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Abstract: Developing the AK model, we construct an endogenous growth model with
many industries. Unlike the original AK model, our model generates endogenous
growth accompanied by the change of relative price. The growth rate of each industry is
determined by such fundamental parameters as the rate of technological progress of the
industry, the elasticity of marginal productivity of the industry and the elasticity of
marginal utility of the goods produced by the industry. In our model, the persistent
change of relative prices admits of consistent growths of heterogeneous industries.
Therefore, our model gives a theoretical explanation of the persistent transition of
industrial structure accompanied by a change of relative prices. The transition of
industrial structure depends on the fundamental parameters. We derive an equation that
relates the growth rate of relative price of an industry to the growth rates of capital stock
and production of the industry. By using our model, we unifiedly explain many
empirical facts that have been known so far. We also give a new theoretical viewpoint
about the empirical fact that the relative price of investment is higher in poor countries
relative to rich countries. We demonstrate that the empirical fact results from the
myopia concerning consumption in the poor countries. Moreover, in the case where the
number of consumption-goods industry is one, we incorporate population growth. In the
modified model, we derive an equation which relates the growth rate of relative wage to

the growth rates of capital stock and relative price.
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1. Introduction

The most influential contributions in modern theories of economic growth have
been those of Solow (1956) and Swan (1956). The Solow-Swan model is of an
exogenous type. To go further, one has to construct endogenous growth models, that is,
to construct a model that determines the long-run growth rate within the model. A base
line delivering endogenous growth is the AK type of growth models. See Romer (1986)),
Jones and Manuelli (1990), Rebelo (1991), and Barro and Sala-i-Martin (1992). The AK
models of infinite horizon optimization have its origin in the Ramsey model (Ramsey
(1928)). The AK models have been referred very often as the simplest model that makes
clear how the absence of diminishing returns can lead to endogenous growth.

In this paper, modifying the AK model of decentralized infinite horizon
optimization by Barro and Sala-i-Martin (1992), we try to construct an endogenous
growth model that explains the transition of the relative scales of heterogeneous
industries with different production functions. Some of our results are similar to those in
the AK model. Like the AK model, the growth rate of each industry in our model
depends on parameters concerning production and utility functions. On the other hand,
there exist some important features distinguished from the AK model. Industries in our
model grow through a persistent change of relative prices. In other word, a persistent
change of relative prices admits of a consistent growth of heterogeneous industries.
Moreover, we see that a persistent change of relative prices also yields a persistent
change of the relative scales of heterogeneous industries (therefore, a persistent change
of industrial structure). Thus, our model explains the process of structural
transformation, which describes the persistent transition of industrial structure
accompanied by a change of relative prices.’

What are the factors that yield a change of industrial structure? This problem has
been investigated in many papers. For the view point of demand side, see Kongsamut,
et al. (2001) and Herrendorf, et al. (2013). On the other hand, for the view point of
supply side, see Acemoglu and Guerrieri (2008) and Herrendorf, et al. (2015). In a

' Ngai and Pissarides (2007) analyzed the effect of a change of relative prices on a change of
industrial structure. Our result shows that there is a close relation between both changes
although both changes in our model are endogenously yielded.



different context, this paper investigates the problem from both sides. Like these papers,
a change of industrial structure in our model depends on such parameters as not only the
elasticity of marginal productivity and the rate of technological progress but also the
elasticity of marginal utility.” However, unlike these papers, since our model is
endogenous, a (persistent) change of industrial structure is yielded from not (persistent)
changes but differences among the parameters of industries. Our model derives
analytical and clear results on gowth rates of goods and relative prices, some of which
have not been known yet. Especially, we derive an interesting equation that relates the

rates of relative price change to the grwoth rates of goods.

It has been well known that the relative price of investment-goods in poor
countries is higher than that of rich countries. See Hsieh and Klenow (2007). They
conclude that the high relative price of investment-goods in poor countries is due to the
low price of consumption-goods in those countries. However, in our model, there exist
several possible sources of the well-known empirical fact. By arguing such possible
source, we see that our endogenous growth model ties with the empirical evidence
concerning the relative price of investment.

Moreover, by incorporating population growth, we extend our endogenous growth
model. We derive not only the growth rates of goods and relative price but also the
growth rate of wage. We derive an interesting equation that relates the growth rate of

wage to growth rates of goods and relative price.

2. Background of the Model

We consider a decentralized and closed economy with two sectors;
consumption-goods and investment-goods sectors. The models consist of a
representative household and a representative investment-goods industry, and more-
than-one consumption-goods industries. Let n be the number of consumption-goods

industries. For simplicity, we assume that the household owns the initial endowment

? For the production function f(K), the elasticity of marginal productivity is defined as
f"(K)K/ f'(K). On the other hand, for the utility function U(C), the elasticity of
marginal utility is also defined in the sama way.



of capital stock which can be used by any industry. The household distributes the
endowment to all industries. Capital goods owned by the household are lent to the
investment-goods sector. Without loss of generality, we assume that the depreciation
rate of capital stock is zero. The consumption-goods industries rent capital goods
from the investment-goods industry. The household has a claim on the consumption-
goods sector's net cash flow. There is a competitive credit market in which the
household can borrow and lend. To rule out Ponzi-game finance, we assume the credit
market imposes a constraint on the amount of borrowing. The two forms of assets,
capital and loans are assumed to be perfect substitutes as stores of value. Then, they
must pay the same real rate of return, and the interest rate on debt must be equal to
the rental rate on capital.

The symbols used in this paper are as follows:

K = Initial endowment of capital stock (given),

C;= Consumption of the goods produced by industry
s = Rate of time preference (constant),

Q)= Quantity produced by industry j =C Iz

K; = Capital stock of industry ;,

I1; = Profit of industry

K| = Capital stock of the investment-goods industry,

r = Interest rate =rental rate on capital (constant),

Pj= Price of the goods produced by industry

Py =Rental price of capital stock,

where je{l,---,n}=N. We denote by e; the value of e attime ¢. For example,

we denote by K j; the value of capital stock of industry j (j e N) attime ¢

3. The Model

Throughout this paper, we assume that any function is continuously

differentiable. As stated above, we extend the AK model of Barro and Sala-i-Martin



(1992). In Sections 3 and 4 we assume that population is constant. We assume the

following additive utility function of the representative household:

U(Clta"'5 Cnt) = keNthak /Clk,

where 0<a; <l, jeN.
We next consider the investment-goods industry. We assume that the production

function of the representative firm in the industry is of the AK type. The firm solves

the optimization problem:
max (P[AK]t - I"K]t) ,

where A4 1is a positive constant. The optimization problem of the investment-goods
industry is essentially the same as that of the firm in Barro and Sala-i-Martin (1982).
The condition for profit maximization requires that the marginal product of capital
equals ». That is, P;=r/A. Without loss of generality we here assume
Pr=r/A=1.

The global absence of diminishing returns to capital in the production function
may seem unrealistic. It is, however, plausible if capital, K, broadly includes
human capital, knowledge, and public infrastructure in addition to physical capital.
For this point, see for example Barro and Sala-i-Martin (1995, Ch. 4).

We next consider the representative household who solves the following

optimization problem:

max Z Cr,%e 5 | ardt
J-Rl oy CH k
subject to K =Z T, +rK —Z P, Ch,.
] It ke N kt It ke N ket C ket

where R}r is the set of non-negative real numbers. We here assume that in
maximizing overall utility the representative household considers that the path of the
profits is given exogenously.

We here consider the demand for the goods produced by the investment-goods

industry. In this paper, we assume that the profit of the consumption-goods industry



k(e N) are given by 77 =P;Q; —P K =P;;Qjs —K jt.3 Therefore, it follows

from the budget constraint that

K=Z T, +1K —Z P =—Z Ky +1rK7;.
It ey It N %t Okt roy Kt It

It should be noted here that

AKp =rKy =K+ K.
It =TAp It ZkeN kt
This equation implies that the goods produced by the investment-goods industry are
demanded for the accumulation of capital goods by households and the investment of
the consumption-goods.

Now we have the following Hamiltonian of the intertemporal optimization

problem of the representative household:

H = Cr%* e 5t ay + I +1rKp — P Crp).
ZkeN kt "€ aj m(zkeN kt TVt ZkeN %t Cht)

Since the Hamiltonian is a concave function of the state and the control variables, the

sufficient condition for optimization is given by

(1.1) OH /0C j; = C ;1% e s — Py, =0,

(1.2) ny =—0H /0K =—rny,

(1.3) K :ZkeNHkt""”KIt—ZkeNPkttha

(1.4) lim; o Kpemy =0.

r

The equation (1.2) yields 77, =nge™"", where the initial value 70 is determined in

the proof of Theorem 1 in Appendix. Then, from (1.1) we have

3 The maximization of this profit is discussed a little later.
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The equation (2) represents the optimal plan taking into account the growth and the
persistent change of relative prices. The equation (2) gives a dynamic version of static

inverse demand equation.
Definition 1: We call the equation (2) a dynamic inverse demand equation.m

As we see below, by using the dynamic inverse demand equations, the optimal path of
price of the goods produced by consumption-goods industry j(e N) is also
determined.

Finally, we consider the consumption-goods industry. The production function

of consumption-goods industry j(e N) is assumed to be
3) thZDj(t)Kjtmj, O<ij1, O<Dj(t).

where D (0 is an index of the state of technology of the industry j. In order to
consider the effects of technological progresses on the rate of growths, we assume that

Dj(t) grows at the rate dj > (. Then
Dj(t)=D e "
For simplicity, we assume D ;o =1. We have
Cji=Qji =e“'K ;™ (jeN),

because we consider the situation where the consumption-goods market is cleared.

Substituting this equation into the dynamic inverse demand equation (2), we have

(r—s)t
e
4 P;

) =H;(Kj,t), jeN.
t noe(l_a‘i)d"[Kjt(l_af)m-/ J(Kjest),

By assuming the price path Pj;; (j e N) is given, the consumption-goods industry



j solves the following optimization problem:
max /7 j; =max(P;;Qj; — K ) = rnax(Pjtedf[Kjtmf -Kj), jeN.

Unlike the usual optimization problem, this optimization problem implies that the
industry j considers the long-run optimization problem allowing for the growth of
demand equation following (4). Therefore, taking into account the change of relative
price, the industry j determines both the growth rates of production. By rewriting the
usual optimization problem in such a way, we will obtain a theoretical explanation of
the optimal growth of heterogeneous industries.

We assumed that the initial values of capital stock of consumption-goods
industries K jo and the initial values of capital stock of investment-goods industry
Kjo are distributed by the representative household and from his/her initial

endowment. Thus, the given initial endowment of capital stock
Ko=Ki0+) Kio.
0 10 keN k0

See Section 2. The initial endowment, K ;o (j € N), is determined in Appendix.

4. Equilibrium Growth Paths

In this section, we derive the equilibrium growth paths of the model of Section 3.

Before starting it, we introduce a notion. In this section, we assume

Assumption 1: 1>a;m; forany jeN,

r—s+ajd-

Assumption 2: r > L =G;>0 forany jeN.

l—ajmj

Assumption 2 will be used later to guarantee the transversality conditions. See

Appendix. We define

gr(e) =growth rate of e,
agr(e) =1lim;_,, gr(e) (the asymptotic growth rate of ).



As is shown in Appendix, the equilibrium growth paths are derived. Consequently, we
see that the growth rates of equilibrium growth paths differ from each other. This is a

remarkable feature of the model. The growth rate of each path is given as follows.

Theorem 1: Suppose Assumptions 1 and 2 are satisfied. Then there exist equilibrium
growth paths which satisfy that forany je N

gr(Kj)=gr(lj)=Gj, gr(C;)=gr(Q;)=m;G;+d;,
gr(Pi)=(1-m;)G;—d;, gr(ll;)=Gj,
agr(Kj ) =Gmax =max{G;:jeN}.m

Proof: See Appendix.m

Thus, we have the following result.
Corollary 1: Suppose Assumptions 1 and 2 are satisfied. Then, we have
gr(Pj) = gr(K;)— gr(Cj) forany jeN.
We call this equation GRRP (growth rate of relative price) equation.m

Proof: The proof follows directly from Theorem 1. m

The GRRP equation of Corollary 1 is novel and has not been known yet. The GRRP
equation is interesting in the sense that it relates the rates of change of relative prices to
the growth rates of goods. Corollary 1 shows that the change of relative prices is
inevitable in the growth of heterogeneous industries.

Moreover, we have

Corollary 2: Suppose Assumptions 1 and 2 are satisfied. Then, for the equilibrium

growth paths we have

the rate of time preference s T



= gr(Cin, gr(Pid, gr(Kj), gr(Ki)d forany jeN,
the elasticity of marginal productivity (1-m;) I (jeN) (& m j )

= er(Ci)T, erPit, gr(K;)T, and gr(Kp)T.
the rate of technological progress d ; T (jeN)

= gr(Cjt)T, g”(Pjt)~L» g”(Kjt)T, and gr(K”)T.
the elasticity of marginal utility (1-a;) I (jeN) (& a j )

= gr(C;)T, grPi)T, gr(K;)T, and gr(K;)T.

Moreover, as a; (resp.m;) (je€N) becomes large, the effect of the rate of

technological progress d; on the growth rate of goods becomes large (resp. small).
That is

2 2
0 gr(Cjt)>0 0 g”(Kjt)>0 82gf’(Kh)>O

2 b 2

0% gr(C; 0?gr(K ; 2
g ]t)<0, gr( Jt)<0, and —8 gr(Kh)<O.
om ;od om jod om ;od

As aj; (resp. m;) (jeN) becomes large, the effect of the rate of technological

progress d; on the growth rate of Pj, becomes large (resp. small). That is

02 gr(P; 0% gr(P;
—gr( ﬂ)>0 and —gr( jt)<0.l
aajﬁdj amjadj

Proof: See Appendix.m

Kongsamut, et al. (2001) and Herrendorf, et al. (2013) investigated the relation
between the parameters concerning utility function and the change of industrial
structure. On the other hand, Acemoglu and Guerrieri (2008) and Herrendorf, et al.
(2015) investigated the relation between the changes of parameters concerning
production function and the change of industrial structure. These results give theoretical
and endogenous explanations which describes the transition of industrial structure.

Theorem 1 and the first result of Corollary 2 provide the information concerning the



effects of fundamental parameters on the rate of change of economic variables. These
results are almost the same as of those that have already known. On the other hand, the
second and the third results of Corollary 2 tell us how fundamental parameters affect the

effect of parameters on the rate of change of economic variables.

Corollary 2 shows that as the rate of technological progress (u;) of a
consumption-goods industry is small (resp. large), the rate of relative price change of
the industry is large (resp. small). Therefore, compared with the consumption-goods
industry, the relative price of the investment-goods industry becomes gradually small
(resp. large). In poor (resp. rich) countries, the rate of technological progress (u;) ofa
consumption-goods industry is small (resp. large). Therefore, the result of Corollary 2
ties with the empirical evidence of the high relative price of investment in poor
countries relative to rich countries. See Hsieh and Klenow (2007). Hsieh and Klenow
(2007) concluded that even if investment prices are no higher in poor countries, the
relative price of investment is higher in poor countries relative to rich countries. In our
model, the price of the investment-goods in our model is constant. Therefore, the above-
mentioned empirical fact is derived from the small rates of technological progress (u ;)
of consumption-goods industries. Thus, Corollary 2 supports the conclusion of Hsieh
and Klenow (2007). However, Corollary 2 also gives other sources of the empirical
result. In fact, an increase in m; or s persistently reduces the relative prices of
consumption-goods. Especially, since households are myopic as the parameter s is
large, we see that the above empirical fact result concerning poor countries results from
the myopia concerning consumption in the poor countries. Unfortunately, many
consumers in poor countries appear to be run after by a daily life. Therefore, it appears
to be difficult that they avoid the myopia concerning consumption. In this sense, it is
natural that the above-mentioned empirical fact is an inevitable result of the myopia.

We here provide a numerical example and describes the transition of industrial
structure in our model economy. To stress the effect of the elasticity of marginal utility
on the change of industrial structure, we assume d; =0 (j € N)and consider the case
where r—s5=0.01, aym =023, apymp=0.28, and a3zm3=0.32. If we assume
m; =my =m3 =0.5 for simplicity, then we can observe that the transition of the /th
industry (j e N) depends on the parameter a; of the utility function concerning the

consumption-goods produced by the Jth industry. See Figure 1. The blue, red, and

10



green lines of Figure 1 describe three utility functions with 4; =0.23/0.5 = 0.46,

ar =0.28/0.5=0.56, and a3 =0.32/0.5=0.64. Figure 2 describes the relative scale
of each industry. The blue line describes the transition of Kji;/K3;, the red line
describes the transition of K;/K3;, and the green line describes the transition of
K3:/K3; =1. First, the industry 1 leads the model economy (the blue line). After that,
the industry 2 leads the model economy (the red line) and finally, the industry 3 leads
the model economy (the green line). The industries 1, 2, and 3 correspond to the primary,

secondary, and tertiary industries, respectively.

Figures 1 and 2 about here.

The feature of our endogenous growth model is that such a variety of results as
Corollaries 1 and 2 are obtained through the model. In the next section, we extend the
model in his section by incorporating labor and will consider whether or not we obtain

the same as those of the results in this section.

5. Incorporating Population Growth

For simplicity, we have not considered population growth so far. In this section,
we show that population growth can be incorporated into the model. Especially, our
main interest in this section is whether the GRRP equation is obtained and whether the
similar equation concerning the growth rate of wage is obtained.

Moreover, we see that dynamic optimization of consumption-goods firms can
also be incorporated. To see it, we modify the background of the model. For simplicity,
we assume that the number of firms in the consumption-goods sector is one (i.e. n=1).
Unlike the model in Section 2, the consumption-goods firm produces goods by using
both labor and capital goods and the number of the households is assumed to grow at
the constant rate. Moreover, we suppose that the households supply labor to the
consumption-goods firm and rent capital goods to the consumption-goods firm. We
denote by Koo = Kj0+ Ko the initial endowment owned by the households, where

unlike previous sections we denote by K the initial value of capital stock of the

11



consumption-goods firm. The other suppositions are the same as before. We denote by

Ly = Loeht the population growing at the rate of 4. Define
ct =CilLy, qp=0¢/Ls, kpp =Ky /Ly, ke =Ky /Ly

In the model in this section, we see from the supposition that the sum of budget

constraints of the households is given by

Kpy=rKy+11; +WL; — FCy,

where W; is the relative wage rate. Like in Section 3, we assume Py =1. Each budget

constraint of the households is

L _(Kh j KplLi—Kpl, Ky
- _ _
Ly Ltz Ly

—hkp = —h)ky +m +Wy — By,

where 7; =I1;/L;. The intertemporal optimization problem of the households is now

given by:

max.[ (c;* la)e™S'dt  subjectto  ky =(r—h)ky +m; +W, — Py,
R.

where 1>a>0. Then, the Hamiltonian of the intertemporal optimization problem is

given by
H=(c," |a)e™ +n{(r—hky + 70, +W; — Bey ).

Therefore, the first condition entails:

(5.1) OH /c; = ¢, et — Py, =0,
(5.2) n =~0H | Oy =~(r—hyn,
(5.3) ki =(r—h)ky +m + Wy = Picy,
(5:4) lim; o0k g1y =0.

12



Equations (5.1) and (5.2) yield
(6) B= el h e 87 g = eI (C, 1) g,

where 79 is derived in the proof of Theorem 1 in Appendix. Like Eq. (2), we call Eq.

(6) a dynamic inverse demand equation. From the dynamic inverse equation, we have

R O
(7) =r—h=s—(-a) =)

B t

We assume that the consumption-goods firm adopts the Cobb-Douglas function of

degree one:
(8) C, =0,=cDOK," L™ & ¢, =oDOK", 0<m<l.

For simplicity, assume & =1. Like D I (t) in Section 3, we assume that pD(¢) grows

at the rate 4 > (. Then
D(t) = Dye .

For simplicity, we assume Dy =1. Logarithmic differentiation of the production

function (8) yields C;/C; =d +ml;/K; +(1—m)h. Substituting this equation into Eq.
(7) yields

LS It n-
9) Ft—r h—s—(1 a){d+mKt+(l m)h—h}.

Now, the consumption-goods firm is assumed to solve the profit maximization
problem under Eq. (9). Like in Section 3, by assuming the price path F is given,

the consumption-goods industry solves the following optimization problem:
maXJ (B‘DthmLtl_m — VVZLLZL - It )e_rtdt SUbjeCt to Kt = Il'
R,

We The Hamiltonian is given by

13



H=(BDK L™ - WL —1,)e™" + A1,

The sufficient condition for optimization is given by

(101) 8H/8Lt = {(1—m)BD[K[mLt_m —VVt}e_rt = O,
(10.2) OH /oI, =—e " + 2; = 0;
10.3 1 = —0H /3K, =—mP.D,K, "L l=m =t
( ) t t It t
(10.5) limy_yo K; 4 = 0.

In this section, we assume the following conditions:

Assumption 3: 1>am ;
r—h—s+ad

Assumption 4: r—h > max{s,Gj, =
I—am

Assumptions 3 and 4 yield Gj >0. Assumptions 3 and 4 play the same roles as

Assumptions 1 and 2. We now obtain the following result:

Theorem 2: Suppose Assumptions 3 and 4 are satisfied. Then there exist equilibrium

growth paths which satisfy

griky)=grWy)=grky) =Gy, gr(c)=gr(q;)=mGy +d,
gr(B)=0-mGy,~d, gr(z;)=G,.1

Proof: See Appendix.ll

Like Corollary 1, we can derive the GRRP equation concerning per capita. Moreover,

we can also derive the equation concerning growth rate of relative wage:

Corollary 3: We have the GRRP equation concerning per capita variables:

gr(f)=gr(k)— gr(c).

14



Moreover, for growth rate of relative wage we have the following equality on the
equilibrium growth paths:

griWy)=gr(k)=gr(h)+gr(c).

We call this equation GRRW (growth rate of relative wage) equation. ll
Proof: The proof follows directly from Theorem 2. m

Like the GRRP equation, the GRRW equation is interesting in the sense that it relates
the growth rate of relative wage to the growth rate of relative price and the growth rates

of goods. The equation is also novel.

Corollary 4: Concerning the per capita variables and the growth rates of P, and W,

we obtain the same results as of Corollary 2. Moreover,

the growth rate of population /4 T
= grie)d, grB), gk, ertkp)d, grw)d forany jeN,

Moreover, as a (resp. m) becomes large, the effect of the growth rate of population

h on the growth rate of goods becomes large (resp. small). That is

2 2 2
Per(c) _, Pertk) _, Oertu) _,

2 3

2

Oaoh Oaoh Oaoh

2 2 2
erie) , gtk o Perlhn)
Omoh Omoh Omoh

As a (resp. m) becomes large, the effect of the growth rate of population % on the

growth rate of P becomes large (resp. small). That is

As a (resp. m) becomes large, the effect of the growth rate of population /# on the

growth rate of W; becomes large (resp. small). That is

2 2
0 gr(Wt)<O and o0 gr(Wy)
dadh Oomoh

<0.1

15



Proof: See Appendix.l

Thus, we see that almost the same result as before can be obtained even if population

growth is incorporated into the endogenous growth model.

6. Conclusions and Final Remark

In this paper, developing the AK model of decentralized infinite horizon
optimization, we constructed an endogenous growth model that explains the transition
of the relative scales of heterogeneous industries with different production functions.
Unlike the AK model, we assumed that households and representative firms of
industries plan the optimal schedules allowing for the growth and the persistent change
of relative prices. Not only the growth rate of each industry but also the growth rate of
relative price depends on the elasticity of marginal productivity of the industry and the
elasticity of marginal utility of the utility function of the goods produced by the industry.
We proved that as the productivity of an industry gets high or the elasticity of marginal
utility gets large, the relative price in the industry decreases and the growth rate of the
industry increases. Consequently, the relative scales of industries change. This provides
a theoretical explanation of the persistent transition of industrial structure.

Moreover, we derived two important equations. The first one is an equation that
connects the growth rate of relative price with the growth rates of goods. By
incorporating population growth, we derived an second equation that connects the
growth rate of relative wage with the growth rate of relative price and the growth rates
of goods. These equations are novel.

We showed that an increase in time preference or the rate of technological
progress or a decrease in the elasticity of marginal productivity reduces the growth rate
of relative price of consumption-goods. Thus, we argued several possible sources
concerning the change of relative price, which may explain the empirical fact that the
relative price of investment-goods in poor countries is higher than that of rich countries.
Among the possible sources, we stressed that the empirical fact result concerning poor

countries results from the myopia of consumers. We demonstrated that the empirical

16



fact result concerning poor countries results from the myopia concerning consumption
in the poor countries. Since many consumers in many poor countries appear to be run
after by a daily life, our result concerning myopia is natural. Moreover, for the empirical
fact concerning poor countries, Hsieh and Klenow (2007) demonstrated that even if
investment prices are no higher in poor countries, the relative price of investment is
higher in poor countries relative to rich countries. Our results concerning the above-
mentioned possible sources also support it.

In our model, the change of relative prices admits of the differences among
growth rates of heterogeneous industries. In other words, if relative prices do not change,
then consistent optimal growth of heterogenous industries cannot be accomplished. In
other words, optimal coexistence of heterogeneous industries can be achieved through
such a price mechanism. The persistent transition of industrial structure emerges as an
inevitable consequence of the optimal coexistence of heterogeneous industries.

Our results are analytically connected to fundamental economic parameters. This is
a remarkable feature of our model. Moreover, though analyses of our model are slightly
complicated, our model itself is relatively flexible. Therefore, it is expected that our
model has further development potential, although we must leave it as a future research.
We could consider the endogenous growth model with the other types of utility

functions:

U(CirsCn) = keNtha", UCiyCa)= p _ 108Ck-

where 0<a; <1 (jeN). Moreover, we also could consider the endogenous growth
model with the CES production under the slightly specialized production function with

mj:m.

1/a
_ E a m
U(Clta' T Cnl) _( keN thj ) Q_/t = D_/ (t)Kjt .

where 0<a<1. Even if we assume these utility functions, we obtain the same results
as Theorems 1 and 2 and Corollaries 1 and 3. In order to consider the dependence of

growth rates on various fundamental parameters and the difference among the growth
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rates of industries, we employed the additive utility function provided in Section 3.

7. Appendix
In this Appendix, we prove Theorem 1, Corollary 2, Theorem 2 and Corollary 4.

Proof of Theorem 1: Before determining the initial value of capital stock of each
industry, we derive the equilibrium growth paths assuming that the initial values of
capital stock of each industry are given. After deriving them, we will calculate the initial
values of capital stock. By assuming the relative price path is given, we maximize the

profit of industry j (e N).
d;t m.
(A.1) Hjt:Pjte / Kjt j_Kjt

d;t

The first order condition yields m;Pje” " K jtmf 121 so that from the dynamic

inverse demand equation (2), we have

(=)t djt pom;—l1 (=)t djt pom;—l1 r—s)t d;t

. m ;e e’ K/ mje e’ K/ mje( )t
l—-a; l-a;)dt ,-(1-a,)m; —adt, l-am,
770Cj[ ! 7706( 4 Kj[ T mee Kjt Y

where 77 is determined later. Thus, we have
1

l—a;m;

G, -1
(A.2) Kj=Kjoe™", Kjo=(mmo ) ,

for any je N. It follows from (A.2) that we have the following equilibrium growth
pathsof Qj; =Cj;:

m;

dt-m; —1\l-a,m; (m,
(A3) Qji =Cjo ="Ky = (mjme ™)' 74 "

G;+d )t

where je N. We have
(A4) r—s:(l—ajmj)Gj—ajdj.

Therefore, from (4) and (A.2), the growth rate of the equilibrium growth path of Pj

18



(jeN) isgiven by

(AS.1) gr(Pj)=r—s—(-a;)d;—(1-a;)m;G
(=ajmj)r-s)—(-a;mj)l-a;)d;j—(mj—ajm;)r—s+a;d;)
B l—ajmj

r—s—am;(r—s)—(l—a;m;)d;+(-a;m;)a;d;

l—ajmj
—(mj—ajm;)r—s)—(mj—a;m;)a;d;
l—ajmj

:r—s—mj(r—s)+ajdj—mjajdj

—di=(1-m;)G;—d;.
J J/T J
l—ajmj

Moreover, the initial value of the equilibrium growth path of Pj; is given by

1 1
(A.5.2) Pjo = nono(l_a’)mj - 770{(ajmjno_l)1/(1—ajm,)}(l—aj)mj
= (ajm;) l—a;m; 7o Ly
_apm; Ao
= (ajmy) T g T

where je N. Thus, if 7709 is determined, all optimal paths are completely determined.
Now, for a given Kjp, we determine 70 . Since we have
Hjl = P]lQ]t _Kjt = P]let —Kjt, it follows from (AZ) that

A6)  Kn=) _ Mu+rKn=) _ PuCi

1K —Z Ky =1K —Z K 0Okt
It keN kt It keN k0O

To solve the differential equation (A.6), we prepare a sublemma.

Sublemmal: We consider the differential equation x; =ax; + f(¢), where a is a
constant real number and f(¢) is a continuous function. The solution of the differential

equation is given by

19



x; = xpe® + eat“‘ e f(v)dv.m
[0,¢]

Proof: See Perko (1996, Remark 2 in Section 1.10).m

From Sublemma 1, the solution of (A.6) is given by

_ rt _ r(t—v) Gv
Klt K]()e j e ZkeNKkoe dv
[0,7]
_Kko Gyt Ko
-K k —k0_
IO ZkENGk—r ZkENGk—r

Define

Ko Gyt
A7 Ky = ———e Tk
(A7) It ZkeNr—Gk

rt

Equation (4.2) yields 7, =noe™"" and Assumption 2 yields r—G; >0 for any
j € N. Therefore, we see from (A.7) that

Thus, the transversality condition (1.4) is satisfied. Now, we determine 77¢. Since the
initial endowment of capital stock which the household possesses is given by

Ko=Kjo+ Z fe NK k0 , we see from the equations (A.2) and (A.7) that

1+r-G -1 _
(A.8) Ko=Kjo +ZkeNKk0 ZZkeNr_—Gkk(akmk”O yWaA=aem) = @n9).

Thus, 79 must satisfy (A.8). We consider the continuous function @:RL —>R£r,
where R = {ve R':v> 0}. The @ —function is continuously differentiable. Clearly,

we have

(A.9) O'(v)<0, lim,_ye @) =0, and lim,_ @)=

20



Figure 3 about here.

(A.9) proves that the @ —function is a strictly monotone decreasing function. See
Figure 1.  Therefore, the inverse of the @- function exists:
o :Rlr —>er (w—)@_l(w)), For a given Ky, the initial value of 7; 1s now
given by 7 :@—1(1(0)_ Thus, we see that the optimal paths are given by (A.2) to
(A.5) with 79 = @_1(K0). Therefore, for any je N, we can see from (A.2) to (A.5)
that the profit of each industry on the equilibrium growth paths is given by

Il =PyQj; —K PJtD]K;’} K j

_(1—aj)mj _ 1_m] mJ
1-
. ajm; {(1 m;)G;—d; }t(ajmjn 1)1 a;m; em/G/tedjt
1 1

l-a;m; 7 l—a;m; o0t

={(ajm;) "My

_(a] ])
a;m 1 1 1

JJ —
lam la,m,Gt 1-a,;m; 1a,m,Gt
o " o

! S =(ajmj)
a;m; 1 -1
l-a;m l—a;m; l-a;m Gt
:{(ajmj) 7 _(ajmj) }77() 7
aym; -1
l—a;m —am; Git
I (1= ajmj)no I et

—{(a]m])

:(ajm])
Then, we see

for any je N. Finally, we prove the results on the asymptotic growth of Kj. We
define ¥ ={k € N:Gr =Gmax}. The growth rate of Kj; is given by

. _ Gyt
Ky EkeN{GkKkO/(f’ Gi)je
K _ Gyt

It EkeN{Kko/(r Gi)le
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D g Ok k0 (= G O =) 4 G D" Ko /(= Gina)
— (Gk_Gmax)t —
Doy Kk0 M =Gile + Kk (7= Gina)

where A4\ B is the difference of 4 and B. Therefore, since Gy < Gpax for any
ke N\¥, we see

agr(Kp)=lim; 5o Kj/ Kjp = Gax -
This completes the proof of Theorem 1.m

Proof of Corollary 2: The growth rates of the optimal growth path are given by

(A.11.1) gr(K ;) =gr(lj)=Gj,
(A.11.2) gr(Cj)=gr(Q)=m;G;+d;,
(A.11.3) gr(Pj)=(1-m;)G; -d;,

for any je N. On the other hand, we have

Ogr(Kj) dgridy) 0G; (r—sym;+d;

(A.12.1) 3 >0,
6aj 6a] 8a] (l_ajm])
(A.12.2) Ogr(Kje) _ogrlp) _0Gj | aj g >0
om j om omj; l—ajm; ’
(A 12 3) agl’(Kjt) _ agl”(]jt) _ an _ aj 50
Ogr(K ; ogr(l ; oG ;
(A.12.4) g7 ( ]t)z g7 ( ]t)= J__ 1 <0,
Os Os Os l—a;m;

for any je N. Thus, we see from (A.12) and Assumption 1 that

0gr(Cpr) _0r(Q0) _om;Gj+dy) _mlr—sym;+d}y

(A.13.1) :
6aj 8611 6aj (l_ajmj)z
(A13.2) Ogr(Cje) _0gr(Qjr) _o(m;Gj+d;) 1 G.>0.
(A13.3) Ogr(Cj) _0ogr(Qjr) o(m;G;+d;) 1 S0,
adj adj adj l—ajmj
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aS aS aS l_ajmj 5
Azs &) _old=m)Gj=dji (A=mp)ir=sim;j+d;i
da da j (1- ajmj)z
ogr(P; of(1- G d
Alse &) oldmm)Gjmdji -G, g =mpaj,
8mj am] 1— a]m]
l-a;
=-G; <0,
l—a;m;
(arzy B olm)Gimdjy  (Ammpay | 174
ad ; ad l—a;m; 1—a;m;
(A.13.8) Ogr(bj) _otd=-m;)Gj—-d;i _ 1-m;
8S aS l_ajmj

for any jeN. On the other hand, since agr(Kj)=max{G;:je N}, the results on
agr(Ky) follows directly from the results of (A.12). The equation (A.11) and the
inequalities in (A.13) complete the proof of the first half of Corollary 2. We next

prove the latter half.

(A.14.1) 0gr(K) _ o [ 4 ): L .o,
Oajod;  Oaj\1-ajm; (l—ajmj)z
(A.142) 0gr(Cie) _ & ( ! J: "o,
Oajod;  daj\1-a;m; (l—ajmj)z
(A.14.3) Oerly) _ a[ J A=mp) o,
Oajod;  Oaj\ l-ajm; (l—ajmj)2
(A.14.4) O*gr(K) _ & [ j >0,
om ;od ; 8mj l—a;m; | (1- ajmj)z
(A.14.5) 0erCin) _ @ [ ] >0,
om ;od ; 8mj l—a;m; ) (1- a]m])
(A.14.6) CarPi)_ 0 [— ]= (1=ay)e;
omjodj — omj\ l-ajmj)  (1-ajm;)?

By the same argument as above, the results on agr(Kj) follow directly from
(A.14.1) and (A.14.2). The inequalities of (A.14) now prove the proof of the latter
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half of Corollary 2. Thus, we complete the proof of Corollary 2.m

Proof of Theorem 2: Egs. (10.2) and (10.3) yield
re " = mPtD,Ktm_lL,l_me_rt.

Therefore, we have

(A.15) r=mBDk" .

The dynamic inverse demand equation (6) and the production function (8) yield

e(r—h—s)t ~ e(r—h—s)t e{r—h—s—(l—a)d}t

(A.16) P = — = ————= -
770€t1 a 770Dt(1 a)kt(l a)ym 770kt(1 a)m

Substituting Eq. (A.16) into Eq. (A.15) yields

e{r—h—s—(l—a)d}t me{r—h—s+ad}tktam—l

r=m Mk, = ,
UOkt(l_a)m o
so that & = (m/ngr) /1= 0 Now, define
no = m/l’k()l_am .

Then we have
ky =koeCrt, g, =c; =ko"e™ON.

Moreover, from Eq. (A.16), we have

(A.17.1) gr(B)=r—h—-s—(1-a)d—(1-a)yme gr(k;)

r—h—s—(—a)d —(1—qym =544

—am
_(=am){r—h—s—(-a)d}—(1-a)m(r—h—s+ad)
- 1—am
_ (I—am)(r—h—s)—(m—am)(r—h—s)

1—am
—(l—am)(d —ad)—(m—am)au
l—am
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_(A-m)(r—h—s)+(-m)ad —(1-am)d
1—am
1—am 1-m
1 rko B rko

A.17.2 B = = =
( ) 0 UOk(()l_a)m mk(()l—a)m m

=(1-m)Gh —d,

Therefore we obtain from Eq. (10.1) that

gr(W;) = gr(f)+megr(k,) = (1-m)Gj, + mGy = G,

Wo = (1—m)Pyk" _ (A=m)rky

On the other hand, The dynamic equation concerning the equilibrium path of capital

stock of the investment-goods firm becomes
kip = (r =k + 7 + Wy = Frey=(r = hkg —koe ¥

The solution of the differential equation is given by

k[t — kloe(r—h)t _JA e(r—h)(l‘—v)koeGhvdv
[0,¢]

Gyt
kg KO oy _Koe™
r—h-Gy r—h-Gy

Now, we set

ko
A.18 kg = )
(A.18) =706,
Then we have
k[t:k—oeGht
r—h—-Gy

and it follows from Assumption 4 that the transversality condition (10.7) is satisfied.
Finally, we determine the initial values of capital stocks of consumption-goods and
investment-goods firms. In the same way as before, by using Eq. (A.18) we calculate

the initial capital stocks of consumption-goods firm and investment-goods firm.

KOO :KIO +K0 :k10L0 +k0L0 = ;+1 koLo.
r—h—-aGy
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Therefore, initial values of capital stocks are given by

r—h—Gy,
Ko =koLo =——2=2h_ K,
O T Th=g,

koLo 1
r—h-Gy 1+r—-h-Gy

Ko =kroLo = Kop.

From Assumption 4, we see Ko< Kop and Ko < Koo. Moreover, we obtain the

following results on the profit:
(A19) ﬂt:Ht/Lt:HDtkl‘m_VVt_]t/Lt

1_ [ ]
_rky " =Gyt mmGyt _ (A=m)rko G0 Ky

m m Ly
_ rko eG”t _ (1—=m)rkg eGht _& _ I/'k()eGht _&'
m m L L

On the other hand, we have

* K K, L,-K;L; K
B e
t

L% Ly

Therefore, Eq. (A.18) yields

7y = kel —ky—koh = (r — G, — h)koe "'

Thus, we have gr(z;)= G . Thus we complete the proof of Theorem 2.l

Proof of Corollary 4: The growth rates of the optimal growth path are given by

(A.20.1) grky) = gr(W;) = Gp,
(A.20.2) gr(ct)=mGp +d,
(A.20.3) gr(B)=(1-m)Gp —d,

On the other hand, we have

ogr(ky) _ ogrkn) _ogr(Wy) _oGn _ -1

(A.21.1)
oh oh oh oh  1—am

26



ogr(ct) omGp+d) —m

(A21.2) <0,
oh Oh l1—am

a2ty CER)_S-mGi-d} _—(-m)
oh oh l—a;jm;

Thus, we see from (A.21) and Assumption 3 that

(A.22.1) azgr("f)zazgr(k”)=82gr(Wf):i( " j= "y
Oadh Oaoh Oaoh oa\l—am (1—am)2 ’
2 _ )
(A.22.2) Mzi( m j: m .
oadh oa\l—am (1—am)2
(A223) Mg[ L-m ) (A-mm _
oaoh oa\ 1—am (- am)z ’
(A22.4) azgr("f)zazgr(kh)zazgf(Wr):i( > j= 4
omoh omoh omoh om\ 1—am (l_am)z ’
(A.22.5) m:ﬁ( —m ]: —am___,
omoh om\1—am (1—am)2 ’
(A.22.6) Mi{lm] —a
omoh om\ l—am (1- am)2 ’

Thus, from Egs. (A.2) and (A.22), we complete the proof of Corollary 4.m
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Figure Captions

Figure 1. The effect of the elasticity of marginal utility on the form of the utility
function.

Figure 2: The effect of the elasticity of marginal utility on the relative scale of industry.

Figure 3: The @-unction.
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