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Abstract. We present a Lohner type algorithm for the computation of rigorous
bounds for the solutions of ordinary differential equations and its derivatives
with respect to the initial conditions up to an arbitrary order.
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1. Introduction

This paper is a sequel to [31]. We present here a Lohner-type algorithm for the
computation of rigorous enclosures of the partial derivatives with respect to the
initial conditions up to an arbitrary order r of the flow induced by an autonomous
ODE, hence the name ”C"-Lohner algorithm”. Let r be a positive integer. By the
C"-algorithm we will mean a routine which gives rigorous estimates for the partial
derivatives with respect to the initial conditions up to the order r. By the C"-
computations we mean an application of the C"-algorithm.

Our main motivation for the development of the C"-algorithm was to provide
a tool, which will considerably extend the possibilities of computer assisted proofs
in the dynamics of ODEs requiring rigorous bounds on orbits. Till now, most of such
proofs have used the topological conditions (see for example [10, 16, 6, 30]) and ad-
ditionally the conditions on the first derivatives with respect to the initial conditions
(see for example [21, 23, 27, 11]), hence they required the C°- and C!-computations,
respectively. The spectrum of problems addressed includes the questions of the
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existence of periodic orbits and their local uniqueness, the existence of symbolic
dynamics, the existence of hyperbolic invariants sets, the existence of homo- and
heteroclinic orbits. To address other phenomena, like the bifurcations of periodic
orbits, the route to chaos, invariant tori through the KAM theory, one needs the
knowledge of partial derivatives with respect to the initial conditions of the higher
order.

In principle, one can think that a good rigorous ODE solver should be enough.
Namely, to compute the partial derivatives of the flow induced by

o' =f(x), weR" (1)

it is enough to rigorously integrate the system of variational equations obtained by
the formal differentiation of (1) with respect to the initial conditions. For example,
for r = 2 we have the following system:

o= fla), (2)
d = 0fi
Evij (t) = Sz:; axs (x)VS‘j (t), (3)
d 9% " Of;
g un(t) = 521 920 (2)Ver () Vs (£) + ; o (z)Hsj (), (4)
with the initial conditions
x(O):xo, V(O):Idv H’L]k(o)zov Z?]vk::l»?n (5)

It is well known that if by ¢(¢, o) we denote the (local) flow induced by (1), then

i

axj(tv‘ro) = Vi,j(t)»
32%‘
aa:jaxk(t’xo) = Hi(t).

Analogous statements are true for the higher order partial derivatives with respect
to the initial conditions.

REMARK 1. The variational equations up to an arbitrary order might be generated
automatically by means of the automatic differentiation [5, 20]. The main reason
for which we discuss in this paper an explicit compact formula for the equations of
variations (see Eq. (3, 4) and Section 2) is to explain a method for the generation
of the rough enclosure for the solution of higher order variational equations. In the
practical implementation the use of any compact formulas for variational equations
can be avoided.

It turns out that a straightforward application of any rigorous ODE solver to the
system of variational equations (2-4) is very inefficient. Namely, it totally ignores
the structure of the system and sometimes it leads to a very poor performance
and unnecessary long computation times (see Section 3.1 for more discussion and
Section 7 for results of our tests).
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Our algorithm is a modification of the Lohner algorithm [13], which takes into
account the structure of variational equations (2—4). Basically, it consists of the
Taylor method, a heuristic routine for a priori bounds for the solution of (2—4)
during a time step and a Lohner-type control of the wrapping effect, which is done
separately for x and the partial derivatives with respect to the initial conditions (the
variables V' and H in (3,4)). The proposed algorithm has been already successfully
applied to several problems. In [12] a computer assisted proof of the existence
of the cocooning cascade of heteroclinic tangencies for the Michelson system [14]
was given. This proof required the C? computations. That time we had a special
implementation of the C? algorithm only.

In [28] the method for proving the existence of quadratic homoclinic tangencies
for maps is proposed. An application of the method to a Poincaré map for the
forced-damped pendulum system required C? computations. In [29] an application
of the C3 algorithm to rigorous verification of period doubling bifurcations for the
Rossler system [22] is presented.

In [25] C? and C° computations were used to prove the existence of invariant tori
around some elliptic periodic orbits for hamiltonian and reversible systems. The
approach is based on the classical KAM theorem for twist maps on the plane. We
believe that the proposed algorithm has a wide spectrum of other applications.

2. Faa di Bruno formula

To effectively deal with the formulas involving the partial derivatives of the compo-
sition of maps we will extensively use a notation of multiindices, multipointers and
submultipointers throughout the paper. In particular, when used, the variational
equations can be written in a compact form.

2.1. Multiindices

By N we will denote the set of nonnegative integers, i.e. N={0,1,2,...}.
DEFINITION 1. An element T € N™ will be called a multiindex.
For a sequence a = (a, ..., ay) € N® and a vector x = (21, ...,2,) € R™ we set
1. |a|=a1+ -+ an,
2. al=qay -ag- - ap,

3.z = (a7, ..., xdm).



12
By e} € N™ we will denote

e’ =(0,0,...,0,”1,0,...,0,0).

We will drop the index n (the dimension) in the symbol e}’ when it is obvious from
the context.
Put N} := {a € N" : |a| = p}. For 6 = (d1,...,0) € N™ x ... x N" we set

k
e
i=1

Let f = (f1,..., fm) : R — R™ be sufficiently smooth. For o € N™ we set:

olel f;

1. Dofy= — I
i = e om
2. DOf = (D f1,Dfa, ..., D% f).

For a function f : R x R® — R™ by D*f;(t,z) we will denote D f;(¢,-)(z) and
similarly
Def(t,x) = (D*f1(t,x),...,D*fr(t,x)).

This convention means that D® always acts on z-variables.

2.2. Multipointers

For a fixed n > 0 and p > 0 we define:

Ny = {(ar,a2,...,ap) eNP 1<y <---<ap <nj,

N=nt = AT

DEFINITION 2. An element of N™ will be called a multipointer.

REMARK 2. A function
A:N;a(al,...,ap)%ZegieNZ (6)

s a bijection.
Let f = (f1,..+, fm) : R" = R™ be sufficiently smooth. For a € N} we set:

o,

1. Dofi = 75—,
/ 0T, ... 024,
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2. Daf: (Dafh"-aDafm)'

For a function f : R x R®™ — R"™ by D, f;(t,z) we will denote D, f;(t,-)(x). In the
light of the above notations Dy f = DA f.
For a = (a1,as,...,a,) € N} and b = (b1,ba,...,b,) € N} we define

a+b= (a1 +b1,...,an+b, )ENZ-HJ

For o € Nj} and 8 € ' we define

a+pB=A1(A(a)+AB)) €

z?-&-q'
By < we will denote a linear order (the lexicographical order) in A/ defined in
the following way. For a € N and b € N

(7)

(a<b) either 33,7 < p,i < ¢,a; < b; and a; =b; for j <1
a —
orp<qanda; =b; fori=1,...,p.

DEFINITION 3. For k < p we set
NP(k) :=={(61,...,06) € NP)*: 61 <+ < Gp, 01+ + 0= (1,2,...,p)}. (8)

We will use NP(k) extensively in the next section. It will be used to label terms
in D*f;(p(t,x)). Observe that for p >0

NP1 ={(1,2,...,p)},

NP(p) ={((1),(2),.-., ()}
Omne can construct all elements of N?(k) using the following recursive procedure.
From the definition of A'P(k) it follows that if (81,...,0m-1) € NP~Y(m — 1),

then (01,...,0m—1,(p)) € NP(m) (notice that the order is preserved). Similarly,
if (81,...,0m) € NP~1(m), then

(61,...,(53_1,65 + (p),§s+1,...,5m) ENp(m)

and again the order of elements is preserved. Hence, for p > 2 and 1 < k < p we
have N?(k) = AU B, where:

={(61,-- -, 0k-1,(p)) : (O1,...,0p—1) ENPH (k= 1)},
k
U (01,1 65-1,05 + (D), 0ot 1, -, 0k) : (61,...,0k) ENPTH(K)} )

and the sets A and B are disjoint.
Another way to generate all elements of A’?(k) can be described as follows:

e decompose the set {1,2,...,p} into kK nonempty and disjoints sets A;, i =
1,...,k,

e sort each A; and permute A;’s to obtain min(A;) < min(Ag) < -+ <
min(Ag),
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e define d; to be an ordered set consisting of all elements of A; fori=1,... k.

DEFINITION 4. For an arbitrary a € N and § € N} such that k < p we define
a submultipointer a5 € N* by (as)i = as, for i = 1,....k, which can be expressed
using A as follows:

k
as = A1 (Z egsi> eN].
i—1

2.3. The variational equations

Consider an ODE 2’ = f(x), where f is C5X*1. Let ¢ : D C R x R® — R™ be a local
dynamical system induced by z’ = f(x). It is a well-known fact that ¢ € C¥ and
one can derive the equations for partial derivatives of ¢ by differentiating equation
%(t, x) = f(p(t,x)) with respect to the initial condition z. As a result we obtain a
system of so-called equations for variations, the size of which depends on the order
r of the partial derivatives we intend to compute. An example of such a system for
r = 2 is given by (2-4) with the initial conditions given by (5).

The equations for the higher order partial derivatives written in a compact form
using multipointers and multiindices are given by the Fad di Bruno formula.

LEMMA 1 ([8], Fad di Bruno formula). For any p-times continuously differentiable
functions f,g: R™ = R™ and a € J\/Z‘ we have

n

p k
Du(fog)=>_ Y (DUt "*ufiyog > I Das 9, (10)
k=1

11 yeetp=1 (61,..,0k)ENP(K) j=1

Proof: In the proof the functions D¢ 1 Fei f; are always evaluated at g(z),
and various partial derivatives of g are always evaluated at x, therefore, to simplify
formulae, the arguments will always be dropped.

Put F = fog. We prove the lemma by induction on p = |a|. If p = 1, then
a = (c) for some ¢ € {1,...,n} and (15) becomes

n

- afz ags es
D((‘)F = § Oy O = § D fi ' D((')gs
s=1 h - s=1

Assume (15) holds true for p —1, p > 1. Let us fix a € N}. We have a = b+ (c),
where b = (a1,...,ap-1) € N’y and ¢ = a,,. Since (15) is satisfied for p — 1, we
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have
D, F; = Dy (DyF})

k
Z Z D’ f; Z H Dys. i,

01,-enyip=1 (61,--,08)ENP=L(k) j=1
B: 76L1+ ey,
p—1 n k
_ B )
= >, DiDegi. . 11 Pss, 95,
k=1 015yl p1=1 (61,.--,08)ENP=L(k) j=1

Bimei; +teiy

+ Z Z D, > ZDbs +(e)Yis H Dy, gi,-
i1yt =1 (81,..,0k)ENP=1(k) s=1 =
B: _€,1+ ey j;ﬁs‘
For k=1,...,p we set
n k
Ty := Z Deintter fi Z H D(laj gi; - (11)

01 ,eeyip=1 (81,.-,0K)ENP(K) j=1

Now our goal is to prove that:

P
DoF; =Y T (12)
k=1
Our strategy of proof is as follows. We will define S, ..., .S, such that
P
DoF; = Sk (13)
k=1

and we will show that S; =T; fori=1,...,p.

We set
= Z Z Dﬂfz Z ZDbs +(c)Yis H Dbs Gij»
i1,.0,0=1 (81,0 )ENP—1(K) s=1
/3 7611+ Feiqy j;és
p—1 n k
Sp = Z Dﬁfi ’ D(C)gik'Jrl Z H Dbaj Gi; -
k=p—1 i1l p1=1 (81,..,0)ENP—1(k) j=1

Bimei; +teiy

Form=2,3,...,p—1 we set

m—1 n k
Sm = Z Dﬁf’b 'D(C)gik+1 Z HDb(;ngJ
k=m-—1 11yt p1=1 (51,...,5k)€./\fp_1(k3) j=1

Br=eiy +tei g

+ Z Z Df; > Z‘Dba +() i H Dy, i, -

11,0 =1 (81,00 )ENP—1(K) s=1
ﬁ*€11+ ey, J;és
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It remains to show that S; = T; for i = 1,...,p. Consider first i = 1. Recall that
NP=L(1) = {(1,2,...,p— 1)}, hence

S1 = ZDesfi : -Db+((3)gS = Z‘Desfi “Dqygs.
s=1 s=1
Therefore
S, =T1. (14)

Consider now 7 = p. For an arbitrary s > 0 N*(s) contains only one element
((1),(2),...,(s)). Therefore we obtain

n p—1
Sp — Z Deintteiy f1 . D(C)gip Z H Dbaj 9i;
i1,..0p=1 (8150,0p—1)ENP=I(p—1) j=1
n p—1
_ Z Deinttei, fz . D(c)gip H Dbjgij~
i15eip=1 j=1

Since a = b+ (¢), where ¢ = (ap), we have

n P
S,= 3 bt [ Dy,
i1,0p=1 j=1
n P
SN S | L
i1,0ip=1 (01,..,0p)ENP(p) j=1

Consider now m = 2,3,...,p— 1. We have

n m—1
Sm _ Z D1 +-4eip, fz . D(c)gim Z H Dbgj gij
U1 yeenyim =1 (51,...,67n71)€./\/.p71(7R71) j=1
n m m
+ Z Deirttein fi Z ZDbss"r(C)gis H Dbsj Gi -
i1 yeeeyim =1 (61,.-,0m)ENP—1(m) s=1 Jj=1,
JFs

Using the decomposition N?(m) = AU B as in (9) we obtain

S, = Xn: Deir T tein f1 Z ﬁ D(léj Gi;

01,0y tm =1 (617~~~,57n71767n:(p))€14 J=1
n m
+ Z Deil +-teiy, fi Z H Dagj gij
11 ,eeyim =1 (61,...,6171,)63 j=1
n m
_ Z Deatten £, Z H Das, gi; = Trn-
i1yeenyim=1 (814es0m )ENP (M) j=1
We have shown that T; = S; for i = 1,...,p. This finishes the proof. ]

From the above lemma we have immediately
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LEMMA 2. Assume f € C™t1 and let ¢ : R x R"—e=3R"™ be a local dynamical system
induced by ' = f(x). Then for a € N} such that p < r holds

k
Dapi = Z Z (Dt tenf)op Y I Das, i, (15)

k=1 i1,..ip=1 (81,..,01)ENP(K) j=1
fori=1,....)n

Formula (15) could be seen as a direct application of the chain rule for composi-
tion of multivariate power series. Using the automatic differentiation tools [7, 5, 20]
one can efficiently nonrigorously integrate ODEs together with higher order varia-
tional equations by means of floating point arithmetic.

The main goal of this paper is to present an efficient rigorous solver for higher
order variational equations which takes into account the structure of the equations
and the wrapping effect.

3. ("-Lohner algorithm

3.1. Why one needs an C"-algorithm?

In the literature there exist several effective algorithms for the computation of the
rigorous bounds for the solutions of ordinary differential equations, including the
Lohner method [13], the Hermite—Obreschkoff algorithm [18] or the Taylor model

[3]. For the C"-computations the number of equations to solve is equal to n " : r) ,

hence, even for 7 = 1 the direct application of such algorithms to the equations for
variations (16) leads to the integration in the high dimensional space and is usually
inefficient. Let us recall after [31, Sec. 6] the basic reason for this. In order to have
a good control over the expansion rate of the set of the initial conditions during a time
step these algorithms, while being C°, are C! ’internally’ (or higher for the Taylor
models), because they solve non-rigorously the equations for ( g—f) — the variational
matrix of the flow. This effectively squares the dimension of the phase space of the
equation and impacts heavily on the computation time. But as it was observed in
[31] the equations for the partial derivatives of the flow can be seen as the non-
autonomous and nonhomogenous linear system of equations, therefore we do not
need any additional equations for variations for them. As a result, the dimension of

the effective phase space for our C"-algorithm is given by n (n + 7‘) instead of the

square of this number.

Another important aspect of the proposed algorithm is the fact that the Lohner-
type control of the wrapping effect is done separately for x-variables and variables
Dyp. This feature is not present in the naive application of CY algorithm to the
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system of variational equations and it turns out that it often practically switches
off the control of the wrapping effect on z-variables, as various choices used in this
control become dominated by the D,p-variables.

In Section 7 we will give a detailed comparison of the C%-solver applied to the
equations of variations and our C"-solver.

3.2. An outline of the algorithm

Let us fix »r < K and consider the following system of differential equations

d

7= fop
d d n k (16)
EDacp = Z Z (D@il R T f) o Z H Daéj ©i;

k=1 i1,...,ix=1 (81,..,0k)EN (k) j=1

foralla e N}, d=1,...,r.
The initial conditions for (16) are

(0, o) € [zo] C R™,
Dap(0,20) =0, fora e N U...UN™

In the sequel we will use the following notations:

e if a solution of the system (16) is defined for ¢ > 0 and some z¢ € R™, then for
a € N by V,(t,x9) we denote D,p(t, zo),

o for [xg] C R™ by [V, (¢, [z0])] we will denote a set for which we have V, (¢, [xo]) C
[Va(t, [z0])]. This set is obtained using a rigorous numerical routine described
below.

The C"-Lohner algorithm is a modification of the C!-Lohner algorithm [31]. One
step of the C"-Lohner is a shift along the trajectory of the system (16) with the
following input and output data.

Input data:
e {i - current time,
e hj - time step,
o [zx] C R", such that p(tg, [zo]) C [zk],

e Vial = [Vk.a(ti, [x0])] C R", such that Dyo(tk, [z0]) C [Via] for a € NP U
S LUN
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Output data:
® {11 =tr + hi - new current time,
o [z441] CR", such that ¢(tyt1,[vo]) C [Ta+1],

o [Vitt,al = [Vitrt,a(trtr, [w0])] € R™, such that De@(tt1, [2o]) C [Vit1,a] for
a€eNPU...UN™

We will often skip the arguments of Vj , when they are obvious from the context.

The values of [z41] and [Vi41,4], @ € N* are computed using one step of the
C'-Lohner algorithm. After this is done, we perform the following operations to
compute [Vit1,4] for a € NP U...UND

1. Find a rough enclosure for D,p([0, hi], [zk])-

2. Compute [Vi4+1,,]. This will also involve some rearrangement computations to
reduce the wrapping effect for V' [15, 13].

4. Computation of a rough enclosure for D,y

For a fixed multipointer a € N} Eq. (16) can be written as follows:

& Daglt,7) = Bu(t,2) + Alt,7) Daplt, ), (18)

where

d n k
B=Y Y urtepes Y [[Daa
k=2

11yt =1 (61,’6k)€j\/’d(k) Jj=1 (]‘9)
A=Dfoo.

The procedure for computing the rough enclosure is based on the notion of the
logarithmic norm.

DEFINITION 5. [9] For a square matriz A the logarithmic norm u(A) is defined as
a limit e ARl — 1
1(A) = lim sup w’
h—0t h
where || - || is a given matriz norm.

The formulae for the logarithmic norm of a real matrix in the most frequently
used norms are (see [9]):

L for ||zlly = 32, |wil, p(A) = max;(aj; + 325 laij),

2. for ||z)2 = />, [2i]?, 1(A) is equal to the largest eigenvalue of (4 + AT)/2,
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3. for ||lz]lec = max; |2;], p(A) = max;(ai + 3,4 |ai)-
In order to find bounds for D,¢ we use the following theorem [9, Thm. 1.10.6]
THEOREM 3. Let z(t) be a solution of a differential equation
() = f(t,a(t), @R (20)

Let v(t) be a piecewise differentiable function with values in R™. Assume that

p (g—i@,m) <I(t) forn e [x(t), v(t)],
V(1) — F(t,v()] < 3(0).

Then for t >ty we have
t
|lz(t) — v(t)] < eX® <|x(to) —v(to)| + / eL<S>5(s)ds) , (21)
to

with L(t) = [!

1 LT)dT.
We apply the above theorem to Equation (18) to obtain

LEMMA 3. Let us fir x € R". Assume that |B,(t,x)| < 6(t) and u(A(t,z)) < I(t),
then for t >ty holds

¢
|Dap(t, )| < [Dagp(to, z)|e"") + =) / e H5(r)dr (22)
to
with L(t) = [} 1(r)dr.
Proof: Consider Eq. (18) and a homogenous problem for (18)
d
ik flt,w) = A(t,z) - w, w € R"™. (23)

Using Theorem 3 we can estimate the difference between any solution of (23), w,
and a solution of (18), denoted by D .

t
|Dao(t) — w(t)| < [Dagp(to) — wlty)|eX® + e=® / e Ls(7)dr. (24)
to

After a substitution w(t) = 0, which is a solution of the homogenous equation, we
obtain our assertion. ]

Usually we do not have any control over the time dependence of § and [, hence
we will use the following

LEMMA 4. Assume that |By(t,z)| < § and u(A(t,z)) <1 for t € [0,h] then for
t € [0, h] we have

it
-1
[Dap(t2)] < [Dasp(0, )| max(L, ") + 6=——, i L #0, (25)

or
|Do(t, z)| < |Dap(0,z)| + dt, whenl=0. (26)
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4.1. The procedure for the computation of the rough enclosure for V

For a € N'U...UN" by [E,] we will denote the rough enclosure for the corresponding
variational equation. The procedure for the computation of the rough enclosure [E,]
is iterative, which means that given the rough enclosure for ([0, hy], [zx]) and the
rough enclosures Dop([0, hy], [xx]) for all a € N U...UN}’ we are able to compute
the rough enclosure for D,([0, hy], [xx]) for a € N\ ;.

The procedures for the computation of the rough enclosures of ¢([0, hx], [zk])
and D,¢(|0, hg), [zx]) for a € N7* were given in [31]. Below we present an algorithm
for computing [E,] for a € NJ*U ... UN™
Input parameters:

e hj — time step,
o [x;] C R™ — the current value of = ¢(t, [z0]),
e [Ep] C R™ — a compact and convex set such that ([0, hgl, [zx]) C [Eo],

e [E.] CR", a € N'U...UN} such that Dap([0, ], [zx]) C [E,] for a €
N'U..LUNT.

Output:

e [E,] CR", a €N}, such that

Da([0, hy], [zk]) C [Eal-

Before we present an algorithm let us observe that for a fixed a € NZZLH, B,
defined in (19) could be seen as a multivariate function of ¢, x and V;, = Dy for
b€ NPU...UN". More precisely, put my, := f {N]* U...UN;"}, where  stands for
the number of elements of a set. Recall that we have defined by (7) a linear order
in N. Hence, there is a unique sequence of multipointers by, ..., bm,, such that
bi e N{'U...UN] fori=1,...,mp, by <by <--- < by, and by # by for i # j.

Let us define

By : R x (RM)™ 5 R,
F,:Rx (R")™ ™ 5 R?

by
B, (t,z,vp,, ... Vb, ) =
p+1 n
Z Z Deitte flo(t,x)) Z H (U%J) . (27)
k=2 i1,...,in=1 (B1rmbr)ENPH(R) J=1 i
and

Fa(t7x7vb17' . 7vbm) = Ba(t,ﬂf,vbl, s 7vbm) + Df(@(t,.l?))‘/a(t,ﬂf) (28)
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Algorithm:
To compute [E,] for a € N} ; we proceed as follows:

1. Find | > (max,e(p,) 1 (Df(x))).

2. Compute 8, > max || Bq, i.e.

0a =

| HBQ(O,x,vbl, e b,,)

max
(I,’U},l,...,’U},m/p)E[Eo]X[E},l]X---X[E},m/p
For example, if a = (j,¢) € N3', then §, should be such that

e ~ _°f
~ 0x,0%

T 2€[Eo],v1€[Eq)] - vn€[E )]

() (v3), (ve),

r,s

3. Define [E,]; = [-1, 1](5(16“[—_1, fori =1,...,n, where [E,]; denotes i-th coordinate
of [E,].

One can refine the obtained enclosure by
B = (10,0 (0,[BoL, (B, [By,, 1) ) 0 Bl

Indeed, from (17) we have Dg;(0,29) = 0 for i = 1,...,n, 29 € [Ep] and for
t € [0, hg] we have

Dapi(t,z0) = Dawpi(t,z0) — Dai(0,20)
t(Fa); (05,20, Do, (03, 20), - . ., D, ¢(0:,20))
=t (Fa)i (0,¢(0i, w0), Do, (65, 0), - - -, Dbmp@(giv o))
for some 60; € [0,t] C [0, hg]. In the above we have used the fact that
Fo(t,z,v1,...,0m,) = Fa(0,0(t,2),v1,...,0m,).

Since (0;,x0) € [Eo] and Dy, p(0;,x0) € [Ey,] for j =1,...,m, we get

Dapilt, w0) € [0, ] (Fu), (0, [Eol, (B ], [y, 1) -
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5. Computation of [Vj1]

5.1. Composition formulae

We apply the Faa di Bruno formula (10) to f = ¢(hs, ) and g = ¢(tk, ) to obtain

Valte + by o) =Y Y Va-1(es, +..res, ) (s Tk)

k=1 i1,...,ix=1
k
H (Va5j> . (tk,ﬂfo)
(61,---,0k)ENP(K) j=1 25
for all zp € [wg]. Using notations [Vii1.a] := [Va(tx + hi,[2o])] and [Via] =

[Va(tk, [x0])] we can rewrite the above equation as

P

n k
[Vit1,0] = Z Z VAfl(ei1+...+eik)(hk) [zx]) Z H [Vk,agj} o

k=1 i1, ix=1 (51,-,05)ENP(K) j=1 Y
(29)
where A is defined by (6).

5.2. The procedure for the computation of [Vi41]

We introduce new parameters o4 — the order of the Taylor method used in compu-
tations of V,, for a € N(?. It makes sense to take o1 > 09 > -+ > o,.
Input parameters:

e hj — time step,
o [x;] C R™ — the current value of = ¢(t, [z0]),

e [Via] CR" — a current value of Vi . (tk, [x0]), for a € NJ* U ... UN,

[Eo] € R™ compact and convex, such that ¢([0, hy], [zx]) C [Eo] — a rough
enclosure for [zg],

e [E,] C R", compact and convex, such that D,o([0, h], [zx]) C [Fa], for a €
NP U...UN

Output: [Vii1,] C R" such that
Va(tk + hi, 20) € [Vit1,a] (30)

for zg € [zo] and a € N]* U... UN.
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Algorithm: We compute [Vj41] as follows:

1. Computation of V, (hy, [4]) using the Taylor method for Eq. (16), i.e., for a € N}
we compute

Op

hi difl
[Fa] = ZZ-_?WFG(Ov[xk]vwn'“v%
i=1

hOP‘H d°r
(op + 1)! dtor

) (31)

mp_1

+ Fa(oa [E0]7[Ebl]w"’[Ebmp,l])a

where V3, = 0 for b; € N3'U...UN}" ; and Vj;) = e for j = 1,...,n. Observe
that

Va(hg, [xk]) C [Fal- (32)

Indeed, using the Taylor series expansion we obtain that for zp € [x] and
j=1,...,n holds

%p hi di—t

(Va)j (b, ) = Z z_fdtl—*l
i=1

hop+1 d°r

* (op + 1) dtor

(Fa)] (07 Tk ‘/bl (07 xk)a R ‘/bmp71 (O, xk))
(Fa)j(0i; xrs Vi, (05, ), -3 Vo, (0, 2k))

for some 60; € [0, hy]. Observe, that

der
gon (Fa)i O 2k, Vou (03, 2k Vo, (0,2)) =
dov
dtor (Fa)j(ov 90(017 xk)? ‘/bl (017 xk)» -0, %7np_1 (017 xk))

Since ¢(0;,xr) € [Eo] and Vi, (0, zx) € [Ep,] for s = 1,...,mp_1 we obtain
our assertion.

2. The composition. Put
[Je] == ([Fy)s - [Fa)) T

Using (29) for a € N} we have

Vit1,a] = [@a] + [J&] - [Vi,al, (33)

E

n

(o] = Z Z [FA—I(eil—',-...—i-eik)] Z H [Vk,a%} - (34)

k=2 i1,..,ix=1 (81,..,0%)ENP(K) j=1 R
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5.3. Rearrangement for V, — the evaluation of Equation (33)

It is a well-known fact that a direct evaluation of Eq. (33) leads to the wrapping
effect [15, 13]. To avoid it, following the work of Lohner [13] we will use the scheme
proposed in [31] for the C'-algorithm.

Namely, observe that Eq. (33) has exactly the same structure as the propagation
equations for C'-method (see [31, Section 3]). Moreover, all vectors Vj ., for a €
N U. .. N 'propagate’ by the same [Ji] as does the variational part in [31], hence
it makes sense to use the same approach.

To be more precise, each set [Vj o] (for a € N7*U...UN) is represented in the
following form:

Vil = Vk.a + [Bi][rk,a] + Cklgr.al,

where [By] is an interval matrix, C is a point matrix, vk, is a point vector and
Tk,a, (ko are interval vectors. Observe that [By| and Cj are independent of a.
In the sequel we will drop the index a. Equation (33) leads to

[Viet1] = [a] + [Jk] (v + [B][r] + Crlax])- (35)

Let m([z]) denotes a center of an interval object, i.e., [z] is interval vector or interval
matrix and let A([z]) = [z] — m([2]).

Let [Q] be an interval matrix which contains an orthogonal matrix. Usually, [Q)]
is computed by the orthonormalisation of the columns of m([Jx][Bx])-

Let

[Z] = [Jk]cktv
Crr1 = m(Z]),
[Bet1] = [Q]

Then we rearrange formula (35) as follows:

4 = lol+ o+ 0Dl
o] = lai), (36)
el = (QUIAS) + Q7)) [B4)) [

Summarizing, we can use the following data structure to represent ¢(tx, [xo]) and
Doo(tr, [zo]), for a € N{" U ... UN:

type CnSet = record

Vo, To, go: IntervalVector;
Cy, By, C, B : IntervalMatrix;
{Vas7Ta,qa : IntervalVector}aeNfo“.UNZL

end;

The set @(tg,[zo]) is represented as vy + Borg + Coqo. The partial derivatives
D, p(tk, [xo]) are represented as v, + Br, + Cq,. The matrices B, C are common for
all partial derivatives.
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Notice, that if we start the C" computation with an initial condition (17), then
there is no Lipschitz part at the beginning for the partial derivatives. Hence, the
initial values for C' and B are set to the identity matrix and the initial values for
Ga,Tq are set to zero.

If the interval vectors r, become ’thick’ (i.e. their diameters are larger than some
threshold value) we can set a new Lipschitz part in our representation (it must be
done simultaneously for all D,p) and reset r, in the following way:

Go = 7o+ (BTC)qa, foraeNJ"U...UN,
re = 0, foraeNJU...UN,

C = B,

B = Id

This is a place where a discontinuity (non-monotonicity) appears in the algorithm.
A similar change of the Lipschitz part may be done when vectors r, become thick
in comparison to qq.

6. Derivatives of the Poincaré map

Consider a differential equation
o = f(x), xze€R", fecktl (37)

Let ¢ : RxR™ — R" be a (local) dynamical system induced by (37). Let o : R™ — R
be a Cl-map. Put Il = {z | a(x) = C}.

DEFINITION 6. We will say that 11 is a local section for the vector field f at yo € 11,
if
(Va(yo)|f(yo)) # 0. (38)

Assume zp € R™ and tp € R are such that II is a local section at ¢(to,xo).
Consider an implicit equation

a(p(tp(z),r)) = C. (39)

It follows easily from (38) and from the implicit function theorem that there exists
a uniquely defined ¢p : R”—e»R in a neighborhood of xg, such that tp(z¢) = to. The
function tp is as smooth as the flow . We will refer to tp as to the Poincaré return
time to section II.

We define a Poincaré map P : R™ D dom (tp) — R™ by

P(z) = ¢(tp(z), z). (40)

Usually the Poincaré map is defined as a map P : II; —e»Il5, where II;, II; are some
local sections in R™. The approach taken here, i.e. treating the Poincaré map as
map P : R"—e»R", allows us not to worry about the coordinates on the local section.
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We are interested in the partial derivatives of P defined by (40).
From (40) we obtain

oP; _ ({%_P 8801
T @) = H(PE)GE ) + G (o)., (41)

We need ng’;. We differentiate (39) to obtain

322 ) (1) 2E @)+ 22 (o)) ) =0,
oxy, ox; ox
k=1 J J
(Vo(P)If(P() 2L a Z 2 p) B p(a e =0, (@)
J k= J
Hence,
g%(x) =~ el ( Z (;9_ gij (tp(x), ). (43)

6.1. Higher order derivatives of the Poincaré map

To make the formulae transparent we will drop the arguments of the functions in
this section, but reader should be aware that for t{p and its partial derivatives the
argument is x, for ¢ and D, the argument is always the pair (tp(x),x).

From (41) we obtain

2

] ) ]
Diol = z59DGtrDote + 5 DoeDyte + 5:0D(otr

9
T 5P #DPetp + Dijopp-

It is easy to see that partial derivatives of the high order give rise to quite complex
expressions and it is not entirely obvious how to organize it in some coherent and
programmable way. For this purpose we use the following

LEMMA 5. For a multipointer a € N;’ we have

DaP = Dupt (%D tp
+ L SE T BREN(R) I, Das tp (44)

k 1

+ Zk 2 2 (61,..,68) ENT () Yh, 5= Das, @11,z5 Das, tp-

Proof: By induction on p. For p = 1 Eq. (44) is equivalent to (41), because the
last two sums are taken over the empty set. Assume (44) holds true for some p > 1
and fix a € VJ' ;. Our goal is to show that

DaP: Rl +R2+R37
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where

0
QOD tP)

R, = D,
1 <p+at

p+1

k
Ry = Zak@ Z HD“EjtP

(81,--,0k) ENPHL (k) j=1
p+1

Ry = % z za’ Das, @ [ Da tr

k=2 (01,...,06) ENPTI (k) s=1 JFs

Write a = 3 + v, where 8 € N} and v = (ap11) € N{*. From the induction
assumption we have

D,P = D, (Da<p+ FeDgstp)
ok k
+ Dy (Xioa sy (61,...,08)ENP (K HJ 1 Dss, tP)
+ D'y Zk 22(61, LOR)ENP (k) Ze 1 atk 1D,86 SOHJ;ég Dﬁé tP)
= 21101 Si,
where
S1 = Dgp+ %@Dath
Sy = %DMPDWP»
53 = aafngﬂtpD tP,
Sy = 8D780DﬁtP»
S5 = k 2 atk’“ 7@2(61, ,0k) ENP (k) HJ 1Dﬁ5 te,
+1
Se¢ = k:2 gk+1<pD7tp 2(51,,..,5k)eNP(k) Hj:l Dﬁsj tp,
k k k
Sy = 22:2 %@ E(ﬁlwuﬁk)EN”(k) 2521 Dﬂés""‘ftp Hjil Dﬂsj tp,
J#s
k ak‘,—l
SS = 222 2(61’“.,61‘:)6./\/'1)(]6) Zs:l atkk—1Dﬁés+’Y@ Hg;ﬁs Dﬂéj tP)
k
Sg = (- D (6, 8) ENP(K) D=1 g?Dﬂss ©Dytp [ ] Deg, tp,
_ P
S0 = k=2 Z(él,. 5k)€Np(k)

k k
D=1 Z; 1 2 Ds; ¢Dg;, 4otp Hazs Dpg; tp.

Obviously R; = S;. We will show that Ry = S5+ Sg + .57 and R3 = Sy + Sy + S5 +
Ss + Sg + Sio.

Denote by R;k, i = 2,3 a part of sum R; with fixed £ = 2,...,p+ 1. Similarly,
let us denote by S; 1, a part of sum S;, ¢ =5,...,10,for k=2,...,p

Using decomposition of N?T1(2) as in (9) we obtain that Ry = S3 + S7.9.
Similarly, using (9) we observe that Ro = S¢x—1 + S7,x for k = 3,...,p. Finally,
since NP1 (p+1) = {((1),(2),...,(p+ 1))} and v = (ap4+1) we find that Ry i1 =
S6,p- This shows that Ry = S3 + S + S7.

It remains to show that Rs = Sy 4+ S4 + S5 + Ss + Sg + S19. We will classify
possible terms by the place of the appearance of p+1in §;, i =1,...,k and by how
this d; enters in R3 as ds or ;. There are four cases:

L ds=(p+1),
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2. 5j:(p+1),
3. p+1 (S 53, |6e| 2 2a
4.p—|—1€5j, |6J|22

Let us fix k = 2. Let (1, d2) € NPT1(2). The term for case 1 is Sy, for case 2 is So,
for case 3 is Sg 2 and for case 4 is S19,2. Hence, R3 o = Sa + Sa + Sg2 + S10,2-

For k= 3,...,p and fixed (d1,...,0;) € NPTL(k) case 1 is given by S5 x_1, case
2 by Sgk—1, case 3 by Sgj and case 4 by Sio,r Hence, for £ = 3,...,p we have
R = S5k-1+ S9k—1+ Ss k. + Si0,k-

Finally, for k = p + 1 we observe, that R3 41 = S5, + So,p. Indeed, in this case
(01,---,0p4+1) = ((1),(2),...,(p+1)). Hence, for §; = v we have term S5, and for
0s 7# v we have So .

We have shown that Rz = S+ 5S4+ S5 + Ss + Sg + S10 and the proof is finished.
]

Hence, if we know all the partial derivatives of tp up to order p we can compute
the partial derivatives of the Poincaré map up to the same order. In the next
subsection we show how to compute the partial derivatives of ¢tp for affine sections.

6.2. Partial derivatives of tp for affine sections

Assume « : R™ — R is an affine map given by

n
) =ap+ E ;T
i=1

This is a quite restrictive assumption about sections, but it leads to relatively simple
formulae for D,tp and it is sufficient for the applications we have in mind.

LEMMA 6. For a multipointer a € ./\/']? holds

0
— D,tp <V0¢|§<p> =

P k
(Va|Dy) +Z<Vo¢| tk<p> Z HDasjtp
k=2

(81,-..,0K)ENP (k) j=1
+Z Z Z<Va|6tk TDas, 30>HD%
k=2 (61,...,00) ENP (k) s=1 s

Proof: The proof is a direct consequence of Lemma 5 and (39). Since « is affine,
by differentiating of a(P(z)) = C we get (Va|D,P) = 0. Using formula (44) for
D, P we obtain our assertion. [ |

Fix [z] C R™ and assume we have a rigorous bound for ¢p([z]) € [t1,t2] (see [31,
Section 6] for more details on this). Lemmas 6 and 5 show that given rigorous bounds
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for the partial derivatives D,p([t1, t2], [z]) and %Dagp([tl, ta], [x]) up to some order

p we can compute recursively the rigorous bounds for the partial derivatives of
tp([z]) and P([z]) up to the same order. Notice, that %Dagp are given by Taylor
coefficients of the solution of (16) with initial conditions P([z]) for the C° part and
D.p(tp(z),[x]) for equations for variations. Hence, these coefficients can be easily

computed using the automatic differentiation algorithm.

7. Comparison to the C%-solver

In this section we present results of comparison of the C%-solver applied to the
second order variational equations with the C2-solver. We performed tests of these
algorithms on some classical low dimensional examples, such as the Volterra-Lotka

system
&= .’£(2 - y)v
{y = yla-3) )

the pendulum equation

i = —sin(z), (46)
the Lorenz system
z=10(—z +y),
y=28x —y— xz, (47)

szy—%z,

the Michelson system

1
x+¢+?ﬁ=1, (48)
the Rossler system
& =—(y+2),
¥ =z+ 0.2y, (49)

2=0.2+z(x —5.7),

and for the Hénon-Heiles system (Hamiltonian equation)

T =—x— 2y,
) (50)
{y=y2—y—x?



Voltera-Lotka system
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Michelson system

Rossler system

Fig. 1.
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pendulum equation
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-0.8-0.6-0.4-02 0 0.2 0.4 0.6 0.8

Lorenz system

20-15-10 -5 0 5

0.6
0.5
0.4
0.3
0.2
0.1
0
-0.1
-0.2
-0.3
-0.4
-0.5

10 15

Henon-Heiles system

-06 -04 -02 0 02 04 06

Periodic orbits for the systems (45-50).

The initial conditions are:
(2.5,1.5) for the Volterra-Lotka system, (0.5,0.5) for the pendulum equation,
(0,1.52596,0) for the Michelson system, (—2.14737,2.07805,27) for the Lorenz
system, (0., —8.3809417428298,0.029590060630665) for the Réssler system and
(z,y,2,9) = (0,0.10903,0,0.567723) for the Hénon-Heiles system
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General settings of the tests.

e We integrate the above systems together with second and third order varia-
tional equations along periodic orbits using C2, C* and C° solvers from the
CAPD library [4] to obtain bounds for the higher order derivatives. These
periodic orbits are presented in Fig. 1. In each case the integration time is
equal to an approximate period of the orbit. We believe that this is a relevant
time scale for the computer assisted proofs for these systems.

e When integrating the systems of variational equations using the C° solver we
simply add the variational equations to the main equations and apply the C°

n+k
k

dimension of the main problem and k is the order of the derivatives we require.

solver to the extended system that has dimension n , where n is the

e For each ODE (45)—(50) we set as initial conditions to each routine three
boxes of diameters 0, 10719 and 107° centered at a point very close to the
corresponding periodic solution. The actual initial conditions are given in the
caption of Fig. 1.

e In each case we use the Taylor method of order 20 with the variable time step.
The minimal acceptable time step has been set to 107°. The computations
were performed using the interval arithmetic with double precision.

Comparison of the computation times. As it is expected the C? and C? solvers
are much faster than C° applied to the equations for variations. In Tab. 1 we present
the computation time (in seconds) for each problem when computed from a point
initial condition (diam(zg) = 0). For 2-3 dimensional systems the speed up of the
computation of second order derivatives was between 16 and 126. For the third order
derivatives it is even larger and varies between 41 and 464.

For the Hénon-Heiles Hamiltonian the CY-solver was not able to integrate along
the periodic solution neither second nor third order derivatives even when starting
from a point initial condition. In Table 1 we gathered the computation times up
to the blow-up which occurred at t = 8.32874 for the second order derivatives and
t = 3.6712 for the third order derivatives. The total time of integration for this
system has been set to T' = 13.
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diam(x)=0, r([D*@(x,.0])
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Fig. 2. Plots of t — r ([D?¢(wo,t)]) and t — r ([D3¢(x0,t)]) for the Volterra-
Lotka system (45) obtained from C° and C” solvers for various diameters of initial

conditions
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Fig. 3. Plots of t — r ([D?¢(z,t)]) and t — 7 ([D3¢(z0, t)]) for the pendulum equa-
tion (46) obtained from C° and C” solvers for various diameters of initial conditions
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Fig. 4. Plots of t — r ([D?*¢(zo,t)]) and t — r ([D3¢(wo,t)]) for the Michelson
system (48) obtained from C® and C" solvers for various diameters of initial conditions
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Fig. 5. Plots of t — 7 ([D?¢(wo,t)]) and t — r ([D3¢(xo, t)]) for the Lorenz system
(47) obtained from C° and C” solvers for various diameters of initial conditions
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Fig. 6. Plots of t — 7 ([D?¢(z0,1)]) and t — 7 ([D3¢(xo, t)]) for the Réssler system
(49) obtained from C° and C” solvers for various diameters of initial conditions
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Fig. 7. Plots of t = r ([D?¢(z¢,t)]) and t — r ([D3¢(xo,t)]) for the Hénon-Heiles
system (50) obtained from C® and C" solvers for various diameters of initial conditions
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Tab. 1. Comparison of the computation times for C2, C® and C solvers when applied
to the equations for variations. All computation times are given in seconds

The system Second order derivatives Third order derivatives
C2-solver | C%-solver | ratio | C3-solver | C%-solver | ratio
V-L 0.30 4.89 16 0.61 25.35 41
Pendulum 0.09 1.96 21 0.21 9.71 46
Michelson 0.20 25.30 126 0.51 237.14 | 464
Lorenz 1.22 81.59 66 3.48 762.34 | 219
Rossler 0.71 58.96 83 1.87 521.37 | 278
H-H 1.40 430.21 - 4.96 3001.63 -

Comparison of the obtained enclosures. For an interval x = [a,b] we define

a function ( )
b—a 2(b—a
= —1 _ — _1 - 7 .
r(z) = ~logu, (|mid<x>|> %810 ( o+ b )

For an interval x = [a, b] that does not contain zero, the function r measures a relative
diameter of z, i.e. an approximate number of significant decimal digits that are the
same for a and b.

With some abuse of notation we will denote by the same letter a relative diameter
of an interval vector [u] C R™, i.e.

r(u]) =min{r([ul;) :i=1,...,m}
and of an enclosure of k-th order derivative of a smooth function f
r ([D*f(2)]) = min {r ([Dof(2))) : a| = k}.

In Figs 2-7 we present the plots of the relative diameters of r (ngb(xo, t)) and
r (D3¢(x0,t)) as a function of time t obtained from C® and C” solvers for various
diameters of initial conditions for systems (45-50). Here ¢ denotes the local flow
induced by the equation under consideration.

In principle, our C"-algorithm may be less accurate than the C%-Lohner direct
solver in the computation of Dy¢ for |a| > 1, because we do not make use of the
dependence of D,p on z. Indeed, this can be seen for lower dimensional systems.
But we have paid for this with the serious increase of the computation times.

For point initial conditions this lack of accuracy can be compensated by switching
to the multiprecision arithmetic. In fact, for the systems under consideration we
were able to obtain much thinner enclosures for derivatives using higher precision
and within comparable or better time of computations.

For the initial conditions of nonzero diameters one can subdivide the sets. In
many cases this strategy allows us to obtain better accuracy within the same or better
time. In some cases, like the Volterra-Lotka system (45) and the Lorenz system
(47) obtained enclosures are significantly better when integrating the variational
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equations using the C° solver. For these systems and low order derivatives one can
choose between CY and C" solvers depending on the required accuracy of the result.

On the other hand, the C° solver was not able to integrate third order derivatives
for the Lorenz and Michelson systems when diam(xq) = 107°.

For higher dimensional systems, like the Hénon-Heiles Hamiltonian we see that
the C%-solver cannot compete with C"-algorithm. Both, the time of computation
and obtained enclosures for second and third order derivatives are worse than those
resulting from the C"-solver.

Memory usage. We would like to mention that the direct C%-solver, when applied
to the equations for variations, requires also a huge memory. This is due to the fact,
that the CY solver extended by the k-th order variational equations builds a tree

o I . n+k . .
for automatic differentiation for the system in n ( )—dlmenswnal space and

also its derivative. This squares the effective dimension for the C° solver. For the
Hénon-Heiles system (50) and the third order derivatives the C° solver used 22.31MB
of RAM while the C? solver used 416kB only.

Conclusions. The proposed algorithm has been proved to be very useful in many
applications [12, 25, 28, 29]. In these papers we applied our C>-C5-algorithms to
study various kinds of dynamic and bifurcations of ODEs. In all of these applications
the desired accuracy of computed derivatives was not that large as we usually require
for the C° image of the set — only a very few significant digits were necessary to get
the result. Our tests show that the C” solver can compute high order derivatives
with acceptable accuracy in a very good CPU time.

Our tests show also, that when the high accuracy of derivatives is required, the
CP solver applied to the equations for variations can compete with C™ solvers for low
dimensional systems and for low order derivatives, only. This is due to the following
facts:

e loss of control of the wrapping effect in the C° solver when the dimension is
really high,

e memory usage; for example, using our C® solver we integrated along a periodic
solution the fifth order derivatives of a Hamiltonian flow (n-body problem) in
8 dimensions. The program used 7GB of RAM. We were not able to build the
CY solver for the fifth order derivatives on a computer with 64GB of memory,

e even if possible to build the necessary objects in the memory, the time of
computations for large problems would be very large.
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