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Abstract

The Kochen-Specker theorem (KS) states that
noncontextual hidden variable theories are
incompatible with quantum mechanics. Since the
first proof of the theorem, von Neumann projection
measurement has been used and the quantum
system considered has dimensionality of at least
three. However, recently generalized measurements
represented by positive-operator-valued measures
(POVM) have been applied to extend the proof to
two dimensional quantum systems. This note gives
numerical calculations on the first KS proof for a
single qubit.

Introduction

One of the main theorems on the impossibility of
hidden variables in quantum mechanics is Kochen-
Specker theorem (KS). This theorem says that any
hidden variable theory that satisfies quantum
mechanics must be contextual. More specifically, it
asserts that, in Hilbert space of dimension > 3 it is
impossible to associate definite numerical \ralucm

or 0, with every projection operator P,,, in such a
way that, if a set of commuting P, satisfies
Z P, =1, the corresponding values y(p ) will also

satisfy Z"(Pﬂ‘- )=1. Since the first proof of Kochen

and Specker [1] using 117 vectors in R’, there were
many attempts to reduce the number of vector
either via conceiving ingenious models or
extending the system being considered to higher
dimension. However, further advancements
recently show that the proof can be extended to two
dimensional quantum system through generalized
measurement represented by positive operator-
valued measured (POVM). In POVMs the number
of available outcomes of a measurement may be
higher than the dimensionality of the Hilbert space
and AN-outcome generalized measurement s
represented by N-element POVM which consists of
N positive semidefinite operators {E 4 } that sum to

identity. Each pair of elements are not mutually

orthogonal. Here we show numerical calculations
demonstrating idea of the first proof given by
Cabello [2] that make use of five inscribed cubes in
dodecahedron. For the single qubit system
considered, restricted element of POVM is given
by [3]

E:%(Hﬁ.&) (1)

where 7 can be any unit vector and & are Pauli
matrices.

POVM constructed from a single cube
Consider a cube centered at origin of a Cartesian

coordinate system such that all the vectors joining
origin to each vertex have unit length. Thus, the 8

unit vectors are iy =(3,3:7F)>
AETETRE W
n, :(%’g%‘%) n, :(—%,—%.—%)
By =535 _If) iy = (3,3~ V}E) and
By =5, 55 T;) Vector sum of these vectors

gives rise to zero. As every unit vector can be
generally expressed in terms of polar and azimuthal
angles as (sin $cos¢,sin sing,cos ), we can find

& and @ for each vector above. By substitution of

each pair of the angles into Eq. 1 with the explicit
form as

E:L 1+ cosd cf‘;'?ssin 3 2)

N ei"ﬁ sind 1l—cosd

where N = 8 in this case, we can produce the
following (Table 1) eight positive operators:
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Table 1 : Eight Element POVM Constructed From a Cube

1[ 1.7071  0.5-0.5i
'8 l05+05 02929 }
- :1{ 1.7071 0.50.5.:'_J
O 8|-0.5+05  0.2929
- =l{ 1.7071 0.5+O.5i}
8| -05-05  0.2929

4

p L[ 17071 05+0s5i
- 810.5-0.5 02929

1[ 02929 05-0.5i
YT l0s+05i 1707 }
7 _l{ 0.2929 —0.5—0.5:’}
¥ 8|-05+0.5  1.7071
P _l[ 0.2929 —0.5+0.5;}
* 8|-05-05 1.7071
1
3

C1[ 02929 0.5+0.5i
" 8105-05 1.7071

Table 2 : Vertices of Dodecahedron and Corresponding Polar and Azimuthal Angle

Vertex X ¥ z 9 @
1 0.0000 0.35682 0.93417 20.906 90
2 0.0000 0.35682 -0.93417 159.094 90
3 0.0000 -0.35632 0.93417 20.906 270
4 0.0000 -0.35632 -0.93417 159.094 270
5 0.93417 0.0000 0.35682 69.095 0
6 0.93417 0.0000 -0.35682 110.905 0
A -0.93417 0.0000 0.35682 69.095 180
8 -0.93417 0.0000 -0.35682 110.905 180
9 0.35682 0.93417 0.0000 90 69.095
10 0.35682 -0.93417 0.0000 90 250.905
11 -0.35682 0.93417 0.0000 90 110.905
12 -0.35682 -0.93417 0.0000 90 249.095
13 0.57735 0.57735 0.57735 34.736 45
14 0.57735 0.57735 -0.57735 125.264 45
15 0.57735 -0.57735 0.57735 54.736 315
16 0.57735 -0.57735 -0.57735 125.264 315
17 -0.57735 0.57735 0.57735 54.736 135
18 -0.57735 0.57735 -0.57735 125.264 135
19 -0.57735 -0.57735 0.57735 54.736 225
20 -0.57735 -0.57735 -0.57735 125.264 2325

Note that ) E, =1 for i,i' =1— 4, thus they form a
POVM.

POVMs constructed from five cubes inscribed
in dodecahedron

Dodecaheron is one of the platonic solids in 3
dimensions. It has 20 vertices and 20 pentagonal
faces. As there are 5 inscribed cubes in
dodecahedron, we could construct 5 POVMs via
procedure outlined above. To this end, we need to
know all the vertices of the 5 inscribed cubes.
Consider a dodecahedron centered at the
origin (0,0,0). The coordinates of its 20 vertices [4]

and corresponding & and ¢ are listed in ~ Table
2

All the above 20 vectors have been normalized.
Each pentagonal face has side of length 0.71364
and each point in a pentagon forms two lines with
length 1.15469 with two opposite points in the
same pentagon (see Figure 1). Since each vertex of
the dodecahedron share 3 pentagons (see Figure 2),
there are 60 pairs of vertices that form a line of
length 1.15469. These are the lines that constitute
edges of the inscribed cubes which are shown in
Figure 2.

Apart from checking the side lengths, we need to
find groups of the above lines, with 3 elements
cach that are mutually orthogonal. After some
tedious calculations, we found vertices that build
up 5 cubes are as labeled in Figure 3.
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Figure 1 : Pentagonal Face of the Dodecahedron

Figure 2 : Inscribed Cube Formed from Vertices of the Dodecahedron
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Figure 3 : Vertoces Labeled for the Five Inscribed Cubes respectively.
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Table 3 : Positive Semidefinite Operator Corresponding to Vertices of Dodecahedron

o {0.2418 *0.04461‘J
" [0.0446i  0.0082
g e [ 0.0082 0.0446i}
©0.0446/ 02418
2 [ 0.2418 0.0446f/
[ 0.0446i  0.0082
0.0082  0.0446i
+ [0.044@' 0.2418 ]
0.1696 0.1168
":[0.1168 0.0804]
 [0.0804 0.1168
“:[0.1168 0.1696]
(0.1696 —0.1168
B {0.1168 0.0804 J
0.0804 —0.1168
‘" [0.1168 0.1696 J
0.1250 0.0446 - 01168
):{0.044@0.1168;’- 0.1250 J
01250 0.0446+0.1168i
'“’2[0.0446—0.11681 0.1250 J

wh‘;\ane having all the vertices. it is easy to follow
exactly the procedure outlined in the previous
section to get 20 positive semi-definite operators as
listed in Table 3.

Since there are 5 inscribed cubes, there are 5
corresponding POVMs. Pick any one of the cubes
and about it’s different diagonal once, there would
be the other 4 cubes. This means that for any two
of the 5 POVMs constructed, they share two
clements and this becomes the crucial property
used to prove Kochen Specker theorem as in Eq. 3.

EWJL+Q4JQ+Em+EH+&4+&9:[
E}+E;+EQ+E}+E;+EE+QS+58:]
lg+£;+@+i%+£;+ﬂl+ﬂﬁ+37:1
Ly +E +E +E, +E,+E, +E,+E,, =1

EH+Em+EH+EM+Em+E”+EM+Ew:]

3

As measurement gives every positive semi definite
operator a °17 (yes) or ‘0" (no) result and since each
of them appears twice at the left of the above set of
equations in Eq. 3, so the total number of result 1
should be even. However, according to the
measurement operator at the right of Eq. 3, there
can only be five ‘1’ results, which is odd. This
means that the function of £, =1and k) =1
can’t be satisfied simultaneously. Hence this gives
the KS obstruction to noncontextual assignments.
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- _[ 0.1250 —0.0446—0.11681}
1 -0.0446 4 0.1168; 0.1250
3 _[ 0.1250 —0.0446+0.1 1681]
—0.0446 - 0.1168; 0.1250
. :{ 0.1972 0.07220.0722;}
P 0.0722+0.0722i 0.0528
0.0528 0.0722-0.0722i
< [0..072% 0.0722i 0.1972 J 2
0.1972 0.0722 +0.0722i
o {0.0722—0.07225 0.0528 J
0.0528 0.0722+0.0722;
L [0.0722 —~0.07221 0.1972 J
B 0.1972 -0.0722 - 0.0722;‘J
T -0.0722 4+ 0.0722i 0.0528
B - 0.0528 -0.0722 - 0.07225]
B -0.0722 4 0.0722 0.1972
- 0.1972 —0.0722+0.0722iJ
" -0.0722-0.0722 0.0528
v 0.0528 —0.0722+0.0722i]
® 0 -0.0722 - 0.0722i 0.1972
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