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of the system. Z0 and Zq denote the distance from 
the diffuser to the lens and from the lens to the image 
plane, respectively. Let us introduce an experimental 
result to provide a basis for our theoretical approach. 
In Fig. 1(a) a magnified speckle pattern obtained in the 
X-Y  plane is shown. The image is generated by use 
of a double-aperture pupil with circular holes of diame-
ter D  4.8 mm and separated a distance d  9.2 mm. 
The parameters are A  514 nm, Zq  138 mm, and 
Zc — 382 mm.

Let us analyze theoretically the amplitude distri
bution in the image plane. The speckle image field

Fig. 1. (a) Experimental modulated speckle pattern. 
Theoretically modulated speckle pattern obtained by use 
of (b) geometrical image approximation and (c) local phase 
approximation.
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Computational developments over the past few years 
offer new possibilities for the random-walk model. 
This model allows a physical magnitude to be de-
scribed as a finite sum of random phasors and is 
usually utilized to describe several effects involved 
in the propagation of electromagnetic waves.1 As is 
well known, speckles are generated when multiple 
sources of interference scatter from a diffusing object 
illuminated by coherent light.2 Then the diffuser can 
be assumed to be an ensemble of scattering elements 
with any distribution of shape, position, and phase. 
In speckle applications a continuous model for the 
speckle field is used, thereby restricting the results 
to mean values. We believe that the random-walk 
model could help in understanding and lead to a 
further analysis of the phenomenon based on a 
point-by-point approach. In particular, we propose 
using the random-walk model to revise the analysis of 
the modulated speckle pattern that appears in several 
metrological applications.3,4 The speckle simulation 
can be used to test the geometrical image approxima-
tion and to verify its validity. In particular, we find 
that the approximation fails to describe thoroughly 
the modulated speckle pattern. Therefore we propose 
a new approach to analyzing this phenomenon.

In the proposed experimental setup a laser beam of 
wavelength A impinges on the diffuser (x-y plane). An 
image of the diffuser is formed in the X-Y  plane by use 
of a lens of focal length f . A pupil mask with several 
identical apertures (where h  1 ,2 ,..., n) is located 
immediately in front of the lens. There is no overlap 
between two different apertures belonging to the same 
pupil. Note that the line that joins a particular aper
ture center and the point that results from the inter
section between the optical axis of the imaging system 
and the pupil mask plane forms an angle «a with the 
horizontal axis (u axis). Also, the center of the aper
ture an is located at a distance dh from the optical axis
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To generalize, let us consider a multiple aperture 
arrangement. In this case the pupil function in 
Eq. (1) consists of a sum over all the apertures; that 
is, P(u,v)  Ylh=\ah{u ~ dh cos ah,v -  dh sin ah). 
Let us replace the explicit pupil function in Eq. (1) 
and introduce a variable change Uh  u — dh cos ah 
and Vh = v — dh sin ah for each aperture. Besides, by 
considering the well-known paraxial approximations 
(Z0 »  dh,uh, vh and Zc »  dh, uh, vh), we get

the approximations concerning the second square 
term6 detailed above are taken into account. In this 
case, by neglecting the phase terms that go out of the 
integrals and sums, the amplitude field becomes

(4)

Let us evaluate the intensity. A double-aperture 
pupil system is considered. Both apertures are iden
tical and are separated by a distance d symmetrically 
with respect to the optical axis. The line joining the 
apertures is horizontal. Therefore the value of the 
angle ah that corresponds to each aperture is ui  0 
and «2  v,  respectively. In this case the intensity 
can be written as

Note that Eq. (2) explicitly shows the coordinate sys-
tem variable associated with each aperture. At this 
point it is important to analyze the square phase terms 
in Eq. (2). The term exp{ jk[{dh sin ah — Y)2 + 
{dh cos ah — X)2)/2Zc) is relevant because it depends 
on the summation index. In a previous paper, when a 
single aperture pupil was considered, this term went 
out of the integral and vanished if the intensity evalu
ation was done. The second square term to be ana
lyzed is exp{~jk[{dh sin ah — y)2 + {dh cos ah — 
x )2]}/2Zq. In previous studies,6 for instance, this 
term was disregarded because a geometrical image 
approximation was done. In this approach the light 
amplitude at coordinates {X, Y) must consist of contri-
butions from a tiny region of the object space, centered 
at the ideal geometrical object point. If within that 
tiny region the argument of exp[jk{x2 + y2)/2Zo] 
changes by no more than a fraction of a radian, then 
the approximation x = X / M  and y = Y/ M,  where M  is 
the image magnification, is used. The random walk 
model is an adequate tool7 for obtaining an explicit 
expression of the amplitude field. In this model the 
speckle field U0{x,y)  = X? i Uq{x, y)exp{j(f>q) consists 
of a sum of r discrete field amplitudes Uq{x,y) with 
phase <f>q, which contribute to the image speckle field 
formation. These discrete field components are small 
spots with random amplitude, phase, and position 
(xqtyq).

At this point, to evaluate the image field, the 
random-walk model is introduced. In this evaluation

(7)
This theoretical intensity pattern is depicted in 
Fig. 1(b). In this case the same parameters as in 
Fig. 1(a) are employed. In the random-walk model 
the speckle field in the diffuser plane originates from r 
points, each one with associated amplitude, phase, and 
position. In this case the image area is « 0.53 mm2, 
and the area of each speckle is =0.0025 mm2. 
Under this condition approximately 200 speckles are 
necessary to fulfill the corresponding region. Nev-
ertheless, to ensure Gaussian behavior, we include 
600 speckles in our simulations. In the model the 
speckles are uniformly and randomly distributed 
in the x-y plane and have random amplitudes in 
the range [0,1]. Also, to ensure a fully developed 
speckle regime, the phases are assumed randomly 
and uniformly distributed in the range [ 77 , 77-]. It 
should be mentioned that the random values in the 
simulations are obtained by use of the Mathematica 
software package that employs the Marsaglia Zaman 
subtract-with-borrow (SWB) generator.8

It should be noted that the fringe frequency that 
modulates the speckle pattern obtained by use of 
Eq. (7) [Fig. 1(b)] differs from the experimental case

5 0 2

in the X-Y  plane obtained by use of the Rayleigh— 
Sommerfeld expression (see Ref. 5) is given by

where

(3)

(6)
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[Fig. 1(a)]. A simple geometrical analysis shows that 
the spatial frequency for a double-aperture system 
is |K|  kd/Zc• However, from Eq. (7) the spatial 
frequency is |K'|  2kd/Zc, which confirms the dis-
crepancies between the results of Figs. 1(a) and 1(b). 
Also, it is observed that the fringe modulation phase 
in the theoretical pattern does not depend on the 
speckle position. This behavior does not coincide with 
the experimental result. These discrepancies have 
motivated us to make a further analysis. Let us rein
terpret the approximations in the second square term 
exp{ jk[(dh sin ah  y)2 + (dh cos ah  x)2]/2Z0}, 
where now the geometrical image approximation is 
removed.

We have an explicit expression for the field Uq ( x ,  y) — 
Uq(x, y)exp( j This field is discrete and im

plies evaluation of the integration in each spot [see 
Eq. (2)]. Besides, because of its small size, it is valid to 
fix a local phase value by assuming a low-phase varia
tion in it. This local phase implies replacing (x, y) by 
(xg,yq) in the square term mentioned.

The intensity applied to an identical system, as in 
Eq. (7), under the conditions detailed above and ne-
glecting phase terms that go out of the integrals and 
sums yields

the ring slit aperture employed. The dynamic of 
clustering could be analyzed by applying the proposed 
model to an optical system that gradually increases 
the circular symmetry of the pupil apertures. To 
this end, a ring slit pupil aperture can be synthesized 
by circular aperture pairs placed along a diameter of 
the ring. Also, the versatility of the random-walk 
model allows for the simulation of speckle patterns 
with different statistical properties in terms of the 
statistical properties of the diffuser field.

This approach, which yields a more precise descrip-
tion of the speckles’ local behavior, could be useful in 
controlling the diffuser features, for instance, its sta
tistics (fully developed or Gaussian) and surface rough-
ness. Note that in the speckle photography technique 
a Fourier plane analysis of the specklegram is done. 
This approach is basically followed in Ref. 10 and does 
not allow local phase changes due to the presence of 
complex phase objects in the pupil plane to be de-
termined.10 Nevertheless, the information needed to 
determine these local changes is present in the speckle  
gram. In this study a theoretical model that shows 
the local behavior of the modulated fringe distribution 
has been outlined. Let us introduce a complex phase 
object in the pupil plane, and let us suppose that the 
statistics of the diffuser are known. Under these con
ditions that theoretical knowledge allows us to inter
pret and determine the local phase changes introduced 
by the object that have taken place by analyzing the 
modulated fringes in the image plane and comparing 
them with the situation without the phase object. In 
summary, our approach provides a tool for determining 
any local phase change by analyzing the image plane. 
Finally, it is clear that this approach could be applied in 
another range of the electromagnetic spectrum where 
the output of the system is statistically ruled and be-
haves like speckle structures.

By use of Eq. (8) a new theoretical intensity pattern 
is obtained. This result is depicted in Fig. 1(c). The 
same parameters as in Fig. 1(b) are used. It is ap
parent that Figs. 1(a) and 1(c) exhibit similar features. 
Note that the fringe frequency coincides in both figures 
and a local phase behavior as in the experimental case 
is observed in Fig. 1(c).

In this study we demonstrate that by use of the 
random-walk model and with a new approach for the 
optical model, it is possible to simulate modulated 
speckle patterns whose behavior coincides with the 
experimental results. The analysis is general and 
could be applied to more complex aperture pupils. In 
Ref. 9 a peculiar type of speckle pattern was reported. 
These speckles present a clustering appearance 
consisting of many chains of speckle grains. This 
feature is attributed to the circular symmetry of
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