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Abstract

In this thesis, two new orthogonal frequency division multiplexing (OFDM)

systems are presented. The first scheme proposes a new OFDM system

transceiver based on the C-transform, which is termed C-OFDM. Over

multipath channels, the C-OFDM achieves 10 dB signal-to-noise ratio

(SNR) gain at 10−4 bit-error-rate (BER), in comparison to the OFDM

that based on the is discrete cosine transform (DCT-OFDM) and the

conventional OFDM schemes. It also reduces the peak-to-average power

ratio (PAPR) of the OFDM signal by about 1 dB and in some cases

up to 3 dB. In the second scheme, a new fast, orthogonal X-transform

is produced. The proposed X-transform is then used in a new OFDM

named X-OFDM to greatly reduce the complexity, the PAPR and the

BER. The proposed scheme achieves around 15 dB SNR gain in compar-

ison to the conventional OFDM at 10−4 BER and reduces the average

PAPR (over 105 OFDM symbol) by about 6 dB for N =1024 subcarriers.

Furthermore, in this study, the X-transform is utilized to produce a new

Alamouti space-time OFDM (ST-OFDM). The proposed ST-X-OFDM

scheme reduces the transmitter complexity and achieves important SNR

gain over the conventional ST-OFDM systems. The BER performance

of the proposed schemes in the presence of solid-state power amplifiers

(SSPAs) is also investigated analytically and by simulation. It shows that

the X-OFDM is resilient to the SSPAs nonlinear distortion whereas the

C-OFDM may lead to BER impairment in the presence of the SSPA.

Furthermore, a coding technique to mitigate the sensitivity of the C-

OFDM scheme to the SSPA is also proposed in this study.

In this research, mathematical models for the proposed C-OFDM, X-

OFDM and ST-X-OFDM, which tightly match the simulation results

over a diverse range of transmission scenarios and mapping schemes,



are also derived. In addition, the BER performance of the proposed C-

OFDM and X-OFDM schemes in the presence of the carrier frequency

offset (CFO), with and without frequency synchronization algorithm,

are also investigated. The proposed C-OFDM and X-OFDM schemes

are more sensitive to the CFO than the conventional schemes. However,

when frequency synchronization algorithm is used, both the proposed

schemes retain their significant BER improvement in comparison to the

conventional schemes.
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Chapter 1

Introduction

1.1 Literature Review

Communications, in general, whether wireless, wire-line, analogue or digital, refer

to accessing information reliably to the receiver side. Wireless communications en-

sure connectivity without the need for fixed wire-line cable connection which enable

data to be reached anywhere and at any time. The first wireless transmission was

demonstrated in December 1902 when Guglielmo Marconi sent a signal across the

Atlantic from North America. Since that time, wireless communications, either ana-

logue or digital, have continued to develop rapidly as the demand for high data rate

increases.

In digital communications, the input information symbols, which are drawn from

specific digital modulator, are mapped into waveforms for transmission. At the re-

ceiver side the received signal is mapped back into digital symbols, the link between

the transmitted and the received signals being termed the communication channel.

Different types of wireless communication channel provide different kinds of dis-

tortion and noise. Over ideal channels scenario, the transmitted and the received

signals are in perfect match. Such ideal channels, however, do not exist in reality

where the signal is scattered, diffracted and deflected before reaching the receiver.

Thus, the received signal is considered to be a superposition of many incoherent sig-

nals that belong to the same original one but with different time delay. The channel

is also characterized by its bandwidth which is defined as a measure of the width of

a range of frequencies that can pass through the corresponding channel.

As any communication system where a channel causes a performance-limited
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impairment, the modulation technique must be chosen carefully to cope with the

channel-made distortions and to handle the interference successfully. Intersymbol

interference (ISI) is considered one of the major obstacles to the design of a reliable

modulation scheme that is convenient for high data rate transmission. In conven-

tional single carrier systems, this interference is mitigated by equalizers. As higher

the data rate is, the more complex the equalizers are, where the symbol time be-

comes smaller and the equalizer needs more taps to handle the delay spread of the

channel. This problem is especially considerable when the channel spreads relative

to the symbol time are significantly large.

To efficiently use the available bandwidth, a frequency division multiplexing

(FDM) technique was adopted. In this technique, relatively low data rate signals can

be transmitted over wide bandwidth channel using a detached carrier frequency for

each signal. To avoid the overlap between adjacent signals, the carrier frequencies

should be separated far apart by sufficiently empty spectral regions. This also

facilitates the detection process of each signal at the receiver side. However, these

empty spectral regions are still considered as wasted regions as no active signals are

carried on these frequency intervals.

To overcome such problems of the ISI and empty spectral region, the pioneer

was orthogonal frequency division multiplexing (OFDM) technique which was first

proposed in 1966 by Chang [1]. It is a transmission technique that uses multicar-

rier (MC) technology where the data symbols are distributed over several subcarrier

frequencies with overlapped spectra and transfers the impulse response of the fre-

quency selective multipath channel into parallel decoupled flat fading subchannels,

each corresponding to the specific subcarrier. Despite the overlapping spectra of

the OFDM subcarriers, the data symbols can be recovered without any interference.

This may sounds like a miracle; however, this is achieved as a consequence of the

orthogonality of the base functions of Fourier series.

1.2 Multicarrier Modulation (MCM)

Multicarrier modulation (MCM) has received growing interest in the last few decades

because of its ability in mitigating time dispersion of the multipath channels and

efficiently using of the transmission bandwidth [2]. In multicarrier schemes, the
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data is modulated at relatively low data rates, about 0.1 of the coherence time and

transmitted in parallel over several narrow subchannels which come from the division

of the transmission bandwidth. The symbol time on each subchannel is extended N

times, where N is the number of active subchannels. Hence, the channel dispersion

does not introduce severe impairment as each subchannel experiences a flat response

in frequency domain. An example of MCM systems is the OFDM which is a special

case of the MCM technology where all the carriers are orthogonal.

1.3 OFDM Scheme

Fig. 1.1 shows the OFDM evolution among the time. The OFDM system was first

proposed by Chang in 1966 [1] to mitigate the effects of the multipath channel with-

out losing data rate. In 1971, Weinstein and Ebert [3] showed that the multicarrier

systems and in particular the OFDM systems can be accomplished using a discrete

Fourier transform (DFT) as a modulation scheme.

The OFDM is a multicarrier transmission technique that spreads the data sym-

bols over orthogonal subcarriers with overlapped spectra. Since that time, the

OFDM suffered from ISI problems until 1980 when the cyclic prefix (CP) was in-

troduced by A. Peled and A. Ruiz [4] to reduce the equalization complexity and

avoid the problem of the ISI in OFDM systems. The CP is the last Ng samples of

each OFDM symbol, must be no less than maximum access delay of the multipath

channel, are appended to the beginning of the same OFDM symbol. The success of

using the CP in the OFDM systems to mitigate the effects of the ISI encouraged

communication engineers to consider the OFDM technology for practical applica-

tions. Consequently, in 1985, Cimini of Bell Labs proposed the OFDM technology

for mobile communications [5]. It follows that, in 1987, Alard and Lassalle [6] con-

sidered the use of the OFDM transmission for broadcasting and for digital audio

broadcasting (DAB) systems [7]. Several years later, the success of DAB motivated

the communication engineers to produce a digital video broadcasting (DVB) sys-

tem [8]. Regarding the application in wire-line communication, the pioneer was by

Cioffi and others at Stanford [9] who explored the potential of using the OFDM as a

modulation scheme in discrete multi-tone (DMT) modulation and digital subcarrier

loop (DSL) applications. Four years later, in 1995, the approach of using multiple

3
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1966: The OFDM system was first 

proposed by Chang 

1971: Weinstein and Ebert use 

the DFT in the OFDM scheme 

1980: CP is introduced in OFDM to mitigate 

the ISI and simplify the equalization 

1985: The OFDM proposed for 

mobile communication  

1987: Alard and Lassalle proposed the 

OFDM for broadband applications 

1991: Cioffi et all, OFDM for DMT 

1995: MIMO system 

2001: OFDM is proposed for 

optical communications 

From 2001 till now: Producing 

different algorithms to enhance the 

performance of the OFDM system. 

Figure 1.1: Evolution of the OFDM system.
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input-multiple output (MIMO) to exploit the channel capacity was proposed [10].

Applications of the OFDM in optical communications have been developed over

the last two decades being first proposed by Hui in 2001 [11]. These applications

include optical wireless communications [12] and [13], optical fibre with single mode

[14] and [15], multi-mode optical fibre [16] and [17] and plastic optical fibre [18].

However, the optical OFDM systems are beyond the scope of this thesis.

In 1990, the mobile phone was so expensive with only 11 million subscribers

around the world while its cost decreased rapidly and the number of subscribers

rose to 2 billion in 2005. More and more, OFDM has been adopted as standard not

only for wireless communications such as wireless local area network (WLAN), IEEE

802.11a/g/n, metropolitan area networks (IEEE 802.16a), the European standard

HIPERLAN/2 (High Performance Local Area Network, Type 2) [19] and WiMAX

[20] and [21], but also for wire-line communications such as asymmetric digital sub-

carrier loop (ADSL) which is well-known as discrete multi-tone modulation (DMT)

[22] and power line communication [23], [24].

1.4 Drawbacks of OFDM Systems

Despite the success of the conventional OFDM system in many fields of applications

and standards, it has serious challenges.

• Signal diversity provided by the OFDM system is still not adequate to mitigate

the dispersive effects of severe hostile channels. This can be attributed to the

whole bit-error-rate (BER) performance is dominated by the subcarrier with

the smallest signal-to-noise ratio (SNR) leading to a poor performance over

channels with narrowband deep notches spectral.

• The high peak-to-average power ratio (PAPR) is considered one of the major

obstacles to the design of a reliable OFDM system. The PAPR of the OFDM

signal sometimes force the high power amplifier (HPA) to work in the nonlinear

region leading to clipping in the OFDM signal. The clipping distorion that is

produced by the HPA may have severe performance-limiting impairment on

the OFDM systems. The higher the PAPR is, the wider linear range of the

HPA is required, which is costly.
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• As the subcarriers spacing is relatively low, the OFDM system is sensitive to

carrier frequency offset (CFO) which breaks the orthogonality of subcarriers

and introduce inter-carrier interference (ICI). This problem will be addressed

in more detail in Chapter Two.

• Working on the aforementioned problems required further added complexity to

the OFDM system which might significantly affects the development progress

toward the next generation in mobile communications.

1.5 Related works

1.5.1 DCT-OFDM System

Recently, there has been growing interest in MCM based on OFDM that adopts the

DFT [25], [26], [27] and [28]. More recently, there has been significant attention

towards the OFDM that is based on discrete cosine transform (DCT) [29] and [30]

which has been found appealing [31], [32], [33] and [34]. This is because the peculiar

characteristics of the DCT as a real transform with low computational complexity.

In literature, [35] proposed the use of the DCT in the DMT systems, when the

input data are real, to avoid the Hermitian constraint on the input data. This

is unachievable in the case of the DFT based DMT as the DFT of a real data is

complex. More recently, [36] demonstrated the application of the DCT in the DMT

systems and it has been found attractive. However, more efficient DMT system and

wireless OFDM system that exploits the potential channel capacity is crucial for

modern digital communications.

In fact, BER performance of both the DCT-OFDM and the conventional OFDM

are usually channel-limited performance. For example, over the additive white Gaus-

sian noise (AWGN) channel, possible improvement from 10−3 to 10−4 in BER perfor-

mance can be achieved by increasing the signal-to-noise ratio (SNR) by just around 1

dB. However, achieving the same improvement over multipath fading channel coun-

terpart such as the international telecommunication union (ITU) channel required

around 8 dB enhancement in the SNR. In practice, this improvement should not be

achieved by increasing the transmit power or adding costly equipments as it hinders

the high speed wireless communications which are crucially demanded for future
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multimedia communications.

Large number of techniques have been developed to mitigate the detrimental ef-

fect of frequency-selective multipath fading channels in wireless communications in-

cluding; power allocation, and channel independent precoders [37] and [38]. Though

the power allocation technique seems theoretically effective, it suffers from two prac-

tically major drawbacks. The first problem is that the high dynamic power range

at the transmitter to attain the instantaneous channel requirements demands a

costly power amplifier. The second is the high complexity as requiring a link to

feed the channel information from the transmitter to the receiver where channel

state information (CSI) must be available at the transmitter. Channel independent

precoder such as the Walsh-Hadamard transform (WHT) has been utilized in the

OFDM systems to either improve the BER performance [39] or reduce the PAPR

[40]. However, the proposed scheme inherits the properties of the DFT-OFDM not

the popular properties of the DCT-OFDM that are mentioned in [35].

1.5.2 Unitary precoded DFT-OFDM System

MCM based on OFDM system has received a remarkable attention in the last two

decades, [41] and [42], because of its peculiar characteristics with bandwidth effi-

ciency and immunity against multipath fading channels. Therefore, this modulation

is widely adopted in wireless broadband communications systems as well as wire-

line communications such as the ADSL technology and a power line communications

(PLC) [43] and [44].

The OFDM system that is based on the FFT as a modulation scheme can-

not exploit the full diversity of the multipath channel as the BER performance is

dominated by the subcarrier with the small SNR, [45] and [46], leading to a poor

performance over channels with narrowband deep notches spectral. Furthermore,

its high PAPR is one of the major problems in the OFDM systems. As a result,

several techniques have been proposed to reduce the high PAPR within the OFDM

systems including amplitude clipping and filtering, partial transmit sequence (PTS)

and selective-mapping (SLM) [47] and [48]. Their complexity, however, is relatively

high as only one of several generated sequences is used for transmission. On the

other hand, some research have been conducted with the aim to improve the trans-

mission of OFDM systems by using discrete Hartley transform (DHT) [49],[50], [51],
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[52] and [53], DCT [54], and [31] or a precoder. The technique of using different

unitary transforms as a channel independent precoder to improve the BER perfor-

mance of OFDM systems was also discussed in [37]. Further investigation regarding

the WHT precoded OFDM showed that it improves the BER performance, [55] and

[39], and reduce the PAPR [40]. The PAPR reduction, however, is still poor and

has relatively high complexity.

On the other hand, DFT precoded OFDM, which is well known as single carrier

frequency domain equalizer (SC-FDE) with a cyclic prefix [45], [56] and [57], is

considered as one of the solutions to improve the BER and reduce the PAPR. It

achieves better BER performance and has a much lower PAPR than the conventional

OFDM, and low complexity where a single one-tap equalizer could be applied which

is exactly the same as that one used in the conventional OFDM. However, unlike the

OFDM systems, the SC-FDE system is not a multiplexing scheme as the information

symbols pass to the channel directly without being processed by any transform or

multiplexed with other information symbols. Therefore, the fast fading channel with

rapid change in the impulse response can have direct impact on SC-FDE performance

as it will be shown later in the current chapter.

1.5.3 Alamouti ST-OFDM

In any reliable communication system to stand as good candidate to meet the de-

manding of recent development in wireless broadband communications, its resilience

to frequency-selective multipath channels and the ISI must be confirmed [58] and

[59]. Antenna diversity has received a noticeable attention in the last decade as a

practical powerful technique in mitigating the deleterious effects of multipath chan-

nels [60], [61] and [62]. However, the ISI was the main concern as the ISI free

condition is only guaranteed when the communication channel is flat fading.

In broadband communications, the transmit diversity adopting Alamouti space-

time block coding (STBC) scheme [63] has been implemented in blocks and embed-

ded with the OFDM system to produce a structure commonly known as ST-OFDM

[64], [65] and [66]. It has been shown that the resulted system is much better than

the conventional OFDM system where it utilizes the advantages of the OFDM and

the STBC systems to produce an efficient ST-OFDM system in avoiding the ISI

and enhancing the diversity [67] and [68]. Furthermore, a plethora of research has

8
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been conducted showing that the transceiver of the ST-OFDM can be more robust

to multipath channels if it is combined with a properly designed precoder [69], [70],

[71], [72], [73] [74] and [75].

The approaches in [69]-[71] exploit the knowledge of the channel state informa-

tion (CSI) at the transmitter to design the required precoder. However, this kind

of precoders requires a feedback link from the receiver to the transmitter which

reduces the system throughput and demands more complexity. In [72]-[73], a uni-

tary precoder design with limited feedback for achieving high spectral efficiency

was presented. In [74] and more recently in [75], the authors presented a precoded

ST-OFDM where the CSI is not known at the transmitter. The approach in [74]

utilized a filter-bank (polynomial) precoders for mitigation of ISI and blind equaliza-

tion for multiple-input/ multiple-output (MIMO) transmission. On the other hand,

the approach in [75] is considerably complex as it requires two additional complex

precoders hardware or four times the complexity of the real unitary precoders at the

transmitter. This is because one of these precoders is used for processing real part

while the other for the imaginary part of the complex symbol at each transmitter

branch.

1.5.4 PAPR Reduction of the UP-OFDM

With increased reliance on broadband communications that adopt the OFDM as a

modulation scheme, new techniques are constantly being developed to improve the

OFDM transmission [70]. As the OFDM signal comes from a superposition of many

data symbols, this OFDM signal might have high PAPR [76].

The PAPR is considered one of the drawbacks of the OFDM system as it can

cause a significant degradation in the BER performance in the presence of nonlin-

ear distortion produced by extensive solid-state power amplifiers (SSPAs) [77]. To

overcome such a problem, research has been conducted to present different PAPR

reduction techniques, such as using a unitary channel independent precoder in the

OFDM system [55], [78] and [79], and this is the main scope of the current chapter.

The use of unitary channel independent precoders in the OFDM systems (UP-

OFDM) presents an attractive approach design for a reliable communication system

[37]. An attractive feature of the UP-OFDM systems is to provide a way to exploit

the available channel capacity by increasing the diversity of the transmitted signal

9
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and reducing the PAPR. One of the suggested unitary transforms for precoding

OFDM systems is the WHT, and this transform was found to enhance the diversity

of the transmitted OFDM signal and reduce the PAPR [55]. The use of the DCT

as a precoder in the OFDM systems to reduce the PAPR was investigated and

found to be feasible [78], where it achieved better PAPR reduction than the WHT

precoded OFDM. More recently, the DHT precoded OFDM [79], which combined

to X-transform, has been found to achieve better PAPR reduction than the DCT

precoded OFDM.

On the other hand, the DFT precoded OFDM system [80] which is well-known

as SC-FDE [57], is one of the solutions to improve the BER and reduce the PAPR.

The reduction in the PAPR does not usually mean an advantage in the OFDM

system as some PAPR reduction techniques might lead to BER performance degra-

dation [81]. It can be noted that all the advantages of the UP-OFDM systems

are futile unless their performance improvement in the presence of the SSPA is

confirmed. This chapter explains that nonlinear distortion due to the SSPA can

sometimes have a severe effect on the UP-OFDM systems. It clearly shows that,

although some precoders can reduce the PAPR of the OFDM system, their perfor-

mance in the presence of the SSPA is worse than the conventional OFDM without

precoder. In addition, coding technique to mitigate the sensitivity of the UP-OFDM

system to the nonlinear distortion is proposed.

1.6 Aim of the Thesis

The work toward the next generation in mobile communications requires an effi-

cient modulation scheme that significantly mitigates the effects of multipath chan-

nels. The performance improvement of the OFDM scheme should not be at the

cost of increasing the signal power, increasing the complexity and/or sacrificing the

bandwidth. The achievement of enhancing the transmitted signal diversity and/or

reducing the PAPR is usually at the cost of adding extra complexity and/or reduc-

ing the data rate. The motivation of this thesis is to achieve a compromise solution

among signal diversity, complexity of the system, and the PAPR reduction. In

other words, the aim of this thesis is to present OFDM systems based on orthogonal

transforms resilience to multipath transmission, reduce the PAPR with reasonable
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complexity.

1.7 Contributions of the Thesis

There are four main significant objectives for this thesis.

1.7.1 C-OFDM Systems

In the first objective, a novel OFDM system based on the DCT utilizing the WHT

as a channel independent precoder is presented [82]. Firstly, the WHT and the DCT

are presented separately to perform the OFDM modulation scheme. Secondly, for

the sake of complexity reduction these two transforms, the WHT and the DCT are

presented in single compact transform which is the C-transform (a method to obtain

the DCT via the Hadamard transform) proposed in [83] is utilized to implement the

OFDM scheme.

An exact mathematical model for the BER performance of the proposed C-

OFDM over multipath channels is also derived in this thesis. The proposed scheme

has the advantage of enhancing the OFDM signal diversity and ultimately more

resilience to multipath channels. It achieves about 10 dB SNR gain at 10−4 BER

and reduces the PAPR about 1 dB over the DCT-OFDM and the DFT-OFDM.

Furthermore, as the WHT-DCT or C-transform are real transforms, the proposed

system can avoid the Hermitian constrict condition on the input data when used for

baseband transmission with real data modulation format. This will be elaborated

in Chapter Three.

1.7.2 X-OFDM Systems

For the second objective, another novel OFDM system which is different in character-

istics from the C-OFDM system is presented. In this system, a new low complexity

X-transform which combines the effects of the DHT and the DFT transforms is pro-

posed to produce a new OFDM system called X-OFDM [84] and [85]. The proposed

X-OFDM system exploits the channel diversity and achieves significant SNR gain

over the conventional OFDM system. It also enormously reduces the computational

complexity and the PAPR. In this contribution the Morelli and Mengalli (M&M)

CFO synchronization algorithm is modified to adapt it to the proposed X-OFDM
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to enhance its performance in the presence of the CFO. This will be elaborated in

Chapter Four.

1.7.3 Alamouti ST-X-OFDM System

The third objective of this thesis is to combine the effects of Alamouti STBC code

and X-transform to produce efficient ST-X-OFDM system. The proposed ST-X-

OFDM scheme significantly reduces the transmitter complexity and achieves advan-

tages of both Alamouti STBC scheme and X-OFDM without some of their disad-

vantages. Unlike the SISO X-OFDM where the ZF and single tap equalizer leads to

a worse performance than conventional OFDM with ZF detection, the ZF detection

has no deleterious effects on the proposed ST-X-OFDM.

1.7.4 PAPR of Unitary Precoded OFDM system

In the fourth objective of this thesis, the PAPR reduction and BER performance of

the unitary precoded OFDM (UP-OFDM) with different unitary transforms in the

presence of solid-state power amplifiers (SSPAs) are investigated. Although unitary

precoders can reduce the PAPR, different precoders lead to different levels in the

PAPR reduction. Therefore, analysis and simulation results show that the DFT

and the DHT precoders (single carrier-frequency domain equalizer (SC-FDE) and

X-OFDM) achieve significant BER improvement in the OFDM systems, even in the

presence of the SSPA distortion. The simulation results also show that the DCT and

the WHT can lead to BER impairment in the presence of the SSPA. Furthermore,

a coding technique is proposed in this thesis to mitigate the sensitivity of the UP-

OFDM schemes to the SSPA nonlinearity [86]. Simulation results also reveal that

the coded UP-OFDM approximately matched the performance of all the unitary

precoders.

1.8 Thesis Outline

This thesis is organised as follows:

Chapter Two lay out the mathematical dimensions of the OFDM system, its

challenges and solutions. It describes two types of OFDM systems, DFT-OFDM

and DCT-OFDM. This chapter also gives a detailed analysis to the use of guard
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interval, represented by the CP and the ZP, to mitigate the effects of the ISI between

successive OFDM symbols. It also explains the concept of the PAPR in the OFDM

system and the effects of CFO on the OFDM system performance.

In Chapter Three, new OFDM systems based on trigonometric transforms are

presented. Mathematical analysis is first given for the proposed scheme. Mathemat-

ical analysis and exact BER formula for the proposed scheme, over multipath fading

channels with zero-padding and MMSE detection, that tightly mach the simulation

results is also derived in this chapter. The ZP-C-OFDM system is more robust to

frequency-selective multipath fading channels than both the ZP-DCT-OFDM and

ZP-DFT-OFDM systems thanks to the C-transform combining the effects of the

WHT and the DCT transforms, hence, increases the transmitted signal diversity.

Subsequently, this chapter presents the complexity analysis of the C-transform and

compared to the DCT, WHT-DCT and FFT. Simulation results in the standards

context of the ITU pedestrian and vehicular channel models is also presented at the

end of this chapter followed by the conclusions.

Chapter Four presents an improved OFDM system with very low complexity X-

transform which is efficiently resilience to multipath transmission and huge reduction

in the PAPR. It first introduces the new X transform and its computational com-

plexity. It follows that, theoretical analysis of the BER performance of the proposed

X-OFDM system over a multipath fading channels for the ZF and MMSE detection

is introduced. Simulation results and discussions are then presented followed by the

conclusions.

Application of the proposed X-OFDM in MIMO systems with the ZF and the

MMSE equalizers are presented mathematically and by computer simulation in

Chapter Five. The proposed system module is first presented, followed by the BER

analysis of the proposed system with two transmit antennas and one receive an-

tennas over multipath frequency-selective channels. The complexity analysis of the

transmitter’s transforms is mentioned and compared to other multicarrier precoders.

Simulation results and conclusions are then drawn at the end of this chapter.

Investigation and giving comparison and solutions of BER performance of the

C-OFDM and the X-OFDM systems in the presence of the SSPA is presented in

Chapter Six. It first presents the PAPR of the C-OFDM and UP-OFDM system

based on different unitary precoders. It also presents the SSPA model and demon-
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Chapter 2

Orthogonal Frequency Division

Multiplexing: Fundamentals

The focus of this chapter is on the architecture and performance of the OFDM to

highlight the strengths and weaknesses of the OFDM systems. Mathematical defi-

nitions for the features of OFDM are introduced. The guard interval, represented

by either the CP or zero-padding (ZP), is explained in detail in this chapter. The

chapter also demonstrates the effects of multipath fading channel on the BER per-

formance of the OFDM systems. The concept of the PAPR of the OFDM signal

is also explained and investigated. Furthermore, the impacts of the SSPAs and

the carrier frequency offset (CFO) on the transmission performance are discussed.

This chapter mainly describes a textbook knowledge about OFDM system and its

structure, strengths and weaknesses.

2.1 Introduction to the OFDM Systems

The OFDM, as any other communication system, is mainly constructed from three

parts; transmitter, receiver and the transmission channel (the media).

Transmission channel is the media that connects transmitter and receiver and

it is a key-important determining the reliability of communication system. Despite

the fact that the OFDM transfers the frequency-selective multipath fading channels

into parallel decoupled flat fading subchannels, the BER performance of the OFDM

is usually channel-limited performance. The symbols on significantly attenuated

subchannels will be completely wiped out as it falls below the noise level.
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The transmitter of the conventional OFDM system mainly comprises mapper

and the IFFT. The IFFT modulates the data symbols and carry them on orthog-

onal subcarriers with overlapped spectra. Although the spectra of the individual

subcarriers are overlapped, the data symbols can be completely recovered at the

receiver without any interference from other subcarriers by using the FFT. This is a

consequence of the orthogonality of the base functions of the Fourier series. It also

transfers the impulse response of a frequency-selective multipath channel into par-

allel decoupled flat fading subchannels each corresponding to a specific subcarrier.

In the last two decades, there has been growing interest to the OFDM that

adopts the DFT or its fast algorithm (FFT) counterpart as a modulation scheme

[25], [26]. On the other hand, a plethora of research have been conducted with the

aim of improving the OFDM scheme by replacing FFT by another unitary transform

such as the DCT [29] and [30]. With the ability to mitigate the effects of multipath

fading and the delay spread of radio channels, the OFDM has been adopted in many

applications and standards, for instance, (IEEE 802.11a/g/n), metropolitan area

networks (IEEE 802.16a) and high performance radio LAN (HIPERLAN/2) as well

as wire-line digital communications systems, such as asymmetric digital subcarrier

loop (ADSL) [22] and power line communications (PLC) [87].

The main reason that the OFDM has taken long time to prevail is the high signal

processing complexity of the DFT. It has been turned from theory to practical after

developing the FFT and the huge development revolution in the signal processing

field. The ISI between the successive OFDM symbols can be removed by attaching

a guard interval to the OFDM symbol. This guard can be either the CP or the

ZP. In the case of the CP, a copy of the last few samples of the OFDM symbol, its

length is larger than the channel impulse response, is attached to the beginning of

the symbol. In other words, the OFDM symbol is cyclically extended. Whereas, in

the case of ZP, the OFDM symbol is extended with zeros with a length larger than

or equal to the maximum channel access delay.

The receiver usually performs the reverse of the transmitter operations and func-

tions. In other words, the receiver removes the guard sequence, then processes the

signal by the FFT and applies the de-mapper on the resulted signal.
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2.2 Multipath Propagation

2.2 Multipath Propagation

Different kinds of wireless channel produce different kinds of attenuations and ulti-

mately different BER performance. Non-line-of-sight communications channels are

characterized by multipath propagation where the received signal is the superposi-

tion of many radio signals that are reflected and arrive at the receiver at different

time. In other words, the received signal is a superposition of different copies of the

main transmitted signal with different delays and attenuations as shown in Fig. 2.1.

Multipath channels, in general, can be modelled using a tapped delay line (TDL)

as shown in Fig. 2.2; where L + 1 is the number of paths and each path shows a

gain hp where τp is the delay time of the signal which passes through the path p.

It can be also noted from Fig. 2.2 that the received signal yk is the transmitted

signal after passing through the multipath channel and corrupted by the AWGN.

The multipath channel impulse response is given as:�

Transmitter 

Receiver 

Figure 2.1: Multipath phenomena in wireless channels

h̃k =
L∑
i=0

hiδk−τi , (2.1)

where hi is the i
th path attenuation and δx is the chronicle delta, it is equal to 1 only

when x = 0 and zero elsewhere. Owing to the interference between the reflected

signals with each other and the direct one, ISI is produced causing signal latency
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Figure 2.2: Tapped delay line

and significant degradation in communication system performance.

To mitigate this problem, the symbol duration Ts must be larger than the max-

imum channel delay τm (τm ≪ Ts). The delay spread depends on the environment

around the transceiver. In outdoor scenarios, for instant, the ITU vehicular A chan-

nel, the maximum access delay is 2.51 µs and 3.7 µs for the case of pedestrian B

channel. On the other side for indoors channels such as the HIPERLAN/2 channel

model A, the maximum access delay is only 0.39 µs.

The bit rate of the digital communication system is defined as

Rb = log2(M)T−1
s , (2.2)

whereM is the constellation order. The data rate is 400 kbit/s for a symbol duration

Ts = 10µs when 16-QAM modulation is used. This bit rate is reduced to half (200)

kbit/s when the symbol length is double in long (Ts = 20µs). Thus, the ISI is

eliminated in this case, however, at the cost of the bit rate.

Another drawback arisen from multipath phenomenon is the received signals of

different access time interfere either constructively or destructively leading to fading.

This fading can be deep in some frequencies of the signal spectrum leading to serious

impairment in communication system performance.

To increase the data rate for a certain bandwidth BW = T−1
s for a given channel

delay τm and mitigate the problem of frequency selectivity of channel fading, OFDM
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is the solution. The OFDM splits up the high data rate signal, of period Ts, into

N lower data rate signals, each of period NTs, and sends them on N different

subcarriers. Hence, for a given channel delay τm, there is no need to increase the

symbol duration Ts to avoid the ISI as the OFDM extends the data period inherently

to N times without affecting the bit rate.

The OFDM mitigates the effects of frequency-selective fading channels by trans-

ferring the impulse response of such a channel into several parallel decoupled sub-

channels each experiences flat fading. However, each subchannel or subcarrier will

experience different level of this flat fading as shown in Figs. 2.3(a) and 2.3(b) for

ITU channel pedestrian and vehicular models respectively. It can be seen from Figs.

2.3(a) and 2.3(b) that multipath channels have some deep fades on some subcarrier

indexes and the position of these deep fades is changing from each OFDM frame to

another, making all the subcarriers susceptible to such deep fade during the whole

transmission.

OFDM can be considered as either a modulation or multiplexing technique that

can be implemented efficiently by using the DFT or the FFT.

2.3 The OFDM system model and Definitions

The block diagram of the conventional OFDM system that based on the DFT (DFT-

OFDM) is shown in Fig. 2.4. The main parts incorporated in this figure are:

2.3.1 Digital Mapper/De-mapper

In digital communications, the information is assumed to be available in either

binary form or analogue form after being sampled and quantized. For the case of

analogue signal, it is first sampled with a sampling rate greater than or equal to the

Nyquist rate, (fs ≥ 2BW ), and then quantized each sample to its corresponding

appropriate level to obtain the binary information.

There is an array of digital modulation schemes such as M-array phase shift

keying (M-PSK) and M-array quadrature amplitude modulation (M-QAM). The

slowest modulation scheme, which is sometimes called the simplest scheme, is the

binary phase shift keying where M = 2 and only one binary data bit maps to a

polar format of ±1 ( phase difference 180◦). Quadrature phase-shift-keying (QPSK)
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(a) Frequency-time variations of the ITU pedestrian B channel.

(b) Frequency-time variations of the ITU vehicular A channel.

Figure 2.3: Frequency-time variations of the ITU channel (a: Pedestrian B and b:
Vehicular A).
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Figure 2.4: Block diagram of discrete baseband model of OFDM system.

is another scheme where M = 4, it maps each consecutive two bits to a symbol.

Therefore, the QPSK constellation is two times faster in transferring data than the

BPSK.

For the M-QAM, when M = 16, it is commonly called 16-QAM constellation.

The 16-QAM constellation is more efficient in terms of bit rate as it packs more

information bits into a symbol. It maps each four consecutive bits into a symbol

taken from the 16-QAM alphabet. The bit rate of the 16-QAM constellation is two

times higher than that of the QPSK and four times higher than that of the BPSK.

In general, the faster the scheme, such as the 16-QAM, the more sophisticated

in implementation and the more susceptible to error. Therefore, the modulation

scheme should be chosen carefully to cope with the channel limitations.

2.3.2 IFFT/FFT Transforms

Although the fundamentals of the OFDM system are known since early sixties, the

OFDM was not used as the standard for any digital communication system until

80s. This is because the enormous technology revolution in digital signal processing

techniques in 80s that makes the design of modems much easier than the high com-

plexity of the DFT. Coinciding with this technology revolution, the efficient FFT

is adopted in the OFDM systems. An N-point DFT requires N2 multiplications

whereas it requires only
N

2
log2N multiplications for the case of the FFT counter-

part. The modulation technique involves assembling the information symbols that

drawn from specific constellation into parallel blocks of length N symbols. It follows
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that an inverse FFT (IFFT) is performed on each block of this information symbols

to generate the OFDM samples which are sent serially through the channel. At the

receiver side, the received symbols are first serial-to-parallel (S/P) converted and

then detected by the forward FFT.

The IFFT/FFT are used, respectively to modulate/demodulate the data symbols

that are drawn from the modulator. They are also necessary to provide the orthog-

onal basis that carry the information symbols on overlapped subcarriers without

being interfered.

The discrete-time complex-baseband block diagram of the conventional OFDM

that based on the FFT is shown in Fig. 2.4. The binary data, B, are first set in

blocks for mapping as

B =


B1,0 B1,1 · · · B1,N−1

B2,0 B2,1 · · · B2,N−1

...
...

. . .
...

Bm,0 Bm,1 · · · Bm,N−1

 , (2.3)

where Bp,q ∈ {0, 1}. Each column in B is mapped into one of M , 2m possible

M -array phase-shift-keying (M-PSK) or M -array quadrature-amplitude-modulation

(M-QAM) symbols using Gray mapping, to produce the information vector S =

[S0, S1, · · · , SN−1]
T .

In OFDM systems, the information symbols which are statistically independent

are carried on N subcarriers. Each adjacent subcarriers are mathematically orthog-

onal with 90-degree phase shift between them. Owing to the orthogonality principle

of symbols carried on these subchannels, they can be overlapped without affects

each one another. This in turns enables the OFDM to use the bandwidth efficiently.

This overlapped spectrum is shown in Fig. 2.5.

The FFT within the structure of the OFDM systems is necessary to provide the

orthogonal basis that carry the information symbols on overlapped subcarriers with-

out interference between them. The information symbols, ST = [S0, S1, ..., SN−1],

are processed by the inverse DFT (IDFT) to produce the OFDM symbol as [88]

s = FH S, (2.4)
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Figure 2.5: Orthogonal basis of the OFDM symbol

where F is the normalised N ×N FFT matrix and (.)H is the Hermitian conjugate.

The elements of F are defined as Fk,n = (1/
√
N) exp(−j2πkn/N), where k and n

denote the row and column numbers {k, n} = 0, 1, · · · , N − 1, respectively and the

transformation F of size N ×N can be expressed as

F =
1√
N


1 1 · · · 1

1 e−j2π/N · · · e−j2π(N−1)/N

...
...

. . .
...

1 e−j2π(N−1)/N · · · e−j2π(N−1)(N−1)/N

 , (2.5)

where F−1 = FH . Consequently, the kth sample in the sequence s can be expressed

as

sk =
1√
N

N−1∑
n=0

Sne
j 2πkn

N , k = 0, 1, · · · , N − 1. (2.6)

where

j2 = −1: is the imaginary unit,

k: index on transmitted symbols,

n: index on input symbols that drawn from specific digital modulator,

N : number of FFT points,
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2.3 The OFDM system model and Definitions

Ts =
N

BW
: useful symbol time and BW is the system transmission bandwidth,

Tg =
Ng

BW
: guard time,

T = Ts + Tg =
N +Ng

BW
: transmitted symbol time,

∆f =
BW

N
=

1

Ts

: subcarrier frequency spacing.

It is obvious from (2.6) that each data symbol Sn, is distributed over N different

samples {sk}N−1
k=0 which are transmitted over N different flat fading subchannels as

it will be explain later in the current chapter.

2.3.3 Guard Interval

Guard interval of length no less than the maximum excess delay of multipath prop-

agation channel does not carry any information and it is discarded at the receiver

side. It is efficient in mitigating the ISI between each successive OFDM symbols

either by transmit samples of zero values or samples that copied from last part of

OFDM symbol over this guard interval. This will be elaborated in next section.

2.3.3.1 Cyclic Extension of OFDM Symbols

A guard band interval which is commonly called the cyclic prefix (CP) is added to

the time-domain signal after the parallel-to-serial conversion. The CP is a copy of

the last Ng samples of the OFDM symbol, s, appending them to the beginning of

the IFFT output to form the time-domain OFDM symbol as

u = [sN−Ng , sN−Ng+1, · · · , sN , s]. (2.7)

The samples of u are then sent sequentially through the channel where they

experience fading before they arrive to the receiver.

In fact, the OFDM transfers a multipath fading channel into parallel decou-

pled flat fading subchannels by the mean of the CP. The CP changes the linear

convolution of the signal with the channel to circular convolution and finally the

property of circular convolution/multiplication is applicable which enables single

one tap equalizer. It is simply the last Ng samples of the OFDM symbol, must be

greater than or equal to the maximum excess delay of the multipath propagation
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2.3 The OFDM system model and Definitions

channel, is appended to the beginning of the OFDM symbol as shown in Fig. 2.6.

Mathematically, the resulting redundant signal is of length Nt = N +Ng, which can

be expressed as

u = ΨTr
cp s, (2.8)

where ΨTr
cp is an Nt ×N matrix and can be written as

ΨTr
cp =

0Ng×(N−Ng) INg

IN

 . (2.9)

The entries of the resulting redundant block are finally sent sequentially through

 

 

 

 

 

 

 

 

 

  

��  ��  
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Guard Interval Data Interval 

0 −��  ��  

Figure 2.6: Cyclic prefix extension.

the channel. Assume that the channel is L + 1 taps channel. The received signal

is the convolution of the transmitted signal u with the channel impulse response h̃

which can be written as

yk = [uk ~ h̃k] + υk,

=
L∑

d=0

uk−dhd + υk, (2.10)

where ~ denotes the convolution operation and υ = [υ0, υ1, · · · , υN−1]
T are the

additive white Gaussian noise (AWGN) samples which are independent and normally

distributed random variables with zero-mean and variance σ2
υ = E {|υn|2}, and

E{.} denotes the expectation operation. Equation (2.10) can be written in a more

expressive way in matrix form as

y = H0u,

= H0Ψ
Tr
cp s. (2.11)

In (2.11), H0 is a Nt × Nt channel convolutional Toeplitz matrix defined in [41] ,
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2.3 The OFDM system model and Definitions

whose elements lth 0 ≤ l ≤ Nt − 1 row and pth 0 ≤ p ≤ Nt − 1 column are given as

H0(l, p) = h(l − p) for 0 ≤ (l − p) ≤ L and H0(l, p) = 0 otherwise. Thus its matrix

can be written as

H0 =



h0 0 0 0 . . . 0 0

h1 h0 0 0 . . . 0 0

. h1 h0 0 . . . 0 0

. . h1 . . . . 0 0

hL . . . . . . . .

0 hL . . . . . . .

0 0 . . . . . . .

0 0 0 hL . . . h1 h0



. (2.12)

At the receiver side, this redundant sequence shall be removed to avoid the ISI

as

q = FΨR
cpH0Ψ

Tr
cp F

HS,

= FHCirF
HS. (2.13)

In (2.13), ΨR
cp is a N ×Nt matrix used to discard the cyclic extension at the receiver

side and it can be written as

ΨR
cp =

[
0N×Ng IN

]
, (2.14)

and HCir = ΨR
cpH0Ψ

Tr
cp is an N ×N circulant matrix, can be written as

HCir =



h0 0 0 0 hL . h3 h2 h1

h1 h0 0 0 0 hL . h3 h2

h2 h1 h0 0 . . hL . h3

. . h1 . . . . . .

. . . . . . . . hL

hL . . . . . 0 0 0

0 hL . . . . h0 0 0

0 0 . . . . h1 h0 0

0 0 0 hL . . h2 h1 h0



. (2.15)
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2.3 The OFDM system model and Definitions

This means that the CP changes the linear convolution of the OFDM signal with

the channel into circular convolution. Owing to the property of circular convolution

in time domain is equal to the multiplication in frequency domain, FHCirF
H is

a diagonal matrix, its diagonal elements are the elements of the channel transfer

function Hn =
∑L−1

l=0 hle
−j 2πnl

N , (0 ≤ n ≤ N − 1). Subsequently, the received signal

is a point-wise multiplication of the information symbols by channel transfer function

and (2.13) can be rewritten as

qn = HnSn + Ωn. (2.16)

Consequently, the CP in the OFDM system has two folds advantage; firstly, it

prevents the ISI when its length is greater than maximum channel delay. Secondly,

it mitigates the ICI by transferring the multipath fading channel into parallel flat

fading subchannels each corresponds to single individual subcarrier. However, the

use of the CP in the OFDM system is not purely positive, it has notable drawback

that the symbol sk which is transmitted on the kth subcarrier will be completely

wiped out when the corresponding channel transfer function is zero Hn = 0 [89].

More recently, it has been suggested to replace the CP by ZP, where the OFDM

signal as shown in Fig. 2.7. Unlike the non-zero CP, the ZP involves a zeros samples

which are appended to the signal to be transmitted after the IFFT. The common

features of CP-OFDM and ZP-OFDM transmission that both can completely avoid

ISI and have the same spectral efficiency when the length of CP and ZP are equal.

However, ZP system assures symbol recovery regardless of the channel zeros location

whereas this property is unavailable in the case of the CP counterpart. In spite of the

fact that the ZP-OFDM can achieve better BER performance than the CP-OFDM

scheme, the complexity of the ZP-OFDM is higher than that of the CP-OFDM

scheme.

2.3.3.2 Zero-Padding of OFDM Symbols

The ZP-OFDM scheme can sometimes achieve better BER performance than the

CP-OFDM scheme [89] because the data symbols can be recovered regardless of

the channel zero locations. The equalizer complexity of the OFDM with a ZP is

higher than the complexity of the OFDM equalizer with a CP [90] in the case of a
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2.3 The OFDM system model and Definitions

quasi-static channel where the channel equalization could be done in the frequency

domain by simple one tap equalizer. The resulting redundant signal is of length

Nt = N +Ng and can be expressed as

u = Ψzps, (2.17)

where Ψzp is an Nt ×N matrix, which can be written as

Ψzp =

 IN

0Ng×N

 . (2.18)
 

 

��  ��  

��  

 

Guard Interval Data Interval 

Figure 2.7: Zero-Padding guard interval.

The received signal at the receiver side can be written in matrix form as

y = H0Ψzpu,

= Hu. (2.19)

In (2.19), H = H0Ψzp is an Nt ×N matrix defined as [91]

H =



h0 0 0 0 . . 0 0

h1 h0 0 0 . . 0 0

. h1 h0 0 . . 0 0

hL .. . . . . . .

0 hL .. . h1 . . 0

0 0 . .. . . . h0

. . . . . . . .

. . . . . . . hL



. (2.20)

The DFT is not the only transform that has been adopted in the OFDM sys-

tems to provide the orthogonal basis that carry the data symbols. Discrete cosine
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Figure 2.8: DCT-OFDM system block diagram.

transform (DCT) has also been suggested to implement the modulation scheme of

the OFDM system.

Unlike the DFT-OFDM, the DCT-OFDM does not have circular convolution-

multiplication property. Consequently, a CP as that one been applied to DFT-

OFDM is inapplicable. One of the solutions was suggested by [29] by doubling the

data, however, this sacrifices the bandwidth as half of the transmitted data are

redundant data. Zero padding scheme is consider as one of the best solutions, it

ensures symbol recovery regardless of channel zero locations and explore the full

diversity of the OFDM signal.

2.4 DCT-OFDM system model

The DCT-OFDM system block diagram is shown in Fig. 2.8. The main differ-

ence between the DFT-OFDM and the DCT-OFDM systems is that, in the lat-

ter the IDCT/DCT are used for modulation/demodulation process instead of the

IFFT/FFT. It can also be seeing from Fig. 2.8 that the zero-padding guard interval

is used instead of the CP in the case of the DFT-OFDM.

2.5 Theoretical BER of the OFDM

From equation (2.16) it is clear that the information symbols that come from spe-

cific constellation are independently carried on decoupled subchannels with added
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2.5 Theoretical BER of the OFDM

AWGN noise. Therefore, it can be said that each subchannel can be consider as an

independent transmission scheme with its own SNR and BER. Therefore the over-

all BER of the DFT-OFDM can be given by averaging the BER for the individual

subchannels [92] as follows

PM−PSK
e =

µ

mb

1

N

N−1∑
m=0

Q
(√

2βm sin(
π

M
)
)
, (2.21)

and

PM−QAM
e =

4− 2(2−mb/2)

mb

1

N

N−1∑
m=0

Q

(√
3βm

M − 1

)
. (2.22)

In (2.21) and (2.22), µ denotes the number of nearest neighbours signal points

(µQPSK = 2 and µ16−QAM = 3), M is the level on constellation and mb = log2 M

represents the number of bits in each digitally encoded symbol, Q(x) denotes the

Q-function of x and βm is the signal power, per symbol, to noise power ratio. In

other words, by substituting the specific parameters that assigned to the QPSK and

the 16-QAM, the BER is respectively given as

PQPSK
e =

1

N

N∑
m=1

Q
(√

βm

)
, (2.23)

and

P 16−QAM
e =

3

4N

N∑
m=1

Q

(√
βm

5

)
. (2.24)

Therefore, to evaluate the BER performance of the OFDM system, the SNR (βm),

m = 0, 1, 2, ..., N − 1, per each subchannel must be calculated. This can be achieve

by several ways, such as linear equalizer, decision feedback equalizer, adaptive equal-

izer, zero-forcing (ZF) equalizer and minimummean-square-error (MMSE) equalizer.

During this thesis, we will consider the case of ZF and MMSE equalizers [93] as they

are simple in implementation and can achieve good channel cancellation.

2.5.1 Zero Forcing (ZF) Equalizer

In the ZF case, the equalization is achieved by simply dividing each received symbol

in (2.16) by the corresponding channel dependent factor Hn

qZF
n = sn +

Ωn

Hn

. (2.25)
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2.5 Theoretical BER of the OFDM

The noise error signal is then calculated as the difference between the transmitted

and the received data symbols, eZF
n = qZF

n − Sn and the noise power per each

subchannel can be given as

PZF
n =

σ2
υ

| Hi |2
. (2.26)

Thus, the signal to noise ratio for each symbol will be given as

βZF
i =| Hi |2 γs. (2.27)

The average BER for the system is calculated by averaging the BER to the number

of subchannels as follows

PQPSK
e =

1

N

N−1∑
i=0

Q(
√

γs|Hi|2), (2.28)

and

P 16QAM
e =

3

4N

N−1∑
i=0

Q(

√
γs|Hi|2

5
). (2.29)

2.5.2 Minimum Mean-Square-Error (MMSE) Equalizer

The MMSE equalizer, χn, is defined as

χn =
EsH

∗
n

Es | Hn |2 +σ2
υ

,

=
γsH

∗
n

1 + γs|Hn|2
. (2.30)

It follows that the equalized signal is given as

qMMSE
n = SnHnχn + Ωnχn. (2.31)

qMMSE
n = Sn

γs|Hn|2

1 + γs|Hn|2
+ Ωnχn. (2.32)

The error signal is then calculated as the difference between the transmitted and

the received data symbols, eMMSE
n = qMMSE

n − Sn, and can be written as

eMMSE
n = SnHnχn − Sn + Ωnχn,

= [Hnχn − 1]Sn + Ωnχn. (2.33)
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2.5 Theoretical BER of the OFDM

Table 2.1: System parameters for simulations.
System Item Parameter

Modulation QPSK and 16-QAM
Synchronisation Complete
Antenna type Perfect
Channel type AWGN, ITU pedestrian B and ITU vehicular A
Equalisation One-tap FDE
Number of Subcarriers (N) 1024
Duration of CP N/4
Bandwidth 10MHz

In (2.33), Hnχn − 1 =
−1

1 + γs|Hn|2
. Thus (2.33) can be written as

eMMSE
n = Sn

−1

1 + γs|Hn|2
+ Ωn

γsH
∗
n

1 + γs|Hn|2
. (2.34)

As the data symbols and the AWGN are statistically independent, the noise power

of the ith subchannel is then expressed as

PMMSE
ni

= E
[
|eMMSE

n |2
]
,

=
Es

[1 + γs | Hi|2]2
+

σ2
υγ

2
s |Hi|2

[1 + γs|Hi|2]2
,

=
Es

[1 + γs|Hi|2]2
+

Esγs|Hi|2

[1 + γs|Hi|2]2
,

=
Es

1 + γs|Hi |2
. (2.35)

The signal power PMMSE
si

= E
[
|qMMSE

n |2
]
and it is given as

PMMSE
si

=
Esγ

2
s |Hi|4

[1 + γs|Hi|2]2
+

Esγs|Hi|2

[1 + γs|Hi|2]2
,

=
Esγs|Hi |2

1 + γs|Hi|2
. (2.36)

Then the SNR of the ith subchannel βMMSE
i =

PMMSE
si

PMMSE
ni

is then given as

βMMSE
i = γs|Hi|2. (2.37)

It is obvious from (2.37) that the DFT-OFDM is very close in the BER performance

for both the ZF and the MMSE detection.
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Figure 2.9: BER performance of the conventional OFDM system for the QPSK and
the 16-QAM constellations over the ITU pedestrian B channel in comparison to the
performance over the AWGN channel; theoretically and by simulation.

The BER performance of the conventional OFDM for the QPSK and the 16-

QAM modulations over the AWGN channel and the ITU pedestrian B channel is

shown in Fig. 2.9. The system parameters that used in our simulation is shown

in Table 2.1. Theoretical results are obtained by using the formulas in (2.28) for

the case of QPSK and (2.29) for the case of 16-QAM. It can be observed from

Fig. 2.9 that although the OFDM transfers the multipath channel into flat-fading

subchannels, it is still significantly affected by the type of the channel. We are

aiming to improve the performance of OFDM over multipath channels to make it

as close as possible to that over the AWGN channel. It is note worthy noting that

in this thesis we usually stop at level of 10−4 BER as it requires very long time to

simulate results that can come below this level.

2.6 Up/Down Converters

In digital communication, a carrier frequency that usually much greater than the

signal bandwidth is used to carry the information signal from the transmitter side

to the receiver side passing through the channel. The signal at the transmitter is
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called baseband signal while it is up-converted to bandpass signal to be transmitted

through the media, it follows that, at the receiver side, this passband signal is then

down converted to base-band signal. In practise, the local oscillators that used to

generate the carrier frequency for up and down conversion are not perfectly synchro-

nized, hence, carrier frequency offset (CFO) which leads to significant performance

impairment is generated within the OFDM system.

2.7 Peak-to-average power ratio (PAPR)

The PAPR in the transmitted signal of the OFDM systems is considered one of the

main problems plaguing the OFDM systems, which arises from the addition of a

large number of statistically independent symbols. Suppose the input data symbols

Sm (m = 0, 1, ..., N − 1) are statistically independent and identically distributed

(i.i.d), i.e. the real part SI
m and the imaginary part SQ

m are uncorrelated and or-

thogonal. Then, based on the central limit theorem, when N is considerably large,

the distribution of both SI
m and SQ

m approach Gaussian distribution with zero-mean

[76], and its power is given as

Es =
1

2
E
[
|SI

m|2 + |SQ
m|2
]
, (2.38)

where E[s] represents the expected value of the random variable s. The basic cause

of the high PAPR in the OFDM signal is the Gaussian signal distribution that arises

due to the (IFFT, IDCT or ICT) operation. The PAPR for a given OFDM block

can be written as

PAPR {sk} =
max

0≤k≤N−1
|sk|2

E [|sk|2]
, (2.39)

where max
0≤k≤N−1

denotes the maximum instantaneous power ratio and E [|sk|2] denotes

the average power of the signal. In the case of the DFT-OFDM,

sk =
1√
N

N−1∑
m=0

Sme
j 2πkm

N (2.40)
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then max
0≤k≤N−1

|xk|2 ≤ N |xk|2max and E [|sk|2] = E [|Sm|2] and the PAPR can be com-

puted easily and upper bounded as

PAPR {sk} ≤ N
|Sm|2max

E [|Sm|2]
(2.41)

In (2.41), equality is attained at k = 0 where all the sub-symbols have the same

phase. In particular, each of the N output samples from the IDCT or the IFFT

operation involves the sum of N data symbols.

In order to have an awareness and intuitive view of the PAPR statistics, comple-

mentary cumulative density function (CCDF) was investigated for the conventional

OFDM signal when the 16-QAM and QPSK modulations are used and different

number of subcarriers as shown in Fig 2.10. Also to ensure the reliability of com-

puter simulations, 100 000 OFDM frames were generated to obtain each PAPR

value. It is observed from Figs. 2.10(a) and 2.10(b) that the PAPR proportional

with the number of subcarriers where as large the number of subcarriers is, as high

the PAPR of the OFDM signal.

For the case of the DCT-OFDM, the CCDF of the transmitted signal is shown in

Figs. 2.11(a) and 2.11(b) for both the 16-QAM and the QPSK modulations. It can

be seen from Fig. 2.11 that the PAPR of the DCT-OFDM system is the same of

that of the conventional OFDM for the same number of subcarriers.

2.8 Sensitivity to the Carrier Frequency Offset

(CFO)

Carrier frequency offset CFO that is caused by frequency mismatch of local oscilla-

tors has significant effects on the BER performance of OFDM systems as it produces

inter-carrier interference (ICI) that destroys the orthogonality of the subcarriers [94]

and [95]. As a result, it is so important to investigate the validity of the proposed

system in the presence of CFO. The received signal at the receiver side in the pres-

ence of the CFO could be expressed by matrix form as

y = ΥHs+ υ,

= ΥHFHS+ υ. (2.42)
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Figure 2.10: PAPR performance of the conventional OFDM for N =128, 256, 512
and 1024, using (a: 16-QAM modulation and b: QPSK modulation).
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(a) 16-QAM.
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Figure 2.11: PAPR performance of the DCT-OFDM for N =128, 256, 512 and 1024,
using (a: 16-QAM modulation and b: QPSK modulation).
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In (2.42),Υ is a diagonal matrix, the elements of the diagonal are given as ej
2πϵ(0:N−1)

N ,

ϵ is the CFO normalized to the subcarrier spacing, andH is the channel matrix given

in (2.15). Because of the CP, the channel matrix H becomes a circulant matrix and

it is diagonalized by pre and post multiplications by FH and F. That the received

signal after the DFT transformation can be written as

Y = FΥHFHS+ Fυ,

= FΥFHFHFHS+Ω,

= ΠHS+Ω. (2.43)

where H = FHFH is a diagonal matrix, its diagonal elements are the frequency

domain representation of the channel impulse response, Hn =
∑L−1

l=0 hle
−j 2πnl

N and

Π = FΥFH denotes the ICI matrix.

Fig. 2.12 shows the simulation results of the BER performance of the conven-

tional OFDM system over ITU pedestrian B channel and in the presence of the

CFO. It is obvious from Fig. 2.12 that the OFDM system is very sensitive the CFO

which some times consider as a type of Doppler shift as it cause rapid changes in

the channel impulse response [31].

2.9 Conclusion

The mathematical dimensions of the OFDM system have been revealed in this chap-

ter. Cyclic prefix (CP) or zero-padding (ZP) guard interval could be used in the

OFDM systems to mitigate the effects of the ISI. Single-one tap equalizer is appli-

cable in the case of the CP whereas it is not applicable in the case of the ZP. It has

also been shown that the performance of the OFDM system is sensitive to the type

of channel, carrier frequency offset and the PAPR of the OFDM signal.
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Figure 2.12: BER performance of the conventional OFDM system in the presence
of the CFO.
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Chapter 3

Novel Efficient OFDM Systems

Based on Trigonometric

Transforms

3.1 Introduction

DCT based OFDM system has proved itself as a possible alternative candidate to

the conventional DFT based OFDM system. Hence, this chapter provides two new

OFDM systems similar in principle but different in complexity. The two proposed

OFDM systems are based on the DCT and utilize the WHT as a channel independent

precoder. The first system employs the two transforms (WHT-DCT) separately

as a cascading device. In the second scheme, a low computational complexity C-

transform (a method of obtaining the DCT via the WHT) proposed in [83], is used in

another OFDM system transceiver (C-OFDM). Although both the proposed OFDM

schemes have the same significant diversity gain, their complexity is different. The

emphasis will be on the C-OFDM as the other system obeys the same principle of

the C-OFDM scheme.

The BER performance of the proposed C-OFDM system is evaluated by math-

ematics and simulation for different channel models, signal mappings, and under

zero-padding and MMSE detection. The results are compared with that of the

DCT based OFDM (DCT-OFDM) and the conventional OFDM, providing that,

over multipath channels, the new C-OFDM system outperforms the OFDMs that

are based on the DCT and the DFT. This can be attributed to the fact that the
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3.2 WHT-Precoded DCT-OFDM system

information symbols are spread out over other subcarriers by the WHT, mitigating

the deleterious effect of deep notches in the channel spectral. However, this phe-

nomenon is not exhibited in the DFT-OFDM system and the DCT-OFDM system

counterparts. The C-transform has also been found to reduce the PAPR of the

OFDM signal without affecting the average value.

In contrast to the conventional OFDM system that based on the DFT, when real

valued modulation such as binary-phase-shift keying (BPSK) or pulse-amplitude-

modulation (PAM) is used, the C-OFDM system can avoid in-phase/quadrature

phase (IQ) imbalance problems discussed in [96], which are considered one of the

weaknesses in the DFT-OFDM systems. The new C-OFDM can also be used with

complex valued constellation as it is considered in this chapter for the QPSK and

the 16-QAM modulations.

3.2 WHT-Precoded DCT-OFDM system

The system block diagram of the proposed WHT-DCT-OFDM system is shown in

Fig. 3.1. In order to ensure symbol recovery regardless of the channel zero locations

in addition to reduce the intersymbol interference (ISI), zero padding (ZP) guard

interval is used in our proposed scheme. MMSE detection is used at the receiver

side to compensate for the channel effects. Complex modulation such as the 16-

QAM or the QPSK is used where the WHT/DCT is used twice in the transmitter

and receiver, one for the real part whilst the other is for the imaginary part of the

complex information symbols. However, WHT-IDCT/DCT-IWHT blocks in the

both transmitter and receiver should be used only once when a real modulation

format such as the BPSK is used.

Fig. 3.2 shows the power spectral density (PSD) of the conventional OFDM,

DCT-OFDM, and the WHT precoded DCT-OFDM systems all for the 16-QAM

modulation. It is clear that both the DCT-OFDM and the WHT-DCT-OFDM

systems have the same PSD shape.

Consider block-by-block transmission where each N data symbols are transmit-

ted as a block. The binary data, bn, are first mapped into complex modulated data

symbols, Sn = SI
n + jSQ

n , using the M-QAM or the M-PSK modulation. These data

symbols are serial-to-parallel (S/P) converted and then split into real and imaginary
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3.2 WHT-Precoded DCT-OFDM system

parts. Each part is then passed through the same procedure to produce the OFDM

signal. These symbols of length N is then processed by the WHT and this can be

mathematically expressed as

+

P/SDemodulator S/P

P/S
WHT IDCT

WHT IDCT

MMSE detection

and remove 
zero−padding

Zero−padding

IWHT

IWHT DCT

DCT
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ˆ
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Q
m

j

j
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b̂n

yeq

yk

Sn
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n

rI
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rQ
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sk

s
Q
k

sI
k

Ŝn

ˆrI
m

Figure 3.1: Proposed WHT-DCT-OFDM system block diagram.

rm = WmS, (3.1)

where Wm denotes the mth row of the Walsh-Hadamard matrix (W) which is given,

for N = 8, as

W8 =



1 1 1 1 1 1 1 1

1 −1 1 −1 1 −1 1 −1

1 1 −1 −1 1 1 −1 −1

1 −1 −1 1 1 −1 −1 1

1 1 1 1 −1 −1 −1 −1

1 −1 1 −1 −1 1 −1 1

1 1 −1 −1 −1 −1 1 1

1 −1 −1 1 −1 1 1 −1



. (3.2)

In matrix form, r can be written as

r = WS. (3.3)

It follows that, these output samples modulate N different subcarriers using the
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3.2 WHT-Precoded DCT-OFDM system
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(a) Power spectral density of IFFT.
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(b) Power spectral density of IDCT.
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(c) Power spectral density of WHT-IDCT.

Figure 3.2: Power spectral densities of the DFT, the DCT and the WHT-IDCT
OFDM systems.
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3.3 C Transform Based OFDM System

IDCT as

sk =

√
2

N

N−1∑
m=0

αmrm cos

[
π (2k + 1)m

2N

]
, (3.4)

where αm is equal to 1 only when m = 0 and equal to 1√
2
otherwise. The signal s

can be rewritten in matrix form as

sI = DTWSI ,

sQ = DTWSQ, (3.5)

where s and S are N × 1 vectors, (.)I and (.)Q denote the real and imaginary

components respectively, (.)T is the transpose operation and D is the DCT matrix.

These real and imaginary parts are then made complex to generate the complex

OFDM signal, s = sI+jsQ, where j =
√
−1. To prevent the intersymbol interference

(ISI), the OFDM signal is zero-padded withNg samples, must be larger than or equal

to the length of the channel (maximum channel delay). The resulting Nt × 1 vector

(Nt = N +Ng) is then given as

uI = Ψzps
I , (3.6)

where Ψzp was defined in (2.18) in chapter two as Ψzp = [IN 0N×Ng ]
T is an Nt ×N

zero-padding matrix, IN is an N dimensions identity matrix and 0N×Ng is an N ×Ng

zeros matrix. The entries of the resulting redundant block are finally sent sequen-

tially through the channel. The complexity of the WHT-DCT can be reduced by

using a transform known as C-transform which will be presented in the next section.

3.3 C Transform Based OFDM System

In this section, the C-transform (a unitary transform combines the effects of the

WHT and the DCT) proposed in [83] is utilized in implementation of a novel OFDM

system. The proposed C-OFDM scheme block diagram for complex data constel-

lation is shown in Fig. 3.3. It shows that the zero-padding guard interval scheme

is used instead of the conventional cyclic prefix (CP) together with an MMSE [31]

detection to compensate for the channel effects. In this work, we are adopting the

ITU pedestrian B and vehicular A channel models which vary form each OFDM
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Figure 3.3: C-OFDM system block diagram when complex signalling format is used.

symbol to another whilst it is constant during each single OFDM symbol.

Based on the specific constellation format, the input data is first mapped into real

or complex modulated symbols Sm, (m = 0, 1, 2, ..., N − 1). We denote the block of

data in a vector form as

ST = [S0, S1, ..., SN−1] , (3.7)

where S is an (N×1) vector represents the information symbols. These data symbols

then modulate N different subcarriers by using inverse C-transform (ICT) and the

resulting samples would be expressed as: first, the data symbols that drawn from

complex or real modulation format are transformed by the WHT transform as

rn =
1√
N

N−1∑
m=0

Sm(−1)µm,n , (3.8)

where

µm,n =

N1∑
j=1

mj ⊙ nj. (3.9)

In (3.9), mj⊙nj denotes the j
th bit-by-bit product of the binary representation of the

integers mj and nj (AND operation between the bits of the binary representation of

m and n) while N1, is the number of binary digits in each index. Then these output

samples modulate N different subcarriers as

sC−OFDM
k =

1√
N

N−1∑
n=0

rnD̂kn. (3.10)
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3.3 C Transform Based OFDM System

Substitute rn in (3.8) into (3.10) yields

sC−OFDM
k =

1

N

N−1∑
n=0

N−1∑
m=0

Sm(−1)µm,nD̂kn. (3.11)

In (3.11), D̂kn is the kth row and nth column element of the D̂
T
matrix and it is

given as

D̂ = ΓDTΦ, (3.12)

where Γ and Φ are the Gray-reverse-order (GRO) matrix where each two successive

values are differ in only one bit, and the bit-reverse-order (BRO) matrix respectively.

It follows that, (3.11) can be written as

sC−OFDM
k =

1

N

N−1∑
m=0

Sm

N−1∑
n=0

(−1)µm,nD̂kn (3.13a)

=
1

N

N−1∑
m=0

SmCkm, (3.13b)

where Ckm =
∑N−1

n=0 (−1)µm,nD̂kn is the kth row and mth column element of the

inverse C-transform. In matrix form, (3.13b) can be written as

sC−OFDM = D̂
T
W S, (3.14a)

= CTS, (3.14b)

In (3.14b), s is an N × 1 vector represents the OFDM symbol and WN denotes the

WHT matrix of order N . It is worth mentioning here that the GRO of the rows and

BRO of the columns are applied to the DT to derive the fast algorithm for the ICT.

Consequently, the D̂
T
can be written as a function of its lower order matrices as

D̂
T

N =

JN
2

JN
2

KN
2

−KN
2

 . (3.15)

On the other hand, W of size N = 2n, where n is an integer, can be expressed as

WN = ⊗n
i=1W2,

=
︷ ︸︸ ︷
W2 ⊗W2 ⊗ · · · ⊗W2, (3.16)
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3.3 C Transform Based OFDM System

where W2 =

1 1

1 −1

 is the WHT of size 2, and ⊗ is the Kronecker product.

Accordingly, the WHT matrix could be written in lower order matrices as

WN =

WN
2

WN
2

WN
2

−WN
2

 . (3.17)

Therefore the ICT can be written as

CN =

2JN
2
WN

2
0

0 2KN
2
WN

2

 . (3.18)

For clarity, the ICT matrix for N = 8 is shown in bellow:

CT
8 =



1 0 . . . . .

0 1 0 . . . . .

0 0.9239 0.3827 0 . . .

−0.3827 0.9239 0 . . .

. 0.9061 −0.0747 0.3753 0.1802

. 0.2126 0.7682 −0.5133 0.3182

. −0.3182 0.5133 0.7682 0.2126

. . −0.1802 −0.3753 −0.0747 0.9061



, (3.19)

and for forward C-transform, for N = 8, is given as

C8 =



1 0 . . . . .

0 1 0 . . . . .

0 0.9239 −0.3827 0 . . .

0.3827 0.9239 0 . . .

. 0.9061 0.2126 −0.3182 −0.1802

. −0.0747 0.7682 0.5133 −0.3753

. 0.3753 −0.5133 0.7682 −0.0747

. . 0.1802 0.3753 0.2126 0.9061



. (3.20)
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3.4 Transmission Analysis

3.4 Transmission Analysis

The C-OFDM system block diagram for complex data format is shown in Fig. 3.3.

It can be seen that when complex input data is used, ICT should be used twice in

both the transmitter and the receiver: one for the real part and the other for the

imaginary part of the information symbols. However, it is used only once when real

modulation format such as the BPSK or the PAM is used. In this section, we will

focus on complex constellation such as the QPSK and the 16-QAM. We consider

block-by-block transmission where the information symbols are divided into blocks,

each of length N . For generality, we express the OFDM transmitted sequence as

s, disregarding whether it comes from the WHT precoded DCT-OFDM system or

the C-OFDM system as the BER derivation is valid for both of them. The output

N × 1 C-OFDM symbol after the ICT can be expressed as

s = CTS. (3.21)

A zero padding guard of length Ng samples which must be larger than or equal to

maximum access delay to prevent intersymbol interference (ISI) is then attached to

the OFDM signal. The resulting Nt × 1 vector, Nt = N +Ng is then given as

uI = Ψzps
I , (3.22a)

uQ = Ψzps
Q. (3.22b)

The entries of the resulting redundant block are sequentially sent through the

channel. Assume that the channel with L + 1 taps, its impulse response hk can be

written as

h̃k =
L∑
l=0

hlδk−τl , (3.23)

where hl and τl are the lth path channel fading and delay respectively, and L + 1

is the number of paths of the channel. The received signal is the convolution of

the transmitted redundant signal, u, with the channel impulse response, h̃, and
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corrupted by the AWGN which can be written as

yk =
[
uk ~ h̃k

]
+ υk,

=
L∑

d=0

uk−dhd + υk. (3.24)

In (3.24), ~ denotes the convolution operation and υ is the AWGN with zero mean

and variance σ2
υ = E[υ2

k]. Equation (3.24) can be written in more expressive way, in

matrix form, as

y = H0u+ υ, (3.25)

where u = uI + juQ and y = yI + jyQ and y,u and υ are an Nt × 1 vectors.

In (3.25), H0 is an Nt × Nt channel convolutional Toeplitz matrix defined in [41] ,

whose elements lth 0 ≤ l ≤ Nt − 1 row and pth, 0 ≤ p ≤ Nt − 1 column are given as

H0(l, p) = h(l − p) for 0 ≤ (l − p) ≤ L and H0(l, p) = 0 otherwise. Thus its matrix

and it is given in (2.12) as

H0 =



h0 0 0 0 . . . 0 0

h1 h0 0 0 . . . 0 0

. h1 h0 0 . . . 0 0

. . h1 . . . . 0 0

hL . . . . . . . .

0 hL . . . . . . .

0 0 . . . . . . .

0 0 0 hL . . . h1 h0



. (3.26)

The MMSE equalizer matrix, GMMSE, which is given as [90]

GMMSE = Es

(
EsH

H
0H0 + σ2

υINt

)−1
HH

0 ,

=

(
HH

0H0 +
1

γs
INt

)−1

HH
0 . (3.27)

In (3.27), Es = E[S2
k ] is the signal power per symbol, σ2

υ is the AWGN noise power

and γs =
Es

σ2
υ
is the SNR per symbol.
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3.4 Transmission Analysis

The equalized signal at the receiver side can be written as

yMMSE
eq = GMMSEy. (3.28)

Substitute y in (3.25) into (3.28) yields

yMMSE
eq = GMMSEH0u+GMMSEυ. (3.29)

By using singular value decomposition (SVD) algorithm, H0 can be factorized

to UΛVH [97], consequently, HH
0 is equivalent to VΛHUH, where Λ is an Nt × Nt

diagonal matrix, its diagonal elements are the square roots of the eigenvalues of

HH
0H0 arranged in a descending order, V is a matrix with columns equal to eigen-

vectors of HH
0H0 while the columns of U are the eigenvectors of H0H

H
0 . Therefore,

by substituting for H0 into (3.27), GMMSE will be given as

GMMSE =

(
VΛHΛVH +

1

γs
INt

)−1

VΛHUH. (3.30)

Using (AB)−1 = B−1A−1, (3.30) can be written as

GMMSE =

[(
VΛH)−1

(
VΛHΛVH +

1

γs
INt

)]−1

UH (3.31a)

=

[
ΛVH +

(
VΛH)−1 1

γs
INt

]−1

UH. (3.31b)

Using the fact that VH = V−1, the first term of (3.31b) can be written in more

expressive way as:

ΛVH = Λ
(
ΛHΛH−1

)
V−1 (3.32a)

= ΛΛH
(
ΛH−1

V−1
)

(3.32b)

= ΛΛH (VΛH)−1
. (3.32c)
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Substitute of (3.32c) into (3.31b), GMMSE can be simplified to

GMMSE =

[
ΛΛH(VΛH)−1 +

1

γs
INt(VΛH)−1

]−1

UH, (3.33a)

=

[(
ΛΛH +

1

γs
INt

)(
VΛH)−1

]−1

UH, (3.33b)

= VΛH
(
ΛΛH +

1

γs
INt

)−1

UH. (3.33c)

At the receiver side, the received data yMMSE
eq is first processed by C-transform

as follows

Ŝ
MMSE

= CΨT
zpG

MMSEH0Ψzps+CΨT
zpG

MMSEυ. (3.34)

Substitute for s in (3.14b) into (3.34) yield

Ŝ
MMSE

= CΨT
zpG

MMSEH0ΨzpC
TS+CΨT

zpG
MMSEυ. (3.35)

The noise signal eMMSE = Ŝ
MMSE

− S is then given as

eMMSE =
(
CΨT

zpG
MMSEH0ΨzpC

T − IN
)
S

+ CΨT
zpG

MMSEυ. (3.36)

Substitute (3.33c) in (3.36) yield

eMMSE =

[
CΨT

zpVΛH
(
ΛΛH +

1

γs
INt

)−1

UH(UΛVH)ΨzpC
T − IN

]
S

+ CΨT
zpVΛH

(
ΛΛH +

1

γs
INt

)−1

UHυ. (3.37)

Since the C-transform is a real transform, then CT = CH. Let ∆N×Nt represents

the combination CΨT
zpV which will be written as ∆ only without the subscript for

expression simplicity and ∆Nt×N represents the matrices combination VHΨzpC
H.

After some manipulation, (3.37) can be written as

eMMSE =

[
∆ΛH

(
ΛΛH +

1

γs
INt

)−1

Λ∆− IN

]
S

+ ∆ΛH
(
ΛΛH +

1

γs
INt

)−1

UHυ. (3.38)
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In the first term of (3.38), IN can be written as ∆INt∆ and (3.38) can be written

as

eMMSE =

[
∆ΛH

(
ΛΛH +

1

γs
INt

)−1

Λ∆−∆INt∆

]
S

+ ∆ΛH
(
ΛΛH +

1

γs
INt

)−1

UHυ. (3.39)

For first term in (3.39), ∆ and ∆ can be taken out of the brackets, hence, (3.39)

can be written as

eMMSE = ∆

[
ΛH
(
ΛΛH +

1

γs
INt

)−1

Λ− INt

]
∆S

+ ∆ΛH
(
ΛΛH +

1

γs
INt

)−1

UHυ. (3.40)

In (3.40),

[
ΛH
(
ΛΛH + 1

γs
INt

)−1

Λ

]
= Θ1,

[
ΛH
(
ΛΛH + 1

γs
INt

)−1

Λ− INt

]
= Θ2

and ΛH
(
ΛΛH + 1

γs
INt

)−1

= Θ3 where Θ1, Θ2 and Θ3 are diagonal matrices with

their ith diagonal entries are respectively given as

Θ1i =
γs|λi|2

γs|λi|2 + 1
, (3.41a)

Θ2i =
−1

γs|λi|2 + 1
, (3.41b)

Θ3i =
γs|λi|

γs|λi|2 + 1
. (3.41c)

Where λi, (i = 0, 1, 2, ...Nt − 1) is the ith element of the diagonal of Λ and γs =
Es

σ2
υ

is the signal power (per symbol)-to-noise ratio. Therefore, (3.40) can be rewritten

as

eMMSE = ∆Θ2∆S+∆Θ3U
Hυ. (3.42)

Similarly, Ŝ
MMSE

in (3.35) can be rewritten as

Ŝ
MMSE

= ∆Θ1∆S+∆Θ3U
Hυ (3.43)
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The total noise power at the receiver side is E
[
eeH

]
= tr(eeH) and is given as

PMMSE
n = tr

[
∆EsΘ

2
2∆+∆σ2

υΘ
2
3∆
]

(3.44a)

= tr
[
∆
[
EsΘ

2
2 + σ2

υΘ
2
3

]
∆
]
. (3.44b)

In (3.44b),
[
EsΘ

2
2 + σ2

υΘ
2
3

]
is a diagonal matrix can be simplified as

[
EsΘ

2
2 + σ2

υΘ
2
3

]
i,i

=
Es

[γs|λi|2 + 1]2
+

σ2
υγ

2
s |λi|2

[γs|λi|2 + 1]2

=
Es

[γs|λi|2 + 1]2
+

Esγs|λi|2

[γs|λi|2 + 1]2

=
Es

γs|λi|2 + 1
. (3.45)

Let Θ4i = diag( 1
γs|λi|2+1

) and by substituting (3.45) into (3.44b) yields

PMMSE
n = tr

[
∆EsΘ4∆

]
. (3.46)

The total power of the received signal is PMMSE
s = E[ŜŜ

H
] = tr(ŜŜ

H
) is given as

PMMSE
s = tr

[
∆EsΘ

2
1∆+∆σ2

υΘ
2
3∆
]

(3.47a)

= tr
[
∆
[
EsΘ

2
1 + σ2

υΘ
2
3

]
∆
]

(3.47b)

= tr
[
∆EsΘ1∆

]
. (3.47c)

Therefore, the signal-to-noise ratio at the output of the mth subchannel is given as

βMMSE
m =

[
∆Θ1∆

]
m,m[

∆Θ4∆
]
m,m

. (3.48)

The overall BER can be given by averaging the BER for the individual subchannels

and they are given for QPSK and 16-QAM respectively as:

PQPSK
e =

1

N

N−1∑
m=0

Q


√√√√[∆Θ1∆

]
m,m[

∆Θ4∆
]
m,m

 , (3.49)

and

P 16−QAM
e =

3

4N

N−1∑
m=0

Q


√√√√ [

∆Θ1∆
]
m,m

5
[
∆Θ4∆

]
m,m

 . (3.50)
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Finally, the recovered transmitted bits are obtained by applying the demodula-

tion process on the recovered complex modulated data symbols Ŝ. The advantages

of employing the C-transform in the OFDM systems can be attributed to the fact

that theC-transform is a compound transform gathering the effects of the WHT and

the DCT transforms. Subsequently, the WHT further distributes the information

symbols among the channel spectrum mitigating the effect of narrowband notches

of the channel spectral as the data symbol on significantly attenuated subcarrier

is not completely disappeared where it can be recovered from the other unaffected

subcarriers.

It is noteworthy that the SNR approach in (3.48) is a general formula describing the

BER performance of ZP-OFDM sysyem with MMSE detection and can be applied

to attain the BER performance for the DCT-OFDM or the DFT-OFDM systems

simply by replacing the C-transform by either the DCT or the DFT transform

respectively.

3.5 Peak-to-average power ratio (PAPR)

The PAPR in the transmitted signal of the OFDM systems is considered as one of

the main problems plaguing the OFDM systems, which arises from the addition of

a large number of statistically independent symbols.

In chapter 2, we have explained that the superposition of the information symbols

which are statistically independent is the reason of the high peak amplitude in the

OFDM signal. It has been shown that in the case of the DCT-OFDM and the

conventional OFDM schemes, this peak value can reach the order N when all the

input information symbols are aligned in phase. However, this is not the case in the

proposed C-OFDM system. This is because the C-transform has a block diagonal

structure, thus each N output samples from the ICT operation involves less than or

equal to the sum of N
2
data symbols. Thus, the PAPR for the case of the C-OFDM

system can be upper bounded as:

Suppose the input data symbols Sm (m = 0, 1, ..., N − 1) are statistically inde-

pendent and identically distributed (i.i.d), i.e. the real part SI
m and the imaginary

part SQ
m are uncorrelated and orthogonal. Then, based on the central limit theo-

rem, when N is considerably large, the distribution of both SI
m and SQ

m approaches
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3.5 Peak-to-average power ratio (PAPR)

Gaussian distribution with zero mean [76] where

Es =
1

2
E
[
|SI

m|2 + |SQ
m|2
]
, (3.51)

where E[s] represents the expected value of the random variable s. The basic cause

of the high PAPR in the OFDM signal is the Gaussian signal distribution that arises

due to the (IFFT, IDCT or ICT) operation. The PAPR for a given OFDM block

can be written as

PAPR {sk} =
max

0≤k≤N−1
|sk|2

E [|sk|2]
, (3.52)

where max
0≤k≤N−1

denotes the maximum instantaneous power ratio and E [|sk|2] denotes

the average power of the signal. In the case of the conventional OFDM,

sk =
1√
N

N−1∑
m=0

Sme
j 2πkm

N , (3.53)

then max
0≤k≤N−1

|sk|2 ≤ N |Sm|2max and E [|sk|2] = E [|Sm|2] and the PAPR can be

computed and upper bounded as

PAPR {sk} ≤ N
|Sm|2max

E [|Sm|2]
. (3.54)

In (3.54), equality is attained at k = 0 where all the sub-symbols have the same

phase. In particular, each of the N output samples from the IDCT or the IFFT

transformation involves the sum of N data symbols. However, this is not the case

in the proposed C-OFDM system. This is because the C-transform has a block-

diagonal-structure, thus each of N output samples from ICT operation involves less

than or equal to the sum of N
2
data symbols. Thus, the PAPR for the case of the

C-OFDM system can be upper bounded as

PAPR {sk} ≤ N

2

|Sn|2max

E [|Sn|2]
. (3.55)

The worst case of the PAPR is of order N for the conventional OFDM and the

DCT-OFDM systems whilst it is of order N
2
for the proposed C-OFDM system. In

general, the worst case of the PAPR has low probability of occurrence [98] and [99].

Our simulation results showed 1 dB improvement in the PAPR for the case of the

proposed C-OFDM system in comparison with that for the DCT-OFDM and the
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3.6 System Performance in the Presence of the CFO

conventional OFDM system.

3.6 System Performance in the Presence of the

CFO

The proposed C-OFDM system is slightly more sensitive to the CFO than both

DCT-OFDM and the conventional OFDM systems when no synchronization algo-

rithms is applied. This is because any shift in subcarrier frequency will spread over

others by the WHT. However, all the DCT-OFDM, the conventional OFDM and

the C-OFDM systems completely lost their orthogonality when CFO, normalized to

the subcarrier spacing, is larger than or equal to 0.1 as it will be shown later in this

chapter. Therefore, several CFO estimation techniques aimed to mitigate the effects

of CFO within the OFDM systems have been proposed in the last few years [100],

[94] and [95]. In spite of the proposed system sensitivity to the CFO, it restores

its superiority over both the DCT-OFDM and the OFDM systems when a CFO

estimation algorithm is used. The proposed system’s block diagram in the presence

of CFO and its estimation and compensation algorithm is shown in Fig. 3.4; where

the Morelli and Mengali (M&M) algorithm [100] is used. The purpose of the IFFT

transform is to generate a symbol consisting of L identical parts that are used in

CFO estimation. They are generated by transmitting a pseudo-noise sequence on

the frequencies multiple of L/T and set the rest to zero. If the switches Sw1 and

Sw2 are set to position 1, then it would constitute a CFO estimation operation.

Subsequently, they would be changed to position 0 to activate the proposed OFDM

system transmission.

3.7 Computational Complexity Analysis

For any transform to stand as a good candidate for practical communication sys-

tem, its complexity needs to be evaluated. Therefore, this section evaluates the

arithmetic complexity of the C-transform and compare it with the WHT-DCT, the

DCT and the FFT transforms. The complexity in this chapter is based on radix-2

single butterfly implementation for both algorithms. When it comes to real time

implementation like in communication systems, the FFT and the DCT are usually
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Figure 3.4: System block diagram in the presence of the CFO cancellation algorithm.

implemented in pipeline using single butterfly. In a single butterfly implementation,

we only need to design one butterfly and repeat it leading to the best structure in

terms of regularity, modularity, indexing and ease of implementation.

3.7.1 The C-Transform

As shown in (3.19) and (3.20), the C-transform has a Block Diagonal Structure

(BDS) with more than
2

3
of its matrix elements being zero; hence, its direct com-

putation will involve N
2
3 real multiplications and N(N − 1)/3 real additions only.

Using fast algorithms, this can be reduced even further. The butterfly of transform

with BDS is shown in Fig. 3.5. The total number of butterflies equal to
N

2
log2N

and the number of trivial butterflies are given as

ButtTriv =

[
N

2
+

N

4
+

N

8
+

N

16
+ ....+ 1

]
= N

[
1

2
+

1

4
+

1

8
+

1

16
+ ....+

1

N

]
. (3.56)

Using power series identity, (3.56) can be rewritten as

ButtTriv = N

[
N − 1

N

]
= N − 1. (3.57)
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Figure 3.5: Butterfly structure of BDS transforms.
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Figure 3.6: Butterflies of the C-transform:(a) C-transform butterfly, (b) Modified
C-transform butterfly.

Thus, the total number of active butterflies of radix-2 fast algorithm for the C-

transform is
N

2
log2 N − (N − 1) which is given as

Buttflies =
N

2
log2 N −N + 1, (3.58)

where each butterfly can be analysed in more details as shown in Fig. 3.6
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3.7 Computational Complexity Analysis

A = a cos x+ b sinx

B = −a sinx+ b cos x. (3.59)

Each butterfly includes 4 real multiplications (RM) and two real additions (RA).

Thus the complexity of the C-transform is then given as: RM = 2N log2 N −4N +4

and RA = N log2 N − 2N + 2.

The number of multiplications can be reduced as shown in Fig.3.6(b) as:

A = (a+ b) cos x+ b(sinx− cosx)

= a cos x+ b cosx+ b sin x− b cos x

= a cos x+ b sinx (3.60)

B = −a(cosx+ sinx) + (a+ b) cos x

= −a cos x− a sin x+ a cos x+ b cosx

= −a sin x+ b cosx (3.61)

One can easily notice that each butterfly involves 3 RM and 3 RA, the complexity

of the C transform involves RM = 3
2
N log2N−3N+3 and RA = 3

2
N log2 N−3N+3

and then the total number of real operations (RO) is given as

RO = 3N log2N − 6N + 6 (3.62)

It is worth mentioning that, when complex signalling is used, the arithmetic

operations of C-transform would be twice of (3.62), one for real part and the other

for imaginary part, and the overall complexity is given as

RO = 6N log2 N − 12N + 12 (3.63)
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3.7 Computational Complexity Analysis

3.7.2 Discrete Cosine Transform (DCT)

The arithmetic complexity of fast implementation of the DCT based on single but-

terfly algorithm can be given as [101]: Number of real multiplications

RM =
N

2
log2N, (3.64)

and number of real additions

RA = N log2N. (3.65)

Thus the total number of real operation is given as

RO =
3N

2
log2N. (3.66)

It is worth mentioning that when complex constellation is used such as in this work,

the complexity above should be calculated twice (one for real part of the signal

while the other for the imaginary part) and the arithmetic complexity will be equal

to RO = 3N log2 N

3.7.3 WHT-DCT

The arithmetic complexity of fast implementation of the WHT followed by the DCT

can be given as: The WHT complexity involves only real additions, RA = N log2 N ,

and no multiplications at all. The arithmetic operations of the radix-2 DCT using

single butterfly algorithm is given in (3.64), (3.65) and (3.66). Then the total number

of real multiplications and additions for the WHT-DCT is given by

RO =
5N

2
log2 N (3.67)

Same as for the case of C-transform, when complex constellation is used, (3.67)

must be calculated twice and the arithmetic complexity will be given as

RO(WHT −DCT ) = 5N log2N (3.68)
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Table 3.1: Comparison of Real Arithmetic Operations for the Proposed C Trans-
form, DCT, WHT-DCT and FFT Transforms Under Complex Constellation Con-
sideration.

N
CT DCT WHT-DCT FFT

RA RM RA RM RA RM RA RM

32 294 294 320 160 640 160 480 320
64 774 774 768 384 1536 384 1152 768
128 1926 1926 1792 896 3584 896 2688 1792
256 4614 4614 4096 2048 8192 2048 6144 4096
512 10758 10758 9216 4608 18432 4608 13824 9216
1024 24582 24582 20480 10240 40960 10240 30720 20480
2048 55302 55302 45056 22528 90112 22528 67584 45056
4096 122886 122886 98304 49152 196608 49152 147456 98304

3.7.4 Fast Fourier Transform (FFT)

It is worth mention that our true comparison is with DCT-OFDM system, however,

comparison with FFT transform is added for further information. Considering the

fact that each complex multiplication involves 4 real multiplications (RM) and two

real additions (RA) or 3 real multiplications and 3 real additions, and each complex

addition is equivalent to two real additions. The arithmetic complexity of the FFT,

based on single butterfly and 4/2 implementation is given as:

RM = 2N log2N, (3.69)

RA = 3N log2 N. (3.70)

Tables 3.1 and 3.2 show the computational complexity in terms of real additions

and real multiplications and total number of operations respectively, for the C-

transform, the DCT, the WHT-DCT and the FFT for different transform lengths N

when complex constellation is considered (both the C transform and the WHT-DCT

transform are used twice, one for the real part of the complex data while the other

for the imaginary part). It is clear that the C-transform has lower total number of

additions as well as it is better than the WHT-DCT in terms of multiplications.
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Table 3.2: Total number of real operations.

N
CT DCT WHT-DCT FFT
RO RO RO RO

32 588 480 800 800
64 1548 1152 1920 1920
128 3852 2688 4480 4480
256 9228 6144 10240 10240
512 21516 13824 23040 23040
1024 49164 30720 51200 51200
2048 110604 67584 112640 112640
4096 245772 147456 245760 245760

3.8 Wire-line Applications of the Proposed Schemes

In this section we will examine the performance of the proposed C-OFDM in the

discrete multi-tone (DMT) system as example of wire-line communication system

and compare it with that of the DCT-DMT and DFT-DMT schemes. In the con-

ventional DFT-DMT system as shown in Fig. 3.7, the input data of size N are first

serial-to-parallel converted and modulated to data symbols. In order to ensure real

data transmission, these modulated symbols at the input of the IFFT are forced to

be Hermitian conjugate. This in turn requires a 2N × 2N IFFT transform, thus 2N

samples is the length of the transmitted signal. In other words, in order to transmit

N modulated symbols, 2N samples are required for transmission. However, this can

be completely avoided by using the proposed approach and real data modulation

formats. Fig. 3.8 is a detailed block diagram for the proposed C-DMT system. Table

3.3 shows the complexity reduction of the C-DMT among the DFT-DMT as a result

of avoiding the Hermitian constraint.

For the case of WHT-DCT-DMT, the ICT at the transmitter must be replaced

by the WHT-IDCT and the CT at the receiver must be replaced by the IWHT-

DCT. In comparison to the existed DCT-DMT system, both the proposed C-DMT

and the DCT-DMT systems can avoid Hermitian constraint. However, the proposed

C-DMT system appears more robust to multipath fading channels as it includes the

WHT in its structure which further distributes the information symbols over the

entire bandwidth.
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Figure 3.7: Transmitter block diagram of the DFT-DMT system.
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Figure 3.8: Transmitter block diagram of the C-DMT system.

Table 3.3: Comparison of real arithmetic operations of the proposed CT, the DCT
and the FFT based-DMT systems.

N DCT FFT CT
RO RO RO

256 3841 17936 5889

3.9 Simulation Results And Discussion

This section presents some results to demonstrate the performance of the proposed

C-OFDM and compares them with that of the DCT-OFDM and the conventional

OFDM systems. It should be noted that the true comparison should be with

the DCT-OFDM system, however we added the comparison with the conventional

OFDM system for more information.
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Figure 3.9: PAPR performance of the proposed C-OFDM, DCT-OFDM and the
conventional DFT-OFDM systems using the 16-QAM modulation format, the DCT-
OFDM and DFT-OFDM systems having the same graphs.

3.9.1 PAPR Reduction

A simulation was carried out for the C-OFDM, conventional OFDM and the DCT-

OFDM systems, showing that the C-OFDM has the lowest PAPR for; different

number of subcarriers (N = 128, and 1024) and 16-QAM modulation. In order

to have an awareness and intuitive view of the PAPR statistics, complementary

cumulative density function (CCDF) was plotted. Also to ensure the reliability of

computer simulations, 100 000 OFDM symbols were generated to obtain each PAPR

value. It is noted from Fig. 3.9 that the C-OFDM system has a better PAPR than

the DCT-OFDM and DFT-OFDM for different numbers of subcarriers. It also shows

that the DCT-OFDM system achieves the same PAPR as the conventional OFDM

while the proposed C-OFDM achieved about 1 dB improvement at a CCDF of 10−4.

This is due to the fact that the C-transform has a block-diagonal-structure that

reduces the additions of the input data symbols which perform each OFDM sample.
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3.9 Simulation Results And Discussion

Table 3.4: System parameters for simulations.
System Item Parameter

Modulation QPSK and 16-QAM
Synchronisation Complete
Antenna type Perfect
Channel type AWGN, ITU pedestrian B and ITU vehicular A
Equalisation Time domain MMSE equalizer
Number of Subcarriers (N) 1024
Guard type ZP

Length of ZP
N

4
Bandwidth 10MHz

3.9.2 BER Performance

3.9.2.1 BER performance over AWGN Channel

The BER performance of the C-OFDM, DCT-OFDM and the conventional OFDM

systems over the AWGN channel using the parameters that are given in Table 3.4 is

shown in Fig 3.10. It reveals that all of these systems have the same performances

over the AWGN channel. This is because the WHT does not have any effect on the

AWGN noise power as it is already distributed equally among all the subchannels.

Moreover, the WHT does not effect the signal power as it is unitary transform.

However, the superiority of the C-OFDM system in terms of the BER performance

is pronounced over multipath fading channels, which are more realistic in practical

applications, providing high signal diversity and achieves significant performance

gain over the conventional OFDM and DCT-OFDM systems as shown in the next

section.

3.9.2.2 BER Performance over Wireless Multipath Channel

Besides the PAPR reduction, channel diversity exploitation is another advantage of

adopting the C-transform in OFDM systems which is pronounced over multipath

frequency selective channels. To illustrate this advantage, ITU pedestrian B and

vehicular A channel models according to the WiMAX standard according to the

parameters that are given in Table 3.4 above, and the ZP-MMSE detection were

utilized in this work. Since the maximum channel delay is less than the guard

interval, no ISI occurs in our simulations. In the case of the DCT-OFDM and DFT-
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Figure 3.10: BER of the proposed C-OFDM , DCT-OFDM and DFT-OFDM sys-
tems over AWGN channel. All have the same graphs.

OFDM systems, the ICT/CT in Fig. 3.3 should be replaced by the unitary cosine

transform matrix (IDCT/DCT) or unitary Fourier transform matrix (IDFT/DFT)

respectively. Two signal constellations, QPSK and 16-QAM, were used in this work.

The theoretical results are obtained by using the BER formulas that were given in

(3.49) for the case of QPSK and (3.50) for the case of 16-QAM

It is observed from Figs. 3.11-3.14 that the theoretical BER performance results

are in strong accord with the simulation results, providing that the proposed C-

OFDM significantly outperforms both the DCT-OFDM and the OFDM systems

under; pedestrian B and vehicular A channel models, and for QPSK and 16-QAM

modulation formats.

The BER performance of the ZP-C-OFDM, ZP-DCT-OFDM and ZP-DFT-

OFDM systems over the ITU class B pedestrian channel were compared, all for

16-QAM and QPSK modulation formats are shown in Figs. 3.11 and 3.12 respec-

tively. It is evident that at 10−4 BER, the proposed C-OFDM system achieves

about 10 dB Eb/N0 gain over the ZP-DCT-OFDM and ZP-DFT-OFDM systems.

This confirms our early hypothesis that the WHT, this in turns C-transform, com-

bines the information symbols over many transmitted OFDM samples which leads

to this high gain in Eb/N0. However, this gain is not achievable by the DCT-OFDM
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Figure 3.11: BER performance of the proposed C-OFDM, DCT-OFDM and DFT-
OFDM systems over the ITU Pedestrian B channel and for the QPSK modulation,
theory and simulation are in good agreement.

system as it lacks to the WHT in its structure.

Over the ITU vehicular A channel model, it is revealed from Figs. 3.13 and

3.14 that, for QPSK and 16-QAM modulation formats, the C-OFDM scheme still

retains the valuable BER improvement in comparison with the DCT-OFDM and

the DFT-OFDM schemes.

3.9.2.3 BER Performance In the Presence of the CFO

The BER performance in the presence of the proposed C-OFDM system, in the pres-

ence of the CFO, is compared with those of the DCT-OFDM and the DFT-OFDM

systems with and without frequency synchronization algorithm is investigated in

this subsection.

Fig. 3.15 shows the BER performance of the proposed OFDM, DCT-OFDM

and DFT-OFDM systems when no CFO estimation algorithm is applied and for

different values of the normalized CFO ϵ (ϵ = 0.03, 0.06 and 0.1). It is evident

that the proposed system is superior than others for small ϵ around 0.03 while it

has a worse BER for ϵ around 0.06. However, it is also evident that all of the
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Figure 3.12: BER performance of the proposed C-OFDM, DCT-OFDM and DFT-
OFDM systems over the ITU Pedestrian B channel and for the 16-QAM modulation,
theory and simulation are in good agreement.
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Figure 3.13: BER performance of the proposed C-OFDM, DCT-OFDM and DFT-
OFDM systems over the ITU Vehicular A channel and for the QPSK modulation,
theory and simulation are in good agreement.
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Figure 3.14: BER performance of the proposed C-OFDM, DCT-OFDM and DFT-
OFDM systems over ITU Vehicular A channel and for the 16-QAM modulation,
theory and simulation are in good agreement.

aforementioned systems will completely lose their orthogonality when ϵ is above

0.1. Fig. 3.16 shows the BER performance when the M&M [100] algorithm for

CFO estimation is utilized in this simulation. Where the number of subcarriers

are N = 1024, iterative data L = 8, ϵ = 2.628 and (Eb/N0) is set to be 25 dB in

order to get a precise estimation. It is clearly shown that the proposed DCT-OFDM

system outperforms both the DCT-OFDM and DFT-OFDM by approximately 10

dB (Eb/N0) at 10−4 BER when either the 16-QAM or the QPSK constellation is

used.

3.9.3 BER Performance over wire-line channel

In this subsection, we are considering perfect synchronization between the trans-

mitted and received signals. The BER performances of the proposed scheme, DCT-

DMT and DFT-DMT are shown in Fig. 3.17, both for BPSK modulation format.

It is noticed from Fig. 3.17 that the simulation and theory results are in marvellous

agreement; providing that the proposed scheme achieves significant Eb/N0 gain over

the other systems. It also shows that the BER performance of the DCT-DMT is
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Figure 3.15: BER performance for the proposed C-OFDM, DCT-OFDM and the
DFT-OFDM systems over the ITU vehicular class A channel and CFO=0.03, 0.06
and 0.1 and 16-QAM modulation format.
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Figure 3.16: BER performance for the proposed C-OFDM, DCT-OFDM and the
DFT-OFDM systems over the ITU vehicular class A channel and CFO=2.628 when
the QPSK and the 16-QAM modulation formats are used.
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Figure 3.17: BER performance for the proposed C-DMT, DCT-DMT and DFT-
DMT systems for the BPSK modulation formats; simulation and theory results are
in marvellous agreement.

slightly better than the DFT-DMT system. The proposed WHT-DCT-DMT scheme

achieved about 8 dB gain in Eb/N0 over the DCT-DMT system and around 9 dB

over the conventional DFT-DMT systems at 10−6 BER.

3.10 Conclusion

In this chapter, a new multicarrier system have been introduced using the WHT-

IDCT/DCT/WHT or IC/C transform. The important conclusion is that the adop-

tion of C-transform in OFDM systems rather than the DCT or the DFT could

achieve better BER performance and PAPR reduction. It has been proved that the

C-OFDM system achieves about 10 dB Eb/N0 at 10
−4 BER over both DCT-OFDM

and DFT-OFDM systems when ITU pedestrian and vehicular channel models are

used. This is because the use of the C-transform which internally employs WHT,

is averaging the SNR over all the subcarriers, which increases the diversity of the

transmitted signal. Theoretical BER analysis of the proposed C-OFDM system is

also presented and compared with simulation results. It is also found that the pro-

posed scheme is still keep its advantages in BER performance in the presence of
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CFO when compensation algorithm is used.

Another advantage of the proposed C-OFDM which was explored in this chapter

is the PAPR reduction. Simulation results confirmed that the PAPR of the trans-

mitted signal in the case of the C-OFDM system is lower than both the DCT-OFDM

and the DFT-OFDM systems by about 1 dB. This fact is due to the block diagonal

structure of the C-transform, where the maximum signal superposition and number

of additions required to perform each transmitted samples is N/2 rather than N in

the case of the DCT-OFDM and the OFDM systems.
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Chapter 4

Efficient OFDM System Based on

New X-Transform for PAPR

Reduction and Diversity

Enhancement

4.1 Introduction

Signal diversity in OFDM systems is a very effective technique to increase the im-

munity of the OFDM signal against the deleterious effects of multipath channels.

In Chapter Three, a developed OFDM system based on real-valued trigonometric

transforms with the ZP guard interval was presented. The proposed system was

found to offer advantages in terms of BER improvement, reducing the modulation

scheme complexity, avoiding Hermitian constraint when real data format is used

over baseband transmission and achieving some reduction in the PAPR. However, a

single one-tap equalizer is inapplicable in the case of the C-OFDM where the scheme

is lacking to the convolution-multiplication property. The PAPR and complexity re-

duction were good, however, they are not significant and further reduction are still

on demand.

Motivated by the aforementioned requirements, this chapter presents a new fast

orthogonal X-transform. The proposed X-transform has a space matrix structure

with all its elements being zeros except along the diagonals. This makes this trans-

form extremely fast, easy and cheap to implement with high speed and low power
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4.1 Introduction

consumption. The proposed X-transform is then used in implementation of a new

OFDM named X-OFDM to reduce the complexity, the PAPR and the BER sig-

nificantly [84] and [85]. Unlike the C-OFDM, the proposed X-OFDM can be im-

plemented with either ZP or CP. For the case of CP, the proposed X-transform is

applied only in the transmitter and the single one-tap equalizer is applicable in the

receiver.

The proposed X-OFDM exploits the channel diversity and achieves close BER

performance to that of the single carrier frequency domain equalizer (SC-FDE) and

significant SNR gain over the conventional OFDM system. Moreover, the proposed

scheme hugely reduces the PAPR of the OFDM signal that affects the conventional

OFDM system. The proposed X-OFDM scheme is close in complexity to the SC-

FDE whereas achieves improved BER performance than the SC-FDE in the pres-

ence of the carrier frequency offset (CFO) that arises from frequency mismatch of

the transceivers local oscillators, which is a kind of Doppler shift [31]. We also uti-

lized the Morelli and Mengali (M&M) [100] synchronization algorithm to X-OFDM

scheme. The BER performance of the proposed scheme is evaluated theoretically

and by computer simulation in this chapter over the ITU channel for both the QPSK

and the 16-QAM constellations.

The proposed system, for the case of the MMSE detection, is found to be more

resilient to the multipath channels than the conventional OFDM system. This is

attributed to the fact that the DHT further distributes the information symbols

among the whole spectrum. Hence, the data on highly attenuated subcarriers will

not be completely missed as it can be recovered from the other subcarriers using

the DHT as will be shown mathematically and by simulation later in this chapter.

However, this phenomenon does not occur in the OFDM systems counterpart.

Furthermore, the PAPR of the proposed system is also evaluated in this chapter

and compared with the PAPR of the OFDM, WHT precoded OFDM and SC-FDE

systems. The proposed X-OFDM system is found to reduce the PAPR value by

approximately 6 dB over the OFDM owing to the reduction in the superposition

of the input symbols that perform each OFDM output sample from N to two.

The SC-FDE achieves 3 dB in the PAPR reduction over the proposed X-OFDM

independently of the number of subcarriers.
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4.2 X-Transform and X-OFDM System
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Figure 4.1: Schematic diagram of the proposed X-transform.

4.2 X-Transform and X-OFDM System

The method producing the inverse proposed X-transform (IXT) starts with the

calculation of the DHT; the DHT is then multiplied by the IDFT as shown in Fig.

4.1. The IXT can mathematically be expressed as

XH = FHA, (4.1)

where (.)H represents the Hermitian (complex conjugate) operation, F is the nor-

malized N × N Fourier matrix and A is the normalized N × N Hartley matrix.

The elements of the proposed X matrix can be calculated by using the basic defi-

nitions of the discrete Fourier and Hartley transforms as follows: Consider the case

when the data symbols are complex and uniformly drawn from a specific constel-

lation such as M-QAM or QPSK are divided into blocks of size N . Each sequence

ST = [S0, S1, ..., SN−1] modulates N orthogonal subcarriers by using the DHT. It

is well known that the DHT is an orthogonal real-valued transform with identical

forward and inverse matrices. The output modulated sequence rT = [r0, r1, ..., rN−1]

is then given as

rn =
N−1∑
m=0

an,mSm, (n = 0, 1, 2, ..., N − 1), (4.2)

where an,m represents the nth row mth column elements of the Hartley matrix A.

(4.2) can be rewritten based on the basic definition of A as

rn =
1√
N

N−1∑
m=0

Sm

[
cas

(
2πnm

N

)]
. (4.3)
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4.2 X-Transform and X-OFDM System

In (4.3), cas
(
2πnm
N

)
= cos

(
2πnm
N

)
+sin

(
2πnm
N

)
. It follows that the output samples rn

(0 ≤ n ≤ N − 1) are processed by the IFFT in order to increase the diversity. The

resulted signal, sT = [s0, s1, ..., sN−1], is a compound signal and can be expressed as

sk =
1√
N

N−1∑
n=0

rne
j 2πnk

N (k = 0, 1, 2, ..., N − 1). (4.4)

Substituting (4.3) into (4.4) yields

sk =
1

N

N−1∑
n=0

N−1∑
m=0

Smcas

(
2πnm

N

)
ej

2πnk
N . (4.5)

By using trigonometric identities, (4.5) can be written as

sk =
1

N

N−1∑
m=0

Sm

N−1∑
n=0

1

2

[
cos

2πn

N
(m− k) + cos

2πn

N
(m+ k)

]
+j

1

2

[
cos

2πn

N
(m− k)− cos

2πn

N
(m+ k)

]
. (4.6)

In more expressive form, (4.6) can be rewritten as

sk =
N−1∑
m=0

SmXkm, (k = 0, 1, 2, ..., N − 1), (4.7)

where Xkm is the kth, (0 ≤ k ≤ N − 1), row and the mth, (0 ≤ m ≤ N − 1) column

element of the XH (inverse X transform (IXT)). In matrix form, (4.7) can be written

as

s = XHS, (4.8)

where S is N × 1 vector. From (4.6) one can notice the following; Xk,m = 1 when

k = m = 1 or k = m = N
2
, Xk,m = 1

2
+ j 1

2
when k = m and Xk,m = 1

2
− j 1

2
when
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4.2 X-Transform and X-OFDM System

k = N −m and Xkm = 0 elsewhere. The inverse X transform can be expressed as

XH =
1

2



2 0 0 0 ... 0 0 0

0 1 + j1 0 0 ... 0 0 1− j1

0 0 1 + j1 0 ... 0 1− j1 0

0 0 0 ... . ... 0 0

. . . 0 2 0 . .

. . . ... . ... . .

... 0 0 1− j1 0...0 1 + j1 0
...

0 0 1− j1 0 ... 0 1 + j1 0

0 1− j1 0 0 ... 0 0 1 + j1



, (4.9)

while the forward X transform is given as

X =
1

2



2 0 0 0 ... 0 0 0

0 1− j1 0 0 ... 0 0 1 + j1

0 0 1− j1 0 ... 0 1 + j1 0

0 0 0 ... . ... 0 0

. . . 0 2 0 . .

. . . ... . ... . .

... 0 0 1 + j1 0...0 1− j1 0
...

0 0 1 + j1 0 ... 0 1− j1 0

0 1 + j1 0 0 ... 0 0 1− j1



. (4.10)

It should be noted that this new transform is named the X-transform because the

non zero elements in its transform matrix has an X shape. For more illustration,
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both XH and X are given for N = 8 respectively as:

XH
8 =

1

2



2 0 0 0 0 0 0 0

0 1 + j1 0 0 0 0 0 1− j1

0 0 1 + j1 0 0 0 1− j1 0

0 0 0 1 + j1 0 1− j1 0 0

0 0 0 0 2 0 0 0

0 0 0 1− j1 0 1 + j1 0 0

0 0 1− j1 0 0 0 1 + j1 0

0 1− j1 0 0 0 0 0 1 + j1



, (4.11)

X8 =
1

2



2 0 0 0 0 0 0 0

0 1− j1 0 0 0 0 0 1 + j1

0 0 1− j1 0 0 0 1 + j1 0

0 0 0 1− j1 0 1 + j1 0 0

0 0 0 0 2 0 0 0

0 0 0 1 + j1 0 1− j1 0 0

0 0 1 + j1 0 0 0 1− j1 0

0 1 + j1 0 0 0 0 0 1− j1



. (4.12)

4.3 Theoretical Analysis of the BER Performance

Over Multipath Channels

The system block diagram is shown in Fig. 4.2. Consider block-by-block transmission

where the information symbols are divided into blocks, each of length N . These

symbols modulate N subcarriers by the mean of inverse X-transform as it has been

given in (4.8). Then a CP of length Ng samples, must be no less than the maximum

excess delay of the multipath channel, is then appended to the OFDM signal to

prevent the inter-symbol interference (ISI). It follows that the received signal after

being passed through a multipath frequency-selective fading channel of L + 1 taps

(hl ̸= 0,∀ 0 < l < L) and corrupted by additive white Gaussian noise (AWGN) ,υ,

is given as [91]
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Add Cyclic

Prefix
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j

S s
Modulator

Binary input

×

×

Figure 4.2: Proposed X-OFDM system block diagram.

yk =
L∑
l=0

hlsk−l + υk. (4.13)

The received signal yk is then processed by the FFT transform and the produced

signal can be written as

Yn =
1√
N

N−1∑
k=0

yke
−j 2πnk

N + Ωn. (4.14)

In (4.14), Ωn is the frequency domain representation of the AWGN (υk). Substitute

(4.4) into (4.13) and then substitute the latter into (4.14) yields

Yn =
1

N3/2

N−1∑
k=0

[
L∑
l=0

hl

{
N−1∑
n=0

rne
j
2πn(k−l)

N

}]
e−j 2πnk

N + Ωn. (4.15)

After some algebra, (4.15) can be rewritten as

Yn = rn

L∑
l=0

hle
−j 2πnl

N + Ωn,

= rnHn + Ωn (n = 0, 1, 2, ..., N − 1). (4.16)

In (4.16), Hn =
∑L

l=0 hle
−j 2πnl

N , (0 ≤ n ≤ N − 1) is the channel transfer function

corresponding to the nth subchannel. The channel equalization is performed in the
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frequency domain after the FFT and before the DHT by applying either MMSE or

ZF equalizer as shown in Fig. 4.2. Unlike the conventional OFDM system where

the channel equalization and data detection are performed in the same domain

(frequency domain), in our proposed X-OFDM system, the channel equalization and

data detection are implemented in different domains. This difference in domains of

the data detection leads to the interesting properties of the proposed scheme as it

will be shown later in the current chapter.

This chapter emphasise on the BER derivation of the proposed X-OFDM system

for the 16-QAM and the QPSK modulation formats and for the ZF and the MMSE

equalizers. However, the derivation is still valid for other modulation formats. The

BER for the QPSK and the 16-QAM constellations are given respectively as (2.23)

and (2.24). Hence, to evaluate the BER performance, the signal-to-noise ratio (βs) at

the receiver side after the equalization must be evaluated. Inspired by the approach

in [37], the BER performance of our proposed X-OFDM system is evaluated in the

next subsections for a multipath fading channels and for both the QPSK and the

16-QAM constellations.

The channel effects on the received signal in (4.16) must be removed, this can

be achieved using either the ZF or the MMSE equalizer as follows

4.3.1 Zero-Forcing Equalizer

The ZF equalizer can be achieved simply by dividing each individual symbol of the

received vector Yn in the frequency domain by the corresponding value of the channel

transfer function Hn as

r̂n =
Yn

Hn

. (4.17)

Substitute Yn in (4.16) into (4.17), r̂n can then be written as

r̂n = rn + ξn, (4.18)

where ξn = Ωn

Hn
represents the amplified noise part. Substituting (4.2) into (4.18)

yields

r̂n =
N−1∑
m=0

an,mSm + ξn. (4.19)
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4.3 Theoretical Analysis of the BER Performance Over Multipath
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It follows that the equalized signal r̂n is then transformed by the DHT, A matrix,

as follows

qZF
i =

N−1∑
n=0

ai,nr̂n, (i = 0, 1, 2, ..., N − 1). (4.20)

This in turn leads to the following

qZF
i =

N−1∑
n=0

ai,n(
N−1∑
m=0

an,mSm) +
N−1∑
n=0

ai,nξn, (i = 0, 1, 2, ..., N − 1). (4.21)

Owing to the orthogonality property of the DHT,
∑N−1

n=0 ai,n × an,m is equal to 1

when m = i and zero elsewhere, the first term of (4.21) is equal to Si, hence (4.21)

can be written as

qZF
i = Si + ξ̂i, (4.22)

where ξ̂i =
∑N−1

n=0 ai,nξn. The total error signal which is the difference between the

transmitted and the detected symbols, eZF
i = qZF

i − Si, will be written as

eZF
i = ξ̂i

=
N−1∑
n=0

ai,nξn

=
N−1∑
n=0

ai,n

(
Ωn

Hn

)
(4.23)

Thus, the signal to noise ratio will be given as

βZF
i =

E[|Si|2]
E[|ei|2]

=
E[SiS

∗
i ]

E[eZF
i eZF

i
∗
]

=
Es

PZF
ni

(4.24)

where Es is the symbol energy, is equal to 4Eb for the case of the 16-QAM whereas

equal to 2Eb for the case of the QPSK and PZF
ni

is the noise power which is given as

PZF
ni

= σ2
υ

N−1∑
n=0

|ai,n|2
1

|Hn|2
. (4.25)
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Substituting (4.25) into (4.24) yields

βZF
i =

γs∑N−1
n=0 |ai,n|2 1

|Hn|2
, (4.26)

where γs = Es

σ2
υ
is the signal energy (in terms of symbol) to noise ratio. By substi-

tuting (4.26) into (2.23) and (2.24), the BER performance of the QPSK and the

16-QAM modulations are given as:

PQPSK
e =

1

N

N∑
i=1

Q

√ γs∑N−1
n=0 |ai,n|2 1

|Hn|2

 , (4.27)

P 16−QAM
e =

3

4N

N∑
i=1

Q

√ γs

5
∑N−1

n=0 |ai,n|2 1
|Hn|2

 . (4.28)

It can be seen from (4.26) that for the proposed X-OFDM system, the SNR of

each individual subcarrier, βZF
i , depends on the sum of all Hn, (n = 0, 1, . . . , N − 1).

In other words, the effects of the subchannel with a deep notch will be distributed

over the other subchannels, which is the same case for the SC-FDE scheme. In case

of the conventional OFDM system, only the symbols that correspond to deep notches

subchannels will be affected independently from the other subchannels. This could

be considered as an advantage for the OFDM system over the proposed X-OFDM

and the SC-FDE schemes when the ZF equalizer is used where greatly attenuated

subchannel (Hn ≃ 0) will affect the whole system performance in the case of the

X-OFDM system. However, the performance of our proposed system is far superior

than that of the OFDM system in the case of the MMSE detection as will be

explained in the next section.

4.3.2 Minimum Mean-Square-Error Equalizer

The MMSE equalizer, χn, is defined as

χn =
EsH

∗
n

Es | Hn |2 +σ2
υ

=
γsH

∗
n

1 + γs|Hn|2
(4.29)
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It follows that the equalized signal is then given as

r̂n = rnHnχn + Ωnχn (4.30)

substituting (4.2) into (4.30) yields

r̂n =
N−1∑
m=0

an,mSmHnχn + Ωnχn (4.31)

This equalized signal is then transformed by the DHT to detect the data symbols

which are given as

qMMSE
i =

N−1∑
n=0

ai,n(
N−1∑
m=0

an,mSmHnχn)

+
N−1∑
n=0

ai,nΩnχn (k = 0, 1, 2, ..., N − 1) (4.32)

Similar to the case of the ZF equalizer, due to the orthogonality property of the

DHT, the first term of (4.32) can be simplified to
∑N−1

n=0 SiHnχn, hence, (4.32) will

be written as

qMMSE
i =

N−1∑
n=0

Si
γs|Hn|2

1 + γs|Hn|2
+

N−1∑
n=0

ai,nΩnχn (4.33)

The error signal is then calculated as the difference between the transmitted and

the received data symbols, eMMSE
i = qMMSE

i − Si, and can be written as

eMMSE
i =

N−1∑
n=0

SiHnχn − Si +
N−1∑
n=0

ai,nΩnχn

=
N−1∑
n=0

[Hnχn − 1]Si +
N−1∑
n=0

ai,nΩnχn (4.34)

In (4.34), Hnχn − 1 = −1
1+γs|Hn|2 . Thus, (4.34) can be written as

eMMSE
i = Si

N−1∑
n=0

−1

1 + γs|Hn|2
+

N−1∑
n=0

ai,nΩn
γsH

∗
n

1 + γs|Hn|2
(4.35)

Since the DHT is a unitary transform, it does not affect the calculation of the power

(
∑N−1

n=0 |ai,n |2= 1). In other words, all S, r and s have the same average power

Es and as the data symbols and the AWGN are statistically independent, the noise
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power of the ith subchannel is then expressed as

PMMSE
ni

= E
[
|eMMSE

i |2
]

=
N−1∑
n=0

|ai,n |2 Es

[1 + γs | Hn|2]2
+

N−1∑
n=0

|ai,n|2
σ2
υγ

2
s |Hn|2

[1 + γs|Hn|2]2

=
N−1∑
n=0

|ai,n|2
Es

[1 + γs|Hn|2]2
+

N−1∑
n=0

|ai,n|2
Esγs|Hn|2

[1 + γs|Hn|2]2
,

=
N−1∑
n=0

|ai,n|2
Es

1 + γs|Hn |2
. (4.36)

The signal power PMMSE
si

= E
[
|qMMSE

i |2
]
and it is given as

PMMSE
si

=
N−1∑
n=0

| ai,n|2
Esγ

2
s |Hn|4

[1 + γs|Hn|2]2
+

N−1∑
n=0

|ai,n |2 Esγs|Hn|2

[1 + γs|Hn|2]2
,

=
N−1∑
n=0

|ai,n|2
Esγs|Hn |2

1 + γs|Hn|2
. (4.37)

Then, the SNR of the ith subchannel βMMSE
i =

PMMSE
si

PMMSE
ni

is given as

βMMSE
i =

∑N−1
n=0 |ai,n|2 γs|Hn|2

1+γs|Hn|2∑N−1
n=0 |ai,n|2 1

1+γs|Hn|2
. (4.38)

It can be seen from (4.38) that βMMSE
i for the ith subcarrier is averaged by the

mean of the DHT. This significantly improves the BER performance of the proposed

scheme, especially when the channel has narrowband deep notches in its spectral.

The BER performance of the X-OFDM system for the QPSK and the 16-QAM

modulations is then given as:

PQPSK
e =

1

N

N−1∑
i=0

Q


√√√√∑N−1

n=0 |ai,n|2 γs|Hn|2
1+γs|Hn|2∑N−1

n=0 |ai,n|2 1
1+γs|Hn|2

 , (4.39)

P 16−QAM
e =

3

4N

N−1∑
i=0

Q


√√√√ ∑N−1

n=0 |ai,n|2 γs|Hn|2
1+γs|Hn|2

5
∑N−1

n=0 |ai,n|2 1
1+γs|Hn|2

 . (4.40)
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Figure 4.3: Block diagram of the X-OFDM scheme with ZP

4.4 X-OFDM with Zero-Padding (ZP)

The proposed X-OFDM system can also be implemented with ZP [85] as in the

case of the C-OFDM in the previous chapter. In this case, the inverse X-transform

is used at the transmitter and the forward X-transform is used at the receiver to

implement the modulation/demodulation scheme as shown in Fig. 4.3. Following

the same procedure in chapter three for the C-OFDM, the transmission process of

the ZP-X-OFDM can be investigated as

r = AS. (4.41)

The transmitted signal, after being processed by IXT, is padded with zeros of length

Ng, must be greater than or equal to the maximum excess delay of the multipath

propagation channel. Mathematically, this can be expressed as: The resulting re-

dundant signal is of length Nt = N +Ng and can be expressed as

u = Ψzps, (4.42)

where Ψzp is a Nt × N matrix is given in (2.18) The transmitted signal is then

convolved with the channel and corrupted by the AWGN; it can be written as

y = H0u+ υ,

= H0Ψzps+ υ. (4.43)
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4.4 X-OFDM with Zero-Padding (ZP)

In (4.43), H0 is as given in (3.26) in chapter three. The equalization is performed

at the receiver side using MMSE detection. The equalized signal at the receiver side

was given in (3.29) as

yeq = ΨT
zpGH0u+ΨT

zpGυ (4.44)

At the receiver side, the X-transform is used to demodulate the received data, yeq

as follows

Ŝ = XΨT
zpGH0Ψzps+XΨT

zpGυ, (4.45a)

= XΨT
zpGH0ΨzpX

HS+XΨT
zpGυ. (4.45b)

For mathematical convenient, the equalizer matrix G can be factorized in (3.27)-

(3.33c) in chapter three and it is given as

G =

[
ΛΛH (VΛH)−1

+
1

γs
INt

(
VΛH)−1

]−1

UH, (4.46a)

= VΛH
(
ΛΛH +

1

γs
INt

)−1

UH. (4.46b)

The noise signal eMMSE = Ŝ− S is then given as

eMMSE =
(
XΨT

zpGH0ΨzpX
H − IN

)
S+XΨT

zpGυ. (4.47)

Substituting (4.46b) into (4.47) yield

eMMSE =

[
XΨT

zpVΛH
(
ΛΛH +

1

γs
INt

)−1

UH (UΛVH)ΨzpX
H − IN

]
S

+XΨT
zpVΛH

(
ΛΛH +

1

γs
INt

)−1

UHυ. (4.48)

Let ∆N×Nt represents matrices combination, XΨT
zpV, and ∆Nt×N represents the

matrices combination VHΨzpX
H where ∆N×Nt∆Nt×N = IN . Therefore, after some

algebra, (4.48) can be written as

eMMSE =

[
∆ΛH

(
ΛΛH +

1

γs
INt

)−1

Λ∆− IN

]
S

+∆ΛH
(
ΛΛH +

1

γs
INt

)−1

UHυ. (4.49)
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This can be simplified to

eMMSE = ∆

[
ΛH
(
ΛΛH +

1

γs
INt

)−1

Λ− INt

]
∆S

+∆ΛH
(
ΛΛH +

1

γs
INt

)−1

UHυ. (4.50)

In (4.50),

[
ΛH
(
ΛΛH + 1

γs
INt

)−1

Λ

]
= Θ1 is a diagonal matrix, its ith diagonal ele-

ments are given as γs|λi|2
γs|λi|2+1

,

[
ΛH
(
ΛΛH + 1

γs
INt

)−1

Λ− INt

]
= Θ2 with ith diagonal

element given as
−1

γs|λi|2 + 1
and ΛH

(
ΛΛH +

1

γs
INt

)−1

= Θ3 where its ith diago-

nal element given as
γs|λi|

γs|λi|2 + 1
where λi, (i = 0, 1, 2, ...Nt − 1) is the ith diagonal

element of Λ. Therefore, (4.50) can be written as

eMMSE = ∆Θ2∆S+∆Θ3U
Hυ. (4.51)

Similarly, Ŝ in (4.45b) can be written as

Ŝ = ∆Θ1∆S+∆Θ3U
Hυ. (4.52)

The noise power of all subcarriers at the receiver side is E
[
eMMSEeMMSEH

]
=

tr(eMMSEeMMSEH
) and is given as

PMMSE
n = tr

[
∆EsΘ

2
2∆+∆Λ2Θ2

3∆
]

(4.53a)

= tr
[
∆
[
EsΘ

2
2 + σ2Θ2

3

]
∆
]
. (4.53b)

In (4.53b), Es

[
Θ2

2 +
1
γs
Θ2

3

]
is a diagonal matrix can be simplified as

[
Θ2

2 +
1

γs
Θ2

3

]
i,i

=
1

[γs|λi|2 + 1]2
+

γs|λi|2

[γs|λi|2 + 1]2

=
1

γs|λi|2 + 1
. (4.54)

Let Θ4 = diag( 1
γs|λi|2+1

) and by substituting (4.54) into (4.53b) yields

PMMSE
n = tr

[
∆EsΘ4∆

]
(4.55)
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The received signal power which is carried on all subcarriers is PMMSE
s = E[ŜŜ

H
] =

tr(ŜŜ
H
) is given as

PMMSE
s = tr

[
∆EsΘ

2
1∆+∆σ2

υΘ
2
3∆
]
, (4.56a)

= tr
[
∆
[
EsΘ

2
1 + σ2

υΘ
2
3

]
∆
]

(4.56b)

= tr
[
∆EsΘ1∆

]
. (4.56c)

Therefore, the signal-to-noise ratio at the output of the mth subchannel is given as

βm =

[
∆Θ1∆

]
m,m[

∆Θ4∆
]
m,m

. (4.57)

BER of mth subchannel is given for the QPSK and the 16-QAM modulations, re-

spectively as

PQPSK
e =

1

N

N−1∑
m=0

Q


√√√√[∆Θ1∆

]
m,m[

∆Θ4∆
]
m,m

 . (4.58)

P 16−QAM
e =

3

4N

N−1∑
m=0

Q


√√√√ [

∆Θ1∆
]
m,m

5
[
∆Θ4∆

]
m,m

 . (4.59)

4.5 Complexity Analysis and Comparison

This section evaluates the number of arithmetic operations of the proposed X-

transform and compares them with those of the FFT and the FHT-FFT transforms

based on fast algorithms.

4.5.1 The X Transform

The X-transform includes
N − 2

2
units, each unit is shown in Fig. 4.4. Each single

multiplication of complex data x+jy by 1+j1 equals to (x−y)+j(x+y), that means

it involves 2 real additions (RA). Thus, the complexity of the direct implementation

of the X-transform can be given as:

sk = 0.5Sm(1 + j1) + 0.5SN−m(1− j1), (4.60)

sN−k = 0.5Sm(1− j1) + 0.5SN−m(1 + j1). (4.61)
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4.5 Complexity Analysis and Comparison

By ignoring the scaling factor, it is obvious from Fig. 4.4 that each unit includes

4 complex additions (CA) which equivalent to 8 RA per unit. Then the overall

complexity is given as

−

0.5

j0.5

a

b

A

B+

−+

Figure 4.4: Basic unit of X transform.

RA = 4(N − 2). (4.62)

4.5.2 Fast Fourier Transform (FFT)

Considering the fact that each complex multiplication involves 4 real multiplications

(RM) and 2 real additions (RA) or 3 real multiplications and 3 real additions, and

each complex addition is equivalent to 2 RA. The arithmetic complexity of FFT,

based on single butterfly and 4/2 implementation is given as:

RM = 2N log2N, (4.63)

RA = 3N log2 N. (4.64)

Therefore, the total number of real operations of radix-2 FFT based on single but-

terfly implementation is given as

RT = 5N log2N. (4.65)

4.5.3 Fast Hartley-Fourier Transform (FHT-FFT)

The arithmetic complexity of the radix-2 fast Hartley transform (FHT) based on

single butterfly implementation is given as:

RM = N log2 N, (4.66)
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Table 4.1: Comparison based on real arithmetic operations of transmitter of the
proposed X-OFDM and the conventional OFDM based on single butterfly imple-
mentation.

N
XT FFT

RA RM RO RA RM RO

32 120 0 120 480 320 800
64 248 0 248 1152 768 1920
128 504 0 504 2688 1792 4480
256 1016 0 1016 6144 4096 10240
512 2040 0 2040 13824 9216 23040
1024 4088 0 4088 30720 20480 51200
2048 8184 0 8184 67584 45056 112640
4096 16376 0 16376 147456 98304 245760

RA =
3

2
N log2N. (4.67)

For data that are drawn from complex constellation, the FHT is calculated twice,

one for the real part and the other for the imaginary part of a complex information.

Consequently, the arithmetic operations of the FHT-FFT will be 2 times of (4.66)

and (4.67) in addition to the arithmetic operations of FFT given in (4.63) and (4.64),

so the overall arithmetic operations are given as:

RM = 4N log2N, (4.68)

and

RA = 6N log2 N. (4.69)

4.5.4 Transmitter Complexities

Table 4.1 shows the computational complexity of the transmitter of the X-OFDM

and the OFDM for different transform sizes N and when the information data are

complex symbols. It is clear from Table I that the implementation of theX transform

involves no multiplications at all and much less additions than the FFT. Hence

the X transform is faster than the FFT and considerably reduce the transmitter

complexity.
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4.5.5 Receiver Complexities

The complexity at the receiver depends on the equalization. If the equalization is

carried out in the time domain, ignoring the complexity of the equalizer itself which

is the same for all systems, the complexity of the X-OFDM and the conventional

OFDM receivers will be the same as the complexity of the transmitter which is

shown in Table 4.1.

However, if the equalisation is carried out in the frequency domain, then the receiver

complexities are as given in Table 4.2.

Table 4.2: Comparison based on real arithmetic operations of the receiver of the
proposed X-OFDM and the conventional OFDM systems based on single butterfly
implementation.

N
FHT-FFT FFT

RA RM RO RA RM RO

32 960 640 1600 480 320 800
64 2304 1536 3840 1152 768 1920
128 5376 3584 8960 2688 1792 4480
256 12288 8192 20480 6144 4096 10240
512 27648 18432 46080 13824 9216 23040
1024 61440 40960 102400 30720 20480 51200
2048 135168 90112 225280 67584 45056 112640
4096 294912 196608 491520 147456 98304 245760

For the X-OFDM, the complexity at the receiver is more than that one at trans-

mitter as the X transform is not implemented directly at the receiver because the

channel gain is compensated in the frequency domain between the FFT and DHT.

Therefore, the receiver complexity of the X-OFDM system requires two DHTs in

addition to a single FFT which is ultimately the same complexity as DHT precoded

OFDM receiver.

4.5.6 Complexity of X-OFDM versus C-OFDM

For fair comparison, we consider both system with ZP guard interval. Ignoring the

complexity of the equalizer itself which is the same for all systems, for complex

information symbols, the transmitter and receiver complexity of X-OFDM is twice

of (4.62) while, for the case of C-transform, it is four-times of the complexity that

given in (3.62), two at the transmitter and the other two at the receiver, one for real

part while the another for the imaginary part of the complex information symbols.

91



4.6 CFO Effects on BER Performance Over Multipath Channels

For the case of real information symbols, it is required only two of (4.62), one at

the transmitter and the other at the receiver.

4.5.7 Complexity of X-OFDM Versus SC-FDE

The proposed system complexity in comparison with SC-OFDM when the equal-

ization is carried out in the frequency domain can be explained as follows: The

complexity of the X transform that is given in (4.62) for the transmitter, in addi-

tion to the receiver complexity of FHT-FFT that is given in (4.68) and (4.69). Thus

the over all complexity is given as RM = 4N log2 N and RA = N(6 log2N + 4)− 8.

However, for the case of SC-FDE, there is no transformation complexity in the trans-

mitter whilst single extra IFFT with complexity given in (4.63) and (4.64) at the

receiver with over all RM = 4N log2N and over all RA = 6N log2N . Therefore, the

SC-FDE has the same number of multiplications as the proposed X-OFDM system,

but 4(N−2) fewer additions than X-OFDM. This can be considered to be negligible

if we consider the overall complexity.

4.6 CFO Effects on BER Performance Over Mul-

tipath Channels

Carrier frequency offset (CFO) that is caused by frequency mismatch of local oscilla-

tors has significant effects on the BER performance of OFDM systems as it produces

inter-carrier interference (ICI) that destroys the orthogonality of the subcarriers. As

a result, it is so important to investigate the validity of the proposed system in the

presence of the CFO. The received signal at the receiver side in the presence of the

CFO could be expressed by matrix form as

y = ΥH0s+ υ,

= ΥH0X
HS+ υ. (4.70)

In (4.70),Υ is a diagonal matrix, the elements of the diagonal are given as ej
2πϵ(0:N−1)

N ,

ϵ is the CFO normalized to the subcarrier spacing. Because of the CP, the channel

matrix H0 becomes a circulant matrix and it is diagonalized by pre and post mul-

tiplications by FH and F. Only for clarity, the transform XH in (4.70) is expressed
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4.6 CFO Effects on BER Performance Over Multipath Channels

by its origins, it follows that the received signal can be written as

Y = AFΥHFHAS+AFυ,

= AFΥFH︸ ︷︷ ︸
Π

FHFH︸ ︷︷ ︸
H

AS︸︷︷︸
r

+AΩ,

= AΠHr+AΩ, (4.71)

where H is a diagonal matrix, its diagonal elements are the frequency domain rep-

resentation of the channel impulse response, Hn =
∑L−1

l=0 hle
−j 2πnl

N and Π = FΥFH

denotes ICI matrix. Without CFO, Π in (4.71) will be reduced to the identity ma-

trix and single-tap equalizer is applicable as shown in the BER derivation, section

IV. However, the presence of the CFO produces ICI which leads to significant degra-

dation in system performance. For the case of the OFDM, (4.71) can be written

as

Y = ΠHS+Ω. (4.72)

From (4.71) and (4.72), the proposed scheme acting better than the SC-FDE in

the presence of CFO which cause fast fading (rapid change) in channel impulse re-

sponse. This is because the SC-FDE signal, represented by data symbols, convolved

directly with this channel impulse response as there is no transform to multiplex the

data symbols at the transmitter. However, for the case of our proposed system, the

data symbols are first multiplexed by the X-transform before it passes through the

channel leading to improved BER performance in comparison to the SC-FDE in the

presence of the CFO or over fast fading channels. In other words, the sensitivity of

SC-FDE system to CFO is more than our proposed X-OFDM system because in our

proposed scheme, the ICI affects the multiplexed signal, r, rather than the informa-

tion symbols directly which is the case for SC-FDE as the information symbols pass

through the channel without being multiplexed by any transform.

It can also be observed from (4.72) that, for the case of the conventional OFDM

system, the CFO introduces ICI on the information symbols which are not the signal

that convolved with the channel impulse response. In other words, in the case of

conventional OFDM, the data symbols are first transformed to a time domain signal

before it convolved with the channel impulse response, hence it is less sensitive to
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the CFO or the fast fading channels than both the X-OFDM and the SC-FDE.

This is also confirmed by by computer simulations. However, the X-OFDM as well

as SC-OFDM systems restore their superiority over the DFT-OFDM system when

CFO estimation algorithms are used.

In this work, Morelli and Mengali (M&M) algorithm [100] is used with some

modification to be applicable for our proposed system. Unlike the conventional

OFDM system where the IFFT is used to generate a symbol consisting of L identical

parts that are used for the CFO estimation. They are generated by transmitting a

pseudo-noise sequence on the frequencies multiple of L/T and setting zeros on the

rest. In our proposed system, L identical sequences, each N/L in length have to be

passed through the DHT transform to produce the required pseudo-noise sequence

in the frequencies multiple of L/T and setting zeros on the rest which in turn pass

through the IFFT. In other words, these L identical sequences pass through the

X-transform in order to be used for the CFO estimation.

4.7 Simulation results and discussions

4.7.1 PAPR of the Proposed Scheme

The X-transform reserves the average power of the signal that is transformed by the

X-transform exactly as the DFT. However, it can enormously reduce the peak power

of the time domain OFDM signal as it hugely reduces the number of additions of

data symbols that performs each OFDM sample from N in the case of conventional

OFDM to only two in the case of the proposed X-OFDM scheme. In general, the

maximum PAPR is 10 log10 N in the case of the conventional OFDM while it is

only 10 log10 2 in the case of the proposed X-OFDM. This is clearly shown in Fig.

4.5, where it can be observed that for the case of the system that based on the

conventional DFT, the instantaneous peak power can approach more than twice

that of the proposed X-OFDM scheme, as shown in Figs 4.5(a) and 4.5(b).

Simulation was carried out for the X-OFDM, OFDMWHT precoded OFDM and

SC-FDE systems for a number of subcarriers N = 1024 and 16-QAM modulation

formats. In order to have an awareness and intuitive view of the PAPR statistics,

complementary cumulative density function (CCDF) was plotted. Also to ensure

the reliability of computer simulations, 100 000 OFDM frames were generated to
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(a) Power in OFDM signal.
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(b) Power in X-OFDM signal.

Figure 4.5: Power in OFDM signal (a) the conventional system and (b) the proposed
system.

obtain each PAPR value. It is observed from Fig. 4.6 that the X-OFDM system

has a lower PAPR than the OFDM and WHT precoded OFDM systems, where it

has achieved about 6 dB improvement in the PAPR reduction at a CCDF value of

10−4 over the DFT-OFDM system and 5 dB over WHT precoded OFDM system.

This is due to the fact that the X transform reduces the superposition of the input

encoded information symbols which form each OFDM sample. It can be seen from

Fig. 4.6 that the SC-FDE system is 3 dB better than the proposed scheme as the

former is single carrier system not a multiplexing scheme. This is independent from

the number of subcarriers used.
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Figure 4.6: PAPR performance of the proposed X-OFDM, SC-FDE, WHT-OFDM
and the conventional OFDM systems, using 16-QAM modulation and N = 1024.

Table 4.3: System parameters for simulations.
System Item Parameter

Antenna type Perfect
Modulation QPSK and 16-QAM
Synchronisation Complete
Channel type ITU pedestrian B and ITU vehicular A
Equalisation One-tap FDE
Number of Subcarriers (N) 1024
Duration of CP N/4
Bandwidth 10MHz
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4.7.2 BER Performance

4.7.2.1 Over Multipath Channels

The BER performance of the proposed X-OFDM system is evaluated in this section,

over ITU channel pedestrian class B and vehicular class A, mathematically and by

simulation and compared with that of the OFDM system and the SC-FDE system,

for the 16-QAM and the QPSK modulations. The simulation is carried out according

to the WiMAX standard with parameters are given in Table 4.3.

Figs 4.7 and 4.8 show the BER performance of the proposed X-OFDM, SC-FDE

and the OFDM systems over pedestrian and vehicular channel models respectively

for both the 16-QAM and the QPSK modulations. The theoretical results in Figs

4.7 and 4.8 are obtained by using the BER formulas that are given in (4.27) and

(4.28) for the case of ZF and (4.39) and (4.40) for the case of MMSE equalizer. It is

noticeable that the simulated BER results agree with the theoretical BER results.

It is evident from Figs. 4.7 and 4.8 that the proposed X-OFDM system achieves the

same BER performance as SC-FDE and it is superior to the OFDM by about 15

dB Eb/N0. This in turn, supports our early explanation that the DHT distributes

the effect of the channel dips over all other subcarriers which leads to the BER

improvement. This is, however, not attainable in the conventional OFDM system

counterpart as the information symbols on significantly attenuated subcarriers can

not be recovered from the unaffected spectrum. It is also noteworthy that for the

case of the OFDM system, the BER performance for the QPSK constellation is

better than 16-QAM by about 3 dB Eb/N0, whilst it is about 6 dB Eb/N0 better

than that of the 16-QAM modulation for the case of our proposed X-OFDM system.

This indicates that the proposed scheme can achieve further improvement as the

constellation order is reduced.

It is also noted from Figs. 4.9-4.10 that, for the case of the ZF equalizer, the

conventional OFDM outperforms both the SC-FDE and proposed X-OFDM systems

by about 3 dB in terms of the BER performance for each QPSK and 16-QAM

constellation.

To the end of this discussion, theoretical results corroborated by computer simu-

lation in Figs. 4.7-4.10 show that for the case of the ZF detection, the OFDM system

outperforms SC-FDE and our proposed system in term of BER performance. How-
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Figure 4.7: BER performance of the proposed X-OFDM, OFDM and SC-FDE
systems for QPSK and 16-QAM modulations over ITU pedestrian B channel and
MMSE detection.

ever, for the MMSE detection and at 10−4 BER, the proposed X-OFDM scheme

can achieve around 15 dB Eb/N0 gain over the OFDM system for different channel

models and modulation formats, that is, as good performance as SC-FDE systems.

4.7.2.2 In the Presence of CFO

In this section we will examine the performance of the proposed X-OFDM system

over frequency selective fast fading channels. The simulation is carried out according

to the WiMAX standard where the rapid change in the international telecommunica-

tion union (ITU) pedestrian B channel is modelled by the frequency offset as a kind

of Doppler shift. The results of 16-QAM and 64-QAM modulation is then mainly

compared with the performance of the SC-FDE and the conventional OFDM. The

transmission bandwidth is 10 MHz, the carrier frequency is 4 GHz and the number

of subcarriers N = 1024 and CP of length N
4
.

Fig. 4.11 shows the BER performance of the examined systems when the mod-

ulation is 16-QAM and for normalized CFO (ϵ = 0.025, 0.035 and 0.05).

Over all the CFO scenarios, the proposed X-OFDM is less sensitive the CFO or

fast variation of the channel than the SC-FDE. This is because the data symbols
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Figure 4.8: BER performance of the proposed X-OFDM, OFDM and SC-FDE sys-
tems for QPSK and 16-QAM modulations over ITU vehicular A channel and MMSE
detection.
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Figure 4.9: BER performance of the proposed X-OFDM, SC-FDE and the OFDM
systems for QPSK and 16-QAM modulations over ITU pedestrian B channel and
ZF detection.
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Figure 4.10: BER performance of the proposed X-OFDM, SC-FDE and the OFDM
systems for QPSK and 16-QAM modulations over ITU vehicular A channel and ZF
detection.

in the case of the SC-FDE convolved with the channel impulse response directly as

there is no transform at the transmitter to multiplex the data symbols, which is

not the case in our proposed scheme where the data symbols are multiplexed by the

X-transform before they convolved with the channel. In other words, when a CFO

synchronization algorithm is used, the requirement of repeating the synchronization

algorithm after certain number of frames is less in the case of our proposed system

than the case of the SC-FDE which is an advantage to the proposed X-OFDM over

the SC-FDE.

In comparison with the conventional OFDM, the proposed X-OFDM system is

more sensitive to the CFO. However, it is still achieve better BER performance when

the CFO= 0.025 and 0.035 as shown in Fig. 4.11.

This advantages of the proposed X-OFDM over the SC-FDE are also revealed

for higher-level modulation (64-QAM) as shown in Fig. 4.12.

Fig. 4.13 shows the BER performance when the M&M [100] algorithm for CFO

estimation is employed in this simulation where the number of subcarriers are N =

1024, iterative data Li = 8, ϵ = 3.42 and (Eb/N0) is set to be 25 dB in order to get

a precise estimation. It is clearly shown that the proposed X-OFDM and SC-FDE
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Figure 4.11: BER performance for the proposed X-OFDM and the OFDM systems
over ITU pedestrian class B channel and CFO=0.02, 0.035 and 0.05 and 16-QAM
modulation.

systems outperform the conventional OFDM system.

4.7.2.3 Coded and Coded-Interleaved Systems

For further investigation for the proposed scheme, forward error coding (FEC) is em-

bedded with the proposed scheme and compared with coded OFDM. convolutional

coding/Viterbi decoding is used with code rate equal to 0.5. Figs. 4.14 and 4.15

show the BER performances of coded X-OFDM and coded DFT-OFDM systems

for the QPSK and the 16-QAM modulations and over vehicular A channel models

respectively. It is clear that our proposed scheme is still superior to the conventional

OFDM systems by about 12 dB Eb/N0 gain at 10−4 BER.

4.8 Conclusion

In this chapter, a new fast orthogonal transform was introduced. This transform is

named the X-transform because the non-zero elements of its matrix form the letter

X. The new transform and its complexity are analysed and compared with the FFT,

showing that the proposed X-transform has much lower arithmetic operations and
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Figure 4.12: BER performance for the proposed X-OFDM and the OFDM systems
over ITU pedestrian class B channel and CFO=0.01, 0.015 and 0.02 and 64-QAM
modulation.
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Figure 4.13: BER performance for the proposed X-OFDM, DFT-OFDM and SC-
OFDM systems over ITU pedestrian class B channel and CFO=3.42 when 16-QAM
modulation format and M&M synchronization algorithm are employed.
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Figure 4.14: BER performance of coded proposed X-OFDM and coded OFDM
systems for QPSK and 16-QAM modulations over ITU pedestrian B channel.
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Figure 4.15: BER performance of coded proposed X-OFDM and coded OFDM
systems for QPSK and 16-QAM modulations over ITU vehicular A channel.
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Figure 4.16: BER performance of coded-inteleaved X-OFDM, coded-interleaved SC-
FDE and coded-interleaved OFDM systems versus uncoded systems for 16-QAM
modulation over ITU vehicular A channel.

complexity than the FFT. The X-transform was then used as OFDM to produce

the new X-OFDM. Mathematical analysis and simulation results have shown that

the proposed X-OFDM system outperforms the conventional OFDM system in both

PAPR and BER. The BER performances over ITU pedestrian and vehicular channel

models were evaluated theoretically and by simulation for the QPSK and the 16-

QAM modulations. The results showed that the proposed X-OFDM is better than

the conventional OFDM by about 15 dB Eb/N0 at 10−4 BER and achieves the

same BER performance as SC-FDE system. The sensitivity of the proposed X-

OFDM system to the CFO was investigated, revealing that the proposed scheme

is better than the SC-FDE in its sensitive to the CFO, and it is more sensitive to

the CFO in comparison to the conventional OFDM. The proposed scheme was also

found to achieve a huge reduction of PAPR for all subcarriers in comparison with

the conventional OFDM system. The applications of the proposed scheme can be

extended to multiple input-multiple output (MIMO).
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Chapter 5

Low Complexity X-OFDM System

for STBC Diversity Enhancement

Over Frequency-Selective Fading

Channels

5.1 Introduction

With increased reliance on the signal diversity for the OFDM, new schemes are

constantly being developed to meet the demand of high speed broadband commu-

nications. In this chapter, the X-transform is utilized in space-time block coding

(STBC) OFDM (ST-OFDM) transmitter implementation where the X-transform is

used instead of the DFT. The X-transform is used in transmitter implementation of

the proposed ST-X-OFDM which reduces the complexity enormously. The proposed

ST-X-OFDM system has the same single tap equalizer complexity as the approach

in [75] with significant reduction in transmitter complexity. Unlike the approach

in [75], the proposed system requires only two low complexity X-transforms at the

transmitter even though the date are drawn from complex constellation. The pro-

posed ST-X-OFDM system exploits the channel diversity and achieves significant

SNR gain over the ST-OFDM systems. Moreover, the proposed scheme significantly

mitigates the PAPR problem that affects the ST-OFDM system. The BER perfor-

mance of the proposed scheme is evaluated theoretically and by computer simulation

in this chapter over the ITU channel for both the QPSK and 16-QAM signal map-
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5.2 Proposed System

ping. A precise BER derivation which tightly matches the simulated results is also

presented in this chapter; over a diverse range of antenna diversity scenarios and

mapping schemes. It is evident that the proposed ST-X-OFDM scheme achieves

important SNR gain over the conventional ST-OFDM systems.

5.2 Proposed System

The proposed Alamouti ST-X-OFDM system with two transmit antennas at the

transmitter and one antenna at the receiver is shown in Fig.5.1. The mapper is

used to convert the binary data into a specific constellation. In this chapter, two

kinds of constellation are used; quadrature phase-shift-keying (QPSK) and 16-array

quadrature-amplitude-modulation (16-QAM). The information symbols, S(b), b =

1, 2, are divided into two blocks, each of N×1 dimension. These information vectors

are assumed to be zero-mean and carry the same power; its covariance matrix is given

as:

Mapper
Alamouti

Insert

Insert

CP

CP

Data

in

Alamouti

encoder
ST

ST

decoder

Data

out
FFT

FDE DHT

FDE DHT

DemapperRemove
CP

Y
(2)

,Y
(1)

S
(2)

S
(1)

s
(2)

s
(1)

X
H

X
H

˜
Y

(1)
ˆ

r(2)

ˆ
r(1)˜

Y
(2)

Figure 5.1: Proposed Alamouti ST-X-OFDM system block diagram.

RS = E
[
S(b)S(b)∗

]
, (b = 1, 2),

= EsIN , (5.1)
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5.2 Proposed System

where Es is the signal energy per symbol. Each information vector is then aligned

to a specific branch at the transmitter for modulation. Each information vector is

processed by the DHT as:

r(b)n = AnS
(b), (5.2a)

=
N−1∑
m=0

an,mS
(b)
m , (b = 1, 2), (5.2b)

where An is the nth row of the DHT matrix, A, and an,m denotes the nth row, mth

column of the matrix A. In matrix form, the Hartley modulated symbols in (5.2)

can be written as

r(b) = AS(b) (b = 1, 2). (5.3)

Alamouti STBC is then applied to the resulted vectors, r(1) and r(2), to produce two

signals that aligned to the antennas at the transmitter. These signals are given as:−r(2)
∗

r(1)

r(1)
∗

r(2)

. (5.4)

The first column of (5.4) represents the signals from the first and second antenna at

the transmitter to be simultaneously transmitted at time t. The second column of

(5.4) denotes the signals to be simultaneously transmitted from the first and second

transmitter antennas during the next transmission at time t + Ts, and (.)∗ is the

complex conjugate. The IFFT is then used for processing the resulting vectors as

s
(b)
k =

1√
N

N−1∑
n=0

r(b)n ej
2πnk
N , (k = 0, 1, ..., N − 1), (5.5a)

s
(b)
k

†
=

1√
N

N−1∑
n=0

r(b)n

∗
ej

2πnk
N , (k = 0, 1, ..., N − 1), (5.5b)

where j =
√
−1. In matrix form, (5.5) can be written as:

s(b) = FHr(b), (5.6a)

s(b)
†
= FHr(b)

∗
, (5.6b)
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5.3 Reducing Transmitter Complexity

where s(b)
†
=
[
s
(b)
1

∗
, s

(b)
2

∗
, · · · , s(b)N−1

∗
, s

(b)
0

∗]T
, F is the normalized FFT matrix and

(.)H is the Hermitian operation. Therefore, and for the aim of reducing the complex-

ity by combining the DHT and IFFT transforms into single low complexity unitary

transform, Alamouti code is performed after the IFFT as:

s(b) = FHAS(b), (5.7)

and then a modified Alamouti code is performed on s(b), b = 1, 2, vectors as:−s(2)
†

s(1)

s(1)
†

s(2)

 . (5.8)

5.3 Reducing Transmitter Complexity

From the above analysis, it can be seen that to convert the information symbols,

S, into OFDM symbols, s, the information symbols must be processed by the DHT

followed by the IFFT. When S is complex, the DHT operation must be performed

twice at each branch, one for the real part of S whereas the another for the imaginary

part. This means that for the case of Alamouti STBC system with two transmit

antennas, four-times of the DHT as well as two-times of the FFT complexity is

required.

The complexity of the DHT together with that of the IFFT is very high. To

merge the DHT and the IFFT into the low complexity X-transform and cancel the

unnecessary arithmetic operations, following the same steps in chapter four. (5.7)

is written in the fundamental kernel form as

s
(b)
k =

1

N

N−1∑
n=0

N−1∑
m=0

S(b)
m cas

(
2πnm

N

)
ej

2πnk
N , (5.9)

where cas(2πnm
N

) = cos(2πnm
N

) + sin(2πnm
N

). By using trigonometric identities, (5.9)

can be written as

s
(b)
k =

1

N

N−1∑
m=0

S(b)
m

N−1∑
n=0

1

2

[
cos

2πn

N
(m− k) + cos

2πn

N
(m+ k)

]
+j

1

2

[
cos

2πn

N
(m− k)− cos

2πn

N
(m+ k)

]
. (5.10)
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5.4 Two Transmit Antennas and One Receive Antenna (2× 1)

Equation (5.10) can be rewritten in more expressive form as

s
(b)
k =

N−1∑
m=0

S(b)
m Xkm, (k = 0, 1, 2, ..., N − 1), (5.11)

where Xkm is the kth, (0 ≤ k ≤ N − 1), row and the mth, (0 ≤ m ≤ N − 1) column

element of the XH (inverse X transform (IXT)). From (5.10) one can notice the

following; Xk,m = 1 when k = m = 1 or k = m = N
2
, Xk,m = 1

2
+ j 1

2
when k = m

and Xk,m = 1
2
− j 1

2
when k = N −m and Xkm = 0 elsewhere. Thus equation (5.7)

can be rewritten as

s(b) = XHS(b). (5.12)

The inverse X-transform can be expressed an in (4.11) as

XH
8 = 1

2



2 0 0 0 0 0 0 0

0 1 + j1 0 0 0 0 0 1− j1

0 0 1 + j1 0 0 0 1− j1 0

0 0 0 1 + j1 0 1− j1 0 0

0 0 0 0 2 0 0 0

0 0 0 1− j1 0 1 + j1 0 0

0 0 1− j1 0 0 0 1 + j1 0

0 1− j1 0 0 0 0 0 1 + j1



. (5.13)

To avoid the intersymbol interference (ISI) between consecutive transmitted sym-

bols, a cyclic prefix (CP), the last Ng samples of the symbol in (5.12) must be no less

than the maximum access delay, is appended to the beginning of the same symbol

to alleviate the ISI.

5.4 Two Transmit Antennas and One Receive An-

tenna (2× 1)

Consider two transmission phases; at the first phase, the two OFDM signals s(1)

and s(2) are simultaneously transmitted at a specific time t from antenna 1 and

antenna 2 respectively. It follows that, at the second phase, −s(2)
†
and s(1)

†
are

simultaneously transmitted at time t+Ts from antenna 1 and antenna 2 respectively.
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5.4 Two Transmit Antennas and One Receive Antenna (2× 1)

The transmitted signal from the bth transmitter antenna to the receive antenna

passes through a multipath frequency-selective fading channels (h
(b)
l ̸= 0,∀ 0 < l <

L) of L+1 taps and corrupted by an additive white Gaussian noise (AWGN) υ. The

channels h
(1)
l and h

(2)
l are assumed but not necessary to have the same number of

taps. Assuming that the channels are statistically independent and invariant during

two OFDM consecutive symbols. Therefore the consecutive received signals at time

t, y
(1)
k , and t+ Ts, y

(2)
k , can be respectively written as:

y
(1)
k =

L∑
l=0

h
(1)
l s

(1)
k−l +

L∑
l=0

h
(2)
l s

(2)
k−l + υ

(1)
k , (5.14)

and

y
(2)
k = −

L∑
l=0

h
(1)
l s

(2)
k−l

†
+

L∑
l=0

h
(2)
l s

(1)
k−l

†
+ υ

(2)
k . (5.15)

The guard interval, represented by the CP, is then discarded from the received signal

y
(b)
k . The resulted signal is then processed by the FFT producing signal in frequency

domain which can be written as:

Y (b)
n =

1√
N

N−1∑
k=0

y
(b)
k e−j 2πnk

N (n = 0, 1, ..., N − 1). (5.16)

For b = 1 and by substituting (5.14) into (5.16) yield:

Y (1)
n =

1√
N

[
N−1∑
k=0

(
L∑
l=0

h
(1)
l s

(1)
k−l

)
e−j 2πnk

N +
N−1∑
k=0

(
L∑
l=0

h
(2)
l s

(2)
k−l

)
e−j 2πnk

N

+
N−1∑
k=0

υ
(1)
k e−j 2πnk

N

]
. (5.17)

Substituting (5.5) into (5.17) yield

Y (1)
n =

1

N

N−1∑
k=0

[
L∑
l=0

h
(1)
l

(
N−1∑
n=0

r(1)n ej
2πn(k−l)

N

)]
e−j 2πnk

N

+
N−1∑
k=0

[
L∑
l=0

h
(2)
l

(
N−1∑
n=0

r(2)n ej
2πn(k−l)

N

)]
e−j 2πnk

N

+
N−1∑
k=0

υ
(1)
k e−j 2πnk

N . (5.18)
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5.4 Two Transmit Antennas and One Receive Antenna (2× 1)

Because of the orthogonality property of the FFT, (5.18) can be simplified to

Y (1)
n = r(1)n

L∑
l=0

h
(1)
l e−j 2πnl

N + r(2)n

L∑
l=0

h
(2)
l e−j 2πnl

N + Ω(1)
n ,

= r(1)n H(1)
n + r(2)n H(2)

n + Ω(1)
n . (5.19)

Similarly, Y
(2)
n

∗
can be written as

Y (2)
n

∗
= r(1)n H(2)

n

∗ − r(2)n H(1)
n

∗
+ Ω(2)

n

∗
. (5.20)

In (5.19) and (5.20), Ωn is the frequency domain representation of the AWGN (υk)

and Hn =
∑L

l=0 hle
−i 2πnl

N , (0 ≤ n ≤ N − 1) is the channel transfer function. In more

expressive form, (5.19) and (5.20) can be written as:

Y (1,2)
n = H(1,2)

n r(1,2)n + Ω(1,2)
n , (5.21)

where Y
(1,2)
n = [Y

(1)
n Y

(2)
n

∗
]T , H

(1,2)
n =

H
(1)
n H

(2)
n

H
(2)
n

∗
−H

(1)
n

∗

, r(1,2)n = [r
(1)
n r

(2)
n ]T and

Ω
(1,2)
n = [Ω

(1)
n Ω

(2)
n

∗
]T . To generalise (5.21) to all n = 0, 1, ..., N − 1, we use the

following notations: h(1) = diag(H
(1)
n )N−1

n=0 , h
(2) = diag(H

(2)
n )N−1

n=0 , Y
(1) = (Y

(1)
n )N−1

n=0 ,

Y(2) = (Y
(2)
n )N−1

n=0 , Ω
(1) = (Ω

(1)
n )N−1

n=0 . Therefore, (5.21) can be written as

Y(1,2) = H(1,2)r(1,2) +Ω(1,2), (5.22)

whereY(1,2) =

Y(1)

Y(2)∗

,H(1,2) =

 h(1) h(2)

h(2)∗ −h(1)∗

, r(1,2) =
r(1)
r(2)

 andΩ(1,2)

Ω(1)

Ω(2)∗

.
In matrix form, (5.22) can be written as

Y(1)

Y(2)∗

 =

 h(1) h(2)

h(2)∗ −h(1)∗

r(1)
r(2)

+

Ω(1)

Ω(2)∗

 . (5.23)

At the receiver side, the Alamouti decoder is then performed to produce two vectors,

Ỹ
(1)

and Ỹ
(2)∗

as:

Ỹ
(1,2)

=
[
H(1,2)

]H
Y(1,2), (5.24)
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5.4 Two Transmit Antennas and One Receive Antenna (2× 1)

where Ỹ
(1,2)

=
[
Ỹ

(1)
Ỹ

(2)∗
]T

. Therefore, these two vectors are given as

Ỹ
(1)

= (h(1)∗h(1) + h(2)h(2)∗)r(1) + h(1)∗Ω(1) + h(2)Ω(2)∗, (5.25a)

Ỹ
(2)∗

= (h(2)∗h(2) + h(1)h(1)∗)r(2) + h(2)∗Ω(1) − h(1)Ω(2)∗. (5.25b)

In (5.25), h(1)∗h(1) + h(2)h(2)∗ is a diagonal matrix its diagonal elements are given

as (| H(1)
n |2 + | H(2)

n |2)N−1
n=0 . More expressively, in elements form, (5.25) can be

written as

Ỹ (1)
n = r(1)n

(
| H(1)

n |2 + | H(2)
n |2

)
+ Ω(1)

n H(1)
n

∗
+ Ω(2)

n

∗
H(2)

n , (5.26)

and

Ỹ (2)∗

n = r(2)n

(
| H(1)

n |2 + | H(2)
n |2

)
+ Ω(1)

n H(2)
n

∗ − Ω(2)
n

∗
H(1)

n . (5.27)

The channel equalization is then performed in frequency domain, after the FFT, for

instance, ZF and MMSE equalizers are taken into consideration in this work as:

5.4.1 Zero-Forcing (ZF) Equalizer

The compensation for the channel effects on the received signal can be achieved by

ZF equalizer by simply dividing each individual sample of the received vector, Ỹ
(1)
n

in (5.26), and Ỹ
(2)∗
n in (5.27), by the corresponding value of the channel transfer

function (| H(1)
n |2 + | H(2)

n |2) as:

r̂(1)n =

˜
Y

(1)
n

| H(1)
n |2 + | H(2)

n |2
. (5.28)

For the sake of brevity, the notation Σn =| H(1)
n |2 + | H(2)

n |2 is used. Thus, (5.28)

is written as

r̂(1)n =

˜
Y

(1)
n

Σn

,

= rn + ξ(1)n + ξ(2)n , (5.29)
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5.4 Two Transmit Antennas and One Receive Antenna (2× 1)

where ξ
(1)
n = Ω

(1)
n H

(1)
n

∗

Σn
and ξ

(2)
n = Ω

(2)
n

∗
H

(2)
n

Σn
represent the amplified AWGN noise part

from the two consecutive received signals. Substituting (5.2) into (5.29) yields

r̂n =
N−1∑
m=0

an,mSm + ξ(1)n + ξ(2)n . (5.30)

After removing the channel gain, the equalized signal, r̂n, is then transformed by

the matrix A as follows

qZF
i =

N−1∑
n=0

ai,nr̂n (i = 0, 1, 2, ..., N − 1). (5.31)

Substituting (5.30) into (5.31) yields

qZF
i =

N−1∑
n=0

ai,n

(
N−1∑
m=0

an,mSm

)
+

N−1∑
n=0

ai,nξ
(1)
n

+
N−1∑
n=0

ai,nξ
(2)
n (i = 0, 1, 2, ..., N − 1). (5.32)

Since the DHT is an orthogonal transform,
∑N−1

n=0 ai,n × an,m equal to 1 only when

m = i and zero elsewhere, the first term of (5.32) equals to Si, hence, (5.32) can be

written as

qZF
i = Si + ξ̂

(1)
i + ξ̂

(2)
i , (5.33)

where ξ̂
(1)
i =

∑N−1
n=0 ai,nξ

(1)
n and ξ̂

(2)
i =

∑N−1
n=0 ai,nξ

(2)
n .

The difference between the transmitted and received signals, eZF
i = qZF

i − Si, is the

error signal, it can be written as

eZF
i = ξ̂

(1)
i + ξ̂

(2)
i ,

=
N−1∑
n=0

ai,nξ
(1)
n +

N−1∑
n=0

ai,nξ
(2)
n . (5.34)
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5.4 Two Transmit Antennas and One Receive Antenna (2× 1)

By substituting the equivalents of ξ
(1)
n and ξ

(2)
n into (5.34), the latter can be written

as

eZF
i = ξ̂

(1)
i + ξ̂

(2)
i

=
N−1∑
n=0

ai,nξ
(1)
n +

N−1∑
n=0

ai,nξ
(2)
n

=
N−1∑
n=0

ai,n

(
Ω

(1)
n H

(1)
n

∗

Σn

)
+

N−1∑
n=0

ai,n

(
Ω

(2)
n

∗
H

(2)
n

Σn

)
. (5.35)

The noise power, Pni
ZF = E[|eZF

i |2], is given as:

Pni
ZF = σ2

υ

N−1∑
n=0

|ai,n|2
|H(1)

n |2

Σ2
n

+ σ2
υ

N−1∑
n=0

|ai,n|2
|H(2)

n |2

Σ2
n

(5.36a)

= σ2
υ

N−1∑
n=0

|ai,n|2
|H(1)

n |2 + |H(2)
n |2

Σ2
n

(5.36b)

= σ2
υ

N−1∑
n=0

|ai,n|2
1

Σn

. (5.36c)

Thus, the signal to noise ratio will be given as:

βZF
i =

E[|Si|2]
E[|eZF

i |2]
(5.37a)

=
E[SiS

∗
i ]

E[eZF
i eZF

i
∗
]

(5.37b)

=
Es

Pni
ZF

, (5.37c)

where Es is the symbol power, it is equal to 4Eb for the case of the 16-QAM whilst

equal to 2Eb for the case of the QPSK. Substituting (5.36c) into (5.37c) yields

βZF
i =

γs∑N−1
n=0 |ai,n|2 1

Σn

, (5.38)

where γs =
Es

σ2
υ
is the signal power (in terms of symbol) to noise ratio. The BER of

the individual subchannels are respectively given as in [92] as follows:

PM−PSK
e =

µ

mb

1

N

N−1∑
m=0

Q
(√

2βm sin(
π

M
)
)
, (5.39)
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5.4 Two Transmit Antennas and One Receive Antenna (2× 1)

and

PM−QAM
e =

4− 2(2−mb/2)

mb

1

N

N−1∑
m=0

Q

(√
3βm

M − 1

)
. (5.40)

In (5.39) and (5.40), µ denotes the number of nearest neighbours signal points

(µQPSK = 2 and µ16−QAM = 3), M is the level on constellation and mb = log2 M

represents the number of bits in each digitally encoded symbol, Q(x) denotes the

Q-function of x and βm is the signal power, per symbol, to noise power ratio. In

other words, by substituting the specific parameters that assigned to the QPSK and

the 16-QAM modulations and substituting (5.38) into (5.39) and (5.40), the BER

is respectively given as:

PQPSK
e =

1

N

N∑
i=1

Q

√ γs∑N−1
n=0 |ai,n|2 1

Σn

 , (5.41)

and

P 16−QAM
e =

3

4N

N∑
i=1

Q

√ γs

5
∑N−1

n=0 |ai,n|2 1
Σn

 . (5.42)

5.4.2 Minimum Mean-Square-Error (MMSE) Equalizer

The MMSE equalizer, χn, is defined as:

χn =
Es

EsΣn + σ2
υ

,

=
γs

1 + γsΣn

. (5.43)

The MMSE equalization is achieved by multiplying the signal r̂
(b)
n by χn as:

r̂(1)n = rnΣnχn + Ω(1)
n H(1)

n

∗
χn + Ω(2)

n

∗
H(2)

n χn. (5.44)

Substituting (5.2) into (5.44) yields

r̂(1)n =
N−1∑
m=0

an,mSmΣnχn + Ω(1)
n H(1)

n

∗
χn + Ω(2)

n

∗
H(2)

n χn. (5.45)
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5.4 Two Transmit Antennas and One Receive Antenna (2× 1)

The resulted signal is then transformed by the DHT to recover the transmitted

symbols as

qMMSE
i =

N−1∑
n=0

ai,n

(
N−1∑
m=0

an,mSmΣnχn

)
+

N−1∑
n=0

ai,nΩ
(1)
n H(1)

n

∗
χn

+
N−1∑
n=0

ai,nΩ
(2)
n

∗
H(2)

n χn. (5.46)

Same as the case of the ZF equalizer, because of the orthogonality property of the

DHT, the first term of (5.46) can be simplified to
∑N−1

n=0 SiHnχn, thus (5.46) can be

written as

qMMSE
i =

N−1∑
n=0

ai,nSi
γsΣn

1 + γsΣn

+
N−1∑
n=0

ai,nΩ
(1)
n

γsH
(1)
n

∗

1 + γsΣn

+
N−1∑
n=0

ai,nΩ
(2)
n

∗ γsH
(2)
n

1 + γsΣn

. (5.47)

The signal power, σ2
siMMSE = E

[
|qMMSE

i |2
]
, is given as

PsiMMSE =
N−1∑
n=0

| ai,n|2
Esγ

2
s |Σn|2

[1 + γsΣn]
2 +

N−1∑
n=0

|ai,n |2 σ2
υγ

2
s |H

(1)
n |2

[1 + γsΣn]
2

+
N−1∑
n=0

|ai,n |2 σ2
υγ

2
s |H

(2)
n |2

[1 + γsΣn]
2 . (5.48)

In second and third terms of (5.48), σ2
υγ

2
s = Esγs. Thus, (5.48) can ve written as

PsiMMSE =
N−1∑
n=0

| ai,n|2
Esγ

2
s |Σn|2

[1 + γsΣn]
2 +

N−1∑
n=0

|ai,n |2 Esγs|H(1)
n |2

[1 + γsΣn]
2

+
N−1∑
n=0

|ai,n |2 Esγs|H(2)
n |2

[1 + γsΣn]
2 . (5.49)

After some manipulation, (5.49) can be written as

PsiMMSE =
N−1∑
n=0

| ai,n|2
Esγ

2
s |Σn|2

[1 + γsΣn]
2 +

N−1∑
n=0

|ai,n |2 Esγs

[1 + γsΣn]
2 (|H

(1)
n |2 + |H(2)

n |2)

=
N−1∑
n=0

|ai,n|2
EsγsΣn

1 + γsΣn

. (5.50)
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5.4 Two Transmit Antennas and One Receive Antenna (2× 1)

The error signal is then calculated as the difference between the transmitted and

the received data symbols, eMMSE
i = qMMSE

i − Si, can be written as

eMMSE
i =

N−1∑
n=0

ai,nSi
γsΣn

1 + γsΣn

− Si +
N−1∑
n=0

ai,nΩ
(1)
n

γsH
(1)
n

∗

1 + γsΣn

+
N−1∑
n=0

ai,nΩ
(2)
n

∗ γsH
(2)
n

1 + γsΣn

=
N−1∑
n=0

ai,n[
γsΣn

1 + γsΣn

− 1]Si +
N−1∑
n=0

ai,nΩ
(1)
n

γsH
(1)
n

∗

1 + γsΣn

+
N−1∑
n=0

ai,nΩ
(2)
n

∗ γsH
(2)
n

1 + γsΣn

. (5.51)

In (5.51),
γsΣn

1 + γsΣn

− 1 = −1
1+γsΣn

. Thus (5.51) can be rewritten as

eMMSE
i = Si

N−1∑
n=0

ai,n
−1

1 + γsΣn

+
N−1∑
n=0

ai,nΩ
(1)
n

γsH
(1)
n

∗

1 + γsΣn

+
N−1∑
n=0

ai,nΩ
(2)
n

∗ γsH
(2)
n

1 + γsΣn

. (5.52)

Since the DHT is a unitary transform, it does not affect the calculation of the power

(
∑N−1

n=0 |ai,n |2= 1). In other words, all S, r and s have the same average power

Es and as the data symbols and the AWGN are statistically independent, the noise

power of the ith subchannel, Pni
MMSE = E

[
|eMMSE

i |2
]
, is then expressed as

Pni
MMSE =

N−1∑
n=0

|ai,n |2 Es

[1 + γsΣn]
2 +

N−1∑
n=0

|ai,n |2 Esγs|H(1)
n |2

[1 + γsΣn]
2

+
N−1∑
n=0

|ai,n |2 Esγs|H(2)
n |2

[1 + γsΣn]
2 . (5.53)

After some manipulation, (5.53) can be simplified to

Pni
MMSE =

N−1∑
n=0

|ai,n|2
Es

[1 + γsΣn]
2 +

N−1∑
n=0

|ai,n |2 Esγs

[1 + γsΣn]
2 (|H

(1)
n |2 + |H(2)

n |2)

=
N−1∑
n=0

|ai,n|2
Es

1 + γsΣn

. (5.54)
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5.5 Two Transmit and Two Receive Antennas (2× 2)

The SNR of the ith subchannel βMMSE
i =

P
si

MMSE

P
ni

MMSE
is then given as

βMMSE
i =

∑N−1
n=0 |ai,n|2 γsΣn

1+γsΣn∑N−1
n=0 |ai,n|2 1

1+γsΣn

. (5.55)

The overall BER, for QPSK and 16-QAM modulation formats, can be respectively

given as:

PQPSK
e =

1

N

N−1∑
i=0

Q


√√√√∑N−1

n=0 |ai,n|2 γsΣn

1+γsΣn∑N−1
n=0 |ai,n|2 1

1+γsΣn

 , (5.56)

and

P 16−QAM
e =

3

4N

N−1∑
i=0

Q


√√√√ ∑N−1

n=0 |ai,n|2 γsΣn

1+γsΣn

5
∑N−1

n=0 |ai,n|2 1
1+γsΣn

 . (5.57)

5.5 Two Transmit and Two Receive Antennas (2×

2)

Further diversity, hence, further performance improvement in the proposed ST-X-

OFDM systems’ transmission can be achieved at the cost of adding another antenna

at the receiver. Thus, the system is with two antennas at the transmitter and two

antennas at the receiver (2 × 2) as shown in Fig. 5.2. At the receive antenna (1),

the received signals during the time symbols t and t+ Ts are given, respectively, as

in (5.14) and (5.15)

y
(4),y(3)

h(1,1)

h(2,2)

h(1,2)

h(2,1)

−s
(2)

†
, s(1)

s
(1)

†
, s(2)

y
(2),y(1)

Figure 5.2: Two transmit antennas and two receive antennas.

y
(1)
k =

L∑
l=0

h
(1,1)
l s

(1)
k−l +

L∑
l=0

h
(2,1)
l s

(2)
k−l + υ

(1)
k , (5.58)
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and

y
(2)
k = −

L∑
l=0

h
(1,1)
l s

(2)
k−l

†
+

L∑
l=0

h
(2,1)
l s

(1)
k−l

†
+ υ

(2)
k . (5.59)

At the other receive antenna (2), the received signals during the time symbols t and

t+ Ts are given as:

y
(3)
k =

L∑
l=0

h
(1,2)
l s

(1)
k−l +

L∑
l=0

h
(2,2)
l s

(2)
k−l + υ

(1)
k , (5.60)

and

y
(4)
k = −

L∑
l=0

h
(1,2)
l s

(2)
k−l

†
+

L∑
l=0

h
(2,2)
l s

(1)
k−l

†
+ υ

(2)
k . (5.61)

After discarding the CP from each received signal, followed by the FFT process, the

resulted signals can be written as:

Y(1) = h(1,1)r(1) + h(2,1)r(2) +Ω(1), (5.62a)

Y(2)∗ = h(2,1)∗r(1) − h(1,1)∗r(2) +Ω(2)∗, (5.62b)

Y(3) = h(1,2)r(1) + h(2,2)r(2) +Ω(3), (5.62c)

Y(4)∗ = h(2,2)∗r(1) − h(1,2)∗r(2) +Ω(4)∗. (5.62d)

In matrix form, the above equations can be written as

Y′ = H′r′ +Ω′ (5.63)

where;

Y′ =


Y(1)

Y(2)∗

Y(3)

Y(4)∗

, H
′ =


h(1,1) h(2,1)

h(2,1)∗ −h(1,1)∗

h(1,2) h(2,2)

h(2,2)∗ −h(1,2)∗

, r
′ =

r(1)
r(2)

 and Ω′ =


Ω(1)

Ω(2)∗

Ω(3)

Ω(4)∗

. Alamouti

STBC encoder is then applied to the received signals as follows:

Ỹ′ = H′HY′. (5.64)
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Thus the two vectors, Ỹ(1)
′
and Ỹ(2)

′
are respectively given as:

Ỹ(1)
′

=
(
h(1,1)∗h(1,1) + h(2,1)h(2,1)∗ + h(1,2)∗h(1,2) + h(2,2)h(2,2)∗

)
r(1) +

h(1,1)∗Ω(1) + h(2,1)Ω(2)∗ + h(1,2)∗Ω(3) + h(2,2)Ω(4)∗, (5.65)

and

Ỹ(2)
′

=
(
h(2,1)∗h(2,1) + h(1)h(1,1)∗ + h(2,2)∗h(2,2) + h(1,2)h(1,2)∗

)
r(2) +

h(2)∗Ω(1) − h(1,1)Ω(2)∗ + h(2,2)∗Ω(3) − h(1,2)Ω(4)∗. (5.66)

In element form, each sample of the above detected information vectors can be

written in terms of channel frequency response values respectively as:

˜Yn
(1)

′
=

(
| H(1,1)

n |2 + | H(2,1)
n |2 + | H(1,2)

n |2 + | H(2,2)
n |2

)
r(1)n +

H(1,1)
n

∗
Ω(1)

n +H(2,1)
n Ω(2)

n

∗
+H(1,2)

n

∗
Ω(3)

n +H(2,2)
n Ω(4)

n

∗

= Σ′
nr

(1)
n +H(1,1)

n

∗
Ω(1)

n +H(2,1)
n Ω(2)

n

∗
+H(1,2)

n

∗
Ω(3)

n +H(4)
n Ω(4)

n

∗
, (5.67)

and

˜Yn
(2)

′
=

(
| H(1,1)

n |2 + | H(2,1)
n |2 + | H(1,2)

n |2 + | H(2,2)
n |2

)
r(2)n +

H(2,1)
n

∗
Ω(1)

n −H(1,1)
n Ω(2)

n

∗
+H(2,2)

n

∗
Ω(3)

n −H(1,2)
n Ω(2,2)

n

∗

= Σ′
nr

(2)
n +H(2,1)

n

∗
Ω(1)

n −H(1,1)
n Ω(2)

n

∗
+H(2,2)

n

∗
Ω(3)

n −H(1,2)
n Ω(4)

n

∗
, (5.68)

where Σ′
n =| H

(1,1)
n |2 + | H

(2,1)
n |2 + | H

(1,2)
n |2 + | H

(2,2)
n |2. Following the

same derivation procedure of two transmit and one receive antennas yields the BER

formulas that are given in (5.41) and (5.42) for the ZF equalizer, however, with

replacing Σn by Σ′
n as

PQPSK
e =

1

N

N∑
i=1

Q

√ γs∑N−1
n=0 |ai,n|2 1

Σ′
n

 , (5.69)

and

P 16−QAM
e =

3

4N

N∑
i=1

Q

√ γs

5
∑N−1

n=0 |ai,n|2 1
Σ′

n

 , , (5.70)
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and (5.56) and (5.57) for MMSE equalizer are the same but with replacing Σn by

Σ′
n as

PQPSK
e =

1

N

N−1∑
i=0

Q


√√√√∑N−1

n=0 |ai,n|2 γsΣ′
n

1+γsΣ′
n∑N−1

n=0 |ai,n|2 1
1+γsΣ′

n

 , (5.71)

and

P 16−QAM
e =

3

4N

N−1∑
i=0

Q


√√√√ ∑N−1

n=0 |ai,n|2 γsΣ′
n

1+γsΣ′
n

5
∑N−1

n=0 |ai,n|2 1
1+γsΣ′

n

 . (5.72)

5.6 Complexity analysis

In this section we will calculate the arithmetic operations of the proposed ST-X-

OFDM system and compare it with the conventional ST-OFDM system and UP-

ST-OFDM system [75] for a diverse of unitary precoders such as WHT and DHT,

all based on single butterfly algorithms. It is noteworthy mention that the DHT is

not mentioned in specific as one of the precoders in UP-ST-OFDM system. However

we added it here for more information.

The receiver complexity of our proposed system is roughly the same as the

receiver complexity of the UP-ST-OFDM system. However, the proposed ST-X-

OFDM system involves significant transmitter complexity reduction compared to

the UP-ST-OFDM system. Therefore, in this section we are considering the com-

plexity analysis of the proposed ST-X-OFDM system only at the transmitter when

the information symbols are considered to be drawn from complex constellation.

5.6.1 X Transform

The X-transform includes
N − 2

2
units. Each single multiplication of complex data

x+ jy by 1+ j1 equals to (x− y) + j(x+ y), that means it involves 2 real additions

(RA). Thus, the complexity of the direct implementation of theX-transform involves

4(N − 2) real additions (RAs) and no multiplications at all. As shown in Fig. 5.1,

twice the complexity of X transform is required at the transmitter of the proposed

ST-X-OFDM system and the overall complexity is then given as RA = 8(N − 2).
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5.6 Complexity analysis

5.6.2 ST-OFDM

Considering the fact that each complex multiplication involves 4 real multiplications

(RM) and two real additions (RA) or 3 real multiplications and 3 real additions,

and each complex addition is equivalent to two real additions. The arithmetic

complexity of the FFT, based on single butterfly and 4/2 implementation is given

as: RM = 2N log2N and RA = 3N log2 N . For ST-OFDM system, twice the above

complexity is required at the transmitter, hence, the overall transmitter complexity

is given as: RM = 4N log2N and RA = 6N log2 N . However, the complexity at the

receiver of the conventional ST-OFDM is fewer than the complexity at the receiver of

the proposed system but the price is the significant BER performance improvement

when used the proposed scheme.

5.6.3 UP-ST-OFDM

Consider multicarrier system with three different precoders, WHT and DHT.

5.6.3.1 WHT precoder

The WHT complexity includes just RA = N log2N real additions, hence the overall

transmitter complexity is four-times the complexity of the WHT in addition to

twice the arithmetic operations of FFT which is given as: RM = 4N log2N and

RA = 10N log2 N .

5.6.3.2 DHT precoder

The arithmetic complexity of the radix-2 fast Hartley transform (FHT) based on

single butterfly implementation is given as: RM = N log2 N , and RA = 3
2
N log2 N .

For data that are drawn from complex constellation, FHT should be calculated twice

for each signal S(1) and S(2), one for the real part and the other for the imaginary part

of a complex information in addition to twice the complexity of FFT. Consequently,

the arithmetic operations of FHT-FFT will be four-times that of the FHT in addition

to twice of the arithmetic operations of the FFT, so the overall arithmetic operations

are given as: RM = 8N log2 N , and RA = 12N log2 N .
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Table 5.1: Comparison based on real arithmetic operations of the X-transform and
other transforms that used in the ST-OFDM.

N
ST-X-OFDM ST-OFDM DHT-UP-ST-OFDM

RA RM RO RA RM RO RA RM RO

32 120 0 120 960 640 1600 1920 1280 3200
64 248 0 248 2304 1536 3840 4608 3072 7680
128 504 0 504 5376 3584 8960 10752 7168 17920
256 1016 0 1016 12288 8192 20480 24576 16384 40960
512 2040 0 2040 27648 18432 46080 55296 36864 92160
1024 4088 0 4088 61440 40960 102400 122880 91920 204800
2048 8184 0 8184 135168 90112 225280 270336 180224 450560
4096 16376 0 16376 294912 196608 491520 589824 393216 983040

Table 5.2: System parameters for simulations.
System Item Parameter

Antenna type Perfect
Antenna diversity 2× 1 and 2× 2
Modulation QPSK and 16-QAM
Synchronisation Complete
Channel type ITU pedestrian B and ITU vehicular A
Equalisation One-tap FDE
Number of Subcarriers (N) 1024
Duration of CP N/4
Bandwidth 10MHz

5.7 Simulation results and discussions

In this section, we verify the performance of the proposed ST-X-OFDM system and

compare it with the existing ST-OFDM system. Further verification is achieved in

this section by comparing the simulation results with the theory one.The mapping

scheme that used in our simulation are the QPSK and the 16-QAM, total number

of modulated symbols are 2048, hence, 1024 symbols are assigned to each antenna.

ITU pedestrian B and vehicular class A channel models according to the WiMAX

standard and parameters used in Table 5.2 are used. A CP of duration 25.6µs is

attached to each transmitted OFDM symbol. The CP in both cases is greater than

the maximum channels’ echo delays, providing that the simulation is ISI free over

both the channel models. Simulation is carried out over MMSE and ZF detection for

a diverse of three schemes: one transmit-one receive antenna (SISO), two transmit

and one receive antennas (2×1) and two transmit and two receive antennas (2×2).
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5.7.1 BER Performance Over Multipath Channels

Figs. 5.3-5.10 show the BER performance of the proposed ST-X-OFDM and the

conventional ST-OFDM systems for MMSE and ZF detection, QPSK and 16-QAM

modulation formats and different antenna diversity over ITU pedestrian B and ve-

hicular A channel models. The theoretical results in Figs. 5.3-5.10 are obtained

by using the BER formulas that are given in (5.41) and (5.42) for the case of ZF

detection and QPSK and 16-QAM respectively and (5.56) and (5.57) for the case of

ZF detection and QPSK and 16-QAM respectively. It is noticeable that theoretical

results are precisely agree with the simulation results.

It is obvious from Figs. 5.3-5.6 that for MMSE detection, at 10−4 BER, the

proposed ST-X-OFDM can achieve about 15 dB Eb/N0 gain for over ST-OFDM

systems when 16-QAM modulation format is used and even further up to 17 dB for

QPSK in the case of SISO. For the case of 2 × 1, this Eb/N0 gain is reduced to 6

dB for the case of 16-QAM and to about 7 dB for the case of QPSK. For the case

of 2 × 2, the proposed ST-X-OFDM outperforms the ST-OFDM systems by about

3 dB for the case when the 16-QAM and QPSK are used.

As the advantage of ST-X-OFDM over ST-OFDM is on frequency diversity en-

hancement, the severity of the channel is a key important to explore the advantages

of the proposed ST-X-OFDM. Hence, in the case of 2 × 1, the channel effect on

the BER performance become less than SISO as time diversity is introduced by he

transmitter antennas and this is the reason why the Eb/N0 achievement is reduced as

the antennas diversity increase where the channel effects on the transmitted signal

reduced.

It is also noted from Figs. 5.7-5.10 that, for the case of the ZF equalizer, the

conventional DFT-OFDM outperforms our proposed X-OFDM system by about 3

dB in terms of the BER performance for each QPSK and 16-QAM constellation.

In the case of 2× 1 system and for the case of ZF equalizer, unlike SISO where

the BER performance of X-OFDM system is worse than BER performance of DFT-

OFDM system whereas X-OFDM system in much better than DFT-OFDM system

for the case of MMSE equalizer, the BER performance of ST-X-OFDM system is

better than the BER performance of ST-DFT-OFDM systems for both ZF and

MMSE equalizers. This can be attributed to the reason that the equivalent channel

for specific subcarrier is H
(1)
n + H

(2)
n in the case of 2 × 1 rather than Hn in the
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Figure 5.3: BER performance of the proposed ST-X-OFDM and the conventional
ST-OFDM systems over pedestrian B channel model, MMSE detection and 16-QAM
modulation format.

SISO where the latter is much more likely to highly attenuated and dominate the

noise in ZF equalizer, when Hn w 0 than H
(1)
n + H

(2)
n which is much less likely to

be greatly attenuated at same frequency instant n. However the performance of

ZF-ST-X-OFDM is still about 1 dB worse than MMSE-ST-X-OFDM as the latter

can mitigate the problem of null zero subchannels.

In the case of 2 × 2 system, the MMSE and ZF performances at ST-X-OFDM

systems are in marvellous agreement.

5.8 Conclusion

A new MIMO STBC-OFDM system has been presented in this chapter. The trans-

mitter of the proposed scheme is based on a unitary very low complexityX-transform

instead of the traditional IFFT. This has hugely reduced the transmitter complexity

and led to significant transmission improvement in comparison with the conventional

ST-OFDM. Exact mathematical expression that calculates the BER performance

over multipath channels has been derived in this work. It has been shown mathe-

matically and by computer simulation over ITU multipath frequency-selective fading
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Figure 5.4: BER performance of the proposed ST-X-OFDM and the conventional
ST-OFDM over pedestrian B channel model, MMSE detection and QPSK modula-
tion format.
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Figure 5.6: BER performance of the proposed ST-X-OFDM and the conventional
ST-OFDM systems over vehicular A channel model, MMSE detection and the QPSK
modulation.
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Figure 5.7: BER performance of the proposed ST-X-OFDM and the conventional
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modulation.
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Figure 5.8: BER performance of the proposed ST-X-OFDM and the conventional
ST-OFDM systems over pedestrian B channel model, ZF detection and the QPSK
modulation.
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Figure 5.10: BER performance of the proposed ST-X-OFDM and the conventional
ST-OFDM systems over vehicular A channel model, ZF detection and the QPSK
modulation.

channel that the proposed ST-X-OFDM achieves valuable SNR gain in comparison

to conventional ST-OFDM.
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Chapter 6

BER Performance of Unitary

Precoded OFDM Systems in the

Presence of SSPA

6.1 Introduction

To this point it has been shown that both the proposed C-OFDM and X-OFDM

schemes can reduce the PAPR of the transmitted signal to a different level in com-

parison with the conventional OFDM. However, reducing the PAPR does not usu-

ally improve the BER performance in the presence of solid-state power amplifiers

(SSPAs) as the reduction technique might produce another kind of distortion that

affects the transmission of the OFDM signal. Therefore this chapter is set to inves-

tigate the PAPR reduction and the BER performance of unitary precoded OFDM

(UP-OFDM) systems, which is the principle of the proposed schemes, with different

unitary transforms and in the presence of the SSPA.

The main contributions of this chapter are summarized as:

• An investigation (mathematically and by computer simulation) of the BER

performance of the C-OFDM system in the presence of the SSPA with different

input back offs (IBOs) over AWGN and multipath channels.

• An investigation (mathematically and by computer simulation) of the BER

performance of the WHT, DCT, DHT (X-OFDM) and the DFT (SC-FDE)

precoded DFT-OFDM system in the presence of the SSPA with different input
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back offs (IBOs) and 16-QAM modulation over multipath channels.

• Introducing a fair comparison of all the above unitary transforms utilization

as a channel independent precoder in the OFDM; this comparison includes the

PAPR reduction and BER performance in the presence of the SSPA.

• A presentation of SSPA effects mitigation technique using a conventional cod-

ing/Viterbi decoding technique for the UP-OFDM systems.

Analytical analysis and simulation results show that the C-OFDM reduces the PAPR

to some value and achieves BER improvment when the modulation is the QPSK, or

16-QAM and the SSPA is with high input back-off (IBO) (higher than 5 dB. It also

shows that the C-OFDM leads to BER performance degradation of the 16-QAM

when the IBO is below 5 dB [86].

Analytical and simulation results also show that the X-transform, which is a

DHT precoded DFT, achieves significant BER improvement in the OFDM system,

even in the presence of the SSPA distortion. The simulation results also show that

the DCT and the WHT precoded DFT-OFDM can lead to BER impairment in the

presence of the SSPA. Furthermore, a coding technique is proposed in this chapter

to mitigate the sensitivity of the UP-OFDM systems to the SSPA nonlinearity.

Simulation results also show that the coded UP-OFDM approximately matched the

performance of all the unitary precoders.

6.2 PAPR of the C-OFDM System

The PAPR of the OFDM transmitted signal is considered as one of the main prob-

lems plaguing the OFDM systems, which arises from the addition of a large number

of statistically independent symbols. It has been shown in Fig. 3.9 in Chapter Three

that the C-transform can reduce the PAPR of the OFDM system by about 1 dB

in comparison to the DCT-OFDM and the conventional OFDM systems. This was

attributed to the fact that in the case of the C-OFDM, the maximum number of

possible superposition of data symbols to perform each OFDM sample is N/2 rather

than N in the case of the DCT-OFDM and the DFT-OFDM. In other words, The

worst case of the PAPR is of order N for the DFT-OFDM and the DCT-OFDM

systems whilst it is of order N/2 for the C-OFDM system. In general, the worst
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case of the PAPR has low probability of occurrence [98]-[99]. Our simulation results

showed 1 dB improvement in PAPR for the case of the proposed C-OFDM system

in comparison with that for the DCT-OFDM or the DFT-OFDM system.

The question is to what extent and under which conditions this PAPR reduc-

tion can improve the BER performance in the presence of nonlinear distortion that

induced by the SSPAs?. The answer of this question will be detailed and clarified

in sections 6.5 and 6.6 in the current chapter.

6.3 PAPR of Unitary precoded OFDM Systems

Using different unitary precoders in the conventional OFDM that based on the DFT

can lead to different levels in the PAPR reduction. The WHT changes the phases of

input symbols, hence, reduces the probability that the input symbols are aligned in

phase and ultimately reduces the peak value of the WHT precoded OFDM signal.

The DCT is a state-of-the-art transform in data compression. It compresses

the input symbols in the first few samples and leaves the rest either zeros or with

negligible values [102]. Therefore, when these compressed data are processed by the

IFFT at the transmitter, they have a lower PAPR as the number of additions of the

input symbols is reduced.

The DHT precoded DFT leads to low complexity X-transform which leads to

an enormous reduction in the number of additions, leading to few additions in the

input symbols and ultimately a reduction in the PAPR.

Fig. 6.1 shows the complementary cumulative density function (CCDF) of the

unitary precoded OFDM system for a diverse of precoders (WHT, DCT, DHT and

DFT) are used, number of subcarriers, N = 1024 and the 16-QAM constellation.

It can be observed from Fig. 6.1 that the DFT precoded OFDM (SC-FDE) has

the lowest PAPR compared to the WHT, DCT precoded OFDM systems and the

X-OFDM system. This result is acceptable as the SC-FDE is a single carrier, not

multiplexing scheme, where the signal passes to the channel without being accumu-

lated. The X-OFDM can reduce the PAPR by approximately 6 dB at a CCDF value

of 10−4 over the conventional OFDM system, 5 dB over the WHT precoded OFDM

and around 2.8 dB over the DCT precoded OFDM system.

When the PAPR reduction is not sufficient to drive the high-power amplifier
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Figure 6.1: PAPR performance of the conventional OFDM and UP-OFDM systems
with precoder matrix WHT, DCT, DHT (X-OFDM) and the DFT (SC-FDE), using
the 16-QAM modulation and N = 1024.

(HPA) in the linear region, amplitude clipping in the OFDM signals which may

lead to a nonlinear attenuation is occurred. Furthermore, as the receiver includes

a precoder in its structure, this attenuation will be further distributed across the

entire spectrum, leading to a degradation in the BER performance as it will be

shown in next sections in this chapter.

6.4 SSPA Model

In multicarrier (MC) communications, in particular the OFDM, the HPA is the

major source that causes nonlinear distortion. The nonlinear distortion arises when

the dynamic range of the input signal is larger than the saturation level of the HPA

as shown in Fig. 6.2. We consider the case that the transmitter is the one that

encompasses the SSPA in its structure. Define input-back-off (IBO) of the HPA,

the operating point of the HPA, as the ratio between the maximum input power to

the average power,

IBO = 10 log10
Pmax

Pav

, (6.1)
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Figure 6.2: Nonlinear characteristics of the SSPA

where Pmax and Pav denote, respectively, the maximum (saturation) power and the

average power of the amplifier. The amplified signal is given as

uk = ukGa[| uk |], (6.2)

where Ga[| uk |] is the amplifier gain and it is given as [77]

Ga[| uk |] =
Am[| uk |]ejϕ[|uk|]

| uk |
, (6.3)

where ϕ[| uk |] represents the amplitude modulation/phase modulation (AM/PM)

conversion of non-linear power amplifier and Am[| uk |] represents the amplitude

modulation/amplitude modulation (AM/AM) conversion of non-linear power am-

plifier which is given as

Am[| uk |] =
| uk |[

1 + ( |uk|
As

)2℘
] 1

2℘

. (6.4)

In (6.4), As is the amplifier input saturation voltage and ℘ is a parameter that

controls the transition smoothness from linear region to saturation region. For an

HPA with small IBO, the saturation level, As, is small. This in turn leads to
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Figure 6.3: Effect of the IBO on the spectrum of the OFDM signal using the SSPA
with N=1024.

amplitude clippings and ultimately BER performance impairment. According to

the above, IBO is a key-factor that defines the dynamic range of the HPA. This

is clearly shown in Fig. 6.3 where it shows that the lower the IBO is, the higher

out-of-band radiation is.

6.5 Transmission performance of the C-OFDM in

the presence of the SSPA

As the SSPA has a dynamic range shorter than that of the OFDM signal, signal

clipping which leads to nonlinear distortion is occurred. The output signal, after the

amplifier, is the sum of a useful amplified replica of the input signal and uncorrelated

nonlinear distortion noise which can be written as [103]

u = û+ υ,

= ηu+ υ, (6.5)

where η is the amplifier attenuation on the useful part and υ is the distortion part

of the output signal. The output signal of the amplifier then passes through the
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channel. The channel is a multipath frequency-selective fading channel with L taps,

its impulse response h̃k can be written as

h̃k =
L−1∑
i=0

hiδk−τi , (6.6)

where hi and τi are the ith path channel fading and delay respectively, and L is

the number of paths of the channel. The received signal is a convolution between

the transmitted signal and the multipath channel and corrupted by the AWGN.

Therefore, the received signal is written as

yk = uk ~ h̃k + υk, (6.7)

where ~ denotes the convolution operation and υk is the AWGN. It follows that the

received signal can be written as

yk =
L−1∑
n=0

uk−nhn + υk. (6.8)

(6.8) can be rewritten in a more expressive way in matrix form as

y = H0u+ υ, (6.9)

where y and u are Nt×1 vectors given as u = uI + juQ and y = yI + jyQ. In (6.9),

H0 is a Nt ×Nt channel convolutional Toeplitz matrix defined in [41] and given in

(3.26). Substituting (6.5) into (6.9) yields

y = H0(ηu+ υ) + υ,

= ηH0u+H0υ + υ,

= ηHs+H0υ + υ. (6.10)

In (6.10), H = H0Ψ
T
zp is an Nt × N matrix. The equalized signal after the MMSE

equalizer at the receiver side can be written as

yeq = GMMSEy, (6.11a)

= GMMSEηHs+GMMSEH0υ +GMMSEυ, (6.11b)

136



6.6 Results and Discussions of the C-OFDM System

where GMMSE is given as

GMMSE = Es(EsH
HH+ σ2

υIN)
−1HH. (6.12)

At the receiver side, the received data (yeq) is first processed by C-transform as

follows

Ŝ = Cyeq. (6.13)

Substituting (6.11b) into (6.13) yields

Ŝ = CGMMSEηHs+CGMMSEH0υ +CGMMSEυ, (6.14a)

= CGMMSEηHCTS+CGMMSEH0υ +CGMMSEυ. (6.14b)

Finally, the recovered transmitted bits are obtained by applying the de-mapping

process on the recovered complex modulated data symbols Ŝ.

The noise signal e = Ŝ− S is then given as

e = (CGMMSEηHCT − IN)S+CGMMSEH0υ +CGMMSEυ. (6.15)

It is obvious that in the absence of the SSPA (η = 1 and υ = 0) and for perfect

channel equalization, the first two terms of (6.15) is equal to zero, (CGMMSEηHCT−

IN)S +CGMMSEH0υ = 0. However, the SSPA produces these kinds of distortion

even in the case of perfect channel equalization, hence, it causes significant BER

performance degradation unless an external algorithm is used.

6.6 Results and Discussions of the C-OFDM Sys-

tem

Here we will use the same simulation parameters that used in Chapter Three, how-

ever, with the SSPA as a nonlinear source of distortion. To make clear picture about

whether the BER gain comes from the PAPR reduction or from the enhanced diver-

sity of the C-OFDM signal, simulation is run at two stages. Firstly, the simulation

is run over the AWGN channel. As the C-OFDM has no diversity advantages over

the DCT-OFDM and the conventional OFDM when the channel is the AWGN, the
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SNR gain is then only comes from the PAPR reduction. Secondly, the simulation

is run over the ITU multipath channel where the advantages of signal enhanced

diversity revealed in this case.

6.6.1 Over AWGN Channel

The BER performance of the C-OFDM, DCT-OFDM and the conventional OFDM

systems for the QPSK and the 16-QAM modulations over the AWGN channel is

shown in Figs. 6.4, 6.5 and 6.6 for IBO= 7 dB, 5 dB and 3 dB respectively. It is

obvious that for the case of the QPSK, the SSPA has no noticeable effects on the

performance of the C-OFDM system. However, for the case of the 16-QAM, it can

be seen from Figs. 6.4, 6.5 and 6.6 that although the C-OFDM has lower PAPR

than the DCT-OFDM and the conventional OFDM, the performance of the others

OFDM systems, in the presence of the SSPA, is better than that of the C-OFDM

when the modulation is the 16-QAM. This is because the reduction in the PAPR is

not sufficient to keep the C-OFDM signal within the dynamic range of the amplifier.

However, this is not a problem when the QPSK modulation format is used, or the

16-QAM constellation together with coding technique as it will be shown later in

section 6.7.

6.6.2 Over Multipath Channels

The BER performance of the C-OFDM, DCT-OFDM and the conventional OFDM

over the ITU pedestrian and vehicular channel models for the 16-QAM and the

QPSK modulation is shown in Figs 6.7, 6.8 and 6.9 for IBO=7, 5, and 3 dB respec-

tively. It can be noted that the BER performance of the C-OFDM for the case of

the QPSK modulation is not affected by the nonlinearity distortion of the SSPA.

This is because the costellation points of the QPSK modulation are far enough to

prevent the interference. However, for the case of the 16-QAM modulation, it is

obvious from Figs 6.7, 6.8 and 6.9 that the C-OFDM approximately achieves the

same significant gain as the case when without SSPA when the IBO=7dB. However,

the lower IBO (IBO=5 dB and IBO=3 dB), the sensitivity to the SSPA distortion

is arose.
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Figure 6.4: BER performance of the C-OFDM, DCT-OFDM and the conven-
tional OFDM systems of the QPSK and 16-QAM modulations with the SSPA of
(IBO=7dB) over the AWGN channel.
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Figure 6.5: BER performance of the C-OFDM, DCT-OFDM and the conven-
tional OFDM systems of the QPSK and 16-QAM modulations with the SSPA of
(IBO=5dB) over the AWGN channel.
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Figure 6.6: BER performance of the C-OFDM, DCT-OFDM and the conven-
tional OFDM systems of the QPSK and 16-QAM modulations with the SSPA of
(IBO=3dB) over the AWGN channel.

6.7 Coded C-OFDM System in the Presence of

the SSPA

In this section we use coding technique to mitigate the sensitivity of the C-OFDM

system to the SSPA nonlinearity when the mapper is the 16-QAM. Convolutional

coding/Viterbi encoding algorithm with a code rate equal to 1/2 is utilized with

the C-OFDM, the DCT-OFDM and the conventional OFDM systems. It is worth

mentioning that there are more efficient coding techniques; however we used the

convolutional coding in this chapter only to demonstrate the effects of coding on the

SSPA distortion on the C-OFDM system. Figs. 6.10(a) and 6.10(b) show the BER

performance of the aforementioned OFDM systems when the IBO of the SSPA is 5

dB and 3 dB respectively. It can be observed from Figs. 6.10(a) and 6.10(b) that

for coded systems, the proposed scheme gains around 10 dB Eb/N0 at 10−4 BER

even when the IBO of the SSPA reduced to 3 dB.
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Figure 6.7: BER performance of the C-OFDM, DCT-OFDN, and DFT-OFDM of
the 16-QAM and the QPSK modulations with SSPA of IBO=7 dB over the ITU
channel (a: pedestrian B and b: vehicular A).
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Figure 6.8: BER performance of the C-OFDM, DCT-OFDN, and DFT-OFDM of
the 16-QAM and the QPSK modulations with SSPA of IBO=5 dB over the ITU
channel (a: pedestrian B and b: vehicular A).
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Figure 6.9: BER performance of the C-OFDM, DCT-OFDN, and DFT-OFDM of
the 16-QAM and the QPSK modulations with SSPA of IBO=3 dB over the ITU
channel (a: pedestrian B and b: vehicular A).
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Figure 6.10: BER performances of uncoded/coded proposed C-OFDM, DCT-OFDM
and DFT-OFDM systems in the presence of SSPA over ITU class A vehicular channel
for 16-QAM modulation formats (a: IBO=5 dB and b: IBO=3 dB).

144



6.8 Performance Analysis of the UP-OFDM in the Presence of the SSPA

6.8 Performance Analysis of the UP-OFDM in

the Presence of the SSPA

In precoded OFDM systems, the information symbols are first processed by the

unitary precoder PN×N as

r = PS, (6.16)

where S = [S0, S1, · · · , SN−1]
T , is the information symbols that are drawn from

the modulator and (.)T is the transpose operation. The produced symbol is then

processed by the inverse FFT (IFFT) as

sk =
1√
N

N−1∑
n=0

rne
j 2πkn

N , (k = 0, 1, 2, ..., N − 1). (6.17)

A guard interval represented by a cyclic prefix (CP), which is a copy of last Ng

samples of s is appended to the beginning to mitigate the intersymbol interference

(ISI). From (6.17), sk can be written as

sk =
1√
N

N−1∑
(z=0
z ̸=n)

rze
j 2πkz

N +
1√
N
rne

j 2πkn
N . (6.18)

Let gk =
1√
N

∑N−1

(z=0
z ̸=n)

rze
j 2πkz

N and substitute (6.18) into (6.2) yields

uk =

(
gk +

1√
N
rne

j 2πkn
N

)
Ga

[
|gk +

1√
N
rne

j 2πkn
N |
]

= gkGa

[
|gk +

1√
N
rne

j 2πkn
N |
]

+
1√
N
rne

j 2πkn
N Ga

[
|gk +

1√
N
rne

j 2πkn
N |
]
. (6.19)

It is clear that uk in (6.19) consists of two terms, the first term is an amplified version

of N−1 statistically independent symbols that have been accumulated by the IFFT

at the transmitter, while the second term is the symbol to be detected after the

FFT at the receiver. In the case of the OFDM, the first term of (6.19) is much

higher than the second term which leads to significant distortion. Regarding the

SC-FDE, the first term, gk, of (6.19) is equal to zero due to the information symbol

at the transmitter is not multiplexed with other symbols. The received signal at the
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receiver side is then given as

yk = uk ~ h̃k + υk, (6.20)

where υ is the AWGN with zero mean and variance σ2
υ = E {|υk|2}, E{.} denotes

the expectation operation and ~ represents a convolution process. At the receiver

side, the CP extension is discarded from the received signal, hence, the resulting

signal after the FFT can be written as

Ŷn =
1√
N

N−1∑
n=0

yke
j 2πkn

N

= HnUn + Ωn, (6.21)

where Hn =
∑L

i=0 hie
−j 2πni

N , (0 ≤ n ≤ N − 1) is the channel transfer function

corresponding to the nth subchannel, Ωn is the frequency domain representation of

the AWGN, υ, and Un can be written from (6.19) as

Un =
1√
N

N−1∑
k=0

uke
−j 2πnk

N , (n = 0, 1, 2, ..., N − 1). (6.22)

Substitute (6.19) into (6.22) yields

Un =
1√
N

N−1∑
k=0

(
gk +

1√
N
rne

j 2πnk
N

)
Ga

[
|gk +

1√
N
rne

j 2πnk
N |
]
e−j 2πnk

N (6.23)

Using the following equality

|gk +
1√
N
rne

j 2πnk
N | = |gke−j 2πkn

N +
1√
N
rn|, (6.24)

(6.23) will be written as

Un =
1√
N

N−1∑
k=0

gkGa

[
|gke−j 2πkn

N +
1√
N
rn|
]
e−j 2πnk

N

+
1

N

N−1∑
k=0

rnGa

[
|gke−j 2πkn

N +
1√
N
rn|
]

(6.25)
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where ej
2πnk
N e−j 2πnk

N = 1. After some manipulations, (6.25) can be rewritten in

compact form as

Un =
rn
N

N−1∑
k=0

Ga

[
| 1√

N
rn + gke

−j 2πnk
N |
]
+

1√
N

N−1∑
k=0

gkGa

[
| 1√

N
rn + gke

−j 2πnk
N |
]
e−j 2πnk

N . (6.26)

Let

G =
N−1∑
k=0

Ga

N

[
| 1√

N
rn + gke

−j 2πnk
N |
]
, (6.27)

is the amplifier amplitude distortion, and

Ln =
1√
N

N−1∑
k=0

gkGa

[
| 1√

N
rn + gke

−j 2πnk
N |
]
e−j 2πnk

N , (6.28)

is the SSPA nonlinear distortion noise. Therefore, (6.26) can be rewritten as

Un = Grn + Ln. (6.29)

Substituting (6.29) into Ŷn in (6.21) and considering the minimum mean-squared

error (MMSE) equalization, the equalized signal, r̂n, is then given as

r̂n = Un
Es | Hn |2

Es | Hn |2 +σ2
υ

+ Ωn
EsH

∗
n

Es | Hn |2 +σ2
υ

, (6.30)

where (.)∗ is the conjugate operation. The received signal after the inverse of the

precoder can be written as

q̂i = Si

N−1∑
n=0

G
pi,nγs | Hn |2

γs | Hn |2 +1
+

N−1∑
n=0

Ln
pi,nγs | Hn |2

γs | Hn |2 +1

+
N−1∑
n=0

pi,nΩnγsH
∗
n

γs | Hn |2 +1
, (6.31)

where pi,n is the ith row, nth column element of the precoder matrix and γs is the

signal-to-noise ratio (SNR) per symbol. It follows that, after some algebra, the error
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ei = q̂i − Si is given as

ei = Si

N−1∑
n=0

pi,nγs | Hn |2 (G− 1)

γs | Hn |2 +1
−

N−1∑
n=0

Sipi,n
γs | Hn |2 +1

+
N−1∑
n=0

Ln
pi,nγs | Hn |2

γs | Hn |2 +1
+

N−1∑
n=0

pi,nΩnγsH
∗
n

γs | Hn |2 +1
(6.32)

One can notice that the first and third terms on the right-hand-side (RHS) of

(6.32) are SSPA noise made. For the case of conventional OFDM, LOFDM
n is very

high as N − 1 OFDM samples are involved in constructing gk. For the case of

SC-FDE, LSC−FDE
n = 0 as gk = 0 and for the case of P = DHT, LUP−OFDM

n ≪

LOFDM
n as it involves much lower PAPR. Therefore, BER performance of the SC-

FDE scheme is the best in the presence of the SSPA as it is single carrier technique.

On other hand, the BER performance of the DHT precoded OFDM is better than

the conventional OFDM system.

6.9 Results and Discussions

In our simulation, number of subcarriers N = 1024, length of the cyclic prefix

CP = N
4
and 16-QAM modulation format is used. SSPA high power amplifier is

utilized at the transmitter side after adding the cyclic prefix as a nonlinear source

of distortion. To separate the diversity gain from the gain that comes from PAPR

reduction, simulation is performed in two stages. Firstly, BER performance over

AWGN channel where the gain only comes from PAPR reduction as there is no

diversity benefit from using precoders over AWGN channel and secondly, the BER

performance over ITU vehicular A channel.

6.9.1 Over AWGN Channel

Figs. 6.11, 6.12 and 6.13 show the BER performance of the UP-OFDM with WHT,

DCT, DHT and FFT precoders for the 16-QAM modulation and IBO=7 dB, 5

dB and 3 dB respectively. It can be seen that the UP-OFDM achieved the best

BER performance when the precorer P=DFT (SC-FDE). This is expected result

as the SC-FDE is single carried system and the PAPR problem is only occurred in

multicarrier (MC) systems. Among the MC systems, when P=DHT leads to the
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Figure 6.11: BER performance of the DFT (SC-FDE), DHT (X-OFDM), DCT,
WHT precoded OFDM and the conventional OFDM for the 16-QAM modulation
with the SSPA (IBO=7 dB) over the AWGN channel.

best performance as it has the lowest PAPR that nearly keep dynamic range of

the OFDM signal within the linear region of the power amplifier. When P=WHT

or DCT, the BER performance has worse BER performance than the conventional

OFDM despite they reduce the PAPR for a certain levels. In Fig. 6.12 when the

IBO=5 dB, the conventional OFDM can achieve reasonable performance. However,

this performance become completely unreliable when the IBO reduced to 3 dB as

shown in Fig. 6.13.

6.9.2 Over Multipath Channels

We have explained in section 6.6.2 for the C-OFDM that the unitary precoded

system is not sensible or with negligible sensitivity to the nonlinear distortion when

the constellation is the QPSK. However, the high level modulation schemes such as

the 16-QAM is used, the sensitivity to the SSPA distortion arose which is the same

case for the UP-OFDM.

For the case of the 16-QAM modulation, the BER performance of the UP-OFDM

system with different precoders and channel models are shown in Figs. 6.14, 6.15

and 6.16 for IBO= 7dB, 5dB and 3dB respectively. It is obvious from all these figures
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Figure 6.12: BER performance of the DFT (SC-FDE), DHT (X-OFDM), DCT,
WHT precoded OFDM and the conventional OFDM for the 16-QAM modulation
with the SSPA (IBO=5 dB) over the AWGN channel.
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Figure 6.13: BER performance of the DFT (SC-FDE), DHT (X-OFDM), DCT,
WHT precoded OFDM and the conventional OFDM for the 16-QAM modulation
with the SSPA (IBO=3 dB) over the AWGN channel.
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that the sensitivity of the UP-OFDM to the SSPA nonlinear distortion depends on

the type of the unitary transform (precoder) in used. Although the WHT and DCT

precoded OFDM have lower PAPR than the conventional OFDM, their performances

are more sensitive to the clippings than the conventional OFDM and can have a

worse BER performance especially when the SSPA has lower IBO. On the other

hand, as the DHT achieves relatively more PAPR reduction that keep the signal

within the linear region of the SSPA, it can achieve the same performance as the

SC-FDE and still satisfy the valuable improvement in BER performance over the

conventional OFDM.

It can also notice from Fig 6.14 that for the case when the IBO is 7 dB, the

UP-OFDM systems can still achieve significant SNR gain (around 14 dB) over the

conventional OFDM at 10−4 BER. However, the performances of different precoders

become more distinguishable at and below 10−5 BER. When the the IBO of the

SSPA is reduced to 5 dB, the WHT and DCT precoded OFDM move a part from

the X-OFDM and SC-FDE at 10−3 and become flooring at 10−4 BER as shown

in Fig. 6.15. When the IBO further reduced to 3 dB as in Fig. 6.15, the BER

performance of the X-OFDM and SC-FDE still achieve important SNR gain in

comparison to the conventional OFDM whereas the BER performance of WHT and

DCT precoded OFDM become even worse than the conventional OFDM.

6.9.3 Coded UP-OFDM over the Multipath Channel

In this section, a convolutional coding/Viterbi encoding algorithm with a 1/2 code

rate is used to mitigate the effects of the SSPA on the BER performance of the UP-

OFDM. Fig. 6.17 (6.17(a) for IBO=5 dB and 6.17(b) for IBO=3 dB) depicts that,

for coded UP-OFDM systems, all P=DFT, DHT, DCT and WHT have identical

BER performance, achieving approximately 13 dB signal-to-noise ratio (SNR) gain

over the conventional coded OFDM at 10−4 BER. The coding technique is so efficient

that it mitigates the effects of clipping distortion on the DCT and the WHT precoded

OFDM and maintains their advantages even in the presence of the SSPA with IBO=3

dB.
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(b) Vehicular IBO=7 dB.

Figure 6.14: BER performance of the DFT (SC-FDE), DHT (X-OFDM), DCT,
WHT precoded OFDM and the conventional OFDM for the 16-QAM modulation
with the SSPA of IBO=7 dB over the ITU channel (a: Pedestrian B and b: Vehicular
A).
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(a) Pedestrian IBO=5 dB.
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Figure 6.15: BER performance of the DFT (SC-FDE), DHT (X-OFDM), DCT,
WHT precoded OFDM and the conventional OFDM for the 16-QAM modulation
with the SSPA of IBO=5 dB over the ITU channel (a: Pedestrian B and b: Vehicular
A).
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Figure 6.16: BER performance of the DFT (SC-FDE), DHT (X-OFDM), DCT,
WHT precoded OFDM and the conventional OFDM for the 16-QAM modulation
with the SSPA of IBO=3 dB over the ITU channel (a: Pedestrian B and b: Vehicular
A).
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Figure 6.17: BER performances of the coded DFT (SC-FDE), DHT (X-OFDM),
DCT, WHT precoded OFDM and the conventional OFDM for the 16-QAM mod-
ulation with the SSPA over the ITU class A vehicular channel for the 16-QAM
modulation (a: IBO=5 dB and b: IBO=3 dB).
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6.10 Conclusion

In this chapter, the effects of the SSPA nonlinearities on the BER performance of

the C-OFDM and a unitary precoded UP-OFDM system have been demonstrated

and treated. A comparison of different unitary precoders such as WHT, DCT, DHT

and DFT has been conducted in the presence of the SSPA with different IBOs. The

main conclusion that can be drawn from this chapter is that using unitary channel

independent precoders can enhance the diversity and reduce the PAPR but might

lead to high sensitivity to nonlinear distortion. When the 16-QAM modulation is

used, some unitary precoders such as the WHT and the DCT caused problems in

the presence of the SSPA, while the DHT (X-OFDM) proved to have a robustness

against the nonlinear distortion. A forward error coding scheme was found to be

efficient in mitigating the precoding systems’ sensitivity to the SSPA distortion

where the coded UP-OFDM has the same performance for all P=the DHT (X-

OFDM), DFT (SC-FDE), DCT and the WHT.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

Equipping a transceiver of the OFDM system with a properly designed precoder

has attracted much research attention in the last decade. In particular, the uni-

tary channel independent precoders, where no CSI is required at the transmitter,

is found to be efficient in improving the OFDM systems. The advantage of such a

combination is its robustness against multipath channels, where it was shown that

the system BER performance can be improved when such precoders are added to

the transceiver of the OFDM system. These precoders were also found to reduce the

PAPR of the OFDM signal to certain levels depending on the precoder type. How-

ever, the problem is that they are complex and require more hardware, because the

precoder and the modulation transform are presented separately. Moreover, in the

past, the emphasis was only on the BER and PAPR reduction with no investigation

into the extent to which this PAPR reduction can affect positively or negatively the

system performance in the presence of high power amplifiers (HPAs).

The motivation behind this research was to produce new OFDM systems based

on low complexity orthogonal transforms to reduce the complexity of the modulation

scheme. Two different schemes were produced: OFDM based on real trigonometric

transform, and OFDM based on very low complexity X-transform. It also investi-

gates the performance of both systems in the presence of SSPAs.

In this thesis, two new OFDM schemes based on two different unitary transforms

was introduced. These two schemes are named C-OFDM and X-OFDM schemes.

both of these proposed schemes utilize the same princible, channel independent
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precoder, to combine the data symbols in frequency domain to increase the diversity.

Each one of the proposed scheme was found to have some different characteristics

than the other. As the C-OFDM system is based on a real transform, thus it can

avoid the I/Q imbalance when the data symbols are real. It can also avoid the

Hermitian constraint on the input data when it is applied on baseband transmission

such as the DMT. Furthermore, the proposed C-OFDM achieved about 10 dB SNR

gain at 10−4 BER in comparison to the DFT-OFDM and the DCT-OFDM systems.

It also reduced the PAPR by about 1 dB. Despite the superiority of the C-OFDM in

the aforementioned scenarios, the single tap equaliser, same as that for DFT-OFDM,

may not be applicable in the case of the C-OFDM.

The second scheme was based on low complexity unitary X-transform which

involves complex elements in its matrix structure. The X-OFDM scheme enables

single tap equalizer exactly the same as the one used for the DFT-OFDM. It achieved

about 15 dB SNR gain at 10−4 BER in comparison to the DFT-OFDM. Furthermore,

it reduced the average PAPR by about 6 dB.

The X-transform was utilized in implementation of the transmitter of the ST-

OFDM system instead of the traditional FFT. To significantly reduce the transmitter

complexity, the ST encoder has performed after the IFFT, and both the DHT and

the IFFT were merged into a single unitary low complexity X-transform. It has

been shown mathematically and by computer simulation over an ITU multipath

frequency-selective fading channel that the proposed ST-X-OFDM achieved valuable

SNR gain in comparison to conventional ST-OFDM.

The effects of the SSPA non-linearities on the BER performance of a unitary

precoded OFDM (UP-OFDM) system have been demonstrated and treated. A com-

parison of different unitary precoders such as WHT, DCT, DHT and the DFT has

been conducted in the presence of the SSPA with different IBOs. Using unitary

channel independent precoders can enhance the diversity and reduce the PAPR,

however, this might lead to high sensitivity to nonlinear distortion. When the 16-

QAM modulation is used, some unitary precoders such as the WHT and the DCT

caused problems in the presence of the SSPA, while others such as the DFT and the

DHT proved to have a robustness against the nonlinear distortion. A forward error

coding scheme was found to be efficient in mitigating the precoding systems’ sensi-

tivity to the SSPA distortion where the coded UP-OFDM has the same performance
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for all precoders (DFT, DHT, DCT and the WHT).

7.2 Future Work

• The C-OFDM system may be implemented with a single-tap equalizer by

finding a way to implement the convolution in the DCT domain.

• Examine the C-OFDM scheme to manage the optical communications. Inves-

tigating the C-OFDM application in optical communication is worthwhile as

the C-transform is real transform, hence, requiring no Hermitian constraint

condition on the data symbols. Moreover, utilizing the C-transform in opti-

cal communications is expected to improve the BER performance due to the

signal diversity enhancement.

• Examine the applications of the X-OFDM scheme to manage different kinds of

widespread communications. These include investigating the implementation

of the X-OFDM system in cooperative technology with different protocols to

highlight the validity of the X-OFDM system in this widespread scheme. The

proposed X-OFDM systems might also be implemented in optical communi-

cations system which is expected to achieve good performance. This research

project concentrated primarily on point-to-point (single user) communication,

therefore it is quite helpful if the application of the proposed schemes in mul-

tiuser uplink and downlink schemes are also investigated. Finally, investigating

the validity of the proposed schemes with different kinds of power amplifiers

such as the travelling wave tube amplifiers (TWTA) which is mainly used in

satellite communications to give a validity of the proposed schemes in satellite

communications.

• Impulse noise is a serious source of distortion that occurs in power line commu-

nications. Therefore, it will be worth examining the proposed C-OFDM and

X-OFDM systems when such kinds of noise occur to extend the application of

the proposed schemes in this thesis.

• The equalization of the X-OFDM system may be implemented in Hartley

domain that enables the X-transform to be utilized in the receiver side which
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could reduce the receiver complexity enormously without the necessity to time-

domain equalizer.

• Among all this thesis work the channel state information (CSI) is assumed to

be perfectly known channel, therefore, the case when the CSI is not known at

the receiver needs to be studied.

• The proposed schemes might also be implemented in hardware by using the

field-programmable gate array (FPGA).
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