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A generalization of the Málaga atmospheric optical communications links treated as a finite number
of generalized-K distributed sub-channels is analyzed in terms of outage probability and outage
rate when its β parameter belongs to the set of real numbers. To the best of the author’s knowledge,
this is the first time that  is considered. The new analytical expressions derived in this paper
lead to a new physical and more realistic interpretation of atmospheric optical links, especially in
terms of performance.

Keywords: Málaga distribution, generalized-K distribution, atmospheric optical communications, atmos-
pheric propagation, atmospheric turbulence, scintillation.

1. Introduction
Atmospheric optical communications (AOC) systems are considered as a potential
alternative to provide high-data-rate, cost-effective, wide bandwidth communications
where fiber link deployment is impractical or deficient [1–4]. In this paper, a deeper
analysis of the AOC systems is presented [1–9]. Particularly in this type of scenario,
most widely accepted irradiance probability density function (PDF) models have led
to the consideration of a conditional random process [2, 4–6]. Among the efforts made
to obtain the most realistic statistical model valid in all turbulent regimes, a new and
generalized statistical model, called Málaga distribution (or M distribution), was recently
derived and validated [10] to characterize the irradiance fluctuations of an unbounded
optical wavefront (plane and spherical waves) propagating through a turbulent medium
under all irradiance fluctuation conditions in homogeneous, isotropic turbulence. This
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Málaga distribution unifies most of the irradiance statistical models for AOC proposed
in literature in a closed-form expression.

The behavior of the atmospheric optical channel is formed here as a superposition
of the finite number of generalized-K distributed sub-channels, controlled by a discrete
negative-binomial distribution dependent on the turbulence parameters. Namely, we
consider a new propagation model based on the unifying statistical Málaga distribution
including its recent reformulation detailed in [11]. To this end, the optical irradiance
intensity variation due to turbulent effects is modeled by a generalization of this dis-
tribution. Thus, the reformulation of the Málaga model analyzed here extends the re-
sults presented until now [8–16]. Those previous results are restricted to the case of
considering the effective number of small scale cells as a natural number, avoiding the
use of the infinite summation required in the generalized case. In any case, new com-
pletely accurate expressions for both the outage probability and the outage rate of the
system are obtained here for the first time when  Furthermore, numerical results
show a perfect alignment with our derived analytical expressions. Interestingly, a new
realistic physical interpretation rises through this process, offering a better understand-
ing of the behavior of optical beams traveling through turbulent atmosphere and paving
the way for practical AOC networks deployment as a prospective alternative to provide
broadband communication systems. 

2. Málaga statistical model for the turbulence
Consider a point-to-point AOC link using an on-off keying (OOK) modulation format
in an intensity modulation with direct detection (IM/DD) scheme. In this situation, the
time-dependent photocurrent at the detector output is written as

(1)

with R being the detector responsivity, whilst n(t) is the zero-mean additive white
Gaussian noise (AWGN) with variance  mainly limited by shot noise caused by am-
bient light much stronger than the desired signal but also by thermal noise in the elec-
tronics [17]. In addition, IRx represents the received optical irradiance, whereas IRx = I0I
comprises the product of the received irradiance in the absence of turbulence I0 and
the normalized scintillation induced irradiance I with E[I ] = 1, and with I  following
a Málaga statistical distribution. In this respect, the instantaneous electrical signal-to
-noise ratio (SNR) at the receiver can be expressed as 

(2)

where γ0 denotes the received electrical SNR in the ideal conditions of the absence of
atmospheric turbulence, with E[γ] = γ0, as detailed in [2]. It is worth noting that we
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suppose that the receiver can integrate the received photocurrent for an interval of time
shorter than the bit period during each bit period. 

3. Channel model
As mentioned, we assume a Málaga probability density function to characterize the
atmospheric turbulence-induced fading intensity I. Namely, I can be expressed as a prod-
uct of two random variables I = XY modeling the large (X ) and the small (Y ) scale
fading characteristic of the channel which are primarily due to refractive and diffractive
effects, respectively [7]. Accordingly, Fig. 1 shows its associated small-scale laser
transmission scheme. Three different signal components are distinguished, as detailed
in [10]. Thus, the received irradiance results in the contribution of a line-of-sight (LOS)
field component UL and two different scattered optical field components caused by the
small-scale fluctuations. The first one of these two scatter components  is the quasi
-forward optical signal scattered by the eddies on the propagation axis, which is supposed
to be coupled to the LOS term. The second one, , represents the classical scattering
optical field associated to the energy scattered by the off-axis eddies, which is statis-
tically independent of the other two components. Finally, there is a certain amount of
scattering power coupled to the LOS term [10]. 

Accordingly, the LOS average optical power is denoted by Ω = E[|UL|2], whereas
the average power of the total scatter component is denoted by 
On the other hand, the parameter ρ, being 0 ≤ ρ ≤ 1, represents the amount of scattering
power coupled to the LOS component. In this respect, the average power of the coupled
-to-LOS scattering term and the classic scattering component received by off-axis eddies
are given by ξc = ρξ and ξg = (1 – ρ)ξ, respectively. Then the average power of the co-
herent contributions can be defined as  with φL
and φC being associated to the LOS and to the dispersive component coupled to LOS,
respectively. 

Furthermore, as detailed in [11], the M-PDF can be reformulated through a mixture
of continuous generalized-K and discrete negative-binomial PDFs. This fact leads to
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Fig. 1. Laser beam propagation scheme under a Málaga distributed free space optical link.
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a novel and interesting physical interpretation of the Málaga statistical model since
the optical channel can be now considered as a superposition of different independent
sub-channels and described by a generalized-K PDF (KG). Remarkably, each sub-chan-
nel is modeled by a different inherent probability  associated to a Pólya distribu-
tion. That Pólya distribution is, in fact, a negative binomial one extended to a real
number of failures in an unknown number of total independent Bernoulli experiments. 

Therefore, and for the most generic case of an infinite number of such sub-channels,
the received irradiance PDF is written as

(3)

with α being a positive parameter related to the effective number of large-scale cells
of the scattering process, as discussed in [10], whereas Ik denotes the mean optical ir-
radiance of the k-th generalized-K term. The large-scale effects are assumed to be com-
mon to every small-scale sub-channel. Namely, this set of sub-channels is governed by
the small scale diffractive effects, with the lower sub-channel orders referring to more
adverse turbulence conditions. Thus, the AOC channel is therefore seen as a superpo-
sition of an infinite number of sub-channels, each one modeled with a generalized-K
distribution. Such sub-channels correspond to different optical paths depending on the
nature of all possible small-scale fluctuation sources. 

As detailed in [11], the generalized-K distribution can be expressed as 

(4)

where B = cd /I, with I = E[x] representing the average optical irradiance, whereas
a = c – d and b = c + d − 1, depending on two shape parameters, c and d. These two
shape parameters can directly describe different fading and shadowing scenarios de-
pending on their particular values, as indicated in [11]. Furthermore, Kv(·) denotes the
modified Bessel function of the second kind whereas Γ(·) is the gamma function. 

Moreover, the coefficient  of each generalized-K term informs about the prob-
ability that certain portion of the transmitted optical power travels through the k-th op-
tical path. It can be written, from the aforementioned Pólya distribution, by 

(5)

where the parameter p was already defined in [11] as 

(6)
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In Equations (5) and (6), β is a positive parameter related to the effective number
of small-scale cells of the scattering process. Thus, the optical intensity distribution
of each generalized-K distributed sub-channel is completely determined by the param-
eter  directly depending on the turbulence parameters. Thus, the amount of op-
tical intensity affected by the k-th sub-channel is written as 

(7)

Consider the cumulative density function (CDF) associated to the Pólya distribution
as depicted in Fig. 2. There, we can check that there exists a finite number of sub-chan-
nels kmax contributing in a significant manner to the small-scale scintillation. Accord-
ingly, we can neglect those values of k larger than kmax since the CDF associated to

 is less than (1 – ň), with ň representing the effect on the CDF of the negative bi-
nomial coefficient associated to the omitted terms. Thus, the CDF of the Pólya distri-
bution is (1 – Ip(k, β)), with Ip(k, β) representing the incomplete beta function, as
detailed in [11]. Hence, for the weak, moderate and strong turbulence conditions rep-
resented in Fig. 2, and taking ň = 0.01, i.e., guaranteeing a 99% accuracy in the Málaga
statistical model with  kmax = 38, 10 and 6. Thus, the PDF of generalized Málaga
model with  can be approximated with any required accuracy. Consequently,
Eq. (3) can be truncated as 

(8)

4. Link performance analysis
Considering the PDF shown in Eq. (8), new highly accurate closed-form expressions
can be obtained now for the outage probability and for the outage rate of an AOC sys-
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tem affected by generalized Málaga model with  under any regime of turbulence
strength. In all cases, a finite summation is solely required to be calculated. 

4.1. Outage probability

Since under typical turbulence conditions the atmospheric channel is considered as
a slow fading channel related to the transmission data rate, the outage probability be-
comes a figure of merit even more appropriate than the one represented by the average
bit error rate. The outage probability Pout offers relevant information on the reliability
of maintaining the instantaneous electrical SNR given in relation (2) below an estab-
lished target design criteria represented by γth. Mathematically speaking, the outage
probability is defined as 

(9)

where FI(I ) is the CDF of the irradiance whereas γn denotes the normalized SNR de-
fined by γn = γ0/γth.

Now consider the PDF shown in Eq. (8). Then new highly accurate closed-form
expressions can be obtained for the outage probability of an AOC system affected by
generalized Málaga model under any turbulence regime. In all cases, a finite summa-
tion is only required, as already indicated. Therefore, and after some analytical treat-
ment from Eq. (9), the outage probability can be expressed as

 (10)

after obtaining the CDF FI(I) of the irradiance from the integration of Eq. (8), whereas
 is the outage probability due to the signal part propagating through the k-th

generalized-K sub-channel, which can be obtained from the corresponding CDF of the
generalized-K distribution  Namely, we need to express the Bessel-K function

in terms of a Meijer-G via Eq. (03.04.26.0009.01) in [18]. Then, the outage probability
 can be expressed as an analytical closed-form expression by applying

Eq. (07.34.21.0013.01) from [18], as follows:

(11)
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where B = α/ξg. Finally, the resultant Pout for the AOC link is immediately obtained
by substituting relations (11) into (10). 

4.2. Outage rate

In general terms, the outage probability analyzed in the previous subsection can be also
defined as the probability that the instantaneous channel capacity is below the outage
capacity Cout. Therefore, the outage probability also provides information about the
probability that any data rate could not be accomplished by the system with the desir-
able quality, and then the outage rate arises as a valuable figure of merit to analyze the
performance limit considering the maximum achievable data rate. In this respect, the
maximum achievable data rate can be obtained by the outage capacity Cout, when the
instantaneous SNR at the receiver reaches any predetermined threshold received SNR,
i.e., γ = γth, since the outage capacity is defined as the instantaneous channel capacity
associated with γth as follows: 

Cout = log2(1 + γth) (12)

In the simple situation of considering a constant data rate of value Rb = Cout, the
sequence of transmitted data will be correctly received when the system is not in out-
age, what occurs with a probability of (1 – Pout). Hence, we can calculate Rout as fol-
lows:

Rout = (1 – Pout)log2(1 + γth) (13)

5. Numerical results
This section addresses both the outage probability and outage rate performance inves-
tigation of the proposed truncated version of the generalized Málaga model. Concrete-
ly, Fig. 3 presents the total outage probability under moderate and strong turbulence
of the Málaga channel (represented by solid lines) and directly obtained from Eq. (10),
with its corresponding Monte Carlo simulation results (displayed as circles) including
all possible sub-channels. In addition, it is depicted that their respective performance,
associated to the signal propagation through each of the first 10 (for the case of moderate
turbulence) or 6 (for strong turbulence intensity) single sub-channels (shown by dashed
lines) taking into account the effect of weighting (i.e., the Pólya coefficient ),
required to calculate the outage probability. The values of those coefficients are
[0.0905, 0.1768, 0.2035, 0.1799, 0.1349, 0.0903, 0.0557, 0.0322, 0.0177, 0.0093] and
[0.4312, 0.3080, 0.1540, 0.0660, 0.0259, 0.0096] for the moderate and the strong tur-
bulence intensities represented in Fig. 3, respectively.

Namely, Fig. 3a represents the behavior of the outage probability under a typical
moderate turbulence regime (the selected turbulence parameters shown in the legend
correspond to a variance of  = 0.68) whereas Fig. 3b was obtained under strong
turbulence conditions (  = 1.73). As expected, for the lower-order generalized-K
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sub-channels the outage probability tends to dramatically increase. Nevertheless, the
higher-order sub-channels present more favorable behaviors.

In order to obtain a better comprehension of the process, Fig. 4 shows in isolation
the lower-order generalized-K sub-channels involved in the generation of the total out-
age probability of Fig. 3, i.e., the behavior of  for k = 1, …, 10 (moderate tur-
bulence, Fig. 4a) and for k = 1, …, 6 (strong turbulence, Fig. 4b) without the effect of
the Pólya coefficients 
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Figure 5 presents the outage rate results against the outage probability for moderate
and strong values of atmospheric turbulence, where the same simulation conditions
than those described to obtain previous results are again assumed. To avoid confusion
induced by displaying multiple figures, we have decided here to include the effect of
the Pólya coefficients  in the behavior of different sub-channels involved in the pro-
cess. In both turbulence regimes, it can be noted that the outage point for this rate is lower
for higher sub-channels where, as expected, the higher Pout, the lower Rout. Figure 5
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shows that Rout can be maximized by properly selecting the target threshold γth opti-
mizing the link performance under changing turbulence conditions.

6. Conclusions
In this paper, the performance analysis of generalized-Málaga AOC links has been
analyzed in terms of two figures of merit: the outage probability and outage rate. Ac-
cordingly, the behavior of this Málaga channel has been treated as an extremely high
accurate superposition of a finite number of generalized-K distributed sub-channels,
controlled by a discrete negative-binomial distribution (strictly speaking, a Pólya dis-
tribution) dependent on the turbulence parameters. Remarkably, the derived new ex-
pressions along with the associated physical interpretation lead to a valuable tool for
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analyzing the performance of atmospheric optical links, providing the bases for prac-
tical AOC networks deployment as a prospective alternative to offer broadband com-
munication services not only to remote and isolated areas, but also to eventual scenarios
such as disaster recovery, temporary entertainment events, surveillance or monitoring
purposes.
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