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SOLITONS AND SCATTERING FOR THE CUBIC-QUINTIC
NONLINEAR SCHRODINGER EQUATION ON R?

ROWAN KILLIP, TADAHIRO OH, OANA POCOVNICU, AND MONICA VISAN

ABSTRACT. We consider the cubic-quintic nonlinear Schrédinger equation:
0w = —Au — |ul?u + |u|*u.

In the first part of the paper, we analyze the one-parameter family of
ground-state solitons associated to this equation with particular attention to
the shape of the associated mass/energy curve. Additionally, we are able to
characterize the kernel of the linearized operator about such solitons and to
demonstrate that they occur as optimizers for a one-parameter family of in-
equalities of Gagliardo—Nirenberg type. Building on this work, in the latter
part of the paper we prove that scattering holds for solutions belonging to
the region R of the mass/energy plane where the virial is positive. We show
this region is partially bounded by solitons but also by rescalings of solitons
(which are not soliton solutions in their own right). The discovery of rescaled
solitons in this context is new and highlights an unexpected limitation of any
virial-based methodology.
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1. INTRODUCTION

In this paper, we consider the Cauchy problem for the cubic-quintic nonlinear
Schrédinger equation (NLS) on R3:

(11) i0pu = —Au — |ul?u + |u|*u,
' u(0) = up € H'(R?),

which arises as the natural Hamiltonian evolution associated to the energy
(1.2) B(u) = / L1vaf? = Ll + Ljuf® da.
R3

Here u(t, z) is a complex-valued function of (¢,z) € R x R3.

This model appears in numerous problems in physics, including field theory,
nonlinear optics, the mean-field theory of superconductivity, Langmuir waves in
plasma physics, and the motion of Bose-Einstein condensates; see, for example,
[4, 13, 201 27, 28], B3], 611, [62], 54, [70], [7'7]. This ubiquity is strongly connected to the
particular signs appearing in and . As we hope to convince the reader,
the combination of focusing cubic nonlinearity and defocusing quintic nonlinearity
is physically very natural and leads to interesting mathematics.

For systems at low densities, nonlinear effects should be weak and hence it is
natural to perform a Taylor expansion on the associated part of the energy and
keep only the lowest nonlinear term. This produces the cubic term in , at
least in a gauge invariant setting. Such a term with a positive coefficient (i.e., the
defocusing case) represents an inherent repulsion of the constituents of the system
and leads to global solutions that disperse. A mathematically rigorous proof of this
assertion has been available for some time; see, for example, [15].

A cubic term with a negative coefficient (the focusing case) is physically a very
natural scenario. Atoms/molecules do experience an attractive (van der Waals)
force at moderate densities; indeed, such attraction underlies the condensation
of gases into liquids at low temperatures. Similarly, the focusing cubic NLS is
also commonly used to model the self-focusing of laser beams in certain nonlinear
materials.

As might be expected, the three-dimensional focusing cubic NLS has also received
considerable mathematical attention. It was proved in the 1970’s that blowup
occurs for an open set of large initial data; see [34} [72]. For a more up-to-date view
of this phenomenon, see [23], 58] and the references therein.

In the physical systems alluded to above, no true singularity occurs. The very
concentration that mathematics predicts degrades the accuracy of the model; new
physics comes into play, preventing further collapse. From a mathematical point
of view, the simplest way to incorporate such phenomenology is to introduce a
defocusing nonlinearity of the next higher power. A deeper understanding of the
underlying physics is, of course, needed to predict the appropriate coupling con-
stant.
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By making an appropriate choice of units for space, time, and the solution values,
it is possible to scale away any coupling constants in front of the nonlinearities; only
the signs remain. Unlike the case of a single power nonlinearity, this exhausts all
scaling symmetries. Indeed, the dynamics of solutions living at disparate length
scales are inherently different; the amplitude and spatial scale of a solution affects
the relative strengths of the linear dispersion and each of the two nonlinearities.

We will exploit two conservation laws associated to the flow in addition to
the energy , namely, the mass and momentum; these are given by

(1.3) M(u) := /}R3 lul?dz  and P(u) := /R3 2Im(aVu) dz,

respectively. Through the rescaling used to normalize the equation, information
about the relative strength of the two nonlinearities is transfered to the mass and
energy. This behooves us to consider initial data for as broad a mass/energy region
as we are able. In Section |4l we determine precisely which mass/energy pairs are
actually possible; Figure summarizes our results. Ultimately, we would like to
produce a ‘phase diagram’ for , indicating which dynamical behaviours are
possible in which regions of the mass/energy plane. This is the long-term dream
that guides the investigations in this paper.

There is no reason to introduce momentum as a third axis in this phase diagram.
The Galilei symmetry can be exploited to normalize the momentum to zero, while
leaving the mass unchanged and modifying the energy in the obvious manner (see
the proof of Proposition . Indeed, this transformation simply amounts to
passing to the rest frame of the centre of mass.

Much effort has been expended in the development of an analogous phase dia-
gram in the case of a single focusing power nonlinearity. In particular, Nakanishi
and Schlag (see [63], [64]) have given a complete taxonomy of behaviors for the ra-
dial cubic model in a region of the mass/energy plane extending slightly beyond the
ground-state (which is unique up to symmetries). In this model, they show that
ground-state lies on a separatrix between blowup (which is stable) and scattering
to a linear evolution (which is also stable). Underlying much of such investigations
is the fact that the ground state soliton corresponds to a saddle point of the free
energy E(u)+ %M (u) and moreover, as observed first in [7], the virial (see below)
can be used to determine on which side of the saddle a solution lies.

The physical intuition espoused earlier suggests that should have global
solutions. This has been proved rigorously:

Theorem 1.1 (Global well-posedness of cubic-quintic NLS in R3, [76]). The initial
value problem admits a unique global solution u in the class C,H} and the
solution depends continuously (in C,H}) on the initial data ug € H'(R®). Further-
more, the solution obeys conservation of mass, energy, and momentum.

The cited paper presents a proof of uniqueness only within the subclass of so-
lutions that also belong to L}g/,. However, the ideas needed to upgrade this to the
‘unconditional uniqueness’ formulated above appear already in [19]; see also [44]
for an adaptation of the argument to an equation very similar to .

The global well-posedness of cannot be proved by the same simple direct
arguments that apply to the defocusing cubic NLS. This stems from the fact that
the quintic nonlinearity is energy-critical in three spatial dimensions. To better
explain this point and its effects on the analysis, let us first redirect our discussion
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to the defocusing quintic NLS
(1.4) 10 = —Au + |ul*u

in R?, whose energy functional is given by
(1.5) ut—>/ $IVul* + ul® da.
RB

The rescaling u(t, ) — u*(t,x) := A2u(A\2t, Az) is a symmetry of solutions to
. This scaling also preserves the energy functional , which is why is
termed energy-critical.

For defocusing nonlinearities with power smaller than five, energy conservation
prevents concentration. This combined with simple contraction mapping arguments
yields a proof of global well-posedness. For the energy-critical problem , this
is not the case; indeed, the scaling symmetry shows that concentration is perfectly
consistent with energy conservation. Note that we cannot use other NLS conser-
vation laws to prevent concentration; energy has the highest regularity among all
known conservation laws.

The development of methods to tackle this problem of criticality constitutes one
of the major breakthroughs in the study of nonlinear dispersive equations. In the
case of NLS, it was precisely for the equation that this breakthrough was first
made:

Theorem 1.2 (GWP of the defocusing quintic NLS in R?, [10} [19], see also [35]).
E_’quation (1.4) admits a unique global C,H} solution for every initial data ug €
HY(R3). This solution obeys

(1.6) /R/R fut, )| dadt < C(Juol ).

The spacetime bound (1.6)) provides an explicit expression that solutions dis-
perse, something that we previously intuited must hold in the defocusing case. In
fact, this bound leads to the following conclusion: there exist asymptotic states
ux € H! so that

[u(t) — e usllg — 0 as t— +o0.

This says that the solution scatters (to the linear flow) as t — +00. More formally,
this is the statement of asymptotic completeness of wave operators. The question
of existence of wave operators is easily settled by contraction mapping arguments,
even in this scaling-critical case.

The proof of Theorem is long and subtle. This remains true, even after
incorporating the extensive developments spawned by this breakthrough over the
intervening decade (cf. [4T]).

As will be evident from the arguments in Section [§] any solution to can
be embedded as a solution to in a certain scaling regime. Correspondingly,
any reasonably quantitative proof of Theorem must automatically imply The-
orem The key theme underlying the proof of Theorem in [76] is to argue
conversely, namely, to start with Theorem and treat the cubic term as a per-
turbation. (This idea is further expanded upon in [71]). Moreover, it is shown that
if one considers the cubic-quintic NLS with both nonlinearities defocusing, then
scattering holds (in H}) even for large initial data ug € H}.
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The papers [71], [76] also prove a scattering result for our equation (1.1)). Specif-
ically, they show that if the mass of the initial data is sufficiently small, depending
on the H; norm of the initial data, then scattering holds. To be more precise,
sufficiently small mass means smaller than the reciprocal of a tower of exponentials
in the H; norm. This is the best one can achieve via these perturbative methods,
because of the best known quantitative bounds in .

One of the main results of this paper is a proof of scattering for initial data
whose mass and energy belong to the larger region R in the mass/energy plane:

Theorem 1.3. Let ug € HY(R3) be such that (M (ug), E(ug)) belongs to the region
R defined in Section |5 Then, the unique global solution u € C(R; HY(R3)) to the
cubic-quintic NLS (L.1) satisfies

[[ull £yo, (rxrs) < C(M(uo), E(ug)).
In particular, the solution u scatters in H'(R3) both forward and backward in time.

The region R is depicted in Figure We will give a precise description of
R later in the introduction, once we have covered the necessary prerequisites. For
now, we note the following consequence of Theorem there is a mass threshold
M, so that scattering holds for all initial data with M (u) < M,, irrespective of the
energy (or Hl-norm).

E

FI1GURE 1.1. Schematic diagram of the open set R in Theorem [1.3

Theorem is not a perturbative result. We will be able to show that scat-
tering fails for certain solutions whose mass and energy lie on the boundary of
R. Moreover, the exact value of the mass threshold M, noted above is dictated
by the optimizers of a certain Gagliardo—Nirenberg-type inequality (see Section .
We show that these optimizers are radially symmetric solutions to a certain ellip-
tic PDE. This reduces matters to an ODE problem that is readily susceptible to
numerical investigation via the shooting method. In this way, we are lead to the
assertion that scattering holds for M (u) < 185.10.

Scattering does not hold for all initial data up € H'(R?); our equation admits
solitons. In this paper, we will use the word ‘soliton’ to refer to solutions to (|1.1))
of the form u(t,x) = e™“!P(z). Naturally, the Galilei symmetry can be exploited
to introduce (or remove) translational motion.

As well as limiting the region where scattering can occur, solitons also constitute
an essential ingredient in any purported phase diagram of the dynamical behaviour
of . Section [2|is devoted to the study of solitons for our equation.
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Pohozaev identities show that solitons can only exist when 0 < w < 3/16; see
Lemma[2.1] That solitons do indeed exist for all such frequencies w is then deduced
from the general results of [8]. Note that the soliton profile is necessarily different for
differing w; recall that in the case of a single focusing nonlinearity there is a scaling
symmetry, which means that solitons have the same profile for all w € (0, c0).

The paper [§] actually shows that admits infinitely many radially symmetric
solitons for each 0 < w < 3/16. We focus our attention on what are known as
ground state solitons, that is, solitons for which P(z) is non-negative. As discussed
in Section [2| these exist for all 0 < w < 3/16; indeed, there is a unique ground
state soliton P,, for each such w. We curtail our investigation in this particular way
because the ground state solitons are the smallest solitons in a certain mass/energy
sense; see Theorem [2.2[1). In particular, it is reasonable to predict that it is these
solitons which mark the boundary of the region in the mass/energy plane where
only scattering occurs. Note that pure scattering behaviour will not hold in any
region where both mass and energy exceed the mass and energy of a soliton. This
is easily seen by constructing solutions containing a soliton and a radiation term.

As part of our analysis of the ground state solitons P,,, we are able to determine
the kernel of the linearized operator about P,:

Lo, urr —Au+ 5P — 3P%u + wu.

Specifically, we prove that it is spanned by the components of VP,,. This spectral
condition is an invaluable stepping stone for any subsequent rigorous analysis of the
stability or asymptotic stability of soliton solutions, at least by the usual methods.
In particular, our verification of the spectral condition allows one to apply the
arguments in [68] to see that solitons are stable wherever the mass/energy curve is
concave and unstable where it is convex.

Figures and depict the mass/energy curve for the solitons F,,, based
on numerics. We note that there is an upper branch of solitons where the curve
is convex (signaling instability) and a lower branch where it is concave (indicating
stability). Note that from our result on the linearized operator, we know that
w — P, is a real-analytic H!-valued function; the explanation for the cusp is that
d,M(P,) and 9,E(P,,) both vanish at the same point. Indeed, by (2-23), both
vanish to the same order.

Our numerics show a single cusp, corresponding to the vanishing of 9, M (F,,)
at a single point w,, which in turn is the global minimum of w — M(F,,) and the
global maximum of w — E(P,). Unfortunately, we have not been able to prove
this; it constitutes our Conjecture [2.3

The solitons P,, have been the subject of several numerical studies in the physics
literature [20} [6, [62], in their role as “light bullets” or “3D spatiotemporal optical
solitons”. These numerics confirm our independent investigations and should be
consulted by readers interested in plots of mass or energy against the frequency
parameter w.

The behavior of unstable (upper branch) soliton solutions to has been
investigated numerically in lower dimensions [I3] [54]. These authors observe that
solutions beginning near the unstable branch of solitons approach a soliton on the
lower branch, shedding their excess mass/energy in the form of radiation.

As noted previously, the complexity of the manifold of ground-state solitons
stems from the fact that it does not arise simply through the action of symmetries
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on a single ground-state soliton. Such intricacies (and indeed more subtle ones) arise
in many NLS-like models with broken symmetries; see, for example, [9, 26, 25| [56].

For NLS with a single focusing nonlinearity, ground state solitons can be charac-
terized as optimizers of certain Gagliardo—Nirenberg inequalities. This has played
an important role in many investigations, beginning with the seminal work [73].
Section [3] is devoted to the discussion of an analogue for our problem. Because
there is a one-parameter family of ground state soliton profiles (unlike the scale-
invariant case of a single power nonlinearity), we will need a one-parameter family
of inequalities. Our candidates are the following:

3a 3

(1.7) s gy S Nl e qes Il sy 170l s
where 0 < o < 0o. The veracity of is easily deduced by interpolating between
the classical Gagliardo—Nirenberg inequality (which corresponds to a = 0) and the
Hélder inequality (which corresponds to o = 00).

In Proposition we show that optimizers of are ground state solitons,
up to scaling and translation. Moreover, optimizing solitons P,, have the property
that B(w) = «a, where f(w) is defined via

®do = Bw 2)|? dz.
/R_3|Pw(x)\ dx = B( )/Rg VP, ()] d

In particular, no soliton occurs as the optimizer in for more than one value
of a. However, we must acknowledge one short-comming of our results in this
direction. Numerics show that w — S(w) is strictly increasing, which would imply
that each soliton occurs as the unique optimizer for the corresponding value of «.
We have been unable to prove this; see Conjecture [2.6]

As mentioned earlier, Section is devoted to determining all feasible mass/energy
pairs; see Figure A transition occurs at mass M (Q1), where @1 is a ground state
soliton optimizing in the case @ = 1. For masses below M(Q1), the energy
is necessarily positive; the infimal energy is zero, but this is not achieved. At the
mass M(Q1), zero energy is still the infimal energy, but is now achieved; moreover,
it is achieved only by certain solitons. For masses strictly greater than M (@), the
infimal energy is now negative and is achieved precisely by some soliton. We are
interested in feasible pairs (M, F) with the property that any solution having M
and E as its mass and energy, respectively, scatters. Our region of scattering R
is wholly contained in the mass strip where M < M(Q1). Indeed, in the region
M > M(Q) it is impossible, using only mass and energy variables, to segregate
solutions that scatter from those that converge to a soliton plus radiation.

Beginning with Section [5] we focus more tightly toward the proof of Theorem [T.3]
Naturally, to obtain a non-perturbative proof of scattering, one needs some intrinsi-
cally nonlinear information about the equation. This is true even in the defocusing
case, where this role is invariably fulfilled by (traditional or interaction) Morawetz
identities. For focusing equations, sharp thresholds are typically determined via the
virial identity (suitably truncated); see, for example, [3, 22, [40] [46]. One exception
is the work of Dodson [21] on the mass-critical NLS, which uses a hybrid of the virial
and interaction Morawetz identities. Dodson-style variants are not advantageous
for our problem. We will use the virial identity.

The virial identity stems from the behaviour of a system under scaling; however,
it is not essential that the system has a scaling symmetry. As is easily verified, the
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operator

A= %(awV—&—Vn:)
is the generator of unitary dilations on L?(R?). An elementary computation shows
that if u is a solution to (|1.1)), then

S, Au(t) =4V () where V(1) = [ [91@)P + 17" - 1) do.
This is the virial identity for our equation; correspondingly, we will refer to the
functional V : H*(R3) — R as the virial.

For soliton solutions u(t,z) = ™! P(z), we have (u(t), Au(t)) = (P, AP) and
correspondingly, V(P) = 0. On the other hand, for solutions v(t, z) = e®?v of the
linear Schrodinger equation, we have

d

—(v(t),Av(t)>:4/ |VUO\2dz and lim V(v(t)):/ \Vvo|2dm.
dt R3 t—+oo R3

In particular, the virial of linear solutions is positive for large times.
The way that the virial identity is employed in the proof of scattering is rather
subtle. One of the key properties of the region R is that

(1.8) (M(u),E(u)) eR = V(u(t)) >0 forallteR

for any solution u to (L.I)). Nevertheless, it is not true that solutions whose virial
is positive for all times must necessarily scatter. Imagine, for example, a solution
which consists of a soliton together with radiation. By suitable construction, one
may decouple the contributions of the two parts of the solution to the virial; indeed,
decoupling will be automatic in the t — +oo limits. As solitons have zero virial
and radiation has positive virial, such a solution would have positive virial for all
times, but definitely does not scatter.

Our example highlights a central problem that arises when applying conservation
laws and similar identities: one only observes the aggregate of all the parts of the
solution. Unwanted behaviour of one part of the solution cannot be ruled out
if it can be compensated for by unreasonable behaviour of another part of the
solution. While sometimes space and/or frequency localization techniques can be
applied, this is untenable for generic large data due to the resulting combinatorial
complexity.

In [10], Bourgain introduced the induction on energy technique to overcome
an obstruction of precisely this type. His solution to the combinatorial morass is
to inductively exclude unreasonable behaviour at ever increasing energies. (The
energy is a coercive conserved quantity for the problem treated in [10].)

The guiding principle, advanced significantly in [19], is the following: Assume
all solutions with energy E < Ejy have been shown to scatter; this is the inductive
hypothesis. We wish to show that this remains true for all solutions u with E(u) <
FEy + n, where 7 is a very small parameter. Suppose that at some time, such a
solution u can be written as two well-separated parts, each with energy at least 7.
Then, we may apply the inductive hypothesis to approximate u by the sum of two
solutions, each of which scatters. That the parts are well-separated is essential.
Our equation is nonlinear; it is only in such a regime that one may obtain an
approximate solution by summing two solutions. For the models studied in [10, 19
and in this paper, two solutions are well-separated if they live in different spatial
locations or at differing length scales.
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As consequence of the preceding, we see that the inductive step is reduced to
proving scattering for solutions u with E(u) < Ey + n that consist of a single
piece (up to errors of size 1), with a clearly-defined location in space and spa-
tial/frequency scale. This substantially enhances the efficacy of conservation laws
and monotonicity formulae.

More recent applications of the induction on energy technique employ a con-
tradiction argument, closer in spirit to the well-ordering principle. Some of these
ideas are already hinted at by the language used in [19], for example, the phrase
“minimal energy blowup solution”. However, the true mathematical realization of
this belongs to Keraani [42] and to Kenig—Merle [40]. This is the variant we will de-
scribe below. It leads to proofs that are more modular and simpler to understand;
it has also fueled an explosion of applications of the underlying paradigm.

Next we will explain the construction of a minimal blowup solution, which cap-
tures the essence of the induction on energy argument. After that, we will return
to our discussion of Section [p| and the role of the virial identity.

Until now, the size of solutions has been determined by two variables: mass
and energy. For a workable notion of minimality, we need to combine them into
a single quantity. To this end, we introduce a continuous map D : R — [0,00)
in Subsection We will also regard D as a function of solutions via D(u) =
D(M (u), E(u)). For expositional clarity, we will arrange that D(u) = 0 if and only
if u =0 and define D(u) = co when (M (u), E(u)) € R°. Proposition describes
further properties of this function.

Given 0 < D < o0, we define

(1.9) L(D) := SUP{HUHL%f’z(RxW) : u solves (L.I) and D(u) < D},

In this way, Theorem [I.3|becomes the statement that L(D) < oo for all0 < D < oc.

Suppose now that Theorem were to fail and let D. be the supremum of all
values of D for which L(D) is finite. Failure of Theorem is the assertion that
D. < co. Note that L(0) = 0, so D. > 0. In fact, Proposition shows that
D, > 0. This proposition is a refinement of the small-data theory developed in [71].
The positivity of D, corresponds to the ‘base step’ of the induction.

Under our contradiction hypothesis, there must be a sequence of solutions {u,}
so that

D(u,) — D, and // (1, 2)[10 ds dt — o,
R JR3

If we could conclude that a subsequence of {u,} converges in H}, perturbation
theory (see Proposition would guarantee that the limit u, is & minimal blowup
solution. It would be minimal because D(u,) = D, and a blowup solution because
I uoo (t, )10 dz dt = .

The assertion that bounded sequences of solutions converge (subsequentially) to
a solution is a narrow form of the well-known Palais—Smale condition in the cal-
culus of variations. (Our sequence {u,} is bounded in L{°H}! because {D(u,)} is
bounded.) The usual Palais—Smale condition is immediately broken by the presence
of non-compact symmetries. For our problem, the pertinent symmetries are spatial
and temporal translations, as well as a vestigial /broken scaling symmetry. The first
step in handling this issue is to prove an appropriate concentration-compactness
principle for the linear equation. This is the task of proving a linear profile decom-
position; it is discharged in Section [7}
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Our concentration-compactness principle has strong similarities to earlier work
on the energy-critical case [5], [41]; however, our proofs follow the slightly different
path laid out in [48, 50]. For our problem, we must work in H} rather than the
homogeneous space H L and prove decoupling of L2-norms as well as LE-norms. The
techniques needed to adapt the argument have appeared before in the context of
other problems with broken symmetries, [38], [43], 451 [49]. Nevertheless, as a service
to the reader we provide full details.

The linear profile decomposition, Theorem decomposes a subsequence of
initial data w,(t = 0) into linear combinations of asymptotically orthogonal (as
n — oo) bubbles of concentration. Each bubble ¢/ appears at an n-dependent
location in space-time (t/,z7) at some characteristic length scale \J. As noted
earlier, for solutions at very small length scales, the quintic nonlinearity is dominant
— they behave as solutions to the quintic NLS . The role of Section [8]is to
treat bubbles living at such small length scales by exploiting Theorem

In Section [9] we combine the results of Sections [7] and [§] to prove that a version
of the Palais—Smale condition holds for our problem (see Proposition and then
that failure of Theorem [I.3] would imply the existence of a minimal blowup solution
(see Theorem . It is here that we perform the ‘inductive step’: the sequence
of initial data cannot split into more than one bubble of concentration, because
this would violate the minimality of D.. In the language of [55], dichotomy cannot
occur. This argument requires that D(m, e) strictly decreases if either the mass or
the energy is decreased (cf. Proposition v) and (vi)).

Because they are exact symmetries of our equation, space and time translations
can be employed directly to tackle these sources of non-compactness. However, the
problem of scaling seems to have simply disappeared in the statements of Proposi-
tion and Theorem Let us explain. Both nonlinearities are mass supercrit-
ical; correspondingly, solutions with bounded mass but living at very large length
scales behave essentially linearly. By the Strichartz inequality, linear solutions obey
the spacetime bound ‘ Thus solutions living at very large length scales cannot
arise as minimal blowup solutions. On the other hand, by the analysis of Section[§]
solutions living at very small length scales cannot blow up either and so cannot
occur as minimal blowup solutions. Naturally, if the sequence {u,} of solutions all
live at intermediate length scales, there is no need to rescale in order to achieve
subsequential convergence.

Theorem gives more than just the existence of a minimal blowup solution
(under the assumption that Theorem fails). It shows that any such minimal
counter-example u consists of a single well-localized bump. More precisely, it shows
that such a solution w is almost periodic modulo translations, that is, there is an
R3-valued function z(t) of time so that

{u(t,z — z(t)) : t € R} is precompact in H'(R?).

In fact, this very strong property of such minimal blowup solutions is a rather trivial
consequence of our strong Palais—Smale condition.

It is now that we finally see the true power of the induction on energy paradigm.
It tells us where to center our virial identity and at what radius we can safely
truncate; the latter is dictated by compactness. There is one additional subtlety,
however: we need to control how much z(¢) moves. In Proposition we observe
that minimal blowup solutions have zero momentum. Otherwise, one could apply
a Galilei boost, which preserves the mass and the blowup property, but reduces the
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energy. In Proposition[10.2] we use this to constrain the motion of z(t); specifically,
we show that x(t) = o(t) as |t| — oo. This is sufficient to exploit a truncated version
of the virial identity to show that is inconsistent with the region R admitting
an almost periodic solution. This is done in Section As our previous arguments
show that failure of Theorem guarantees the existence of such a solution, this
completes the proof of Theorem [I.3]

By realizing the arguments laid out above, we will be able to show that scattering
occurs on any region R of the mass/energy plane with the following property:

(1.10)  If (m,e) € R and u € H'(R) obeys M(u) < m and E(u) < e, then V(u) > 0.

Note that non-vanishing of the virial on such a larger set is needed to perform the
induction argument we described.

In Section [5| we determine the largest R region obeying ; this is the region
appearing in Theorem [I.3] As we will see, one may determine this region by finding
for each mass m > 0 the least energy EV. (m) at which the virial vanishes. This is
formalized in Definition (.11

From prior investigations, it is reasonable to imagine that the boundary of the
region R is marked by solitons; that is, the functions that achieve minimal energy
among those with fixed mass and zero virial are solitons. We will prove that this
is not the case for our model. We find this a startling new observation. It places a
formidable limitation on existing technology and raises curious questions for further
investigation; most notably, what is the true extent of the mass/energy region where
only scattering holds?

We are able to prove that for some values of the mass, functions with zero virial
that achieve energy EV. (m) are precisely solitons, but for other values of the mass
such functions are non-trivial rescalings of soliton profiles. These rescalings are not
solitons in their own right! Such non-soliton virial obstructions do not appear in
earlier work. See Theorem for further information. Theorem gives general
information on the shape of the curve m — EY. (m).

Let us now discuss the relation to the works [T}, 2] [60], which considered the case
where the highest nonlinearity is energy-critical and focusing. In that setting, the
scattering threshold is dictated by the radial soliton W associated to the purely
energy-critical problem, which is unstable to finite-time blowup. In particular,
the lower order nonlinearity does not alter the threshold determined earlier in [40,
46]. The authors of the papers [T, 2 [60] consider variational problems based on
minimizing a free energy of the form

Fy(u) = E(u) + AM (u)

subject to vanishing of the virial, expanding on the methodology introduced by
Payne and Sattinger [65]. (In [60], A = 0.) It is not difficult to see from the results
of this paper that our problem has the following properties: (a) Minimizers may
exist (depending on \A), but no soliton ever occurs as such a minimizer and (b) The
region R cannot be exhausted by sub-level sets of such functions. More specifically,
we draw the reader’s attention to the concavity proved in Theorem and the
shape of the curve of rescaled solitons shown in Figure (The facts about this
curve proved in Lemma are sufficient to verify (a) and (b), but the convexity
shown by the numerics makes it instantly apparent.)
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Although the presence of a lower-order nonlinearity cannot be expected to alter
the blow-up threshold, it can modify the blow-up dynamic. This is demonstrated
in [53], which addresses the case where the dominant nonlinearity is mass-critical.

In closing this introduction, we wish to express two thoughts about future direc-
tions:

1. We believe that the discovery of the new non-soliton obstructions to the usual
tools used to prove scattering is almost as important as the positive results that
we prove. It breaks the long-standing tradition that minimization subject to zero
virial produces solitons (or wave collapse with a soliton profile). In doing so, it
highlights an unexpected inadequacy of prior methods and hopefully will stimulate
the investigation of substitutes for the virial identity in the treatment of large data
scattering.

2. We hope that this paper may provide some preliminary guidelines for the problem
of large-data scattering for the Gross—Pitaevskii and cubic-quintic problems with
non-zero boundary conditions at infinity. These problems are much more subtle.
The gauge and Galilei symmetries are both broken and the mass (more accurately,
the mass defect relative to the constant background) is no longer coercive. On the
positive side, these problems are known to be well-posed for large data [30] [44]
and to scatter for small data [36] [37]. There have also been substantial advances
in understanding the structure of solitons for these equations [9] [56]. Nonetheless,
considerable obstacles (both variational and dispersive in character) currently stand
in the way of a proof of scattering below the soliton threshold.

1.1. Notation. We write X <Y to indicate that there exists some constant C' > 0
so that X < CY for all (X,Y’) ranging in some set. If the constant C' depends on
some parameter r, we write X <, Y. We write X ~Y if X <Y < X.

Definition 1.4. A pair of exponents (q,r) is admissible if 2 < ¢,r < oo and
% + % = % Given a spacetime slab I x R3, we define

l|ullso(r :=Sup{||u||LgL;(1st) : (g, r) is admissible }
Analogously, N°(I) denotes the corresponding dual Strichartz spaces.

These notations (introduced in [19]) allow a compact expression of the Strichartz
estimates for the Schrodinger propagator on R3:

Lemma 1.5 (Strichartz estimates, [32), [39] [69] [75]). Let I be an interval in R and
let u:IxR3 = C be a solution to

iOu=—-Au+F with u(t=0)=uop.
Then,
(1.11) lullsocry < lluolln2 sy + [ Fllvocr-

We will often apply this estimate to the derivative of solutions to (1.1f); for
example, combining (|1.11]) with Sobolev embedding, we observe that

lullLo mxre) S lltoll gopay + [VE || vo).-

Let us now describe our notations for Littlewood—Paley projectors. Fix ¢ €
C2°(R3) that is non-negative, radial, and such that ¢(z) = 1 if |#| < 1 and ¢(x) = 0
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if |z| > . We then define Fourier multipliers as follows:
f@ﬁ@w:w%ﬁ@xz%ﬂ@;[w%ywu%ﬂﬂ&
and Py f(€) = [1-v(§)]/©).
Lemma 1.6 (Bernstein inequalities). For 1 < p < q < oo, we have

1PN fllpars) S N3 1PN £l Lo (r3)
1P fllzr@s) S NIV Ponf| L gs)-

The Brezis-Lieb Lemma is a refinement of Fatou’s Lemma that has proven in-
valuable in the calculus of variations:

Lemma 1.7 ([I1]). Fiz 1 < p < oo and suppose {fn}nen is bounded in LP(R?)
and converges almost everywhere to f. Then

i (Il ey = = £y ) = 171 ey

As one last preliminary, we remind the reader of a particular consequence of
local smoothing; see [41], Lemma 3.7], [46, Lemma 2.5], or [48, Corollary 4.15].

Lemma 1.8. Given ¢ € H'(R?),

i 2 11 i
192011ty rmpeqaieny S TERY 1420l Vo2

2. SOLITONS

The purpose of this section is to discuss soliton solutions of the cubic-quintic
NLS, that is, solutions of the form u(t, z) = e*!'P(z) with P € H*(R?) and w € R.
Evidently, this corresponds to the analysis of the elliptic equation

(2.1) ~AP + |P|*P — |P|*P +wP = 0.

(Elliptic regularity guarantees that distributional solutions in H!(R?) are actually
classical solutions, so we need not quibble about the appropriate notion of solution.)

In this paper, we are primarily interested in understanding thresholds for scat-
tering. As we will see, this allows us to focus our attention on positive radial
solutions to ; these are typically known as ground states. Incidentally, by the
well-known results of Gidas, Ni, and Nirenberg [31], positive solutions to are
automatically radial (about some point).

Before stating our main results about ground state solitons, we pause to recall
some fundamental identities valid for all H! solutions:

Lemma 2.1 (Pohozaev Identites). Let P € H'(R®) obey ([2.1) for some w € C.
Then

(2.2) /|vp|2 1P —|P|* + w|PP de = 0
(2.3) and /%WP\Q +LPE — 1Pt 1 £|P? da = 0.

In particular, if P # 0 then w € (0, 136)
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Proof. Pairing the equation with P(x) yields , from which it also follows
that w € R.

The second identity, (2.3)), follows from pairing the equation with 2 - VP(z). As
it is not given that x- VP(z) € H'(R?), a little extra care is needed here; complete
details can be found in [8 §2.1].

For w > 3 the polynomial appearing in b non-negative; this then forces

= 0. Lastly, taking a linear combination of ) and . 2.3]) yields

(2.4) /|P|4dm:4w/|P|2dx,

which shows that w > 0 unless P = 0. O

Theorem 2.2 (Basic properties of ground state solitons). For each 0 < w <
there is a unique non-negative radially symmetric solution P, € H'(R?) to

(2.5) ~ AP, + P53~ P3+wP, =0.

167

In fact, P, is strictly positive and a decreasing function of |x|. Moreover,

(i) P, is a non-degenerate saddle point of u — E(u) + &M (u), when viewed as
a functional on H! ;(R®). The Morse index is equal to one. Furthermore
among all non-zero solutions u to , P,, achieves the minimal value of

(ii) The map w s P,, is C; indeed, it is real analytic.
(iii) The H} norm of P,, is strictly increasing; indeed,

d
(2.6) %/|VPw(x)\2d:z: =32M(P,).
Using the notation B(w) := [ |P,(z)|®dz/ [ |VP,(2)|* dz, we also have
d 38(w)—1
(2.7) TM(P,) < FPEZM(P,).

(iv) Asw — 0 we have B(w) = wB(g) + O(w?),

o 3/2
f/ )2 da + / )6 dz + O(w?/?),

f/ 24y — ¢ ”/g(x)ﬁdx+0(w5/2),

where g is the unique positive radially symmetric solution to —Ag—g>+g = 0.
(v) Asw — 3 we have B(w) = oo, M(P,) = oo, and E(P,,) — —oo; indeed,

ﬂ(w)N(TSG_W)_17 <M<Pw) (1%_”) 3, and |E( )|~(%—w) 3_

and

The remainder of this section is devoted to the proof of this theorem.

Existence of solitons for w € (0, %) follows from the main theorem in [§]. We
remind the reader of the construction, since we will use it in verifying other parts
of the theorem. Defining p(u) = %|u|6 — 2|ul* + £|ul?, one first shows that the

variational problem

(2.8)  minimize /\VP(;E)|2 dx over P € H'(R®) with /p(P(m)) de =—1
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admits an optimizer P,, that is non-negative, radially symmetric, and non-increasing
(as a function of radius). This is a standard argument, using rearrangement inequal-
ities and the Strauss Lemma (compactness of the embedding H! < L2 for radial

functions). As an optimizer, P,, obeys the Euler-Lagrange equation
(29) — AP, +A[P— P} wB,] =0 with A= é/\vapdx,

the value of the Lagrange multiplier A being determined via the Pohozaev identities
for this equation. Lastly, observe that P,(z) = P,(z/v/)) is the sought-after
soliton.

The variational argument gives a bound on the supremum of the solution, which
we will use later:

(2.10) Py(x) <bg(w) :=V35+3V1—4w forallwe (0,3)and z € R3.

To see this, we consider a generic trial function P € H} for and the competitor
Q(z) = min(bo, |P(px)|), where p > 0 is chosen so that @ obeys the constraint
Jp(Q)dx = —1. As p(u) > p(by) whenever |u| > b, it is not difficult to verify that
if | P| exceeds by at some point, then p > 1 and so @ will be a better trial function.
This proves .

Uniqueness of non-negative radial H}! solutions to the equation follows from
[67, Theorem 1’]. As discussed in that paper, there is a lengthy history of proving
uniqueness of such ground state solutions; however, [67] is the earliest paper we
have been able to find which covers the cubic-quintic equation.

That P, is strictly positive, rather than merely being non-negative, follows from
the fact that it solves a second-order ordinary differential equation (when viewed
as a function of radius). Specifically, at any point « where P, (z) = 0 one must
also have VP, (x) = 0 to avoid a sign change, but then uniqueness for the ODE
forces P, = 0. A similar argument also shows that P, is a strictly decreasing func-
tion of |z|. The significance of this is that the strict rearrangement inequalities of
Brothers and Ziemer [12], then guarantee that any optimizer of must auto-
matically be spherically symmetric (about some point) and thus (by the uniqueness
of radially symmetric solutions) a translate of P,,. This proves that P, is uniquely
characterized by the variational problem .

Incidentally, ODE methods also allow one to see that P, (z) is a real-analytic
function of z and that as |z| — oo,

(2.11) z|exp{vw |z[}P,(z) = ¢ and exp{yVw|z|[}z - VP,(z) = —cvw
for some ¢ = ¢(w) > 0. For these assertions, see Theorems 1.8.1 and 3.8.1 in [I7].

We have now verified all the assertions at the beginning of Theorem [2.2} To aid
the reader in navigating the proofs of the numbered parts of the theorem, each is
given its own subsection below.

Theorem gives considerable insight into the nature of the mass/energy curve
for the system of solitons P,,, which is depicted in Figure Some further results
are included in Subsection [2:3} however, at least one conspicuous question remains
open:

Conjecture 2.3. There is an w, € (0,3) so that w — M(P,) is strictly decreasing

for w < w, and strictly increasing for w > w,.

This conjecture is strongly supported by numerics. By (2.23)), we see that the
map w — E(P,) would have the opposite monotonicities, so giving rise to the cusp
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FIGURE 2.1. Schematic mass/energy curve (M(P,),E(P,)) for
ground state solitons, based on numerics.

seen in Figure By (2.24) we see that this conjecture would also demonstrate
the convexity and concavity of the mass/energy curve when w < w, and w > wy,
respectively, that is depicted in Figure [2.1

2.1. Solitons as critical points of E + $M. Recalling the definitions of mass
and energy shows that

E(u) + 5M(u) = /Rs 3IVu(@)? + glu(@)]® = lu(@)* + § u(z)]* da;

thus, critical points of this functional are precisely solutions to . A proof that
the solution P, constructed by the variational argument minimizes E(u) + &M (u)
over the class of all non-zero solutions to can be found in [8 §4.3].

The Hessian of u +— E(u) + § M (u) at P, is given by the operator

L,=-A+5P—3P2+w.

Note that this operator is also important as the linearization of around P,,.
Thirdly, this operator appears when seeking ground states via the shooting method;
specifically, it gives the equation for the derivative of the solution with respect to
the shooting parameter, which is the value of the solution at the origin.

As P, is radially symmetric, the operator £, decomposes as a direct sum of
operators, one in each angular momentum eigenspace. Moreover, separation of
variables associates to each such restricted operator an ODE that can be studied
by Sturm-Liouville methods. With this in mind, we regard P, as a function of
r = |z|, rather than x, whenever this is more convenient. Note also that L, is a
relatively compact perturbation of —A + w and so has only discrete spectrum on
(—o0,w).

The statement of Theorem [2.2] focuses attention on the zero angular momentum
component of £, because standard simple arguments of general applicability (see
below) yield the structure at higher angular momentum. Indeed, the central subtle
question is whether zero is an eigenvalue of the restriction of £, to the space of
radially symmetric functions. This question arises, for example, in understanding
the stability /instability of the ground state solitons; see [68] [74]. It is also a key
step in the influential Coffman—Kolodner approach to uniqueness of the ground
state (cf. [18, 51, (2] 57])).
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While a number of general uniqueness theorems have been proven by the Coffman—
Kolodner method, we have not found an instance that is applicable to the cubic-
quintic problem of interest to us. Our proof of Theorem i) is strongly influenced
by these papers, particularly [57], and our success here perhaps leads to further gen-
eralization this method. We do not pursue this since the competing approach used
in [67] provides the uniqueness statement we need.

Proposition[2.4)in this subsection reduces the study to the key question identified
above; Proposition [2.5] settles it. Note that the presence of VP, in the null space
of L, is not surprising: from a PDE point of view it corresponds to the translation
invariance of , while from a variational perspective it represents the same
invariance for u +— E(u) + 4 M (u).

Proposition 2.4. Fix ¢ =0,1,2,... and consider the restriction of L, to functions
of the form f(|x|)Y (z/|x|) where Y is a spherical harmonic of degree €.
(i) When £ =0 the operator has exactly one negative eigenvalue; it is simple.
(ii) When £ = 1 there are no negative eigenvalues. Zero is an eigenvalue and its
eigenspace is spanned by the three components of VP,,.
(iii) When £ > 2 the operator is positive definite.

Proof. We treat the parts in order, beginning with ¢ = 0. First observe that
ﬁ - VP,(z) belongs to H! and is radially symmetric. Using this as a trial
vector shows that £, has negative spectrum; indeed, a little computation shows

. 2
(v, Lyv) = —2/ lz- VP ()" dx < 0.
re |aft

Next we show that £, has at most one negative eigenvalue (counting multiplic-
ity). This is to be expected from the variational characterization of P,: it
is defined by a singly constrained minimization problem and one constraint can
only counteract one concave direction. To make this heuristic rigorous we argue
by contradiction; specifically, we suppose that there is a two-dimensional subspace
M C H} for which

(2.12) (u, Lou) <0 whenever u € M\ {0}.

Next, we apply the Implicit Function Theorem to construct a two-dimensional
surface M 3 u +— Q(u) € H} of functions obeying the constraint

(2.13) /ém QP 4 2(QPda = /é\mﬁ Pt 4 2 (B[ da.

v =

To be precise, having chosen a real-valued w € H} with Ik [Pf -P3 —l—wa] wdxr =1,
there is an € > 0 and a smooth real-valued function h defined on B(0,e) C M so
that 2(0) = 0 and Q(u) := P, + u + h(u)w obeys for all uw € B(0,¢).

Recall that P, (z) = P, (zv/\) where ) is as in (2-9). Applying the same rescaling
Q(u)(z) = Q(u)(xv/X), we see that the variational characterization of P,, guarantees
that [ |VQ(u)]*dz > [ |VP,|*dz. Combining this with implies

(2.14)  E(Qw) + £M(Q(v)) > E(P,) + $M(P,) for all u € B(0,¢) C M.

We will now reach a contradiction by examining the behaviour of £(Q)+ %M (Q)
near the point F,, on the surface. As P, is a soliton, dE + §dM = 0 at F,,. Thus,

d2
dat?

E(Q(tu)) + 4 M(Q(tu)) = ([u+ (u- VA(0)w], Lo, [u+ (u- VR(0))w]).
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As M is two-dimensional, we can choose u € M \ {0} with « L Vh(0). By
, this choice makes the above expression negative, which contradicts .
This completes the proof that £, has at most one negative eigenvalue (counting
multiplicity).

It will be easier to understand the case of higher angular momentum if we
separate variables. To this end, let Y be a spherical harmonic of degree ¢ and
u(z) = f(|z])Y (x/|z]), then L,u = Au if and only if

(2.15) = f"(r) = 2f/(r) + LR f(r) + [5PA(r) — 3P2(r) + w]f(r) = Mf(r).

Consider first the case £ = 1. An easy calculation (take the gradient of )
shows that the components of V P,, are eigenvectors of L, with eigenvalue 0. More-
over, if we write VB, () = —li—lf(m) then the function f is strictly positive; this
is because P, is a strictly decreasing function of radius. By the Sturm Oscillation
Theorem (cf. [I7, Ch. 8]), positivity of f guarantees that zero is at the bottom
of the spectrum. Lastly, the differential equation obeyed by the Wronskian shows
that the ODE cannot admit a second zero-energy eigenfunction in L?(r2dr).

Assume now £ > 2. Suppose, toward a contradiction, that u(z) = f(|z])Y (x/|z|) €
H' obeys L,u = Au with A < 0 and Y a spherical harmonic of degree £. Then
v(z) = f(|ac|)ﬁ obeys (v, L,v) < 0 in contradiction to the preceding paragraph.

([

Proposition 2.5. Let 6 be the solution to
(2.16) —8"(r) — 28'(r) + BP5(r) — 3P2(r) + w]d(r) = 0

obeying 6(0) = 1. Then §(r) — —oo0 as r — oco. Correspondingly, zero is not an
eigenvalue of L, restricted to radial functions.

Proof. First we should explain why such a solution d(r) exists and is unique. The
ODE ([2.16)) has a regular singular point at » = 0; however, changing variables to
o(r) = rd(r) transforms it to

(2.17) —o"(r) + [5PX(r) = 3P2(r) + wlo(r) = 0.

Thus § corresponds (uniquely!) to initial data o(0) =0, o’(0) = 1.

The basic question we need to answer is whether §(r) — 0 as r — co. Applying
Theorem 3.8.1 from [I7] to shows that § either grows or decays exponentially
as r — oco. Proposition 2.4{i) and the Sturm Oscillation Theorem guarantee that
0 changes sign exactly once. Thus, in the growing case we must have §(r) — —oo.
In the decaying case, § € L?(r?dr), which makes zero an eigenvalue. Thus, we
may prove the proposition by assuming that 6(r) — 0 as r — oo and reaching a
contradiction.

To obtain the contradiction, we will be following the arguments in [57], which
become applicable with the addition of one new observation. The main part of the
argument uses the Sturm Separation Theorem to compare § with a function of the
form vy (r) :== rP.(r) + AP, (r), with A € R. Note that vy obeys
(2.18) = v3(r) = 205(r) + [5Pi(r) = 3P3(r) + wlua(r) = —I(X, Pu(r))

with
(2.19) I\ u) = 2[u® — u® + wu] — 20[2u° — ).
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We wish to choose the parameter A so that A > 0 and I(A, P,(r1)) = 0, where
r1 € (0,00) denotes the sole zero of 4(r) noted above. A little effort shows that the
possibility of finding such a A follows from

(2.20) ap < P,(r) < % where ag = V3 — 3V1 —4dw.

Verification of the lower bound on can be found in the proof of [57, Lemma 4];
the argument is as follows: From the equations obeyed by P, (r) and §(r), we have

G PL(r)d ()] = rt[(P) — PJ + wP.)d] (r)
and so integrating over [ry,c0) and using (2.11)) yields

(2.21) — P ()8 (r) = —/ 4r3[P,(r)° — P, (r)® + wP,(r)]5(r) dr.
1

Now if P,(r1) < ag then [P,(r)% — P,(r)® + wP,(r)] > 0 for r > r; which means

that RHS is strictly positive. (Recall that ¢ changes sign at r; and remains

negative there-after.) This yields a contradiction because P/, (r1) < 0 and §'(r1) < 0

making LHS negative.

Verifying the upper bound on P,(ry) in is the new input. Suppose
P,(r1) > 272 and so P,(r) > 272 on [0,7;). Comparing the equations for
6 and P,, we see that this implies that P, oscillates faster than ¢ on the interval
[0,71], in the sense of the Sturm Comparison Theorem. This gives a contradiction
since (ry) = 0, while P,, is non-vanishing.

Having verified we may now choose A > 0 so that I(\, P,(r1)) = 0. We
claim that I(\, P,(r)) < 0 for r € [0,71) and I(A, P, (r)) > 0 for r € (r1,00). To
check this, we first rewrite as

I\ u) = 2u(u?® — ad)(u? — b2) — 20 (2u? — 1),

where ag is as in and by is given in (2.10). Note that ad < 3 < bf. When
2712 < u < by we see quickly that I(\,u) < 0. On the other hand, u + (u® —
u® + wu)(2u® — u?) 7! is increasing on 0 < u < 272, Recalling that P,(r) is a
decreasing function bounded by by, see , this proves the claim.

Next we claim that vy has exactly one zero in [0,71]. To see this note that
vx(0) > 0 and while vy remains positive, it oscillates faster than §. Thus vy has at
least one zero in [0,71]. Let ro be the smallest such zero and note that vy changes
sign there. Indeed, if vy(rg) = v}(ro) = 0, then v{(ro) = I(\, P,(r¢)) < 0, which
would be inconsistent with the fact that vy is positive on [0,79). On the other
hand, after changing sign, v, oscillates more slowly than § and so cannot vanish on
(ro,r1]-

We now compare § and vy on [ry,o0). First note that vy(r1) < 0. If vy has no
zeros on (71, 00), then it oscillates faster than ¢ because I > 0 on this interval. This
is of course self-contradictory, since ¢ vanishes at both ends of this interval (this
was our contradiction hypothesis).

To reach a contradiction, we will show that vy does not have a zero in (r1, 00). To
this end, suppose that vy did vanish there and let ro denote the smallest such zero.
A repetition of the second derivative argument above (now with reversed signs)
shows that vy must change sign at 7. However, by we also have vy(r) <0
for r sufficiently large. Thus there is a point r3 € (r2,00) at which vy also vanishes
and such that vy > 0 on (r2,73). Now, on this smaller interval, v, oscillates more
slowly than 6. This yields a contradiction by forcing 6 to have a zero in (rg,r3). O
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2.2. Smoothness of w — P,. Fix 0 < wy < 137)“ First, we observe that P,
belongs to a real-analytic branch w — u € HL ;(R?) of solutions to

(2.22) —Au+u® —ud +wu=0

and subsequently identify this branch as consisting of ground state solitons P,,.

As L, is a relatively compact perturbation of —A+wg, Theorem i) together
with the Fredholm Theorem guarantees that it is an isomorphism of H! ;(R?) onto
H_}(R®). (Recall that the subscript indicates radially symmetric functions.) Thus,
applying the Implicit Function Theorem to the mapping u — LHS(2.22)), we see
that there is a real analytic curve w — u(w) € HL ; of solutions to (2.22)) defined
in a neighbourhood of wy and obeying u(wg) = P, .

Note that the Implicit Function Theorem (or the contraction mapping argument
used to prove it) also guarantees that w + u(w) is smooth with values in H?(R?)
and so (by Sobolev embedding) also smooth when viewed as a map into L>(R3).

To conclude that u(w) = P, it suffices to show that u(w) is non-negative, which
we will do via a spectral theory argument. For each w, the Schrédinger operator

Hyf = =Af +uw)'f —u(w)’f +wf

has a zero eigenvalue, as witnessed by u(w) itself. Moreover, when w = wq this is
an isolated simple eigenvalue at the bottom of the spectrum (as follows, for exam-
ple, from the Weyl criterion and Sturm comparison). Thus, by eigenvalue/vector
perturbation theory, the zero eigenvalue of H, must also be at the bottom of the
spectrum for |w — wp| small. This in turn guarantees that u(w) must be positive
(cf. [66] Theorem XIII.46]).

This completes the proof of part (ii) of Theorem O

2.3. Further identities and inequalities. Using just (2.5)) and the definitions of
mass and energy of P,,, we obtain
dP, _ wdM
o) =

aE _ <@ _ ar, _waM
dv  \dw’ dw’ 2 dw’
where E(w) = E(P,) and M(w) = M(P,). Thus at any point wy where 2 £ 0,

(2.23) AP, +P° — Pj> - <

L2

d’E dM~N\-1d [dE dM 1 /7dMN\—1!
( ) dM? (dw) dw{dw dw} Q(dw)
For much of what follows, it is convenient to introduce the notation
J |ul®dzx 13
2.25 = ——— fi € H (R”),
(225) B0 = Froupgy for e H'®)

which generalizes the notion introduced in Theorem namely, S(w) = B(P,).
By exploiting the Pohozaev identities from Lemma [2.1] we obtain very compact
expressions for the key quantities associated to our solitons:

2.26 P2y =B+ [1gp 12y, Pliy = L [1gp 12z,
w 3w w 3

(2.27) /Pf, dz = B(w) / VP, |?dz, and  E(P,) =15 / VP, % da.
Numerical investigations give compelling evidence for the following:

Conjecture 2.6. The mapping w — [(w) is injective; that is, ground state solitons
are uniquely identified by the ratio f(w).
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Several properties of solitons are singled out by their § ratio. For example, a
soliton has zero energy if and only if it has 8 = 1. In subsequent sections, several
results have cumbersome formulations because we have not yet been able to verify
this conjecture.

By Theorem [2.2(iv,v), injectivity of B(w) is equivalent to its strict monotonicity.
There is another equivalent formulation of Conjecture [2.6] relating it directly to
the variational characterization of P, namely,

log(w) — log{%/ IVP,|? da:} = Zlog [%/ |VP,|? dw} is a strictly convex function.

This equivalence is easily verified using (2.6) and (2.26]). The identity stated here
follows immediately from (2.9)).

We turn next to the proof of (2.6). It is very simple: By (2.26) and (2.27) we
have [ |[VP,|?dz =3(E + $M) and so (2.23) yields
d 9 d w
(2.28) = / VP, dx = %3(E+ $M) =3M.

The proof of (2.7) is rather more complicated. We begin by computing the
matrix elements of £, given in Table Differentiating (2.5) with respect to w

yields £w% = —P, from which we immediately deduce the top row of matrix
elements in Table For the second row, we use the relation
(2.29) L,P, =4P5 - 2P3

which is a direct consequence of (2.5)), followed by (2.26]) and (2.27]).

(Lo 9Ly P, @ VP, +3P,
g — 1M (w) —M(w) 0

P, ~M(w) | 308w) - 2)G(w) | 2[B(w) - ]G (w)

x-VP,+ 3P, 0 2[f(w) — 1]G(w) | BB(w) —1]G(w)

TABLE 2.1. Key matrix elements of £,,. Here G(w) := [ |VP,|?dz.

For the last row in Table we use the basic identity
(2.30) Az - Vu) = (zpug)j; = 20jkUk; + Trug;; = 20u+x - VAu
to deduce
(2.31) L(x-VP,+3P,)=—-2AP, + 6P} — 3P} = 4P} — P3 — 2wP,
and then apply and to simplify the expressions for the resulting inner

products.
Observe that the determinant of the bottom right 2 x 2 block in Table 2.1] is

3[8w) = 2BA(w) — 1]G(w)* — 4[B(w) — 1]’ G(w)* = —3[B(w) + 1]G(w)?,
which is always negative. From Subsection [2.1] we know that £, has exacly one

negative eigenvalue and no zero eigenvalue. Thus by Sylvester’s law of inertia, the
full 3 x 3 determinant must be negative, that is,

FM'(W)[Bw) +1]G(w)* = M(w)*[38(w) — 1]G(w) <0.
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Employing (2.26)) we may rewrite this as
{20M' (w) — [38(w) — 1]M (w) } M (w)G(w) < 0,

which proves (2.7)).

One consequence of is that the mass is strictly decreasing for f(w) <
1/3. Note that by Conjecture and the results of Subsection below, this
corresponds to an interval of the form w € (0,w;/3]. The significance of this is
heightened by the numerical observation that the mass M(w) = [ P2dx at w3
is extremely close to the minimal value of the mass; see the numerical data in
Table Indeed, the masses differ by about one part in a thousand.

’ w ‘ B(w) ‘ P2 ‘ JIVP,? ‘ Signiﬁcance‘

0.023926 | 0.33333 | 189.68 | 10.211 8=1/3
0.025544 | 0.36054 | 189.46 | 10.671 | Minimal M
0.054735 | 1.00000 | 240.45 | 19.741 E=0

TABLE 2.2. Selected numerical data

The minimum of the mass of P, as w varies is represented by the cusp point
in Figure Note that combined with the analyticity of F(w) and M (w)
guarantees rigorously that this will indeed be a cusp.

In Section [5| we will find that 8 = 1/3 has a further significance: the curves of
solitons and rescaled solitons meet at this point.

From we see that the mass/energy curve (see Figure steepens as w
grows. Our last result for this subsection captures this phenomenon in a manner
that will be used twice in the proof of Theorem [5.6]

Lemma 2.7. Fiz 0 < wy < wy < 3/16 with E(P,,) = E(P.,). If E(P,) >
for all w € (wo,w1), then M(wy) < M(wp). If on the other hand, E(P,) <
for all w € (wo,w1), then M(wy) > M(wp).

Proof. From (2.23]) and integration by parts, we have

w1 w1 w1
—/ M(Py) dw =/ B (P) 2 = 2 E(P.,) — 2 B(Py,) +/ E(P,) %%

0 wo

(P

E 0
E(Pwo)

Thus using E(P,,) = E(P,,) we deduce
w1
—M(w1) + M(wo) :/ [E(P,) — E(P.,)] 2.
wo
This immediately proves the lemma. Note that we obtain strict inequalities because
w+— E(P,) is a non-constant analytic function; in particular, it is not constant on
the interval (wp, w1 ). O

2.4. Asymptotics as w — 0. The key idea in our analysis of this case is to change
variables to

(2.32) u(zyw) = =P, (<%

vall

i

This new unknown obeys

(2.33) — Au+wu’ —u® +u=0,
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which we regard as a perturbation of the well-studied problem with w = 0. To this
end, let g denote the unique non-negative radially symmetric solution to
(2.34) ~Ag—g*+g=0.

The function g is strictly positive, smooth, and exponentially decaying. Most im-
portant for us is the fact that the linearized operator

L:f——Af—3¢2f+f

has been shown to be an isomorphism of HL ; onto H_!; see [I8]. Thus, by the Im-

plicit Function Theorem, there is a real-analytic family v(z;w) € Hrla(1 of solutions
to (2.33)) defined in a neighbourhood of w = 0 that obeys

(2.35) v(z;w) = g(x) — w[L7 ] (x) + O(w?) in H'(R?) sense.

That v(z;w) is non-negative and so must equal u(x;w) follows by the ground
state argument presented in Subsection [2:2]

We now move on to studying asymptotics of the mass and energy. The leading
terms are almost immediate from the above; see below. The second order terms
require the observation that

(2.36) L(g+x-Vg) = —2g,

which follows from (2.34]), (2.30)), and direct computation. Indeed, using this, (2.32]),
and (2.35) we have

M(Py) = w™|Jullfy =™ 2[llgllz — 20(g, L7'6%) + O(w?)]
=w ' 2|gllFs + W' (g + 2 Vg,0%) + Ow*?)
=w ' 2)gl7z + 302 lglGe + OW*).

Note that this also gives asymptotics for the L*-norm of P,, via the identity (2.4).
Using the Pohozaev identities and the asymptotics for the mass we deduce

E(P.) = $M(P.) ~ Y|P3
= 101 2)g)3; + 2ot 2llgl Sy — 3w 2lglSs + O(w®?)
= L2 gl3: — B glls + OWH?).

We also used here the leading term asymptotic for the LS-norm of P,,, which is

evident from ([2.35)).
A similar analysis yields 3(w) = wB(g) + O(w?).

2.5. Asymptotics as w — 1%. We will exploit the variational characterization
(2.8) of solitons. As there, we write p(u) = §|ul® — $|u|* + < |ul?.

First we consider an explicit trial function v defined by v(z) = v/3/2 when
|z| < R, v(z) = 0 when |z| > R+ h, and v(z) is the interpolating linear function
of |z| for intermediate values of |z|. The parameters R and h are chosen so that

/$<Rp(v(w)) dr= -2 andthen /RS p(v(z)) doz = —1.

Asp(V3/2) = —3(2 —w) we have R ~ (3= —w)~1/3; a slightly longer computation
3 ~4/3.

reveals h ~ (1% — w)?/3 and therefore [Vo|[2, ~ (16 —w)
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By the variational characterization of P,,, via the rescaled function P,,, we then
deduce that

IVP.IR: S (& —w) ™ andso VR £ (& —w) 2.

~

The remainder of the argument is based on a direct analysis of the optimizer B,
which is necessarily positive, radial, and decreasing.
We define new lengths R and h so that

|P,(z)] > 1 when |z| < R and |P,(z)] < 1 when |z| > R+ h.

As p(~u) 2 — (5% —w) throughout C and p(u) 2 [u|? > 0 when |u| < %, the constraint
[ p(P,) = —1 guarantees that R 2 (& — w)~1/3 and that
(2.37) / Po@)Pde S 14 (3 —w)R < (3 —w)R.
|lz|>R

In particular, hR?* < (3 — w)R®, which is to say, b < (& — w)R.

We can now get a lower bound on [ |VP1,|2 by comparing it to the least value
taken by any function that equals % on the sphere of radius R and equals % on
the sphere of radius R 4+ h. This minimum is achieved by a harmonic function,

specifically, by U(z) = Riflilh) — %. Thus,

/ VP, (2)[? de > BUELER) > R(8 _ )=l > (& — )43,
R<|z|<R+h

From this and our earlier upper bound on f |V ]5w|2, we deduce that
/ VP, (2)[*dw ~ (- w)™% andso R~ (- w)~1/3,
R3

From the size of R, (2.37), and (2.10)), we also obtain [ |P,[? ~ (& —w)~™.

Rescaling we obtain
[ VP @R~ G =) and M) = [P o~ G =)
and then by employing the Pohozaev identities,

B~ [ 1P@ e~ [P de~ (=)™ and B) ~ ()
This completes the proof of the final part of Theorem |2.2 [l

3. SOLITONS AS GAGLIARDO-NIRENBERG-HOLDER OPTIMIZERS

The appearance of solitons as optimizers in Sobolev and Gagliardo—Nirenberg
inequalities has played a key role in the analysis of the focusing NLS with a single
power nonlinearity. In particular, this is an essential ingredient in the determination
of thresholds for well-posedness and for scattering in these cases; see [3] 22| 24, 40,
73].

In this section we discuss an analogous characterization of solitons for the cubic-
quintic problem in terms of a one-parameter family of inequalities we dub Gagliardo—
Nirenberg-Holder inequalities; see below. We suggest this name because they
interpolate between the Gagliardo—Nirenberg and Holder inequalities

(3.1) lullzs S llullz2|Vulg.  and Jlullzs < llullzz|ullZs
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as the parameter 0 < o < oo varies. While the veracity of the inequality
below for some constant C, > 0 is easily seen by taking a (weighted) geometric
mean of these classical inequalities, this argument tells us little about the optimal
constant or any optimizing functions.

Proposition 3.1 (a-Gagliardo—Nirenberg—Holder inequality). Fiz 0 < a < oo
and let C,, > 0 denote the optimal (i.e. infimal) constant so that

3o 3
(3.2) ||’LLH%4(R3) < Callull s lull 16 (ray IVl 13 (rs) for all u € H'(R?).
Then Cy, < oo and the inequality admits optimizers; moreover, every optimizer v
is of the form v(z) = AP, (p(x — x¢)) where A\ € C, 2o € R3, p > 0, and P, is a
ground state soliton with B(FP,,) = «.

Remark 3.2. Theorem shows that w — f(w) is real-analytic with f(w) — 0
as w — 0 and f(w) — oo as w — 13—6. Thus for any «, there are only finitely many
w so that f(w) = a.

One shortcoming in our result is that we are unable (at this time) to guarantee
that all solitons appear as optimizers of nor are we able to preclude that two
different solitons are both optimizers for the same inequality. As will be appar-
ent from what follows, a positive resolution of Conjecture [2:6] would obviate these
concerns.

Proof. That C, < oo follows from (3.1)) as noted above. It can also be deduced in
a similar manner from Sobolev embedding (specifically, H!(R?) C L5(R?)).
Next, we prove that the optimal constant C,, is achieved. To this end, let

_3
[l ol o™ IVl 2

lullZa

(3.3) F(u):= , sothat C;'=

inf F(u),
uw€H(R3)\{0}
and let {u,}neny C H} be a sequence realizing the infimum (i.e. F(u,) — C.1).
By the usual rearrangement inequalities, we may assume that u,, are non-negative,
radially symmetric, and non-increasing. By exploiting the fact that F(u) is invari-
ant under the rescaling u(z) — Au(z/r), we may also arrange that ||u,|rz = 1 and
IVup|lz2 =1 for all n.

Passing to a subsequence, if necessary, we may assume that {u,} converges to
some us, € H} in both the weak topology on H! and the norm topology on L.
The latter assertion relies on the fact that u, are radially symmetric and the well-
known compactness of the embedding HY ;(R3) — L*(R3); see, for example, [73]
p. 570]. Sobolev embedding further guarantees that u, — ., weakly in LS.

Next we verify that u., #Z 0. By the normalizations |u,| r2 = ||Vun|z2 = 1 and
Holder’s inequality, we have
4o
HunH [l,lra T

> ljm -+~ 20L7 N
2 0 N, el

o 3a
1+a 1+a
C;'= lim F(u,) = lim lnll =" M
n—o00 n—o00 HunHjé4
which shows that indeed us, Z 0.
Recall that the norm on any Banach space is weakly lower semicontinuous. Ap-
plying this in the numerator of F'(u,) and using that ||u,||pa = ||ucc||zs # 0 in the
denominator yields

C7' = lim F(up) > Flus) > inf F(u)=C;*"
nyoo ue H' (R?)\{0}
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Thus equality holds throughout this line and u. is an optimizer for (3.2)).

It remains to demonstrate that all optimizers v are ground state solitons up
to the obvious symmetries. We begin by treating the case that v is non-negative
and radially symmetric; at the end of the proof we will reduce to this case via
rearrangement inequalities.

As v is a minimizer of F, it must satisfy the corresponding Euler-Lagrange
equation: d%|e:0F(v +e¢) = 0 for all p € C°(R3;R). Thus, direct computation
shows that v is a distributional solution to the following equation:

Avta Ik |Vv\2dxvs A1 +a) |VU\2d$U3 N l+af |VU\2dxv 0
Jvbdx 3 Jvtdx 3 [o?dx

A little further computation shows that if we define Q(z) = A~ v(z/p) where

A, p > 0 are given by

41+ a) [v0dz
3a [ovtdx

16(1 4+ )? [v®dz [|Vo|? dz
e (fv4dx)2

A= and p? =

)

then, @) satisfies

30 ([vide)’
16(1+ o) [v2dx [v0da

As @ is non-negative and radially symmetric, Theorem shows that (3.4
uniquely identifies Q(x) as being P, (x) for this value of w; moreover,

B(Q) = £B() = a.

To complete the discussion of optimizers v for we now need to consider the
case that v is not non-negative and radial. Standard rearrangement inequalities
guarantee that the symmetric decreasing rearrangement v* of v will also be an
optimizer. By what we have just proven, v* must then be the rescaling of a ground
state soliton P,. Consequently, all level sets of v* have zero measure. Thus by
the strict rearrangement inequalities of [12], it follows that v agrees with v* up to
translation and multiplication by a unimodular complex number. This shows that
v(z) = AP, (p(z — x0)) for some X\ € C, zg € R?, p > 0, and P, a ground state
soliton with B(FP,,) = «, thereby completing the proof of Proposition O

(3.4) “AQ+ Q- QP+ wQ =0 with w=

Lemma 3.3. Fiz o > 0 and let Q4 denote a ground state soliton that optimizes
the a-Gagliardo—Nirenberg—Hélder inequality (3.2]). Then, the optimal constant C,
in that inequality is given by

35) o 4(1+0a) 1

3O Qull 22 1V Qall FE iy

Moreover, if 0 < v < a and Q is a ground state soliton that optimizes the ~y-
Gagliardo-Nirenberg-Hélder inequality, then

IVQallr2@sy _ [a)?
(3.6) e s (=) >,
IVQ, Il L2r3) v

M(@Q,) _ (147
M(Qa) = (1+a)2y

(3.7)

1
2
-, for0<y<a<l,
3
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M(Q,) _ (1+7)?%a?
(3.8) MO < 1+ o)t for1 <~y <a,
(3.9) giga§><(j_3:f, foro<y<a<lorl<~y<a.
% — 2

Proof. As @, is a ground state soliton with 5(Q.) = «, it obeys the relations ([2.26)

and (2:27); in particular, [|Qal|f. = *[VQa |22 and [|Qal|% gs) = @l VQal12.-
Substituting these into

B 1Qallt s ey
- Ba _3
Qa2 ) Q| i) 1V Qe

leads immediately to (3.5)).
As v # «, Proposition guarantees that () is not an optimizer for the a-
Gagliardo-Nirenberg-Holder inequality. Using (3.5)) and the fact that @, obeys the

relations (2.26)) and (2.27)), this yields

1-—a X
QL2 IV Q4 2° S (1 +~)y 20+

sy R
Qallr2 ||VQQ||£§"‘ (1+ a)a™ 20+

Reversing the roles of o and -y, we also obtain

Ca

(3.10)

1oy
Qa2 IVQall 7 (Lt )" T

I —.
141211V @A 2 (14+7)y 2T

Combining (3.10) and (3.11) gives
11—«

1+7(7>2“+‘” (IIVQaHm)”‘” < 1@yl
(&%

(3.11)

1+« ||VQ7HL2 ||QaHL2
ol 1—n
147 (7)2“*” <||VQa||L2 )””
3.12 < - m~o .. )
(3.12) l1+al\a VQ, 2

from which we will derive the remaining assertions of the lemma.
Skipping over the middle term in (3.12]) and rearranging gives

(IIVQaan)uiﬁm <a)(+)()
IVQallrz (o
IVQy |l S 7

which then implies (3.6) because o > v > 0.
From (3.6) and the first inequality in (3.12]) we deduce (3.7)) while (3.8)) follows

from (3.6) and the second inequality in (3.12)). Note that when a = 1 or v = 1,

3.7; and (3.8) follow directly from (3.12). Finally, (3.9) follows from (3.6) and
2.27)). ([l

In view of (3.6)) we may say colloquially that
(3.13) o= ||VQQ||%2(R3) is strictly increasing.

However, we have not proved that a uniquely determines a ground state soliton
Q.. Correspondingly, the proper formulation is that (3.13]) holds for any system of

optimizing solitons {Qa }ae(0,00)-
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As a counterpoint, recall from ([2.6) that w — |[|[VP,]||2. (R#) 18 strictly increasing.
Combining this with (3.13]) yields the following:

Corollary 3.4. If P,, and P, are optimizers for the Gagliardo—Nirenberg—Hdlder
inequalities with parameters o > v, respectively, then w > w'.

This does not resolve Conjecture because we do not know that every P,
occurs as an optimizer in (3.2)) for some «.
As o — a1/2(1 4+ a)? is increasing for o > % and decreasing for o < %, the

inequalities (3.7) and (3.8) imply

(3.14) o+ M(Qa) is decreasing on (0, 1] and increasing on [1, c0).
(This is to be interpreted in the same sense as (3.13)).) Analogously,
(3.15) o+ E(Q.) is increasing on (0, 1] and decreasing on [1, 00).

Note that the energy F(Q,) is negative for a > 1; see ([2.27)).

4. FEASIBLE MASS/ENERGY PAIRS

The purpose of this section is to give an essentially complete description of the
possible pairs (M (u), E(u)) for u € H*(R?). Recall that

E(u) = / 1Vu(z)? — Lu(@)* + %|u(r)|6 dr and M(u) = lu(z)|? da.
R3 R3
Our results are summarized in Figure [£.I] The symbol @), appearing in this figure
represents a ground state soliton that optimizes the Gagliardo-Nirenberg-Hdolder
inequality with parameter a = 1, as in Lemma We will continue to use this
notation throughout the section.

Numerically, we find that Q7 is unique; its vital statistics can be found in Ta-
ble Although we do not have a proof that @ is unique, the masses of all such
minimizers are identical. Indeed, shows that the mass of 1 can be expressed
in terms of the optimal constant C; in via 9M(Q;) = 64Cy 2

We will describe the possible mass/energy pairs by characterizing the possible
energies for each fixed value of the mass. To this end, it is convenient to introduce
the notations

(4.1) F(m):={E(u): u€ H'(R®) and M(u) =m} and Ep,(m) := inf F(m).
This infimium is always finite; indeed, (4.4) below shows that E(u) > —2 M (u).

Theorem 4.1 (Feasible mass/energy pairs). Enin(m) is continuous, concave, non-
increasing, and non-positive. Furthermore,

(i) Ifm =0, then F(m) = {0} and Enin(m) = 0.

(ii) If0<m < M(Q1), then F(m) = (0,00). In particular, Epi,(m) = 0.

(iii) If m = M(Q1), then F(m) = [0,00). Note that Emin(m) = 0 is now achieved.
(iv) Ifm > M(Q1), then F(m) = [Emin(m), 00) and Emin(m) < 0.

When m > M(Q1) we see that Ewin(m) is achieved. All such minimizers are

ground state solitons P,, with S(w) > 1, up to translation and multiplication by a
unimodular constant.

Remark 4.2. In the proof below, we also see that Ey;, is strictly decreasing on
the interval [M(Q1), c0), with negative slope at M (Q1), as depicted in Figure
This figure also shows FEi, to be smooth on this interval. We do not currently
have a proof of this; it would, however, follow from Conjectures and
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Proof of Theorem[/-1. As M(u) = 0 enforces u = 0, item (i) follows immediately.

Given a non-zero ¢ € H*(R?) and £ € R?, consider ¢¢(z) := elléll#lg(z). Clearly
M(¢e) = M(¢) > 0; moreover, E(¢¢) = E(¢) + 3[£|*M (). This shows that for
m > 0, the set F(m) of possible energies is a semi-infinite interval.

It remains only to investigate the curve Enin(m) and to determine when this
infimium is achieved. The analysis below will show that minimizing sequences (and
minima, when they occur) can be made radially symmetric. We chose to use the
multiplier ¢?¢!l7I above, rather than e*®, because it preserves this radial symmetry.
As a consequence, we see that all feasible mass/energy pairs can be realized by radial
functions and hence, by functions with zero total momentum.

Given ¢ € H'(R?) and A > 0, let ¢*(z) := A*2¢(\z). Then
M@ = M) and E@") = [ 5190 - ¥t + 3ol o

In particular, F(¢*) — 0 as A\ — 0, which shows that Fy;,(m) < 0 for all m > 0.
The Gagliardo—Nirenberg-Hoélder inequality (3.2) with parameter a = 1 gives

M(u) \1/2 3/2 3/2
lullts < &(irady) lullze 1 Vul s

when the optimal constant is written in the form (3.5). Consequently, using Young’s
inequality (with powers % and 4),

uw) \1/2 3/2 3/2
s E(u) > 31|1Vulfs + 3ulfs — 2(srad) IVl 35 lulle
: M 1/2
> (1= (355" [B19ulzs + el |

From we see that E(u) > 0 whenever 0 < M(u) < M(Q1). Notice that
combined with the preceding analysis, this completes the proof of part (ii) of the
theorem.

By the same analysis we see that E(u) > 0 when M (u) = M(Q4). Moreover,
E(Q1) =0, as can be seen from (2.27)). This settles part (iii) of the theorem.

0 N M

FIGURE 4.1. The shaded area indicates feasible mass/energy pairs.
Dots and solid lines indicate boundary points that are achieved;
broken lines indicate boundary points that are not achieved.
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Next we show that Epin(m) < 0 whenever m > M(Q1). Observe that if u €
H'(R3) and uy(z) := A™2u(x/\), then

(4.3) M(up) = NM(u) and  B(un) = B(u) — 252 ull 4.

Choosing u = Q1, A2 = m/M(Q1) > 1, and using that E(Q;) = 0, we deduce that
Frin (m) < 0.

Applying the same rescaling argument to a generic trial function shows that
m +— Enin(m) is non-increasing, as stated in the theorem.

Incidentally, if the infimum Fy,;, (m) is achieved for some m > 0, then applying
the rescaling argument to an optimizer shows that the right derivative of FE, at
m is strictly negative. (This derivative exists by virtue of the concavity proved
below.) When combined with the results on the existence of extremizers proved
below, this justifies the claims made in Remark .

Having shown that Epin(m) < 0 for m > M(Q1), we will now be able to prove
that the minimum is achieved for these values of m. To this end, let {u,} be a
minimizing sequence for this variational problem (i.e., M (u,) = m and E(u,) —
Enin(m)). Using rearrangement inequalities, we see that u,, may be taken radially
symmetric, while the identity

2
(4.4) B(u) + & M(u) = / Va2 4 Huf2(Juf? - 2)? de

shows that u, is bounded in H}. Thus, passing to a subsequence, we may guarantee
that u, converges to some v € H!(R3) weakly in Hrlad and L% as well as strongly
in L*. From weak lower semicontinuity of norms we deduce that

(4.5) E(w) < Epin(m) and M(v) <m.

Note that this guarantees F(v) < 0 and hence v # 0.

Actually, equality must hold in both parts of . If M(v) < m, then by
rescaling as in we could produce a function vy with E(vy) < Emin(m) and
M (vy) = m, which is clearly in violation of the definition of Eni,(m). The same
violation would arise if M(v) = m but E(v) < Enin(m). In conclusion, this v
demonstrates that when m > M (@) the infimal energy value Ep;,(m) is actually
achieved. This completes the verification of part (iv) of the theorem.

Having finished the proof of the numbered parts of the theorem, it remains to
show that optimizers are solitons (when m # 0) and to demonstrate the concavity
and continuity of Epin(m). (We have already proved that Ein(m) is non-positive
and non-increasing.)

That optimizers for E;, are solitons follows immediately from the Euler—Lagrange
equation, dF + $dM = 0. Indeed, having chosen to write the Lagrange multiplier
as w/2, we precisely recover . By the sharp rearrangement inequalities of [12]
we see that optimizers must be non-negative (after multiplication by a unimodular
constant) and spherically symmetric (about some point). Thus, by Lemma[2.1] and
Theorem optimizers must be ground state solitons, up to symmetries. That
these solitons have 5(P,) > 1 follows from and the fact that F;, <0.

As we have shown that FEy,;, is monotone, continuity follows from mid-point
concavity, which then implies concavity. Thus it remains only to show that

(4.6) %Emin(ml) + %Emin(mg) < Emin(%ml + %mg) for all mq,mo > 0.

This will be effected by a moving hyperplane argument.
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Given u € H'(R®) with M(u) = 2m1 + ims, choose a plane that partitions
the mass into parts mq/2 and mg/2. Reflecting one side or the other through the
chosen plane yields two functions vy and vy € H'(R3) each of which is even with
respect to reflection in the plane and which obey M (v1) = mq and M (vy) = ma.

Directly from the construction we have $E(vi) + $E(v2) = E(u). Taking the
infimum over all u € H*(R?) with M(u) = 2mq + 2ms now yields (L6). O

5. RESCALED SOLITONS AND THE VIRIAL

The key new player in this section is the virial,
(5.1) V(u) = / [Vu(@)]? + Ju(@)|® — §lu(z)|* d,

to be regarded as a functional on H'(R?®). While not in perfect accord with the
historical meaning (see [16]), our use of the term ‘virial’ is consistent with the
modern usage as can be seen from the following wvirial identity:

(5.2) % 2Im . u(t,x) x - Vu(t,z) de = 4V (u(t))

for any solution u(t) to (1.1)).
Taking a linear combination of the Pohozaev identities ([2.2)) and ({2.3]) shows that

V(u) = 0 whenever u is a soliton solution to (1.1). Looking back to the manner
in which the Pohozaev identities were derived yields an alternate expression of the
vanishing of the virial for solitons, namely, for any u € H'(R3),

(5.3) V(u) = dE|u(x -Vu+ 3u) and dM|u($ -Vu+ 3u) =0.

As solitons are precisely the points u € H'(R?) where dE + gdM = 0, we deduce
that solitons have zero virial.

Although the early sections of this paper focus on variational and elliptic prob-
lems, it is important to remember that Theorem is a dynamical statement; we
wish to describe the long-time behaviour of solutions to for an open set of
initial data. This focuses our attention on as a dynamical substitute for the
Pohozaev identities.

For solutions that remain well-localized around a fixed point, such as non-moving
solitons, LHS will be the time derivative of a bounded function; thus, by
integrating over long time intervals, we deduce that V (u(t)) vanishes in an averaged
sense. We will show below that V' > 0 in a certain region R in the mass-energy
plane, which then precludes this sort of soliton-like behaviour.

It is far from immediate to see why solutions in the region R that merely fail to
scatter should remain both in one place and sufficiently well localized that one may
apply the argument just sketched. Indeed, much of the second half of the paper
is devoted to showing that the existence of a non-scattering solution in the region
R would guarantee the existence of another solution in the region R to which this
argument can be applied. This other solution will be constructed as a minimal
blowup solution.

It will take considerable effort to shoehorn our problem into an application
of . However, we have little choice. This is not a small-data problem; the
nonlinear effects are as strong as the linear effects. Indeed, there are soliton solu-
tions on the boundary of the region R; see Theorem As a consequence, we
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E

M(Q))

FIGURE 5.1. Schematic depiction of the open set R C R2, based
on numerics. Note: the scale of the various features has been
drastically altered in order to make them all visible on one plot.

must exploit some fundamentally nonlinear information. The virial identity is the
only truly pertinent tool that we know.

With this motivating discussion complete, we now turn to the analysis of the
region R in the mass/energy plane where the virial is strictly positive, beginning
with some definitions.

Definition 5.1. For m > 0, we define
(5.4) EYi(m) == inf{E(u) :u € H'(R®), M(u) =m, and V(u) = 0},

with the understanding that EV. (m) = oo if no function u € H'(R?) obeys both

M(u) = m and V(u) = 0. We then define
(5.5) R:={(m,e):0<m < M(Q1)and 0 < e < EY; (m)},

min
where M (Q)1) is the common mass of all soliton optimizers of the (o = 1)-Gagliardo—
Nirenberg-Hoélder inequality, as in Section [4]

This definition does not make it immediately apparent that functions with mass/energy
belonging to the region R have positive virial; this will be shown in Theorem

Theorem shows that that the restrictions m < M(Q1) and e > 0 appearing
in are purely for expository clarity; the set of u € H! with (M (u), E(u)) €
R would be the same if they were omitted. Indeed, if m > M(Q1), then the
minimal feasible energy with mass m is achieved by a soliton, which has zero virial.
Theorem [4.1] also shows that E(u) > 0 whenever 0 < M (u) < M(Q1).

The general features of R are shown in Figure [5.1} In Subsection we study
the variational problem and verify some of the features depicted in Figure
Subsection is devoted to constructing an exhaustion of R that will allow us to
prove Theorem by performing induction on a single variable.

5.1. Description of the region R. Some of the basic structural properties of the
region R are rigorously justified in Theorem [5.2] below. Later in this subsection,
we will discuss the boundary of R more thoroughly; see Theorem

Theorem 5.2. If (M (u), E(u)) € R for some u € HY(R3), then V(u) > 0.
(5.6) EY..(m) =00 when 0<m< ﬁM(Ql),
(5.7) 0< EY. (m)< oo when %M(Ql) <m< M(Q:1), and
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(5.8) EY. (m) = Emin(m) when M(Q1) <m.

For m > 4 M(Ql) the infimum EY. (m) is achieved and is both strictly de-
creasing and lower semicontinuous as a function of m.

Recall that Eni,(m) denotes the infimal energy that is possible for H 1 functions
with mass m. From Theorem we know that Epin(m) =0 for 0 < m < M(Q1)
and Epin(m) < 0 for m > M(Q1).

Before beginning the proof of Theorem we first give two lemmas. Both are
based on straight-forward, but rather cumbersome, computations of the effect of
rescaling on the mass, energy, and virial of a function.

Lemma 5.3. Suppose u € HY(R3) is not identically zero and that either
(i) V(u) <05 or

(i) V(u) = 0 and Au) <

Then there exists A > 1 so that () :

‘= A2u(\z) obeys V(u) =0, B(u?) > 1 3, and
E(u*) < E(u). Note that M (u) = M (u)

and Ve |22 = N[ Vul 2. > [|Vull7.

Proof. Direct computation shows that
d

5.9 V(ut) = A—~Eu?) = X[ |Vul?dz — 323 [ |ul*dz + A° [ |ul® dz.
dX 4

Suppose V(u) < 0. From (5.9) we see that limy_,o V(u*) = co. Thus, there is
at least one A\ > 1 so that V(u?) = 0. Let Ao denote the smallest such A, which
allows us to infer that V(u*) < 0 for all A € [1, \g). It then follows from that
E(u?) is decreasing on the interval [1, \g), and so E(u’) < E(u).

By construction, 9,V (u?) > 0 at A = \g. Combining this with V (u*°) = 0 yields

0< 2)\0/|Vu|2 - %)\%/\u|4+6)\8/|u|6 _ —)\0/|Vu|2+3)\8/\u|6.

Thus B(u*0) = A§B(u) > &. This proves part (i) of the lemma.
We turn now to part (i) and so suppose that V(u) = 0 and S(u) < 1/3. Then
3 [ u*de =1+ B(w)] [ |Vul|?dz and so (5.9) can be rewritten as

(5.10) V(u*) = Ai\E( M =21 - ) (1= Bu)A — B(u)A? — B(U))\3)/\Vu|2 de.

As f(u) < 1/3, RHS(5.10) has negative derivative at A\ = 1. Thus for A > 1
sufficiently close to 1, we have V(u}) < 0 and E(u?) < E(u). Thus part (i) now
follows by applying part (i). O
Lemma 5.4. Given m > 0 and v € H'(R3) with V(u) = 0 and 0 < M(u) < m,
there exists v € H(R3) obeying

(5.11) M(v)=m, E(@v)<E(u)-— 772MM$)/\V1L )P dz, and V(v)=

Proof. We will prove the lemma under the additional assumption that g(u) > %

This suffices because any u not obeying this hypothesis can be replaced by the
function u* provided by Lemma [5.3(ii). The relations remain true with the
original function u because E(ut) < E(u) and ||[Vu| g2 > || Vul| 2.

Little effort is required to check that for S(u) > % and 1 < p < oo,

d (1+p°8w)* _ (1+p*Bw)BA(u)p® —1)

O<@ s0+Bw)? = 20+Bw)?

< 3B(u)p* 1.
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Using this, we see that there is a unique 1 < p < oo so that

(1+p*B(w)?. m — M(u) 3

oL+ Bu)? moreover M) <Bw)(p>—1)—(p—1).
Indeed, existence of such a p follows from the intermediate value theorem (and the
values at p = 1 and as p — o0). Uniqueness follows from the positivity of the
derivative, while the second part of follows from the upper bound on the
derivative and the fundamental theorem of calculus.

Using this value of p we then define
p(1+ B(u))

v(z) == V/pAu(dz) with X = T 2B)

Elementary computations show that M(v) = m and V(v) = 0; indeed, this is
precisely how the parameters p and A Were chosen. To Verlfy V(v) = 0, we exploit

(5.12) m = M(u)

the fact that V(u) = 0, which implies 2 [ |u|*dz = [1 + 8(u)] [ |Vu|? dz.
Similar computations give
E(v) = () — 486 ~ 1) = (o~ 1] [ [Vu(e) do

The energy bound stated in now follows by combining this estimate with the
second part of (5.12). O
Proof of Theorem[5.2. Suppose u € H'(R3) and (M (u), E(u)) € R. We wish to
show that V(u) > 0. That V(u) # 0 follows from the definition of R. If, on the
other hand, V(u) < 0, then by Lemma i) there is a rescaling u* of u with the
same mass, E(u") < E(u) and V(u) = 0. This implies EV. (M(u)) < E(u), so
contradicting the original assumption (M (u), E(u)) € R

Next we show that EY, (m) = oo when 0 < m < —2=M(Q1). To do this, we
define

R(z) := %Qﬂ@ z).

Later we will introduce a class of rescaled solitons that include this example; see
Lemma Direct computation (cf. the proof of Lemma shows that

(5.13) BR) =14, V(R)=0, and M(R)=3%=M(Q).

As @ is an optimizer for the (o = 1)-Gagliardo—Nirenberg-Hélder inequality,
so too is R. This allows us to express the optimal constant as

IRII7s _16-31/4
TR RIZAVRIZE ORI
where the second equality follows by exploiting (5.13)). Thus

3 :
/\ 4 dx < 19?&;""'” <3/|u6d3:> </|Vu|2dm> for all u € H'(R?),
L2

and so Young’s inequality (with powers 4 and %) yields

(5.14) /| |*do < ;‘%""L /|Vu\2+|u|6d:c for all u € H'(R?).

This inequality immediately shows that V(u) > 0 whenever 0 < M (u) < M(R).

We have now completed the discussion of m < M(R). When m > M(Q;) all
assertions follow from Theorem This theorem shows that for such m, the
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minimal energy under the constraint M(u) = m is achieved by a soliton, and
hence by a function with zero virial. Thus EY. (m) = Ewyin(m). Moreover, the
proof of this theorem shows that E,i,(m) is continuous and strictly decreasing for
m > M(Q1).

We are now left to consider the middle interval M(R) < m < M(Q1).

Applying Lemma [5.4| with v = R shows that EV. (m) < E(R) < oo for all

such m. In particular, 1t is possible to achieve V(u) = 0 with M (u) = m.
Using the classical Gagliardo—Nirenberg inequality from (3.1]), we observe that

V) =0 = |Vull: < flulls < lulleVulli: = llullzz|Vulz2 2 1,

whenever u Z 0. Combining this with (4.2)) we deduce

E(u) 2 {1 - (1\]/\14(81)))1/2} M%u) whenever V(u) =0 and M(u) < M(Q1).
This proves that EV. (m) > 0 when M(R) < m < M(Q1).

Next we show that EY. (m) is strictly decreasing when M(R) < m < M(Q1).
Given M(Q1) > my > mg > M(R), let {u,} be a sequence with M (u,) = ma,
V(u,) =0, and E(u,) — EY. (m3). As shown above, V (u,) = 0 guarantees that
[Vu,||2. > ¢/ms, for an absolute constant ¢ > 0. Thus by Lemma there
is a corresponding sequence {v,} with M(v,) = mq, V(v,) = 0, and E(v,) <
E(up) — ¢™=32_ Sending n — oo, we deduce that E 1) < Emm( 2).

6m?2 mm(

Next we show that the infimum is actually achieved for M(R) < m < M(Q1).
To this end, let u, be a minimizing sequence at mass m. Replacing u,, by their
symmetric decreasing rearrangement does not affect the mass constraint, does not
increase the energy, but may result in V (u,,) < 0. However, by applying Lemma
we may still conclude that there is a minimizing sequence {u, } comprising radially
symmetric functions.

By (44)), our optimizing sequence {u,} is bounded in H'(R?®). Passing to a
subsequence (if necessary) we may ensure weak convergence in H'(R?) and L%(R?),
as well as norm convergence in L*(R?), due to radial symmetry. Let us denote the
limit by tee-

From these modes of convergence it follows that M (us,) < m, E(us) < EV. (m),
and V(us) < 0. We will show that equality holds in all three cases; consequently,
Uso 18 the sought-after optimizer.

If M(us) < m, we could conclude that EV. (M(us)) < E(us) < EY. (m),
which is inconsistent with the fact that EV. is a strictly decreasing function, as
proved above. (Here we also invoke Lemma [5.3] if it happens that V(us) < 0.)
Thus M (ues) = m. It follows then from Lemma and the definition of EV, as
an infimium that V(ue) =0 and E(us) = Exin(m).

The only assertion of Theorem that remains unproven is that of lower semi-
continuity. This will follow readily from the ideas already presented.

As EY. (m) is decreasing, lower semicontinuity is equivalent to right continuity.
In this way, we see that failure of lower semicontinuity at a point m would guarantee
the existence of a sequence {m,} decreasing to m with EV, (m) > lm EY, (m,).
Now let u, be radially symmetric functions with M (u,) = m,, V(u,) = 0, and
E(u,) = EY, (m,). (We just proved the existence of such optimizers above.)
Passing to a subsequence we may assume that u, — us weakly in H'(R3) and
strongly in L*(R3). Using the lower semicontinuity of M, E, and V under such

convergence together with the strict monotonicity of Emm(m), we then deduce
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that M(us) = m, V(us) = 0, and E(us) = lim EY, (m,,), just as in the proof
of the existence of optimizers. This then falsifies the assertion that EY. (m) >
lim BV, (my,). (]

The appearance of R(z), a particular rescaling of Q1(z), in the proof of Theo-
rem suggests that we will need to consider functions other than solitons if we
wish to understand the boundary of R. This is indeed the case, as will be borne
out by Theorem @ Indeed, it will be shown that an optimizer in the variational
description of EY. is either a soliton or a special type of rescaled soliton; more-
over both cases do occur. The statement and proof of Theorem are simpler if
we present the basic properties of these special rescaled solitons first. This is the
purpose of the next lemma.

Lemma 5.5 (Rescaled solitons). Fiz 0 < w < 13—6. Among all rescalings u(z) =

(
aP,(A\z) of P, with a >0 and X > 0 there is ezactly one that obeys B(u) = 5 and
V(u) =0, namely,

(.15 Rofx) = \/ ) P (e ).
Moreover,
)2 _ 16V3B(w)
(.16)  B(R.) = W [P e, M) = G M),

(5.17) M(R,,) < M(P,) with equality iff B(w) = %

(5.18) E(R,) > E(P,,) with equality iff B(w) = %,

(5.19) L E(R,) >0, [B(w) — 1] M(R.,) > 0 with equality iff B(w) = 1,
)

lim B(R,,) = M(g), and lim M(Ry) = V359 pp (),

w\0 3\/35(9)

where g is the unique positive radial solution to —Ag—g3 +g =0, as in Theorem .

Proof. Recall that 8(u) was defined in (2.25) and that S(w) := B(P,,). After a few
manipulations, this reveals that u(x) = aP,(\x) obeys

(5.21) Blu) = ;—2/3( )
Proceeding similarly, but also exploiting (2.26]) and - yields
622) V()= ${1+ $£00) - £ + 1} [ V@) s

It is now an elementary matter to verify that gives the only solution to the
system S(u) = 5 and V(u) = 0.

The formula for M(R,,) given in follows directly from (5.15), while the
formula for (Rw) is most easily found by mimicking

Equahty in and (| when f(w) = 3 is 1mmediate as R, = P, when
Blw) = 3. That strict 1nequahty holds in all other cases then follows from
d 16v35  8(1—-3p) d 2 B (38-1)

2 = and — = )
d9(1+5)?  3v3B(1+B)3 dB3(1—B)V3E  (3BP2(B—1)?
Note that there is no need to use the second formula when 8 > 1, for if f(w) > 1

then ([2.27)) shows that E(P,) < 0, while (5.16]) shows that E(R,,) > 0.

)
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It remains only to verify (5.19) and (5.20). Differentiating the first relation in
(2.26) with respect to w and then using (2.6]) gives

(5.23) %[j—wﬂ(w)]/WPdex = -2 M(P,) +wLM(P,).

From this, (5.16]), (2.6, and finally (2.7)), we then deduce that

LB(RY) = 55bms |2 M(P) — wi M(R,)| > 0.

Using (2.26) we may rewrite (5.23)) as follows:
M(P,) 5 B(w) = S [ BZLM(P,) + wi M(P.)]

w dw

Proceeding as above, we deduce that

LM(R) = G803 MR + 500 [~ M(P) + 5 M(R)|

dw 9(1+8)? dw 3vV3B(1+8)2 2w dw
_ _8(1-p) 36-1 d
= s A0 [~ 2L M(P) + 4 M(P)]

That [B(w) — 1]4-M(R,,) > 0, as well as the cases of equality, now follow from
, which shows that the final expression in square brackets is negative.

As we have now shown that F(R,,) is increasing in w, the limiting value as w — 0
actually provides the infimum of the energies E(R,,). The stated value for this and

for the limiting mass follow from (5.16)), (2.26)), and Theorem [2.2{iv). O

Theorem 5.6. Suppose m > %M(Ql) and u € HL\ {0} obeys

(5.24) M(u)=m, E(u)=EY, (m), and V(u)=0.

(Theorem guarantees that such a u exists precisely for these values of m.) Then
either u(x) = e R, (x + xo) or u(z) = e’ P,(x + xo) for some § € [0,27), some
xo € R3, and some 0 < w < 1% that obeys f(w) > % Recall from Theorem that
for all such m there is a function u obeying ,

Furthermore, both cases necessarily occur on the boundary of R. Specifically,
there exists 6 > 0 so that no soliton has mass < %M(Ql) + d, while u cannot be

a rescaled soliton when m > M(Q1) — 9.

Before we begin the proof of this theorem, we discuss the fuller picture provided
by numerics. See Figures and We find that there is an intermediate mass

S M(@) < mo < M1(Q)
so that EY. (m) is achieved solely by rescaled solitons R,, when m < my, and solely
by solitons P, when m > mg. (Numerics give moy = 189.48.) The transition in
the type of minimizer is marked by a discontinuity in the derivative of EV. and
so is depicted as a kink in Figure Note that this kink is essentially invisible in
Figure [5.2} this is why we have included Figure [5.3]

The mass/energy curve of R, crosses the mass/energy curve of P,, whenever
B(w) = 1/3; indeed, R, = P, whenever $(w) = 1/3. Our numerics show that the
mass/energy curves intersect exactly twice, once at mo and once at the (unique)
point where 8(w) = 1/3. The intersection at my is transverse. At the point where
B(w) = 1/3, the two curves cross; however, the formulas in Lemma can be used
to show that both have the same tangent and curvature.
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FIGURE 5.2. Detail of the mass/energy curves of P,,, shown solid,
and R, shown dotted.

Excepting the point mg, we observe EY. (m) to be a smooth curve. Let us

briefly describe what is needed to achieve a rigorous proof of this. It follows from
Theorem that both P, and R, are analytic H'(R3)-valued functions of w; thus
EY..(m) is smooth except where <=M (P,) or “-M(R,,) vanish or where the two
mass/energy curves touch.

From the proof of Lemma and Conjecture it would follow that ;—WM (Ry,
vanishes only once, namely, when P,, = @1, which corresponds to m = %ﬂM (@) =
185.10. Recall that Conjecture [2.6] implies uniqueness of the optimizer Q.

On the other hand Conjecture implies that j—wM (P,,) vanishes only once,
namely, at the minimal mass soliton. This corresponds to the cusp in Figures [2.1
and In this way, we see that the claimed shape of EY. (m) follows from our
two conjectures along with the following assertion, which is supported by numerics:
The mass/energy curve of R, intersects the lower branch of solitons at exactly one
point (which then serves to define mg) and there is no intersection with the upper
branch of solitons with m < my.

Proof of Theorem[5.6. If u obeys (5.24)), then it follows that the radially symmetric
rearrangement u* of u also obeys (5.24). To see this, we first observe that M (u*) =

M (u), E(u*) < E(u) and V(u*) < V(u) = 0. By Lemmal[5.3] we see that V (u*) < 0
would be inconsistent with the definition of EY, (m) as an infimum. Similarly, we
must have E(u*) = E(u).

Below we will show that non-negative radially symmetric functions obeying
must agree with some P, or R,. In particular, this can be applied to u*.
As all level sets of P, and R, have zero (volume) measure, combining the strict
rearrangement inequalities of [12] with the arguments in the previous paragraph,
we may conclude that any u € H'(R?) obeying must agree with some P,, or
some R, up to a translation and a phase rotation.

For the remainder of the proof we consider only u that are non-negative and
radially symmetric.
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F(E, M)

1.13481 h

1.13471 b

1.1346

1.13451 h

1.1344 185.2 18\13.4 186.6 18‘9.8 1é0 196.2 196.4 M
FIGURE 5.3. Closer view of the mass/energy curves of P,,, shown
solid, and R,,, shown dotted. The horizontal axis denotes mass.
In order to reveal the fine detail of the intersection, a shear trans-
formation has been applied, namely, f(E,M) = E + %w1/3(M —
M(P,, ,,)), where wy /3 is determined numerically so that 3(w;/3) =

wi/3

1/3 (cf. Table[2.2).

As u is a minimizer of the energy with constrained virial and mass, u must sat-
isfy the corresponding Euler-Lagrange equation, provided dV and dM are linearly
independent at the point u. We first consider the possibility that they are linearly
dependent. As it turns out, this is not an illusory scenario; a little thought shows
that this must occur at m = 4M(Q1)/(3v/3), which is the minimal mass at which
it is possible to achieve zero virial.

Asu #£0, s0 dM|, # 0. Thus linear dependence of dV and dM at u guarantees

(5.25) — Au+3u® — 3u® = cu,

for some ¢ € R. Pairing this equation with x - Vu + %u yields

/|Vu|2 +3u® — Jutdz =0, while V(u):= / [Vul> +u® — 3u'dz =0,

by hypothesis. Combining these immediately shows S(u) = %

Making the change of variables u(x) = %v(@) in (5.25), we find that v is a

non-negative radially symmetric solution to (2.5). Thus by Theorem [2.2} it follows
that v(z) = P,(z) for some w € (0, 13).

As u is a rescaling of a soliton P, with S(u) = % and V(u) = 0, it follows from
Lemma that u = R,,, with the same value of w. From the rescaling used above
we deduce from that (w) = 1. In particular, B(w) > 1.

We now turn to the case that dV|, and dM]|, are linearly independent. In this

case, u satisfies the Euler-Lagrange equation dE|, + pudV |, + vdM]|, = 0, that is,
(5.26) — Au+u® —ud + p(—2Au + 6u® — 3u®) 4 2vu = 0.
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If the Lagrange multiplier ;¢ = 0, then is precisely the defining equation
for a soliton (cf. ) with w = 2v. As u is non-negative and radially symmetric
Theoremguarantees that u = P, for some wy € (0, ). That 3(wo) > 3 follows
from Lemma and the fact that v minimizes the energy subject to M ( ) =m
and V(u) =

To show that actually S(wg) > 3, we will use Lemma |2.7} Suppose instead that
B(wo) = 5. Combining and (2.23]) we see that w — E(P ) is increasing at wp;
however, this function converges to —00 as w — 3/16. Thus we may choose w; > wy
so that E(R,,) = E(P,,) and E(P,) > E(P,,) on the intervening interval. By
Lemmal2.7]it then follows that M (P,,) < M(P,,). This contradicts the minimality
of u = P,,, because EY. is strictly decreasing, as shown in Theorem

This leaves the case p # 0. We first show that p > 0, arguing by contradiction.

As dV and dM are linearly independent at u, there exists w € H*(R?) so that
dV|u(w) < 0 and dM |, (w) = 0. Without loss of generality, we may assume that
M(w) = M(u). If p < 0 then implies dE|,(w) < 0. From these values of the
differentials, we see that ug := cos(#)u + sin(0)w obeys M (ug) = M (u), V(up) < 0,
and E(up) < E(u) for small § > 0. In view of Lemma this contradicts the
minimality of u. Thus, either p = 0, which was treated above, or > 0, which we
address next.

Under the change of variables u(z) = av(Az) with

L+3u (1+3p)? 2v(1 + 6p)

, = , and w=-—7",
14+6p (14 2p)(1 4+ 6p) (1+3pu)?
the Euler-Lagrange equation ([5.26)) becomes —Av +v° —v3 +wv = 0. Theorem
then allows us to conclude that v = P, for some 0 < w < 1373' By Lemma |5.5, to
see that u = R,, we need to show that B(u) = L. This follows by pairing (5.26))

3
with - Vu+ 3u and using V(u) = 0, as in the treatment of (5.25). Lastly, a short

computation shows

(5.28) Bw) := B(F,) = B(u)

(5.27) a’ =

1+6p 1
> .
1+2pu 3

Finally, we turn to the assertions of the second paragraph in the theorem.

Choose w. € (0,3/16) so that P, has the least mass possible among solitons
(Theorem [2.2] - guarantees that this is pos&ble By (2.7 . we know that S(w.) >
1/3 and consequently M(R,, ) < M(P.,), by (5.17). This shows that M(P,_ ) >
4M(Q1)/(3v/3) and consequently, there exists 6 > 0 so that no soliton has mass
smaller than 4M (Q1)/(3v/3) 4+ 6. Thus minimizers in this regime must be rescaled
solitons.

Next we exploit the fact that n := inf{E(R,,) : 0 < w < 3/16} is positive (see
(5.20])) to show that the possibility u = P,, does indeed occur.

Let P,,, denote an optimizer for in the case @ = 1. Thus M(P,,) = M(Q1)
and E(F,,) = 0. We claim that there exists € > 0 so that M(P,) < M(P,,) for
w) —€ < w < wj. Taking this for granted for a moment, we see from the continuity
of w s P, that EY. (m) — 0 as m  M(Q). In particular, there is some § > 0
so that EV, (m) < n for m > M(Q1) — §, which guarantees that optimizers u of
EY. (m) must be solitons (rather than rescaled solitons) on this interval.

It remains to verify the claim M(P,) < M(P,,) for w1 — e < w < w; and some
e > 0. Note that since w — M (P,) is real analytic, failure of this claim would
actually imply that g—wM (P,) < 0 on some interval of this type. By , this in
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turn implies that E(P,) is increasing (and so negative) on this interval. Recall that
E(P,) — 0 from above as w — 0. In this way, the assumption that our claim fails
leads to the existence of an interval [wg,w;] so that F(P,,) vanishes at the endpoints
and is non-positive on the interior. This allows us to apply Lemma [2.7 and deduce
that M(P,,) < M(P.,) = M(Q1). This contradicts Theorem [4.1} which showed
that M (Q1) is the least mass at which zero energy is feasible. O

5.2. Foliation of the region R. As noted earlier, this subsection is devoted to
the construction of a function D : H*(R?) — [0, 00] whose sublevel sets exhaust
R. There are many ways to do this; we choose one that is convenient for the
subsequent analysis. In particular, to ensure that it is conserved by the flow, we
will choose D(u) = D(M (u), E(u)). Note that property (v) below relies inherently
on the shape of R, specifically, the monotonicity of the function EY. (m) proved
in Theorem [5.2} This property cannot be relaxed; it is precisely how our induction
on D(u) manifests a simultaneous induction on the quantities M (u) and F(u) that
are conserved by the flow.

Proposition 5.7 (Key properties of D(u)). There is a continuous function D :
H(R3) — [0, 00] with the following properties:
(i) D(u) =0 if and only if u=0.
(ii) 0 < D(u) < o0 if and only if (M(u), E(u)) € R.
iii) D is conserved under the flow of the cubic-quintic NLS.
iv) If 0 < D(u) < oo, then V(u) > 0.
)

P

(v) If M(u1) < M(uz) and E(uy) < E(uz), then D(u1) < D(ug).

(vi) If M(u,) < My, E(u,) < Ey, and D(u,) — D(My, Ey), then actually
M (u,) — My and E(u,) — Ep.

(vil) Given 0 < Dy < 00, we have

(5.29) [ullf, ~po B(u) and |lullZy ~p, E(u) + M(u) ~p, D(u)
uniformly for all u € HY(R?) with D(u) < Dy.

Proof. As noted above, D(u) will be chosen to depend only on M(u) and E(u),

which justifies (iii). Specifically, we define

(5.30) R¢:={(m,e) eR?:m > %M(Ql) and e > Ey,. (m)}.

and then set

M E

(5.31) D(u) := D(M(u), B(u)) = E(u) + (W) + B(w)
dist ((M(u),E(u)),Rc)

when (M (u), E(u)) ¢ R¢ and D(u) = oo otherwise. Note that R is not, strictly

speaking, the complement of R. Rather, it is precisely the set of feasible mass/energy

pairs, other than (0,0) and those in R.
From Theorems 1] and [5.2] we see that

(5.32) E(u) >0 whenever D(u) < oo.

Properties (i) and (ii) follow immediately. To obtain (iv), we then need merely
exploit the fact that V(u) > 0 on R; see Theorem

Next we consider property (vii). Combining (5.32) and Enin (M (Q1)) = 0 shows
that

M(u M(u
(5.33) D(u) > 7M(Ql)<_}wu) and so 1— \/M((Qf) > sy
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From the second relation and (4.2)) we then deduce

(5.34) orsallully, < E(u) < D(w),
while by this and Sobolev embedding,
(5.35) E(u) < llullfyy + llullf, < lullf, [1+D(w)?].

Taken together, (5.34) and (5.35)) show that F(u) and ||u||fq1 are comparable, uni-
formly for D(u) < Dy.
Next observe that (4.4) and (5.35) yield
lully < 2B (u) + M (u) < [lullZ [1+ D(w)'],

which shows the analogous comparability of E(u)+ M (u) and |jul|3,.. To complete
the proof of (5.29)), we need to show that these are comparable to D(u). From
(5.33) and (5.34) we have

E(u) + M(u) < [1 4+ M(Q1)]D(w).
On the other hand, if D(u) < Dy < oo, then

Dy < DM g AL + M(w)

T M(Q) M(Q1)
To see this we divide into two cases: If M(u) > M(Q1)/4, then this follows from
D(u) < Dy and E(u) > 0. If M(u) < M(Q1)/4, we need only observe that

dist (M (u), E(u), R®) > 74 M(Q1) — M(u) > 1M(Qy).

This completes the proof of part (vii).
Lastly, we discuss the (strict) monotonicity relations (v) and (vi). These are
elementary from the structure of D(u) and the fact that

(5.36) dist ((m’,e’), R°) > dist ((m,e),R) whenever m'<m and € <e,

which follows from the monotonicity of EV. (m). Note that we do not claim strict
monotonicity in . It is not true; part of the boundary of R¢ is vertical.
Incidentally, lower semicontinuity of EY. (m), which was shown in Theorem
guarantees that R is a closed set. Thus the minimal distance is actually achieved
by a point in R°. |

6. SMALL DATA SCATTERING AND PERTURBATION THEORY

As discussed in the introduction, Zhang [76] proved global well-posedness of
for initial data in H'(IR?); moreover, she proved scattering for solutions whose mass
is sufficiently small depending on their kinetic energy. The goal of this section is to
develop several results of a similar flavour that will be needed to run the induction
on mass and energy argument of this paper. We begin with a more explicit version
of small data scattering:

Proposition 6.1 (Small data scattering). There exists n > 0 such that for ug €
HY(R3?) with D(ug) <1, there exists a unique global solution u € C(R; H'(R?)) to
(1.1) with initial condition w(0) = wg. Moreover, the solution satisfies the global
spacetime bound

(6.1) Hu||L%f’m(R><R3) S ||VU0HL2(]R3)~
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Consequently, the solution u scatters, that is, there exist asymptotic states uyL €
HY(R3) such that

: itA
i lu(t) — e P || g es) = 0.

Proof. The proof of existence involves a standard contraction mapping argument.
The main observation is that for n sufficiently small, the hypothesis D(ug) < n
together with Proposition [5.7) parts (iii) and (vii) implies

HU”QLgOLg + ||VU||2L;>OLg S
With
t
B(u)(t) = eimuo—i/ A (o — Jufu) (¢
0

it is not difficult to see that @ is a contraction on the ball B C L HXNLF Hy*NL{Y,

of radius Cyn'/? for a sufficiently large absolute constant Cy > 0. The key estimates
appear already in the proof that ® maps this ball to itself: for v € B,

H‘I’(“)||L;>°H;nL$H;=6mL}Px
S IV)uollzz + lulgyo KV)ull zs + lullge rzllull o V)l L2 e
<02 4 (Con™2) + /2 (Con'/?)? < Con'/?,

provided 7 is sufficiently small and Cj is sufficiently large.

Proving scattering from finite global spacetime norms is standard; we omit the
details. Lastly, uniqueness in the larger class C'(R; H'(R3)) can be proved by
exploiting endpoint Strichartz estimates; see, for example, [19] [44]. O

We will also need the following persistence of regularity result:

Lemma 6.2 (Persistence of regularity). Let u € C(R; H(R3)) be a solution to
(L.1) such that S := |ul|L10 (mxrs) < co. Then for anyto € R and k = 0,1 we have

V1 ull g0y < O (S M) |IVIFulto)] .-
® 2

Proof. We divide R into O((£)'°) many subintervals I; = [t;, ¢;11] such that
lull Lo, (1, xrs) < &

where € > 0 is a small constant to be chosen later. Then by repeating the compu-
tation in the proof of Proposition we have

11V Fullsoqr,) S IV Fu)lzz + el o [191¥ull p2 s + Il pge el pro |[191Full 22 1o
t,x s
SNVt +2(® + Mw)2) |||V [*ullso(ry),

where all spacetime norms are over I; x R3. Choosing € = (M (u)) > 0 sufficiently
small, we obtain

IV *ullsocr,y S IV Fults)llzz-
Combining the subintervals I; yields the claim. O

Our last result in this section is a stability result for (1.1). This is essential for
any induction on mass/energy argument.



44 ROWAN KILLIP, TADAHIRO OH, OANA POCOVNICU, AND MONICA VISAN

Proposition 6.3 (Perturbation theory). Let i : I x R3 — C be a solution to the
perturbed cubic-quintic NLS

10yt + A = || — |a*a + e
for some function e. Suppose that

(6.2) @]l Lo (1 xms) < B
(6.3) Il 1o, (rxrsy < L

for some E,L > 0. Let ug € H'(R*) with ||ug||r2rs) < M for some M > 0 and let
to € I. There exists eg = e9(E, L, M) > 0 such that if
(6.4) lluo — a(to)ll g < e

(6.5) Vel

Li(IxRC“) s€

for 0 < e < gq, then the unique global solution u to with u(te) = ug satisfies
(6.6) [V(u—a)||lsory < C(E, L, M)e,

where C(E, L, M) is a non-decreasing function of E,L, and M.

Proof. Without loss of generality, we may assume to = 0 € I. By the usual combi-
natorial argument (see, for example, [19]) and Lemma it suffices to prove the
proposition under the additional hypothesis

(6.7) [@ll 30, + IVallzre <,

where n = n(M, E) > 0 is a small constant to be chosen later. From Theorem 1.1
we know that u exists globally; the point is to prove the estimate .
Let w := u—a and let A(t) := ||wl| g1 (;(_,¢)- Then by Strichartz, Holder, (6.4),

(6.5), and (6.7, we obtain

A(t) S lluo = a(to)ll g + ||V (Jul*u — |a|*a) ot |V (Ju?u — |@]*a)]|

5 30
L L3LZ

+ HVeIIL:i

Se+|Vwllrars [Ilﬂll‘i,}g + IIWHZQJ + Vil pzrs [Ilﬂlliigllwllqg + Ilelif}g]
+IVwllzrs [llall e rz all Lo, + l[wllpge 2 1wl Lo, ]
+IVall Lz o 1wl yo, [l e rz + lwllpger2]

Se+ntAlt) +nA)* + At)® + (M + E)A(t) + (M + E)A(t)?,

where all spacetime norms are over (I N[—t,t]) x R3. To obtain the last inequality
above we also used (6.2)) and the conservation of mass for (1.1)) to estimate

lwllpeerz < lillpeerz + |lullzserz < B+ [luollrz < E+ M.

Therefore, taking 7 sufficiently small depending on M and E and then using the
standard continuity argument to remove the restriction to [—t,t], we derive (6.6).
O
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7. LINEAR PROFILE DECOMPOSITION IN H!(R3)

The goal of this section is to derive a concentration-compactness principle for the
linear Schrédinger propagator for bounded sequences of initial data in the inhomo-
geneous Sobolev space H!(R3). Specifically, we prove that any bounded sequence
in H*(R?) can be written as an asymptotically decoupling superposition of trans-
lations and rescalings of linear evolutions of fixed profiles plus a remainder whose
linear evolution converges to zero in the Ltlgg—norm. The fact that H'(R?) is not a
scale-invariant space makes the argument more complicated; in particular, limiting
profiles may not belong to H!(R?). On the other hand, working in H*(R?) guar-
antees that the profiles cannot live at arbitrarily large length scales; cf. Ao < 00
in Proposition [7:2}

A linear profile decomposition for the linear Schréodinger propagator for bounded
sequences in the homogeneous Sobolev space H' (R3) was first obtained by Keraani
[41], relying on an improved Sobolev inequality proved by Gérard, Meyer, and Oru
[29]. We should also note the influential precursor [5] which treated the wave equa-
tion. A linear profile decomposition for the Schrédinger propagator for bounded
sequences in L%(R?) can be found in [6] 4] 59].

The approach we follow here mirrors that in [48| [50], rather than [41]. In partic-
ular, we will build our linear profile decomposition based on an improved Strichartz
inequality, which states that if the linear evolution is large in the L;%-norm, then
at least one frequency annulus contributes non-trivially. The improved Strichartz
inequality is used to find the correct scaling parameters in the linear profile decom-
position.

Lemma 7.1 (Improved Strichartz estimate). For f € H'(R?) we have

(71) Helt f”L%?T(RX]lW) S/ Hf”Hl(RB) ]\Sflelgz ”elt PNf L% (RxR3)’

Proof. By the square function estimate followed by the Holder, Bernstein, Strichartz,
and Cauchy—Schwarz inequalities, we obtain

1110
”eztAfH}SmI ~ H( Z ‘eztAfNF) >
' Nea? L},
5
Y // [T 1€ fu,1? da at
Ni<--<Ng /RIR® 524
4
S ) eszN1||L;>°I|eszzleL;Ox(H||€1tAfNj||2Lg0)
) 5 T
N1 <<Ns =2
x (12 fas [l o, Nl f s
. 3 . 1 .
< sup ||€ltAfN||8Lf}f{r Z N12HeltAlenLgoLgNsZ||€ltAfN5|LSL%
Ne2z ? N1<---<Nj thax
) N5\3 3 1
< sup [l fnlEz D (log 57) Vi w3 s e
Ne2Z o 1

N1 <Nj

. N1 %75
sup el Y (55)° Ml el
Ne2z ’ N1<Ns 5

A
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it A
S sup €™ xS0 ey | 1%
Ne2Z o w

for any € > 0. This completes the proof of the lemma. O

Our next result is an inverse Strichartz inequality, which says that if the linear
evolution is large, it must in fact contain a bubble of concentration at some point
in spacetime.

Proposition 7.2 (Inverse Strichartz inequality). Let {f,}nen € HY(R3) be a se-
quence such that

limsup || fullg1 = A < oo and liminf ||e™2 f, || 110 (Rxks) =€ > 0.
n—00 ¥ n—00 B

Passing to a subsequence if necessary, there ezist
pe HYR?), {Alnen C (0,00), {tnlnen CR, and {z,}nen C R®

such that all of the following hold: First A\, — As € [0,00), and if Ao > 0 then
additionally ¢ € L?(R3). Secondly,

1 , H'(R?), f Ao >0,
(72) A ("2 fn) Onz + @) = 9(x)  weakly in {HIERS;, Zﬁ Moo = 0.

Furthermore, letting

1
)\;E T WA T—Tp , . )\OO > O7
(7.3) on(z) = { 7le,-t A[¢(‘ )] - @.f
Anfem 8 [(Poyg @) ((5)] i Ao =0,
with 0 < 0 < 1 fized, the following decoupling statements hold:

(7.4) i [1allZy = 1 = 80l ] = 012, 2 4%(5) 7
(7.5) i [Ifall32 = I1fa = 6al32 — I6al32] = 0.

Proof. Passing to a subsequence, we may assume that

(7.6) I fullzzo, > & and [[fullm < 24

for all n € N. By Lemma [7.1] we have
e S fullgn, S 1fullfyy sup €2 P ol o, S AF sup " Py full
for all n € N. Thus, for each n € N there exists N,, € 2% such that
(7.7) 14 P, fullpio 2 e AE,
On the other hand, by Holder, Strichartz, and (7.6)),

. . 2 . 1 . 2 1
€2 Px Fullze, < 1™ P, full i 1€ P, £ullEsg S 116 Py full o 1P, Sl

10
3
t,x
) 2 _1
(7.8) S e Po, full s, No * A3
Combining (|7.7)) and (7.8)), we get
1
(7.9) Ny 2 (€A Py, fullize, 2 e¥ ATF.
Therefore, there exist ¢, € R and z,, € R? such that
1
(7.10) N, 2| [ 2 P, fo] ()] 2 e 5 A7F.
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We choose the spatial scales to be A\, := N, 1. We note that {\,}nen is a
bounded sequence; indeed, by ([7.9)), Bernstein’s inequality, and (7.6)),

—3 15,7 itn A =3 itn A -3 -3
An2em AT S e PP fulle S An 2 € 2Py fulls S A2 ([ fallz S A A

Thus, passing to a subsequence we may assume that A, — A, where either 0 <
Aoo S (?)% or Ao = 0.

It remains to find the profile ¢. To this end, let h, (x) := )\,%L (et B f ) (A +20,)
as in LHS(7.2)). By (7.6]), we have
(7.11) ol o = I fullgn <2A forall neN.
T_hus, passing to a subsequence, we can find ¢ € Hl(R?’) such that h, — ¢ in
H*'(R3). Moreover, if \,, = Aoo > 0, then
[Bnllze = A fnll S A A

for all large enough n. Thus by the uniqueness of weak limits and weak lower
semicontinuity of the norm, we get that in this case ¢ € H(R3). This proves (7.2)).
As H} is a Hilbert space, the weak convergence of {h,} to ¢ in H} implies that

(712)  halldy — N — 0113, — 1913, = 2Re(d, hn — 6) 4y — 0.
Combining this with the fact that
o — PZ)\Z‘éHHl —0 when M\, —0

and performing a change of variables, we obtain the equality in (7.4).

To complete the proof of (7.4), we must prove the lower bound on ||| ;.. To
this end, let ky denote the kernel of the operator Py. As ky, (£) = 12:1(1\%) and
An = N7t we have ky, (z) = A\, ®k1(5%). Thus

(6. k) = Tim [ A3 (€2 f,) Anz + 20 )y () dao

n—oo

= lim /\,%L (e”"Afn) (Ykn,(y — x,)dy = lim )\7% [eit"APNn fa] (@)

oo n—oo
Invoking , we derive

(7.13) (@ k)| 2 e ¥ ATE.

On the other hand,

(7.14) (@, k)| < oMl zsllBall pors S el -

Combining (7.13) and (7.14)) completes the proof of (7.4).
We now turn to (]E . When )\, = Ao > 0 and ¢ € H*(R?), proceeding as in

(7.12)) we obtain

1Bnll7e = 1hn = 8ll72 = 6l7: — 0;
a simple change of variables now yields the claim. When A\, — 0, we write
||fn||%§ = fn = (anQLg - ||¢n||%§ =2Re(f — ¢nv¢n>L§
=2Re <hn - PZ/\?,,¢7 A?LPZ)\ZQ»Lz
=2Re (hp — P>y 0, Ai|V\*2PZAZ¢>H}.
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As )\, - 0and 0 < A < 1, we have
V17200 Porg 0l gy € AR Pora bl S A6l gy — 0,

and so (7.5 follows from the boundedness of {h, — P50 ¢}nen in H(R3).
This completes the proof of the proposition. O

The following corollary allows us to assume that the scaling parameters \,, and
the temporal parameters ¢, in Proposition [7.2] satisfy simple dichotomies.

Corollary 7.3. Passing to a further subsequence if necessary, we may choose the
parameters {\, }nen and {t,}nen in Proposition such that
(i) Am=1 or A\, —0

7.15 th
(7.15) (i) t, =0 or 2 +o0.

Proof. Let A, and t, denote the scale and temporal parameters from Proposi-
tion To ease notation, for A > 0 let Dy denote the dilation operator

(DAf)() = A"* f(A~a).
We first consider claim (i) in (7.15]). If A, — 0, then there is nothing to prove.

Suppose therefore that A, — A > 0. In this case we may redefine A, = 1,
provided we also replace the profile ¢ by ¢ := Dy_¢. Indeed, as Dy, and D;:

converge strongly to D,__ and D;;, respectively, as operators on H'(R?), all the
requisite conclusions carry over.

We now turn to (ii). Passing to a subsequence, we may assume that f\—g — Too €
[—00,00]. If Too = £00, then there is nothing to prove. If 7o, € R, then we may

redefine ¢, = 0, provided we also replace the profile ¢ by (;NS = e =24, Indeed,
this is easily seen using the identity

. —ilin A
¢ "ADy, ¢ =Dy, [ M)
and the strong continuity of €2 in H!. To see (7.5) when A\, — 0, we also use
Bernstein’s inequality:
. . —_iltn A .
Heﬂt"AD/\an\ﬂ‘vb _ DAnPZ/\?L e—wmAqSHL? — ||DAn [e x2S efzrooA]Pz)\%(bHL?
o _iltn A .
SAOe T = e ™A Paye dl|
< )‘711_9”‘]5”1%!,1 —0 asn— oo.
This completes the proof of the corollary. O

As explained in the introduction, to prove Theorem [I.3] we will run an induc-
tion argument on both the mass and the energy. To this end, we need to show
that the masses and the energies corresponding to two distinct profiles decouple
asymptotically. The asymptotic decoupling of the kinetic energies and the masses
will follow from and , respectively. The asymptotic decoupling of the
potential energies will follow from the following lemma.

Lemma 7.4. Under the hypotheses of Proposition[7.3, we have

(7.16) Tim [ £all8e = £ = 6nlSs — I6nlSs] =0,
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(7.17) Jim ||| fallzs = o = dnllLs = lnllzs | =0

Proof. Passing to a subsequence, we may assume that the conclusions of Corol-
lary [7-3 hold. As above, we will write D) for the dilation operator

(Daf)(x) == A"2 f(A"1a).

We start by proving the decoupling of the LS-norms. First, we consider the case

when & b (R3) such that
19 = bll s < e
Let
e tnBah(x — x4,), if A\, =1,
Un(®) =9 i a :
e~ 2Dy, Psxo ¥)(x — z1), if A\, —0.

By the dispersive estimate,

Hwn“Li 5 ﬁ
On the other hand, by Sobolev embedding,
||<bn — wnHLG Sé =l Se uniformly for n € N.

DAJ#HL% ~S |tn|||¢H ¢ >0 as n— oco.

Thus, for n large enough,
[énllze S €
and so, by the triangle inequality,

]nfnnLg — 11— Snllzg

As e > 0 was arbitrary, we obtain when t—g — Fo0.
Next, we consider the case when ¢, = 0. By . hn(z):=[D 1fn]( +z,) —
o(x) in HE. As |hall g = | fall o S A, invoking the Relhch Kondrashov Theorem

and passing to a subsequence we conclude that h,, — ¢ in L2(K) for any compact
set K C R3. Using a diagonal argument and passing to a further subsequence, we
deduce that h,, — ¢ almost everywhere on R3. Thus by Lemma,

1hnallfe = llhn = @llge — 62 =0 as n— oo

Using also the fact that
[P>xo ¢ —¢llLs — 0 when X, —0

and performing a simple change of variables, we obtain (7.16]).
Next we consider the decoupling of the L2-norms. When \,, — 0, the proof is
very simple; indeed, the claim follows from

1-0
[énllzs < ||<z5n||LzH¢nHlL,1 < >‘4||P>>\9¢||L2”¢HH1 St ollg =0 as n— oo

When \,, = 1, we argue as for ((7.16 . One small difference appears in the case when
tn/A2 — 4o0; in this case, we choose 1 € S(R3) to approximate ¢ in H} (rather
than H 1) and use the fact that by Gagliardo—Nirenberg, the L3-norm is controlled
by the Hl-norm.

This completes the proof of the lemma. O

We are now ready to prove the main result of this section.
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Theorem 7.5 (Linear profile decomposition). Let {f}nen be a bounded sequence
in H'(R®). Passing to a subsequence if necessary, there exists J* € {0,1,2,...}U
{00} such that for each finite 1 < j < J* there exist

¢ € H;\ {0}, {M}lnen C (0.1, {t}nen CR, and {a}}nen C R,
satisfying
M=1 or M =0 and =0 or ti — +oo.
If M =1, then additionally ¢/ € L2. Choosing 0 < § < 1 and defining
. [e“iAngj](x —al), if M =1,
o (x) = { '

(M) E [P, (0] (552), i M, =0,

(7.18)

for each finite 1 < J < J* we have the decomposition
J
(7.19) fo =) &l +w)
j=1

and the following statements hold:

(7.20) Jlim lim sup ||eitAw;{HLtw ®xr3) = 0,
—J* nooo o
(7.21) e itnd [(A{l)%w;{()\{lx +23)] =0 in H! forall1<j<J
J
(7.22) sup lim [M(f,) = 3 M(6}) - M(w;)] =0,
J m—oo :
j=1
J
. . iy N
(723) sup lim|E(f) =32 Bled) - Elws)]| =0
=
[N AR el ek [ - ) .
(7.24) nILII;O [)\ﬁ + I + NN + NN } =o0 forall j#k.

Proof. To keep our formulas within margins, we will use operators g/ defined by
(Gh5)(@) = ()3 () or [(9d) "M A1) i= () (M + 2).
With this notation, we have
- foise, =
TP ¢, i N, = 0.

To prove the theorem we will proceed inductively, extracting one bubble at a
time. To start, we set J = 0 and w® := f,,. Now suppose we have a decomposition

up to level J > 0 obeying (7.22)), (7.23), and the j = J case of (7.21)). (Conditions
(7.20), (7.21) with j < J, and (7.24) will be verified at the end.) Passing to a
subsequence if necessary, we set

R J R A, T
Ay = nl;rl;o |wy |l and g5 := nhHH;O lle wn||L,}f’$~
If e; = 0, we stop and set J* = J. If not, we apply Proposition to w;. Thus,
passing to a subsequence in n we find ¢/, {\JF1Y {71} and {z/*!}, with

M =1 or XL o0 and t/ =0 or 7! - +oo.
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Note that we renamed the time parameters given by Propositionso that t]+1 :=
—\.%t,. According to Proposition the profile 7T is defined as the weak limit

J+1)—1 [e—iterl()\#Jrl)?Awi]

¢"" = w-lim(g; B (7 Wi

= w-lime wy |-

n—oo

Now define w; ™! := w; — ¢/*1. By the definition of ¢+, we obtain (7.21) for

n

j = J 4 1. Moreover, from Proposition and Lemma [7.4) we also have
lim | M(w;) = M(w; ) = Mg )] =0,

n—oo

lim [ E(w]) — B(w] ™) - B(e7)] =0,

n—oo

Combining this with the inductive hypothesis gives (7.22) and (7.23) at the level
J+ 1
Passing to a further subsequence and using Proposition we obtain

2 J+1y2 2
(7.25) A = lim w7 < A7
n— 00 z
Passing to a further subsequence if necessary, let
T itA, J+1
ejp1:= lim [[e"w; T llz1o .

If 7,1 = 0 we stop and set J* = J + 1; in this case, is automatic. If
€741 > 0 we continue the induction. If the algorithm does not terminate in finitely
many steps, we set J* = oco. In this case, follows from the fact that e; — 0
as J — 0o0. To demonstrate that £; — 0, we combine and to obtain

15 .
AR TSN, <43
7 J

(Recall that Ag = limsup,, || full 1 < 00.)

Next we verify the asymptotic orthogonality condition ; claim with
j < J follows from a similar argument. We argue by contradiction. Assume
fails to be true for some pair (j, k). Without loss of generality, we may assume that
this is the first pair for which (7.24]) fails, that is, j < k and holds for all
pairs (j,1) with j < < k. Passing to a subsequence, we may assume

o H )2 =t (0)*

. Pk
(7.26) 3 = X € (0,00), n&i% — 1z, and T 1.
From the inductive relation

k—1

wy Tt =wl = Y 4

I=j+1

and the definition of ¢*, we obtain
. —1 k p— —
¢" (z) = w-lim ™2 [(g) " wy; ]
k kol k
— o lim e HR AT k=1 G i iR AT k=1 4]

(7.27) w-lime ™" A (gr) "Ml = ) welime™ 2 [(gr) 7 .

I=j+1
We will prove that these weak limits are all zero and so obtain a contradiction to

the nontriviality of ¢F.
We write

eI A () Thwd] = TR A () gl eitn A e A (T ) Ld ]
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(11— Qal) o

_ . Z‘ n . J . _ .
= (g9%) "ghe O e A I A
Note that by (7.26)),
i k(AR g ()P—th(AE)? A t
t—t e = NNk T N

Using this together with (7.26)) we conclude that the adjoints of the operators

kN2
it 1k 3232 )a

(9n) " 'gne
converge strongly in H; Combining this with the J = j case of (7.21]), we obtain
that the first term on RHS(7.27) is zero.

To complete the proof of (7.24]), it remains to show that the second term on
RHS(7.27) is zero. For all j < < k we write

(e )
e A (gh) g, = (gf;)‘lgiel(t" o)
Using the fact that
16" = Poaiyod' gy — 0 when X, =0
and arguing as for the first term on RHS(7.27)), it suffices to show that
efitiA(gfl)flgileitilAqﬁl — 0 weakly in H}.
Using a density argument, this reduces to
e it A GN=1 1 ith A -7yl
. n - 3
(7.28) I,:=e (92) "gne’ "¢ —0 weakly in H,

for all ¢ € C°(R3). Note that we can rewrite I,, as follows:
Lo (M2 . .
A\ 2 tn—ty A M z4ad —a!
In= (TZ) [ez( G (b}( B )

Recalling that (7.24) holds for the pair (j,1), we first prove (7.28) when the
scaling parameters are not comparable, that is,

(7.29) lim 2 + 2

— = 00.
n—00

SlemithA g1y 1),

AT
By the Cauchy—Schwarz inequality,
(s ) s | S min{ IALallzz (925 12 1A% 2 }

. [N AL
< min{ 316 2 1l 22, 32 116] 22 | Az

which converges to zero as n — oo, for all ¢ € C2°(R3). This establishes (7.28)

when (7.29) holds.

Henceforth we may assume
S A
nhﬁrr;() = A1 € (0, 00).
We now suppose that the time parameters diverge, that is,

. t7 (A)2—t! (AL)?)
lim Faa)" =t )7 .

n— oo AL !
then we also have

. Jj 2 l 12 J 72 j
! N [th (A2 =28 (M) N
tn—til(ﬁ) ‘:%'/\f—)m as n — oo.
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Under this condition, ([7.28) follows from

1 i(tiﬁt{t(i—jﬁ)ﬂA 2 —al o
Af [e n (b} (Alx + 5 ”) — 0 weakly in H,
which is an immediate consequence of the dispersive estimate.
Finally, we deal with the situation when
tn (An)? ), (A7)
AL

A
st = A1 € (0,00),

|23, — |
— tl, but W

— 00.

Then we also have t!, — #1(M)2/(\})2 — Ait;. In this case, the desired weak
convergence follows from the easily proved assertion

i . .
A etMAg(\x +y,) =0 weakly in H],

where
wfl_xil le_xil )‘iz
b= SRS U |
which diverges to infinity as n — oc.
This completes the proof of the theorem. ([

8. EMBEDDING THE QUINTIC NLS INSIDE THE CUBIC-QUINTIC NLS

The next major milestone in proving the existence of minimal blowup solutions is
the development of a nonlinear profile decomposition. To do this, we must associate
to each profile in a solution of the cubic-quintic NLS. In this section, we
consider those profiles for which A}, — 0 as n — oco. What is special about these
profiles is that the long-time behaviour of the associated solutions to can be
deduced from the main result in [19], namely:

Theorem 8.1 (Spacetime bounds for the defocusing quintic NLS, [19]). Let ug €
H(R3). Then there exists a unique global solution u to

(8.1) iOpu + Au = [ul*u
with initial data u(0) = ug. Moreover, the solution u satisfies
Vullsom) < C(||“0HH;,)~

Remark 8.2. An easy consequence of Theorem [8:1]is global spacetime bounds for
solutions defined by their scattering states. Specifically, given uy € H} there exists
a unique global solution u to (8.1)) such that

Ju(t) — e®uy| ;=0 as ¢ — oo;
moreover, the solution u satisfies
IVullsowy < C(llutllg)-
A similar statement holds backward in time.

This result is pertinent to us because profiles with A} — 0 are highly concen-
trated for n large and so the cubic nonlinearity is relatively weak. Indeed, this
precisely corresponds to the energy-subcriticality of the cubic nonlinearity. In this
section we use a perturbative argument to show that this heuristic can be made

rigorous. The exact information we will extract is dictated by the needs of the
proof of the Palais—Smale condition Proposition [9.1
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Proposition 8.3. Let {\,}nen C (0,00) be such that A, — 0, {t,}nen C R such
that either t, = 0 or t, — +oo, and let {x,}neny C R®. Given ¢ € HL, let

_1 .
On () = /\n2[e”"APZAZ¢](z;:’”) for some 0 < 6 < 1. Then for n sufficiently
large, the unique global solution u, to (L.1)) with initial data u,(0) = ¢,, satisfies

(82) IVunllso@) < C(16]lg2)-

Furthermore, for every e > 0, there exist N. € N and ¢.,19. € C°(R x R3) such
that

(8.3) ‘

1

un(tax) - Agéd)s(ﬁ + tn, %)

LI, (RxR?)

(8.4) Hvun(t,x) = A e (3 + it S5)

10
L3, (RxR3)
for all n > N..

Proof. As is space-translation invariant, without loss of generality we may
assume that x, = 0.

As noted previously, to prove the proposition we will use a perturbative argu-
ment. Specifically, we will construct a solution u,, to the defocusing energy-critical
NLS that is an approximate solution to (1.1) with initial data asymptotically match-
ing ¢,. This solution will have good spacetime bounds thanks to Theorem 8.1
Then using the stability result Proposition[6.3] we will deduce that for n sufficiently
large, the solution u, inherits the spacetime bounds of @, thus proving (8.2).

If £, = 0, we define w,, and w to be the solutions to with initial data
wy(0) = P>yo ¢ and w(0) = ¢, respectively. If ¢, — oo, we define w, and w to
be the solutions to which scatter in H! to eitAP>>\Z¢ and e ¢, respectively,
as t — Fo00. By Theorem we have -

IVwn || som) + V|l som) < C’(HQSHH;) uniformly in n € N.
The stability result [19, Lemma 3.10] allows us to deduce that
Jim [[V(wp, = w)| g0y = 0.
Indeed, if ¢, = 0 this follows from the observation
ln(0) = w(O) 11, = | Porgé — Bl =0 as n— o,

If instead t, — oo, to be able to apply [19, Lemma 3.10], it suffices to observe
that

Jim Tim [jwn(8) — ()] gy =0,

which follows from the construction of w,, and w and the fact that \,, — 0:

i, e 8) = wt) gy

< lim lim Hwn(t)—eiszAfﬁHH;+||w(t)—€im¢|\ﬂ;+||P2A§L¢—¢|\H;}:0-

n—o0o t—too
Next, by the Bernstein inequality,
1Psxg @llze S A9l g
and so the persistence of regularity result [I9, Lemma 3.12] implies that

(8.5) lwallsomy < C(I6ll 1) A’
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We are now in a position to introduce the approximate solutions 4, to (L.1)). For
n € N, we define
1
Up(t, ) := Ay, an(ﬁ + by 5 ).
As (8.1)) is time-translation and scaling invariant, ., is also a solution to (8.1]) and
[Vt |[so(=) = [IVwnllso@) < C(I6ll:)-
Moreover, i, (0) asymptotically matches the initial data u, (0) = ¢,; indeed,

i (0) = Gull gy = llwn(tn) — €7 Porgdll s =0 s n— o,

To invoke the stability result Proposition[6.3|and deduce claim (8.2), it thus remains
to show that @, has bounded mass (so ([6.2)) holds) and that @,, is an approximate
solution to (|1.1]), both as n — co. By (8.5)),

[t || s0®) = Anllwn|lso®) < C(”(b”H;))‘:L_O —0 as n— oo.

This bounds the mass of @, and provides the key tool for bounding e := |, |*@,:
~ ~ ~ C\y1-6
Vel ey S IVl 20 o It e llBall g o< OI6NT",

which converges to zero as n — co. This completes the proof of (8.2)).

Finally, we turn to (8.3) and (8.4). For £ > 0, approximate w by ¢, ¢, €
C>(R x R3) such that

[|w — ¢6HL%?§C(R><]R3) <5 and [[Vw-— ¢a||L#i(RxR3) <5

and take n sufficiently large so that

7 € _ €
fun =l 2 rp <5 o wn—wl,, o <5
The two claims now follow easily from the triangle inequality. O

9. EXISTENCE OF A MINIMAL BLOWUP SOLUTION

all 0 < D < oo, where L(D) is defined as in (1.9). From the small data theory
Proposition we know that L(D) < oo for D <« 1. Indeed, using also Lemma

and (5.29) we have

1/2
XY Jull i ey + IVl g S B0

As mentioned in the introduction, Theorem is equivalent to L(D) < oo for
o)

for all global solutions u with D(u) < 1. Thus if Theorem [1.3] failed, there would
exist a critical D, < oo such that

(9.2) L(D)<oco for D <D, and L(D)=o00 for D> D..

The goal of this section is to prove the existence of a minimal blowup solution
to (1.1]), that is, a solution u to ([1.1)) such that
De(u) =D and  lull110 (0,000 xR2) = [ull£10, ((~00,01xR2) = 0©.

To extract this minimal counterexample to Theorem we will prove a Palais—
Smale condition for an increasingly bad sequence of almost counterexamples to our
theorem.
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Proposition 9.1 (A Palais—Smale condition). Let {u,}nen be a sequence of global
solutions to (L.1) and {t,}nen C R be such that lim, o D(u,) = D, and

(9.3) Jim [tnll 230, ([tn,00) xR2) = Jim. [tn | 230, ((—00,tn) xR3) = 00

Passing to a subsequence, there exists {x, }nen C R? such that {u, (tn, - +2n) }nen
converges in H'(R?).

Proof. By time-translation invariance, we may take ¢,, = 0.
By Proposition we know that u,,(0) is bounded in H! and consequently we
may apply the linear profile decomposition Theorem to write

J
(9-4) un(0) = &l +wjl.
j=1

To prove the proposition, we must show that there exists a single profile (i.e.,
J* =1), that AL =1, t} =0, and that the error w} converges to zero in H_}.

Passing to a further subsequence if necessary, we may assume M (u,,) — My and
E(u,) — Ey. In particular, D. = D(My, Ey).

Our first step is to introduce nonlinear profiles v}, associated to each ¢?. Fix
j>1. If M =1 and tJ = 0, then we define v’/ to be the global solution to
with initial data v/(0) = ¢/. If M =1 and tJ, — 400 as n — oo, then we define
v7 to be the global solution to which scatters forward/backward in time to

e @) in H!. In both cases, we define the global solutions
vl (t,x) =l (Lt o — 2d).
If M) — 0 as n — oo, we define v}, to be the global solution to (1.1]) with initial

data v} (0) = ¢! given by Proposition
As a consequence of our construction, in all cases above we have

(9.5) [v7,(0) = @l llgs =0 as n— oo.

Thus, by the decoupling of mass ((7.22) and energy (7.23), for each finite J < J*
we obtain

J
(9.6) limsup Y~ M (v}) + M(w;) < My
n—oo .
Jj=1
J .
(9.7) limsup Y E(v}) + E(w;)) < Eo.
n—roo j=1

Note that by (5.29), the summands in (9.7) are non-negative (for n large); indeed,
as the profiles ¢’ are non-trivial we actually have liminf,,_, . E(v?) > 0.
To continue, we discuss separately the following two cases:
Case 1:  suplimsup M(vl) =M, and sup lim sup E(v)) = Ey

J n— o0 J n—00

Case 2:  suplimsup M(v)) < My or suplimsup E(v)) < Ep.
J n—o00 7 n—00
Case 1: By , , and the non-negativity of the summands in (9.7)), in
this case there exists only one profile (i.e., J* = 1) and the decomposition (|9.4)
simplifies to

(9.8) un(0) = ¢p + w,, with  lim ||wy||g1 = 0.
n—o0o x
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If A, =1 and t,, = 0, then we obtain the desired compactness conclusion. We
will show that all other scenarios contradict .

Suppose that A\, = 1 and ¢, — oo as n — o0o; the case when t,, — —oo can be
treated similarly. Using together with Strichartz and the monotone conver-
gence theorem, we deduce that

HeitA itA

“"(0)||L%?1([07oo)xR3) < ||6itA¢n||Lg9£([o,oo)xR3) + He wnHngz([o,oo)st)

< HeitA(bHLm ([t 100)xRS) + HwnHHl —0 as n— oo.
Thus, using the stability result Proposmon E 6.3| with u = u,, and @ = €"*®u,,(0), we

can deduce that u,, has negligible L{-norm on [0, 00) x R*. This contradicts (9.3).
Finally, suppose that A, — 0 as n — cc. From Proposition B3] we have

[Vonllso@) < C(ll¢ll )
while by construction,
1Un (0) = v (0)|| 52 = |lwn |l g2 — 0 as n — oo.
Thus, by the stability result Proposition we derive a contradiction to ((9.3)).
Case 2: In this case there exists € > 0 so that

suplimsup M (v2) < My —e or suplimsup E(v)) < Eg —¢.

J n— o0 7 n—00
Then for each finite J < J*, we must have M (v}) < Mg —¢/2 or E(v)) < Eq—¢/2
for all 1 < 5 < J and n sufficiently large. Thus, by Proposition vi) and the
inductive hypothesis (9.2)), we get

||U%||L%9£(RX]R3) Shee 1

for all 1 < j < J and n sufficiently large. In fact, by (9.1), (9.7)), and the finiteness
of D., we have

) 1

(99) oAt ey + V9N 3p L S B

Combining this with the persistence of regularity result Lemma we obtain
j 1

(9.10) 01,3 gy S M)

forall 1 <j<Jandn sufﬁciently large.
Next we define

J
(9.11) Zv A

We will prove that u; are increasingly accurate approximate solutions to with
uniform global spacetime bounds and that u; (0) asymptotically matches the initial
data u,(0). Then by the stability result Proposition the solutions wu, must
satisfy uniform global spacetime bounds, which contradicts .

A key step in the plan described above is to prove that the nonlinear profiles
v} decouple asymptotically (as n — co). Indeed, as is a nonlinear equation,
the sum of solutions is no longer a solution; however, if the solutions v/ decou-
ple asymptotically, then we expect that u; will be an approximate solution for n
large. We will show that the asymptotic decoupling of v/ is a consequence of the

asymptotic orthogonality relation (|7.24)).
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Lemma 9.2 (Asymptotic decoupling of nonlinear profiles). If j # k we have

i J 4)k VAVZTL: YAvZILA . J ok —
012)  tim [hetlg, + 1490R1 5+ IVeATRRI 5 +ldekl g | =0,

where all spacetime norms are over R x R3.
Proof. We first prove

(9.13) lim [viVoF| s
n—oo L, (RXR?)
the first and third terms in (9.12)) follow in a similar manner. We will discuss the
fourth summand afterwards. .
Observe that for any small § > 0 there exist ¢%, 1% € C>(R x R?) such that

b

J VAR Py G =
otz = 0020 (Gt + 520 <
xr— wk
vaﬁ(tvx) (Ak>_7¢6<(/\k)2 +tk ) LtTD < 57

for all n sufficiently large. When the spatial scale converges to zero, this follows
from Proposition in the other case it follows directly from the definition of vJ
and v¥ and . Thus, by Hélder’s inequality together with ( .,

j 1.4 T— z -3 T— wk
() od (b + 8 5 ) ) b (e + 1, 52 )|
As 6 > 0 is arbitrary, to complete the proof of (9.13)) it remains to show that

©14) lim [|(M) 7203 (Gt + e 5 ) O TRk (e + 15 % zk)‘

A
t,x

5 =
2

Lie

If ) =1and Ak = 1, then the asymptotlc orthogonahty condition 4)) implies
that the supports of the two functions in ) become disjoint in spacetime for n
large. Thus holds in this case.

If A — 0 and A\* =1, then by Hélder’s inequality we estimate

|20k (G + 0 5572 )b (e thow = o) | 5 S OIS 5 Wkl

which converges to zero as n — o0o. This proves (9.14) in this case.
If M) =1 and A\* — 0, then by Hélder’s inequality we get

Bh(t+th,w — ) V) Hof (e + . S )H < 0203l ekl g -
t
which converges to zero as n — oo, thus proving in this case.

5
2
t,x

. k
It remains to treat the case when A\, — 0 and )\Z — 0. If iT :\\—;1

we estimate

. - P _3 r— wk
|00 (s + the S5 ) )~ Rk (Wuﬁ =)

— 00, then

5
2
Lt,x

Smin{(3)’ 19315 I8 Nzzs (53 ) Nl 11 g Jo0 s nos
t
If instead i—% — Ao € (0,00), we use a change of variables to write

H()\J)*%¢3< mz;gi)()\k)f%%((/\k)z I xk)’

5
2
Lt,m

5 .

2
ta
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2 j J \2 k kN2 ; . &
)"t (A A ol —gk
:(%) i, x)%(( ) (t—%)ﬁ(erT))‘L%.

Using the asymptotic orthogonality condition (7.24]), we see that either the temporal
or the spatial supports of the functions on the right-hand side above become disjoint

for n large. This proves ((9.14) in this case.
We now turn to the fourth limit in . We want to show that

3 J ok _
(9.15) nhﬂrn ||11 Ml =0.

5
3
t

When M, = 1 and A\¥ = 1, this follows in the manner shown above, using (9.10) in
place of . Suppose now that A, — 0; the case when A¥ — 0 can be treated

similarly. By .7 - ) and Bernstein,

0 .
021,38 o S0 (PO z2 S )77y + 10 0) = 61z = 0
t,x

as n — oo. Combining this with Hélder’s inequality and (9.10)) yields (9.15]) in this
case. (]

The next three lemmas show that u; obeys the hypotheses of the stability result
Proposition [6.3] for n large enough.

Lemma 9.3 (Asymptotic agreement of the initial data). For any finite J < J*,
lim ||u;(0) — w, (0)|| 72 = 0.
n—00 x

Proof. The result follows immediately from (9.4)), (9.5), and (9.11)). O

Lemma 9.4 (Uniform global spacetime bounds). We have

(9.16) supimsup |1, ok + Il 3p g o] Spe 1

Proof. Fix J < J*. By Strichartz, Lemma[9.2] (9.9), (5.29), and (9.7), we obtain
lullZ0, < ZHU%HUO + > lvhonlieg, + llwil3,

j#k
ND“EZEUJ +Z w)) <p,.1+J%(1) as n— oo
Jj#k
Similarly,
J
||V“7{H2% > oIVl ||2w +Z||ijvvn\|2g + w3
,T j:1 tr ]#k? t
NDC,EZEUJ +Z w)) <p, 1+ J%(1) as n— oo.
J#k
Thus,
: J J <
Sgpllisogp [IlunIIng(RstﬁIIV || % RSJ Spee 1

Finally, using (9.10]) in place of , and in place of (9.7), and arguing as

above we also obtain
<p. .1

~Lec,

sup lim sup ||u;, || 10
1p HOOPII IILE(RW)
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This completes the proof of the lemma. ([
Lemma 9.5 (Approximate solution). With F(z) := |z|*z — |z|?2, we have
(9.17) hﬁm‘]* hinﬁsolip HV {iatui + Au! — F(ug)} Lﬁ(RXR% =

Proof. By (9.11)), we have

J
il + Au! — F(ul) = ZF(’U%) — F(ul)
vfl) + F(u) — eitAwJ) — F(ul).

J
(9.18) = F()) —F(
j=1

By Holder’s inequality, (9.9)), (9.10), and Lemma we obtain

.
(-
I

J J J
[P[F(300) = S Fed] | s S0 S [0l Vil 5 + vl Ie5Vedl s
j=1 i=1 o J#k o L
k kx7,,j J kx74,J
+||vnHL%anWnll +||v | mllv V| 5}
t,x
Sup.eo(l) as n— oo.
It thus remains to prove
9.19 lim i H [F I eitAydy _ J” 10 =0.
(9.19) oo Tim sup |V F(uy, — ey ) — Fuy,) 22 ()
By the chain rule and Hoélder’s inequality, we estimate
Hv[F(ug —eithyt) - F(ug)] \ "
L , T
< lle™wy | Lo (Ve 2wyl L + e w0 IV | L2
2o lun Ve Swill 5 + llupllza lle™Swillzy Vgl s
t tJ:
+He‘mwillwzI\W”Aw‘]llﬁo|I6“fA will s + [l B wy || o [le" A w all s IVl s
! t,x tac tac t,z

+lluzll 2 lup Ve S all g +llunll s lle** ;|| Lo, IVuzll -
t:r f:r t:r tx

In view of m, the Strichartz inequality together with and (9.7), and
Lemma [9.4] to prove (9.19) it suffices to show

(9.20) hm lim sup ||u Ve'*2w! | 5 =0.
—=J* oo LZ, (RxR3)

By the triangle inequality, the Strichartz inequality combined with (9.7)), and (7.20)),

hmJ hmsup||uJVe”A ‘]||

J—

_‘* Il

x

< lim I H(Z j) itA J‘ . lim L itA, T LZNY TR
= ,im, imsup 2 vy, ) Ve twy, o3 s im sup [ | o [|Ve™ || ¥

J
< lim limsup H ( Z vﬁl) Velttw!
j=1

5
J=J* posoco Lt%z
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By and Lemma
J J
| > Z a2+ Ivhoklize, S D7 E@h) +Y o(1) as n—oc.
=

7k = ik
Thus, by , for any 1 > 0 there exists a finite J' = J'(n) such that

lim sup H Z

for all J < J*. Combining this with Holder, Strichartz, and , we see that

<
L0 (RxR3) — g

J
lim limsup H( Z v%)Veimw‘]

J=J "Lk, mxms S
n—o0 = t,z( xR3)
As n > 0 is arbitrary, to prove (9.20) (and so (9.19)), it remains to show
(9.21) lim  lim_ |vi Ve 2wl s =0 forall 1<j<J.
J—J*n LZ,(RxR3)

We will present the details for only for those j’s for which A — 0 as
n — oo; the proof for j’s with M, = 1 is analogous. Fix therefore 1 < j < J',
such that A\, — 0 as n — oo. By Proposition E for any 6 > 0 there exists
(bj € O (R x R?) with compact support Kj such that

ot - 0026 (i + k55|

Let @/ (t,x) := (M)V2[e*2w!](M)2(t — t)), M,z + x); by Strichartz, (9.7), and
- we have

HV’wJHLw = ||V6ltA JHLlo <D £ 1 and ||’U)JHL10 = ||€ZtA J”me SD € 1.

T o~

<4
LY,

t,x t,x
Thus, by Hélder’s inequality, commuting the dilation through the propagator, and
applying Lemma

o Ve Swill 5 S oIVe Swill o + Héf%Vu?iHLg
t,x t,a

2
2
Ltz

< NATE UlE v
Spee S+ CONVEI IV0N,

S 1 1
. 8+ C@ G D™ willFro [Vwyll s
As § > 0 is arbitrary, (9.21) follows by invoking ((7.20). O

Writing Duhamel’s formula for «/, an application of the Strichartz inequality
combined with Lemmas [9.3] [0.4] and [0-5] leads quickly to

lim sup ||Ui||L§°H;(RxJR3) Sp.e 1 for all J sufficiently large.
n—00

Thus u; satisfies the hypotheses of the stability result Proposition for all n and
J sufficiently large, which allows us to deduce that

HunHL%f)w (®xR3) SD.e 1 for all n sufficiently large.

This contradicts (9.3)), thus showing that Case 2 cannot occur. This completes the
proof of Proposition O
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With the Palais—Smale condition in place, we are now ready to show the existence
of a minimal blowup solution.

Theorem 9.6 (Existence of a minimal blowup solution). Suppose that Theorem
failed. Then there exists 0 < D. < oo and a global solution u to (L.1|) satisfying
D(u) = D, that blows up in both time directions in the sense that

[ullL1o ((0,00)xR3) = lullL10,((~c0,01xR2) = 00

Moreover, u is almost periodic in H: modulo translations, that is, the orbit {u(t) :
t € R} is precompact in H} modulo translations.

Proof. Suppose that Theorem [I.3] fails. As discussed at the beginning of this sec-
tion, this implies the existence of a critical 0 < D, < oo such that

L(D)< o if D<D, and L(D)=o if D> D,,

where L(D) is defined as in (1.9). Thus, there exists a sequence of global solutions
{tn}nen to (L.1) such that D(u,) — D. and

nh—>H;o ||“n||Lg?I(RxR3) = 0.
Let ¢, € R be the ‘median’ time of the L%gv—norm of u, so that
Hun||Lg?I((—oo,tn]xR3) = Hun||Lgf;([tmoo)xR3) — 00 as n— oo

As (|1.1) is time-translation invariant, without loss of generality we may assume
that ¢,, = 0. Then

(9.22) Jim. [t 210, ((~o00,0)xR2) = Jim l[unllL10 (j0,00)xRE) = 00

Invoking the Palais—Smale condition Proposition [9.1| and passing to a subsequence,
we find ug € H} such that u, (0) converges to up in H: modulo translations. Using
the space-translation invariance of and modifying u,, appropriately, we obtain
that u,,(0) — ug in HL. In particular, we have D(ug) = D..

Let u be the global solution to with 4(0) = up. Combining and the
stability result Proposition 6.3, we deduce that

[ull 230, 10,00y xm3) = [[tll £30, ((~00,01xR3) = 00

Finally, we prove that u is almost periodic in H! modulo translations. Let
{u(7n)}nen be an arbitrary sequence in the orbit {u(t) : ¢ € R}. As the L;%-norm
of u blows up both forward and backward in time and w is locally in L;9,, we have

that
Hu||Lg?x((—oo,m]xR3) = ||u||Lt1f)z([7—n,oo)><R3) = 00.

The claim now follows by applying Proposition [9.1] to {u(7,)}.
This completes the proof of the theorem. ([l

Remark 9.7. A simple consequence of the almost periodicity in H} (modulo trans-
lations) of the solution u constructed in Theorem together with Gagliardo—
Nirenberg and Sobolev embedding inequalities is the following: there exists z :
R — R? so that for all 5 > 0 there exists C(n) > 0 such that

9.23) Sup/ Vut, @)+ [ult, 2)|° + |ult, 2)|* + |u(t, o) dz < n.
tek Jjz—a(t)|>C(n)
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10. IMPOSSIBILITY OF MINIMAL BLOWUP SOLUTIONS

In this section, we complete the proof of Theorem The argument is similar
to those in [22] [46].

Arguing by contradiction, we saw that failure of Theorem implies the ex-
istence of a minimal blowup solution u as in Theorem By Proposition
D(u) = D, < oo implies that V(u(t)) > 0 for all ¢ € R. We will show that in fact
the virial V (u(t)) is bounded away from zero uniformly for ¢ € R; this will then be
used to derive a contradiction to the fact that the solution u is global in time.

We start by showing that the momentum of a minimal blowup solution must be
zero. This is intuitively clear since a traveling solution must spend energy in order
to travel; however, a minimal blowup solution must use all its energy to drive the
blowup.

Proposition 10.1. Let u be a minimal blowup solution as in Theorem[9.6, Then
the momentum of u must be zero, that is,

P(u) :=2Im . u(t, z)Vu(t,z) dz = 0.
Proof. For £ € R3, let @ be the global solution to given by the Galilei boost
a(t,x) == e”f*mg'zu(t7 x — 2¢t).
Note that M (@) = M (u) an
B(a) = E(u) + 5& - P(u) + 5[¢[* M (u).
If the momentum P(u), which is a conserved quantity, is not zero, then taking

P(u
&= *zM((TZ)

o,

we obtain

|P(w)|”
— E(u).
Thus, by Proposition we must have that D(#) < D(u) = D,.. As

E(@) = E(u)

@l z10 ((0,00)x®3) = 12l 230, ([0,00) xR =00 = |1l £30, (—00,01xR2) = Tl 10, ((~c0,01xR?)
this contradicts the minimality of v as a blowup solution. O

Relying on Proposition we next show that the spatial center function x(t)
from (9.23) is o(|t]) as t — £oo.

Proposition 10.2 (Control of x(t)). Let u be a minimal blowup solution as in

Theorem [9.6f Then the spatial center function z(t) from (9.23) satisfies
(10.1) lz(t)| =o(|t]) as t— toc.

Proof. By the space-translation invariance of , we may assume that 2(0) = 0.

We will prove for t — oo; the argument in the negative time direction is
similar. We argue by contradiction. Suppose that there exist § > 0 and a sequence
t,, — oo such that

|x(tn)| > dt, forall n > 1.

We note that standard arguments show that z(t) is bounded on compact sets;
indeed, the local constancy property (cf. (5.36) in [48, Lemma 5.18]) shows that
|z(t)] = O(¢) for t large. Consequently, for n € N there exists T}, € [0,t,] such that

(10.2) sup |z(t)| < |=(T,)| + 1.
te(0,t,]
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Now let 1 be a small parameter to be chosen later. By (9.23),

(10.3) sup/ [[Vu(t,z)* + |u(t, z)|*] dz < n.
teR Jz—a(t)|>C(n)
For n € N, we define
(10.4) R, :=C(n)+ sup |z(t)|
te[0,7,]

Note that by construction, C'(n) < R, < C(n) + |z(T,)| + 1.
Next, with ¢ € C2°(R) such that

1, ifr<i1
105 " =5
(105) ¢(r) {0, ifr> 2,

we define a truncated center of mass
Xg(t) = /]R3 m¢(%)|u(t,x)|2 dx for R>0.
By and ,
Xe, 0| [ wolg)uOaPds|+| [ ao(g) 0.0 d
lz|<C(n) l2|>C(n)

(10.6) < C(n)M(u) +2nRy, < C(n) (M(U) + 277) +2n]2(To)| + 2.
On the other hand, by the triangle inequality, (10.3] , and (|10.4]), we have

[Xr, (Ta)| 2 |e(To)| M (w) — |2(T "/ (1— o) T e
_‘ /| ey AT (T ) da|

-1/ (2~ 2(T)6(£)
|z—2(Tn)|>C(n)
> (M(u) =) |z(Ta)| = C(n)M(u) — (2R, + |2(T5)|)

uw(Ty,, x)|? dac‘

(10.7) > (M(u) — 4n)|z(T,)| — C(n) (M (u) + 2n) — 2n.
Hence taking n < £ M (u), and ([10.7)) yield that
(10.8) X, (Tn) = XR, (0)] Zas(u) [2(T0)| = C(n).

On the other hand, a direct computation using Proposition gives

O Xg(t) —QIm/ |I| 1] Vu(t, z)u(t, r) dx

+2Im/RS atrd (%) (z - V) (t, 2)u(t, z) de.
Therefore, by the Cauchy—Schwarz inequality, , and , we obtain
|0: X R, (t)] <6n forall t>0
and so, by the fundamental theorem of calculus,
(10.9) |XR (Th) = Xr, (0)] < 69T

Combining ((10.8)) and ((10.9)) with (10.2] -7 we obtain

|$( )| = C() Sarcu) 67t
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Recalling that |z(t,)| > d0t, and taking n even smaller if necessary (depending on
M (u) and §), we derive a contradiction by letting n — co. O

Our next result is a uniform in time lower bound for V (u(t)), whenever u is a
minimal blowup solution as in Theorem

Proposition 10.3. Let u be a minimal blowup solution as in Theorem[9.6. Then,
there exits § > 0 such that

V(u(t)) = . (Vu(t,z)> = 2|u(t,z)[* + |u(t,2)®de > 6 for all tE€R.

Proof. Suppose that no such § > 0 existed. Then there exists a sequence {¢,, }nen C
R such that V(u(t,)) — 0. By almost periodicity, there exists vy € H} such
that u(t,) converges to vg in H! modulo translations. Combining this with the
continuity of the functionals D and V', we obtain that

D(vg) = D(u) = D, € (0,00) and V(vg) = 1Lm V(u(ty,)) =0,
which contradicts Proposition iv). O
We now have all the necessary ingredients to complete the proof of Theorem

Proof of Theorem[I1.3 Arguing by contradiction, we assume that the conclusion of
Theorem does not hold. Then, by Theorem we can find an almost periodic
minimal blowup solution u. In the following, we will show that such a solution
cannot exist.
With ¢ as in and R > 1, we define a truncation of the weighted momentum:
Ag(t) = 2Im/ qﬁ(%)u(t,:v) x - Vu(t,z)dz
R3

By the Cauchy—Schwarz inequality and Proposition [5.7] we obtain
(10.10) |[Ar(t)| < 4R||U|\L;>°L§(RxR3)HVU||L;?°L§(RxR3) Sp. R.

~Le

On the other hand, a straightforward computation yields
on(t) == [ [ae’ () + o0 () + it () | lu(t. ) da
Vu(t,
/‘¢ WuthM+4/'“ﬁ&“¢(f)

/{ + 5o/ (5] lutt, 2)° de
/B L) + o (5 [ jutt, ) de.

Therefore,

@Aﬂﬂ24/IVMt@F—%MmmF+W@wPM
RS

+o(§/ |u(t,x)\24m)

R<|a|<2R

+o(/ [IVul? + [ul® + ful*) ¢, ) d)
lz|>R
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— V(@) +O( [ [Vl +ul® + [ul + o] (2) do).

|z[>R
To continue, we note that by Proposition there exists 6 > 0 such that
(10.11) V(u(t)) >0 forallteR.

By (9.23)), for n > 0 to be chosen later there exists C() > 0 such that

(10.12) sup/ [Vu(t,z)|> + Jut,z)|® + [u(t,z)[* + |u(t,z)* dz <.
teR J|z—z(t)|>C(n)

Moreover, by Proposition we have that |z(t)| = o(t) as ¢ — oo and so there
exists Ty = To(n) € R such that

(10.13) |z(t)| < nt for all t > Ty.
Now given 17 > Tp, let

(10.14) R:=C(n)+ sup |z(t)].
te[To,T1]

Note that {x : |z| > R} C {z : |x — z(t)| > C(n)} for t € [Ty, T1]. Therefore, using
(10.11)) and (10.12)) and choosing 7 sufficiently small depending on &, we obtain

OtAR(t) > ¢ uniformly for ¢ € [Ty, T1].

By the fundamental theorem of calculus combined with ((10.10)), (10.13)), and (10.14)),
we get

(10.15) o(Th —To) < Ar(T1) — Ar(To) Sp. R Sp. C(n) +nTh.

Choosing n = 77((5, Dc) sufficiently small and letting 77 — oo, we derive a contra-
diction.
This completes the proof of Theorem |1.3 d
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