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—— Abstract

We consider the techniques behind the current best algorithms for matrix multiplication. Our
results are threefold.

(1) We provide a unifying framework, showing that all known matrix multiplication running
times since 1986 can be achieved from a single very natural tensor - the structural tensor T}, of
addition modulo an integer q.

(2) We show that if one applies a generalization of the known techniques (arbitrary zeroing
out of tensor powers to obtain independent matrix products in order to use the asymptotic sum
inequality of Schénhage) to an arbitrary monomial degeneration of T, then there is an explicit
lower bound, depending on ¢, on the bound on the matrix multiplication exponent w that one
can achieve. We also show upper bounds on the value « that one can achieve, where « is such
that n x n® x n matrix multiplication can be computed in n?+°() time.

(3) We show that our lower bound on w approaches 2 as ¢ goes to infinity. This suggests a
promising approach to improving the bound on w: for variable ¢, find a monomial degeneration
of T, which, using the known techniques, produces an upper bound on w as a function of g. Then,
take ¢ to infinity. It is not ruled out, and hence possible, that one can obtain w = 2 in this way.
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1 Introduction

One of the most fundamental questions in computer science asks how quickly one can multiply
two matrices. Since the surprising subcubic algorithm for n x n X n matrix multiplication
by Strassen in 1969 [26], there has been a long line of work on improving and refining
the techniques and speeding up matrix multiplication algorithms (e.g. [19, 20, 2, 24, 8, 23,
25, 10, 11, 27, 16]). Progress on this problem is typically measured in terms of w, the
smallest constant such that, for any § > 0, one can design an algorithm for n x n x n matrix
multiplication running in time O(n“*?). The biggest open question is whether one can
achieve w = 2. The best bound we currently know, due to Le Gall [16], is w < 2.3728639.
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A related line of work [10, 9, 15, 13] focuses on rectangular matrix multiplication instead
of square matrix multiplication. Here, progress is measured in terms of «, the largest constant
such that for any 6 > 0, one can design an algorithm for n x n® X n matrix multiplication
running in time O(n?*°). Recent work [13] improved the best known bound to o > 0.31389.
The two values w and « are very related, as w = 2 if and only if a = 1.

All of the aforementioned bounds on w and « follow a particular approach, which works
as follows.! The key is to cleverly select a trilinear form (third-order tensor) T which needs
to have two properties. First, there must be an efficient way to compute large tensor powers
T®" of T. This is done by finding a low border rank expression for T, which implies (via
Schénhage’s asymptotic sum inequality) that for sufficiently large n, the power T®™ has low
rank. Second, T must be useful for actually performing matrix multiplication. Multiplying
matrices corresponds in a precise way to evaluating a certain matriz multiplication tensor,
and so to use T for this task, one needs to show that there is a ‘degeneration’ transforming
T into a disjoint sum of matrix multiplication tensors. Combining these two properties of T
yields an algorithm for matrix multiplication (see Lemma 4 below for the precise formula).

Of course, the resulting runtime depends on the choice of the tensor T as well as the
bounds one can prove for the two desired properties. Strassen’s original algorithm picked T
to be the tensor for 2 x 2 x 2 matrix multiplication itself. Later work used more and more
elaborate tensors and corresponding border rank expressions, culminating with the most
recent algorithms using the now-famous Coppersmith- Winograd tensor. All these tensors
seem to come ‘out of nowhere’, and in particular, come up with seemingly ‘magical’ border
rank identities to show that they have low border rank. We make some progress demystifying
the tensors and their border rank expressions below.

1.1 The best known bounds on w are actually from Tj,

Our first result is a unifying approach to achieving all known bounds of w ([24, 10, 11, 16])
since Strassen’s 1986 proof that w < 2.48.

A simple remark first pointed out to us by Michalek [17] is that the so called Coppersmith-
Winograd tensor used in the papers on matrix multiplication since 1990 [10, 11, 16], can be
replaced with an equivalent tensor, rotating the original slightly in a certain way (see the
Preliminaries), without changing any of the proofs, and thus yielding the same bounds on w.

With this in mind, we consider a tensor Ty, the structural tensor of Z,, and give a very
simple low rank expression for it based on roots of unity (this expression is natural and likely
well-known). We then show that the tensor in [24] and the rotated Coppersmith-Winograd
tensors that can be used in [10, 11, 16, 27], are all actually straightforward monomial
degenerations of Tj. Since a monomial degeneration of a rank expression gives a border rank
expression, this (for example) yields a straightforward border rank expression for the (rotated)
Coppersmith-Winograd tensor, which is more intuitive than the border rank expressions
from past work.

Another way to view this fact is that all the bounds on w since [10] can be viewed as
using T, (in fact for g =7 or 8) as the underlying tensor T! This also suggests a potential
way to improve the known bounds on w: study other monomial degenerations of Tj,.

L We give a very high level overview here. More precise definitions are given in Section 2. For a more
gentle introduction, we recommend the notes by Markus Bléser [3].
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Lower Bound on omega one can achieve fromT_qg, Upper Bound on alpha one can achieve fromT_g,
when g is a prime power when q is a prime power
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(a) Lower bound on w that one can achieve (b) Upper bound on « that one can achieve
using Ty when ¢ is a power of a prime. using Ty, when ¢ is a power of a prime.
The bound approaches 2 as ¢ — oo. The bound approaches 1 as ¢ — oo.

Figure 1 Bounds on w and « that follow from Theorem 1 when ¢ is a prime power

1.2 Limitations on monomial degenerations of T,

Our second and main result is a lower bound on how fast a matrix multiplication algorithm
designed in this way can be whenever T is a monomial degeneration of T,:

» Theorem 1 (Informal). For every p, and for every e € (0,1], there is an explicit constant
Vpe > 1 such that any algorithm for n x n® X n matriz multiplication designed in the above
way using Ty, or a monomial degeneration of T, runs in time Q(n(lJrE)VP’E). (See Theorem 7
below for the precise statement).

The constant v, . is defined as follows. Consider first when p is a fixed prime or power of
a prime. Let z be the unique real number in (0, 1) such that 3 Zf;i 2= (p—1)(1—22P);
then

1—2P
Vpe:=(1+¢)ln {(1_2)2@1)/3] .
There is also a variant of Theorem 1 that holds for 7}, when p is not necessarily a prime
power, but the constant v, . > 1 is slightly different.
In particular, this shows that:
This approach yields a square matrix multiplication algorithm with runtime at best

Q(n?r1), with exponent 21,1 > 2. Hence, this approach for a fixed p cannot yield w = 2.

Let €, € (0,1) be such that (1 +¢,)vp . = 2. Then, this approach for a fixed p cannot
yield a value of o bigger than ¢,,.

For modest values of p, the value v, := v, is a fair bit larger than 1. For instance,
vy &= 1.07065. As we will show shortly, the best known algorithms for matrix multiplications
use the approach above with a (rotated) Coppersmith-Winograd tensor which is a monomial
degeneration of T7. Our theorem implies among other things that using the approach with
T+ as the starting tensor cannot yield a bound on w better than 2.14, no matter how one
zeroes out the tensor powers of 77 or its monomial degenerations. We plot the resulting
bounds on w and « for varying p, in Figures 1 and 2 (for technical reasons we discuss below,
we get different bounds depending on whether ¢ is a power of a prime).

1.3 A potential idea for improving w

It should be noted that, despite our lower bounds, not all hope is lost for achieving w = 2
using 75 tensors. Indeed, in the limit as ¢ — oo, our w lower bound approaches 2, and our
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Lower Bound on omega one can achieve fromT_qg Upper Bound on alpha one can achieve fromT_q
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(a) Lower bound on w that one can achieve (b) Upper bound on « that one can achieve
using Ty. using Ty.
The bound approaches 2 as ¢ — oo. The bound approaches 1 as ¢ — oo.

Figure 2 Bounds on w and « that follow from Theorem 1 for any ¢

a upper bound approaches 1 (see Lemma 9 in Appendix A for a proof). Hence, our lower
bound does not rule out achieving a runtime for n x n x n matrix multiplication of O(n2*?)
for all § > 0 by using bigger and bigger values of g. We find this approach very exciting.

1.4 Tri-Colored Sum-Free Sets

A key component of our lower bound proof is a recent upper bound proved on the asymptotic
size of a family of combinatorial objects called tri-colored sum-free sets. For an abelian
group G, a tri-colored sum-free set in G™ is a set of triples (a;,b;, c;) € (G™)3 such that
a; +bj + ¢, = 0 if and only if ¢ = j = k. In this paper we are especially interested in
tri-colored sum-free sets over Zg.

Recent work [12, 14, 4, 18, 21] has proved upper bounds on how large tri-colored sum-free
sets in Zj can be. The bound is originally given in terms of the entropy of certain symmetric
distributions, but we give a more explicit form written out by [18, 21] here.

For any integer ¢ > 2 which is a power of a prime, let p be the unique number in (0,1)
satisfying

—1
p+02+---+0q71:qT(1+2pq)-

Then, define v, € R by v, :=In(1 — p?) —In(1 — p) — %1 In(p).

» Theorem 2 ([14]). Let g be any prime or power of a prime. Then, any tri-colored sum-free
set in Zy has size at most €74". Moreover, there exists a tri-colored sum-free set in Zy with

size eYan—o(n)

One can verify (see Lemma 9 in Appendix A) that €77 < ¢, meaning in particular that

n—o(n)

there is no tri-colored sum-free set in Zj of size ¢ . When q is not a prime power, one

can also prove this, although the upper bound is not known to be as strong:

» Theorem 3 ([4]). Let g > 2 be any positive integer, and let k== 3 log((2/3)23/%) ~ 0.02831.
Then, any tri-colored sum-free set in Zy has size at most g (t=r/ato(1))

For notational simplicity in our main results in Section 6, define v, := (1 — x/q) log(q)
when g > 2 is not a power of a prime.
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1.5 Proof Outline

In Section 2 we formally define all the notions related to tensors which are necessary for
the rest of the paper, and in Section 3 we give our simple rank expression for T, and
straightforward monomial degenerations of 742 into CW, as well as other tensors T from
past work on matrix multiplication algorithms. The remainder of the paper gives the proof
of Theorem 1, which proceeds in four main steps:

In Section 3, we give a simple rank expression for T,, and show that the rotated
Coppersmith-Winograd tensor can be found as a simple monomial degeneration of
T,

P
In Section 4, we show that every matrix multiplication tensor has a zeroing out into
a large number of independent triples. This generalizes a classical result that matrix
multiplication tensors have monomial degenerations into a large number of independent

triples.

In Section 5, we show that if tensor A is a monomial degeneration of tensor B, and large
powers of A can be zeroed out into many independent triples, then large powers of B can
as well.

Finally, in Section 6, we combine the above to show that if any tensor T is a monomial
degeneration of Ty, and yields a fast matrix multiplication algorithm (meaning it can
be zeroed out into many independent triples), then T, can be zeroed out into many
independent triples as well. By noticing that independent triples in 7 correspond to
tri-colored sum-free sets, and combining with the upper bounds on the size of such a set,
we get our lower bound.

1.6 Comparison with Past Work

There are two papers which have proved lower bounds on the value of w that one can achieve
using certain techniques.

The first is a work by Ambainis et al. [1]. They show a lower bound of Q(n?-3978) for
any algorithm for n X n X n matrix multiplication one can design using the ‘laser method
with merging’ using the Coppersmith-Winograd tensor and its relatives. The laser method
is a technique proposed by Strassen [24] and used by all recent work [10, 11, 27, 16, 13]
in order to show that the Coppersmith-Winograd tensor has a zeroing out into many big
disjoint matrix multiplication tensors (the second property of the two properties of a tensor
T we described earlier). While the bound that Ambainis et al. get is better than ours,
our result is much more general: First, the Ambainis et al. bound is for algorithms which
use the Coppersmith-Winograd tensor and some tensors like it, whereas ours applies to
any tensor which is an arbitrary monomial degeneration of T,. Second, their bound only
applies when the laser method with merging is used to zero out the tensor into matrix
multiplication tensors, whereas ours applies to any possible monomial degeneration into
matrix multiplication tensors.

The second prior work is by Blasiak et al. [4]. Like us, the authors also use recent bounds
on the size of certain tri-colored sum-free sets in order to prove lower bounds. However,
rather than the tensor-based approach to matrix multiplication algorithms which we have
been discussing, and which has been used in all of the improvements to w and « to date, they
instead focus on the ‘group-theoretic approach’ to matrix multiplication [7, 6]. This approach
has been designed around formulating approaches that would imply w = 2 rather than on
attempting any small improvement to the bounds on w, and this paper refutes some earlier
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conjectures along these lines. The work of Blasiak et al. implies that certain approaches to
achieving w = 2 are impossible, similar to our work here.

In personal communication, Cohn [5] stated that the Coppersmith-Winograd tensor CW,
leads to a STPP (simultaneous triple product property) construction in Z?, with m = ¢ and
n tending to infinity. Blasiak et al. present lower bounds on what can be proved about w
using the group theoretic approach using STPP constructions in Z for any fixed m, and
hence their results imply that the group-theoretic variant of the Coppersmith-Winograd
approach cannot yield w = 2 using a fixed ¢. It is not clear exactly what lower bounds this
result implies for the original laser method approach, or for arbitrary monomial degenerations
of T,;. Thus, we consider our results complementary to those of Blasiak et al. Furthermore,
our results include limitations for rectangular matrix multiplication, which the prior work
does not mention.

2 Preliminaries

In this section we introduce all the notions related to tensors which are used in the rest of
the paper.

2.1 Tensor Definitions

Let X = {z1,...,2n}, Y = {1, -,Ym}, and Z = {z1,...,2,} be three sets of formal
variables. A tensor over X,Y, Z is a trilinear form

n

m P
T = ZZ ijkTiYj 2k,

i=1 j=1 k=1

where the Tjj;, terms are elements of a field F. The size of a tensor A, denoted |A|, is the
number of nonzero coeflicients A;;,. There are three particular tensors we will focus on in
this paper. The matriz multiplication tensor (n,m,p) is given by

n m P
(n,m p Zzzﬂwyﬂczm

i=1 j=1k=1
For a positive integer g, the structural tensor of Z,, denoted Ty, is given by

q—

1g—
ZZ%% Z—i—j (mod q)-

i=0 j=0

For any positive integer ¢, the gth Coppersmith-Winograd tensor C, [10] is given by
ToYoZq+1 + ToYq+120 + Tar1Y020 + Y oey (Tovizi + TiYozi + TiYizo). It is not hard to verify
that using the Coppersmith-Winograd approach, one can obtain exactly the same values for
w from the following rotated Coppersmith- Winograd tensor CWy, given by

CWy = 2oYyo2q+1 + ToYg+120 + Tg+1Y020 + Z (TOYkZg+1—k + ThY0Zq+1—k + ThYq+1—k20) -
k=1

The main reason why CW, works just as well as the original Coppersmith-Winograd
tensor C; is because they both have border rank g 4 2 and because of the following other
structural reason which is what is used in the prior work on fast matrix multiplication:
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Let Xo = {zo}, X1 = {z1,..., 24}, Xo = {xg42}. Similarly, let Yy = {yo}, Y1 =
{v1,---,yq}s Yo = {ygro}, and Zy = {20}, Z1 = {#1,..-,24}, Z2 = {z442}. When you
restrict C; and CW, to Xo X Y3 X Zy, or Xo x Yy x Zy, or Xy x Yy X Z3, both of them
are isomorphic to (1,1,1). When you restrict them to Xy x Y7 x Zj, both are isomorphic
to (1,1, ¢q), when you restrict them to X; x Yy x Z3, both are isomorphic to (g, 1,1), and
when you restrict them to X7 X Y7 x Zy, both are isomorphic to (1,¢,1). The Coppersmith-
Winograd approach only looks at products of these blocks in higher tensor powers, which are
hence isomorphic to the same matrix multiplication tensors and give the same bounds on w.

2.2 Subsets and Degenerations

For two tensors A, B, we say that A C B if A;j;, is always either By, or 0. For instance, we
can see that CW, C Tyyo. We furthermore say that A is a monomial degeneration of B if
A C B and there are functions a : X — Z,b:Y — Z, and ¢ : Z — 7Z such that whenever
Biji #0,

we have a(x;) + b(y;) + c(zx) > 0, and

furthermore, a(x;) + b(y;) + c¢(zx) = 0 if and only if A;;, # 0 as well.

We note that in prior work, degenerations are defined via polynomials in a variable ¢,
however when the degenerations are single monomials, the above definition is equivalent,
where a, b, ¢ give the corresponding exponents of ¢.

Finally, we say that A is a zeroing out of B if A is a monomial degeneration of B such
that a(x) > 0 for all z € X, b(y) > 0 forall y € Y, and ¢(z) > 0 for all z € Z. One can think
of this as substituting 0 for any variable which a, b, or ¢ maps to a positive value.

2.3 Tensor Product

Let X, X'")Y,Y' Z Z' be sets of formal variables. If A is a tensor over X,Y, 7, and B is a
tensor over X', Y’, Z’ then the tensor product of A and B, denoted A ® B, is a tensor over
X x XY xY', Z x Z' given by

/ ’ ’
A®R B = E AijkBi/j/k/(xi,xi,)(yj,yj/)(zk,zk,).
(wi,x), )EX XX’
(y;.95)EY XY’
(zk,zl;,)erZ’

The nth tensor power of a tensor A, denoted A®", is the result of tensoring n copies of A
together. In other words, A®! = A, and A®" = A @ A%~

Tensor products preserve many key properties of tensors. For instance, if A C C' and
B C D, then A® B C C ® D, and this is also true if subset is replaced by monomial
degeneration, or by zeroing out.

For a nonnegative integer k, if A is a tensor over X,Y, Z, and if X1,..., Xy are k disjoint
copies of X, and similar for ¥ and Z, then k£ ® A denotes the (disjoint) sum of k copies of A,
one over X;,Y;, Z; for each 1 <i < k.

2.4 Independent Triples

Two triples (x,y, 2), (¢/,y',2") € X XY X Z are independent if x £ 2', y £y, and 2z # 2'. A
tensor A is independent if, whenever A;;, # 0 and Ay /i # 0, and (4, j, k) # (¢/, 7', k), then
the triples (z;,y;,z,) and (2, yj/, zi) are independent.
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2.5 Tensor Rank

A tensor T over X,Y, Z is a rank-one tensor if there are coeflicients a, for each x € X, b,
for each y € Y, and ¢, for each z € Z in the underlying field F such that

T(Zaz-l) > by (Zcz) > azbyc. - Tyz.

rzeX yey z€Z (z,y,2) EXXY XZ

More generally, T is a rank-k tensor if it can be written as the sum of k£ rank-one tensors.
The rank of T', denoted R(T'), is the smallest k such that R is a rank-k tensor.

We can generalize this notion slightly to define the border rank of a tensor. We will now
allow the ay, by, and ¢, coefficients to be elements of the polynomial ring F[e] for a formal
variable €. We say that 1" is a border rank-one tensor if there are coefficients az, by, c, in
Fle] and an integer h > 0 such that when

(Zaww‘) > by <Zcz-z> (1)

reX yey z€Z

is expanded as a polynomial in ¢ whose coefficients are tensors over X,Y, Z, then T is the
coefficient of €, and the coefficient of el is 0 for all 0 < A’ < h. Similarly, the border rank
R(T) of T is the smallest number of expressions of the form (1) whose sum, when written as
a polynomial in e, has T as its lowest order coefficient.

It is not hard to see that if A is a monomial degeneration of B, then R(B) < R(A) < R(A).

2.6 Matrix Multiplication Tensor and Algorithms

Now that we have defined tensor rank, we can define w as the infimum over all reals so that
R({n,n,n)) < O(n**e) for all € > 0. Similarly, for any € € (0, 1), define w, to be the smallest
real such that an n x n° matrix can be multiplied by an n° x n matrix in n<=+t°() time.

We present a useful Lemma that follows from the work of Schénhage, which shows how
the tensor rank notions we have been discussing can give bounds on w;.

» Lemma 4. If R(f © (n,n°,n)) <g, then w. <log,([g/f])-
Proof. By Schonhage [23] (see also [3, Lemma 7.7]), we have that R(f © (n,n%,n)) <g
implies that for all integers s > 1, R(f © (n°,n*,n®)) < flg/f]°. Hence, multiplying

an n® X (n®)¢ by an (n/s)® x n® matrix can be done in O(f[g/f]®) time. Thus w. <

lim, o log(f[g/f1°)/log(n®) = log, ([g/f1)- <

We can also define « as the largest real such that R((n,n®,n)) < n?t°M Tt is known
that « € [0.31,1], and clearly o = 1 if and only if w = 2.

3 The mod-p tensor and its degenerations

In this section, we give a rank expression for 7},, and then a monomial degeneration of Ty o
into CWj.
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3.1 The rank of T},

Let us consider the tensor 7T}, of addition modulo p for any integer p > 2; recall that in
trilinear notation, 7}, is defined as

T, = Z TiYj 2k
i,j,k€{0,....p—1}
i+j+k=0 (mod p)
The rank of T}, is p, as can be seen by the expression below. Let wy,...,w, € C be the
pth roots of unity, meaning that Zle w; = 0, and that for each 7, w? = 1. Then,

1& p—1l p—1 p—1
T, =~ Z (Z w§x1> szyj (Z wfzk> .
Pi= \iso j=0 k=0

The above gives a rank expression for T, over C, which is sufficient for the approaches
for matrix multiplication algorithms discussed above. That said, one can easily modify it
to get an expression over some other fields as well. For instance, suppose p + 1 is an odd
prime. Then, we know that >-?_ ¢ =0 (mod p + 1), and that a? =1 (mod p + 1) for any
1 < a < p, so we similarly get the following rank expression over GF(p + 1):

p [p—1 p—1 p—1
T, =— Z (Z aixi> Z ajyj <Z akzk> .
j=0 k=0

=0

3.2 Monomial degeneration of T}, into CW,

Here we will show that the rotated CW tensor CW, for integer ¢ > 1 is a degeneration of
Ty+2. Recall that

CWy = 20Yo2¢+1 + T0Yq+120 + Tq+1Y020
q
+ > (ToYkzgr1-k + TY0Zq+1—k + ThYgt1—K20) - (2)
k=1
For ease of notation, we will change the indexing of the z variables in Tj 4o (i.e. rename the
variables) from our original definition? to write

Tq+2 = Z TilY;Zk- (3)
i,4,k€{0,....,q+1}
i+j+k=q+1 (mod ¢g+2)

In this form, one can see that C'W, is the subset of T, s consisting of all the terms
containing at least one of zg, yo, or zp. With this in mind, our degeneration of T, is as
follows. We will pick:

a(zg) =0, a(zgt+1) = 2, and a(z;) = 1 for 1 < i < g, similarly,

b(yo) =0, b(yg+1) =2, and b(y;) =1 for 1 < j < ¢, and,

c(z0) = =2, ¢(zg41) =0, and ¢(z) = -1 for 1 <k <g.

We need to verify that for every term x;y;2x in (3) we have a(x;) + b(y;) + c(2x) > 0, and
moreover that for such x;y;25, a(z;) + b(y;) + c(z) = 0 if and only if x;y;2; also appears in
(2). This is quite straightforward, but we do it here for completeness. Consider any term
x;yj21 in (3). We consider three cases based on k:

2 For every index k € {0,1,...,q+ 1}, we will rename z, to z;_1 (mod q+2)-
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If £ = 0, then our term is of the form z;y442-:20 for 0 < ¢ < ¢+ 2. This term always
appears in (2) as well, and we can see that we always have a(z;) =2 — b(yg+2—:), and so
a(w;) + b(yg2-i) + c(z0) = 0.

If k =g+ 1, then ¢(z441) = 0, and we always have a,b > 0, so we definitely have that
a(x;) + b(y;) + c(z) > 0. Moreover, we can only achieve 0 when a = b = 0, with the
term xoYo2q+1, which is the only term with z,41 which appears in (2).

If 1 < k < g, then since zoyozy is not a term in (3), we must have that a(z;) + b(y;) > 1,
and so a(x;) + b(y;) + c(zx) > 0. Moreover, we only achieve a(z;) + b(y;) + c¢(zx) = 0
when (a,b) = (0,1) or (1,0), which correspond to the terms of the form xoyxzq+1—% Or
TEYoRq+1—k in (2)

3.3 Monomial degeneration of T}, into Strassen’s 1986 tensor.

Strassen’s 1986 tensor is defined for any integer ¢ > 1 and is given by Sy := D!, xoy;2q+1-i +
TiYoZq+1—i-
Similar to before, we will show that S, is a degeneration of Tg1, which we can write as

Tq+1 = § ZiYjRk- (4)
1,5,k€{0,....q}
i+j+k=q (mod g+1)

Our degeneration is as follows: a(zg) = b(zg) = 0, a(z;) = b(y;) = 1 for all ¢ > 1,
¢(zq) = 0 and c(zx) = —1 for all k > 1. Simple casework shows again that the possible values
for a(x;) + b(y;) + c(zx) are 0,1,2, and that 0 is only achieved for the terms in S,;. Among
other things, this degeneration gives a simple proof that the border rank of S, is g + 1.

Since a monomial degeneration of a rank expression gives a border rank expression, this
shows in particular that the border rank of CW is ¢ 4+ 2. Furthermore, it shows that the
best known bounds for w [10, 27, 16] can be obtained from 7. Finally, since we only used
monomial degenerations, we will be able to obtain lower bounds on what bounds on w one
can achieve via zeroing out powers of the CW, tensor.

4 Independent Triples in Matrix Multiplication Tensors

In this section we show that there is a zeroing out of any matrix multiplication tensor into a
fairly large independent tensor. This strengthens a classic result (see eg. [3, Lemma 8.6]) that
any matrix multiplication tensor has a monomial degeneration into a fairly large independent
tensor.

» Lemma 5. For every positive integer q, and € € (0, 1], there is a zeroing out of {q,q%,q)®"
into ¢ )=o) independent triples.

Proof. Recall that (g,¢%,q) =Y _, Z?; >, ijyjkzki. Hence,
(0,67 q)"" = > TFYiRA R
ikelq, jelge]n

We will zero out variables in three phases, and after the third phase we will have a sufficiently
large independent tensor as desired.
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4.1 Phase one

For vectors ikelq ]", and values a,b € [q } let t,p(ik) denote the number of 1 < a < n
such that i, = a and ko = b. We say that ik is balanced if, for all a,b,c,d € [q], we have
tap(ik) = teq(ik). We similarly say that ij is balanced if to,(7]) = teq(ij) for every a,c € [q]
and b,d € [¢°], and say that jlz is balanced similarly. In the first phase, we zero out every
variable Tz such that ;j is not balanced. We similarly zero out Y5k such that ;l; is not

balanced, and zz; such that K7 is not balanced.

Note that if ik is balanced, then for each a,b € [g], we have (iy, ko) = (a,b) for exactly
n/q? choices of o € [n]. Hence, the number of choices of 7,k € [g]™ such that ik is balanced
is exactly Lo := (l n'om ) = g2n—on) If ik is balanced, then notice that the number K.

PRRRERE)
of choices of j € [¢°]™ such that ij and jk are also balanced is independent of what ¢ and &

are, and satisfies K. = ¢@(").

Similarly, the number of choices of 7 € [¢]" and j € [¢°]" such that 7 is balanced is

Ly := ( n " n ) = q(lﬁ)"*o("). Moreover, when 4j is balanced, the number K7 of
PRl =R R ey

choices of k such that ik and jlg are balanced satisfies K1 = ¢°(™. Note that Lo K, = Ly Ky,

since both count the number of triples remaining after phase one, and in particular, K7 > K..

4.2 Phase two

Let M be an odd prime number to be determined. Pick wg, w1, ..., w, € [M] independently
and uniformly at random, then define the hash functions hx : X — [M], hy : Y — [M], and
hz : Z — [M], by:

_QZwa~ o —Jja) (mod M),

hy (y37) = 2w0 +2 Y wa - (o — ka)  (mod M),

a=1
hz(z7) =wo + > Wa - (ia — ko) (mod M).

Notice that, for every choice of 7,7,k € [g]", we have that hx(x77) + hy (y;z) =
2hz(zz7) (mod M). Now, let H C [M] be a subset of size |H| > M*~°() which does
not contain any nontrivial three-term arithmetic progressions mod M in other words, if
a,b,c € H such that a +b = 2¢ (mod M), then a = b = ¢. Such a set is constructed by
Salem and Spencer [22]. In the second phase, we zero out all z77 such that hx (z77) ¢ H, and
similarly for the y and z variables. As a result, every term z;- y 2257 Temaining in our tensor
satisfies:

ﬁ, ﬁ;, and ki are balanced, and

hx(xgj) = hy( ;E) = hz(zE;)

4.3 Phase three

In the third phase we zero out some remaining variables to ensure that our resulting tensor
is independent. First, however, we will compute some expected values.

For h € H, let S}, be the set of terms T77Y575%g; Temaining in our tensor after stage two
such that hx (z77) = hy (y53) = hz(2) = h For a given term wzy-z2z; which was not
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zeroed out in phase one, it will be in S;, whenever hx (gc;;) = h and hy (y;,g) = h, since in
that case we must also have that hz(zz7) = h as the three are in arithmetic progression.
For a fixed choice of Z, j, k such that 27 and ;/g are balanced, we can see that hx (x;;) and
hy(yﬁ) are independent and uniformly random elements of [M] (the randomness is over
choosing the w, values). Hence, this term will be in S}, with probability 1/M?, and so
E[|Sh]] = L1y - K1 /M?.

Next, for h € H, let Py, be the set of pairs of terms (x;;yﬁz}gg, L5 Y5E 27 ) such that
both terms are in Sy, and i=7 and j = f’, meaning they share the same x variable.
Again, there are Li,. choices for i and j, then K; choices each for k and ' , and similar
to before, such a choice of Z, f, l;, K will be put in P, with probability 1/M?3. Hence,
E[|Py|] < Liye - K?/M3. Similar calculations hold if we instead look at pairs @, which share
a y variable, showing that E[|Q|] < Liy. - KZ/M3, or pairs R;, which share a z variable,
showing that E[|Ry,|] < Lo - K2/M? < Ly4. - K{/M?3.

We now do our final zeroing out. If there are any distinct terms o and T3 Y505 i
remaining in our tensor such that i=1 and f: ;” , then we zero out Ty We similarly zero
out any variables Y55 OF Zp7 which appear in multiple terms. As a result, our final tensor is
definitely independent.

It remains to show that it has enough terms remaining. Since each pair of terms left from
phase two which share a variable is removed in phase three, we see that the number of terms
remaining is at least

Z |Sh| = 2[Pn| — 2[Qn| — 2|Rnl.

heH
Let us pick M to be an odd prime number in the range [12K7,24K7]. Hence, using our
expected value calculations from before, we see that the expected number of remaining terms
is at least

Li Ky L .K2? |H|Li, Ky K, MWL, K, 1
H|. -6 = 16— | > —— =1 (16—
I ( M? M3 M? M)~ M? 12
L € n—o(n
L > gUram—on
Kl

)

where the last step follows since L1 . = ¢(1t9)7=0(") and K, = ¢°("). By the probabilistic
method, there is a choice of hash functions which achieves this expected number of independent
triples, as desired. |

5 Monomial Degenerations

» Lemma 6. Suppose A and B are two tensors over X,Y,Z such that A is a monomial
degeneration of B. Further suppose that A®™ has zeroing out into f(n) independent triples.
Then, B®™ has a zeroing out into Q(f(n)/n?) independent triples.

Proof. Let a : X — Z, b:Y — Z, and ¢ : Z — 7Z be the functions for the monomial
degeneration such that

a(z;) + b(y;) + c(zx) > 0 for all z;y,2, € B, and

furthermore a(x;) + b(y;) + c¢(zx) = 0 if and only if z;y;2;, € A.
Let @™ := mingex a(z) and a™ := max,¢ x a(x), and define b=, b, ¢, and ¢ similarly. Now,
B®™ is a tensor over X", Y™, Z". Define a™ : X" — Z, by a™(zi,,...,xi,) = Yoo, a(z;,),
and define b" : Y™ — Z and ¢" : Z" — Z similarly. It follows that
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a™( @iy, i) F O Wins e Y ) + M (Zhys - -, 28, ) > 0 for all

iy Tin Yjy o Yjp By o Pl € B®”, and

furthermore a™(z;,,...,2;,) + 0" (Yjys-.-+Y5,) + " (Zky, ..., 2k,) = 0 if and only if

Tiy * TiYjs Y Pk " 2k, € ACT
The range of a™ is integers in [a~n, a™n]. For each integer p in that range, let X} be the set of
zy, -~ x;, € X" such that a”(z;, - - - x;,) = p. Define Y]* for integers ¢ € [b~n,b*"n], and Z
for integers r € [¢™n, ¢ n|, similarly. Now, for (p,q,7) € [a™n,a™n] x [b~n, b n] x [c™n, ctn],
let BE;T be the tensor one gets from B®" by zeroing out all the X™ variables not in Xy, all
the Y variables not in Y,", and all the Z" variables not in Z;'. Then, letting W' be the set

of triples of integers in [a™n,a™n] x [b"n,b"n| x [c™n,c

®n __ Rn
A - Z Bp,q,r’

(p,q,m)EW |p+q+r=0

n], we see that

and each term of A®™ appears in exactly one of the summands. Now, let A®™ be the zeroing
out of A®™ into f(n) independent triples. Let By, be the zeroing out of BYy . in which we
zero out those same variables. Hence,

A(Xm/ _ Z B®n/
D,q,T?
(p.q,m)EW |p+q+r=0

where the sum is hence a disjoint sum of independent triples. The number of terms on
the right is O(n?), and so at least one of the terms on the right must have size at least
|A®™| /O (n?) = Q(f(n)/n?), as desired. <

6 Main Theorem

In this section, we will combine our results above with the bounds on the sizes of tri-colored
sum-free sets from past work in order to prove our main theorem. Recall the definition of +,
from Section 1.4, and define ¢, := e7».

» Theorem 7. Let € € (0,1]. Let T be a tensor that is a monomial degeneration of T, and
suppose that TN can be zeroed out into F ® (G,G%,G), giving a bound w. < w. where
G@: = [pN/F]. Then w' > (1+¢) log., p.

Proof. Let g = G/ so that G = ¢, and let f = F'/N so that F = fV. Since T®" can be
zeroed out into F' ® (G, G¢, G), via Lemma 5, T®" can be zeroed out into fV . gIFe)N—o(N)
independent triples. Due to Lemma 6 this means that Tp®N can also be zeroed out into
D = fN . g(t+e)N=o(N) /N2 independent triples.

Now, let S ={(a1,b1,¢1),...,(ap,bp,cp)} be the indices of the D independent triples
obtained from TE’N . Because they are obtained by zeroing out TI?N , forevery i, a;+b;+¢; =0
in ZZJ)V. Now suppose that for some 4,5, %, a; +b; +c; =0 in Z;)V. If 4, j, k are not all the
same, then (a;, bj,cx) cannot be in S as the triples in S are independent. However, the only
way for a triple of TPXN to be removed is if X, or Y,, or Z,, is set to zero. Suppose that
X, is set to O (the other two cases are symmetric). Then there can be no triple in S sharing
a; as its first index. Thus in fact S forms a tri-colored sum-free set. Hence D < 0117\/ .

From our earlier bound on D we get that fV -g(l"rs)N_o(N)/]\f2 < cév, and taking the
Nth root of both sides yields fg'te=°M) /N2/N < ¢ .

Recall that G¥= = [pN /F1], so that g = ([p/f])/“+. Plugging in above, we get that
f([p/f})(lJrs)/w;fo(l) < Cp- Hence, flf(1+s)/w;+o(1)p(1+s)/w;70(1) < Cp. Since w; > (1 +€)’
we have that f1=(+e)/wcto(l) > 1 We obtain that (1 + ¢)/w] < log,, ¢, + o(1) and

w. > (1+¢—o(1))log,, p. <
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As a corollary we obtain the following upper bound on what « can be achieved by zeroing
out.

» Corollary 8. Let T be a tensor that is a monomial degeneration of T),. If one can prove

a < o using the zeroing-out approach then, o/ < logi > — L
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A  Supporting Calculations

We recall some definitions from earlier in the paper. For any integer ¢ > 2, let p be the
unique number in (0, 1) satisfying

—1
p+02+---+0q_1=qT(1+2pq)-

Then, define v, € R by 7, :=In(1 — p?) —In(1 — p) — qg—l In(p). Then, the lower bound on w
we get from using T, is 21n(q)/v,. Here we show that this approaches 2 as ¢ — oc:

» Lemma 9. lim, 1117(2) =1.

Proof. Note that, since p € (0,1), we have

1 -1 -1
4Pt = 2 >
1-p 3 3
Rearranging, we see that p > 1 —3/(q — 1). Hence,
1— q
Yo _ ln( fp) (¢—ln(p) _In (L4+p+-+pt) (-1 -25)
In(q) In(q) 31n(q) In(q) 31n(q)
In((g—1)/3) (¢—1)In(1 - 25)
In(q) 31n(q)
As ¢ — oo, we have that Ing((¢ — 1)/3) = 1 and (¢ — 1)Ing(1 —3/(¢ — 1)) — 0, as
desired. <
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