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1. Introduction

Binary *1-valued Golay-Rudin-Shapiro sequences (2-GRS) associated with the cyclic
group Z; were introduced independently by M.J.E. Golay (1949, 1961, 1977), H.S. Shapiro

(1951,1958) and W. Rudin (1959). M.J.E. Golay (1961) introduced the general concept of
“complementary pairs" of finite sequences all of whose entries are +1. This was motivated by
a highly non-trivial application to infrared spectrometry. Then he gave an explicit construc-
tion for binary Golay complementary pairs of length 2™and later (Golay, 1977) noted that the
construction implies the existence of at least 2"m!/ 2 binary Golay sequences of this length.
They are known to exist for all lengths N =110”26”, where «, 3, are integers and «, 3,7 >0

(Turyn, 1974), but do not exist for any length N having a prime factor congruent to the mod-
ulo 4 (Eliahou et al., 1990). In 1951, H.S. Shapiro (1951, 1958) introduced what became
known, after 1963, as the “Rudin-Shapiro” polynomial pairs. Shapiro's work was entirely in
pure mathematics. S.Z. Budisin (1987, 1990, 1991) using the work of R. Sivaswamy (1978)
gave a more general recursive construction for Golay complementary pairs and showed that
the set of all binary Golay complementary pairs of length 2™obtainable from it coincides with
those given explicitly by Golay. For a survey of results on binary and nonbinary Golay com-
plementary pairs, see (Byrnes, 1994) and (Fan, Darnel, 1996), respectively. In 1999, J.A Da-
vis and J. Jedwab (1999) gave an explicit description of a large class of Golay complementary
sequences in terms of certain cosets of the first order Reed-Muller codes.

Discrete classical Fourier-Golay-Rudin-Shapiro Transforms (FGRST) in bases of dif-
ferent Golay-Rudin-Shapiro sequences can be used in many signal processing applications:
multiresolution by discrete orthogonal wavelet decomposition, digital audition, digital video
broadcasting, communication systems (Orthogonal Frequency Division Multiplexing -
OFDM, Multi-Code-Division Multiple Access - MCDA), radar, and cryptographic systems.

For building the classical FGRST in bases of classical Golay-Rudin-Shapiro sequences
the following actors are used: 1) the Abelian group Z}, 2) 2-point Fourier transform 7,, and

3) the complex fieldC; i.e., these transforms are associated with the triple(ZQ,]—;,C) . In this

work, we develop a new unified approach to the so-called generalized complex-,GF(p) -, and
Clifford-valued complementary sequences. The approach is based on a new iteration generat-
ing construction. This construction has a rich algebraic structure. It is associated not with the

triple (Z3,7,C), but with (z;,U,,.Alg) or with (Z?n,{ufn,u2 U;},Alg), where U, or

mreens

mrte

{Ufn,U2 U”m} are an single or a set of arbitrary unitary (mxm)-transforms instead of

1 1
F =L J, Alg is an algebras (Clifford algebras), finite rings (Z, ) and finite Galois fields

(GF(q)) instead of the complex field C.

The rest of the paper is organized as follows: in Section 2, the object of the study (Go-
lay-Rudin-Shapiro m-ary sequences) is described. In Section 3, the proposed method based
on two new generalized iteration constructions are explained.
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2. New iteration construction for original Golay sequences

2.1.  Basic definitions
We begin by describing the original Golay 2- and m -complementary sequences.

Definition 1. Let com’(t):=(c,C,,...Cy,) andcom'(t)=(s,,s,...Sy,), Where
c.s €B,={+1}. The sequences com’(t), com'(t) are called the 2-complementary ((+1)-
valued) or Goley complementary pair over {+1}, if COR°(zr)+COR'(r)=N&(z), or

(|(:0|\/|°(z)|2 +|COM1(Z)|2) N,

=1

where COR°(z),COR'(r) are the periodic correlation

functions of com®(t), com'(t) and COM°(z)=2Z com’(t) , COM'(z)=Z com'(t) are their
Z —transforms. Any sequence, which is a member of a Golay complementary pair, is called
the Golay sequence and its Z—transform COM, (z)=Z com,(t) is called the Golay-
Shapiro-Rudin polynomial (GSRP).

Definition 2. A generalization of Golay complementary pair, known as the Golay m-
complementary m -element set of complex-valued sequences (Lei, 1991),

comy(t) = (¢,(0), ¢,(), ..., c,(m-1)),
com,(t) = (c,(0), c¢,(@), ... c,(m-1)),

com, _,(t) =(c,(0),¢,,@),....c,,(M-1))

m-1 1
is defined by > COR (r)=m-s(z), Or |COM, (2)]" =m, where {COR,(r)}, are the periodic
k=0 0

k=l
autocorrelation functions of  {com,(®)},",, and COM,(z)=2Z2 com,(t) , k=01..,m—1 are

their Z —transforms, respectively.

2.2.  Golay matrix

We use two symbols a, €[0,m"*-1]=Z , and t, €[0,m"" -1]=Z  for numeration of
Golay sequences and discrete time, respectively. For integer a6 e[0,m"*-1] and
t e[0,m"* -1 we shall use m-ary codes a,),t, =(t.t,,...t,)  where
ot e{0l..,m-1}=2Z i=1,2,n. Let a,=(,2,..a,) and t =(t.t,,...t,) be m-ary
codes, then define

a, =(a, ...,

m?

tn

n .
Z n—i
= tn—i+1m

i=1

n .
a, =6, =|(a @0ty )| = DM t, =6 | =[(LL, 0t
i=1

be integers whose m-ary codes are a,=(a,a,,....a,) and t =(t.t,,...t,), where «,,t are
less significant bits (LSB) and «,,t, are most significant bits (MSB) of d, =(«,a,,....«,) and
t, =(t,t,....t,), respectively. Obviously,

&1:(a1)EZm’ (l1=aleZm, E:(E)ezml' tlzt’lezmi
0, =(ly,0) € 2, ¥ 2, =25, (04,0) €Ly XLy, t2=(t1,t2)eZm><Zm:Z§1 (tut)eZ,xZ,
ﬁ3=(&2,a3)le2n><Zm:an, (az,as)eZmZXZm, f3=(f2 tg)EZ;XZm=an (t,t)eZ . xZ,,

n m~ “m
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Let {com[”*”(tn+1)} be m"*-element set of m-complementary sequences (of lengthm"*),

where a =0,1,2,..,m"" -1. They are form rows of a(m"* xm"*) -matrix

n+l
. L 171m -1
G[nntl] [Com[n+](tn+l):|u » = [COIIIE‘:;]:Ll '
N+l n+1* n+1—

that is called the m-Golay matrix. Here index [n+1] shows that m-Golay matrix have been

obtained on the n+1literation step. We are going to group these rows (sequences) into m"
collections of m -element set of m-complementary Golay sequences
ComE:Jrl(]) (tn+1)

n+1? n+1

m_1 1 [n+1]
comy 3 (t,.,)
(on.1) \Pns
GRY = FJoomly ) t,.0) = Hﬂ ooz ct,.0 |- f| e | (1)
0y,1=0 G =0 a,=0

1]
com{,) 1) (t.1)

(o, ,m=

where{com[””] (t,..).comiz™) (t,.),....comz™) (tml)} are m" collections of m -element set of m-

complementary Golay sequences. Let us to select the more fine structure of the m-Golay
matrix:

r 1]
Com(Tl 0,0) (tn+1)
1
Comﬁﬂffo 1) (tn+1)
1
ComET}o m-1) (tn+1)

Com[n+1] 1,0) (tn+1)

comiz" (t,.;) comE';”l 0 (Era) comip™ | (t,.,1)
=0 Gp=0| e Gpg=0| @p=0| e a=0| COMg, 1m1(tn+l)
comg "y (t.) comig™!, oy (tr.1)

1]
Com[m : m-1,0) (tn+1)

(@,

1]
Com[m ;,m-11) (tn+1)

[n+1]
Com( ,m-1m-1) (tn+1)

)
Example 1. For n=1 andn=2 we have, respectively,
) comg, (t, )
Gl = [comul (tl)]al, Bﬂ com, (t,)=| comy(t,) |,
“=0 comy, (t,) |
_Com(o,()) (tz )_
Com(O,l) (tz)
Com(o,z) (tz)

comy, o) (t;) | | comyy, (t,)

G% =[com,, (tz)J8 EE| com, (t,)= EH com,, , (t,) |=| com, (t,)
e com, 5, (t,) | | COMgy) (t;)

com, o (t,)
com, (t,)
| COM; 5 (tz)_

The matrix GI"/l! is constructed by an iteration construction. The initial matrix G , is formed
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by starting with an arbitrary unitary (orthogonal) (mxm)-matrix

CeomP(t) | [ 20)  a® @) .. am-1)]
com(t) | | &0 a@® a@ .. a(m-1)
U= G[”—[com[”(tl)]at L= eomPt) [=] 2,0 &M () .. a(m-1)

Lcomi (t)] |a,.0) a0 a,,(2) .. a,,(m-1)
where comf! (t,)=(a, (0), a, (1), &, (2), ..., 3, (M-1)), ¢, =01,2,..,m-1.
Example 2. The initial matrix G! can be the Fourier transform on Abelian group z,,

comd ()| [1 1 1 . 1]

com” (t,) 1 & g L gD
GY=F, =lcoml (t,)|=|1 & £ . 0|

comml(t ) 1 gD (mD)2 MDD

i | 3)

where com{ (t,) =(L&"*,&**,.... &™), k=01,2,..,m-1 are  characters  of z

m
[m}

It is easy to check that (|c:O|v|0(z)|2 +|com, (2)|° +...+|c:0|v|m_l(z)|2)H =m. Indeed,
7=l

mZﬁl|c0|v|k(z)| ZCOM (2)COM"(2) Zl(i k(t)th(mlék(s)ZsJ

k=1 k=1\ t=0 5=0

m-1m-1/m m-1m-1 m-t 2t
- (Zak(t)ak(s)j 8270 =2 J],

s=0 t=0 s=0 t=0 t=0
m-1
since Y a, (t)a, (s) =&, is true for an arbitrary unitary (orthogonal) matrix. Hence, initial se-

guences in the form of rows of an unitary matrix (in particular case in the form of characters
com, (t,) = (1,8“,,9“,...,gk"m‘l’ ) of cyclic group z,, ) are the Golay m -complementary sequences,

=
(S| -m
lz]=1 t=0 z]=1

Methods

m-1
since in this case [Z|00Mk(z)|zj
k=1

2.3.  New iteration construction in time domain

The matrix Gl is constructed by an iteration construction
GY »GH% ... >G5 Gl. @)

Let us to suppose that we have the m -Golay matrix GI"!. We need to construct the next m -
Golay matrix G/ using only G and U:=G_,. The m-Golay matrixG] have structure
similar (1):

comi) o (t,)

metl comf) L (t
G[n] _%Om[n] (t ) % (0, l)( )

COM{er, oy (L)

()
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For constructing GI!' from G"'we take each m-complementary set in the form of

comf!, o (t,)

[n]
n] . comg, ) (t)
‘com(m’_) (tn)> = = n

and construct shifted versa of their components

comi) o (t,)

(o0p_1,M n

B m" (0&k) [nl
ComE:Ll,O) (tn +m". 0) Ttn Com(‘lnflvo) (tn)

[n] n m" (18k) [n]
com (t +m"-1 T, com t
(k) TCOmEZLU) (tn )> = (a,1,0) \"n t, (0p_1,1) ( n)

comfy ., (t,+m"-(m-1)

m" (M-1)@k) - [n]
_Ttn Com(un,l,m—l) (tn)_

(6)

[n]
Com(un,l,O) (tn)
[n]
- " " " comi™ (t,)
=diag {Tt'n“ (09k) mask T ((m—l)@k)}_ (ens) \n

comETHYm_l) (t.)
wherek =0,1,...,m-1 and Tt’:‘"s is the shift operator on m"s discrete positions in time domain
'I}T"Sf(tn):zf(tn+m”s). Now we construct the general building blocks for the Golay
(m™xm™) -matrix G .

U-|"Toom(? ¢,))=U-diag [T, 7709, 759 Joomi2 ¢,))= U oomi2 t,).  (7)
where

©y=uU - diag {-I—tm"(O@k),Ttm”(l@k) 'm'-l—tm"((m—l)@k)} _

a,0) a,@® .. a(m-1 T —Ttr:” (0®k) _
= al(o) ai(l) ai(m -1 Ttr:"(l@k) i
1a,,0) a_, @O .. a,_(m-1)] Tt':" (k) |

8T a,@T 8, (m-1)T; ("

(O)Tmn (0&k) (1 Tmn (1®k) m _1 Tm” ((m-1)®k)
ai t, al t, aj- t,

8, O a, TN a0

Using building blocks of (m"xm")-matrix G _, we construct the Golay (m™* xm"*)-matrix
G, .. according to the following iteration rule:
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Mg, .0 ()

|com |, )> com, 5 (t,)

COM¢, ) (t,)

where

com[”] ot ) | com[”“] (tm)
1
oy . com[Tl] 10 (t ) ComETl]M (tn+l)
1
/| Com[(r; _1.Mm-1) (t )_ ComET 1] 0,m-1) (tn+1)_
Com[(r;n,l,O) (tn) Com[(r.lﬂl]l 0) (tn+l)
[n] 1
(1)U . Com(r;n,l,l) (tn) COITIETEM) (tn+1)
..................... = =G .,
m
1
ComEr;]H m-1) (tn) _Com?;:,l],l,m—l) (tn+1)_
N (] n+1] 7
comg, . o) (t,) COMGg. - mo10) (thit)
1]
(m—l)U X ComE:] 1d) (tn) Com?;: ,m-11) (tn+1)
ComE:l] 4,m-1) (tn) Com[tn:ll]m 1m-1) (tn+l)
3, OT"°  a®T " 3,(M-DT" " |} comgg! 4 (t,)

com["] ot ) |

[n]
oy . Com(: L) (tn)

(1)U . —
com[”] (t)
(oy4,m-1) \*n
[n]
com(fl Lot)
(m1) . com[” o (t) _

Hence,

a,,OT"° a, @OT"

a,(OT™ a@MT™?

- com{ (¢, O T
comi) () |_| a@T"  a@T?

am—l ((:))-I—t:1r| * am—l (1) Ttl:]n 2

(O™ AT
a,(OT ™Y a @M

| |2 OT " e, @7

(=0T |

al(m _1)Tt,:n‘(mfl)

a, -1 |
a,(m-DT"°

am—l (m - :l')TtTn 0

a,(m —l)ﬂT"‘(mfz)
a,(m-)T;" "2

&, (M- "

comf)) 4 (t,)
n
COMy, 1 (tr)
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Com[n+1]10) (t,..) com (t )
com 2:11]11) (t,.1) NOTH Com[n] 3(t,) _
comt™ (t,.)) [
(04,1, m=1) \*n+1 Com Lm-1) (t )
- a, (O)Ttr:n(O(Bk) ao(l)_l_tr:n(l@k) . ay(m _1)-|-tr"n (m-neK) | comE:] o) ]
| a@mren  a@Tre L amenTr e || omd )
am—l(O)TtTn(O®k) am,l(l)TtTn“@k) amil(m _1)-|-trnn"((m71)@k) COmE';] ) (tn)_

or,

[n+1] ot m" (5, Day) [nl
Com(“n ERCARCARY) (tn“) = /;)aann (ﬂn )Ttn i Com (0015, )(t )

Since t,,, =(t,.t,,,), then believing t

n?n+l

=q, @/3 , We obtain as:

n+1

Com[n+l] A1) (tn+1) = Com[n+1 Uni1) (tn ’tn+1) - Z a (a €+_)thrl)-I—m tmcomE:]n 1, an@)tm) (tn) =

(e, (an .0,

n+l =0
= Z a, (0( ('Btnﬂ)cornE:] 11t Oty (tn + mntn+1)'
n+1 =0 (8)

It is finally recurrent relation between m-complementary sequences of GIVY' and G In
particular, for the initial matrix in the form of the Fourier matrix Gt =[s;'] we have

m-1

[n+1] _ [n+1] _ atna (A Otg) g [n _
Com(an,l,an,aml) (tn+1) =com 1) (tn 'tn+1) Z Em T 1Com(mrI 1, @tn 1) (tn) -

(0.0,
n+1 =0
m-1

— nn+] N+ tﬂ+ [ ]
gaa ' Z ga ' 1com(an1an®tn+l) (t +m tn+1)

o ©

Example 3. Let n=2, m=3and

com (1) ] [2,(0) 2@ 2(2)
U=6Y =[coml ()], =[com (¢)|=|a(©®) a® a@|

T feom (1) 2,00 2,0 a2
comiZly (t,) |
com(gy (t,)
comig, (t,)
) Omm L0(t2) com[ﬂ,) (t,)
G =[eomf(t,) ]|, , =[coml?,,t)] , , =FH| comiZ, &) | =| comiZct,) |
2.t ;=0 COm[Z] ) (t ) Com[(ilz) (tz)

comzl (t,)
com{ly (t,)
| comZl, (t,)

comy’(t,)
Using | com’(t,) |, we construct the Golay (3* x3*)-matrix G%2':
comz(t,)
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comi’(t,) | | |[com{3,(t,)]
@yU-| comM(t,) comil (t,)
VY Comlzl] (tl) Com%]Z) (tz )
comf’ (t,) com{’(t,) || | [ comiZ (t,)]
com (t,) | —» | QU-|comi!(t,) || =|| comiZ)(t,) [[ =G,
com! (t,) comy’(t,) com) (t,)
N Teomie)] || feom )]
2U-| com™(t,) comiz} (t,)
_Com[zll (t,) _com@) (t;) |
where
comizt (t,) com? (t)| [2%O@OT° a,®OT" 3,7 | [com (t,)
com3 (t) |= VU com? (1)) |=| a,OT " a@®TS" a,@T; " || com? (t,) ],
comigy (t,) coml(t) | | a,@)TH a,TE a,@T? | | COM:' (1)
_comﬁg)(tl)_ com? (t)| [2%O@OT" 8T ? 3,7 | [com (t,) ]
comth (t,) |= “U-| comf? (t,) |=| 4, OTS" a@Te? a@T° || com’ (1) |,
com3), (t,) com(t,) 8T a,OT? 2,7 comt’ (t,)
_ — 3. 3t L
com{z (t,) com (t)| |2O)T* a®T° a@T:"| |com (t,)
com@, (t,) |= @U-fcom (t,) |=| 4 O)T? a@T® a@Te* || comf? (t,) |
2 W A W
com(zz)(tl)_ _comz (t,) aZ(O)Tf‘Z az(l)Tf'O aZ(Z)TSAl comy” (t,)
Finally,
comiI(t) | |a,(0) a,@) a,(2)] |comi(t,)
OU-lcom(t,) |=|2,(0) &a@®) a() | com(t,) =
comy’(t) | |&(0) a,() a(2) comf! (t,)
8,(0)-comf(t,), 8, (1) -comi’ (t,), & (2) -comf? (t,) | | com(Z (t,)
= a1((:))'(:C)r71£)1](t1)1 a:l_(l)'Comj[l_l](tl)lai(z)'com[zll (tl) = ComEgll)(tz) )
a, (O) : ComE)l] (tl)! a, (l) : Comgll (tl)’ a, (2) : com[21] (tl) Com%]z) (tz)
comi’(t) | [2(0) a®) (2 comg’ (t,)
YU-lcom(t,) |=| a(0) a@®) a() | com{’(t,) [=

comy’(t,) | |a,(0) a1 a,(2)] |com}(t,)
a (2) 'Com[zl] (tl)' ) (0) ' Comg] (tl)' 8 (1) ' comﬁ” (tl) Com[(i(])) (tz)
=| a,(2)-com(t,), a,(0)-com{(t,),a, (1) -com{” (t,) | =| comiZ} (t,) |
a (2) : Com[zl] (tl)' a, (0) ' Comg] (t1)v a, (1) : Com£1] (tl) ComEﬂ) (tz)

comi(t) | [a,(0) a1 a(2) comg(t,)
@U-lcomi(t,) |=| a(0) &) a(2)||com(t,) =
comF,_” (tl) a, (0) a, (1) a, (2) COm[zl] (tl)

& (1) ’ Comgl] (tl)' ) (2) : Com[zl] (tl)’ ) (0) ’ Comg] (tl) Com[(%) (tz)
=| a,1)-com(t,), a,(2)-comf(t,),a,(0) - com{ (t,) | =| com{Z (t,) |
a, (l) : Comgll (tl)’ a, (2) : Com[21] (tl)’ a, (O) : Comg] (tl) ComEzz]Z) (tz)

New sequences in (8) are orthogonal sequences. Indeed,
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[n+1] [n+1] _
<Com(“ ERCANCARY) (t'”l)‘com(Yn 1:7n 7r|+1)( n+1)> -

il m" (4, ®ay) "/ @m)
a, (BT, " com[zllﬁ)(wz a, (BT, " eom ()=
=0 £,=0
m-1 m-1
_ an) wn@m
=55, a1 oy, omi? )=
a=0 f5,=0 i

LN

m-1 m-1

(BB, )com[”] ()
n-1:

2, (88, (5, )< com )>

$2=0p,=0
But

<TtT ((ﬁn—ﬂn)cgwn—yn))Com[&]wﬂ") ©)
0, (ﬁn_ﬁr;)(_r?(an_yn)¢ov
Deoml? @) (B~ B)®(a, ~7,)#0,

[n] _
Comm,l,ﬁ;) (tn)> -

<com

since (T” (tAr-rgtenm) omi! (¢, )j com (t,)=0if (4, -5, )®(a, ~7,)#0 and

<com£j}

[n]
com® . (6)) =040 -

For this reason
m"((B,—B) @ (=7
<'|'tn ( m o7 )CO [n] (t,)

(u 1.50)

[n]
Com ﬁ)(t )> Un1,Yn 150(" 7"5ﬁnvﬂ|:|1

[n+1] [n+1] _
<Com(an—1!an ny1) (tn+l) ‘ Com("fn—lv}/n Yni1) (tn+l)> -

-l — B— ﬂn ( ah=7n) n
55,0 mw>< lemzeloomn | e)leom |, >>
£=0p,=0
m-1 m-1 _ i m-1
= Z Z allml (ﬂn)a;/nu (ﬂn)5 n-1:7n 15% 7n5 5 n—1'7n—15an'7n Z Uny1 (ﬂ )a7n+1 (ﬂ ) = @ng:¥n-1 “n 7n5 i1 Yot "
$,=0 §,=0 B,=0

New sequences in (8) are m -complementary sequences, too. Indeed, for each m -element set

(004,25,

{com[”*” am)(tnﬂ)}m_lo of sequences (8) we have the following set of Schapiro-Rudin-Golay

polynomials

m-1

{Z{COm[';:? ) (tn+1)}} _

1= =0

fcom,..,@f

{Z a, (B, )z{ L a")comw“ﬂ)(tn)}} ={mz a, (8)-2" """ comi ﬂ)(z)}

$r=0 Ph=0

anyy =0 Ay =0

For these polynomials

m-1
1 —[n+1]
Y. comMi 1 (2)-COM, e, (Z) =
=0
LS LSS m" (5, ®an)_m" (7, @ty

_ n ————1n] _
Z aaml (ﬂn)aozm1 (7n) "z COM[ : ﬁn)(Z)COM(fln—lxyn)(z) =

@,1=0 ,=07,=0

1 1(fcom“‘] /(2)COM “m(z)]a (B.)a,

%1 sy
$=07,=0

" (6, ©ay) " (7, Oay)
)z nT =

%y 0

m-1 m-1

= mn Z 55 ' aml an+l (7n)

$n=07,=0

m (ﬂnfan)fm”(m%an) 2m" (8, ®a,)

—m' S a, (B)a, (8]
£,=0

183
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and

[n+ ~oni
( Z COM(O! i]an [y (Z) COM(“n ERANCARY) (Z)J

an+1_0

zI=1

A1 ns1

=m {Z a, (B)a, (B)- |Z|2m (B ®ay) J

=m“mza (B)a, (B)=m"

|z|=1

Hence, new Schapiro-Rudin-Golay polynomials (8) are m-complementary orthogonal se-
quences.
2.4.  The second generalization

In this section, we introduce the second generalized Golay-Rudin-Shapiro sequences.
It is based on the following iteration construction (instead of initial (4))

U, U, U, U, Ui
Gt (u,)-»6%u,u,)-»G UL, U, U)>..-»G"U,U,..U) -Gl (U,U,,..U,U_).
n+1

where U, ={U,,U,,...U}, U, ={U,U,,.., U, U..}={U,U,}. Here

(a0 a® a2 .. ay(m-1) ]
a0 a@® a@ .. a(m-1
U= 250 a@ a2 .. a(m-1) [eSU@m), s=12,..,n+1

2,0 a0 a2 .. a,,(m-1)]
are a sequence of unitary (orthogonal) (mxm)-transforms, belonging to the special unitary
group SU(m). Let us assume that we have m-Golay matrix GU"(u,,u,,..,uU,)=G" () (de-
pending on n previous transforms U,,U,,..,U,. We need to construct the next m-Golay ma-
trix G, u,,...U,, U, )= =G, ,) using only G"(uU,,U,....U,) and U, . We are going
to use for m-Golay matrix GI"l(u,,u,,..,U,) the same structure as in (5)

comi! o (t, |U,)
macoml) | (t, [U,)

GU(U,) = H} comi) (t, |U,) = Hﬂ

n+l *

comiy) o (t, 1U,)

General “building blocks” for the Golay (m™* x m™*)-matrix GI"'(4,,,) are:

n+l

Upa | “OTcomil (6, 16,,.)) = U, -diag {T" 020, 77099, T 920} Jcomie) (¢, |14,)) =
= U, lcomly) (t, U
n+l’ )( | )> (10)
where
(k)Un+1 U, -diag {Tm (0®K) Tm (k). .,_I_t,:]n((m—l)@k)}
_ag+1(0)-|—m (0®K) n+1(1)-|—m aok) an+1(m_1)-|—m”((m—1)@k)_
n+1(0)-|—m (0k) n+1(1)-|—m (1®k) n+1(m 1)Tm " ((m-1)®k)

n+1 (O)Tm (0&k) n+1 (l)Tm " (1@k) n+1 (m 1)-|-m " ((m-1)®k)

184
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185

Using “blocks” (10) of (m"xm”)-matrix G, .(U,) we construct the following Golay

(m“+l x m"**) -matrix

G M( ' .,) according to the following iteration rule:

= G mn (un+l)’

ComEEL,O) (tn | un) ComETll] 0,0) (tn+1 | Z/{nﬁ-l)
1
(0) U . Com?;]n,l,l) (tn | un) Com(:+1]01) (tn+1 | n+l)
n+l
/| Com[n] (t |Z/l ) _ComEr;:f,U,m—l) (tn+l | +1)_
Com[n] (t |u ) Com[n] (t |u ) COm[m:[]lo) (tn+1 | +1)
[ﬂ] [ﬂ+1]
comg, o (t, [U) comg ™y (L | Uiy)
@ ) Wt ¥4
comﬁg]wl) (t,|U,) U, _
............... [n] [n+1]
com (t.|U)  com (t.,|U )
(0p4,m-1) \*n n (05, 1,m=1) \ = n+1 n+l
comie oy (t, U4, - - - =
N
Com(?.] 4.0 (t |U ) Com(r;ﬂl]m -1,0) (tn+1| +1)
(m-1) com[j} ) (t |U ) ComE:ll]m -11) (tn+1 | +1)
n+l
[n] [n+1]
Com(: _,m-1) (tn | un) Com(r«l:l m-1m-1) (tn+1 | Z/{nﬁ-l)_
where
[n]
ComE:Hl]N) (tn+1| +1) Com -1.0) (t |U )
[n+1]
Com(2+1ll (tn+1| +1) My . Com(an,l,l) (tn |un) _
n+:
[n+1]
COM, ~am1) (toa | Us) comE‘;] m-1) (t, |U)
n+1(0)-|-m (0®k) n+1(1)-|-m (1®k) n+1(m 1)Tm ((m—l)@k) Com[n] 0 (tn |un)
_ aln+1(0)-|-tr"n (0&k) a1n+1(1)-|-tr: (1®k) a1n+1(m_1)-|-tr:1 ((m-1)@k) Com[n] (t |u )
n+1 (O)Tm "(0@k) n+1 (1)-|—m (1®k) n+1 (m 1)Tm " (m-1)@k) Com[”] e (t | u )
Hence,
[n+1] 1 " (B ®ay)
Com(z:l 1) (tr”l | +1) Z a2:1 (ﬂn )-rtT “ ComEz]n 1.5, )(tn | Z/{n)
Since t,,, =(t,.t,.,), then believing t ,, =, ®f,, we obtain as:
[n+1] [n+1]
Com(:l:l a, aml)( n+l | l) Com(2+,1,an,an+1) (tn ’tn+l | l) -
1 "t —
= z )" (a, @tn+1)Tm 1com[(';] 9 (U =
n+1*0
1 N+
Z )’ (a, (Jat,Hl)T{”t comiy) St (t,+m"t , |U).
n+1

It is finally recurrent relation between m-complementary sequences of GUJ[#,..] and

(11)
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Conclusion

In this paper, we have shown a new unified approach to the so-called generalized
complex-, GF(p) -,or Clifford-valued complementary sequences. The approach is based on a
new iteration generating construction. This construction has a rich algebraic structure.

This construction has a rich algebraic structure. It is associated not with the triple

(z5,7.C), but with (z;,U,,Alg) or with (Z;,{U}n,u2 U;},Alg), where U, or

mree

{u;,u;,...,unm} are an single or a set of arbitrary unitary (mxm)-transforms instead of

1 1
F =L _J, Alg is an algebras (Clifford algebras), finite rings (z,, ) and finite Galois fields
(GF(q)) instead of the complex field C.
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