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1. Introduction

Complex three dimensional flows in the atmosphere and oceans are modelled assuming that the Earth’s
surface is an approximate sphere. Then it is natural to model the global atmospheric circulation on Earth
(and large planets) using the Navier—Stokes equations (NSE) on 2-dimensional sphere coupled to classical
thermodynamics [34]. This approach is relevant for geophysical flow modeling.

Many authors have studied the deterministic NSEs on the unit sphere. Notably, II'in and Filatov [30,32]
considered the existence and uniqueness of solutions to these equations and estimated the Hausdorff
dimension of their global attractors [31]. Temam and Wang [42] considered the inertial forms of NSEs on
sphere while Temam and Ziane [43], see also [4], proved that the NSEs on a 2-dimensional sphere is a limit
of NSEs defined on a spherical shell [43]. In other directions, Cao et al. [14] proved the Gevrey regularity of
the solution and found an upper bound on the asymptotic degrees of freedom for the long-time dynamics.

Concerning the numerical simulation of the deterministic NSEs on sphere, Fengler and Freeden [25]
obtained some impressive numerical results using the spectral method, while the numerical analysis of a
pseudo- spectral method for these equations has been carried out in Ganesh et al. [27].

In our earlier paper [9] we analysed the Navier—Stokes equations on the 2-dimensional sphere with
Gaussian random forcing. We proved the existence and uniqueness of solutions and continuous dependence
on data in various topologies. We also studied qualitative properties of the stochastic NSEs on the unit
sphere in the context of random dynamical systems.

Building on those preliminary studies, in the current paper, we prove the existence of random attractors
for the stochastic NSEs on the 2-dimensional unit sphere. Let us recall here that, given a probability space,
a random attractor is a compact random set, invariant for the associated random dynamical system and
attracting every bounded random set in its basis of attraction (see Definition 4.4).

In the area of SPDEs the notions of random and pullback attractors were introduced by Brzezniak et
al. [7], and by Crauel and Flandoli [16]. These concepts have been later used to obtain crucial information
on the asymptotic behaviour of random [7], stochastic [2,16,17,26] and non-autonomous PDEs [13,33,36].
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We do not know if our system is dissipative in H'. Therefore, despite the fact that the embedding
H' — L? is compact, the asymptotic compactness approach seems to be the only method available in
the L?-setting to yield the existence of an attractor, hence of an invariant measure.

The paper is organised as follows. In Sect. 2, we recall the relevant properties of the deterministic
NSEs on the unit sphere, outline key function spaces, and recall the weak formulation of these equations.
In Sect. 3, we define the stochastic NSEs on the unit sphere. The stochastic NSEs is decomposed into
an Ornstein—Uhlenbeck process and a deterministic NSEs with random forcing. First we construct a
stationary solution of the Ornstein—Uhlenbeck process (associated with the linear part of the stochastic
NSEs) and then identify a shift-invariant subset of full measure satisfying a strong law of large numbers.
We then review the key existence and uniqueness results obtained in [9]. In Sect. 4 we prove the existence
of a random attractor of the stochastic NSEs on the 2-d sphere, which is the main result of the paper. In
doing so, we present Lemma 4.8, which is a corrected version of [9, Lemma 6.5]. Based on the asymptotic
results in the lemma, a new class of functions R is defined in Definition 4.11. The class DR of all closed
and bounded random sets is then defined using functions in the class 8. The main results are given in
Theorem 4.14, which asserts that the random dynamical system ¢ generated by the NSEs on the unit
sphere is ®R-asymptotically compact. Hence, in view of a result on existence of a random attractor
(Theorem 4.6), the existence of a random attractor of ¢ is deduced.

The paper is concluded with a simple proof of the existence of an invariant measure and some comments
on the question of its uniqueness.

In our paper a special attention is given to the noise with low space regularity. While many works
on random attractors consider only finite dimensional noise, we follow here the approach from Brzezniak
et al. [8] and consider an infinite dimensional driving Wiener process with minimal assumptions on its
Cameron-Martin space (known also as the Reproducing Kernel Hilbert Space), see Remark 3.5 and the
Introduction to [8] for motivation.

2. The Navier—Stokes Equations on a Rotating Unit Sphere

The sphere is a very special example of a compact Riemannian manifold without boundary hence one
could recall all the classical tools from differential geometry developed for such manifolds. However we
have decided to follow a different path of using the polar coordinates and defining all such objects directly.

Our presentation here is a self-contained version of an analogous introductory section from our com-
panion paper [9]. A reader who is familiar with the last reference can skip reading this section.

2.1. Preliminaries

By S? we will denote the standard 2-dimensional unit sphere, i,e, a subset of the Euclidean space R3
described by
S* = {x = (z1,72,23) € R® : [x|* = 2% + 235 + 23 = 1}. (2.1)

Let us now define the surface gradient V and curl operators acting on tangent vector fields and the
surface gradient acting on scalar functions, all with respect to scalar product in the tangent spaces TyS?
inherited from R3.

Suppose that u and v are two tangent vector fields on S? and f is real valued function on S2, all of C!
class. By some classical results, see for instance [23] or [22, Definition 3.31], there exist a neighbourhood
U of S? in R? and vector fields 1 : U — R3, v : U — R?® and a function f : U — R3 such that s> = u,
V|gz = v and f\sz = f. Then we put, for x € S?,

3
(V ) (x) = mx ( > fii(x)&-ﬁ(x)) = me((¥(x) - V)ia(x)), (2.2)
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(curlu)(x) = (id — m) ((V x @)(x)) = (x- (V x 0)(x)) x, (2.3)

(V)(x) = m(VF(x)), (2.4)

where V is the gradient in R? and, for x € S2, the map 7y : R3 — TS? is the orthogonal projection, i.e.
T RESysy— (x-y)x=—xx (x xy) € TS~ (2.5)

Let us point out that the definitions of (V yu) and curlu above are independent of the choice of the
extensions u and v. In the former case, this can be shown either using a general approach from the
references above or, as in our companion paper [9] by exploiting a well known formula for the R3-vector
product! to get
=12
S\~ ~ |u ~ = ~
(u~V)u:V%fu>< (V xa). (2.6)
If follows from the definition (2.3) that curlu is a normal vector field on S?, i.e. curlu(x) L T,S? for
every x € S2. Since the co-dimension of T S? in R? is equal to 1, this normal vector field can be identified
with a scalar function on S? denoted by curlu by

(curlu(x))x = [curlu](x), x € S*
Note that it follows that y

curlu(x) := x - (V x 0)(x), x¢€§? (2.7
Lemma 2.1. If &t and v are R3-valued vector fields on S?, and u and v are tangent vector fields on S?,
defined by u(x) = mx(1((x))) and v(x) = 7x(V(x)), x € S%, then the following identity holds

Ty (W(x) X V(%)) = u(x) x ((x-v(x))x) + (x-u(x))x x v(x), x¢cS2 (2.8)

Proof. Let us fix x € S%. Then we can decompose vectors 1 = @1(x) and @1 = v(x) into the tangential
u=u(x) € T4S? and v = v(x) € T)xS?, and the normal component as follows

a=u+ul with ut=(

u- X)X
Vv=v+vt with vi=(v-x)x
Thus, as u x v is normal to T,S? so that 7 (u x v) = 0, and u x v, ut x v € T,S?, we infer that
(@ x V) =mx(uxv+uxvi+ut xv)=uxvt+u' xv.
Hence the lemma is proved. (]
Suppose now that u is a tangent vector field on S? and 1@ is a R3-valued vector field defined in some
neighbourhood U of S? in R? such that ti|s: = u. Applying formula (2.8) to the vector fields,> @ and
v =V x q, since also (- x) = 0 we get
Te(@ x (V x 1)) =u x ((x-(V x@)x) + (@-x)x x (V x ) (2.9)
=ux ((x-(Vxu)x)=(x-(Vxu)(uxx), xeS% (2.10)
Hence by formulae (2.10), (2.7) and the above definitions we obtain
[ x (V x @)](x) = [u(x) x x] curlu(x) = u(x) x curlu(x) x € S?, (2.11)

Here, we use the following notation. Given another tangential vector field v on S?, we will denote by

v x curlu a tangential vector field defined as the R? vector product of vectors, tangent v and normal
curluy, i.e.

[v x curlu](x) := v(x) x (curlu(x)), x¢€S% (2.12)

ax(bxc)=(a-c)b—(a-b)e, a,b,cecR.

20r rather their respective restrictions to the sphere S2.
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Thus from the above and (2.13) we infer that
uf?
Vuu:VT —u X curlu. (2.13)

We will use the classical spherical coordinates to describe (in a non-unique way) the points on the
sphere S?
x =X(0,¢) = (sinfcos p,sinfsing,cosf), 0<0<m, 0<¢ <2 (2.14)
With a bit of ambiguity, if x = X(0,$) as in (2.14), the angles 0 and ¢ will be denoted by 0(x) and
¢(x), or just 6 and ¢.
For (0, ¢) € [0, 7] x [0,27), by eg = e(8, ¢) and ey = €4(8, ¢) we will denote an orthonormal basis in
the tangent plane T, S?, where x = X(6, ¢), defined by
ep = (cosfcosp,cosfsinp, —sinb), ey = (—sing,cos,0). (2.15)

If f:S? — Ris C! a class function, then we can show that the surface gradient of f has the following
form

_of 1 of
Vf = %89 + ﬁ%eqﬁ, (216)
where x = %(0,¢) and f : [0,7] x [0,27) — R is such that f(?((@,cz))) = f(8,¢) for all (,¢). In what

follows, we will often not distinguish between functions f and f and use the notation f for both.
Similarly, if u is a (tangential) vector field on S? which can be written in a form u = (ug,us) with
respect to the (moving) basis eg, €4, that is

u(t,¢) = ug(8, p)eq(6, @) + uq (0, p)eq (8, ¢)
we define the surface divergence with respect to the surface area on S? by the formula
divu = ﬁ (gg(ue sin0) + (‘9a<;5u¢> . (2.17)
With slight abuse of notation, for x € S?,
curlu(x) =x - (@ x 1) = x1(0qug — O3uz) + x2(d3u1 — Orug) + x3(O1ug — Oauy)
= 01(v3uz — wau3) + Oa(w1u3 — T3u1) + O5(T2U1 — T1U2)
= div(@t x x) = —div(x x @). (2.18)
Finally, see [30], if f a scalar function on S?, then we define a tangent vector field Curl f by
[Curl f](x) = —x x Vf(x), x€&8§? (2.19)

The surface diffusion operator acting on tangential vector fields on S? is denoted by A (known as the
vector Laplace-Beltrami or Laplace-de Rham operator) and is defined as

Au = Vdivu — Curlcurlu. (2.20)
Using (2.18) and (2.19), one can derive the following relations connecting the above operators:
div Curly = 0, curl Curly = —Aq, A Curly = Curl Av. (2.21)

The Navier—Stokes equations (NSEs) for the evolution of the (tangential) velocity vector field u(¢,x) =
(ug(t,x),ue(t,x)) on the 2-dimensional rotating unit sphere S? under the influence of an external force
f(x) = (fo, f4) takes the following form [24,40]

1
ou+Vyu—vLu+w xu+ ;Vp =f, divu=0, u(0,-)=u. (2.22)

Let us describe the notations used above in more details. Firstly, v and p are two positive constants
which can be seen as simplified physical constants called the viscosity and the density of the fluid. The
word “rotational” refers to the Coriolis acceleration w which is normal vector field defined by
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w =20cos ((x))x, x €S (2.23)

where Q is a given constant. Note that if x = (21,72, 23) then 0(x) = cos™!(x3).
In what follows we will identify the normal vector field w with the corresponding scalar function w
defined by

w(x) = 2Qcos (0(x)), x €S>

The operator L is given by [40]
L= A + 2Ric, (2.24)

where A is the Laplace-de Rham operator, see (2.20), and Ric denotes the Ricci tensor of the two-
dimensional sphere S?. It is well known that (see e.g. [45, p. 75])

Ric:{l ‘ } (2.25)

0 sin? @
We remark that in papers in [14,30,32,42] the authors consider NSEs with L = A but the analysis in
our paper are still valid in that case.

2.2. Function Spaces on the Sphere

In what follows we denote by dS the Lebesgue integration with respect to the surface measure (or
the volume measure when S? is seen as a Riemannian manifold). In the spherical coordinates we have,
locally, dS = sin#dfd¢. For p € [1,00) we will use the notation LP = LP(S?) for the space L¥ (S*,R) of

p-integrable scalar functions on S? endowed with the norm

il = ( [ sorasi)”

For p = 2 the corresponding inner product is denoted by
(’Ul,’l}g) = (v171}2)L2(82) = / V1V2 ds.
S2

We will denote by P = LP(S?) the space L (S TS?) of vector fields v : S* — T'S* endowed with the

s = ([ oo aseo)

where, for x € S?, |v(x)| stands for the length of v(x) in the tangent space TyxS* For p = 2 the
corresponding inner product is denoted by

(Vi,v2) = (V1,V2)p. = / vy - va(S)dS.
SQ

Throughout the paper, the induced norm on LL%(S?) is denoted by || - || and for other inner product spaces,
say X with inner product (-, -)x, the associated norm is denoted by || - || x-
We have the following identities for appropriate scalar and vector fields [30, (2.4)—(2.6)]:
(Vip, v) = —=(3, divv), (2.26)
(Curley, v) = (¢, curlv), (2.27)
(Curlcurlw, z) = (curlw, curlz). (2.28)

In (2.27), the L2(S?) inner product is used on the left hand side and the L?(S?) inner product is used
on the right hand side. We now introduce Sobolev spaces H*(S?) = H*?2(S?) and H*(S?) = H*?(S?) of
scalar functions and vector fields on S? respectively.

Let 1) be a scalar function and let u be a vector field on S?, respectively. For s > 0 we define

10l g2y = 1917 + (=), (2.29)
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and
[l g2y = lall® + [[(=A)*?u]?, (2.30)
where A is the Laplace-Beltrami and A is the Laplace-de Rham operator on the sphere. In particular,
for s =1,
[ulF 52y = lu)l* + (u, —~Au)
= [[ul|* + [|div u||? + || Curlu]|?, (2.31)
where we have used formulas (2.20),(2.26)—(2.28).
We note that for k= 0,1,2,... and 6 € (0,1) the space H**?(S?) can be defined as the interpolation

space between H*(S?) and H*+1(S?). We can apply the same procedure for H**+?(S?).
One has the following Poincaré inequality [32, Lemma 2]

Aillul] < [|divul + ||Curlul|, u e H!(S?), (2.32)

for some positive constant A;.
The space of smooth (C'°) tangential fields on S? can be decomposed into three components, one
in the space of all divergence-free fields and the others through the Hodge decomposition theorem [3,
Theorem 1.72]:
C*(TS*)=GaVaH, (2.33)
where
G={Vy:9ecC>®S?}, V={Culy:ypecC=S?}, (2.34)
while H is the finite-dimensional space of harmonic fields, i.e. H contains all the vector fields v so that
Curl (v) = div (v) = 0. Since the two dimensional sphere is simply connected, H = {0} [37, p. 80]. We
introduce the following spaces

H = closure of V in L?(S?),
V = closure of V in H'(S?).

Since V' is densely and continuously embedded into H and H can be identified with its dual H', we have
the following imbeddings:

VcH>=2H cV. (2.35)
We say that the spaces V, H and V' form a Gelfand triple.

2.3. The Weak Formulation

We consider the linear Stokes problem

vCurlcurlu — 2vRic(u) + Vp =f, diva =0. (2.36)
By taking the inner product of the first equation of (2.36) with v € V' and then using (2.28), we obtain
v(curlu,curlv) — 2v(Ric u,v) = (f,v) WYve V. (2.37)

Next, we define a bilinear form a : V' x V — R by
a(u,v) :=v(curlu, curlv) — 2v(Ric u,v), u,veV.
In view of (2.31) and (2.25), the bilinear form a satisfies
a(u, v) < ||l [[v]|s,

and hence it is continuous on V. So by the Riesz Lemma, there exists a unique operator A: V — V/|
where V” is the dual of V', such that a(u,v) = (Au,v), for u,v € V. Using the Poincaré inequality (2.32),
we also have a(u,u) > allul|?,, with @ = A\; — 2v, which means a is coercive in V whenever \; > 2v.
In practice, usually one has A; > 2v. Hence by the Lax-Milgram theorem the operator A : V — V' is
an isomorphism. Furthermore, by using [39, Theorem 2.2.3], we conclude that the operator A is positive
definite, self-adjoint in H and D(AY?) =V.
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Next we define an operator A in H as follows:

{’D(A)::{uEV:AuEH}7
Au :=Au, ueDA).

Let P be the Leray orthogonal projection from L?(S?) onto H. It can be shown [28] that D(A) =
H2(S?) NV and A = —P (A + 2Ric), and A* = A. It can also be shown that V = D(A'/?) and

[ull{ ~ (Au,u), ueDA),

(2.38)

where A ~ B indicates that there are two positive constants ¢; and ¢y such that ciA < B < e A.
We consider the trilinear form b on V' x V x V, defined as

bv,w,z) = (Vyw,z)= | Vyw-zdS, v,wzel. (2.39)
S2

Using the following identity
2V v =—curl(w x v) + V(w - v) — vdivw
+wdivv —v X curlw — w X curlv. (2.40)

and (2.27), for divergence free tangential vector fields v, w,z, the trilinear form can be written as

1
b(v,w,z)zi/ [-v xw-curlz+ curlv x w-z — v x curlw - z| dS. (2.41)
S2

Moreover [30, Lemma 2.1]
b(v,w,w) =0, b(v,z,w)=—b(v,w,z) veV,w,zcH(S?). (2.42)
The Coriolis operator C; : L2 (SQ) — L2 (SQ), is defined by the formula
(C1v)(x) = (2Qcosf(x))x x v(x), x €S2

Clearly, C; is linear and bounded in L2 (SQ). In the sequel we will need the operator C = P C; which is
well defined and bounded in H. Furthermore, for u € H

(Cu,u) = (Cqu,Pu) = / 20 cos B(x) ((x x u) - u(x)) dS(x) = 0. (2.43)
S2
Using (2.20), (2.27), (2.38), and (2.41), a weak solution of the Navier-Stokes equations (2.22) is a
function u € L?([0,T]; V') with u(0) = ug that satisfies the weak form of Eq. (2.22), i.e.

(Opu,v) + b(u,u,v) + v(curlu, curl v) — 2v(Ric u, v) + (Cu,v) = (f,v), veW (2.44)

This weak formulation can be written in operator equation form on V', the dual of V. Let f € L2([0, T]; V')
and ug € H. We want to find a function u € L*([0,T]; V), with d,u € L([0,T]; V') such that

Oru+vAu+ B(u,u) + Cu=1f, u(0)=uy, (2.45)
where the bilinear form B : V x V — V" is defined by
(B(u,v),w) =b(u,v,w) welV. (2.46)

With a slight abuse of notation, we also denote B(u) = B(u, u).
The following are some fundamental properties of the trilinear form b; see [25]: there exists a constant
C > 0 such that

1/2 1/2
a2l v IR/ 2| AV 2wl we Vv e D(A),w e H,

b, v.w)| < C 3 Jul /2] Aul2|[v]y|[w], weDA).vEV.weH, (2.47)
1/2 1/2
Il 2l 2 vl w2 w2, uv,w e V.

We also need the following estimates:
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Lemma 2.2. [9, Lemma 2.2] There exists a positive constant C' such that

b(u, v, w)| < Clluf/|w]|(lcurl v[[L= + [[V[[L>), w€H,veV,veH, (2.48)

and
lb(u, v, w)| < C|lull||v]lv]w|*?|Aw|?, weH,veV,we D). (2.49)

and
b(u, v, w)| < Cllullps[[v]lv[wllLs, v € V,u,w e HY(S). (2.50)

In view of (2.50), b is a bounded trilinear map from L4(S?) x V' x L4(S?) to R. Moreover, we have the
following result:

Lemma 2.3. The trilinear map b : V xV x V. — R has a unique extension to a bounded trilinear map

from LA(S?) N H x LA4(S?) x V to R.

It can be seen from (2.50) that b is a bounded trilinear map from L*(S?) x V x L*(S?) to R. It
follows that B maps L*(S?) N H (and so V') into V' and by using the following inequality from [32, p. 12]

s < Cllaf?ully/?,  we H'(S?), (2.51)

we have
IB(u)llv: < Cil[ullfs < Collull[lully < Csllul)f,, ueV. (2.52)

3. The Stochastic Navier—Stokes Equations on a Rotating Unit Sphere
3.1. Preliminaries

Let us recall that for a real separable Hilbert space K and a real separable Banach space X, a linear
operator U : K — X is called y-radonifying iff vx o U~! is o-additive. Here g is the canonical Gaussian
cylindrical measure on K. If a linear map U : K — X is y—radonifying, then v o U~! has a unique
extension to a Borel probability measure denoted by vy on X. By R(K, X) we denote the Banach space
of y-radonifying operators from K to X with the norm

1/2
1l mgx) = (/ |x|§duU<x>) . UeR(K,X).
X

From now on we will freely use notation introduced in the former sections. It follows from [12, Theorem
2.3] that for a self adjoint operator U > ¢l in H, where ¢ > 0, such that U~! is compact, the operator
U=%: H — LP(S?) is y-radonifying iff

p/2
S A Zle®)P| dS(x) < oo, (3.1)
SQ
4

where {e,} is an orthonormal basis of H corresponding to U. This implies the following result.
Lemma 3.1. Let A denote the Laplace-de Rham operator on S. Then the operator
(—A)*: H - 1L*S?) is~y— radonifying iff s > 1/2. (3.2)

Proof. Let us recall the following well know facts.

(i) All distinct eigenvalues of —A are given by a sequence \y = £(¢+1), ¢ =0,1,... and the correspond-
ing eigenfunctions are given by the divergence free vector spherical harmonics Yy, for |m| < ¢,
¢ €N [44, p. 216).
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(ii) The Vector Spherical Harmonics Addition Theorem, see [44, p. 221, formula (81)],

S Vo) = 2 g ), xes?, (3.3)

47
|m|<e

where the RHS is independent of x € S2.
(iii) If Py being the Legendre polynomial of degree ¢, then Pp(1) = 1.
Therefore, condition (3.1) yields

4/2
/ SEE+1)7 > [ Yom(x dS(x)
8% | =0 lm|<e

- 0. 20+ 1 ’

/ S+ 1)) * TR dS() < o0 (3.4)
8% =0
if and only if s > % and the lemma follows. O
Let
X=LYS»nH

denote the Banach space endowed with the norm
lzllx = llella + [[€]lLss2)-
Remark 3.2. It follows from Lemma 3.1 that if s > 1/2 then the operator
A H—-LYS)NnH
is «y-radonifying.
Let us recall, that X is an M-type 2 Banach space, see [6] for details.

The Stokes operator —A restricted to X is an infinitesimal generator of an analytic semigroup. We will
consider an operator in X defined by the formula

A=vA+C, dom(A)=dom(A),
where v > 0, and C is the Coriolis operator. For the reader’s convenience we recall a result presented in

[9].

Proposition 3.3. [9, Proposition 5.3] The operator A with the domain dom(A) = dom(A) generates an

—tA

analytic Cy-semigroup (e ) in X. Moreover, there exist a constant p > 0 such that for any § > 0 there

exists Mg > 1 such that
5 N
[A ™™ 2xx) < Mst™%e™ ¢ > 0.

Let E denote the completion of X with respect to the image norm ||v||z = [|[A™°v|x, v € X. For
£€(0,1/2) we set

o wlt) = ()l
Clpp (R, E) = {w € O E):w0) =0, 5o e + D2 = )

The space Cf/Q(]R, E) equipped with the the norm

||w|| c |w(t> _w( )|E
Cla®E) = SR [t — s[E(L+ [t] + [s]) /2

is a nonseparable Banach space. However, the closure of {w € C§°(R) : w(0) = 0} in C1 /2( E), denoted
Q(&, E), is a separable Banach space.
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Let us denote by C/2(R, X) the space of all continuous functions w : R — X such that

w®)le
=sup —— s <
el =300 5 e <
The space C/2(R, E) endowed with the norm || - ||, ,(r &) is a nonseparable Banach space.

We denote by F the Borel o-algebra on Q(&, F). One can show [5] that for & € (0,1/2), there exists a
Borel probability measure P on Q(&, E') such that the canonical process wy, t € R, defined by

wy(w) ==w(t), weQEE), (3.5)

is a two-sided Wiener process. The Cameron-Martin (or Reproducing Kernel Hilbert space) of the Gauss-
ian measure L(wy) on E is equal to K. For t € R, let F; := o{w; : s < t}. Since for each ¢ € R the map
zoir 1 B* — L*(Q(& E), 7, P), where iy : Q(&,E) 2 v — ~(t) € E, satisfies E|z 0 i;|* = t|z|%, there
exists a unique extension of z o 4; to a bounded linear map W; : K — L?(Q(¢, E), F;,P). Moreover, the
family (W;)er is an H-cylindrical Wiener process on a filtered probability space (Q(¢, E), F,P), where
F = (F4)icr in the sense of e.g. [11].

3.2. Ornstein—Uhlenbeck Process

The following is our standing assumption.
Assumption 3.4. Suppose K C H N1L*(S?) is a Hilbert space such that
A% K — HNLYS?) is y-radonifying (3.6)
for some & € (0, 3).
Remark 3.5. Tt follows from Remark 3.2 that if K C D(AS) with s > 0, then Assumption 3.4 is satisfied.
See also Remark 6.1 in [10] and Remark 5.2 in [9].
On the space Q(&, E) we consider a flow ¥ = (9;):er defined by
() =w(-+1t) —w(t), weQEE), teR.
For £ € (4,1/2) and @ € C’f/Q(]R,X) we define
2(t) = 2(A;0)(t) = /t A=A G (1) — o(r))dr, ¢ ER. (3.7)

— 0o

By Proposition 3.3, for each § > 0 there exists C' = C(§) > 0 such that

~ 5 A
[A ™™ oxx) < Ct 0, ¢>0. (3.8)

This was an assumption in [10, Proposition 6.2]. Rewriting that proposition in a slightly more general
form we have

Proposition 3.6. For any o > 0, the operator —(A + al) is a generator of an analytic semigroup
{etA+aDy, o in X such that
5 N
JA et A+l |1 ¢ oy < CEPem Wt >0,

Ift € R, then 2(t) defined in (3.7) is a well-defined element of X and for eacht € R the mapping & — Z(t)
is continuous from C’f/2(R, X) to X. Moreover, the map % : C’f/Q(R,X) — C1/2(R, X) is well defined,

linear and bounded. In particular, there exists a constant C < oo such that for any w € Cf/Q(R,X)

2@)(O)] < CA+ D)@l o1/ x)- (3.9)

The following results for the operator A follow from Corollary 6.4, Theorem 6.6 and Corollary 6.8 in
from [10], respectively.
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Corollary 3.7. For all —co < a<b<oo andt €R, for® € Cf/z(RX) the map
O (2(@)(1), 2(@)) € X x L*a, b; X)

is continuous. Moreover, the above result is valid with the space Cf/2(]R, X)) being replaced by Q(&, X).

Theorem 3.8. For any w € C’fﬂ(R, X),
2(Wsw(t)) = 2(w)(t+s), t,seR.
In particular, for any w € Q and all t,s € R, 2(9,w)(0) = Z(w)(s).
For £ € O /2(R, X) we put
(1:Q)(t) =C(t+5s), t,seR.

Thus, 7, is a linear a bounded map from C/3(R, X) into itself. Moreover, the family (7,)ser is a Co
group on C/5(R, X).
Using this notation Theorem 3.8 can be rewritten in the following way.

Corollary 3.9. For s e R, 7,02 = Z oy, i.e.
(W) = £(0,(w)), w € Cf (R, X).
We define
Zo (W) = (A + al; (A + al) °w) € O (R, X),
i.e. for any ¢t > 0,

t ~
20@)(0) = [ (A+al) e AT

(A +al)70w(t) — (A + od) Cw(r))dr (3.10)
For w € C§°(R) with w(0) = 0, by the fundamental theorem of calculus, we obtain
dzo(t) 4 i 146 —(t—r) (Atal)
att) —(A—i—aI)/_Oo(A—&-aI) ¢

(A +al)T0w(t) — (A + o) Cw(r)dr + (1),
where w(t) = dw(t)/dt. Hence z,(t) is the solution of the following equation
dz(t)

— (A +al)z, =o(t), teR. (3.11)

It follows from Theorem 3.8 that
20 (0w)(t) = Za(w)(t+5), w e CtH(R,X), t,s €R. (3.12)

We can view the formula (3.10) as a definition of a process z4(t), t € R, on the probability space
(Q(¢, E), F,P). Equation (3.11) suggests that this process is an Ornstein—Uhlenbeck process.

Proposition 3.10. The process z,(t), t € R, is a stationary Ornstein—Uhlenbeck process. It is the solution
of the equation

dzo(t) + (A + al)zodt = dw(t), te R,
i.e. for allt € R, a.s.

¢ )
2a(t) = / e~ (t=9)(A+al) gy (o). (3.13)

—00

where the integral is the Ité integral on the M-type 2 Banach space X in the sense of [6].
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In particular, for some constant C depending on X,

Ewawﬁsc(éeﬂwwﬂﬂ@me)

Moreover, E||zo(t)||% tends to 0 as a — oo.

2

Proof. Stationarity of the process z, follows from Eq. (3.12). The equality (3.13) follows by finite-
dimensional approximation.
By the Burkholder inequality, see [6] and [35], we have

t . 4
Elaa(0lk =k [ e Arenauy
oo ¥
t R 2
<o ([ ertdrentap i) 3.14)
—00
00 . 2
<C </0 BzaS”eSA”%(K’)()dS) . (315)
Using [9, Proposition 5.3] with A = —A | V = —2uRic + C and observation (3.2), we conclude that
/0 He*SAH%{(K’X)ds < o0. (3.16)
Hence, we conclude that the last integral (3.15) is finite. Finally, the last statement follows from (3.15)
by applying the Lebesgue Dominated Convergence Theorem. ([

By Proposition 3.10, z,(t), t € R, is a stationary and ergodic X-valued process, hence by the Strong
Law for Large Numbers (see Da Prato and Zabczyk [21] for a similar argument),
1 O

Jim 5 [ lza(s)lkds = Elza (), Pas. on €5,

(R, X). (3.17)

It also follows from Proposition 3.10 that we can find «g such that for all @ > «y,

El|za (0)[% < 547 (3.18)
where \; is the constant appearing in the Poincaré inequality (2.32) and C' > 0 is a certain universal
constant.

By adding a white noise term to (2.22) the stochastic NSEs on the sphere is

ou+Vyu—vLhu+w xu+Vp=~f+n(xt), divu=0, u(x,0)=mug,

where we assume that ug € H, f € V’ and n(¢,z) is a Gaussian random field which is a white noise in
time. In the same way as in the deterministic case we apply the operator of projection onto the space of
divergence free fields and reformulate the above equation as an It6 type equation

du(t) + Au(t)dt + B(u(t), u(t))dt + Cu = fdt + GAW (t), u(0) = uo. (3.19)

Here f is the deterministic forcing term and ug is the initial velocity. We assume that W is a cylindrical
Wiener process on a certain Hilbert space K defined on a probability space (€, F,P), see [20] and [11].
G is a linear continuous operator from K to H. The space K, which is the RKHS of the Wiener process,
determines the spatial smoothness of the noise term, will satisfy further assumptions to be specified later.

Roughly speaking, a solution to problem (3.19) is a process u(t), ¢ > 0, which can be represented in
the form

u(t) =v(t) + z4(t), t>0,



Vol. 20 (2018) Random Attractors for the Stochastic Navier-Stokes Equations 239

where z,(t), t € R, is a stationary Ornstein—Uhlenbeck process with drift —vA — C —al, i.e. a stationary
solution of

dzo + (VA + C + a)z,dt = GAW (t), teR, (3.20)

and v(t), t > 0, is the solution to the following problem (with vy = ug — z4(0)):
v =—vAv—-B(v+2z,,Vv+z,) —Cv+az, +f, (3.21)
v(0) = vo. (3.22)

Definition 3.11. Suppose that z € L ([0,00);L*(S?)), f € V" and vo € H. A vector field v € C([0, 00);
H)N L ([0,00); V)N L ([0, 00); L4(S?)) is a solution to problem (3.21)—(3.22) if and only if v(0) = vy

and (3.21) holds in the weak sense, i.e. for any ¢ € V,
O (v,9) = —v(v,Ad) —b(v+2z,v+3z90)— (Cv,¢)+ (az + £, ). (3.23)

We remark that for (3.23) to make sense, it is sufficient to assume that v € L2(0,7; V)N L>(0,T; H).
We have proved the following major theorems on the existence and uniqueness of the solution of
(3.21)~(3.22) in [9].

Theorem 3.12. [9, Theorem 3.1] Assume that o« >0, z € L{ (
and £ € V'. Then then there exists a unique solution v of problem (3.21)—(3.22).

Theorem 3.13. [9, Theorem 3.2] Assume that T >0 is fized. If ug, — g in H,
2, — 2z in L*([0, T;L*(S?)) N L2(0,T; V"), £, — f in L*(0,T;V’).

([0,00); L4(S%)) N L

loc

([0,00); V"), vo € H

then
V(- 2, FnyUon) — v(-,2,f,09) in C([0,T]; H) N L*(0,T; V),

where v(t,z,f,ug) is the solution of problem (3.21)—(3.22) and v(t, zy, £, upy,) is the solution of problem
(3.21)—(3.22) with z,f,uq being replaced by z,, £, vo,. In particular, v(T, z,,up,) — v(T,2z,ug) in H.

4. Attractors for Random Dynamical Systems Generated by the Stochastic NSEs on the
Sphere

4.1. Preliminaries

A measurable dynamical system (DS) is a triple
T =(Q,F,9),
where (€, F) is a measurable space and ¥ : R X Q 3 (¢,w) — Yyw € Q is a measurable map such that for
all t,s € R, 9445 = 9 095, A metric DS is a quadruple
{“s’ = (Q,‘F7 IP)7 "‘9)7

where (2, F,P) is a probability space and (€2, F, 9) is a measurable DS such that for each t € R, ¢, : Q@ — Q
preserves P.

Denote by Q4,(&, E) the set of those w € Q(€, E) for which the equality (3.17) holds true. It follows

from Corollary 3.9 that this set is invariant with respect to the flow ¥, i.e. for all @ > 0 and all t € R,
94(Qa (&, E)) C Qq(&, E). Therefore, the same is true for a set

= ﬂ Q. (¢, B).

It follows that as a model for a metric dynamlcal system we can take either the quadruple Q& E), F,P0)
or the quadruple ( (&, E), F,P, 19) where F,P, and 1 are respectively the natural restrictions of F, P and
¥ to Q¢ E).
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Proposition 4.1. The quadruple (&, E), F,®,49) is a metric DS. For each w € Q(&, E) the limit in (3.17)
exists.

Suppose also that (X,d) is a Polish space (i.e. complete separable metric space) and B is its Borel
o—field. Let R = [0, c0).

Definition 4.2. Given a metric DS T and a Polish space X, amap ¢ : Rt x Q x X (t,w, z) — p(t,w)r € X
is called a measurable random dynamical system (RDS) (on X over %) iff

(i) ¢ is (B(R") @ F ® B, B)-measurable.

(i) o(t+s,w) = p(t,9sw) o p(s,w) for all s,t € RT and ¢(0,w) = id, for all w € Q. (Cocycle property)

An RDS ¢ is said to be continuous or differentiable iff for all ({,w) € RY x Q, o(t,,w) : X — X
is continuous or differentiable, respectively. Similarly, an RDS ¢ is said to be time continuous iff for all
weQand for all z € X, o(-,z,w) : Rt — X is continuous.

For two nonempty sets A, B C X, we put

d(A,B) = 51613 d(z,B) and p(A, B)=max{d(4,B),d(B,A)}.

In fact, p restricted to the family €8 of all nonempty closed subsets on X is a metric, and it is called
the Hausdorff metric. From now on, let X be the o-field on €B generated by open sets with respect to
the Hausdorff metric p; see [15].

A set-valued map C : Q — €8 is said to be measurable iff C is (F, X')-measurable. Such a map is
often called a closed random set.

For a given closed random set B, the Q-limit set of B is defined to be the set

QB,w) =Qp(w) = [ |J et 0 -w)BW_w). (4.1)

T>0t>T

Definition 4.3. A closed random set K (w) is said to (a) attract, (b) absorb, (c) p-attract another closed
random set B(w) iff for all w € Q, respectively,

(a) limy_oo d(p(t,¥_yw)B(V_w), K(w)) = 0;
(b) there exists a time tp(w) such that

o(t, ¥ _w)B(¥_w) C K(w) forall t > tp(w).
()
tlim plp(t,¥_1w)B(P_tw), K(w)) = 0.
We denote by F* the o—algebra of universally measurable sets associated to the measurable space
(Q, F). As far as we are aware, the following definition appeared for the first time as Definition 3.4 in the

fundamental work by Flandoli and Schmalfuss [26], see also [8, Definition 2.6] (where however the first
sentence below is missing).

Definition 4.4. Let us assume that © is a family of random closed and bounded sets. A random set
A: Q) — CB(X) is a random D-attractor iff

(i) A is a compact random set,
(ii) A is p-invariant, i.e. P-a.s.

p(t,w)A(w) = A(Vw)
(iii) A is D-attracting, in the sense that, for all D € © it holds
tlim d(p(t,9_tw)D(¥_w), A(w)) = 0.
— 00
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Definition 4.5. We say that an RDS ¥J-cocycle ¢ defined on a separable Banach space X is ®-asympto-
tically compact iff for each D € @, for every w € 2, for any positive sequence (¢,) such that ¢, — oo and
for any sequence {z,} such that

xn € D(W_y, w), forallneN,
the set {p(t,,0—¢,w)zy, : n € N} is relatively compact in X.

Now we need to state a result on the existence of a random D-attractor, see Theorem 2.8 in [8] and
references therein.

Theorem 4.6. Assume that T = (2, F,P,9) is a metric DS, X is a Polish space, ® is a nonempty class
of closed and bounded random sets on X and ¢ is a continuous, ®-asymptotically compact RDS on X
(over T). Assume that there exists a D-absorbing closed and bounded random set B on X, i.e. for any
given D € D there exists t(D) > 0 such that (t,9w)D(¥_w) C B(w) for all t > t(D). Then, there
exists -attractor A given by

Alw) =Qp(w), we, (4.2)
with

QB(("J) = ﬂ U @(tvﬁ—twa B(ﬂ—tw))a w e
T>0t>T

which is F¥-measurable.?

Remark 4.7. If © contains every bounded and closed nonempty deterministic subsets of X, then as a
consequence of our Theorem 4.6, [19, Theorem 2.1] and of [18, Corollary 5.8] we deduce that the random
attractor A is given by
Aw)= | Qcw) P- as, (4.3)
cCcx

where the union in equality (4.3) is taken over all bounded and closed nonempty deterministic subsets C'
of X.

4.2. Random Dynamical Systems Generated by the NSEs

We fix § < 1/2 and € € (4,1/2) and put Q@ = Q(§, E). Then we define a map ¢ = ¢, : Ry x Q@ x H — H
by

p: Ry xQx H>3(tw,x) — v(t,z(w),x —z(w)(0)) + z(w)(t) € H, (4.4)
where v(t,w, Vo) = Za(t,w, vo) is the solution to problem (3.21-3.22). Because z(w) € C}/2(R, X), z(w)(0)
is a well-defined element of H and hence ¢ is well defined. It can be shown that (¢,?) is a random
dynamical system ([9, Theorem 6.1]).

Suppose that Assumption 3.4 is satisfied. If us, € H, s € R, f € V' and Wy, t € R is a two-sided Wiener
process introduced after (3.5) such that the Cameron-Martin (or Reproducing Kernel Hilbert) space of
the Gaussian measure L£(w;) is equal to K. A process u(t), t > 0, with trajectories in C([s,00); H) N
L2 ([s,00); V) N LE ([s,00); L*(S?)) is a solution to problem (3.19) iff u(s) = uy and for any ¢ € V,

t> s,
(u(t), 6) = (u(s), 6) - v / (Au(r), §)dr — / b(u(r), u(r), d)dr
7/(Cu(r),¢)dr+/ (f,¢)dr+/ (¢, dW,.). (4.5)

S

3By F* we understand the o-algebra of universally measurable sets associated to the measurable space (2, F), see the
monograph [17] by Crauel.
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In the framework as above, suppose that u(t) = z,(t) +v4(t), t > s, where v,, is the unique solution to
problem (3.21)—(3.22) with initial data ug — z,(s) at time s. If the process u(t), t > s, has trajectories in
C([s,00); HYNLE ([5,00); V)N LE ([s,00); L*(S?)), then it is a solution to problem (3.19). Vice-versa, if
a process u(t), t > s, with trajectories in C([s, 00); H)N L2 ([s,00); V)N L2 .([s,00); L*(S?)) is a solution
to problem (3.19), then for any o > 0, a process v, (t), t > s, defined by z,(t) = u(t) — vo(t), t > s, is a
solution to (3.21) on [s, 00).

Our previous results yield the existence and the uniqueness of solutions to problem (3.19) as well as
its continuous dependence on the data (in particular on the initial value ug and the force f). Moreover,

if we define, for x € H, w € , and t > s,
u(t, s;w,ug) == p(t — s;9sw)ug = v(t, s;w,ug — z(s)) + z(t), (4.6)

then for each s € R and each ug € H, the process u(t), t > s, is a solution to problem (3.19).
We have the Poincaré inequalities

[ul? > Aifuf?,  forallueV,

) ) (4.7)

lAu||* > Ai|lul]?, forallueD(A)NV.
For any u,v € V, we define a new scalar product [-,-] : V x V — R by the formula [u,v] =
v(u,v)y — vt (u,v). Clearly, [-,] is bilinear and symmetric. From (2.32), we can prove that [, ] define

an inner product in V with the norm [-] = [-,-]'/2, which is equivalent to the norm || - ||y .

The following lemma is given in [9, Lemma 6.5], however the proof there is not quite correct. The
bound on the nonlinear term b(v, z, v) there was not treated correctly, hence the power on the stochastic
term ||z||Ls was not correctly stated. The error propagated to the rest of the paper. We present a corrected
proof here.

Lemma 4.8. Suppose that v is a solution to problem (3.21) on the time interval [a,o0) with z € L (R™,

LA(S?)NLE (RT, V') and a > 0. Denote g(t) = az(t)—B(z(t),z(t)), t € [a,00). Then, for anyt > 7 > a,
4 t
VI < VI esp (nate =)+ 5 [ atoltaas)
t 4 t
2 [l + IR o (<ot =)+ 5 [ la@lba)as s
VI = [v(@)]Pe X107
*2/ M) (b(v(s), 2(5), v(s)) + (8(5), v(s)) + (£.v(s)) — [v(s)]2)ds (4.9)

Proof. Since assumptions of [41, Lemma II1.1.2] are satisfied, we infer that $0,||v(t)[|? = (yv(t), v(2)).

Hence
1d

5 dt||v||2 = —v(Av,v) — (Cv,v) — (B(v,v),v) — (B(z,v),V)

— (B(v,2),v) + (g, v) +(f,v) (4.10)
= 71/”"“%/ - b(V,Z,V) + <g,V> + <f7V>‘
From (2.50) and invoking the Young inequality, we have
b(v, 2, v)| < Cl[vllLalvilv izl
3/2
< OV VI 2l e

27C4

s VIRl

12
< SIvIlg +

and
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A

(g, v) + (£, ) < llgllv/[[vllv + IfllvIIvilv
v 2 3 2 3 2
< - - !’ - f 1
< ZIVIE + - llgl + Sl

Hence from (4.10) and (4.7), we get

d 2704 3
SIV@IE < IO} + = IO IV + el + 2 1£13,
2704 3
< (on o+ IO ) IO + 21l + el

Next, using the Gronwall Lemma, we arrive at (4.8).
By adding and subtracting v4t||v(t)||? from (4.10) we find that

%IIV(t)II2 + vVl + 2v (1) (4.11)
=2b(v(t),z(t),v(t)) + 2(g(t), v(t)) + 2(f(t),v(t)). (4.12)
Hence (4.8) follows by the variation of constants formula. O

Lemma 4.9. Under the above assumptions, for each w € Q(f, E),

: 27¢" _
i () (O exp (At + 2 || 9litads) = 0.
Lemma 4.10. Under the above assumptions, for each w € Q(f7 E),
0 ) A 27C*
[+ llz@)Oliis + llz@) @)L exp { vAat + S5 H s)|lLads ) < oo.
Definition 4.11. A function r : Q — (0, 00) belongs to the class R if and only if
lim sup 7(9_yw)? exp | vt —|— / |z(w)(s)||{ads ) =0,
t——o0 16 3

where C' > 0 is the constant appearing in (3.18).
We denote by ©R the class of all closed and bounded random sets D on H such that the function
w— r(D(w)) :=sup{||x||z : x € D(w)} belongs to the class R.

Proposition 4.12. Define functions r; : Q — (0,00), i = 1,2,3,4,5 by the following formulae, for w € Q,

ri(w) = ||l2(w) (017,

) ) 27C*
130) = sup @) exp (s + 2% [ )l dr

s<0 16v

0 27C*
3= [ Tl (v + T / (e |L4dr) ds
2 0 4 2704 4
A= [l en (s + 200 [ el ar) as

0 2704 0
r2(w) ::/ exp <I/)\15+ 163 / |z(w) ()] {4 dr) ds.

Then all these functions belong to the class R.
Proof. Since by Theorem 3.8, z(¢_;w)(s) = z(w)(s — t), we have
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) ) 27Cc* [0 A
ry(0_4w) = sgp |z(9_1w)(s)|| exp | vA1s + 167 lz(9—tw)(r)||fa dr
s<0

sup ||z(w)(s — 1) exp <1/)\15+ 60 3/ |z(w)(r —t)||24 dr>

s<0

2 2704 4 vAit
SglgllZ(w)(s—t)ll oxp { vAL(s =) + S5 IIZ(w)(T)HudT e
ERS s—t

sup ()] exp (v + 210 JRCELET ir) e

o<—t

Hence, multiplying the above by exp (—l/)qt + %76—3: Et z(w)(r)]|{4 dr) we get

2 704 4
B0 (it 20 [ ot ar
27C*
< s () (@)I ex (mla+ [ st ar).

o<—t 161/3

This, together with Lemma 4.9 concludes the proof in the case of function 7. In the case of r1, we have
271Cc* [°
2 4
ri(Y_w)exp (l/)\lt —+ 165 /4 llz(w)(r)|lfa dr)
271C* [°
= [|lz2(w)(=1)|[* exp <—V>\1t + / 12(w) (r)l[ia d?“) ~
—t

1603

Thus, by Lemma 4.9 we infer that r; also belongs to the class R. The argument in the case of function
rg is similar but for the sake of the completeness we include it here. From the first part of the proof we
infer that

27C*
A0-wesn (s 20 [ ot dr)

- 2 270"
< llz(w)(o)||” exp | vA10 + 16,5 H 7)||[fa dr | do.

Since by Lemma 4.10, f |lz(w)(0)||? exp (1//\10 + 21253 f z(w) ()1 dr) do is finite, by the Lebesgue
Monotone Convergence Theorem we conclude that
—t 4
27C
/ |lz(w)(0)]|? exp (1/)\10 +— 16,5 / z(w)(r)|Ifa dr) do — 0 ast — oo.
oo v
The proof in the other cases is analogous. O

We have the following trivial results.

Proposition 4.13. The class R is closed with respect to sum, multiplication by a constant and if r € R,
0<7r<r, thenrt € ‘R.

Now we are ready to state and prove the main result of this paper. A result of similar type for the
Navier—Stokes equations on some 2-dimensional unbounded domain has been discussed in [8].

Theorem 4.14. Consider the metric DS T = (Q(f,E),f', I@’, 19) from Proposition 4.1, and the RDS ¢
on H over ¥ generated by the stochastic Navier—Stokes equations on the 2-dimensional unit sphere with
additive noise (3.19) satisfying Assumption 3.4. Then the following properties hold.

(i) there ezists a DNR-absorbing set B € DNR;

(ii) the RDS ¢ is DR-asymptotically compact;



Vol. 20 (2018) Random Attractors for the Stochastic Navier-Stokes Equations 245

(iii) the family A of sets defined by A(w) = Qp(w) for all w € Q, is the minimal DR-attractor for p, is
F-measurable, and

Alw) = U Qc(w) P—as., (4.13)
CCH

where the union in (4.13) is taken over all bounded and closed nonempty deterministic subsets C' of
H.

Proof. In view of Theorem 4.6 and Remark 4.7, it is enough to show (i) and (ii). The proof of (ii) will be
done in the next proposition.
Proof of (i)

With a fixed w € Q, let D(w) be a random set from the class DR with radius rp(w), i.e. rp(w) :=
sup{|x|mz : * € D(w)}.

For given s < 0 and x € H, let v be the solution of (3.21) on time interval [s,c0) with the initial
condition v(s) = x — z(s). By applying (4.8) with t = 0,7 = s < 0, we get

) ) 27c* [° A
IVO)IIF < 2[x|IFexp { vA1s + T3 [ ll2(r)llLs dr (4.14)
27Cc* [°
+2||z(s)||* exp (V/\18+ 161/3/3 |z(r)|| s dr)
3 [° 27t [0
+*/ {le@®IR + IEI3} exp (VMHB/ 1(r)|Iia d?“) dt. (4.15)
v/ 16v° J,
Set, for w € €,
27C* [°
r(w)? = 2+sup{2||z(s)||2 exp <1/)\13 + 73/ ||z(r)||fi4 dr)
s<0 16v3 J,
3 /0 2704 [0
2 [ a0k iR e (e 55 [Calitear) ath, o)
s t
and
ri2(w) = [|z(0) ()] u- (4.17)

Using Lemma 4.10 and Proposition 4.12 we conclude that both r1; and r15 belong to SR and that
r13 := 711 + 12 belongs to MR as well. Therefore, the random set B defined by B(w) := {u € H : |ju| <
r13(w)} belongs to the family DMR.

Now we will show that B absorbs D. Let w € Q be fixed. Since rp € R there exists tp(w) > 0, such
that

27C*

0
rp(9_w)*exp (y)\lt + 1673/ 2(w)(s)]|1 d5> <1, fort > tp(w).
ve e

Thus, if x € D(Y_sw) and s > tp(w), then by (4.14), ||v(0, s;w,x — z(s))|| < r11(w). Thus we infer that
[[a(0, 53w, %) [| < [[v(0, 550, % — 2(5))[| + [|2(0)(W)[| < r15(w).

In other words, u(0, s;w,x) € B(w), for all s > tp(w). This proves that B absorbs D. O

Proposition 4.15. Assume that for each random set D belonging to DR, there exists a random set B
belonging to ®R such that B absorbs D. Then the RDS ¢ is ®R-asymptotically compact.

The proof of the proposition is adapted from [8], in which a RDS generated by NSEs on some 2-
dimensional unbounded domain was considered. The proposition generalises the asymptotically compact-
ness of the RDS in [10, Proposition 8.1] to the DM- asymptotically compactness of the RDS.
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Proof. Suppose that B is a closed random set from the class DR and K € DR is a close random set
which absorbs B. We fix w € . Let us take an increasing sequence of positive numbers (¢,,)5 ; such that
t, — oo and an H-valued sequence (x, ), such that x,, € B(¥d_¢, w), for all n € N.

Step I. Reduction. Since K (w) absorbs B, for n € N sufficiently large, ¢(t,,9_;,w)B C K(w). Since
K (w) is closed and bounded, and hence weakly compact, without loss of generality we may assume that
o(ty, 9y, w)B C K(w) for all n € N and, for some y, € K(w),

O(tn, V¢, W)X, —yo weakly in H. (4.18)
Since z(0) € H, we also have
O(tn,V_t, W)X, —z(0) = yo —2(0) weakly in H.

In particular,

Iyo — 2(0)] < limint (. 9, w)x, —=z(0)]. (4.19)
We claim that it is enough to prove that for some subsequence {n’} C N
Iyo — 2(0)[| = limsup [[p(tn, 0, w)xn — 2(0)]. (4.20)
n’—oo

Indeed, since H is a Hilbert space, (4.19) in conjunction with (4.20) imply that
O(tn, ¥t W)X, —z(0) = yo —z(0) strongly in H
which implies that
O(tn, ¥, W)X, — yo strongly in H.

Therefore, in order to show that {¢(t,,_t, w)xy}, is relatively compact in H we need to prove that
(4.20) holds true.

Step II. Construction of a negative trajectory, i.e. a sequence (yn)
and yr = ¢(k — n, 9w)yn, n < k <O0.
Since K(¥_jw) absorbs B, there exists a constant Nj(w) € N, such that

{(p(*l + tn,ﬂl_tnﬂ_lw)xn n > Nl(w)} C K(ﬂ_lw).
Hence we can find a subsequence {n'} C Nand y_; € K(¢¥_1w) such that
o(=1+ty, 0 ,w)xp —y_1 weakly in H. (4.21)

such that y,, € K(J,w),n € Z~,

n—=—oo

We observe that the cocycle property, with £t = 1, s = t,» — 1, and w being replaced by ¥_; ,w, reads as
follows:
O(tn, V¢ ,w) = o1, 9 _1w)p(—=1 +t,, Y ,w).

Hence, by the last part of Theorem 3.13, from (4.18) and (4.21) we infer that ¢(1,9_1w)y_1 = yo. By
induction, for each k = 1,2,..., we can construct a subsequence {n®} ¢ {n*~V} and y_;, € K(9_,w),
such that ¢(1,9_jw)y_r = y—r+1 and

o(—k + tn(k)719_tn(k)(U)Xn(k) —y_r weakly in H, as n®) = oo (4.22)
As above, the cocycle property with ¢t = k, s = t,,» and w being replaced by 197%(;“)“} yields
cp(tn(m,ﬂ_tn(k)w) = @(k,9_pw)p(t,w — k,0_¢ (%) w), keN (4.23)
Hence, from (4.22) and by applying the last part of Theorem 3.13, we get
Yo =w— lim Ptnr, V-t w)Xp0h)
=w-— (grg Pk, I pw) ot — K, 0y w)Xpm (424
= ok, 0pw)(w = Iim o(tnm =kt @) Xnm)

= @k, V_rw)y_s,
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where w-lim denotes the limit in the weak topology on H. The same proof yields a more general property

OV pw)y—k =y-ry; f0<)<E.

Before continuing with the proof, let us point out that (4.24) means precisely that yg = u(0, —k;w

Y_k), where u is defined in (4.6).
Step III. Proof of (4.20). From now on, unless explicitly stated, we fix k € N, and we will consider problem
(3.19) on the time interval [—k,0]. From (4.6) and (4.23), with t = 0 and s = —k, we have

o (tni, 9=ty ) Xnwr — 2(0)]I?
= [lp(k, 9 4w) (b = k0 —s @)X — 2(0)]| (4.25)
= V0, =k; w0, p(tum — k0 w)Xpm — 2(=F))[|.

[k, 00) with z = z,(-,w) and the initial condition at time —k

Let v be the solution to (3.21) o
z(—k). In other words,

v(=k) = o(thm — kD w)Xpm —
V(S) = V( k w 30( n(k) — k‘,’lg_tn(k) W)Xn(k) —Z

) with ¢ = 0 and 7 = —k we infer that
I = e Ellp(tnm — k-t w)xpm — 2(=k)|?
(4.26)

(£,v(s)) — [V(s)]*)ds.

From (4.25) and (4.8
lo(tnm V-t w)%pm —2(0)

2 / Ok M3 (b(v(s),2(s), v(s)) + (g(5), v(5) +

It is enough to find a nonnegative function h € L'(—o0,0) such that

—k
0)[? < / h(s)ds + lyo — z(0)|” (4.27)

lim sup ||<,0( nk)s Ut (k) ) Xpk) — 2

nk) Soo
For, if we define the diagonal process (m; )J 1 by m; = j), j €N, then for each k € N, the sequence
t'm )ij -

(mJ) °, s a subsequence of the sequence (n*)) and hence by (4.27), limsup; [|¢(tp,,,9—
0)]]? < f s)ds + ||yo — z(0)||?. Taking the & — oo limit in the last inequality we infer that

lim sup || (tm, , V-, @)%m, = 2(0)|* < [lyo — 2(0)|,
J

which proves claim (4.20).
Step IV. Proof of (4.27). We begin with estimating the first term on the RHS of (4.26). If —t,x) < —k

then by (4.6) and (4.8) we infer that
l(tnw) = kDt @)X — 2(=F)|?

= ||V(—k7—tn<k>;19—kW,Xn<k> - Z(

< ek {Hxn(’“) — z(—t,m)[|* exp <V)‘1(tn(k) —k)+ 5.8

b)) [Pem M

—k
+2 [ lg@ IR+ gl exp (—m(—k )+
(4.28)

—t.0

3
<2, + 211, + ;III ) + IV (k)

where
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27C*
Ly = [[%00 [|* exp <_V)‘1tn(k) + 167 / ||Z(5)|fi4d5>
—t, (k)

27C*
11,00 = ||2(t,m)|1* exp <V>\1tn<k> +— / ||Z(8)||ﬁ4d5>
=, ()

1603
—k 704
I11, k) :/ lg(s)|Z exp | —vAis + 160 3/ I2(¢)|IfdC
k)
—k 4
27C
W= [ 6o ( s+ 20 [ |z<<>||ﬁ4d<>
—t, (k)
First we will find a nonnegative function h € L'(—o0,0) such that
—k
limsup [[p(t, 0 — b, V¢, @)Xy 00) — z(—k)|?e "Mk < / h(s)ds, keN.
n(k’)—m)o " —0o0

This will be accomplished as soon as we prove the following four lemmas.
Lemma 4.16. lim sup,,x) oo L,») = 0.

Lemma 4.17. limsup,,t) oo L1, = 0.

Lemma 4.18. f lg(s)||% exp (71/)\15 + 212(53 f l|z( ||L4dC) < 0.
Lemma 4.19. fi)oo exp (—1/)\15 + 217653 f l|z( ||L4dC)

JMFM

(4.29)

Proof of Lemma 4.16. We recall that for a@ € N, z(t) = z,(t), t € R, being the Ornstein—Uhlenbeck

process from Sect. 3.2, one has

8V4)\1
El2(0) | = Blza ()% < Socar-
Let us recall that the space Q(§ , E') was constructed in such a way that
lim — /_k 2a(3) |4 ds = E|l2(0)]% < oo
n(k) o0 —k — ( tn(k)) t ¢ X N X '

n(k)

Therefore, since the embedding X < L*(S?) is a contraction, we have for n%) sufficiently large,
27C* /k 4 v

— |Zo (s)|[fads < —(tpm — k).

1602 Jy 0 2

Since the set B is bounded in H, there exists p; > 0 such that for all n(®), ||x,, | < p1. Hence

n0) oo 1603 209 o0

2704 v
lim sup ||%,,x ||* exp (—u)\ltnoc) +— / |z(8)||fi4ds> < lim sup p%e_%(tn(m—k) =0
)

Proof of Lemma 4.19. We denote by

27C*
p(s) =vAhis+ ——= 1603 || (s) s

(4.30)

(4.31)

As in the proof of Lemma 4.16 we have, for s < sg, p(s) < ”Al s. Hence f e’ ds < oo, as required. [
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Proof of Lemma 4.17. Because of (3.9), we can find p > 0 and sy < 0, such that,

- (||Z|(8|)|7 lZ(r)IHV/’ Z(|8)|||1L4> < pa, fors < s (4.32)
5 5 s

Hence by (4.30) we infer that

. ) -k 27C* A
lim sup [|z(—t,,x)[|” exp / (=vh + g llz(s)llLa)ds

n(k) oo =t (k)
—t. (k 2 v
< lim sup M limsup |t [2e™ 2 (Law =F) < 0, (4.33)
S NS | 0] (S S
This concludes the proof of Lemma 4.17. ]

Proof of Lemma 4.18. Since ||g(s)||3, = ||az(s)+2B(z(s))||? < 2a?|z(s)|3, +2C||z(s) |}, we only need
to show that the integrals

0 27C* [°
[ tetoiteesp (s + 555 [ eac) a

and
0 271C* [°
[ a6l (i 325 [ ot ) as
are finite.

It is enough to consider the case of ||z(s)||{. since the proof will be similar for the remaining case.
Reasoning as in (4.30), we can find to > 0 such that for ¢ > o,

~to 2704 v
/_t (—l/>\1 + 613 Z(C)”]i:;) dC < _T(t - to).

Taking into account the inequality (4.32), we have ||z(t)|| < p2(1 + |t]), t € R. Therefore, with p3 :=
exp( [, (~vA1 + 2S5 |l2(Q)II£)dC, we have

~to 0 2704
/ 12(s) {4 exp (/ (VA1 + 16V3IZ(C)||ft4)d<> ds

— 00

—to —to 4
=i | |z<s>||ﬁ4exp(/ (v + 2 ||z<<>||ﬁ4>d<)ds

oo 1613

to
Spgpsel/)\lto/z\/ |S|4€V>\18/2d8<00.
— 00

By the continuity of all relevant functions, we can let t5 — 0 to get the result. (I

Therefore, the proof of (4.29) is concluded, and it only remains to finish the proof of (4.27). Let us
denote by

Vo (8) = v(s, —kjw, p(t,m — k719,tn(k>w)xn<k> —z(—k)), s€(—k,0),
vi(s) =v(s, —kjw,y_r —2(—k)), s€ (—k,0).
From (4.22) and the last part of Theorem 3.13 we infer that

Voo — Vi weakly in L?(—k,0; V). (4.34)
Since e**'g, e’ ' f € L2(—k,0; V'), we get
0 0
[ e eds = [ e glo) vals)ds (435)
nF) —oo J_f —k
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and
0 0

(li)m "M v a0 (s))ds = / e’ 13 (f v (s))ds. (4.36)
n{k)—oo J_f —k
On the other hand, using the same methods as those in the proof of Theorem 3.12, there exists a
subsequence of {v, &) }, which, for the sake of simplicity of notation, is denoted as the old one which
satisfies
v, — Vi strongly in L*(—k,0; L2 .(S?)). (4.37)

loc

Next, since z(t) is an L*-valued process, so is e’ 1?z(t). Thus by [9, Corollary 4.1], (4.34) and (4.37),
we infer that

0
lim " MEb(v 0 (8), 2(8), Vi (8))ds
n(k) 00 —k
! (4.38)
_ / (v (s), 7(5), vi(s))ds.
—k
Moreover, since the norms [-] and || - ||y are equivalent on V', and since for any s € (—k, 0], e7***1 <

erhs <1, (LOk e’*19[2ds)'/? is a norm in L?(—k,0;V) equivalent to the standard one. Hence, from
(4.34) we obtain,

0 0
e’ 5[vi(s))2ds < liminf e’ M3[v o (8)])2ds.
[vi(s)]"ds < (o ()
k

nk) —oco J_
In other words,
0 0
lim sup (—/ e”’\ls[vn<k>(s)]2ds> < —/ e’ 15 [v,(s)]?ds. (4.39)
n() oo —k —k
From (4.26), (4.29), (4.38) and (4.39) we infer that

L sup [|@(tnm, -t 4 @)X — 2(0)]|

nk) 0o
—k 0
g[mmgm+gﬁjﬂﬁwwuﬁdﬁwdm
+(g(8), vie(s)) + (£, vi(s)) — [vi(s)]? }ds (4.40)

On the other hand, from (4.24) and (4.8), we have
Iyo = 2(0)II* = llp(k, V-rw)yr — 2(0)|* = [v(0, =k;w, y& — 2(~k))|*
= llyr — 2(=k)|Pe™ " + Q/Ok e 1= {(g(s), v (s))
+b(vi(s),z(s),vi(s)) + (£, vi(s)) — [vi(s)]* }ds. (4.41)
Hence, by combining (4.40) with (4.41), we get

h(Hi sSup ||90(tn(’€) ) ﬁftn(k)w)xn("‘) - Z(O)H2
n(k) — oo
—k
< / h(s)ds + |lyo — 2(0)> — llyx — z(—k) [ %"

—k
g[lmm+WrﬂW{

which proves (4.27), and hence the proof of Proposition 4.15 is finished. O
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5. Invariant Measure

In this section we consider the existence of an invariant measure. The main result in this section, i.e.
Theorem 5.2 is a direct consequence of Corollary 4.4 [16] and Theorem 4.14 from the present paper about
the existence of an attractor for the RDS generated by the stochastic Navier—Stokes equations (3.19).

Let ¢ be the RDS corresponding to the SNSEs (3.19) which has been defined in (4.4). We define the
transition operator P; by a standard formula. For g € B,(H), we put

Pug(x) = / 9t w, )] dP(w), x € . (5.1)

As in [10, Proposition 3.8] we have the following result whose proof is simply a repetition of the proof
from [10]

Proposition 5.1. The family (P,)i>o is Feller, i.e. P.g € Cy(H) if g € Cy(H). Moreover, for any g €
Co(X), Prg(x) — g(x) as t \, 0.

Following [16] one can prove that ¢ is a Markov RDS, i.e. P, = P.P; for all ¢,s > 0. Hence by [10,
Corollary 3.10] which says that a time-continuous and continuous asymptotically compact, Markov RDS
¢ admits a Feller invariant probability measure p, i.e. a Borel probability measure p

Piu=p, t>0, (5.2)

where
Piu®) = [ Pia.T)pde). T € B,

and Pj(z,-) is the transition probability, P;(z,T') = P1r(z), z € H.
A Feller invariant probability measure for a Markov RDS ¢ on H is, by definition, an invariant probability
measure for the semigroup (P;);>o defined by (5.1). Therefore, we obtain the following result.

Theorem 5.2. There exists an invariant measure for the stochastic NSE (3.19).

Remark 5.3. We believe that the uniqueness of an invariant measure for nondegenerate noise will follow
from the classical procedure based on Doob’s Theorem, see e.g. Seidler’s paper [38] and references therein.
If the noise is degenerate and spatially smooth, it seems that the results from a recent paper by Hairer
and Mattingly [29] should be applicable in our setting. In particular, [29, Theorem 8.4], which gives
a sufficient conditions for uniqueness in terms of controllability, should be applicable. Details will be
published elsewhere. One should point out that these authors use the “vorticity” formulation and their
initial data belongs to the L? space. This corresponds to our approach with the initial data belonging
to the finite enstrophy space H'. However, we work in the space of finite energy, which seems to be
physically more natural. On the other hand, verifying the sufficient conditions could be more challenging.
For the NSE without the Coriolis force this problems has been investigated in [1]. Corresponding NSE
with the Coriolis force study is postponed till the next publication.
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