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Abstract—Fractional-slot concentrated windings (FSCW) are
becoming more and more popular in the design of permanent mag-
net electric machines. A well-known drawback of their adoption is
the occurrence of large magneto-motive force (MMF) harmonics,
which produce eddy-current losses in rotor permanent magnets.
The use of a multi-layer design, with coils of different phases wound
around the same tooth, is a possible countermeasure to mitigate
the problem. In this paper, a new general systematic methodol-
ogy is proposed to optimize the multilayer FSCW design in the
form of a multi-objective quadratic programming problem. The
maximization of the MMF fundamental and the minimization of
total rotor losses are taken as properly weighed objective functions.
Constraints are imposed to guarantee the physical feasibility and
the electric symmetry of the winding. An application example to a
9-slot 8-pole machine is presented, together with extensive valida-
tions by comparison with finite element analysis (FEA) simulations,
to prove the effectiveness of the proposed technique.

Index Terms—Concentrated winding, design optimization, eddy
current losses, fractional slot, multilayer, quadratic programming,
surface permanent magnet.

I. INTRODUCTION

THE use of fractional-slot concentrated windings (FSCW)
in the design of permanent magnet synchronous machines

is becoming more and more popular [1] thanks to various ad-
vantages like improved manufacturability and modularity [2],
increased flux weakening performance [3], fault tolerance fea-
tures [4], reduced end-coil and overall axial length [5]. A
well-known drawback of FSCWs is the presence of large
magneto-motive force (MMF) space harmonics (especially sub-
harmonics), which cause eddy-current losses in the rotor, with
possible consequent overheating and demagnetization issues
[6], [7]. Various provisions have been proposed in the litera-
ture to reduce FSCW MMF harmonics such as combined star-
delta connections among the coils of a phase [8] and use of
multi-phase configurations [9]; the most common and promis-
ing countermeasure is, however, the adoption of multi-layer ar-
rangements in which more coils, belonging to different phases,
are wound around the same tooth [10]–[17]. The simplest form
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of this design, considered in [11]–[13], is a four-layer winding
with two identical coils wound on the same tooth. Through a
suitable assignment of the phases to tooth coils, it is possible to
reduce or even cancel MMF subharmonics [4], [10], [11]–[13].
However, since 2004 it has been observed that, in a multilayer
FSCW, even better results can be achieved if unequal coils, hav-
ing different number of turns, are employed [14]–[17]. Mostly
based on a case-by-case reasoning and through the star-of-slot
method [10], it has been proven that suitably selecting the num-
ber of turns of the various tooth coils can result in the cancella-
tion of a given MMF harmonic or subharmonic at the expense
of a reduction in the MMF fundamental magnitude [15]–[17].
Nevertheless, the question is left unanswered as to whether the
proposed solution, identified as “optimal”, can be actually fur-
ther improved through some different arrangement of the tooth
coils and a different selection of their number of turns.

This paper presents a new general, systematic and fully-
automated approach to the optimization of a three-phase mul-
tilayer FSCW for a surface-mounted permanent magnet (SPM)
machine, assuming two arbitrarily weighed objectives: maxi-
mizing the MMF fundamental on one side and minimizing the
total rotor losses (not a specific MMF harmonic) on the other.
Constraints are imposed to guarantee that the winding is fea-
sible using (non-overlapping) tooth coils [4] and is electrically
symmetric. The optimization is formulated as a dual-objective
quadratic programming problem subject to linear constraints,
which can easily be solved using existing computationally-
efficient algorithms [18].

The paper is organized as follows. In Section II, the model of
a multilayer FSCW is introduced and its air-gap MMF harmon-
ics are analyzed. In Section III, an analytical model is described
to compute magnet eddy-current losses produced by MMF har-
monics. Section IV defines the optimal design of the FSCW in
the form of a multi-objective quadratic programming problem.
Section V presents an example of solution and validates the
design optimization procedure through FEA simulations.

II. MULTILAYER FSCW MODEL AND MMF ANALYSIS

A. Multilayer FSCW Model

For a multilayer FSCW machine, each of the Z stator teeth
is assumed to have the structure shown in Fig. 1(a). In general,
three coils are wound around it, one for each of the three phases
a, b and c. Choosing a conventional positive direction for the
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Fig. 1. (a) Phase sub-coils wound on the kth turn are relevant amperturns;
(b) Equivalent configuration with six sub-coils per tooth.

Fig. 2. (a) Phase current phasors. (b) Equivalent sub-phase phasors.

current (e.g., positive if entering the page, negative otherwise),
the numbers of turns Nk,a , Nk,b and Nk,c of the three coils
must be taken positive or negative depending on the direction
of the relevant currents ia , ib and ic . Hence, calling N0 the
total number of turns which can be wound around a tooth, the
following constraint must hold:

|Nk,a | + |Nk,b | + |Nk,c | ≤ N0 (1)

and the total amperturns flowing around the kth tooth are:

Nk,a ia + Nk,bib + Nk,cic . (2)

Regardless of the objective function, the FSCW optimal de-
sign implies determining the number of turns Nk,a , Nk,b and
Nk,c (design variables) for any k = 0, 1, . . . , Z−1 under suit-
able constraints, including (1).

The optimization approach proposed in this paper, based on
quadratic programming, can be applied if the objective function
is a linear or quadratic function of the design variables [18].
Moreover, it requires the constraints to be linear equalities or
inequalities. Therefore, (1) is unfit as a constraint due to its
intrinsic non-linear nature with respect to the design variables
Nk,a , Nk,b and Nk,c . To get round the problem, it is convenient
to introduce a system of fictitious “sub-currents” i0 , i1 , i3 , i4 ,
i5 , whose phasors are shown in Fig. 2 together with the phasors
of the physical currents ia , ib and ic . It is easily seen that

ia = i0 = −i3 , ib = i2 = −i5 , ic = i4 = −i1 . (3)

Fig. 3. Air-gap MMF produced by the kth wound tooth energized with a total
current ik (t).

With such a choice, each phase coil wound on the kth tooth
can be split into a couple of “sub-coils” having the same overall
number of turns, as shown in Fig. 1(b). As a result, six sub-coils
are wound around the tooth, each composed of Nk,j ≥ 0 turns
with j = 0, 1, . . . , 5, such that

Nk,0 + Nk,1 + Nk,2 + Nk,3 + Nk,4 + Nk,5 ≤ N0 . (4)

The amperturns flowing around the kth tooth are now:

Nk,0i0 + Nk,1i1 + Nk,2i2 + Nk,3i3 + Nk,4i4 + Nk,5i5 . (5)

For the configurations depicted in Fig. 1(a) and Fig. 1(b) to
be equivalent in terms of air-gap MMF, we must impose that (2)
and (5) be equal. Based on (3), this happens if:

Nk,a = Nk,0 − Nk,3 ,

Nk,b = Nk,2 − Nk,5 , Nk,c = Nk,4 − Nk,1 . (6)

The model assumed in the rest of the paper is therefore that
shown in Fig. 1(b), which is equivalent to the physical con-
figuration (Fig. 1(a)) under the assumption (6). Accordingly,
the design variables will be the positive or null quantities Nk,j

subject to the linear constraint (4). Taking the phase “a” (or
sub-phase “0”) as a reference, the currents flowing in the six
sub-coils of each tooth will be:

ij (t) = I0 cos
(
ωt − π

3
j
)

, (7)

where I0 and f are the phase current amplitude and frequency,
ω = 2πf and j = 0, 1, . . . , 5.

B. Air-Gap MMF Harmonic Computation

In order to optimize the FSCW design with respect to its
space harmonic content, it is necessary to derive an explicit
expression for the air-gap MMF harmonics as functions of the
design variables identified in the previous subsection, i.e., the
numbers of turns Nk,j .

In the hypothesis of unsaturated stator and rotor cores, the
air-gap MMF due to the entire winding can be computed by
summing the contributions of each tooth. For the kth tooth,
the air-gap MMF Mk (θ, t) due to its amperturns (5) has the
waveform shown in Fig. 3, where τs = 2π/Z and [19]:

M ′
k (t) =

Z − 1
Z

∑
j=0..5

Nk,j ij (t), M ′′
k (t) =

−1
Z

∑
j=0..5

Nk,j ij (t).

(8)
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Using Fourier series, the expression for Mk (θ, t) is [19]:

Mk (θ, t) =

⎛
⎝ ∑

j=0..5

Nk,j ik (t)

⎞
⎠
( ∑

n=1..∞
an cos (nθ)

)
(9)

with an given by:

an =
2
π

1
n

(−1)n sin
(

π n (Z − 1)
Z

)
. (10)

Summing over all the teeth (displaced by 2π/Z apart) and
substituting (8), the total air-gap MMF is:

M(θ, t) =
∑

k=0..Z−1

Mk

(
θ − k

2π

Z
, t

)
=

∑
k=0..Z−1

∑
j=0..5

∑
n=1..∞

anNk,j I0 cos
(
ωt − j

π

3

)
cos

(
nθ − nk

2π

Z

)
(11)

Equation (11) can be manipulated using the identity

cos
(
ωt − j

π

3

)
cos

(
nθ − nk

2π

Z

)

= Re
{

ei(ωt−j π
3 ) 1

2

[
ei(nθ−nk 2 π

Z ) + e−i(nθ−nk 2 π
Z )

]}
(12)

and, after few passages, can be put in the following form:

M(θ, t) = Re

{ ∑
n=1..∞

[
m−

n ei(ωt−nθ) + m+
n ei(ωt+nθ)

]}

= Re

{ ∑
n=1..∞

[∣∣m−
n

∣∣ ei(ωt−nθ+arg(m−
n ))

+
∣∣m+

n

∣∣ ei(ωt+nθ+arg(m+
n ))

]}

=
∑

n=1..∞

[∣∣m−
n

∣∣ cos
[
ωt − nθ + arg

(
m−

n

)]

+
∣∣m+

n

∣∣ cos
[
ωt + nθ + arg

(
m+

n

)]]
(13)

where

m−
n =

anI0

2

∑
k=0..Z−1

∑
j=0..5

Nk,j e
i(− π

3 j+kn 2 π
Z ) (14)

m+
n =

anI0

2

∑
k=0..Z−1

∑
j=0..5

Nk,j e
i(− π

3 j−kn 2 π
Z ) (15)

are the complex coefficients for the nth − order MMF space
harmonics respectively revolving in the same (sign “−”) and
opposite (sign “+”) direction with respect to the rotor.

A more compact expression for (14), (15) can be obtained if
all the variables Nk,j are grouped into a single 6Z-sized “turn
vector” x defined as follows:

x =
(
N0,0 · · ·N1,5 | N1,0 · · ·N1,5 | · · · |NZ−1,0 · · ·NZ−1,5

)T
,

(16)
such that

[x]6k+j = Nk,j ∀j = 0..5, k = 0..Z − 1. (17)

This allows for (14), (15) to be written as:

m±
n =

anI0

2

∑
h=0..6Z−1

[x]hei[− π
3 mod (h,6)∓n 2 π

Z floor(h/6)]

= v±T
n x (18)

where mod(x, y) and floor(x, y) respectively return the reminder
and integer part for the division of x by y and the complex vectors
v+

n and v−
n are defined as follows:

[
v±

n

]
h
=

1
2
anI0e

i[− π
3 mod (h,6)∓n 2 π

Z floor(h,6)] ∀h = 0..6Z − 1
(19)

Based on (18), the air-gap space harmonic amplitudes appear-
ing in (13) can be then expressed as:

∣∣m±
n

∣∣ =
√

m̄±
n m±

n =
√

(v±T
n x) (v±T

n x)

=
√

(v±T
n x)

T
(v±T

n x) =
√

xT v̄±
n v±T

n x =
√

xT H±
n x (20)

where overlines indicate complex conjugates and H±
n are the

symmetric 6Z × 6Z matrices defined as follows:

H±
n = v̄±

n v±T
n . (21)

According to this definition, H±
n are complex-valued matri-

ces. However, we observe that, being the x vector (16) real, from
(20) one can write:

∣∣m±
n

∣∣2 = Re
{∣∣m±

n

∣∣2} = xT Re
{
H±

n

}
x = xT Q±

n x, (22)

where Q±
n = Re{H±

n } are real-valued symmetric matrices.
Based on (21), they can be computed as:

Q±
n = Re

{
v̄±

n v±
n

T
}

= Re
{
v±

n

}
Re

{
v±

n
T
}

+ Im
{
v±

n

}
Im

{
v±

n
T
}

(23)

C. Single Phase Contribution to the MMF Fundamental

One of the constraints to be imposed for the FSCW optimiza-
tion will be the symmetry of the three-phase system. In order to
formalize this constraint, it is useful to identify the contribution
of the three phases to the MMF fundamental. The latter is ob-
tained from (13) considering only the harmonic order n equal to
the number of pole pairs p and revolving in the same direction
as the rotor, that is:

Mf und(θ, t) = Re
{

m−
p ei(ωt−pθ)

}
. (24)

Substitution of (18) into (24) gives:

Mf und(θ, t) = Re
{
v−

p
T xei(ωt−pθ)

}
. (25)
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Fig. 4. kth wound tooth configuration when the turn vector is equal to
(a) xa = Ka x; (b) xb = Kbx; (c) xc = Kcx.

To determine the MMF fundamentals due to the three phases
individually, we introduce the following 6 × 6 matrices:

K6a =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, K6b =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

,

K6c =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

, 06 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(26)

and use them to build the following 6Z × 6Z matrices:

Ka =

⎛
⎜⎜⎜⎝

K6a 06 · · · 06
06a K6a · · · 06

...
...

. . .
...

06 06 · · · K6a

⎞
⎟⎟⎟⎠ , Kb =

⎛
⎜⎜⎜⎝

K6b 06 · · · 06
06 K6b · · · 06
...

...
. . .

...
06 06 · · · K6b

⎞
⎟⎟⎟⎠ ,

Kc =

⎛
⎜⎜⎜⎝

K6c 06 · · · 06
06 K6c · · · 06
...

...
. . .

...
06 06 · · · K6c

⎞
⎟⎟⎟⎠ . (27)

It can be easily seen that, when summed together, the matrices
in (27) give the 6Z × 6Z identity matrix I6Z . Hence, the turn
vector x can be also written as:

x = I6Z x = (Ka + Kb + Kc)x = xa + xb + xc (28)

where

xa = Kax, xb = Kbx, xc = Kcx. (29)

Considering the structure of Ka and of the turn vector x, it
is apparent that xa represent a new FSCW where the number
of turns for sub-phases “0” and “3” (corresponding to “a” and
“−a”, Fig. 2) is the same as in x while all the other sub-phases
are set to have zero turns. As an example, the winding configu-
ration identified by the turn vector xa is shown in Fig. 4(a) for
the kth tooth. Similarly, Figs. 4(b) and 4(c) show the winding

configurations identified by the turn vectors xb and xc , where
only the turns of phases “b” and “c” are considered, respectively.

Substitution of (28) into (25) gives:

Mf und(θ, t) = Re
{
v−

p
T (xa + xb + xc) ei(ωt−pθ)

}

= Mf und,a(θ, t) + Mf und,b(θ, t) + Mf und,c(θ, t), (30)

where Mf und,a , Mf und,b and Mf und,c are:

Mf und,a(θ, t) = Re
{
v−

p
T xaei(ωt−pθ)

}

=
∣∣v−

p xa
T
∣∣ cos

(
ωt − pθ + arg(v−

p
T xa)

)
, (31)

Mf und,b(θ, t) = Re
{
v−

p
T xbe

i(ωt−pθ)
}

=
∣∣∣v−

p
T xb

∣∣∣ cos
(
ωt − pθ + arg(v−

p
T xb)

)
, (32)

Mf und,c(θ, t) = Re
{
v−

p
T xce

i(ωt−pθ)
}

=
∣∣∣v−

p
T xc

∣∣∣ cos
(
ωt − pθ + arg(v−

p
T xc)

)
(33)

and represent the MMF fundamentals produced by the three
phases a, b and c individually.

In order for the winding to be symmetric, the three sinu-
soidal waves in (31)–(33) must be equal in magnitude and
phase, which implies the equality of the three complex num-
bers v−T

p xa , v−T
p xb and v−T

p xc , i.e.,:

Re
{

v−p
T (xb − xa)

}
= Im

{
v−p

T (xb − xa)
}

= 0,

Re
{

v−p
T (xc − xb)

}
= Im

{
v−p

T (xc − xb)
}

= 0, (34)

Considering (29), this results in the following set of linear
constraints to be applied to the turn vector x:

Re
{

v−
p

T (Kb − Ka)
}

x = Im
{

v−
p

T (Kb − Ka)
}

x = 0

Re
{

v−
p

T (Kc − Kb)
}

x = Im
{

v−
p

T (Kc − Kb)
}

x = 0

(35)

III. CALCULATION OF MAGNET EDDY-CURRENT LOSSES

One of the objectives of the FSCW optimization is reducing
the eddy-current losses which arise in the magnets as a con-
sequence of the air-gap MMF harmonics analyzed in II.B. To
this end, it is important to have a fast but accurate formula that
expresses the eddy-current losses produced in the magnets by
each of the stator MMF space harmonic. In the literature, the
problem has been often addressed through conformal transfor-
mations leading to a linear geometry for the air-gap [6]. How-
ever, the use of conformal transformations for energy or loss
computation can introduce some inaccuracies [20]. For this rea-
son, it is found safer to consider a circular air-gap model like
that shown in Fig. 5 as described next.
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Fig. 5. Geometric model for the analysis of magnet eddy-current losses due
to air-gap MMF harmonics.

A. Model for Magnet Loss Computation

With regard to Fig. 5, the following simplifications are as-
sumed: stator slotting is neglected; stator and rotor cores are
assumed infinitely permeable; rotor magnets are modeled as
a continuous annulus with magnetic permeability μ and elec-
tric conductivity σ. Introducing a rotor-attached polar reference
frame with coordinates r and θr (which revolves at ω/p radians
per second) and calling θ the angular position of a generic point
P in the stator reference frame, its position θr with respect to
the rotor is such that

θ = θr +
ω

p
t. (36)

Substitution of (36) into (13) leads to express the stator MMF
in rotor coordinates as follows:

M

(
θr +

ω

p
t, t

)
= Re

{ ∑
n=1..∞

[
m−

n ei(ω(1−n
p )t−nθr )

+m+
n ei(ω(1+n

p )t+nθr )
]}

(37)

In the model shown in Fig. 5, stator MMF is represented by
an equivalent linear current distribution λ(θr , t), spread around
the stator bore surface, such that [19]:

λ (θr , t) =
1

Rs

∂

∂θr
M

(
θr +

ω

p
t, t

)
, (38)

This naturally imposes a tangential component of the air-gap
magnetic field at r = Rs given by:

Hθ (θr , t)|r=Rs
= λ (θr , t)

=
1

Rs
Re

{ ∑
n=1..∞

[
−n m−

n ei(ω(1−n
p )t−nθr )

+n m+
n ei(ω(1+n

p )t+nθr )
]}

(39)

Such magnetic field can be expressed by the following com-
plex phasors (functions of θr ):

H±
θ (θr )

∣∣
r=Rs

= ± 1
Rs

∑
n=1..∞

n m±
n e±inθr , (40)

associated to the rotor frequencies:

ω±
n = ω (1 ± n/p) . (41)

B. Determining the Vector Potential in the Magnet Region

Given the generic nth − order harmonic, associated to the
rotor frequency ω±

n , we shall call U±
n (θr , r) and V ±

n (θr , r) the
complex vector potentials it produces respectively in the gap and
magnet regions. The two vector potentials obey to the following
Laplace’s and Helmholtz’s differential equations [21]:

∂2U±
n

∂r2 +
1
r

∂U±
n

∂r
+

1
r2

∂2U±
n

∂θr
2 = 0, Rm ≤ r ≤ Rs (42)

∂2V ±
n

∂r2 +
1
r

∂V ±
n

∂r
+

1
r2

∂2V ±
n

∂θr
2 = iω±

n μσV ±
n , Rr ≤ r < Rm

(43)

where Rr , Rm and Rs are the radii shown in Fig. 5. The general
solution for (42), (43) is assumed in the form below [21]:

U±
n (r, θr ) =

(
A±

n rn + B±
n r−n

)
e±inθr , (44)

V ±
n (r, θr ) =

[
C±

n Jn

(
κ±

n r
)

+ D±
n Yn

(
κ±

n r
)]

e±inθr , (45)

where: Jn (·) and Yn (·) are the nth − order Bessel functions
of the first and second kind; A±

n , B±
n , C±

n and D±
n are complex

coefficients depending on boundary conditions; κ±
n is a complex

coefficient such that (κ±
n )2 = −iσμω±

n , i.e.,:

κ±
n =

√
−iσμω±

n = (1 − i)
√

σμω±
n /2. (46)

To determine coefficients A±
n , B±

n , C±
n and D±

n , the following
boundary conditions are established:

± 1
Rs

n m±
n e±inθr = − 1

μ0

∂U±
n

∂r

∣∣∣∣
r=Rs

, (47)

∂U±
n

∂θr

∣∣∣∣
r=Rm

=
∂V ±

n

∂θr

∣∣∣∣
r=Rm

,
∂U±

n

∂r

∣∣∣∣
r=Rm

=
∂V ±

n

∂r

∣∣∣∣
r=Rm

,

(48)

∂V ±
n

∂r

∣∣∣∣
r=Rr

= 0, (49)

where: (47) imposes that the magnetic field tangential compo-
nent at r = Rs be equal to that given by (40); equations (48)
impose the continuity of the radial and tangential field compo-
nents across the boundary (r = Rm ) between the gap and the
magnets; (49) imposes that the magnetic field be purely radial
on r = Rr . Equations (47)–(49), after the substitution of (44),
(45), result in a linear system from which the coefficients C±

n

and D±
n can be determined as follows:

C±
n = −2iμ0nϕ±

n m±
n

Δ±
n RsRm

2 , D±
n =

2iμ0nε±n m±
n

Δ±
n RsRm

2 , (50)

where ε±n , ϕ±
n and Δ±

n are defined by (51)–(56):

Δ±
n =

(
β±

n ε±n − α±
n ϕ±

n − iδ±n ε±n + iχ±
n ϕ±

n

)
Rs

n−1Rm
−n−1

+
(
α±

n ϕ±
n − β±

n ε±n − iδ±n ε±n + iχ±
n ϕ±

n

)
Rm

n−1Rs
−n−1

(51)

α±
n = i n Jn

(
κ±

n Rm

)
Rm

−1 , β±
n = −i n Yn

(
κ±

n Rm

)
Rm

−1 ,
(52)

χ±
n = −κ±

n Jn+1
(
κ±

n Rm

)
+ nRm

−1Jn

(
κ±

n Rm

)
, (53)
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δ±n = −κ±
n Yn+1

(
κ±

n Rm

)
+ nRm

−1 Yn

(
κ±

n Rm

)
, (54)

ε±n = κ±
n Jn+1

(
κ±

n Rr

)− nRr
−1Jn

(
κ±

n Rr

)
(55)

ϕ±
n = κ±

n Yn+1
(
κ±

n Rr

)− nRr
−1Yn

(
κ±

n Rr

)
(56)

C. Determining Magnet Losses

Once the vector potential (45) in the magnet region is eval-
uated through (50)–(56), the eddy current density phasor j±n in
the magnets due to the nth − order harmonic is also known
as [21]:

j±n (r, θr ) = −iω±
n σV ±

n (r, θr ) . (57)

The eddy current losses P±
n in the magnet region due to the

nth − order harmonic will then be [21]:

P±
n =

L

2σ

∫ 2π

0

∫ Rm

Rr

∣∣j±n (r, θr )
∣∣2r drdθr

= π Lω±2
n σ

∫ Rm

Rr

∣∣C±
n Jn

(
κ±

n r
)

+ D±
n Yn

(
κ±

n r
)∣∣2r dr

(58)

where L is the machine axial length. By substituting (50) into
(58), one obtains:

P±
n =

4πμ0
2n2Lω±

n
2
σ

Rm
4Rs

2 |Δ±
n |2

∣∣m±
n

∣∣2

×
∫ Rm

Rr

∣∣ε±n Yn

(
κ±

n r
)− ϕ±

n Jn

(
κ±

n r
)∣∣2r dr = p±n

∣∣m±
n

∣∣2

(59)

where p±n gives the losses due to the nth − order MMF har-
monic, associated to the rotor frequency ω±

n and having a unit
magnitude, i.e.,:

p±n =
4πμ0

2n2Lω±
n

2
σ

Rm
4Rs

2 |Δ±
n |2

∫ Rm

Rr

∣∣ε±n Yn

(
κ±

n r
)− ϕ±

n Jn

(
κ±

n r
)∣∣2r dr.

(60)
It is known that the superposition principle can be applied to

the losses caused by different MMF harmonics [22]. Therefore,
the total losses Ploss in the magnets are

Ploss =
∑

n=1..∞

(
P+

n + P−
n

)
=

∑
n=1..∞

(
p+

n

∣∣m+
n

∣∣2 + p−n
∣∣m−

n

∣∣2)

(61)
and, using (22), they can be written as:

Ploss =
∑

n=1..∞

(
p+

n xT Q+
n x + p−n xT Q−

n x
)
.

= xT

[ ∑
n=1..∞

(
p+

n Q+
n + p−n Q−

n

)
]
x (62)

The total magnet losses are thus expressed as a quadratic
function of the turn vector x.

IV. QUADRATIC PROGRAMMING PROBLEM FORMULATION

At this point of the treatment, we have all the equations
ready to define the FSCW optimal design as a quadratic

programming problem. For this purpose, we shall separately
identify the objective function and the constraints.

A. Objective Function

The optimal design of the multilayer FSCW is, intrinsically, a
dual-objective optimization problem: one objective is maximiz-
ing the MMF fundamental (or, equivalently, the winding factor);
the other is to minimize rotor losses due to MMF space harmon-
ics. In more formal terms, we can introduce the two objective
functions below:

ff und (x) = −∣∣m−
p

∣∣2 = −xT Qpx, (63)

floss (x) = xT

[ ∑
n=1..∞

(
p+

n Q+
n + p−n Q−

n

)
]
x. (64)

The former returns minus the square of the magnitude of the
MMF fundamental based on (22); the latter returns the total
magnet losses due to MMF harmonics based on (62). Both
functions are to be minimized.

An effective way to cope with dual-objective optimization
problems is it to simplify them into a single-objective form
though a weighed sum. For example, we can define a weighing
coefficient w � [0, 1] and generate the following w-dependent
objective function:

fw (x) = (1 − w) ff und (x) + w floss (x) =

xT

[
− (1 − w)Q−

p + w
∑

n=1..∞

(
p+

n Q+
n + p−n Q−

n

)
]
x = xT Fwx,

(65)

where the 6Z × 6Z real symmetric matrix Fw is given by:

Fw = (w − 1)Q−
p + w

∑
n=1..∞

(
p+

n Q+
n + p−n Q−

n

)
. (66)

Equation (65) therefore defines the total quantity to be mini-
mized. Of course, the optimization is expected to yield different
results depending on the value assigned to w.

B. Constraints

As discussed in II.A, the first constraint relates to the maxi-
mum number of turns N0 which can be accommodated around a
wound tooth. The condition, expressed by (4) for the kth tooth,
can be formulated compactly for all the teeth using the turn
vector x as follows:

A1x ≤ b1 . (67)

where A1 is the Z × 6Z matrix and b1 is the Z-sized vector
below:

A1 =

⎛
⎜⎜⎜⎝

11×6 01×6 · · · 01×6
01×6 11×6 · · · 01×6

...
...

. . .
...

01×6 01×6 · · · 11×6

⎞
⎟⎟⎟⎠ , b1 = N01Z×1 (68)

with 1m×n and 0m×n indicating the m × n unit and zero ma-
trix, respectively.

6



448 IEEE TRANSACTIONS ON ENERGY CONVERSION, VOL. 33, NO. 1, MARCH 2018

TABLE I
CHARACTERISTIC DATA OF THE EXAMPLE MACHINE

Number of stator slots, Z 9 Maximum number of
turns per coil, N0

100

Number of pole pairs, p 4 Peak value of stator
current, I0

8 A

Stator bore radius, Rs 55 mm Stator frequency, f 50 Hz
Rotor core diameter Rr 48 mm Magnet permeability, μ 4π10−7 H/ m
Permanent magnet
height, hm

4 mm Magnet electrical
conductivity, σ

0.667 MSm

Air gap width, g 3 mm Magnet to pole span
ratio, cm

0.8

Core length, L 100 mm Stator and rotor core
permeability

4π10−2 H/ m

Moreover, according to the convention established in II.A, all
the turn vector elements must be null or positive, i.e.,

A2x ≤ b2 (69)

with A2 being the opposite of the 6Z × 6Z identity matrix I6Z

and b2 the 6Z-sized null vector:

A2 = −I6Z , b2 = 06Z×1 (70)

The last constraint relates to the symmetry of the winding. For
the winding to be symmetric, all the three phases must produce
equal MMF fundamentals at any instant. In II.C it has been
shown how this condition can be formalized with the following
equation:

A3x = b3 (71)

where, based on (35), A3 and b3 are the 4 × 6Z matrix and
4 × 1 vector below:

A3 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

Re
{

v−p
T (Kb − Ka)

}

Im
{

v−
p

T (Kb − Ka)
}

Re
{

v−
p

T (Kc − Kb)
}

Im
{

v−
p

T (Kc − Kb)
}

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, b3 =

⎛
⎜⎜⎝

0
0
0
0

⎞
⎟⎟⎠ . (72)

C. Problem Formulation and Interpretation of the Solution

In conclusion, the overall FSCW optimization problem can
be formulated as follows:

minimize fw (x) subject to
(
A1
A2

)
x ≤

(
b1
b2

)
, A3x = b3 . (73)

The solution of (73) gives an “optimal” turn vector x which
defines a FSCW configuration like that shown in Fig. 1(b),
with six sub-coils per tooth. More precisely, the number of
turns Nk,j ≥ 0 of the jth sub-coil wound on the kth tooth
is automatically determined from (17) once the solution x is
found. The physical design of interest is, of course, that shown
in Fig. 1(a), with (at most) three phase coils per tooth. The
number of turns (with sign) Nk,a , Nk,b and Nk,c for the three
coils wound on the kth tooth can be determined by (6).

Fig. 6. Magnet losses produced by MMF harmonics (assumed of unit magni-
tude, 1 A) computed by (60) and by the FEA model shown in Fig. 7.

Fig. 7. Model to compute magnet losses due to a MMF harmonic through a
time-harmonic FEA simulation.

TABLE II
WEIGHING COEFFICIENT VALUES FOR EIGHT DESIGNS

Design ID #1 #2 #3 #4 #5 #6 #7 #8

Weighing 0 .9997 .9998 .9999 .99992 .99993 .999935 .999944
factor w

V. APPLICATION EXAMPLE AND VALIDATIONS

An application example is illustrated for the proposed algo-
rithm to the 9-slot 8-pole FSCW SPM machine characterized
by the data listed in Table I.

As an application example, the quadratic programming prob-
lem (73) is implemented and solved in the MATLAB envi-
ronment. The harmonic loss coefficients p±n needed to define
the matric Fw according to (66) are given in Fig. 6. Their
analytically-computed value, resulting from (60), is compared
to the value obtained by a time-harmonic FEA simulation. For
this comparison, the generic MMF harmonic of order n having
1 A magnitude, associated to the rotor frequency f(1 ± n/p), is
modeled as an equivalent sequence of equally-spaced current
points distributed along the stator bore circumference [19]–[22]
as depicted in Fig. 7. The magnet losses due to such harmonic
are computed by running a time-harmonic FEA simulation at

7
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TABLE III
NUMBER OF TURNS Nk ,a , Nk ,b , Nk ,c FOR THE EIGHT DESIGNS

Tooth index k

k = 0 k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8

design #1 Nk ,a 0 0 100 −100 100 0 0 0 0
Nk ,b 0 0 0 0 0 100 −100 100 0
Nk ,c −100 100 0 0 0 0 0 0 100

design #2 Nk ,a 0 −50 100 −100 50 0 0 0 0
Nk ,b 0 0 0 0 −50 100 −100 50 0
Nk ,c −100 50 0 0 0 0 0 −50 100

design #3 Nk ,a 0 0 26.27 −73.73 100 −73.73 26.27 0 0
Nk ,b 26.27 0 0 0 0 26.27 −73.73 100 −73.73
Nk ,c −73.73 100 −73.73 26.27 0 0 0 0 26.27

design #4 Nk ,a 0 0 31.09 −68.91 100 −68.91 31.09 0 0
Nk ,b 31.09 0 0 0 0 31.09 −68.91 100 −68.91
Nk ,c −68.91 100 −68.91 31.09 0 0 0 0 31.09

design #5 Nk ,a 0 0 32.047 −67.95 100 −67.95 32.047 0 0
Nk ,b 32.05 0 0 0 0 32.047 −67.95 100 −67.953
Nk ,c −67.95 100 −67.95 32.05 0 0 0 0 32.047

design #6 Nk ,a 0 0 16.436 −50 83.564 −83.56 50 −16.44 0
Nk ,b 50 −16.44 0 0 0 16.436 −50 83.56 −83.564
Nk ,c −50 83.564 −83.56 50 −16.44 0 0 0 16.436

design #7 Nk ,a 16.94 −50 83.059 −83.06 50 −16.94 0 0 0
Nk ,b 0 0 0 16.94 −50 83.059 −83.06 50 −16.941
Nk ,c −83.06 50 −16.94 0 0 0 16.941 −50 83.059

design #8 Nk ,a 17.44 −50 82.556 −82.56 50 −17.44 0 0 0
Nk ,b 0 0 0 17.44 −50 82.556 −82.56 50 −17.444
Nk ,c −82.56 50 −17.44 0 0 0 17.444 −50 82.556

Fig. 8. FSCW design configurations resulting from the quadratic optimiza-
tions. Colors indicate different phases; symbols “•” and “×” indicate current
conventional directions.

frequency f(1± n/p) [19]–[22]. Fig. 6. demonstrates a very good
accordance between the loss coefficients predicted analytically
and by FEA.

TABLE IV
CHARACTERISTIC NUMBERS OF TURNS FOR THE TOOTH COILS

Design ID

#1 #2 #3 #4 #5 #6 #7 #8

n′/N0 1.0000 1.0000 1.0000 1.0000 1.0000 0.8356 0.8306 0.8256
n′′/N0 – 0.5000 0.2627 0.3109 0.3205 0.5000 0.5000 0.5000
n′′′/N0 – – 0.7373 0.6891 0.6795 0.1644 0.1694 0.1744

The quadratic programming problem (73) is solved for the
eight different values of the weight w given in Table II, obtaining
the eight corresponding FSCW designs designated as #1, #2,
. . . , #8.

The optimization output for all the eight designs is summa-
rized in Table III in terms of the number of turns per phase
wound around each stator tooth (Fig. 1(a)).

For better clarity, the FSCW arrangements corresponding to
the eight optimal designs are visualized in Fig. 8. The charac-
teristic sizes (or numbers of turns n′, n′′, n′′′) for the various
unequal coils are detailed in Table IV.

Fig. 8 shows that the design #1, obtained setting w = 0,
is the standard dual-layer configuration which is given by the
star-of-slots method [10]. In fact, setting w = 0 means that the
optimization tends to maximize the MMF fundamental with no
regard to magnet losses and the star-of-slots method appears
to yield the optimal choice for this purpose. In this sense, it
is clear that, with the position w = 0, the proposed algorithm
“degenerates” into the star-of-slot method and does not give any
more information than it. Conversely, as the weight w increases

8
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Fig. 9. Fundamental MMF magnitude and magnet loss for the eight designs
#1, #2, . . . , #8 in per unit of their value for the standard FSCW configuration
(design #1).

Fig. 10. Examples of magnet loss computation by time-stepping FEA: (a) for
design #1; (b) for design #5. Current density maps are represented with the same
color scale, showing larger losses in the case of design #1. Fig. 10. Model used
for FEA simulations.

towards 1, the magnet loss minimization is given more and more
importance at the expense of MMF fundamental magnitude as
per (66). The resulting designs are then expected to have de-
creasing magnet losses and, at the same time, decreasing MMF
fundamental amplitudes. This is confirmed if we look at Fig. 9:
when we pass from the standard dual-layer FSCW configura-
tion (design #1) to design #8, the MMF fundamental reduces by
5.7% and magnet losses reduce by 26.5%. Both reductions are
monotonic.

Incidentally, the MMF fundamental amplitudes and magnet
losses obtained analytically from (20) and (62) are compared in
Fig. 9. to the values resulting from FEA. For this purpose, the
model shown in Fig. 10. is implemented in JMAG 16.0. Time-
stepping FEA simulations are run in order to compute magnet
losses at steady state; magnetostatic simulations are, instead, run
to obtain the radial flux density Br profile along the mean air-
gap circumference and, from this, to estimate the air-gap MMF
as Br (g + hm )/μ0 . It can be seen that a good accordance
between FEA and analytical results is obtained for both MMF
and magnet loss prediction. The same FEA simulations are used
to assess the perfect symmetry of all the winding designs.

Looking at Fig. 8. it appears that magnet loss reduction is
achieved, at the expense of a lowered MMF fundamental, paying
the toll of an increasing winding complexity as summarized in

TABLE V
CHARACTERISTIC NUMBERS OF TURNS FOR THE TOOTH COILS

Design ID

#1 #2 #3 #4 #5 #6 #7 #8

Number of layers 2 2 or 3 3 or 4 3 or 4 3 or 4 4 4 4
Number of different 1 2 3 3 3 3 3 3
coil sizes

Table V. The increasing complexity is due to the growth in the
number of layers and different coil sizes to be included in the
winding design.

It is noticed that the hybrid two/three layer structure of design
#2 is the same as that obtained in [10] from a four-layer layout
by merging two identical coils of the same phase wound around
the same tooth.

Regarding designs #3, #4 and #5, their structure is substan-
tially the same as the “optimal” configuration presented in [15],
where the ratio n′′/ n′′′ = 2 is proposed to obtain the cancella-
tion of the first-order MMF harmonic.

As a result of the optimization approach herein adopted, how-
ever, it is observed that the structure of designs #3, #4 and #5
cannot be identified as “optimal” from a rotor loss minimization
viewpoint. In fact, it can be further enhanced using the layout of
designs #6, #7 and #8, where two coils of different phases (with
either equal or unequal size) are wound around each tooth. This
layout has been never reported in the previous literature, to the
author’s knowledge, and seems to represent the best solution for
the 9-slot 8-pole FSCW example taken into account in terms of
rotor loss minimization. This is deduced from the fact that in-
creasing the weight coefficient w above 0.999944 (i.e., the value
giving design #8 as per Table II) causes the quadratic optimiza-
tion problem (73) to result in the null solution x = 054 × 1 . Such
null solution is obviously feasible and such to minimize magnet
losses (Ploss = 0) but is not practically interesting as it also
implies a zero MMF fundamental. In other words, it is reason-
able to assume that the 9-slot 8-pole configuration of practical
interest leading to minimal rotor losses is the one characterizing
designs #6, #7 and #8, i.e., with three coil sizes respectively
including (more or less) 17%, 50% and 83% (Table IV) of the
total number of turns N0 that can be wound around a single
tooth.

Finally, a short insight is next provided into the way how
the proposed optimization algorithm automatically achieves the
optimal solution for any given weight coefficient w. This can be
understood looking at the MMF harmonic content (Figs. 11 and
12) of the eight designs #1, #2, . . . , #8 obtained for increasing
values of w. In addition to the fundamental (m−

4 ), there are vari-
ous MMF harmonics with relatively large amplitudes. However,
it can be seen that, in the attempt to minimize rotor losses, the al-
gorithm acts differently on the various harmonics. For instance,
the harmonics with orders 13, 14, 22 and 23, although large, are
only slightly reduced as they are associated to very small loss
coefficients (p−13 , p−13 , p+

14 , p−22 , and p+
23 in Fig. 6). Conversely,

the subharmonics (of orders 1 and 2) are significantly abated for
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Fig. 11. Magnitude of MMF harmonics revolving in the same direction as the
rotor for the eight designs #1, #2, . . . , #8.

Fig. 12. Magnitude of counter-rotating MMF harmonics for the eight designs
#1, #2, . . . , #8.

growing w because they are associated to large magnet loss coef-
ficients (p−1 and p+

2 in Fig. 6). It is also important to observe how
the algorithm does not act on a given subharmonic separately.
For example, no optimal solution is found for which either the
first- or second-order subharmonic is canceled. Differently from
what is usually done in the literature, in fact, the minimization
of the total rotor losses is the goal instead of the cancellation of
a single subharmonic. For instance, Figs. 11 and 12 show that,

while the second-order subharmonic monotonically decreases
with w, the first harmonic does not: more precisely, it is reduced
when passing from design #1 to #2, from #2 to #3 and from #5
to #6 (i.e., when transitioning between the four winding layouts
shown in Fig. 6), while it slightly increases in the transitions
from designs #3 to #4, #4 to #5, #6 to #7 and #7 to #8. Ev-
idently, the strength of the proposed algorithm is, among the
other things, the capability of automatically identifying which
harmonics are to be increased and which are to be decreased
– and to what extent – in order for the total rotor losses to be
reduced.

VI. CONCLUSION

In addition to various attractive features, the use of a FSCW
for synchronous permanent magnet machines has the drawback
of causing large air-gap MMF harmonics and consequent rotor
losses. It is already known that increasing the number of layers
and also using coils with different number of turns can be ben-
eficial for reducing FSCW harmonics. So far, however, FSCW
design optimization has been approached on a case-by-case ba-
sis and finding the optimum, though extensive theoretical or
heuristic reasoning, for any individual slot/pole combination.
In this paper a new general and systematic methodology has
been proposed to optimize the FSCW of a three-phase SPM
machine through the numerical solution of a quadratic pro-
gramming problem. Although requiring a certain theoretical
effort for their derivation, the final matrices used to formulate
the quadratic programming problem has a very simple easy-
to-compute expression for any slot/pole combination and any
SPM machine geometry. Two objective functions (fundamental
MMF maximization and rotor loss minimization) are incorpo-
rated in the problem and given more or less relative importance
through the choice of a weighing coefficient. For any weight
selection, the algorithm outputs the best design automatically
identifying the optimal number of layers, the optimal number of
turns for each coil and the optimal assignment of the coils to the
phases, without requiring any reasoning or intervention by the
designer and guaranteeing winding symmetry and feasibility.
Differently from what is usually done, the proposed algorithm
does not aim at cancelling a specific MMF harmonic but tends
to minimize the overall rotor losses, automatically determining
which space harmonics, and to what extent, need to be adjusted
for that purpose. An application example has been reported to
a 9-slot 8-pole SPM machine and extensive FEA simulations
have been presented for validation. Among the other things, it
has been shown that the proposed algorithm, depending on how
the objective functions are weighed, can output various optimal
design configurations: some of these are known from the lit-
erature as the result of previous dedicated optimizations, other
ones are original and proved to yield a further improvement.

The proposed methodology is intrinsically suitable for ex-
tension to a generic m-phase winding, with m different from 3,
through only formal modifications to the treatment included in
the paper.

In conclusion, the proposed approach is found to include all
the features of the star-of-slot method, while enriching them
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with new additional optimization potentials. It is therefore envi-
sioned as a new promising tool for a fully-automated and more
comprehensive FSCW design optimization.
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