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Quality parameters analysis of optical imaging
systems with enhanced focal depth
using the Wigner distribution function
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An analysis of the Strehl ratio and the optical transfer function as imaging quality parameters of optical ele-
ments with enhanced focal length is carried out by employing the Wigner distribution function. To this end,

we use four different pupil functions:

a full circular aperture, a hyper-Gaussian aperture, a quartic phase

plate, and a logarithmic phase mask. A comparison is performed between the quality parameters and test
images formed by these pupil functions at different defocus distances. © 2000 Optical Society of America

[S0740-3232(00)00605-0]
OCIS codes: 100.5070, 110.4850, 110.5100.

1. INTRODUCTION

In recent years several types of optical elements that give
rise to well-focused energy distributions along three-
dimensional paths have been extensively reported in the
literature (see, e.g., Ref. 1). Annular-type apertures act-
ing as apodizers to improve the quality of the point-
spread function (PSF) and to increase the focal depth
have been studied.?® However, the main drawback of
all these methods arises from the fact that both the spa-
tial resolution and the optical power decrease at the im-
age plane. An alternative way to achieve an extended
depth of field without using apodizers was reported by
Hiusler® for the case in which focusing can be varied
through the image-forming process. In this way, the im-
age field is adequately scanned to produce a well-focused
PSF at each image point. Another type of optical system
that allows the concentration of energy in a segment of
the optical axis is the so-called axilens; such lenses have
an associated focal length that varies with the radial co-
ordinate, so their phase retardation functions differ from
those of the conventional quadratic phase expo-
nential.’%!!  Therefore, if these phase masks are em-
ployed as pupil functions of an imaging optical system, al-
though there is no decrease in the image intensity the re-
sulting PSF becomes relatively broad.

To evaluate the image quality originated by an optical
system with a required focal depth, it seems adequate to
use different parameters: for example, the Strehl ratio!?
(SR), which gives information about the energy concen-
tration along the optical axis, and the optical transfer
function (OTF), which shows the behavior of the optical
system for varying spatial frequencies.”® There are sev-
eral criteria for specifying the tolerance of an optical sys-
tem to aberrations or focus error, for example, Rayleigh’s
criterion,'* and Marechal’s treatment of tolerances.’® In
all these criteria the on-axis image irradiance is the rel-
evant quantity. Hopkins'®'” has shown that it is pos-
sible to extend Marechal’s treatment by employing OTF
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theory to give a tolerance criterion. This method is quite
suitable as a merit function in automatic optical design.

The relationships between these image quality criteria
and the phase-space representations, namely, the Wigner
distribution function’®’ (WDF) and the ambiguity
function,?® (AF) were employed in several studies to ana-
lyze the performance of an optical system with respect to
different aberrations and defocus.?1-26 ‘

In a previous paper?’ we proposed a method for obtain-
ing phase retardation functions that give rise to an in-
crease in the image focal depth. To this end, the WDF of
a certain aperture with small depth of focus in the image
space is sheared in the phase-space domain to originate a
new WDF from which its related phase pupil gives rise to
a more uniform on-axis image irradiance. In this way, a
new phase pupil function with a good performance with
respect to defocus, is obtained. A lens axicon with a simi-
lar phase function was also proposed by Jaroszewicz and
Morales,?® with use of geometrical optics.

In the present paper we first briefly describe the phase-
space formalism and its relationships to different image-
quality parameters. In particular, an expression of the
SR as a function of the WDF of a bidimensional radially
symmetric aperture is obtained for any out-of-focus plane.
Then we extend the approach to analyze the relationship
between the OTF of this kind of pupil function and the re-
lated WDF. We apply this analysis to study the behavior
of different phase and amplitude pupil functions™! at
various defocus distances.

2. WIGNER DISTRIBUTION FUNCTION:
DEFINITIONS AND BASIC RELATIONSHIPS
For a two-dimensional complex-valued function g(x, y),
its associated WDF phase-space representation can be al-
ternatively defined from the function itself or from its
spectrum G(v, M) as
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respectively. From Eq. (1) it can be deduced that this for-
malism emphasizes equally the role of the spatial and the
spatial-frequency coordinates. This feature makes these
distributions especially suitable for describing the behav-
ior of optical imaging systems. Among several properties
of these distributions, those that are relevant for analyz-
ing image-quality parameters are the following:

Wz(xy y; v, l‘l’) = Wo(x - )‘ZV’ y - )\ZIL; v, /-"), (2)
I(x, y; z) = ff W.(x, y; v, p)dvdy, 3
vl
t = —, =3 ¥
(x,y) t*(0,0) - t 2727 v, B
X exp[27i(vx + py)]dvdu. (4)

Equation (2) states that, under free-space propagation in
the Fresnel diffraction region, the WDF associated with
the light field is sheared in the phase space only along the
spatial coordinates. In Eq. (3) the intensity distribution
at a certain plane is found by projecting the WDF onto the
spatial-frequency plane. The Fourier transform in Eq.
(4) allows recovery of the signal from the WDF.

3. IMAGE-QUALITY PARAMETERS AND
THE WIGNER DISTRIBUTION

FUNCTION: BASIC THEORY

Let us consider an optical imaging system that can be de-
scribed by the amplitude PSF. At the image plane (z
0), the PSF is given through a Fourier transform re-
lationship

A T
plx,y;z = 0) = —exp|i —(x% + y?)

N A
27
X jfmt(g,'r))exp _)\_f(xg + yﬂ)]
X dédy, (5)

where A is the constant incident amplitude, f is the focal
length, and ¢(£,7) is the complex-amplitude transmit-
tance associated with the exit pupil. By taking into ac-
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count the WDF definition as given by Eq. (1) and replac-

ing p(x, y), as given by Eq. (5), we find the WDF at the

image plane to be

g
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where W,(x, y; v, ) is the WDF of the pupil function
t(¢,7). Accordingly, with Egs. (2) and (3), the intensity
at a defocused plane (z # 0) can be found as

I(x, y; z) = J'r Wix — Azv, y — Azp; v, p)dvdu

= (Xf)zfr dvduW,
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From Eq. (7), the Strehl ratio versus defocus S(z) can be
easily derived as
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where ¢; = (=z/f)v, {3 = (—z/f)u are redefined spatial

frequencies, and K = (Af%*/za)?, a being the pupil area.
Thus, the behavior of the optical imaging system can be
visualized through the spatial variation of the function
S(z), which in turn is obtained from the summation of
the values of W,(x, y; v, ) along different lines in the
phase space. However, although Eq. (8) provides a com-
plete description of the SR for any plane z # 0, it involves
the manipulation of a function defined in a four-
dimensional phase space. If we restrict the analysis to
radially symmetric apertures, i.e., t(£,7) = t(p), where
p = (& + 7?)V2, then the information content of the
phase space (x, y; {1, {3) [from which the SR, S(z), is
obtained] can be displayed in a modified two-dimensional
phase space (x, {). To this end, we rewrite the intensity
in the neighborhood of the image plane as

I(x, y; 2) = | p(x, y; 2| ©)

Then, since the analysis is restricted to radially symmet-
ric apertures, the on-axis intensity is

27 (= (iwz 2' tod
fo L t(p)exp )\—fzp )p pd¢

We now employ the change of variable p = p({), previ-
ously introduced in Ref. 7, which transforms any two-
dimensional radially symmetric aperture ¢(p), defined for
0 < p < p,, into a modified one-dimensional pupil func-
tion g(¢) that is different from zero only in the interval
=1/2 < ¢ < 1/2; that is,

—| =i+ -
Po 2

Then the on-axis intensity becomes

2
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By means of the WDF defined for one-dimensional func-
tions, the SR can be rewritten as

p
W,
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Therefore the SR for radially symmetric apertures can be
obtained, for any out-of-focus plane, from a proper
spatial-frequency projection of the WDF defined in the
two-dimensional phase space that is associated with the
transformed pupil function q(¢).

As presented by us in Ref. 27, it is possible to obtain
phase retardation functions that give rise to an increase
in the image focal depth. To this end, the WDF of a cer-
tain aperture #4(p), which has an associated small depth
of focus in the image space, is transformed through the
change of variables in Eq. (11) into a one-dimensional ap-
erture g((¢) that is conveniently sheared by an amount «
in the phase-space domain as follows:

)d{. (13)

2
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In this way, high-value portions of the original WDF
translate toward previously low-value regions, thus pro-
ducing a compensation effect that smooths the variation
of the ¢ slices of the WDF from which the axial intensity is
achieved. Therefore when this new WDF is introduced
into the expression of the SR [Eq. (13)], a more uniform
on-axis image irradiance can be accomplished. In Ref. 27
we apply this method to a uniform aperture: ¢y(p)
cire(p/pg), which was selected because of its simplicity
and energy considerations. The enhanced depth-of-focus
pupil function that we obtained was
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Through the change of variables introduced by Eq. (11),
the original pupil function ¢4(p) can be expressed as
qo(&) = rect({). Then, when we take into account Eq.
(14), the WDF of the transformed pupil function q(¢),
which originates high focal depth, becomes
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In order to characterize a certain amount of defocus Az
where the optical imaging system produces a rather uni-
form S(z), we restrict the WDF as given by Eq. (16) to
take the phase-space values that satisfy
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It can be seen that W, (zpo22Nf2; ¢ =-zpy2/2\af?) is null
for { = 1/2. Hence for { =-1/2 the maximum value of the
depth of focus is obtained, i.e. Az = 2z_,,, where

(19)

In this way, if a pupil function with a certain depth of fo-
cus is required for a given optical system, it is possible to
achieve it by a proper shear in the phase-space domain
[by applying Eq. (19)]. It is important to note that this
procedure is more general than the scheme expressed by
Eqgs. (14)—(19), as one can apply it to any other pupil func-
tion that has a symmetric WDF, in order to derive a new
pupil function that takes into account the original pupil
characteristics but with enhanced depth of focus.

Up to now, we have analyzed the behavior of the pupil
function by taking into account the energy spread along
the optical axis. For this reason, the SR provides an ad-
equate criterion for evaluating the performance of the op-
tical system. However, if we are interested in taking into
account the degradation of the image resolution for in-
creasing amounts of defocus, the OTF becomes a more rel-
evant quality parameter. The OTF would allow a better
understanding of the spatial-frequency performance of a
given pupil function for different defocus values. In the
following, we are interested in linking the OTF with the
WDF that is associated with the pupil function, in a way
that is similar to what we did with the SR. Therefore the
OTF of a radially symmetric pupil with a transmittance
t(p) can be expressed as

f |p(r'; 2)|2Jo(27vr')r'dr’
0

H(v; 2) = ,  (20)

~[ lp(r'; 2 = 0)*r'dr’
0

where p(r'; z) is the PSF of the pupil with transmittance
t(p), J, is the Bessel function of zero order and the first
kind, and » means the modulus of the normalized spatial
frequencies. To link this OTF with the WDF of ¢(p), we
first rewrite the squared modulus of the PSF as
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Then, by employing the change of coordinates introduced
in Eq. (11) and replacing Eq. (21) in the expression of the

OTF, we obtain
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where g(¢) is the transformed one-dimensional pupil
function. To link this expression with the WDF of the
transformed pupil we rewrite Eq. (22) as

2
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where { = (¢4 ¢')/2; {' = ¢ = ¢'. From the definition

of the WDF, we found that
H(v; z)
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where
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— — hyper-Gaussian aperture
= -— logarithmic aperture
—— dircular aperture

- - quartic aperture

1 S n

I\ A\/\ i

Normalized Intensity

] 1 T ] ) I T T
60 40 20 0 20 40 60 80 100 120
z (mm)
Fig. 1. Normalized intensity of the hyper-Gaussian pupil aper-
ture, the logarithmic phase mask, the circular pupil function,
and the quartic pupil function for extended depth of focus, Az
= 60 mm.

(d

Fig. 2. Optical transfer function of (a) circular pupil function,
(b) logarithmic pupil function, (¢) quartic pupil function, (d)
hyper-Gaussian pupil function for extended depth of focus, Az
= 60 mm.

27p
G r') = Q(Z)Jo( fo \[Er')- (25)

Every WDF display corresponds to a different 4(¢, r'), as
is expressed in Eq. (25), where J(({; r') acts as a window
function for the transformed pupil function ¢(¢), which is
related to the original two-dimensional pupil function
t(p). Each WDF display shows the behavior of §(¢,v’)
for every z value and for each value of »’, so it would be
necessary to evaluate an infinite number of WDF’s, one
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for each value of »'. On the other hand, if we analyze the
behavior of the transformed pupil function §(¢, v'), we
see that the zeros of the window function Jy(¢; »') are
fixed, so as »’ increases, { decreases; this means that for
large v', ¢({, v') can be approximated by §(¢, v')
~ q(0)Jy(27pyyIv'), and the contribution of the differ-
ent WDF’s to the OTF in Eq. (25) will be the same when
v’ is large enough. In this way, the calculation of
H(v; z) is greatly simplified.

It can be seen from Eq. (24) that, in a way similar to
what was previously done for the case of the SR, the WDF
associated with a one-dimensional modified pupil function
provides information about the behavior of the OTF ver-
sus defocus. For diverse pupil functions ¢(p), we obtain
different 4(¢, rg), where ry is a fixed value of the variable
r' that is selected according to the spatial-frequency band
to be tested. Then the corresponding WDF’s defined in
the two-dimensional phase space [x = (po22)/(2f2\), ¢]
are obtained. In this way, the performances of the differ-
ent pupil functions can be compared through the rate of
variation of these displays along the x coordinate. The
tolerance to defocus of the considered pupil functions is
determined in a way similar to that for the analysis of
S(z), since there is a close resemblance between the p ex-
pressions in parentheses in Eqgs. (13) and (24), which
gives the SR.

—— z=0 mm

- z=24.119 mm

OTF(v)

0.0 0.5 1.0

v (normalized units)

(a)

— z=10mm

- z=24.119mm

05
v (normalized units)

()

0.0
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4. RESULTS

To illustrate the present approach we analyze the SR and
the OTF of different pupil functions. We compare the
performance of four apertures: two phase pupil func-
tions, the quartic phase plate introduced in Eq. (15), and
the logarithmic phase mask,!! given by

5z p?
=1, @6
Po

i""Po2
\ oz

p
t(p) = ciIC(—)exp[ ln(fo +
Po!
where 8z is the focal depth; and two amplitude pupil func-
tions, the hyperGaussian proposed by Ojeda-Castaneda

et al.)
p 2 1 2
(2. e
Po

2
and the full circular pupil function. The normalized in-
tensities for the four considered cases are shown in Fig. 1.
The parameters of the pupil functions have been chosen
to give similar depth of focus, and the lower tolerance to
defocus of the full aperture can be seen. The correspond-
ing OTF’s for different values of z are shown in Fig. 2.
For the circular and the logarithmic pupil functions, the
OTF’s dramatically decrease for out-of-focus planes, thus
producing a serious degradation of their imaging capabili-

p
t(p) = circ(—)exp[ —27y|
Po

— z=0 mm

- z=24.119 mm

0.0 0.5 1.0
v (normalized units)
(b)
14 — z=0mm
«-- z=24119mm

0.5
v (normalized units)

(d)

0.0

Fig. 3. Cross sections of the OTF of Fig. 2 for z = 0 mm and z = 24.119 mm. (a) Circular pupil function; some departure from the

expected linear decrease (for z = 0 mm) due to the computational limitations in data sampling can be observed. (b) Logarithmic pupil
function. (c) Quartic pupil function. (d) Hyper-Gaussian pupil function.
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Fig. 4.

pupil function for z = 24.119 mm, (d) hyper-Gaussian pupil function for z

ties. The OTF associated with the hyper-Gaussian pupil
function shows a smoother decrease than the correspond-
ing quartic aperture, but both of them produce better im-
age quality than the circular and the logarithmic pupil
functions. This fact can also be appreciated from Fig. 3.
The OTF’s associated with the quartic and hyper-
Gaussian apertures for z = O mm and z = 24.199 mm
show a better performance than for the other two pupils.
For the quartic pupil function it can be seen that the cross
section of the OTF presents spatial-frequency zones with
better image resolution.

In Fig. 4 we compare the performance of the quartic
and the hyper-gaussian pupil functions through the simu-
lated images of a test chart for the best in-focus plane (2
10 mm for the quartic pupil and z = 0 mm for the
hyper-Gaussian pupil function), and for extreme defocus
z = 24119 mm. While for in-focus value the quartic and
the hyper-Gaussian pupils present similar resolutions, for
extreme depth of focus the quartic pupil has a better be-
havior than the hyper-Gaussian.

400

(d)

Images of a test chart with (a) quartic pupil function for z = 10 mm, (b) hyper-Gaussian pupil function for z =-0 mm, (c) quartic
24.119 mm.

5. CONCLUSIONS

In the present paper we studied the SR and the OTF of
different phase and amplitude pupil functions for varying
defocus. We have linked these quality parameters with
the WDF of these pupils. In this way, the SR could be
visualized in a single phase-space representation of a one-
dimensional modified pupil function. In another proce-
dure, the OTF was analyzed by examination of the differ-
ent WDF at various defocus distances. From these
displays we obtained information directly about the be-
havior of the OTF criterion and the SR to analyze the im-
age quality produced by four pupil functions with good
tolerance to defocus. These relations between the quality
parameters and the WDF have important implications in
the design of optical imaging systems. Although the ex-
pression obtained for the OTF is more difficult to analyze
than the equivalent expression for the SR, the present ap-
proach reduces calculation time.

Address correspondence to D. Zalvidea at the address
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