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Semiclassical regularization of Vlasov equations
and wavepackets for nonlinear Schrodinger equations

Agissilaos Athanassoulis *

Tuesday 3™ October, 2017

Abstract

We consider the semiclassical limit of nonlinear Schrodinger equations with initial data that are
well localized in both position and momentum (non-parametric wavepackets). We recover the Wigner
measure of the problem, a macroscopic phase-space density which controls the propagation of the physical
observables such as mass, energy and momentum. Wigner measures have been used to create effective
models for wave propagation in random media, quantum molecular dynamics, mean field limits, and the
propagation of electrons in graphene. In nonlinear settings, the Vlasov-type equations obtained for the
Wigner measure are often ill-posed on the physically interesting spaces of initial data. In this paper we are
able to select the measure-valued solution of the 141 dimensional Vlasov-Poisson equation which correctly
captures the semiclassical limit, thus finally resolving the non-uniqueness in the seminal result of [Zhang,
Zheng & Mauser, Comm. Pure Appl. Math. (2002) 55, do0i:10.1002/cpa.3017]. The same approach is
also applied to the Vlasov-Dirac-Benney equation with small wavepacket initial data, extending several
known results.

MSC subject classification: 81S30; 35Q55; 81Q20; 81R30

Keywords: nonlinear Schrédinger equation, semiclassical asymptotics, wavepackets, Wigner measure
Contents

1 Introduction

2 Statement of the main results

3 Wigner measures and the new functional framework

4 Background results

5 Proof of the main results

1 Introduction

1.1 The problem

A well known asymptotic problem for nonlinear Schrédinger equations

2
i + S AYT — F(l0 Pt =0, 0S(t=0) =i H'(R")
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is to describe the evolution of macroscopic observables, such as

mass m(z,t) = [¢°(z,t)|?,
momentum  j(k, t) = e"|1¢ (ek, t)|2, (2)
kinetic energy Epin(z,t) = |VY© (2, t)|?

when € — 0. Variations of this problem arise in many different physical contexts, including quantum molecular
dynamics [3], mean field limits [13, 33, 34], wave propagation over large (geophysical) distances [48, 50], the
formation of rogue waves [26] and the study of graphene [27, 28]. We will use the term semiclassical to describe
this regime [17, 36, 37]; other terms used in the literature are zero-dispersion limit [52], high frequency limit
[31], and geometric optics [20, 21].

While numerical solution of (1) becomes increasingly expensive as ¢ — 0, it often turns out that we can
recover approximations to the observables with O(1) cost, i.e. with complexity independent of . This can
be achieved by taking a quadratic transform of (1), namely the Wigner transform (WT)

We(a, k,t) = W) (2, k) = f 2RI+ (e — < t)dy, 3)

Y

leading to the nonlinear Wigner equation

QWS+ 2mk - Vi L MO F L we e k)] =0,

y—k €

V(z,t) =F <§ Ws(x,g,t)> .

(4)

This is essentially a second moment of (1), and it has two important properties. First of all, equation (4)
has a meaningful (formal, for now) limit as ¢ — 0, namely the Vlasov-type equation

GWO 4 27k -V, WO — LV, V.V, W0 =0,  V(z,t)=F (g Wo(m,f,t)> . (5)
S

Moreover, the Wigner measure, i.e. the limit of the Wigner transform

WO = lim W*¢ (6)

e—0

controls macroscopic observables in weak sense [44, 31], e.g.
mass m(z,t)= Wz, k,t)dk+o(1),
k
momentum gk, t)= S WO(z, k, t)dz+o(1), (7)

kinetic energy  Egn (@, t)=472 § [k[*W°(z, k, t)dk+o0(1),
k

as € — 0. A self-contained discussion of Wigner measures, including the sense of convergence and the
systematic extraction of observables, can be found in Section 3.

This technique has been established for a wide variety of wave problems, including Schrodinger [3, 4, 5, 6,
8,9, 10, 11, 12, 13, 31, 33, 34, 44, 47, 54], Dirac [27, 28], and acoustic [10, 46], elastic and Maxwell equations
with smooth, random or periodic coefficients [14, 31, 48].

A key trade-off between this approach and WKB-type expansions [20, 21, 35, 36, 37, 40, 52] is that we
no longer try to approximate ¢°, but only the observables, through the Wigner measure. In return, we get
an elegant and widely applicable model, including in many cases the painless resolution of caustics. This can
be seen as a semiclassical regularization and continuation of the WKB system past the formation of caustics,
by the introduction of a novel sense of solution [39]. Moreover, approximations of 1°(t) are often destroyed
by nonlinear effects at a much faster rate than macroscopic approximation for W¢[¢°(¢)]; this can be seen
very clearly in the discussion after Theorem 2.3.



Another important advantage of the Wigner measures approach is that it does not require the wavefunction
to be approximated by some parametric ansatz such as WKB or coherent states. This non-parametric
character of Wigner measures is crucial for noisy problems where the data of interest are known to not be of
WXKB or other explicit parametric forms, not even initially [48, 50, 51]. In fact, the second-moment character
of the Wigner transform makes it a particularly powerful tool for stochastic problems, and it has played a
key role in the recent understanding of self-averaging in wave propagation in random media [10, 47]. In the
same context, the Wigner transform seems to be the appropriate generalization of the spectral density for
harmonizable (non-stationary) processes [45].

Infinite systems of Schrodinger equations can be treated with Wigner measures using the same formalism.
This aspect is crucial in certain fields such as statistical physics; a far-from-exhaustive list of references is
[8, 13, 33, 34] and the references therein. It must be also noted that infinite systems of nonlinear Schrodinger
equations (often referred to as “mixed states”) are attracting intense attention recently [25, 42], following
recent fundamental advances in harmonic analysis [30]. In fact, in the context of Wigner measures, mixed
states lead to simpler problems as they lead to initial data W in Sobolev spaces, or even in spaces of analytic
functions. This is elaborated e.g. in [16, 44]. In this work we will focus on pure states only, i.e. we will
always start from a single nonlinear Schrédinger equation (1).

While for many classes of problems the Wigner measures approach is worked out, key questions are still
open in many interesting problems, such as systems with eigenvalue crossings [27, 28], nonsmooth [3, 4, 5, 6],
and nonlinear problems. In nonlinear problems in particular, the limit Vlasov-type equation (5) is typically
not well-posed for measures. For example, in the seminal work by Zhang, Zheng & Mauser [54], it is shown
that if we start with the 1-dimensional Schrédinger-Poisson equation,

, g2 b N
iz + 500 = 3 [o—yllor 0Py v =0, 0= 0) = v e HR) ©)
y
its Wigner measure W0 = lirr(l) We[1°] satisfies (in an appropriate weak sense [53]) the 1 + 1-dimensional
£—

Vlasov-Poisson equation with initial data W9 = lirr(1) We[y§]. However, the notion of solution used for the
e—

Vlasov-Poisson equation is so weak that uniqueness is lost. The question of determining the correct weak
solution for the semiclassical limit has been the subject of numerical investigation [38], but it is still not
settled. Theorem 2.1 answers this question for any wavepacket initial data.

More recently, Bardos & Besse in the breakthrough paper [12] showed that, under appropriate conditions,
in the case of the defocusing cubic nonlinearity

2
ie0® + SAYT byt =0, Yt =0) = 5 e H(R") 9)
the Wigner measure indeed satisfies the resulting Vlasov-Dirac-Benney equation

OWO 421k -V, + LV, V-V, W0 =0, V(x,t) = {WO(z, ¢, 1). (10)
1S

However this equation is known to be ill-posed on any Sobolev space [11], and at the moment there is no
sense of measure-valued solutions.

Thus, the picture that emerges for nonlinear problems can be described as follows: in many cases a Vlasov
equation can be derived and justified, i.e. it can be shown that the Wigner measure does satisfy it. However
this is only the first step towards approximating the evolution of the Wigner measure in time, as the Vlasov
equation may be ill-posed. Indeed, as we saw, neither uniqueness nor stability can be taken for granted.
In this paper we construct an approximation to the Wigner measure for wavepackets evolving under some
common nonlinearities for long times, thus extracting the correct weak solution for the semiclassical limit.
By wavepacket we mean any function which is well localized both on space and Fourier space.

More specifically: our main results, stated in detail in Section 2, can be described as the formulation of
linearizability conditions for the Wigner measure, i.e. conditions under which the Wigner measure completely
ignores the nonlinearity. This is significant because it includes problems where the wavefunction ¢ is known
to exhibit O(1) nonlinear effects. Thus a regime can be quantified where the wavefunction is not linearizable,
but the Wigner measure is. This highlights a subtle “stability of macroscopic observables” that is not derived



from the stability of the nonlinear Schrédinger equation on the level of the wavefunction, and can be accessed
only by working directly at the level of the Wigner transform.
On a more technical level, the proofs are based on two key features:

(i) a well-chosen frame of reference;

this allows us to fully exploit the symmetries of the Schrodinger equation in conjuction with the the space-
and-Fourier-localization of wavepackets without being bound to a parametric ansatz. This non-parametric
approach allows a very large class of initial data, stronger nonlinearities and longer timescales than the state
of the art (which is recalled in detail in Section 2). Moreover,

(ii) we introduce a novel functional framework which enables us to have quantitative estimates for the
Wigner measure in a nonlinear context.

The basic notions and standard framework for the Wigner measure were introduced in [31, 44], and are briefly
recalled in Section 3. However, the standard functional framework doesn’t seem to be always ideal for work
in nonlinear problems — even less so for power nonlinearities. This is reflected in the lack of a stand-alone
stability theory for the nonlinear Wigner equation (4) for power nonlinearities, as well as in the recent papers
introducing different functional frameworks for the Wigner measure adapted to specific problems [33, 34].
The A™! framework we introduce, discussed in some detail in Sections 1.2 and 3, has the advantages that it
is directly comparable to the standard A’ setting; it is very simple to work with; and it demonstrably works
very well for wavepackets. More broadly, a well-posedness theory for the nonlinear Wigner equation in A~!
seems possible in the future, and could impact other nonlinear problems beyond wavepackets as well.

Structure of the paper: The main results are stated in Section 2. Comparisons with existing results are
also given, including evidence for strong nonlinear behaviour of the wavefunction. The proofs of the main
results can be found in Section 5, while auxiliary results are stated and proved in Sections 3 and 4.

1.2 Notations and Definitions

We will use standard multi-index notations. The Fourier transform normalization will be
fo = [ emesaa
TeR™

Because of the particular manipulations necessary in this work, we will keep track of variable names under
Fourier transforms with the notation

k) = Foolf] = f &2 f () di,

xeR™
FX,K) = Fopoxxlf] = f e~ 2mile Xtk K] (4 k) dxdk,
z,keR™
Fiaklf] = f e 2K f( E)dk.
keR™

The convention X := {f ’ fAe X} will be used for brevity.
We will also use the Wiener-Sobolev spaces A®:

Definition 1.1 (The Wiener-Sobolev spaces A®). For s = 0, we will denote with A®*(R™) the Banach space
of functions generated by the norm

olacceny = | (14 )16y

yeR™



In phase-space this becomes

ollasmy = [ (14 VIXE +TKE) 180X, K)ldy.
X,KeRn

When s > 0, we will denote the dual of A® by A™*, i.e.

lpla-—s = sup [(&,9)].
[¥]as=1

Remark 1.2. When s = 0 we recover the standard Wiener algebra, ||¢| a0 = HC/Z;HLl Its dual space will be
denoted as R R
(A% = L% ={f : |f|r» < o0}.

The Wiener algebra has been used for semiclassical analysis in other nonlinear contexts, for example [19, 41].
Here we will use heavily A~' on phase-space as a convenient setting for quantitative approximation of Wigner
measures. The mechanics behind this choice can be seen in the proof of Lemma 5.1.

Definition 1.3. We will denote by T, the translation operator

T.f(x) = f(z + 2), (11)
and by M, the modulation operator 4
M. f(z) = 72757 f(x). (12)
Definition 1.4. Let ¢ € H' n H' be a wavefunction with unit mass, i.e. [¥llLz = 1. We will denote
o) i= [[aloPde, putw) == [ Ko (13)
T k

and read p,, as the mean position and py as the mean (rescaled) momentum of the wavefunction 1. Moreover,
we will denote

2
(Y ~
20)i= [ (0= ) Pde, otw)i= < [ (k- L) popan, (14)
T k
and read o as the variance in position and o as the variance in (rescaled) momentum of the wavefunction
.

The variances 02(1), o2 (1) are the only measures of space and Fourier localization that we use to develop

our non-parametric wavepacket analysis, as captured in the following
Definition 1.5 (Semiclassical family of wavepackets). Let {¢}.c(0,1) € H' n HY, ¢z =1 Ve. Then if
lim i, () = 0 € R”, T up (1) = ko € R",
e— e
and
lim o, (¢%) = 0, lim o (¢%) = 0,
e—0 e—0
we will say that {Y°} is a semiclassical family of wavepackets with mean position xo and mean (rescaled)
momentum k.

However we can use the term wavepacket more broadly!, to mean any function ¢ € H' n H' with
=)z =1 and

€ e
02 (V%) + ok (%) = o(1). (15)

1Often one has in mind a concrete problem, where ¢ is a parameter with a fixed value — “small” with regard to other
meaningful quantities, but not tending to 0. Accordingly, there is a single initial datum v§. For example, € ~ ﬁ is mentioned

as a reference value of € in molecular dynamics in [2]. Our main results can be applied in such a context as well, and will give a
bound on the nonlinear effects on the Wigner measure. The judgment of whether the fixed number o4 (¢¢) + o (¢¥°) is “small”
(and thus whether 1§ can be considered a wavepacket) will have to be made with regard to other parameters of the physical
problem.



Equation (15) holds for all standard classes of parametric wavepackets, such as coherent states and
squeezed states, as well as less common parametric classes like chirp wavepackets, i.e. localized functions
with quadratic oscillations, c¢f. Lemmata 4.10 and 4.12. In any case, this fully non-parametric notion of
wavepacket based on equation (15) is really quantified by Corollary 5.2, where it is shown that

W] (@, k) = (@ — pa (), = e (69)) las < 27 (0 (%) + on(6))-

The Banach space A™!, specified in Definition 1.1, contains §-functions.
It must be noted that, when working on the appropriate frame of reference, the variances o2 (1)), 0']% (¥)
take a very simple form:

Observation 1.6. If a wavefunction v is centered via a Galilean transform, i.e. if
u=./\/lu,cT(¢>Tx(¢)¢, (16)
then one readily computes
po(uw) = pe(u) =0, 0u(¥) = 0u(u) = [aulzz, on(¥) = or(u) = 5-|eVulLe. (17)

The uncertainty principle [29] means that we cannot make both of o, (%), ok (1) arbitrarily small at the
same time, e.g. )
€
0a(V)on() > W
7r
While only gaussian coherent states saturate the uncertainty principle, equation (15) outlines a much broader
class. Squeezed states, a class of wavepackets generalizing coherent states, are properly introduced in Defini-
tion 4.9. Chirp wavepackets are introduced in Definition 4.11.

(18)

2 Statement of the main results

2.1 Wigner measures for wavepackets

Theorem 2.1 (1-dimensional defocusing Schrodinger-Poisson equation). Let ©¥¢(t) be the solution of
, g2 b
e + 00 = % [le =yl uPdyvs =0 0= 0=y eS®.  ile =1 (9)
y
for some b > 0. Then

WL (0] = 8 (2 — pa () — 2mtpn (W), k — ()| 41 < 2m(1 + 1) lak(z/«%) + ;oxw(%)} + 270 (15)-

The proof is given in Section 5.1.

Thus the Wigner transform for any wavepacket, i.e. any initial data 1§ so that o, (¢§) + or(¥5) = o(1),
remains close to a J-function. Moreover, despite the fact that the nonlinear effects on ¢¢ are of O(1), the
Wigner measure is not affected by the nonlinearity. In that sense we can say that the Wigner measure satisfies
the Vlasov-Poisson equation

b
WO + 27k -V, WO + va J |z — y|WO(y, &, t)dyde - Vi, W =0, W =6(x — xo,k — ko),  (20)
Y€

if the nonlinear term is completely dropped, which is precisely what happens if we interpret it naively?.

2Indeed, if WO(z, k) = §(x0, ko), then

Ve § |z —yWOo(y, & t)dyds - VW0 = Vi § |z —y|6(y — w0, & — ko)dydé - Vid(x — mo, k — ko) =
Y€ RS
=V § |z —yld(y — z0)dy - Vid(z — 20,k — ko) = sign(z — z0)Vid(x — zo, k — ko).
y

Now observe that sign(x — xg) evaluated on xg is 0; moreover V6(x — o, k — ko) evaluated on any (z, k) with z # z¢ is 0.



Moreover, Theorem 2.1 remains valid for a timescale much longer than the usual log% Ehrenfest time-scale
[15, 23]. This can be made precise for squeezed states initial data in terms of the following

Corollary 2.2 (Squeezed states for the 1-dimensional Schrédinger-Poisson equation). Let

T — o 27ikg-(z—wxg)

E=g"2 E 0<fB<1
¢0 € a( EB )e ) 6 bl

be a squeezed state as in Definition 4.9, and let
, g2 b
izo + SA0 — 1 [lo =yl Py =0, vt =0) = v, (21)
y

Then there exists a constant C independent of €, t so that

[Wely ()] = 6(x — o — 2mkot, k — ko) | ., < (1+ t)c<€g . 51%)

The same approach can be applied to power nonlinearities as well:

Theorem 2.3 (Defocusing power nonlinearities). Let ¥°(t) be the solution of

2
€0t + AU — bW YT =0, U(t=0)=ufe SRY, |l =1 (22)

for some b = b(g) > 0. Moreover, let CSN be the sharp constant of the Gagliardo-Nirenberg inequality, see
Lemma 4.8 for details. If for some n >0

b(e) CON (27)no—2

oz (¥5) <m, or(¥5) <m, O (1/J8)\/Em T o r2 <,

no
2

then
[Wee (0] = 8(2 — o (65) — 2wt (W), b — 1 (65)) | or < 27(3 + 2.

The proof is given in Section 5.2.
Allowing b(e) = BeY = o(1) and O(1) initial data, is equivalent to considering small initial data and
b= B = O(1), through the rescaling

ie0)t + SAYT — VB2 gt =0 Yt =0) = ¢ <
o 20, UF + AU — BIUE2TWE = 0 WE(t = 0) = 30 9.

Here we keep the normalization [¢§| 2 = 1 so that W=[1)°] scales correctly (i.e. so that the Wigner measure
exists and is not zero).

Note that even for these weakly-nonlinear problems, nonlinear effects are known to appear on the level
of the wavefunction [17, 20, 21] and the semiclassical limit for wavepackets was heretofore not known. For
example, in [17] a model of Bose-Einstein condensates is studied, namely equation (22) with

n=3, o=1, b(e) =e? > 0. (23)

It is shown therein that instabilities on the level of the wavefunction are possible for special localized initial
data. This negative result builds upon initial data of the form g = 5’%(1(%), which are localized in space
but not in the Fourier variable. In another problem with b(e) = €2, 0 = %, it has even been shown that the
Wigner measure can be discontinuous in time [18].

It is natural to ask if for some particularly convenient initial data, like coherent states, the semiclassical
limit for (23) is known. For coherent states, the state of the art is [23]. The main result of [23] can be
summarized as follows: assume

[b(e)| = O+ %), (24)



and the initial wavefunction 1§ is a coherent state
T — Xg, 2rmikg(z—=xq)
— e €

Ve

Then this parametric form is preserved, in the sense that there exists a coherent-state approximate solution
of (22),

v5(z) = e % a( ; a€SR"), JalL2 =1, xo,ko€R™ (25)

n o x— X(t)

|9 (1) — e 1a( 7 ite

where X (t), K(t), 6(t), a(z,t), satisfy simple e-independent equations. Moreover, this is valid for timescales

IR0 |, 2 o(1), (26)

= O(log logé).

A corollary of [23] is that for |b(¢)| = e!**% nonlinear effects on ¥*°(t) are of O(1).

Equation (26) provides a lot of information for the problem, but at the cost of a rather weak nonlinearity,
i.e. assumption (24), excluding many physically relevant problems. In particular, the nonlinearity (23) is
too strong for the result of [23]. Moreover, in most realistic settings the values of ¢ range between 1072 and
1079, so this would lead to short timescales as well since, for the natural logarithm, loglogl0® ~ 2.6.

In other words, it was not known heretofore whether we can have any control of the observables in the
problem described by the scaling (23) for wavepacket initial data; not even for coherent state initial data. To
answer this question one observes that Theorem 2.3 implies the following

Corollary 2.4 (Squeezed states for defocusing power nonlinearities). Let

ng I — Tg., 2mikg(z—zg)

vf = Fa(le I 0<p<t,

be a squeezed state as in Definition 4.9, and let

2
ied° + %Aw — NPTyt =0, Wf(t = 0) = Y. (27)

Then there exists a constant C independent of €, t so that

|Wely2 ()] — 6(x — 2o — 27kot, k — ko) | 40 < (1 + t)C’(sB +elB 4 )
Setting v = 2, n = 3 in Corollary 2.4 above means we recover the setting of (23). Then, if 9§ is a squeezed
state with 3 < 2 it follows that W¢[4°(¢)] evolves linearly as long as ¢ - (¢” + El_%) = o(1).

Remark 2.5. If we view Corollary 2.4 as a linearizability result, it is interesting to compare with what
is known for linearizability on the level of the wavefunction for the defocusing NLS. Theorem 1.1 in [22]
requires vy = no for linearizability (in an appropriate sense) to hold on the level of the wavefunction. Here,
taking advantage of the wavepacket character of our initial data, we can relax the condition to v > nof, for

Be(0,1).

We can apply this approach to focusing power nonlinearities as well:

Theorem 2.6 (Focusing power nonlinearities). Let ¢ (t) be the solution of

2
€0 + TAU bEWPTU =0, it =0)= v e SR, [l =1 (28)

for some b = b(e) <0, and for no = 1. If for some n > 0

b cgn ble)| CEN b(e)| CEN <
i) <n  otwi)<n, 2 \/ " \/ o
2m(4+ 2 21

e 27T4+n 4+ ) 2

then
[Wee (0] = 8(w = pa(65) — 2wt (W), b — e (65)) | or < 27(3 + 2 ).



The proof is given in Section 5.3.

Remark 2.7. The restriction no = 1 has to do with working out explicitly the upper bound in the technical
Lemma 4.7. It can be removed at the cost of a less explicit statement. Indeed, if instead of no = 1 we assume

no < 2, |b(e)| = O(e7), vy > no,
then it can be shown that
WAL () = 0 (& = pa (05) = 2mtpaa(05). k= ju (V)| 42 = O (00(W5) + 0 (w5) + €357 ) (1+0). (29)

The proof of this version of the result is given in Section 5.4.

Now let us compare Theorem 2.6 to the state of the art. The aforementioned result of [23] applies in
the same way to focusing and defocusing problems. Theorem 2.6 allows for stronger focusing nonlinearities,
longer timescales, and of course more general initial data. This can be seen clearly in the following

Corollary 2.8 (Squeezed states for focusing nonlinearities). Let

B €T — IO 2mikg-(xz—xq)
€

G=¢ 0 1
v = Fa(*0)e o 0<p<,

be a squeezed state as in Definition 4.9, no =1, and
2
i + S AYT + T PTY =0, uE(t=0) = ¥, (30)

Then there exists a constant C independent of €, t so that

[Wee ()] — 6(x — w0 — 2mkot, b — ko) | 4o < (1 + t)C(eB el Byl g 8”5‘*)

las
Thus, for any v > 1 control of the Wigner measure is obtained, as opposed to v > 2 in [23].

Remark 2.9. The counterparts of Corollaries 2.2, 2.4, 2.8 for chirp-wavepacket initial data,

ng X — Lo, 2mikg(z—wg) iz(z—wzg)?
€

vi(@) = F a2 e

can be readily established by making use of Lemma 4.12.

2.2 Idea of the proofs

The idea behind the proofs for all of the main results follows the same general steps, bringing together several
different ideas, and adjusting the details as needed for each nonlinearity:

Step 1: Go to the appropriate frame of reference. The nonlinearities we work with are Galilean
invariant. In that context, we use a frame of reference that centers the initial data

g (g) @
ug (1) = M uywp) T, (we) V6 = U5 (x + z0)e ™™ acaa (31)
and work on problem (1) through
; € 62 € €12y,,€ € €
ie0yu® + EAU, — F([uf]*)u® =0, ut(t =0) = ug. (32)

The Galilean invariance of (1) (recalled in Lemmata 4.4, 4.4) means that ¢°(x,t) is related to u®(z,t)
through
(v (z—zg) v
v (z,t) = v (z — vt — mo,t)ez( o 25) v = 27 (V) xo = fz(V5)-
Step 2: Show that if 0, (¢§), o (1)§) are small, then o, (u®(t)), ox(u®(t)) are also small. By state of the
art methods for nonlinear Schrédinger equations, one can obtain bounds for [|eVu® (¢)| z2 in terms of |eVu§| 2.



Then we proceed to bound |zu®(t)| 2 by appropriate functions of ||zugl|r2, |eVug| 2. From this we conclude

that o, (u®(t)), ox(u®(t)) are bounded by appropriate functions of o, (u§) = 0, (¥§), or(u§) = or(¥§).
Working out the details in each case determines the constants and, crucially, the timescales for which this

bound is useful.

Step 3: Conclude that We[u®(t)] ~ d(x, k), quantify the rate and timescale of convergence, and

go back to the initial frame of reference to obtain the result for W¢[y°(¢)]. The previous step is

exploited through Corollary 5.2 to complete the proof.

Every effort has been made to state and prove regularity results, bootstrap arguments etc in a self-
contained way in Sections 3 and 4. That way Section 5 is devoted to presenting coherently how the different
pieces fit together, without being sidetracked by various technical details. The engine behind the proofs is
Lemma 5.1 and its Corollary 5.2, which translate H' and H' estimates to convergence results for the Wigner
measure. It is through Lemma 5.1 that the new functional framework, introduced in detail in Section 3
below, makes the results of this paper possible.

3 Wigner measures and the new functional framework
The Wigner transform (WT) can be seen as a sesquilinear transform

We i L2(R") x L(R") — L*(R>") : f,g— W¥[f.g).
defined as

%)g(a@ — E—)dy. (33)

WelL gk = [ e pe Dygto -

yeR™
One easily checks the following elementary properties [7, 9]:
fge IXRY) = Wef,g]e A(RM) A L (R™),
fge H'R™) n H'R") = We[f.g] ¢ H'(R®) n H'(R?™)nL*(R?"), (34)
f.ge SR") = W9[f,g]e S(R*").

Often the quadratic version is used, in which case we denote
WELf] = WELL, £
The WT We¢[f] describes the quadratic observables of f through
| wen otk dadt = [ T oo, 2V, (@) do
z,keR™ zeR™

where ¢(z,eV,) is the Weyl pseudodifferential operator with symbol ¢(x, k)? [31, 44]. Thus weak approxi-
mations of W¢[f] can provide information for the quadratic observables of f — but not for its point values.

The most fruitful application of the e-dependent WT is to an e-dependent family of functions, {¢°}..
Under appropriate conditions, it is known that We[°] converges in weak-* sense to a probability measure
WO on R?™ as ¢ — 0 [31, 44]; WY is then called the Wigner measure (WM) of the family of functions {¢*°}..
Intuitively, the WM keeps track of the limits of the observables of ¢ as ¢ — 0 through

Eli_r)r(l) J Pe(x) p(x,eV ) (x) do = f WOz, k) ¢(x, k) dedk

zeR™ z,keR™

while the family {t)°}. itself has no meaningful limit (typically lin% 1® = 0 in the sense of distributions).

3We can think of ¢ € S(R?") for now; the point of this discussion is to motivate a judicious selection of the space where ¢
will be taken to belong.
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The framework developed in [44] for the weak-* convergence of the WT towards the WM is based on the
algebra of test functions A, generated by the norm [¢[.4 := |Fy—k[¢](z, K)|1 1x. A back-of-the-envelope
calculation explains the selection of this norm in the following sense: Let H1/)5|| 12 = 1, then

J We ] (x, k)p(x, k)dxdk = J e 2R (1 4 f)z/f:( 5 )QS(:E k)dzdk =

x,keR™ z,k,yeR™
f CEE STRCEE ) f e MG (n k) dedy =
z,yeR™ keR™
e[,E e &Y= €y
= (W] ol < [9° (2 + 5)v(e = F)legra [FeoylSlly oz, (35)

where of course

oo+ 20w~ Dlagr =swp | e + 40—l do = 1.
Y zeR™
Thus the set {W¢[¢¢]}. is uniformly bounded in the dual of A, A’, and hence weak-* compact by virtue
of the Banach-Alaoglou Theorem. By extracting a subsequence in ¢ if necessary, the WM W0 is now well
defined. It is known that W is in fact a non-negative finite measure [44], hence the term Wigner measure is
justified.
Finding ways to metrise the weak-+ limit

(WO, ¢) = im(W=,¢)  VoeA

is important in itself, as it could yield better control on uniqueness questions, and of course help quantify
the rate of convergence. One might think that since W0 is a probability measure, W¢ would naturally
be seen converge to W in some Banach space of measures. However, for ¢° € L?(R"), W& = W¢[y¢] €
L*(R?") n L*(R?") may not even be in L*(R?") [49]. In that case, { Wedzdk = |¢°|%, in Cauchy-principal-
value sense, but W€ does not define a finite measure at all. By using a Fourier based norm, as in Definition
1.1, we go around this integrability question, and let the Fourier transform absorb any improper integrals.
Moreover it must be noted that the new spaces A® are in fact closely related with the space A, as can be
seen in the following

Lemma 3.1 (Consistency of A, A? and A'). For every ¢ in the Schwartz class of test functions S(R™)

Ipla < [¢]lao < [¢]ar-
Proof: Simply observe that, for any ¢ € S(R™),

I¢lla = |Frorl@)lLr e = § sup [Pk [¢](z, K)|dK < IS{)S(| 2o X k[ 01X, K)|dXdK = [ 1 = [ 6] a0-

K z€

O
This leads to the following

Lemma 3.2. For any V%2 = 1,
W ar = IWE[9° ]2 = 1
Proof: First of all, recall that L® = (A%). Now by virtue of equation (35) we get

[KW[¥), )l < sup [ (@ + )97 (@ - %)I\Ll | Fry[9] < [° 72 | Fanozgl@llzr, = 6] a0-

2

z,y

This shows |[We[y¢]| > < 1; equality follows by selecting ¢r = e’“R(“’2+k2), and taking sup [(We[¥®], or)|
R—0

(observe that |¢r| a0 = 1).
The estimate |We[¢)¢]||a-1 < 1 follows in the same way. To show that |[W¢[¢°]||a-1 = 1 it suffices to
take ¢ as before, and compute |pr|ar =1+ CR%. O
In other words, the norms A~!, L are correctly scaled to capture the Wigner measure as ¢ — 0. We
will be working mainly in A~!, that is the admissible observables will be those operators with Weyl symbols
¢ € A'. Technically, this is a slightly smaller class of observables than the class A introduced in [44].
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4 Background results

4.1 Background on Schrodinger equations
4.1.1 Well-posedness and conservation of energy

The 1-dimensional Schrédinger-Poisson problem has certain special features. One is that 1-dimensional Pois-
son kernel, |z|, grows at infinity. This means that the standard methods for V (z,t) = { K (z — y)|¢*°(y, t)|*dy

Y
with kernels K € L® + LP [24] cannot be used off-the-shelf. Because of that feature, the nonlinear potential

Viat) = [ lo = sl 0)Pdy (36)

has nontrivial behavior at infinity,

. d _b
lim d—V(CE,t) = +§H¢E<$at)HQL2'

r—+00 dr
We will use the approach of [54], and modify it to also control the moments of the solution:

Theorem 4.1 (Solutions for the 1-dimensional Schrodinger-Poisson equation). Consider the Cauchy problem

2 b A
10 + %Aw -5 f |z —y||vF (y, t)|2dy b = 0, Yt =0) =5 e HX(R)n H'(R), |45l = 1. (37)
Yy

This problem has a unique, global-in-time solution in H?(R) N ﬁl(R) which conserves mass

[9° ()22 = [¥6]L2=1 (38)

and energy

2 b 2 b
SIVEOR+ 7 [ lo—yllo @0 Plor 0P dedy = SIVaIE + 5 [ o= sllv5@)P1050) Pdsdy. (39)

zy Ty
Moreover,
d g d £
le " ®)le < le—v5l2 + [bllt] (40)
and
( d
|z (@) L2 < [lzvGle> + J le = ¥° (Tl c2dr. (41)
7=0

Proof: By virtue of Theorem B.1 of [54], ¢§ € H?, ||¢§|r2 = 1 implies the existence of a global solution
Y& e L*([0,T], H?) for any T > 0, satisfying in addition

oz =1, €245z < O + 29§ 2)eC”

for some absolute constant C. We will now work on this solution to prove equations (39), (40), (41).
Denote for brevity V' (z,t) the nonlinear potential as in equation (36). V(x,t) is the solution of

AV (z,t) = blye (z,t)|%; (42)

equation (36) yields

x

d v [ f
Ve =g | [ wrwora - [ o). (13)

y=—00
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and therefore, using the conservation of mass,

d 0] o]
2y 0) < Dol = Dlvsiza. (44)
Now, following the steps of the proof of Lemma 2.1 of [54], we check that

%%usﬁw)um:—slm[wedv,;; S < Wwgl3.le Ly ()] =

(45)
= Gledv @)z < [bllv5]3a
Thus equation (40), which is essentially equation (2.8) of [54], follows. Similarly,
S 1o (O] = Re[$Gav (0,207 ()] = Re[i@i(0), £0°0)] < Vo Olslovls = e
= Glzr @) < |eVYE ()] L2
Equation (41) follows.
Now there is enough regularity to justify the conservation of energy by standard arguments [24]. O

Well-posedness for the nonlinear Schrédinger equation with power nonlinearities on H' is exhaustively
well studied [24]. Here we briefly recall the relevant results in the semiclassical scaling, and outline how
control of moments (H! norm) follows.

Theorem 4.2 (Solutions for the NLS with power nonlinearities). Consider , i.e. the Cauchy problem

2
. £ € 13 E|a0 15 g g n
€0 + 5 AYP° — by P7yf =0, ¢t =0)=y5e H'(R") (47)
either in the energy sub-critical defocusing regime,
b>0 0<o< 2 (48)
) 0 < 777
(n—2)4

or in the mass sub-critical focusing regime,
2
b <0, 0<o<—. (49)
n

Then there is a unique, global-in-time solution in H' which conserves mass

= @)z = 5] 2 (50)
and energy

g? b - -
5 IV=(2) 172 + O_—Huw%wnisi = HV%HLz +—7 H%IIQLJEQ (51)

Theorem 4.3 (Moments under power nonlinearities). Let )¢ be the solution of

ie0)° + %Awf —blyFP7c = 0, V(t =0) = vg € H (R")nH'(R"). (52)
Then
rod
lzg= (D)2 < levglee + f e ¥"(T) ] 2dr. (53)
7=0

Proof: This follows in exactly the same way as in Theorem 4.1. More specifically, one directly computes

sarlevs ()72 = Re [5@Aye(t), 2¢°(t)] = Re [ie{ay®(t), v (1)] < eV @) 2|2y =
= Glzv®)]e <[V (1)) e

The result follows. O

(54)
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4.1.2 Galilean invariance

Lemma 4.4 (Galilean invariance). Let ¢ satisfy
. e n
iz + S8 b [ Ko = ol OPdys =0, w(t=0) = bo € LR, (55)

For any xg,v € R™, and denote

u(z,t) = Pz + vt + zo,t)eﬂ( :

Then u satisfies

2 ;U
ie0yu + %Au - be(oc —y)|u(y, t)|*dyu = 0, u(t = 0) = ug = o(z +20)e "= € L*(R™) (57)

Yy
and v
Welu()](z, k) = We[b(#)] (m + vt + 30, k + g) . (58)
Similarly, if U satisfies
2
i, + %A\p bYW =0, Ut =0)=T,e LAR"). (59)
and
-2+ 20)
U(z,t) = ¥(x + vt + zo,t)e ) (60)
then )
ie0,U + %AU —b|U*U =0, Ut =0)=Uy = Uo(z +x0)e "= e L*(R"). (61)
Moreover,
WEU )] (2, k) = WE[W(1)] (x + vt + w0, k + %) . (62)

Proof: See [32] for the transformation of equation (59), i.e. for equations (60), (61).
Equation (62) follows by the elementary computation

We[U(£)] = WE[U (@ + vt + zo, t)e (5] =

—1 et 2ot il & uiﬂ) G2t
= §e RV (g 4+ L + vt + x0, t)e ( : +2E)\I’(x——+vt+xo,t) ( o )dy:
y
= (e 2™+ an) v (g + L 4 vt + 20, 1)Uz — L+ vt + 20, t)dy = WE[U(t)] (2 + vt + o,k + 52) .
y
The proof for the Schrodinger-Poisson nonlinearity is essentially the same. O
Lemma 4.5 (Center of mass and conservation of momentum). Let ¢ satisfy
it + 00 =5 [Ie =yl 0Py =0, vl =0) =o€ SE) (63)
Then i d
aﬂz(iﬂ(t)) = 27 (Yo), %Mk(l/’(t)) =0.
Similarly, if ¥ satisfies
2
ie0 U + %A\If CBTw =0,  W(t=0)=Tye SR, (64)
then
D (WD) = 2m (W), (1)) = 0
dt#x = aTpE(¥o), dt,uk = U

14



Proof: We compute
%uz( V) = GG, ¥y = § (A, ¢y — (o, Agy) =
> ((, Vi) = (V,4)) = ie{V, ) = 2mpp (4 (1))

2
= 2§z — yl|lv(y, t)|*dy the nonlinear potential we have
y

Moreover, denoting V (z,t) =

() = e L, ) = 5LV, ) = L Re(Vih, Vi) =
= L V(@ )@V + oV = L (Ve ) V(e ) 2de

and now we complete the computation by observing
SV, V(e 0)Pde = 5 § | — yllv(y, 1) *dyV|v(z, )] *dz =
T zy

~ b §§sign(z — y)|v(y, O)Pdylw(z, t)Pdx = 0.

zy

The proof for power nonlinearities follows along the same steps.

4.2 Inequalities
Observation 4.6. For any a,b,q >0

(a+b)? < Cla? + b?) for C= {

Lemma 4.7 (Algebraic bound). Let f(t) € C([0,00),[0,0)), 0 < A, B, 0<6 <1 and
f(t) < A+ Bf°(1).

Then f(t) is bounded by the largest positive solution of,
z— Bzl —A=0.

In the case 6 = %,

B?  BvVB?+4A
fO) <A+ + T

In the case where A, B depend on € and we have
A« B ase—0,
then one easily checks that the largest positive solution of (65) has to be of the form
Fmaz < BT (1 + o(1)).
In the case where A, B depend on € and we have
B« Aase—0,
then one easily checks that the largest positive solution of (65) has to be of the form

Sfmaz < A(1 4+ o(1)).
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Proof: Since by/t grows more slowly than ¢ when t — o, it is clear that f(¢) is bounded above.
Moreover the maximum value f,q. will satisfy (65); indeed if for some value f

f<A+By\f

this means that a somewhat larger value f would still be possible.
Thus we need to compute the largest solution of (65); if § = % this is achieved by solving the quadratic

equation ,
(VFaz) = BV Fona = A = 0.

When A « B the problem becomes
r—Bx —A=0 = % —2f =0(1) = 297'(1+40Q1))=B"",

and the computation for B « A is analogous. O

Lemma 4.8. Let )
HY(R® =1 0, ——— .
FeRE).  floan =1 oe (0525 )
Then
113552 gy < CEN IV FI7S ny -

Remark: This is a special case of the Gagliardo-Nirenberg L2?-gradient inequality, cf. [1, 24, 32]. The sharp
constant is known; indeed if we denote C¢N the sharp constant for the Gagliardo-Nirenberg inequality,

q,p,n
_ 2042
[l iony < CEN IV 1 2 o 11 5a sy 11, then CEY (n,0) = (CSE,5,)

4.3 Computations for concrete wavepackets

Definition 4.9. Let
a€ S(Rn)v HCLHL2 =1, Nfr(a) = :uk(a) =0,
B e (0,1). The function

_n8 T — g, 2mikg(e-zq)
vile) = Fa(* ¢

will be called a squeezed state with envelope a and rate of concentration (3.

Standard computations yield the following

Lemma 4.10. Let

UE(x) = e Fa(Z _B””O stz
&

be a squeezed state with envelope a and rate of concentration 3. Then
[06le =1, pe(§) =20, m(¥f) = koo 0u(¥5) = O(”)  an(¥f) = O(E"7).
Other classes of wavepackets can also be of interest:

Definition 4.11. Let
aeSR"), lalrz =1,  pa(a) = px(a) =0,

B e (0,1), 0% 2 eR. The function

ng X — Xg, 2mikg-(z—=zq) iz (z—zg)?
€

vi(@) = F a(T)e e

will be called a chirp wavepacket with envelope a, rate of concentration B and quadratic rate of oscillation z.

Direct computations in the spirit of Lemma 4.10 yield the following
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Lemma 4.12. Let )
npA r— X 2wikg-(x—xzqg) iz-(z—xq)
Uh(a) = e F a(Tr)e T
€
be a chirp wavepacket with envelope a, rate of concentration S and quadratic rate of oscillation z. Then

|5l =1,  pe(¥§) =20,  pe(¥§) =ko,  0L(¥5) = O(P)  on(§) = O P + 7).

Proof: The only difference from Lemma 4.10 is in the computation of o (¢§) :

iz-a;z
FRE) = J(k = B2WG0) Pk = 5 {1V (= Fa()e ™) Pdo <
SN a2(E)dr + St § 2 23la(L)de = O(e20-9) + 0(2P).
zj=1 z j=1
O
5 Proof of the main results
5.1 Proof of Theorem 2.1
By virtue of Lemma 4.4, the solution of the problem
2 b pg (Y§) @
izot + G0 = 3 [ o= yllut( OPdyt =0 (e =0) = 0§ = U5(o + mald)e I (o)
Yy
is related to ¢ through
u (1) = 0 (2 + vt + 20, e CFEED, 0 —2mu (), w0 = a(¥f): (67)
By virtue of Lemma 4.5 and by the construction of w§,
(0 (1)) = (1)) = 0, 5)

0o (V°(1) = 0o (u(t) = faus (]2, ow(¥(t) = ow(u(t)) = 55 [eVus(t)] e

For now we will work with equation (66), and ultimately transfer our results to We[¢=(t)].
By virtue of the conservation of energy (39), we have

SIVeE@13. < SIVEE@) 22 + 5 § o — yllus (@, )2 u (y, 1) *dady =
:L‘!y

2 2
= SIVu§liz + 3 § o —yllu@)Plug(y)Pdedy < S |Vuglie + 5 §lalluf(z)Pde <

2
< 51Vu§le + glaug] .

The triangle inequality |z — y| < |z| + |y| was also used; also recall that b > 0. Thus by virtue of Observation

4.6 we have
leVus(t)[z2 < [eVug| L2 + 4/bllzug] L2 (69)

Moreover, by virtue of equation (41),

s (6)] 22 < lawgoe +t (awsm n «/bxusm) . (70)

Recalling equation (68), we can recast equations (69), (70) as

on( (1)) = o (U (£) < ok (ug) + /o (uE), oS (6) = ou(w(6)) < oa(w) + ¢ (k) + /20 (ug) ),
and finally
b
on (5 (1)) + 02 (7 (1) < o (uf) (1 +1) + 0 (uf) + | 5= (1+ ) /o ().
The proof is complete by recalling that

pa (V5 (1)) = pa (V) + 2mtpn (), pn(P°(2) = pr (),
by virtue of Lemma 4.5, and then applying Corollary 5.2. O
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5.2 Proof of Theorem 2.3

In exact analogy to what we did before, the solution of the problem

iediu + %Aus —bluf*7uf =0 u(t =0) = uj = Y5(r + ,ugc(wf)))e*z’”'MM;¢ (71)
is related to ¢ through
W (2, t) = ¥F (2 + vt + @0, ) CETED) 4 = dmp (S, mo = e (15). (72)
Again, by virtue of Lemma 4.5 and by the construction of ug,
(0 (1)) = (1)) = 0, -

oo (V° (1)) = o (ui(t) = Jow )Lz, ou(@(1) = o (u(t)) = 5; |eVur (t)] e
By virtue of the conservation of energy, equation (51),

2 2
FIVeE @72 < SIVu§lZ: + S5 luflzer? < 5leVuglie + 75 CENVug|ze,

where in the last step we used the Gagliardo-Nirenberg inequality, Lemma 4.8. Using Observation 4.6, this
becomes

G no
[eVus(#)[ L2 < [eVuglre + 4fe7m7b e’ leVugl
EVU L2 X |[EV UG L2 3 2% + 2 EVig 2

Moreover, equation (53) of Theorem 4.3 implies that

OGN no
Jou? (1) 12 < xuamt(emlm b 5 |€Vu8|fz>-

Collecting the last two equations, and recalling equation (73), we have

72 0 (1) + k(0" (1)) < 72 05) + 1+ )o(uf) + (141 (o (1) o ST )

The proof is complete by recalling that

pa (V1)) = pa(U5) + 2wt (V5),  pe (7 (1)) = i (¥6),

by virtue of Lemma 4.5, and then applying Corollary 5.2. O

5.3 Proof of Theorem 2.6

In exact analogy to what we did before, the solution of the problem

iedyu® + %Aua —bluf|*ut =0 u(t =0) = uj = Y5z + ux(wg))e_%i@ (74)
is related to ¥¢ through
w (1) = 0@+ ot + oo, e CETED, 0= ampu (), o = ua(05). (75)
Again, by virtue of Lemma 4.5 and by the construction of ug,
b (1) = e (w(1)) = 0, -

oo (Y (1)) = o (u(t) = Jou ()2, ou(W(1) = o (us(t)) = 5 |eVus (t)] e
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By virtue of the conservation of energy, equation (51),

2 b
FIVe W3 = 5IVual: + il + U'g"l o (1) 357 <
20+2
< S IVuglza + 5lus (352 < §leVuglia + 53 CFN[Vus ()32,

where in the last step we used the Gagliardo-Nirenberg inequality, Lemma 4.8. Using Observation 4.6, this
becomes

CGN no
[eVus (8] L2 < [eVug] L2 + \/5”" bl 55 Ve @)l = (77)
Since % = 7, Lemma 4.7 applies to f(t) = [eVu®(t)] 2, yielding
C'GN b(e C'GN b(e
eV (110 < [eVgli + 2 \/ L \/ i ’g + 46 (78)
For brevity we will denote
CGN b(e CGN b(e
K= | | \/| ) \/| E + 4leVug] L2 (79)

Moreover, equation (53) of Theorem 4.3 implies that
o (02 < s+ 4(Je Ve + K).

Collecting the last two equations, and recalling equation (76), we have

00 (45 (1)) + o (uF (1)) < 0 () + o (uS) (1 + £) + /cl—;t

The proof is complete by recalling that

(V1) = pa(V5) + 27t (v5),  pr(9°(t)) = pr(v5),

by virtue of Lemma 4.5, and then applying Corollary 5.2. O

5.4 Proof of Remark 2.7

We follow the proof of Theorem 2.6 up to equation (77), i.e. up to the estimation of |eVu®(¢t)|z2 by virtue
of Lemma 4.7. Observe that equation (77) is of the form

1=pe no

), 0= f@) = eV ()] 2.

fO) <A+ Bf(t),  A=|eVug|, B=0(

Thus we can proceed in each of the following cases:
y—ne

Case 1: A « Bie. |[eVug|r2 =o(e 2z ). Then Lemma 4.7 yields

y—no

leVus(t)] 2 = Oez=n).

Thus if 4 > no one can resume the proof of Theorem 2.6 with K = O(e o ).
Case 2: B« Aie. 2 = o(|eVug|2). Then Lemma 4.7 yields

eV (#) 12 = O(|eVuglza).

Essentially one resumes the proof of Theorem 2.6 with £ = O(|leVu§|r2).
Observe that since we are interested in wavepackets, i.e. |eVu§|r2 = o(1), ¥ > no appears to be virtually

a necessary condition in this case as well.
O
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5.5 The concentration estimates
Lemma 5.1 (Concentration of Wigner transforms to (x, k) for Schwartz functions). Let u € S(R™). Then
IWelul = ulZe - 6z, k)| a1 < Julze @7lzulre + e Vulz2) .

Proof: For brevity we will denote W¢(z, k) = W¢[u](x, k), and X, K the Fourier dual variables to z, k.
Naturally, the idea of the proof will be to work on the Fourier dual of the variables in which the Lemma is
stated, namely we will use the fact that

e = e - 8w, k), &) = [ (X, K) = [ulz, 6]

In what follows we will use the elementary computation

—~

We(X, K) = Fromyo s [WE (z, k)] = v — yule + 2 )da. (80)

RQ}
|
v
3
;.
>
=
[©)
=
Q)
=

Now observe that, for any j € {1,...,n},

(9KJ.I//I\/E(X, K) = 0k, e 2™ "X u(z — L yu(z + L)da =

x

= £ [e2minX [u(:c — Yo, u(w + =) —u(z + K)oy, u(z — %)] de = (81)

= |0k, We(X, K)| < | Vu g2 u 2,

where we used the fact that

omiz. eK eK
[ = Xua = ot + 5 de| < Julza ol

x

by virtue of the Cauchy-Schwartz inequality.
On the other hand, using once again equation (80),

%(’)XjWE(X, K)=2{e =Xy qu(x — %)de =
= feminX (@ — B (e - g)m tule — L)@+ Lule + F)|de = (82)
) = 10w, WO K| < 2l o
Combining equations (81) and (82) it follows that
IVx, kW (X, )1 < ule @nlaulzs + e Vaulz2) . (83)

Finally, observe that .
We(0,0) = [ulZe, (84)

e.g. by evaluating equation (80) at (X, K) = (0,0). Now we Taylor expand I//I\/(X, K) around (0,0) to obtain

We(X, K) = ule| < [(X, K] [Vx g Wl < IXP+ K [ule @]z + & Vuz2) . (85)

The proof is completed by integrating against any A' test function ¢,

[We = . - 5(0,0), )] = [(We(X, K) = Jul22, 8] <
< Jullzz nlzul e + | Vulz2) § /X +[KPIGX, K)ldXdK < (36)
X, K

< fullze @rlzulze + e VulL2) |¢]ar-
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Corollary 5.2 (Concentration of Wigner transforms to 6(u,(v), ux(¢0)) for Sobolev functions). Let @ €
H'n HY, |2 = 1. Then

IWE[] = 6(x, k)| a—s < 27|29 L2 + £ VY L2, (87)

and more generally

[W2lw] = 8(z = @),k = ()| 41 < 27 (00(0) + k(). (88)

Proof: The proof of the Corollary consists of two parts: first, we check that the arguments in the proof of
Lemma 5.1 still work for H! n H' wavefunctions. Then we apply a Galilean transform to obtain concentration
on any point of phase-space. R

Since 1 € HY(R™) n H'(R"), recall that W¢[¢] € H(R?*") n H'(R?") n L*(R?") by virtue of equation
(34). Moreover, equations (81) and (82) mean that We<[¢)] € W1 (R2"). Therefore the Taylor expansion of
equation (85) makes sense as a Taylor expansion in W1 (R?") [43], and equation (87) follows.

In order to prove equation (88), let us call u the “centered version of 1,”

pr )z
= .

u(®) = Mg Ty )% = (@ + pa())e ™70
by construction p,(u) = pi(u) = 0. Now observing that
€
o2 (¥) = ou(u) = Joulrz,  ow(¥) = () = o [Vul,

equation (87) implies that
IWelu] = 8z, k)| as < 27 (02 () + 0 (1)), (89)
Moreover,

27, ()
Welu(t)] = We (e + o ())e ™ ]
. 2mpg () (2+ ) — 2mpg () (2= )
=5 Y@+ P b pe@)e T = U= G pe)e = dy =
Yy

= §e N0 + P+ g ()P — F + pa(0))dy = WL + o), + ()
Yy

and thus (89) means

W @+ 1o (), K+ () = 8 ) 4 < 27 () + u(¥))
S WA k)~ 6 (0 = @)k = i) L <27 (2) + 0u(1) ).
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