e l y .  

I nteractfons between t h ree ions hav i n g  t h e  same c h a rg e  i s  

as sumed to be  neg l i g i b l e .  Genera l l y ,  a d d i t ional terms for 

m i x i ng a re sma l l  or  even n eg l i g f b l e  f n  certa i n  cases but a re 

often requ i red to f i t  data w i t h f n  expe r f mental  accu racy. 

Eva l uat ion of osmot ic coeff i c f ent data  w i th  a maxfmum 

ion i c  strength of 6 M for s i n g l e  el ect rolyte sol ut i ons i s  

done u s i ng a least squa res f f t  prog ram . Coeff ic i ents for 

300 s i ng l e  a n d  m i xed e l ectrolytes have  been eval uated . 
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' .  . .  . P resent Resea rc h  

Most of the  extens ions of the  Debye Huc kel theory , 

w h ether  emp i r i ca l  or sem i emp i ri c a l , can  be  rep resented as a 

comb i nat ion of e l ectrostat i c  and  stat i st i c a l  terms . A 

fun damental i d ea beh i n d  such  an  app roach i s  to obta i n  a 

work i ng equation for act i v ity  or osmot i c  coeff i c i ents for . ' . 

s i n g l e  el ect rol yte sol ut ions . The advantage of hav i n g  

work i ng equat ions  o f  a n  emp i rical nature rather than  a 

comp l ete t heoret i c a l  a p p roach i s  that i t  a l l ows  one to to 

f it  exper imental  data w i th a m i n imum of adjusta b l e  

p a rameters . I n  a d d i t i on to fitt i ng data the  equation has to 

have  the  capab i l ity  for ext rapol at ion to m u l t i component 

sol ut ion s . 

In  t he  s i mp l est emp i r i c a l  t reatment the  mean ion ic act i v it y  

coeff i c i ent i s  rep resented as 

gCm> = gCel ) *gCstat )  (33 )  

w here,  gCel ) rep resents the  effects of l ong range forces,  

gCstat ) the  effects of s hort range forces . The  equation for 

gCel ) i s  theoret ica l l y  der i ved from the  behav ior  of d i l ute  

soiut ions w i th  t he  ass umpt i on that  gCstat ) a p p roaches un ity 

u n der  such c i rcumstances . The  most w i d e l y  used form for the  

el ectrostat i c  port i on i s  the  one  der ived  by Debye and  

Huckel , or other  der i vations 15'18 w h i c h  reduce to the  Debye-

Hucke l  form under  d i l ute  cond it ions . At h i g her 

conc entrat ions gCel ) fa i l s  to rep resent the behav i or of 
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ion ic  sol ution s .  This is due  to the  p resence of ot her  

forces· or  interact ions . Al so at  such  concentration l evel s 

one does not know whether the  equat ion  for g C el )  truly 

rep resents the  natu re of e l ectrostat i c  forc es .  Thus  for an  

empir ica l  t reat�ent of activ ity  or osmot ic  coeffic i ents at 

higher  concentrations one requ i res a d d i t i on a l  terms, the 

form of wh ich wou l d  absorb a l l  the  s hortcomings i n  g C el ) .  

T he  g C stat )  term , therefore does not sol e l y  rep resent 

effects oj · �ho�t range forces . Factors to be i nclu ded i n  

its form, most 9f w hic h a re imp l i cit , range f rom 
. . . ' -int�rdeperid�nc�-of s hort �nd l on g  range  force between ions ,  

sol vation · of ions ,  sol vent-ion  i nteract i on s  and  hosts of 

othe r  minor i nteract ions . To t reat · statistica l l y  sol utions 

a� · hfgh · concent rat ion s  with so many Na ria b l es to con s i der  1 s  

a comp l ex task a n d  does not p rov i d e a feas i b l e  method for 

r�ut i n e  computations� 

Genera l l y� t he  form adopted for rep resent i ng·g(stat ) i s  a 

power  ser i es i n · concent rat i on .  

l n  g C stat ) = 

w here  g i ' s  a r e  genera l  i nteraction pa rameters ,  the  

subscr i pts d ete rmin i n g  the  number of  ions i n vol ved 1n 

(3 4 )  

i nteraction . Th i s  def i nition for g i i s  st r i ct l y true  1n the  

case  of d i l ute  gases w he re inte ractions a re 1 1 m 1ted to s hort 

range forces , a n d  the med i um 1 s  not so dense as 1 n  the case 

of 1 on1c sol ution s .  The power series i n  conc entration can  

e ither  be  1n  inc reas i ng i nteg ral v a l ues , ha l f integ ral s or 
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a CAm b i n �-ti on of both • Thus  , the  . mean · i on i c act i v i t  y 

coeff i c i ent i s  

l n  g (m )  = l n  g C e l ) + (35 ) 

.for n = 1 ,  the  Dav i e� a n d· t_h.e. Guggen he im  eqwations are  

obta. i n •. d-.- · The g·en era 1 i nteracti on pa ramete r ,  g 1 , · 1rl these 

equ at i ons i s  d i fferent. In the Dav ies-. equation g 1 
= . l*IZ Z I "' x 

0 
- 0 and  i n  the  Guggemhe im  equation g 1 - C 2v 1v 2 >•B12 , 

where 01 2  i s  a constant .  For n = 4 . one . obta i n s  the  

Scatc hard25 equation,  gn = C n+l/2n > *h n Z z.a<n >  where ,  h mx m x mx 
= . S*IZmZxlvmx and  a ( n )

mx i s  a fttt i n g  p a rameter .  S i m i l a r l y  

for n =2 one obt a i n s  t h e  P i tzer equation,  g 1 
5 3/2 a l·. > a n d  g 2 . =,3 C v 1v2 > Cmx/v • . 

= bo + b 1*exp C -

Comp�r i n g  t h e  �PP.}i��b11ity ·of these equations to. h i g he r  

concentrati ons one f i nds that�both t he  Dav i es a n d  the  

Guggen h e i m  equat i ons  do  not f it  exper imental data beyond 0 . 1  

M i on i c  strength .  T h e  Scatchard equation f its  exper imental 

data to h i gher  concentrat ions l i m i t s ,  but its app l i c ab i l ty 

i s  l i m i ted due  to its  comp l exity i n  t he  case of t he  m ixed 

el ect rol ytes • . 

I n  the  Guggen h e i m  equat i on the  pa rameter g 1 rep resents 

b i na ry i nteract ions  between i ons of the same and  oppos ite  
-- . 

c harge types. T h i s  i s  b a s i ca l l y  an  ·exten s i on of the  

Bronsted40  p r i nc i p l e  of  spec i f i c  ion i nteract i on .  The  

i na decuacy in  the  Guggen he im  theory , as  poi nted out by 

P i tzer,  i s  that g 1 or the  fi rst v i r i al coeff ic i ent i n  

g ( stat ) i s  not a constant but a funct i on of concentrat ion ,  

a n d  t h i s  l eads  to  a much  imp roved t reatment of  i on i c  
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s o l u t i ons.  Pttzer•s treatment of  i o n i c  so l ut io ns ,  a s  

d i scussed p rev i ous l y ,  i s  t h e  best ava i l able "sem i emp i rical" 

�quat i o n .  ·The  d i f f i c u l ty  or i nconvn i ence  i n  the P i tzer 

method i s. that the  equat io n· for act i v i t y  coeff i c i ents has  a 

form w h i c h  i s  not s imp l e  for computat iona l  p u rposes . In the  

rel at i o n ,  g Cm >  = g (el ) g (stat ) P i tzer uses  a n  improved Debye

Huckel  el ectrostatic term a n d  an emp i r ical  g C stat>  term . 

S i nc e  one i s  dea l ing w i th  gCstat>  emp i r i ca l l y  the  assumpt i on 

i s  that g C stat>  wou l d  take c a re �f f i tt i n g  data at h i gher  

cobcent�ati ons as wel l as  the  s hortcom i ngs  tn the  

a p p roximat i on s  used i n  dertvtng  g C el ) .  Therefore "s l i g ht" 

i mp rovements i n  g (�l ) i s  not g o i n g  to make much of a 

d i fference .i n  f i tt i ng data at h i g her  concentrat i o n s .  The  

equat i on for  g (m )  suggested i n  the  p resent resea rch i s  

l n  g (m )  = -A IZ Z I C I112tl+bI112 > + E I  l n CI >  D m x 
+ J 13/2 

2 (3 6 )  

w here, E ,  J i, J 2 are  f i t t i n g  pa rameters; b ts a f i xed 

pa rameter hav i ng a v a l ue of 1 . 8 .  The correspon d i n g  equ ation  

for  the  osmot ic  coeff i c i ent  is  obta i ned th rough the  G i b bs-

Du hem equat i o n .  

+- 1 = -[A0tzmZxl/b3 I] Q C bI11 2 > + E ' l  l n (l ) + J•1 I + 

J • 13/2 
2 

where ,  Q C bI112 > = [ C l  + x )  - C l/ C l  + x ) ) - 2 l n  C l  + x ) ] ,  

x = b1·5 

2 E '  = E ,  C2 J 1• - Et) = J 1 , CS/3 ) J 2 = J 2 
In t he  o r i g i nal Debye-Huckel theory, b was  rel ated to the  
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. . . 

d, i s t·a n c e of c loses t a p p r o a c h o r d 1 am et e r o f a n i on  • S u c h a 

�efi n�t 1 o n ,  asc r i b i n g  to � a p h y s i c a l  desc r i pt ion , i s  not 

a l w ays poss i b l �  s i nc e  d i fferent  1ons have d i fferent rad i i  

a n d  i n  sol ut ion � g i ven ion may have  a rad i u s  d i fferent from 

j�s g aseo�s.v a l �e d �e  to sol vat fon . Futhermore, there a re 

n o  exp e r i m.ent a l. tec h n i ques to obta i n  these rad i i  for a l l  the  

ions • . Kence. one  tr��ts b s i mp l y  as  a fi xed parameter i n  

t he. extens ion s  of the  Oebye-Huckel  theory· 1 n order  to f 1 t 

t he  obs�.rv�� exp e r 1 m.enta l  data . Any  dev i at i on f rom the  

actual  b "va l u e" wou l d  be  taken. c a re  of  b y  the  f l oat i ng 

pa ra11,ters  .• I n. th.e set of equations  p roposed i n  t he  p resent 

resea rch  o�l y the e l ectrostat i c  term i n  the osmot i c  

coeff i c i ent i s  i n  a n  i nconven i ent . form , but the stat i st i c a l  

te rms i n  both t h e  cases a re s im i l a r  a n d  much  s i m p l e r  to 

h an d l e .  U s i n g  these equations  for 2-2 e l ec t ro l ytes l eads  to 

. the  �am� p rob l em as P itzer  faced : tbey do not work . The 

p rob l em i s  sol ved by one add it iona l  p a rameter  i n stead of t he  

two u t i l i zed by P i tzer . The  equat ion for 2-2 el ect rol ytes 

i s  obta i n ed by a d d i t i on of the . fol l ow i n g  term , E•2 I·5 l n  

· c I >  to the  osmot i c  coeff i c i ent  equat ion . Us i n g  the  G i bbs

Ou hem equation one obta i n s  the correspon d i ng equation for 

t he  act i v i t y  coeff i c i ent . I n i t i a l l y  i t  was  hoped i n  

add i t ion to b b e i n g  f ixed,  that E cou l d  b e  f ixed . Then one 

cou l d  just f loat J1 a n d  J 2• T h i s  was poss i b l e  i n  the low 

concent ration ranges , t y p i c a l l y  u n d e r  lM i on i c  st rength . 

However ,  as  conc entration i n c reased the  f i t  deteri orated . 

I n  the  case  of 2-2 el ect rol ytes i nt rod uct i on of effect i v e  
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i on i c  s.trength or an . assoc i at·ion constant i nto the  P ftzer or 

the present equations fa i l s  at h f g her concentrat ions,  

p robab i l y  due to tr i p l e-ion or four-ion assoc iat i on . I n  any 

case i ntroduct i on of assoc i a t i on con stants i ·n · such  emp ir i ca l  

extens ions comp l i c ates the  equation rather than  s i mp lffy i ng 

t hem .  The a d d i t i on of a s i n g l e  p arameter i ncreases the  

concentrat ion range to a great extent , a n d  one  can  thu s 

1 gnore assoc i at ion . · · -· 

Al l  these mec h a n i s t i c  or emp i r ical  equations u n der very 

d i l ute  con d i t i ons  reduce to the Debye-Hucke l  l i m i t i n g  l aw .  

I n  t he  present case· the i on i c  strength ,  I ,  converges to zero 

faster than  l n (l )  ap proac hes negat ive  i n f i n i t y .  Thus  the  

second term ap proaches zero as I approaches zero, a n d  the  

prob l em of an  i n d e f i n ite v a l u e  at I = 0 does not exi st .  

Con s i der ing  the appl f catton of these equat ions  beyond 6M 

f on i c  strength one f i n d s  that .they woul d .. g f ve accepta b l e  

r'su lts ,  but  w f th s l i g ht, h f g h er d ev i at ions . 

The  present set of equations can  be  used  to'f it  m ixed 

el ectrol yte solut ions .  Most of t he  data f i tted y f e l d 

accept a b l e  resu l t s .  I n  m ixed el ectrol yte sol ut ions  one 

needs to con s i d er a d d i t ional  i nteract ions  between ions of 

d i fferent el ectrol ytes . Thus to obta i n  osmot ic  or act f v f ty 

coeff i c i ents i n  m ixed el ectrol yte sol ut i ons  the  parameters 

for p.ure el ectrol ytes p l u s the a d d f t fonal  f nteractfon 

p arameters must be  con s i d ered . The  a d d f t fona l  parameters 

are obta i ned by p l ot t i n g  or f i tt i n g  by the  method of l east 
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squa res d 1 fferences 1 n  exper i ment a l  v a l ues of these 

coeff1 c 1 ents versus  a function 1 n  i on i c  strength and  the 

f raction of the  el ect rol yte i n  the m ixture . For a s i mp l e  

m ixt u re of the  same charge  type el ect rol ytes, the  equat i on 

for osmot i c  coeff i c i ents i s  

•O + ... o <C D !) I •m ix  a Ya a Yb "' b + + YaYb (37 ) 

The a bove equation c a n  be  extended i n  t reat i n g  m ixtu res 

hav i n g  three or more s i m i l a r  el ectrol ytes . For m i xtu res 

i n vol v i n g  a 2-1 a n d  1-1  el ect rol ytes w i th or w ithout a 

common 1o n ,  t he  method suggested by Scatch a rd26 i s  u t i l ized . 

rThe equatfon for such  m ixtu res i s  

< l  +Ya > •m ix = Ya +O
a + Yb ,o

b + <C + DI > yayb I (38 )  

Equat .ions for· act i v i t y  coeff i c i ent of m ixtures where the  

compos i t i on i s  not f i xed have  not been invest i gated in  the  

p resent resea rch. A d i rect convers ion of the above osmot ic  

equation u s i n g  the  G i b bs-Duhem equation i s  not poss i b l e .  

I n  order  to est i mate the  pa rameters for s i n g l e  el ect rol yte 

sol ut ions a s i mp l e  non l i near  l east squa res f i t  computer 

p rog ram is  used .  The p rog ram wei ghts a l l  the  data poi nts 

equa l l y . Before con s i de rat i on of the  p rog ram itsel f ,  a few 

poi nts n eed to be ment ione d .  Both osmot ic  and  act i v ity 

coeff i c i ents a re f i tted sep a rate l y ,  even though  k now ing  the 

p a rameters  for one of them ena b l es computat i on of the other  

th roug h  the G i bbs-Du hem equat ion . Th is  1s done to  compare 

the p resent set of equat ions w ith  t he  Pitzer  equ ation s .  

P i tzer f i t s  on l y  osmot i c  coeffi c i ents and  one uses the 
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p a rameters obta i ned  f rom them to compute the act i v ity  

coeff fcfents . For  e l ectrol ytes at h i g her  conc entrations 

expe r f mental determ i n at i o ns genera l l y  i nvol ves obta i n i n g  

osmot i c  coeffi c i ents by t h e  1 sop i est ic  tec h n i que27• 

Act i v ity cqeff i c i ents a re then  obta i ned u s i n g  the Gi bbs-

Du hem equat io n  e it her  numer i ca l l y , i . e  b y  f i tt i n g  to a power  

s e r i es i n  I ,  or  by p l ot t i n g  < � - l ) /m·5 verses  m·5• The 

i sop i est ic  tec h n i qu e  i nvo l ves determ i n i n g  the osmot ic 

coeff i c i ent  of a n  el ect rol yte relat ive  to a k nown 

el ect ro lyte .  The accu racy of t h i s  method i s  a bout 0 . 11,  and  

measurements. below O . lM a re sel dom don e .  The  reason for 

t h i s  i s  d ue  to a l on g  equrl i b r i um p e r iod , and the acc u racy 

'detor i ates.rap i d l y  w ith  decreas f n g  concent ration  •. Henc e  at 

l ower ·concent rat1ons one has to resort to potent 1 ometr i c  or 

. co l l i gatfve  �ropert i es af so l ut ions  to determ i n e  these 

·· coeff i c i ents . Hence convers ions between these coeff i c i ents 

i n v o l v e  some e r ror ,  a n d  when  one f its  both these 

coeff i c i ents the  p a rameters obta i ned wou l d  not be  exact ly  

rel ated as  t he  G i b bs-Du hem equat fo n  p red i cts . Most of  the  

data on  el ectro l ytes i nvol v i ng these coe ff i c i ents a re 

comp i l ed b y  Rob i nson  a n d  Stokes28 i n  t h e i r  monog rap h .  Both 

osmot i c  a n d  act i v ity coe f f f c i ents a re g i ven w i th rounded-off 

mol a l i t i es .  P itzer  uses most of the  data f rom t h i s  sou rce ;  

so  has  the  p resent resea rc h .  I f  one  ut i l izes the P i t zer 

p a rameters obta i ned f rom osmot ic coeff ic i ents to determ i ne 

act i v i ty coef f i c i ents,  there wou l d  be  a s l i g ht d esc repancy 

from the  one g i ven by Rob i n son and Stokes even though they 
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have  used the  same set of osmot ic coeff i c i ents to determ ine 

act i v ity  coef f i c i ents . T h i s  i s  ma i nl y  due  to the  d i fferent 

a p p roaches i nvol ved ; that is d i fferent co�putat iona l  

method s .  The refore assess i n g  w h i c h  i s  the  super ior  app roach 

i s  very  d i ff i cu l t .  

The  computer p rog ram l anguage  i s  Fort ran 7 7 .  A fl owsheet 

of t he  p rogram i s  as fol l ow s :  

a) Read data f rom a sepa rate f 1 l e .  The data file has the  

i n i t i a l  guess  va l ues for the  pa rameters 

b) Find the  d i fference between exp e r i menta l  and ca l culated 

v a l ues u s i n g  the g uess v�lues . 

c >  Use t he  d i fference �o pe rform a l east squa res f 1 t  and  

obt a i n  t�e d i fferent 1 a l  i n  the  pa ramete r  va l ues . 

d) Add the  d i fferent1al to the  i n i t 1 a l  g uess va � ue a n d  use  t h 1 s  

a s  the  n ew .�al u�  for the  p a rameters and  rep eat f rom Cc > 

e) A contr.ol statement deter.m i n es the  cond 1t ion for 

m i n im 1 zat ion .  When the  d i fference 1 n  sta n da r d  dev i at ion 

between the Cn-l)th a n d  nth cyc l e  i s  l ess than  . 00 0 1 ,  the  

p rogram term i nates and  p r i nts  out 'th e  f i n a l  res u l t s .  

C a l c u l at1ons  u s 1 ng t h e  computer p rog ram for s 1 ng l e  a n d  m1xed 

el ect rol ytes for both act i v ity  and  osmot i c  coeff i c i ents have 

been don e .  The general  method i s  the same for a l l  these 

coeffi c i ents .  The on l y  d i fferences among the several  

p rog r�ms a re i n  the  equat i ons themse l ves .  
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Results 

The results for osmotic coefficients are tabulated in the 

following tables 

Table 1 - 1-1 Electrolytes 

Present 
work Pitzer 

Electrolyte E Jl J2 sd Max M sd max M 

HCl .0297 .1282 -. 0121 ·.002 6 .002 6 
HBr .00352 . 1132 .0372 .001 3 3 
HI -.0201 .1451 .0453 .002 3 3 
HCl04 . 00207 .0716 . 0489 .002 6 .002 5.5 
HNO .0143 .0499 . 00513 . 001 '3 .001 3 
Lief .00951 . 00705 . 0225 .002 6 .001 6 

·"LiBr · .0293 .1143 -.000305 . 002 2. 5 . 002 2.5 
Lil -. 0768 .00917 . 1463 . 003 3 .006 1.4 
LiOH .1269 . 0615 -.1243 .005 4 4 
LlClO · -. 00630 .1263 . 0246 .002 4 .002 3. 5 

··LiNO 4 . O.J69 .1133 -.0402 . 002 6 .001 6 
NaF 3 . 0473 -. 0185 -. 0320 . 001 l .001 1 
NaCl . 0233 . 0108 .00126 . 001 6 . 001 6 
Na Br . 0222 . 0346 . 000306 . 001 4 . 001 4 
Na! • . • -00690 . 0511> . 0155 . 002 3. 5 .001 3.5 
Na OB -.0101 -.0147 .0473 .005 6 6 
NaCl03 .0323 -.0306 -. 0121 .001 3. 5 .001 3. 5 
NaCl04 .0259 . 00164 -.0114 . 001 6 . 001 6 
NaBro3 . 0448 -. 0794 -.0105 .001 2.5 . 001 2. 5 
NaCNS .0101 . 0498 -. 00493 . 001 4 . 001 4 
Na NO .0447 -. 04_92 -. 0231 . 002 6 . 001 6 
NaH2Po4 . 0582 -. 1435 . 000927 . 002 6 .003 6 
KF .0411 . 0252 -. 0175 . 001 4 . 001 2 
KCl . 0408 -. 00305 -.0228 . 0004 4.5 .0005 4.5 
KBr . 0398 . 00962 -.0259 . 001 5 .001 5.5 
KI . 0376 .0372 -. 0338 .001 4. 5 . 001 4. 5 
KCNS . 0392 -. 00249 -.0285 . 0015 5 .001 5 
KNO . 0791 -. 1292 -.0384 . 0015 3.5 .001 3. 5 
KH2PO . 00539 -. 1197 . 0293 .001 1. 8 .003 1. 8 
RbF ( �9) .0266 . 0864 -. 0433 . 001 3. 5 . 002 3.5 
RbCl . 0549 -. 00263 -.0357 . 001 5 . 001 5 
RbBr .0546 -. 00538 -. 0372 . 001 5 .001 5 
Rb!· . 0588 -. 00539 -.0595 . 001 5 . 001 5 
RbN03 . 0835 -. 1415 -.0365 .001 4. 5 . 001 4. 5 

30 



1-1 Electrolytes 

' Electrolyte 

CsF ( 29) '• 
CsCl 

. csBr 
Cs I 
CsN03 AgN03 

T able· 2 -

Elec��p.�yte 

Li Acetat.e 
, . · . Na acetate 

. : � , .  \ K ac·�tate 
� - · � -· Rb a·det�te 

Cs acetate 
Tl aC.�tate • l 

E 

. 0445 

. 0809 

. 0839 

. 093'9 

. 0885 

. 0689 . 

Salts 

·E 

• 040.0 
. 0233 
. 0261 
. Ol.91 
� 0129 
. 0828, 

( cont) 

Present 
work 

Jl J 2 sd Max M 

. 11 58 -. 0551 . 003 3 . 5  
-. 0123 -.0538 . 001 6 
-. 0154 -. 0566 . 001 5 

. 0081 8 -. 0851 . 001 3 . 0  
-. 1 545 -. 0323 . 001 1 . 4  
-. 1657 -. 0159 . 001 6 

of Carboxylic acids C l-1 type> 

Present 
Work 

J l J2 sd Max M 

. 0797 -. 0401 . 0005 4 

. 1 079 ' -. 0·288 . 001 3 . 5  

. 13 03, ; -. 0351 . 001 3 . 5  

. 1231 . :-. 0220 . 001 3 . 5  

. 1215 -. 0165 . 001 3 . 5  
-. 0341' -. 0589 . 001 6 

Tabl� 3 - Tetraalkylammohium Halides (Data fr om . . 
! , : Present 

work 
Electrolyte E Jl J2 sd Max M 

Me4NF . 0375 . 2111 -. 0135 . 002 3 
Et4NF -. 0804 . 13 57 . 1 923 . 001 2 
Pr4NF -. 0423 . 2434 . 2095 . 002 2 
Bu NF -. 0586 • 4233' . 1 077 . 004 1 . 6  
Me:Ncl . 0976 -. 0093 5 -. 0514 . 001 3 . 5  
Et4NC1 . 1 269 . 0362 -. 0790 . 003 3 
Pr4NC1 . 1475 . 0702 . -. 0641 . 005 2. 5 
Bu4NC1 . 2360 . 3 883 -. 3691 . 005 2. 5 
Me4NBr . 1 240 -. 0592 -. 0690 . 005 3 . 5  
Et4NBr . 1 572 -. 0997 -. 0691 . 002 4 
Pr4NBr . 2513 -. 0029 -. 1661 . 005 3 
Bu4NBr . 1 860 -. 0634 -. 1482 . 009 4. 5 

3 1  

Pitzer 

sd Max M 

• 0·02 3 . 5  
. 002 5 
. 002 5 
. 001 3 
. 002 1 . 4  
. 001 6 

Pitzer 
sd . Max M 

. 001 4 

. 001 3 . 5  

. 001 3 . 5  

. 001 3 . 5  
, 001 3 . 5  
. 001 6 

ref 30 & 31)  

Pitzer 
sd Max M 

. 002 3 

. 002 2 

. 002 2 

. 005 1 . 7  

. 005 3 . 4  

. 002 3 
. 002 2. 5 
. 001 2. 5 
. 004 3 . 5  
. 001 4 
. 003 3 
. 007 4. 5 



T a b l e  4 I no rga n i c  C�mpounds  of 2-1 type 

E l ect r�lyte E 
MgC1 2 . 00838 
MgBr2 . 00912  
Mg! - . 00722 
Mg C 6 1 0

1
> 2 - . 03 24 

M g C N93 . 0 23 5  
CaC1 2 . 00970 
CaBr2 . 0 1 13 
Cal - . 00526 
ca c6 1 0

1
> 2 - . 0 1 85. 

C a C N0 3 2 . 0406 
5 rc 1 2 . 0251 · 
5 rB r2 . 00 164 
S ri · - . 0 127 
5 r c6 1 0

1
> 2 . 0263 

5 r C N03 2 . 0393  
BaC1 2 . 03 1 4  
BaB r2 . 024 1 
Bal  . 00849 
Ba c 6 1 04 > 2 . 0289 
MnC1 2 � 0435 
FeC1 2 . 0252 
CoC1 2 . 0429 
CoBr2 . 00834 
Col . 00860 
Co C�03 > 2 . 0 1 80 
N 1 C 1 2 . 00235 
CuCl • 0526 
Cu CN03 ) 2 • 0386 
ZnC1 2 - . 0429 
ZnBr2 .. 0370 
Zn!  - . 0229 
z n c 6 1 0

1
> 2 - . 0212  

Cd CNO . 0265 
P b c c 1 a

1
f2 . 0111 

Pb  C N03 2 . 1226 
U02C 1  . 0298 
uo2 c c�o

1
> 2 - . 0394  

U02 C N03 2 . 0306  
L 1 25o4 . 0470 
Na 250 . 0509 
Na 2sfd3 . 04 16  
N a  2c o 4 • 03 20 
Na

6
HP04 . 0 155 

K2 r04 . 0479 
K �HP04 . 0053 9 
R 2504 . 0577 
Cs 504 . 0609 
C NA4 > 2504 . 0790 

J 
. 02�7 
. 0734 
. 0825 
•. 0752 
. 0597 
. 0156 
. 0446  
. 0671  
. 0'619 

- . 00.634 . . ' . 0 179 
. 0 179 
. 0452  
. 0852 

- . 0447 
. 0134  
. 0330  
. 0737 
. 0683 
� 0582 ·
• 0362 
. 0649 
. 0642 
. 1 1 0  
. 0302  
. 4 1 0  
. 0590  
. 04 16  

- . 05 1 4  
. 1600 
• 083 9 
. 0727 
. 0377 
• 0436 

- . 1353 
. 1 083 
. 1220 
• 1 183 

- . 0533 
- . 1 184 
- . 0944 
- . 0820 
- . 1747 
- . 0837 
- . 1197 
- . 0928 
- . 0723 
- . 1073 

. J s . 0 2  7 
. 0207 
. 0424 
. 0660 

-· . 007 81 
. 0207 
. 0191  
. 0333  
. 0451  

- . 0218  
. 00282 
. 0299 
. 0429 

- . 00632 
- . 0 186 
- • 0132  
- : 00469 

. 00956 
- . 0216 
- . 0294 

. 000672 
- . 0223 

. 0225 

. 0183 

. 00456 

. 00445 
- . 500 
- . 0216 

. 0462 
- . 0817 

. 0422 

. 0615 
- . 0186  

• 00230 
- . 0620 
- . 0298 

. 0790 

. 0258 
- • 013 1 
- . 00608 
- . 00 1 12  

. 00337 

. 0405 
- . 0107 

. 0293 
- . 017 1  
- . 0252 
- . 03 1 2  
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P resent 
work  

sd  Max M 
. 003 3 
. 002 3 . 5  
. 004 2 
. 003 2 
. 002 2 
. 002 3 
. 00 1  2 
.• 002 2 

.• 001  2 
.• 002 2 
. 005?  4 
. 0015 2 
. 002 2 
. 0014  2 . 5  
. 002 2 
. 00 1  1 . 8  
. 002 2 
. 002  1 . 8  
. 001  2 
. 005 2 . 5 
. 002 2 
. 005 3 
. 002  2 
. 0 1  2 
. 00 1  2 
. 002 2 . 5  
. 002 2 
. 00 1  2 
. 00 6  2 .  
. 006 2 

.• 003 . 8  
. 003 2 
. 0 0 1  2 . 5  
. 002 3 • 
• 003 2 
. 002  2 
. 004 2 . 5  
. 003 2 
. 00 1  3 
. 002 4 
. 0015 3 . 5  
. 002 2 
. 00 1  1 
. 002 3 . 5  
. 00 1  1 
. 001  1 . 8  
. 001  1 . 8  
. 006 5 . 5  

P itzer  
sd  Max M 
. 003 4 . 5  
. 004 5 
. 003 5 
. 002 2 
. 003 2 
. 003 2 . 5  
. 002 2 
. 00 1  2 
. 005 2 
. 002 2 
. 003 4 
. 00 1  2 
. 00 1  2 
. 003 2 . 5  
. 002 2 
. 00 1  1 . 8  
. 00 1  2 
. 003 1 . 8  
. 003 2 
. 003 2 . 5  
. 002  2 
. 004 3 
. 002 2 
. 0 1  2 
. 003 5 . 5  
. 002 2 . 5  
• 003 2 
. 002 2 
. 006 1 . 2  
. 007 1 . 6  
. 002  . 8  
. 003 2 
. 002 2 . 5  
. 004 6 
. 002 2 
. 00 1  2 
• 003 2 . 5  
. 002 2 
. 002 3 
. 003 4 
. 002  3 . 5  
. 002 3 
. 00 1  l 
. 003 3 . 5  
. 002 1 
. 00 1  1 .  8 
. 00 1  1 .  8 
. 004 5 . 5  



Tab l e  5 - I norgan ic  Compo�nds  of  Type 3 - 1  

P resent 
work P i tzer 

E l ect rol yte E J l 
. 00985 
. 0279 
. 01 1 1  
. 00780 
. 00761  
. 00425 
• 00583 
. 00958 
. 0 1063 
• 0385 

J 2  
. 05 1 6  
. 0121  
. 0 194 
. 0 154 
. 0175 
. 0153 
. 0 154 
. 0173 
. 0164 
• 003 16 

sd  Max  M sd Max M 

- . 0·234 
. 0 1 18 
. 00527 
;00616  
• 00372  
. 00826 
. 00825 
. 00525 
. 00676 
. 0205 

- . 0409 
. 03 4 1  
• 0377 
. 0 4 1 1  
. 0262 
. 0217 

. 0373 
- . 1421  
- . 1 167 
- . 0700  
- . 0292 
- . 07 1 2  

Tab l e  6 - 4 : 1  el ectrol ytes 

E 

- . 0174 
. 0128 
. 0294 
. 0159 

J l 
. 00925 
- . 0257 
- . 0935 
- . 0994 

. 0726 

. 00969 

. 00280 
- . 01 17 
- . 0 1 13 

. 00556 

J 2 
. 0291 
. 00477 

- . 00053 
. 0 1 1 0  

. 005 

. 006 

. 003 
• 004 . 
. 003 
. 005 
. 004 
. 005 
• 003· 
. 001 

. 0 1  

. 001  

. 001  
• 001  . 
. 00 1  
. 003 

P resent 
work 

1 . 8  
1 . 8  
1 . 8  
1 . 8  
1 . 8  
1 . 8  
1 . 8  
1 . 8  
1 . 8  
1 . 2  

2 
. 7  
. 7  
. 7  
. 7  

1 . 4  

sd  Max  M 

. 004 1 

. 004 1 

. 002  . 9  

. 002 . 8  

. 005 
• oos· 
. 007 
. 007 
. 0 1  
. 006 
• 001· 
. 0 1  
. 007 
. oos 

. 008  

. 003 

. 0 0 1  

. 0 0 1  

. 00 1  
· . 003 

P i tzer 

1 . 6  
1 . 8  
1 . 8  
1 . 8  
1 . 8  
2 
1 . 8  
1 . 8  
1 . 8  
1 . 2  

2 
. 7  
. 7  
. 7  
. 7  

1 . 4  

sd Max M 

. 006 1 

. 0 1 1 
• 008 • 9 
. 0 1  . 8  

Tab l e  7 - 2 : 2  e l ect rol ytes ( Data from ref 3 2  and  R & 5 )  

E l 
MgS04 . 0475 
N i S0 4 . 0593 
CuS04 . 0798 
ZnS0 4 . 0626 
Cd SO • 07'90 
Beso: . 01 1 2  
MnSO . 07 1 6  
uo2sd4 . 1 016 

E2 
. 1 1 4  
. 1 1 6  
. 127 
. 1 1 0  
. 1 26 
. 1 18  
. 107 
. 155 

J l 
- . 255 
- . 287 
- . 277 
- . 275 
- . 280 
- .  236 
- . 26 1  
- . 280 

P resent 
. work 

sd  Range 

. 0 170 . 002  

. 0 1 5 8  . 003 
- . 00661  . 002  

. 0 1 15 . 004 
- . 00547 . 003 
- . 003 89 . 003 
-2 . 95E-3 . 003 
- . 0305 . 002 
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. 005-3 

. 00 1-2 . 5  

. 001-1 . 4  

. 00 1-3 . 5  

. 001-3 . 5  
. l-4 

. 00 1-3 
. l-5 

P i tzer 

sd 

. 004 

. 005 

. 003 

. 004 

. 002 

. 004 

. 003 

. 003 

Range 

. 006-3 

. 005-2 . 5  

. 005-1 . 4  

. 005-3 . 5  

. 005-3 . 5  
. l-4 
. 1-4 
. l-5 



Tab l e 8 - M 1 xed E l ectrolyte Sol u t i on 

P resent 
E l ect rol yte work P i tzer  
M i xt u re c 0 Max I sd  Max  I sd  Ref 

NaC 1 - L 1 C l  . 00770 - . 00 1 87 6 . 0014  6 . 00 1  3 3  
Na-L i acetate . 0 287 - . 00990 4 . 0 0 1  3 . 5  . 002 33 
K-Na n 1 t rate - . 0140  - . 00132  3 . 7  . 00 1  3 . 3 . 00 1  34  
Na-L 1 " . 00567 - . 00568 6 . 002 6 . 002 33 
Na-K s u l p h ate - . 1 1 6  . 0235 3 . 6  . 004 3 . 6  . 004 35 
NaCl _.NaN03 . . 0234 - . 00764 5 . 7 . 002 5 . 00 1  3 4  
KCl -KN.03 - . 0659 - . 00732 4 . 002 4 . 002 34 
KC1 -N�N03 - . 0 65 9  . 00370 4 . 002 4 . 002 34  
Na-K-Ba-Cl • 279 - . 1 13 4 . 5  . 003 4 . 5  . 003 36  
Na-L t-Ba-Cl . 262 - . 04 10  3 . 3 . 002 3 . 3  . 00 1  3 6  
L 1 -Na�K-Cl -1 . 505 . 43 3  3 . 00 1  3 . 004 36  
L 1 -Na-Cs-Cl - . 307 - . 0 699 5 . 2  . 002  5 . 2  . 004 3 6  
L 1 -Ba-Cl - . 0764 - . 000343 4 . 3  . 002  4 . 3  . 002  37  
Cs-Ba-Cl - . 000357 - . 0210  4 . 003 4 . 003 37 
K-Ca-Cl • 0314  - . 00988 5 . 002  5 . 003 38 
Na-Mn-Cl  . 0437 - . 124 5 . 002  5 . 5  . 003 3 9  
NaCl -K . s u l p h  - . 146  . 00891 3 . 3 . 003 3 . 6  . 003 35 " KCl-K " - . 0509 . 00839 2 . 3  . 002  2 . 3  . 002 35 
KCl -Na " · � . 0798 . 0 1 1 8 3 . 005 3 . 6  . 003 3 5  
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The resu lts  for. act f v fty  coeff f c f ents a re tabu l ated i n  the  

fol l ow i ng ta b l es 

Ta b l e  9 - 1-1  E l ectrol ytes 

E l ect rolyte E J l J .2 . sd  Max  M 

HCl  . 0548 • 2223 . - • 0147  . 003 6 
HBr  . 00675 . 2 158 . 0652 . 00 1  3 
H I  - • 03 05 . 3 133 . 0679 . 003 3 
HC 104 . 00424 . 1383 . 0892 . 004 6 
HNOl . 0281 . 0885 • 007 83 . 00 1  3 
L f C  . 0344 . 1382 . 0224 . 003 4 . 5  
L f B r . 0485 . 1904 - . 0121  . 002 2 . 5  
L f I  - . 0987 . 1471  . 1757 . 005 3 
L f OH . 2949 . 0259 - • 2527 . 004 4 
L 1 C l 04 - . 0296 • 2343 . 0668 . 00 1  3 . 5  
L f N03 . 0721  . 1 863 - . 0645 . 002 6 
NaF • 0842 .... . 1 06.8 . - . 0297 . 00 1  l 
NaCl . 0502  3 .  7E-5  . -·. 00141  . 00 1  6 
NaBr . 05 41 . . . . 0552 . � . 0106  . 00 1  4 
Na! • 0392 . 1 125 - . 00198 . 002 3 . 5  
Na  OH - .  03,93 i- . 00389 . 0264 . 007 6 
NaC 1 04 . 0542·· : - . 0217 - . 02 1 1  . 001  6 
NaBr03 . 0826 - . 0210  - . 00863 . 0 0 1  2 . 5  
NaCNS \ . 0303 . 0959 - . 0188  . 002  4 
Na  NO • 0903. - . 1419  - . 0396 . . 00 1  6 
NaH2P0 4 . 1087 ·- . 3486  . • 00907 . 00 1  6 
KF • 0 821 . 0093 4 - . 029 1 . . 00 1  4 
KCl . 0825 - . 0456 - • 0393 . 0004 4 . 5  
KBr . 0794 - . 0207 - . 043 0 . 0005 5 
KI  . 0682 . 0305  - . 0482 . . 0 0 1  4 . 5  
KCNS • 0844 - . 04 14  - . 0534 . 00 1  5 
KNO . 1429 - . 3481  - . 0470 . 00 1  3 . 5  
KH2PO . 1239 - . 4892 . 0446 . 00 1  1 . 8  
RbF  C �9 )  . 1539 . 2047 - . 1736  . 005 3 . 5  
RbCl . 1095 - . 0599 - . 0595 . 00 1  5 
Rb B r  . 1 106 - . 0651  - • 0632 . 0 0 1  5 
Rb I . 1 160 - . 0698 - . 0645 . 0005 5 
Rb  NO . 1582 - . 3720 - . 05 1 4  . 001  4 . 5  
CsF C�9 )  . 0890 . 15 0 1  - . 0665 . 008  3 . 5  
Cs Cl  . 1492 - . 1096 - . 0782 . 001  6 
CsBr . 1493 - . 1208 - . 0772 . 0 0 1  5 
Cs I . 1571  . 1061  - . 103 6 . 0 0 1  3 . 0  
CsN03 . 1 299 - . 4670 - . 0235 . 001  1 . 4  
AgN03 . 13 88 - . 3999 - . 0273 . 0005 6 
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Tab l e  10  - Sal ts of Ca rboxyl 1 c  ac i d s C l- 1  typ e )  

-� lect rol yte E J l J 2  sd  M a x  M 

L 1  Acetate . 0737 . 103 6 - . 055 1  . 001 4 
Na  acet·ate . 0586 . 20 14  - . 06 16  . 0 0 1  3 . 5  
K acetate . 0490 . 2272 - . 05 1 6  . 00 1  3 . 5  
Rb acet·ate . 0544 . 2305  - . 0439 . 001  3 . 5  
Cs acetate • 03 5 1  • 2390 - • 03 88 . 00 1  3 . 5  
Tl acetate . 15 5 1  - . 1536 - . 0890 . 001  6 

Tab l e  1 1  I norgan i c  Compounds  of 2-1 type 
-E l ect ro 1 yte E J l  J 2  s d  Max M 

MgC1 2 . 0216 . 05 1 4  • 0.3 9 1  . 003 3 
MgBr2 . 0 195 . 1364  • 0344 . 003 2 . 5  
Mgl  · - . 04 13 • 1701  . 0929 . 005 2 
Mg c' a 1 0

1
> 2 - . 07 1 2  . 1826 . 1 151  . 005 2 

M g  C N0-3 . 0600 . 0974 - • 0235 . 00 1  2 
CaC_ l2

. . 0335 . 0201 . 0240 . 002 3 
CaBr2 :0285 . 0795 . 0267 . • 001  2 
Cal - . 0139  . 1360  . 0600 . . • 002 2 
ca c 6 1 0

1
>2 - • 03 21  . 1421  . 07 14  . 00 1  2 

Ca C N03 2 . 10 16  - . 0496 - . 0537 . 001  2 
S rCl 2 . 0425 . 00722 . ·0 1 182 . • 002 3 
S rB r2 . 0 159 . 0350  . 0400 . 001  2 
S rl - . 0214 . 103 4 . 0685 . 002 2 
s r c 61 0

1
> 2 . 0673 . 1454 - . 0226 . 00 1  2 

S r C N03 2 . 0989 - . 1241 - . 0488 . 001  2 
BaC1 2 . 0683 - . 00239 - . 027 1 . 00 1  1 . 8  
BaBr2 . 0548  . 044 1  - . 0137  . 00 1  2 
Bal • 0381 . 1463 - . 0035 . 002  1 . 8  
sa c e 1 04 > 2 . 0608 . 1060 - . 0377 . 002 2 
FeC1 2 . • 0502 . 0456 . 0019 . 002 2 
CoC 1 2 . 0522 . 0666 - . 0029 . 002 2 
CoBr . 0224 . 1224 • 03 21  . 002 2 
Co C N63 > 2 . 0487 . 0493 - . 0048 . 00 1  3 
N 1C l 2 . 0433 . 0521  . 0129 . 001  2 
Cu Cl  . 0961  . 065 6 - . 0763 . 001  2 
Cu C N63 > 2 . 0780 . 0463 - . 0372  . 00 1  2 
ZnC1 2 - . 0424 - . 0528 . • 0404 • 003 2 • 
ZnBr2 . 0596 . 2800 - . 124·0 . 003 2 
Zn!  - . 126 . 484 - . 216 . 007 2 
zn ce 19

1
> 2 - . 0479 . 1618  . 1090 . 003 1 . 8  

Cd C NO . 0530  . 0493 - . 03 1 2  . 00 1  2 
Pb C C 18

1
t2 . 0342  . 0655 . 0064 . 0 0 1  2 

P b C N03 2 . 2900 - . 3 866 - . 142 . 002 2 
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2-1 E l ect rol ytes (cont>  

E l ectrol yte E J l J 2 sd  M a x  M 

U02Cl  . 0535 . 1858 - . 0446 . 002 2 
uo 2 c c�o 1 > 2 - . 103 . 270 . 15 6  . 005 2 
U02 C N03 2 . 0508 . 2027 - . 0340  . 005 2 
L 1 2so4 . 1026 - . 1546  - . 0282 . 001  3 
Na 2so . 1 184 - . 2960 - . 0203 . 002 4 
Na 2sfd3 . 1089 - • 223 8 - . 0247 . 00 1  2 
Na 2c o4 . 0702 - . 1965 8 . 3 E-3 . 0 0 1  2 
Rb2so4 . 1269 - . 2408 - . 03 85 . 00 1  1 . 6  
Cs S04 . 0609 - . 0302  . 0428 . 004 1 . 6  
CN�4 > 2S04 . 2083 - . 3 1 1  - . 0848 . 004 4 

Tab l e 12  - I norga n i c  Compounds  of Type 3-1  

E l ectrol yte E J l J 2 sd  M a x  M sd M a x  M 
A1 C l 3 - . 0 143 . 0264 . 0663 . 002 1 . 8  
ScC1 3 . 0524 • 03 07 • 0023 8 . 001  1 . 8  
YCl . 04 67 - . 00207 . 01 05 . 001  1 . 8  
Lac�3 . 046 1  - . 00726 . 05 1 0  . 001  1 . 8  
CeC1 3 . 05 25 - . 00972 • 0013 2 . 002 1 . 8  
P rC1 3 . 0499 - . 0 16 1  . 00497 . 001  l . 8  
NdC1 3 . 0523 - . 0149 . 00401 . 001  1 . 8  
Smc1 3 . 0446 - . 00297 . 00802 . 00 1  l . 8  
E uc 1 3 • 0344 - . 00224 . 0 150 . 001  1 . 8  
CrCl  . 0298 . 0504 . 0 159 . 003 1 . 2  
C r CNd3 >3 . 0546 • 03 85 - . 00927 . 00 1  l .  4 
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D i scuss i on 

. .. , 

The  fundamental i dea beh i nd p ropos i n g  an  equat i on 

conta i n i n g  a l og a r i t h i m i c  term i s  the  s i m p l i c ity w i th w h i ch 

s i n g l e  o r  m i xed e l ectro l yte  so l u� i on s  c a n  be  t reated . 

Comp a r i son  of  our  equ atf  on to P ftzer • s ,  on the  bas i s  of 

f i tt i n g  expe r i mental  data f s  c erta i n l y  fmportant,  but a few 

a d d i t iona l  factors need to be  cons i de red . P i tzer ' s  

computat io n  i nvol ves w e i g ht i n g  of data to obt a i n  acceptab l e 

resu l t s ,  w h i l e  our  res u l ts are based on a n  u nwe i g hted data . 

Now the  quest fon  fmmf d i atel y a r i ses whether  w e i g h t i n g  1 s  

abso l utel y n ec ess a r y .  The  data i n  Rob i n son a n d  Stokes book 

f s  g i ven i n  terms of rounded off mol a l i t 1 es and  hence 1 s  

p a rt i a l l y  smoothed  data . By w e i g h t i n g  one  i s  fu rther 

smoot h i n g  the  data,  w h i c h  m i ght  resu l t  i n  over- or  und er

est imat i on of  the  rel i a b i l ity  of ce rta i n  po i nts . Of 

i mmed i ate concern  is  whether the  equat i on s  p roposed by us  

a re comp a r a b l e  to  P i t ze r ' s  equat i on s  and  y i e l d  acceptab l e 

resu l t s .  I f  one compa res P i t ze r ' s  w e i g hted resu lts  and  

ours ,  one observes h i s  resu lts  for  2-1 el ect rol ytes a re 

s l i g ht l y  better t h a n  o u rs ,  the  1-l ' s  a re comp a ra b l e ,  but 

h i g h e r  e l ect rol ytes a re certa i n l y  b etter i n  ou r case .  I n  

most o f  the  cases the  d i fferences i n  sta n d a rd dev i at i on of 

the c a l c u l ated osmot i c  coeff ic i ent do not exc eed . 002 .  I n  

a ny  case ,  w hether one  uses the  P i t ze r  equat i on u n we i ghted or  

ours  we i g hted ,  the  overa l l  resu l t  s ho u l d  not c h ange  by  a 
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. s f g n f f f c � n t, _ m' g .� f t u d e • Res u 1 ts f o r m i x t u ·res w e re comp u t e d b y 

o u r  equations � � i n g  pa rameters obta i ned for p µ re e l ectrol ytes 

and  a re comp a ra b l e to P 1 t ze r ' s  res u l t s  for the  ones treated 

he re .  9 n 1 y  a few m i xtu res were exam i ned ,  mostl y  m i xtu res 

c�n� Jst i n g  o f  1-1  el ect rol ytes p r  1-2 �nd  1-1 m i xtu res e ither  

_ h a v i n g . a common i on o r  no  common i on .  T reatment of m ixtu res 

i nvo l v i n g  3- 1  and _ 1-1  e l �ctrol ytes or other systems w i th no 

common i on o r  w i th common i on requ i res cons i deration  of 

. a d d i t iona l  unsymm�t r i � a l  m i x i ng effects . 

Comp a r i s i on o f  the  el ectrostat i c  term w i th a b v a l u e  of 

1 . 8  y i el d s an exc e l l ent a p p roxi mat.i on o f  -the Debye-H uckel  

equat i o n ,  and  the  resu lts  obtai ned a re c l oser to the 

exp er imental v a l u e s .  A p l ot of 

and  CaC1 2 i s  shown i n  f i g u re 1 .  

p a rameter l eads  to a reason a b l e  

t h e  other  hand  a re d i ff i c u l t  to 

( e 1 ) 

Thus  

versus  1 112 for 

t reat i n g  b as  a 

resu l t .  Stat i st i c a l  

assess and comp a r e .  

NaCl 

terms on 

The  

reason ,  i n  s i mp l e  term s ,  i s  that  these  te rms a re f i tt i n g  

funct i ons  for h i g he r  concentrat ions ,  and  the  numer i c a l  

accu racy ac h i ev ed d i st i ngu i s hes the d i ffe rent stat i st i c a l  

terms . B a s i ca l l y  one can  i nterchange · d i fferent stat i st i ca l  

terms w i th  t h e  el ectrostat ic  terms and  obta i n  reasona b l e  

res u l t s ;  that i s  one  can  use  the  P itzer  stat i st i c a l  te rms 

w i th the  Debye-H uckel  equat i on o r  o u r  stat i st i c a l  te rms w i th 

t he  P i t ze r  el ect rostat i c  te rms and get s i m i l a r resu lts  

p rov i ded one  a d j u sts the  b v a l u e .  

An examp l e  o f  fut u re a pp l i cations  o f  o u r  equat i on i s  the 
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v e r y  s i mp l e  f o rm re � � 1 r�d ;�or · o b t a i n.� n g  a rel a t i o n s h i p  

b et w e e n  act i v i t y c o e f f i c i en t s , a n d  p a rt i a l  m o l a l  heat 

c o n t en t ,  or . -h � a  t c a p .�c i .�Y •·.. I n·  t � e  P i  .t z e r  a p p r o a c h  o n e  w o u  1 d 

s u rel y h a v e  p ro b l em s  1 n  u s 1 n g  t h e  act i v i t y  c o e f f 1 c 1 en t  
� ' . 

e � u a t i o n .  · I n s t e a d
· 

o n e  h a s. t o  u t i l i ze t h e  e x p r es s i on for t h e  

exc.ess G i:b .. b :;  f_r�e e A e r g y .  :rtie . e.l ec t rostat 1 c  t e rm i s  s 1 m 1 l a r  
- . . \ 

t o  o u rs b u t  t h e  stat 1 st 1 c a l  t e rm 1 s  1 n c o n v e n 1 en t  t o  u s e .  

T h 4 s .  t h e: eq.\.l,, t 1 c;>n,� . .. f o r  t h e  a b o v e  t h e rmod y n am i c  p ro p e rt i es 

rep resent a n  i m p rovement 1 n  e a s e  o f  u s e  a n d  1 n  d ev i s i n g  a 
·, I  

sca l e  o f  s i n g l e  1 o n  act 1 v 1 t i es f o r  u s e  i n  comp u t e r  m o d e l i n g 

o f  n a t u r a l  w ater s y s t ems . 

·. '• , 
.. . 
. .  

. � ' . 

. . . 

. ' 

. . 

•: I 

' ... .. ... 
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OOlOOC 
00150C 
00200C 
00250C 
00300C 
00350C 
00400C 
00450C 
00500C 
00550C 
00800C 
00850C 

{t,.00100C 
00150C 
00800C 
008500 
009000 
00950C 
0 10000 
010500 
0 11000 
0 1 150C 
012000 
012500 . 
0 1 300C 
01350C 
01400C 
014500 
Ol500C 
0 15500 
016000 
0 1850C' 
017000 
01150C 
01800C 
01850C 
01900C 
01950C 
02000C 
020500 
02100C 
·021500 
022000 
02250C 
02300 
02350+ 
024000 
02450C 
02500C 
02550C 

.. � .. ..�· , ,.. . .  ":. . .· .. ... , . . ·:· 

APPENDIX . 
THIS PROGH.AM PEIU'ORHS A Ll!:AST SQUA.RJ�S 

FIT TO DETERMINE PARAME'fERS I•'OR AC'l'IVT'rY 
OR OSMOTIC COEFFICIENTS �·oa Ie:QUATIONS 
DEVELOPED IN THE PRESEN�r RESEARC H .  

EQUATIONS FOR ACTIVITY AND OSMOTIC COEFFIC ib:NTS 
ARE AS FOLLOWS : 

LN (GAMMA) =  - [ ( Zl*Z2 ) *AD* I** . 5/ ( l+B* I ** . 5 ) ]  
+B*I*LN( I )  + Jl*I + J2*I**l . 5  

Q�l �� · - [ ( Zl*Z2 ) *AD*( l/B**3*1 ) * ( ( 1+B*l** · 5 ) 
-� ·: ·:.I ·t�t1�{4.;�B*I** . 5 ) )  - 2*LN( l+B*l** . 5 ) ) ]  

+ B'*1*LN ( I )  + Jl ' *I+ J2 ' *I**l . 5  

WB&RB ,  Z l  AND Z2 ARE CHARGES ON THE IONS . 
AD : THE DEBYE�HUCKEL CONSTANT WHICH HAS A VALUE OF 
1 . 176. 
B : A FIXJD>- PABAMKTER HAVING A VALUE OF 1 . 8 .  
I : EQUALS TO THE IONIC STRENGTH OP THE SOLUTION. 
LN : TDK NATURAL LOGARITHM. C =ALOG) 
E ,  Jl , J2 ARK PARAMETERS FOR THE COEFFICIENT. 
PABAMKTERS FOR TDK . ACTIVITY AND OSMOTIC 
COKl7ICIENTS .ARK RELATED . THRoUGH THE GIBBS-DUHEM 
RELATiONSHIP, AND HENCE THEY DO NOT HAVE SAME 
VALUES . 
GAMMA IS THK AGT IVI1'Y COElfJ n C l l�N1' , AND Q 'l'EiE 
OSMOTIC COF;FFICil�N·r . 

. 

· THE 'l'EBH IN BRACKETS [ . •  ] ·HJ�PREBEN'!'S TfD! 
ELECTROSTATIC ·. TERM . 
NONBRACKETED TERMS REPHES.EN1' S'fATISTICAI.. 
TKRHS .  

DATA FOR ·'fHESE COEFFICIEN1'B HAVJ•; 'l'O HE Rl•;AU 
'fHROUGH A SEPARATE FILE. B1'�FORE RONNING 1'HE 
PROGRAM ONI!: SHOULD CALL THL� DA1'A FJI,J�. 

DATA FILES DO NOT RAVE Z AND A VAI.lJES 

·!. 

HENCE n�;J1'()IU� UUNNINH i·cru: PH.OHHl\M UHl!: .l\Pl'POPLUA'.C'I•: 

VALUES IN LINE NUMBERS . . . . . . . . . . . .  . 
Al . AND A2 ARK TBE NUMBER OF MOL�;s OF CATION ANI)' .. ... 
ANIONS OBTAINED ON DISSOCOATION 01'' ONE MOLb� OF 
THB ELECTROLYTE. 

PROGRAM CMR ( INPUT, OUTPUT , QKCIA , 'l'APE5::: INPOT , 
TAPK6=00i'PUT, TAPE1=QKCL ) 

BD'ORK RUNNING DI.FFERENT DATA IfI J  ... ES. FILE NAME IN 
ABOVE STATEMENT SHOULD BE CHANGED OTHERWISE 
TUB COMPUTER WOULD TERMINATE 'l'HE PROGRAM 
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OZ600C · 
02650C 
02'150C 
02800C 

·02850C 
02900C 

' 02850C 
; 03000C 
03060C 
03100C 
031500 
03200C 
OS2600 

. 03,50 � 
03600 
03560 

: 03800 
03850C 
03100C 
03TIOC 

· 03800C 
038IOO 

', 03800C 
03910C 
04000C 
040&00 
04100C 
041500 
042000 
04-250C 
04300C 

I 04350C 
04400C 
0'4600 

· 04500C 
.. '0,550C 

04600C 
04650 

. 04700 
04750 

. 04800 
. 04860 
- 04900C 
o•e&oc 
010000 

, 06060C 
06-lOOC 
05·1600.J 
06'300 

• 1 86250 22 
06800 

,. • ... r; • ' ' 

(. .�;- · ·  1 . / . 
1.l'OLLOWING VARIABLES ARE USF:D. 
"2":." : .  
i. JS:! : THI SUM or TBK EXPT LN(GAMMA) OR Q- 1 .  

AID THEIR RKSPKCTIVK ELECTROSTATIC TERM. 
"1• SUM EQUALS THK STATISTISCAL TERMS . 
II �  CALCOLATllO �PE ·OP S'IATISTICAL TERMS . 
�. : DIFDRDCS Brl1fKU YE AND YC. THE 
� •ttIMISQ; DY.a: S VALUES BEFORE 
PRINTING RESULTS . 
SD : STANDARD DEVIATION 
DA ; . TBB DlnKRENTIAL IN PARAMETER VALUE 
QllT&UIKD· BY PDftlBHillG . A LUST· SQUARES i'IT 

' ·8ftl!PEION YK ( 50 ) ,  YC( 50 ) ,AL(50) , X ( 50 ) ,  DY( 50 ) 
DIMICMSION SD(50 ) , DA(50 ) , Q( 50 ) , D( 50 ) , DH ( 50 )  
DIMKMSION W ( 50 ) , Y ( 50 ) , P( 50 ) , QC ( 50 ) , XE ( 50 )  
DDIDSIOM· DS(&O )  , AC ( 60 ·)  , DP( 60 ) . 

l• IOLLOWIIG STATDCDTB DATA ' s: . ARB RKAD 
- � THB DATA . •ILE. 

•a, M TD RU: I I O.· DATA IR THE . WILK. 
. M: . : T&ll HAXUDI ntmKit 01' CYCLE THK 

PROGRAM IS ALLOWXD TO RON POR A GIVEN SET OF DATA 
, :  N· IS USSD TO AVOID THK COMPUTER 

CDTTINQ IHTO AH IMl'IllITE LOOP DUE TO INADVERTANT 
KRBORS IM PROGIWMING. 

Q : ACTIVITY OR OSMOTIC DATA 
NUHBKR OF DATA POINTS IS EQUAL TO H 
D IS TD l«>LAL!TY l'OR TBK· CORRl!S.PONDING ACTIVITY 

·OR' OSllOTIC DATA . 
AL(K) ' S  ARK INITIAL GUl!SS VALU)�6 
l'OR. PARMKDRS . .. 
AL( l )  = K IN TBS EQUATION 

· . AL( 2) = Jl " " " 

· AL(S) = J2 . "  " " 

BSAD,7 , * )  H 
RKAD( 7 , * )  N 
RKAD( 7 , * )  (Q{K) , K= l , H) 
RBAJX7 • *'·) (D(K.)-;.K= l , M )  
DAD ( 7  , •,)·.(AL(J) ,J=l ,, 3 )  

. . 
TO .KSSP. TRACK· OF ELECTROLYTES FOR 
1181U 'l'U RISOLTS ARK PRINTED OUT ONE 
mle)(U .. BA.9'E �APPllOPRIATK FORMULAE IN THE 
N111.419ZMG WRITE STATEMENT . 
WRITSC&·, 22 ) ··�BR2 ( Q ) " 
J'ORH0(28X,A15i 
B=l . 8  
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··05350 
' 06400 23 
: 05460 

- �06500 . 
:05650 
-06800 
05850 

··.osiooc 
. 06150C 

06800C 

WRITE(8,"23 ) ( �B::" ', B) '. v"; : 1  \ .  
FORMAT(A4�, ¥4�'!) i t �· ; 1. ''� 
Zf� I .  : ' ·  . - . ) : 
Z·.1 · ! l. . �' . .. . . . . . - • . . 
A.,r.Q.. , ) ;' 1•· 1, I • � • � ,\ > J' ' t ). r . •  1 , '\ ..... . • • · �  • t . ... . .. 
Al�J� 
SBf 1 1=10 . 

� .TD·:WOLLOWING DO LOOP DETERMINES IONIC 
. Sea&IGTH OF SOLUTIONS USING APPROPRIATE 

Zl ,12 , Al AND A2 VALOKS . 
,. . 

,;, _ I • ·.·DO 4 K=l , H  

. OH50C 
O&IOOC 
06860 
08000 
.08050 
"8lOOC 
.OllfiOC 
.oezooc 
.oe2&0c 
08261C 

· .1Xfl'. ) = .  5*( Zl**2*Al*XK( K )+Z2**2*A2*XE( K ) )  
4 omlWINUK 

. 08262C 

.. 08863C 
083000 
08HO 

' 06400 . 

08460+ 
08&00+ 

· 085&0 3 
081610 
086&2C 
08800 

· 08860C 
· 08TOOC 
OS'l50C 
08800 
08960 
07000 
0'1050 

· C>7260 
07261C 

� 07Zi2C �· 
0'1263C-1.1 } 
O'lZMC 
011300' 
011150 
Orf 361+ 
07400 
OV,60 

· 0'1100 20 
01610 

· 01800 . 
O.T810C 

' 
"· D IS. DETERMINED IN TBK DO LOOP ·3 
. JOB ACTIVITY CALCULATIONS USE ALOCJ(Q(K) ) 

. ' IllSTDD · 0.. ( Q-.1 . ) 
UBS IWlPD Kl&arll)STATIC TERMS WHILE CALCULATING 

· Tiii JmQUIDD CODTICIENT. 
. . 

·DO 3 K=l ,M 
YK(K)=,QC&i�l . )+ ( Zl*Z2*1 . 116 ; • ( l . /(B**3*X(K) ) )  

• * C ( 1. +B*X(K)** . 5 ) - ( 1 . / ( 1 . +B*X ( K ) ** · 5 ) )  
' -2 . •Af.OG fl . +B*XC'K)**· 5 ) )  
· CONTINO· 

OPTIMIZATIOMGJ> PARAMKTKRS D'-!GINS : 
: oo  10 I=2 ,· N  

IllITrAMZB DA;D•"m, SOMA ' . . : ' , 

DA (.l' )1=0. · 
DA(B)-.:;O. 
DA(.3 )1i:0'4 

· nrrD=O . 
SUlfA=O . 

,. 

... : i 
. . . . ' 

. . . 
. � .. .  

' . . . 

. CALC:OLATION OF THK STATISTICAL TERM USING 
� GUl:SB V ALUK OF THI PARAMITKRS·. 
DO 20 K=l , M  
YC(K):AI:.( l )*X(K)•ALOG{X(K) ) +AL( 2 ) *X(K) + 

+AL( 3:i)•XCK ) *-1'+ ; 6  
DY(K��¥S{K) -YC(K) 
SUllA=smtA+Dr(.K l**2 
�· : . 

' .. . .  lll=M . 
" �, J · •;SD('[ '):(Sf.JMA/(XM-3. ) )**·  5 

'· .. ( �� )"{ ... �) � ? t� ; ; � � ... J. 
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. 07620C • ·.·· ·coN'l'ROL STATJMRNT COHPAREH ( N·- 1 )  AND N GYCC.E�> 
076210 · STANDARD DEVlA!l'ION 
07660' · Il(MiS'(SD ( I )-SD(-1!� ) )·. LT . .  000:1 ) GOTO 500 
07651-01 '. • · '  lWl'ftALI ZATIOM OJ Etr.HINTS IN. THE DETERMINANT . 
078'520 · 1'HB DETERMINANT· IS S°YMHK'l'RICAL HKNCE A12=A21 , 
076630 �;·t �$�°SA31 , A23=A32. -
07100· Smf.i!:�f. . . . 
o 1150 . sUHlt:b··: · · 

07800 . . . l:: :  SOO::ifti 
0 7 850 ' 

Al l'=iO·. 
07900 A12�0. 
079!;0 ·. "� All!:::O:/' · 
08000 � A22=b:. 
08060· · A23�. · 
08100 A33=0 . 
08150 DO 40 K=l , M  
08200 Y ( K ) =X ( K ) *ALOG(X(K) ) 
08250 W(K)=X ( K )  
08300 P ( K ) =X(K)**l . 5  
08350 SUMl=SUMl+DY(K)*Y(K) 
08400 SUM2=SOM2+DY ( K ) *W(K) 
08450 SUM3=SUH3+DY(K)*P C K )  
08500 All=All+Y(K)**2 
08550 A12=A12+Y(K)*W(K) 
08600 A13=A13+Y(K)*P ( K )  
08650 A22=A22+W(K)**2 
08700 A23=A23+ ( W ( K ) *P C K ) ) 
08750 . A33=A33+P (K) *P C K )  
08800 40 CONTINUE 
08850 DKTD=All* (A22*A33-A2:i**2 ) --A12* ( Al2*A33 
08900+ -A13*A23)+A13*( Al 2*A23-Al3*A22 ) 
08950 DA( l ) = ( SUM1 *(A22*A33-A23**2 ) -Al2*( HOH2*A33 
09000+ -A23*SUM3 ) +A13*(SUM2*A23-SUM3*A22 ) ) /DETD 
09050 DA( 2 ) = ( Al l * ( SUM2*A33-SUM3*A23) -S0Ml* ( A12*A33 
09100+ -A13*A23 )+A13*(Al2*SUH3-SUH2*Al 3 ) ) /DETD 
09150 DA( 3 ) = ( All*'(A22*SOH3-SUM2*A23)-Al2*(Al2*SUH3 
09200+ -A13•SUH2 ) +SUMl* (Al2*A23·-Al:i*A22 ) ) /DETD 
09250 AL{ 1 ) ;::AC, ( l )  +UA( l )  
09300 AL( 2 ) =AJ .. { 2 ) ·t 'OA ( 2 )  
09350 AL ( 3 ) =AL ( 3 )+DA ( 3 )  
09400 10 CONTINUE 
09450 500 SOM=O . 
09500 SDI=O . 
09501C 
095020 
09503C 
09550 
09600 
09601+ 
09650+ 
09700 
09750 

CA�CULATED VALUE OF OSMOTIC COF.FFICJEN1' USING 
THE PARAME'fE.RS . 

DO 15 K=l , M  
QC ( K ) = l . -Zl*Z2*1 . 176* ( 1 . /CB**3*X(K ) ) )  
* ( ( 1 . +B*X C K ) ** · 5 )  
- ( 1 . / ( l . +B*X ( K ) ** · 5 ) ) -2 . *ALOG { l . +B*X(K)** · 5 ) )  

D ( K ) =Q ( K ) -QC { K )  
SOM=SOM+D( K ) **2 

45 



09800 15 
. 09850 

09900 
09950 61 
10000 
10050 62. 
10100 
10150 .-, 
10200 6� 
10250 
10300 
10360 64 
10400 
10460 

. � 

. .  

GON'l'INUE 
SDI= ( SUM/ {XM-3 . ) ) ** . 5  
WRITE ( 6 ,  6 1 )  ( "��-I.TY" , "EXP'f OS " ,  "CALC OS" , "DIFi ... ) . 
J'ORMAT (A10 , 8X;�W', 10M , A8 , 15X , A6 )  
WRITK ( 6 , 62 ) { (XE(K) , Q ( K ) , QC ( K ) , D( K ) ) , K= l , M )  
�f ( 2X , F7 . 5 , �X , F7 . 5 , 6X , E18 . 10 , 6X , E18 . 1 0 )  
Mll'.tl: ( 6 ,  * )  "PAIWitrKll" 
JfJUTg( 6 , 63 ) (AJ,(J ) ,J=l , 3 )  
�T(E18 . 10)· . 
WftlTK( 6 , * ) "STANDARD DEVIATION" 
WRITK ( 6 , 64)SDI 
1QJlf,AT(K1 8 . 10 )  
BlfUP 
JDID 

. ' .. . . .  J I ' • ,  " 
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