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ABSTRACT

Fractional partial differential equations arise from many fields of physics and apply
a very important role in various branches of science and engineering. Finding accurate
and efficient methods for solving partial differential equations of fractional order has
become an active research undertaking. In the present paper, the homotopy perturbation
method proposed by J-H He has been used to obtain the solution of some fractional partial
differential equations with variable coefficients. Exact and/or approximate analytical
solutions of these equations are obtained.

Keywords:  Homotopy perturbation method, fractional calculus, fractional partial
differential equations, Caputo fractional derivative.

1. INTRODUCTION

Fractional differential equations play an important role in fractional
calculus. Recently, many authors studied the differential equations of
fractional order, see Kilbas et al. (2006), Lakshmikantham et al. (2009),
Miller et al. (1993), Hilfert (2000) and Oldham et al. (1974). This is due to
that the fractional calculus provides an effective and perfect tool for
description most of dynamical phenomena in engineering and scientific
areas such as, physics, chemical, biology, electrochemistry, electromagnetic,
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control, porous media and many more, for more details see Diethelm et
al.(1999), Podlubny (1999) and Metzler et al.(1995).

In recent years partial differential equations of fractional order have
been received considerable interest and have applied for many problems
which are modeled in various areas for instance number of physical
phenomena are presented by such equations Mohyud-Din et al.(2009),
Mohyud-Din and Noor (2008), Usman and Yildirim (2010), Rossikhin and
Shitikove (1997) . There are several methods for solving linear and nonlinear
fractional partial differential equations for example, homotopy perturbation
method Mohyud-Din et al. (2011), Momani and Odibat (2007a), Odibat
(2006), Xu et al. (2009), Odibat and Momani (2006), Momani and Odibat
(2007), Zhang and He (2006), He (2003), He (1999), He (2000), Abdulaziz et
al. (2008), He (2004), He (2005), He (2006) homotopy analysis method
Jafari and Seifi (2009), Jafari and Seifi (2009a), Jafari and Momani (2007) ,
and variational iteration method Momani and Odibat, (2007a ).

In the present paper, fractional partial differential equations are
obtained from the corresponding integer order equations by replacing the first
order or second order time derivatives by a fractional in the Caputo sense of
ordera with0<a<l,1 <a<2.

In this work, the homotopy perturbation method proposed by He
(1999, 2000) to obtain an approximate solution for partial differential
equations of fractional order. Odibat and Momani (2006), applied
modification of He's homotopy perturbation method to solve Quadratic
Ricccati differential equation of fractional order, also in Momani and Odibat
(2007). Momani and Odibat using this method for solving nonlinear partial
differential equations of fractional order. Our aim is apply HPM to solve
some fractional partial differential equations. The modified homotopy
perturbation method Odibat and Momani (2006) shall be adopted.

2. PRELIMINARIES

In this section, we give some basic definitions and properties of
fractional calculus theory which used in this paper.
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Definition 1

A real function f (t), t >Ois said to be in space C , v R if there exist a
real number p > v, such that f (t) =t*f,(t) where f (t) eC (0,0), and it is
saidtobeinthespace C if f "eR ,neN.

Definition 2

The Riemann-Liouville fractional integral operator of order ¢ >0 of a
function f €C , v>-1 is defined as

J¢ jf(r)(t—r)“_ldr, a>0, 7>0. Q)

1
I'(a)

In the special case ar=0 we have J°f (t) = f (t)

For >0 and y >—-1, some properties of the operator J“

(@ J*IPf (t)=J*"f (t)
(b) J*IPf (t)=J*7F (t)
() J*I%f t)=J"J°f (t)

(d) J47 = F(}/-l-l) ta+y
INa+y+1)

Definition 3

The Caputo fractional derivative of f €C", m e N is defined as:

D“f(t)=ﬁj‘fm(r)(x—r)m"“‘ldr, m-l<a<m )

Lemmal

m
v

If m-l<a<m, meN, f eC
properties hold

v>-1, then the following two

(@ D“[I“f (t)]=f (t)
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(0 3°[D°F )] =t (t)—mif (k)(O)%

3. HOMOTOPY PERTURBATIONMETHOD

The homotopy perturbation method method was proposed in (1999)
by Chinese Mathematician He He (1999, 2000, 2003,) is applied to various
problems He (2004, 2005, 2006).

Dy ()+L(y@)+Ny@)=f (x),x >0, m-1<a<m ®))

with boundary conditions

B(y,. 2)=0, xer @
on
subject to initial condition
y “(0)=c, (5)

where D*y(t) is the Caputo fractional derivative of order «, L is a linear

operator which might include other fractional derivative operators and N is
the nonlinear operator which also might include other fractional derivative of
order less than «, B is a boundary operator, f (X) is a known analytic

function, I is the boundary of the domain Q.

In view of the homotopy perturbation method, we construct the
following homotopy

(L— p)D“Y(x, p)+ P D*Y(x, p) +Ly(t, ) + Ny(t, )~ F ()] =0 (6)
or

Dy(x, p) + p[Ly(t,x) + Ny(t,x)~f (x)] =0 ()

where pe[O,l] is an embedding parameter. If p=0 equations (6) and (7)
become
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D“y =0 8

and when p =1 the equations (6) and (7) turn out to be the fractional partial
differential equation.

The basic assumption is that the solution of Equation (6) or Equation
(7) can be written as a power series in p

Y=Yy + Py, + Py, +-+ 9)

Substituting (9) in (7) and equating the terms with having identical power of
p, we obtain the following series of equations

p°:D%y, =0,

p':D"y, =—Ly, — Ny, + f (©),
p*: Dy, =—Ly, = N(¥,, Y1),

P’ DYy =—Ly, = N(¥o, Y1, ¥2),

4. MODIFIED HOMOTOPY PERTURBATION METHOD

The homotopy perturbation method under development. Many
modified various were appeared in literature, for example in Odibat and
Momani (2006), Odibat and Momani modified the homotopy perturbation
method to solve nonlinear differential equations of fractional order. This
modified reduces the nonlinear fractional differential equations to a set of
linear ordinary differential equations.

Hereby we will illustrate the general solution procedure of the
method. Consider a nonlinear Equation (3)

In view of the homotopy technique, we can constrict the following
homotopy

y™ +L(y) - f(x)=p[y™ —N(y)-D“y] (10)
or
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y® =1, = p[ Y™ —L(y) = N(y) - Dy + £,(x) | (12)
where f,(x) be assigned to the zeroth component y,, and f,(x) be

combined with y, i.e f(t,x)= f,(X)+ f,(x).

In the case p=0 in Equation (11) we get

y™ = f,(x) (12)

and in the case p =1, the Equation (11) turn out to be the original fractional
differential equation.

Substituting Equation (9) into (11) equating the terms with having identical
power of p, we obtain the following series of equations

m k
0 . aaxyﬂo = fl(t,X)! %yo(t,o) = fk (t)! k 20’1’2’”.

1:amy1 :8my0 L
ox"™  ox"

p

a

o
—Ny, ——2% + f_(t,X),
Yo — Ny, v »(t,X)

p

k
;?yl(t,O)zo, k=0,1,2,--- (13)
28_{]228 ill_L 1_N 1_8 Zl
ak
yyz(tyo)zo, k=0,12,--

Note that equation (13) can be solved for y,,y,,Yy, by applying J“ on both
sides and by some computations yields the solution of Equation (3).
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5. APPLICATIONS

To incorporate our discussion above, we implement the modified
homotopy perturbation method to get the solution of linear and nonlinear
partial differential equations of fractional order.

Example 1

In this example we consider the following one dimensional linear
inhomogeneous fractional wave equation:

(1-a)

-

Dey(t)+y, = sint+xcost, x>0,0<a <1 (14)

subject to the initial condition
y (.0 =0, (15)
The exact solution for the special case «z=1 is given by
y(t, x) = xsint (16)

First we use standard HPM for solve the equation (14), according to
homotopy (7), we have

aa y (1-a)
=p| -y, + sint + xcost a7
ox” Ir2-a)

Substituting Equation (9) in to (17) equating the terms with having identical
power of p, we obtain the following series of equations

po:a Yo =0, Y,(x,t)=0,

ox*

a (I-a)
p* :% = —%er—sint + XCOst,

X~ o TI'(-a) (18)
p?: %Y, _ 0¥

CoxT ot
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Now applying the operator J“ to both sides of Equation (18) and

using initial condition yields

Hence the series of the solution is

Yo =0,
(a+1)
y, = xsint + cost,
IN'a+2)
(19)
(a+1) (2a+1)
y, =— cost + —————sint,
I'a+2) I'2a +2)
y(t, X) = yO (t, X) + yl(t’ X) + yz(t! X) +ee
X(a+l) X(a+l)
=xsint + cost ————cost (20)
I'a+2) I'a+2)

X(2a+1)

+————sint+--
I'2a +2)

By canceling the noise terms in the above series we get

y (t,Xx)=xsint

which is the exact solution (16) of Equation (14).

Now, we solve Equation (14) by (MHPM). According to homotopy

(11), substituting the initial condition (15) into (13), we obtain the
following set of partial differential equations

272

(1-a)

¥ _ X sint+xcost, Y,(t,0)=0,

x T(2-a)

ayl ayO ayO aayo

Y _ N N 9V t,0)=0,

T A ¥, (t,0) (21)
%:%_%_—8 h Y,(t,0)=0,

oXx ot ox*
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Consequently, solving the above equations for y,,y,, Y, the first

few components of homotopy perturbation solution for Equation (14) are
derived as follows

(2-a) 2
Yo = ———sint+—cost,
I'G-a) 2
X(Z—a) ) X2 (3-a) 3 (3-2a) )
Y1 sint +—cost - ————cost + —cost ——————sint,

“T(3-a) 2 T4-a) 6 T(4—2a)

Hence the series of the solution is

y(t, X) = yo(ta X) + yl(t, X) +Y, (t, X) -
2X(2—a) 2X(3—a) X3 X(S—Za)

=" sint+x°cost— ———cost + —cost — ————sint
IrG-a) Ird-a) 6 I'(4-2a)

Hence, if we eliminating the noise terms in the above series of solution the
result is the exact solution of (14) when o =1 which is

y(t, x) = xsint
Example 2
We consider the following one differential fractional Burgers equation
aay ay aZy 2X2—a

+———F=—-—+2t-2, teR,0<acxl] (22)
ox* ot ot TI'(B-a)

subject to initial condition
y(t,0) =t (23)

The exact solution for the special case ar=1 is given by:
y(t,x) =t* + x? (24)

First we use standard HPM for solve the Equation (22), according to
homotopy (7), we have
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(2-a)

oy X
=p| - —+2t-2 25
IO( yt+yn+r(3_a)+ J (25)

ox*

Substituting Equation (9) in to (25) equating the terms with having identical
power of p, we obtain the following series of equations

0.9"Y 2
——=0, x,t)=t°,
P Yo (X,1)
a 2 (2-a)
pl:%z—%+a¥°+ 2X +2t-2,
Ox” o ot T'(B-a) (26)
o2: 0o _M Oy

oxt ot ot

Now applying the operator J“ to both sides of equation (26) and using initial
condition yields

Yo =0,
(a+1)
y, = xsint + cost,
IN'a+2)
(27)
(a+1) X(2a+l) .
y, =— cost + ————sint,
I'a+2) I'2a +2)
Hence the series of the solution is

L,X)=VY,(t,X)+ VY, (t,X)+ vy, (t,X)+---

Yt X) = Yo (t, X) + Yy (t, X) + Y, (t, X) 28)

=X +1?
which is the exactly the exact.
Now, we solve Equation (22) by (MHPM). According to homotopy

(11), substituting the initial condition (23) into (13), we obtain the following
set of partial differential equations.
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No

:O’ t,O =t2,
OX %o(t.0)
2 a (2-a)
W Yo Ko 0¥ 0 2XTT o 5y t,0)=0,
oXx ox o ot ox* T'(B-a) (29)

2 a
Yo M N 0% TNy 4 0)=0,
ox ox ot ot ox”
Consequently, solving the above equations for y,,y,,y, the first few

components of homotopy perturbation solution for Equation (22) are derived
as follows

Yo = tza
2xG)
T

_2X(4—2a) 2X(37a)
Y, = + )
T6-22) T(-a)

The results y,(t,x)=0,i>3 in the case of «=1. Hence the series of the
solution is

Y(6X) = Yo (6, X) + Yy (%) + ¥, (6, X) + -

30
=x* +1? (30)

which is the exactly the exact.

Example 3

In this we consider Singular linear vibration equation of fractional order:

a 2
ﬂ:cz(ﬂﬁ@j, x>0,1<a<2, (31)
t ot
subject to initial conditions
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2 C
y(t,O)Zt ' yx(tvx)z?' (32)

with y(t, x) representing the space-time displacement, and c is the wave
speed of free vibration.

First we use standard HPM for solve the Equation (31), according to
homotopy (7), we have

o'y o’y lay
= 33
ox“* = pe (atz t ot (33)

Substituting Equation (9) in to (33) equating the terms with having identical
power of p, we obtain the following series of equations

o° C

P20, 0=t 0=,
ax t
o0 0 1

Sl Q%] nenn ni-o 54
o oy, 1

pZ: axiz =C (at_ill ta(;:llj yz(t,X)ZO, y2x(t,X)=0,

Now applying the operator J“ to both sides of Equation (34) and using
initial condition yields

c
y0=t2+?x,

Ac*x* . c*x
T(a+1) tT(a+2)’ (35)
305 2a+1
t’ra+2)’

a+l

Y=

2=
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Hence the series of the solution is

Y(t,X) = Yo (6, %) + Yy (6, X) + Y, (6, X) +---

) C 4C2Xa C3Xa+l 3C5X2a+l (36)
=t"+—-X+ + ——= 4+
t INa+l) tT(a+2) tTQa+2)

Now, we solve Equation (31) by (MHPM). According to homotopy (11),
substituting the initial condition (32) into (13), we obtain the following set of
partial differential equations

azy C
Pl Yo(t0)=t! Yo, tx) =7
52y1 62yo 2 62y0 10y, | 3"
N b1 )| Yy 0)=o, (tX) =0,
x Tt e MO0

azy2 azyl 2 azyl 16Y1 6ay1
=D 221 B0y 10)=0, v, (t,X) =0,
X o x ) e BOO=0 YY)

Consequently, solving the above equations for y,,y,, Y, the first

few components of homotopy perturbation solution for Equation (31) are
derived as follows
C
Y, =t? i
C3X3_ t2X2—a . CX3—0(
6° I'(3-a) trd—-a)’

y, = 2¢°X% +

Therefore the approximate solution is given by

Y(t, X) = Yo (t, X) + Y, (&, X) +- -
cx® B t* x> X

60 TIG-a) T(@d-a) (37)

3-a

c
=t2+?x+202x2 +

which is the exact obtained in Abbasbandy (2009) when a=2.
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The surface shows the proximate
solution y,,(t,x ) for Equation (31) with

respect t and x forc=5

$REL
,ﬁ,:. LHIEAL
QIEIAKIKKLS
R
8582
BRI8N088R2582
LIRS

&
2
L2

The surface shows the proximate
solution y,(t,x) for Equation (31)

with respecttot and x for ¢ =5

@

(b)

Figure 1: The approximate solution when e =2and ¢ =5 (a) y,,(t.x),
(b) y,(t,x) respectively with respect to t and x

1000
800 4

600 c=1.2.34

Ho

400
200+

0 T

0 1

Figure 2: y,(t,x) with respect to t =4 and different c’s
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The surface of approximate solution has been plotted in Figure 1 ((a)
Yio(t,X) and (b) y,(t,x) respectively), we can see that, the displacement

increase with increase of t and x. Also, it is increase by calculated more
terms of approximate series solution. On the other hand, the Figure 2 shows
that the displacement increase fast with the increase x and ¢ with t=4.

Example 4
In this example we consider nonlinear time-fractional advection partial

differential equation
o'y
axa

:y%:2x+t+x3+tx2 x>0,0<a<], (38)

Subject to initial condition
y(t,0)=0 (39)
The exact solution for the special case ar=1 is given by
y(t, X) = X% +tx (40)

First we use standard HPM for solve the Equation (38), according to

homotopy (7), we have
oy
axa

:p(—yty+2x+t+x3+tx2) (41)

Substituting Equation (9) in to (41) equating the terms with having identical
power of p, we obtain the following series of equations

p°: 2 Yo _o, v (x 1) =0,

" ox”
o = 2Rt 2)
X
2.0, W M
pri——= yO ot yl ot !

ox“
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Now applying the operator J“ to both sides of Equation (42) and using
initial condition yields

Yo = X
* Ia+)’
2X(a+l) txa X(a+3) 2X(a+2)
y, = + + + ,
INa+2) TI'(e¢+l) T(a+4) TI'(ae+3) (43)
y, = x**T'(2a +1) xC AT (20 +3)
,=— _

M@+l) T(a+)(a+3)T(3a+3)

Hence the series of the solution is

Y(t,X) = Yo (t, X) + Yy (8, X) + Y, (t,X) + -+

Xa 2X(a+1) txa X(a+3) 2X(a+2)
= + + + +
INa+l) T(x+2) T(x+l) T(a+4) T(x+3)
B x*T'(2a +1) ~ xCAT (2a + 3)

I'’(a+1) T(a+D)I'(a+3)Ba+3)

Now, we solve Equation (38) by (MHPM). According to homotopy
(12), substituting the initial condition (39) into (13), we obtain the following
set of partial differential equations

.

O 2x+t 4+ X +1X, Y, (t,0) =0,
OX
oy, oY, o, 9Y,
oy Fo T t,0)=0,
ox X Yo ot ox* %mt0) (44)
ayZ ayl ayl ayO aDtyl
L Ay gy Ay 1,0=0,
Yooy Vi T o Y,(t,0)

OX  OX

Consequently, solving the above equations for y,,y,, Y, the first

few components of homotopy perturbation solution for Equation (38) are
derived as follows
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xt o
t,X) = X* +tX+ —+ —,
Yo (£, X) 23
LS 2 S " G G M G
Y, (6, X) = X +tX+ — + —— - - - ,
72 96 T(@-a) TR-a) T(6-a) T'G-a)
x' 14x° 1436¢  2783x"° . 5x?  3x*? o

A + - -
4 72 2880 302400 8064 T'(4-a)

[ 12 3 j X7 ( 1 2
- + + +
Irée-a) G-aid-a)) T(7T-a)\I'G—a) 3U(4-a)

7 2 o u 2 1 1
+ + X + +
72[(7T-a) T(-a) I[6-a) T'G-a) 96I(9-a)
2x4-2) 6x 2x%  4x® 38x’ 2xt 2xe @
+ + + +———- - -
I(6-2a) I(7-2a) 3 15 28835 2079 I'(3-a)

(e [ 1 1 J 2x(&) ( 1 1 j
+2X + + +
I'6-a) @G-aFB-a)) TOG-a)\I'(G—a) 15I'(6—a)

() 8 1 x(3-24)
+ + +
F(8—a)[3l"(5—a) 63F(8—a)] F(4—2a)}

Hence the series of the solution is

y(t! X) = yO (tv X) + yl(t’ X) + y2 (tv X) L
4 3 6 5 7 8 (3-a)
:3)(2 +3tx+_+ti_7i_2i_ti_x__zx—
4 3 72 15 63 96 I'4-a)
~ tx(2) ~ 6xE ~ x4 ~ 14x° ~ 143tx® N 2783x%
I'B—a) I'6-a) I'G-a) 72 2880 302400
5x?  3xe [ 12 3
+ — —X +
8064 T(4—a) Ir'é-a) G-al'4-a)
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X 1 2 7 2
+ + + +

Ir7-a)\{r3—a) 3Ir(d-a) 72I'(7—-a) TI'G-a)
2 1 1 2x42a) 6x(2)

9 + + + +
(F(G—a) rG-a) 96F(9—a)j rG-2a) I(7-2a)
3 5 7 11 (2-a) —
+{X L2¢ 4 38x’ 2xt 2x oy ( 1

3 15 28835 2079 I(3—a) r'G-a)

1 J 2x(6- ( 1 1 J X&)
+ + + +
bd-a)TB-a)) TOE-)\T(B-—a) 15I'(6-x) ré-a)

( g ] j }
+ +
ArG-a) 63Ar(8—«a)) I'd-2a)

Note that that if we take o =1then the first few components the solution of
equation (38) is given
xt e
yo(t,x)=x2+tx+7+?,
7x 2x ' oxE oxt o 2ax®

ty)=— -2 XX X =

e T B T i
(t.x) = 2_)(5 _E . 22tx’ . 143tx8 N 38tx°

Y0 =75 "1 " 315 " 2880 2835

N 2783xY0 N 2x N 5x1?
302400 2079 8064'

: xt o .
we can cancel the noise term 13 between y, and y, and remaining

term of y, still satisfy the equation, and so on. Hence we get in special case.

X2+t X (45)

which is exactly the exact solution.
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a=0.25

o

=05

a=0.75

a=1

X Exact
HPM MHPM HPM MHPM HPM MHPM HPM MHPM | Solution
0.1 | 0.65584 | 0.05707 | 0.43738 | 0.05342 | 0.24625 | 0.04573 | 0.12833 | 0.03003 | 0.03000
0.2 | 0.81658 | 0.14802 | 0.63668 | 0.13656 | 0.42824 | 0.11602 | 0.26672 | 0.08026 | 0.08000
0.3 | 0.97727 | 0.27175 | 0.80800 | 0.24860 | 0.59233 | 0.21080 | 0.40525 | 0.15083 | 0.15000
0.4 | 1.15164 | 0.42749 | 0.97218 | 0.38875 | 0.74332 | 0.32958 | 0.53406 | 0.24173 | 0.24000
0.5 | 1.34334 | 0.61449 | 1.13773 | 0.55624 | 0.88264 | 0.47176 | 0.64323 | 0.35261 | 0.35000
0.6 | 1.55367 | 0.83174 | 1.30923 | 0.74997 | 1.01071 | 0.63627 | 0.72281 | 0.48249 | 0.48000
0.7 | 1.78326 | 1.07752 | 1.48946 | 0.96806 | 1.12753 | 0.82120 | 0.76274 | 0.62940 | 0.63000
0.8 | 2.03243 | 1.34874 | 1.68024 | 1.20728 | 1.23283 | 1.02318 | 0.75281 | 0.78983 | 0.80000
0.9 | 2.30143 | 1.64033 | 1.88280 | 1.46233 | 1.32609 | 1.23674 | 0.68265 | 0.95815 | 0.99000
1.0 | 2.59049 | 1.94428 | 2.09795 | 1.72495 | 1.40660 | 1.45343 | 0.54167 | 1.12569 | 1.20000
TABLE 2: Absolute Error
X "yExact ~ Yhem " " Yexact ~ Ymrem "
0.1 9.8E-2 3.1E-5
0.2 1.8E-1 2.6E-4
0.3 2.6E-1 8.3E-4
0.4 2.9E-1 1.7E-3
0.5 2.9E-1 2.6E-3
0.6 2.4E-1 2.4E-3
0.7 1.3E-1 6.1E-3
0.8 4.7E-2 1.0E-2
0.9 3.1E-1 3.2E-2
1.0 6.4E-1 5.6E-2

Table 1 shows the approximate solution for Equation (38) obtained
for different values of ¢ using homotopy perturbation method and modified
homotopy perturbation method. The value « =1 is the only case for which

we know exact solution y(t,x) = x* +tx and our approximate solution using

modified homotopy perturbation method is more accurate than homotopy
perturbation method. It is be noted that the second-order term series and
third-order term series was used in evaluating the approximate solutions by
modified homotopy perturbation method and homotopy perturbation method
respectively for Table 1. On the other hand, Table 2 shows the absolute error

of HPM and MHPM series solution.
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6. CONCLUSIONS

The modified homotopy perturbation method (MHPM) suggested in
this work is an efficient method for calculating analytical approximate
solutions for fractional linear and nonlinear partial differential equations. The
presented examples illustrate that the method capable reducing the volume of
computational work as compared to standard homotopy perturbation method.
Further, the agreement between the approximate and the exact solution in all
examples shows the efficiency of the method and related phenomena give the
method much wider applicability.
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