-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by Online Research Database In Technology

Technical University of Denmark DTU
oo

Boundary feedback stabilization of distributed parameter systems
An application of pseudo-differential boundary operators

Pedersen, Michael

Published in:
Proceedings of the 27th IEEE Conference on Decision and Control

Publication date:
1988

Document Version
Publisher's PDF, also known as Version of record

Link back to DTU Orbit

Citation (APA):

Pedersen, M. (1988). Boundary feedback stabilization of distributed parameter systems: An application of
pseudo-differential boundary operators. In Proceedings of the 27th IEEE Conference on Decision and Control
(pp. 366-368). IEEE.

DTU Library
Technical Information Center of Denmark

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

e Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
e You may not further distribute the material or use it for any profit-making activity or commercial gain
e You may freely distribute the URL identifying the publication in the public portal

If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.


https://core.ac.uk/display/154333126?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://orbit.dtu.dk/en/publications/boundary-feedback-stabilization-of-distributed-parameter-systems(e8f334be-242e-4707-8691-21090e9f4e50).html

WA12 - 11:45

77 on Decision and Control
Austin, Texas ® December 1988

BOUNDARY FEEDBACK STABILIZATION OF DISTRIBUTED
PARAMETER SYSTEMS: An Application of Pseudo-
Differential Boundary Operators.

Michael Pedersen

Institute of Mathematics and Physics
Roskilde University Centre
4000 Roskilde DENMARK

ABSTRACT

The theory of pseudo-differential boundary operators
proves to be a fruitful approach to problems arizing in
control and stabilization theory of distributed parame-
ter systems. By use of the basic pseudo-differential ca~
lculus we can in a direct and simple way dbtain existen-
ce and stability theorems for boundary feedback semigro-
ups.

1. INTRODUCTION

In this paper we present a brief introduction to
the method of pseudo-differential stabilization as deve-
loped in [9], and based on the fundamentals from refs.
[3] and [4].

ILet A be a formally selfadjoint, uniformly strong-
ly elliptic differential operator of order 2m, with smo-
oth coefficients on 7 , where Q is an open, bounded set

in R%, n>l, with smooth boundary I'. The Dirichlet reali-
zation A_ of A is then the operator acting like A in
-z Y
L°(9), and with damain

D(a) = {uer®™(@)| yu =

Y 2m m
= H7(Q) n Ho(m .

_Here yvis the Dirichlet trace operator

0} (1)

W = (ulp, (/amuly .., 6/m™ a7 @

(3/9n)is the normal derivative, and Hz'“(sz) is the usual
Scbolev space of order 2m, consisting of Lz-functions

with Lz—derivatives up to order 2m.
The realization Ay is associated with the parabo-
lic evolution equation:

e

=Fu(x,t) + Au(x,t)

de yu(x,t)
u(x,0)

0 for x€Q and t> 0,
0 for xe and t> 0, (3)
u,(x) for xeq ;

and it is well known that AY is the infinitesimal gene-
rator of an analytic semigroup, exp(—AYt) , £20, on
LZ(Q) , giving the solution to (3) as

u(x,t) = exp(- AYt)uo(x) R (4)
for uoeLz(Q), xX€n and t3 0.
Since AY has a campact resolvent, the spectrum of AY

consists of a sequence of real eigenvalues, converging
to infinity. There are only finitely many negative ei-
genvalues, so we write them as a nondecreasing sequence

NS hs s e <0<l 5. (5)
where )‘K is the first positive eigenvalue. Moreover,

for simplicity assume that all the negative eigenvalues
are simple. Because of the negative eigenvalues of AY

88CH2531-2/88/0000-0366$1.00 © 1988 IEEE

there are initial data U, for which the corresponding

solution to (3) blows up ( in L2—norm )} as t tends to
infinity. This is easily cbserved from the spectral re-
presentation of the solution

G t) = 5 e (A0 (u,05)0(x)-, ()

vwhere the cpj, j=1,2,... 1is the set of eigenfunctions

and (.,.) is the usual L2 (@)=-inmner product. The boundary
stabilization problem is to design a boundary feedback
mechanism T'u, such that if the boundary condition yu=0
in (3) is replaced by a new boundary condition yu=T'u,
the resulting boundary feedback system is stable, in the

2(SZ) , the L2—norm of

sense that for any initial data u o€L

the corresponding solution goes to zero as t tends to
infinity. Moreover, the feedback mechanisms we consider
are of the form:

T'u = (u,w)g , 7)

where w€C™(Q) and g €C”(T) are functions to be determi-
ned. ( For certain choices of Q or if same of the nega-
tive eigenvalues have multiplicities > 1, the feedback
must consist of a sum of terms like (7); these technical
details are discussed in [5] and [9]).

II. THE FEEDBACK SYSTEM AND
THE PSEUDO-DIFFERENTTAL: TRANSFORMATION
The boundary feedback stabilization problem can be
stated as: ” .
Can we determine funetions w€C (), g€ C (T), such
that the boundary feedback system

0 for x€Q and t> 0,
(u,w)g(x) for x€Q and.for t-0,(8)
uo(x) for x€Q ’

%u(x,t) + Au(x,t)

(.

yulx,t)

1]

u(x,0)

is stable in the sense that the Lz—norm of a solution
u(x,t) is exponentially decreasing as t tends to infini-
ty, for any initial data u_€ 2@)?

The answer to the above problem is affirmative if
we assume that:

The negative eigenvalues are simple 9)

and

the Neumann traces (i.e. the normal boundary

derivatives of order > m)

(10)

3.,k
(g) 0 ‘I‘ , k =m,mtl,...,2n1,
j=1,2

12,00 K"1,

of the eigenfunctions ¢ 5 j=12,...,K1
are linearly independent.
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( When the assumptions (9)-(10) do not hold, the situ-
ation is more complicated and, in general, more terms
in the feedback are required ; for details, see [51,[6]
[7) and [9].)

The treatment of the system (8) is coamplicated by
the fact that the associated realization Ai‘ of the op-

erator A has the domain

D@ = wer™@| yu = (wgl , (1)
which in contrast to the damain for Ay is given by a
variable, non-local boundary condition. Consider now
the solution operator I& to the stationary Dirichlet

problem for A, i.e. KY maps ¢ into the solution u of

Au=0 in Q
yYa=¢ on T

l%'is a standard type of Poisson Operator, as defined

in the pseudo-differential boundary operator calculus,
(see [31,[4]). Moreover, the operator T' (7) is a stan-
dard type Trace Operator in this theory. However, the
most important property with respect to the problem at
hand is that the camposition KYT' is also a standard

operator of the class called Singular Green Operators,
( introduced in [2] ). The properties of Singular Green
Operators is throughly discussed in refs. [3] and [4].
In the present case we need only the fact that it is
possible to choose T' of the form (7), such that the
operator 1—K T' defines a hameamorphism and an isomor-

I:hism in H (Q) , such that

(12)

l-KYT H D(Al) - D(AY) . (13)

Then, if uED(Al), v= (l—KYT')u belongs to D(AY) and

Au = Av . This establishes in a precise manner the fac-
torization

A = AY(l-KYT') (14)
which can now be used in the discussion of (8).
The evolution problem

(d/atju + Au = 0, uED(Al) (15)
transforms by (13) and (14) into

(d/at) (l-KYT')-lv +Av=0, VEDA) (16)
or alternatively

(@/atyv + (1—1§T")Av =0, veb@) . a7

Since A is a differential operator with smooth coeffi-
clents, the operator G = —KYT' is also a Singular Green
Operator ( of finite rank ), so we dbserve that our fe-
edback problem (8) ( by the transformation (15)-(17) )
is in fact nothing but a finite dimensional perturbati-
on:

(d/dt)v+ Av +Gv =0 ,

veE D(AY) (18)
of the Dirichlet eyolution problem (3):
(d/at)v + Av =0 , VE D(AY) (19)

As shown in refs. [9] , [10] and [11] , the stabiliza-
tion of the system (18) is straightforward, as finite
dimensional pole placement techniques can be employed,
( cf.[12] ). The result is that under the assumptions
(9)-(10), the operator T' (7) can be chosen such that
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l—K T' has the abovementioned properties , and such that
the operator A + G with domain D(AY) = H @ n Hm(Q),
is the infinitesimal generator of an analytic semigroup,

exp(-(A+G)t), £>0, on L2, giving the solution to (18)
as:

v(x,t) = e’!p(—(A*G)t)VO(X) (20)
where €9 , 30, for initial data v€ 12(9).
Also ( what is the key point ):
Hiv(.,t) 11 €M exp(=-(g+e)thIv I, (21)

with M>1,e>0.
As shown in [9], the operator A,, with domain D(Al), is

then also the infinitesimal generator of an analytic
seMigrowp, exp(-A; t), £30, on 12(9), which is the tra-
nsform of the semigroup exp(-(A+G)t) under (1—K T'):

-1

exp(—Alt) = (l_KYT') exp(~-(AtG)t) (l—KY’I") (22)

for which we have the estimate

Jhu(.,t)1] ¢ M exp(-(gte)t) llu il , (23)

for the solution u(x,t) of (8).

The formmla (22) shows that when we impose a boun-
dary feedback on the originally "free” system (3), we
are performing a pseudo-differential"change of coordi-

nates" in the space Hz“(ﬂ) . The pseudo~differential ap~
proach allows us to obtain stabilization results on the
system (8}, together with other perturbations of the
free system (3), in a unified setting. Moreover, we can
consider hyperbolic problems as well as parabolic pro-
blems, as described in ref. [9] .
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