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 Abstract- In this paper, a stochastic approach for the operation of active distribution networks within a joint active and 

reactive distribution market environment is proposed. The method maximizes the social welfare using market based 

active and reactive optimal power flow (OPF) subject to network constraints with integration of demand response (DR). 

Scenario-Tree technique is employed to model the uncertainties associated with solar irradiance, wind speed and load 

demands.   

It further investigates the impact of solar and wind power penetration on the active and reactive distribution locational 

prices (D-LMPs) within the distribution market environment. A mixed-integer linear programming (MILP) is used to 

recast the proposed model, which is solvable using efficient off-the shelf branch-and cut solvers. The 16-bus UK generic 

distribution system is demonstrated in this work to evaluate the effectiveness of the proposed method.  

Results show that DR integration leads to increase in the social welfare and total dispatched active and reactive power 

and consequently decrease in active and reactive D-LMPs. 
  

Index terms— Scenario-based uncertainty modelling, active and reactive distribution market, social welfare 

maximization, distribution locational marginal prices.  
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,i jX  Reactance of feeders 

M Large enough positive constant. 

X Reactance of WTs and PVs  

m0 Offered availability price of WTs and PVs 

m1 Offered cost of losses of WTs and PVs 

m2 Offered opportunity cost of WTs and PVs 

Z0,Z1,Z2,Z3 Binary variable related to reactive power payment 

function of WTs and PVs 
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Probability of scenarios 
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Connection point grid voltage 

Vc/Ic Converter voltage/current 

 
 

 
 

1. INTRODUCTION 

1.1.  Literature review and motivation 

 

Utilization of renewable energy sources (RES) such as wind turbines (WTs) and photovoltaic (PV) cells are taking substantial 

attention around the world due to the economic and environmental concerns [1-5]. The intermittent behavior of wind speed and 

solar irradiance introduces technical challenges such as voltage stability, voltage deviation and power losses to distribution 

network operators (DNOs) [6, 7]. DNOs have to introduce a reasonable operating strategy to model the uncertainties of electric 

loads, intermittent power generations of WTs, PVs, and the electricity price. Also, demand response (DR) has been introduced in 

[8] as an option to mitigate the impact of uncertainties and intermittencies of wind speed and solar irradiance and improving the 

system’s efficiency. DR is defined as the ability of consumers to alter their electricity demand in order to keep the reliability of 

system [9].  

Under the deregulation of electric power systems, the integration of distributed generator (DG) and DR program  is becoming 

the most beneficial way to provide ancillary services in power networks [10-12]. Ancillary services can be defined as a set of 

services required to support the transmission of electric power from supply to demand to maintain power system security and 

reliability [13]. Ancillary services are classified as active power ancillary service (load frequency control) and reactive power 

ancillary service (voltage control) [14]. Most of the researches are carried out about the impact of active power ancillary services 

as the main services in electricity markets at transmission level; for instance, Ref. [15] illustrates how frequency control 

constraints can be obtained and involved into a market dispatch algorithm. In [16] a new frequency control market is introduced 

in order to  host  frequency response reserve offers from both loads and generators. Ref. [17] introduces the flexible frequency 

operation strategy of power system with high renewable penetration in order to gain the flexibility of the power grids. Absence 

of reactive power ancillary services may cause voltage instability all over the power network and lead to  voltage collapse which 

is the main reason of blackouts [18]. Supporting the reactive power ancillary services is considered as a part of distribution 

network operators’ (DNOs) activities.  

In general, the reactive power markets can be cleared separately or simultaneously from active power markets. In reactive 

power markets, the market structure, payment mechanism and pricing model are main factors for determining the appropriate 

components of reactive power market [19]. Recently, most published papers have discussed the impact of reactive ancillary 



services in transmission systems; for example, in [20], a  quadratic reactive power cost model for transmission system has been 

proposed to optimize reactive power procurement. Pay-as-bid  pricing mechanism for  reactive power market in the transmission 

system which take into account the local nature of reactive power during the clearing of reactive power has been introduced in 

[21]. In [22] active and reactive power markets at transmission level are implemented to present an interaction between energy 

market and reactive markets.  

However, a few papers have discussed the reactive power market at distribution level. For instance, in [23], a settlement 

procedure for reactive power market for DGs in distribution systems has been proposed for reactive/voltage ancillary services to 

minimize reactive power payment by DNOs. Ref [24] discusses the application of a sustainable operational scheduling method 

which systemamically focuses on a day-ahead active and reactive power markets at distribution level in order to dispatch active 

and reactive powers in distribution systems with WTs. The opreration of distribution networks within reactive power market still 

suffers from lack of attention in the exisiting studies on. In addition, these studies did not consider the joint active and reactive 

power market model at distribution level to maxmize the social welfare (SW). Table 1 provides a comprehensive comparison of 

the exisiting studies and the proposed method. This paper proposes a methodology for operation of distribution network within a 

novel joint active and reactive power market at distribution level with integration of DR. A stochastic approach is used to 

evaluate the amount of wind and solar power penetration on the SW and active and reactive distribution locational marginal 

prices (D-LMPs) taking into account the uncertainties related to wind speed, solar irradiance, and load demand. 

  
Table 1. Comparison of the proposed method with existing ones 

Reference 

 

Transmission or distribution 

level 

Renewable energy 

sources 

 

Correlation DR Power market 

 

SW 

Active Reactive 

[6] Transmission Yes Yes Yes Yes No No 

[7] Transmission Yes No No Yes No No 

[8] Transmission Yes No Yes Yes No No 

[9] Distribution No No Yes Yes No Yes 

[12-13-14] Transmission Yes No No Yes No No 

[16-17-18] Transmission No No No No Yes No 

[19] Transmission No No No Yes Yes No 

[20-21, 24] Distribution Yes No No Yes Yes No 

Proposed method Distribution Yes Yes Yes Yes Yes Yes 

 

 

1.2.  Contributions 

 

To the best of our knowledge, none of the above studies introduced a stochastic approach for the operation of distribution 

networks within the proposed joint active and reactive power market model by maximizing the social welfare which is the gap 

that this work aims to fill it.  

In summary, the main contributions of this paper are listed as follows:           

 To propose an MILP optimization approach for operation of distribution networks within a proposed joint active and reactive 

distribution with integration of DR.  

 To design and develop a joint active and reactive electricity market model at distribution level.  

 To model the correlated uncertainties associated with wind speed, solar irradiation and load demand using Scenario-Tree 

approach.  

 

1.3. Paper organization 

The rest of this paper is organized as follows. Section 2 discusses the uncertainty modeling. Section 3 discusses the 

proposed distribution market model and formulation. Section 4 presents case study (16-bus UKGDS) and simulation results, 

while Section 5, discusses the simulation results. Conclusion and future work are presented in Section 6. 

  

2. UNCERTAINTY MODELING 

2.1. Wind speed modelling  

Generally, the variation of wind speed is modelled using Weibull probability density function (PDF)[25-27]. The PDF function 

which relates the wind speed and the output power of WTs is given by [28]. 

1( ) ( )( ) exp ( )k kk v v
PDF v

c c c

  
  

 
                                                          (1) 

 

where v is wind speed, c is the scale index of the Weibull PDF of wind speed and k is the shape index. Hence, the generated 

power of WTs can be determined by using its power curve as follows [29-31]: 
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where Pw is the generated power of WTs, Prated is the rated power, vci  is the cut-in speed, vr is rated speed and vco is cut-off speed. 

Fig (1) shows the speed power curve of WTs.  
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Fig (1) the idealised power curve of a wind turbine 

 

The active and reactive wind power at bus i and scenario s are calculated as follows: 

, , ,
0

w w w

i s i s i rated
P P                                                                                 (3) 

                                                                                         

where 
,

w

i s  is the percentage of active and reactive power generated by WTs at scenario s. 

 

2.2. Solar irradiance modelling 

The solar irradiance is modeled using Beta PDF which is described as follows: 
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where s represents the solar irradiance (kW/m

2
).    and   which are the parameters of Beta PDF are derived as follows: 
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where  and are the mean and standard deviation of the random variable. Eqs. (7) and (8) are used to estimate the output 

power of PV, the solar irradiance and the cell temperature as follow [32, 33]: 

  1 25
1000

pv STC cell

G
P P T                                                            (7) 
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800
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NOCT
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                                                                  (8) 



 where Ppvis the output power in MW, PSTC is the power under standard test condition in MW,  is the power- temperature 

coefficient in (%/°C), 
cellT is the cell temperature in °C, 

ambT  is the ambient temperature in °C,  NOCT  are the national operating 

cell temperature conditions in °C, G ,is the solar irradiance in (W/m
2
). 

      
2.3. Load demand uncertainty modeling 

Normal PDF is used to model load demands at each bus. The PDF of the normal distribution for uncertain load l  is [34-36]: 
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where 
l and 

l  are the mean and standard deviation, respectively. 

 

2.4.  Modelling approach 

 

In this section, based on “duration curve” [37-40], the model of the correlated uncertainties related to wind speed, solar 

irradiance and load demand are obtained by the cumulative distribution function (CDF) for each block. The procedure is the 

following:  

 The historical data for hourly demand, wind speed and solar irradiation must be available in order to present the model. 

Historical data of wind speed and solar irradiance for 8760 hours are described in Fig. 2, which are used in the same period as 

load demand. Historical data are separated into load demand, wind speed and solar irradiation, respectively, in order to obtain 

the factorized data. 

 The obtained factorized data are used to build the load demand curve which are arranged from higher to lower values keeping 

the correlation between the different hourly data of load demand, wind speed and solar irradiance as shown in Fig.2 

 Time blocks are set to determine the load duration curve and its length varies along the load duration in order to carefully 

consider the load demand in the model. For each time block load demand, wind speed and solar irradiance are arranged in 

descending order.  

 The CDF of the load demand, wind and PV factors is calculated for each block. 

 Each CDF is divided into segments with their associated probability (i.e. number of demand levels which can achieved in 

every time block). 

 The scenarios are formulated for each time block by combination of the levels of uncertain data. Thus, for each load level ll, 

each scenario s comprises an average demand factor ,

D

ll s , a maximum level of wind power ,

w

ll s  and the maximum level of PV 

power ,ll s

 .  

 The total number of scenarios is 108, which was obtained by multiplication of four time blocks, three load demand levels, three 

wind speed levels, three solar irradiation levels (4×3×3×3=108). 

 It should be note that the model is applicable for all periods of the day. 
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Fig.2. Load demand, wind speed, solar irradiance and offer prices of wind and PV curves and levels 

 

3. JOINT ACTIVE AND REACTIVE DISTRIBUTION  MODEL AND FORMULATION 

A joint active and reactive market model at distribution level is proposed in this section. The structure of proposed market is 

based on bilateral contracts and pool within DNOs control zone, which is shown in Fig.3. In this market model, the DNO acts as 

the operator of the distribution market where it manages the operational facilities and buying active and/or reactive power 

through the pool or from bilateral contracts. Dispatchable loads (DLs), WTs and PVs send offers and bids prices of active and 

reactive power in form of blocks to the distribution market every hour. Then, the DNO combines offers and bids prices in order 

to maximize the consumers’ benefit function while minimizing the cost of energy  and which is called maximizing  social 

welfare [41].  
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Fig.3.The structure of the DNO acquisition market 

 

The following actions are carried out by the proposed market:  

1) A day-ahead schedule of WTs, PVs and DLs according to the market prices. In every trade day, WTs, PVs and DLs provide 

offer and bid prices and active and reactive power quantity information for every 24-hour trading period one day ahead. For 

every trading duration the dispatch schedules are determined [41]. 

2) An adjustment market, which closes a few hours earlier before delivery and allows adjustment in correction due to unexpected 

supply-demand imbalances occurred during the day due to load or generation variations. 



3) A real-time intraday optimization operation for economic requirements and operation is done by changing scheduling every 

15-minutes (balancing market).  

In this distribution market, active and reactive power, which are produced by wind and solar, contributes to the pool including 

the three consecutive and autonomous short-term trading floors as explained above. In the day-ahead market, to eliminate or 

reduce the variation between the amount of energy cleared and the expected generation, the processes carried out in the 

adjustment and real time distribution markets are required. In the adjustment market, wind and solar producers are allowed to 

update their estimated generation in their offers, which is lead to reduce the related uncertainties. Imbalances at real time 

between generation and demand are settled at balancing market in order to ensure that the electricity demand equals to electricity 

supply in real time [42]. 

Under the proposed distribution market, market clearing quantity price and quantity are calculated by maximizing SW taking 

into consideration network constraints with integration of DR. The optimization problem is formulated in the following as the 

sum of the total consumers’ benefits minus the sum of DR cost and the sum of the total generation costs (substation, WTs and 

PVs). 
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                             (10) 

subject to  

-Kirchhoff’s current law 

, , , , , , , , ,

ss w pv DR l

i s i s i s i s i s i j s j i sP P P P P f f                  (11) 

, , , , , , , , ,

ss w pv DR l

i s i s i s i s i s i j s j i sQ Q Q Q Q f f                (12) 

-Kirchhoff’s voltage law 

, , , , , ,( ) 0i j i j i j s i s j su R f v v                                             (13) 

, , , , , ,( ) 0i j i j i j s i s j su X f v v                                            (14) 

-Active and reactive power capacity constraints at substation  

,min ,max
,

ss ssssP P P
i i s i

 
                                             

(15)
 

,min ,max
,

ss ssssQ Q Q
i i s i

                                                 (16)                     

-Active power capacity constraints of WTs and PVs  
,min ,max

,

w w w

i i s iP P P                                                    (17)                                                                                                  

,min ,max

,

pv pv pv

i i s iP P P 
   

                                                     (18)                      

-Voltage and current constraint at each bus 
min max

,i i s iV V V                                                                 (19) 

, , , , , ,i j i j i j s i j i ju F f u F
 

                                                   (20) 

 

-DR constraints  
,max

,0 DR DR

i s iP P                                                                 (21) 

,max

,0 DR DR

i s iQ Q                                                                 (22)  

The objective function (10) consists of three terms: 1) consumer benefit, 2) DR cost, (3) generation cost (substation and WTs 

and PVs). In the proposed market, reactive power offer price of substation is assumed to be fixed.  The Kirchhoff’s current and 

voltage laws are represented in (11)-(14) respectively. The binary variable ui,j is related with every feeders in order to model its 



utilization. Constraints (15) and (16) set the upper bounds for the substation active and reactive power. The active power which 

is supplied by WTs and PVs are limited by the minimum between their capacities and the maximum power availability in (17) 

and (18). WTs’ and PVs’ power limits depend on wind speed and solar irradiance. Upper and lower limits in (19) and (20) 

represent the voltage and current constraints at each bus respectively. DR constraints have been introduced in Equations (21) and 

(22). 
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Fig.4 a) Reactive power capability curve, b) reactive power offer structure 

3.1. Reactive power offer structure 

Based on the capability curve of WTs and PVs shown in Fig. (4a), reactive power payment structure is divided into four 

regions[24, 43] as follows:  

 Region 1(-Qmnd to Qmnd), Region 2(Q
min

 to –Qmnd), Region 3 (Qmnd to Qav) and Region 4 (Qmnd to Q
max

): when WTs and PVs 

operate in region 1, it should receive only the payment (m0) which is called availability payment. In regions 2 and 3, WTs and 

PVs should receive the availability and losses payments, because WTs and PVs in these regions will lose extra active power 

losses.   

In region 4, the reactive power payment function should contain three payments, which are availability payment, losses 

payment and opportunity payment as the WTs and PVs lose the opportunity to sell active power. Eq. (23) defines the maximum 

available reactive power, which is supply by WTs and PVs. The capability curve of WTs and PVs is defined in Eq. (24). Based 

on the above classification of reactive power production payment, the reactive power payment (QPF) of WTs and PVs in these 

regions can be formulated as in Eq. (25). Note that the opportunity offer of Q is a quadratic function. 
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              (25) 

where Z0,Z1,Z2 and Z3 are the binary variables which determine the compensation region of WTs and PVs. If the accepted unit is 

operated in region 1, then Zo=1 and Z1=Z2=Z3=0, in region 2, Z0=Z1=1 and Z2=Z3=0, in region 3, Z0=Z2=1 and Z1=Z3=0, in 

region 4, Z0=Z2=Z3=1 and Z1=0. Fig.4.b illustrates the QPF as function of reactive power generated by WTs and PVs. 

The equality and inequality constraints of WTs and PVs are given as follow   
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  , , 1tan cosw pv W PV
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1 2 3, 0Z Z Z Z                                                                (33) 

In order to minimize the reactive power dispatch impact on the initial active power of WTs and PVs, a cap on the reduction in 

the active power is imposed.    
, , , ,intw pv w pv w pv

i i iP x P                                                           (34) 

where 
,w pv

ix  is the considered cap on reduction of active power of WTs and PVs. 

 

Note that the total reactive payment function QPF is nonlinear. In order to keep the problem linear, the quadratic function in (25) 

is linearized by piecewise linearization approach as in Eq. (37 to 41) in below section.  
 

3.2.   Linearization model 

The proposed optimization problem is nonlinear, therefore, finding the global optimal solution is hard to obtain. The below 

linearization model was first proposed by Haffner et al. [44] which have been successfully implemented in [38]. The linearized 

network model is an adapted version of the dc model that is based on two assumptions: (i) all current injections and flows have 

the same power factor, and (ii) the per-unit voltage drop across a branch is equal to the difference between the per-unit 

magnitudes of the nodal voltages at both ends of the branch. Assumption (i) allows expressing Kirchhoff’s current law as a set of 

linear scalar equalities in terms of current magnitudes. In addition, assumption (ii) allows formulating Kirchhoff’s voltage law 

for branches in use as a linear expression relating the magnitudes of currents, nodal voltages, and branch impedances. The 

equivalent integer linear reformulation is shown in (35) and (36), where M is a large enough positive constant and its impact is 

similar to eq. (13) and (14).  

 

, , , , , , ,(1 ) ( ) (1 )i j i j i j s i s j s i jM u R f v v M u                    (35) 

, , , , , , ,(1 ) ( ) (1 )i j i j i j s i s j s i jM u X f v v M u                   (36) 

ui,j  is binary utilization variables for all feeders.  

The linearization of the nonlinear formulation of QPF is carried out using piecewise linearization approach [45]. Equations (37)-

(41) describe the linearization process as follows:  
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In equation (37), the quadratic variable is linearized through piecewise linear approximation considering L number of segments. 

Q is divided into two parts, forward variable and reverse auxiliary flow variables so that it will only use the first quadrant of the 

quadratic curve as explained in equation (38). It is worth mentioning that these variables cannot be nonzero and non-negative 

simultaneously as imposed by (39). Equation (40) guarantees that the step flow variables lQ
 equals to the flow. Equation (41) 

guarantees the successive filling of the partitions. 

 

4. CASE STUDY  

The following case study is based on 33kV, 16-bus UK generic distribution system (UKGDS)[46]. It is assumed that two WTs 

of 630kW are installed at the buses 6 and 11 and one PV unit of 220kW at the bus 13. The assumed limits for voltage were 

between Vmax= 1.06 p.u and Vmin=0.94 p.u. WTs and PV power factor was assumed to be 0.95 lagging. The total peak demand 

for active is 38.2MW and 7.7 MVAr for reactive power. Active and reactive offer price of substation are 150 £/MWh and 70 

£/MVArh, respectively. The active and reactive cost of DR program paid to the customers to reduce their active and reactive 

load demand for 3% at each bus is assumed to be 10 £/MWh and 5 £/ MVArh, respectively.  The single-line diagram of the 16-

bus UKGDS is shown in Fig. 5. Table 2 provides the characteristics of load demand, wind speed and solar irradiance scenarios. 

Bid prices for active and reactive load demands are presented in Tables 3 and 4 respectively. It is assumed that for each load at 

maximum demand there are three blocks [47, 48]. 

The proposed mix integer linear programming (MILP) problem has been simulated in General Algebraic Modelling System 

(GAMS) environment and solved by CPLEX solver [49] on a PC with Core i7 CPU and 16 GB of RAM.  

 
 



 
 

 

 
 

 

 

Table 2 Scenarios  

Number  

of 

Scenarios 

Demand 

block 

Number 

of 

Hours 

Demand 

level 

Wind Solar  Number  

of  

Scenarios 

Demand 

    block 

Number 

of 

Hours 

Demand 

level 

Wind Solar 

1 1 1200 0.967 0.436 0.336 55 3 2400 0.793 0.365 0.265 

2 1 1200 0.967 0.436 0.167 56 3 2400 0.793 0.365 0.223 

3 1 1200 0.967 0.436 0.102 57 3 2400 0.793 0.365 0.092 

4 1 1200 0.967 0.267 0.336 58 3 2400 0.793 0.223 0.265 

5 1 1200 0.967 0.267 0.167 59 3 2400 0.793 0.223 0.223 

6 1 1200 0.967 0.267 0.102 60 3 2400 0.793 0.223 0.092 

7 1 1200 0.967 0.122 0.336 61 3 2400 0.793 0.112 0.265 

8 1 1200 0.967 0.122 0.167 62 3 2400 0.793 0.112 0.223 

9 1 1200 0.967 0.122 0.102 63 3 2400 0.793 0.112 0.092 

10 1 1200 0.921 0.436 0.336 64 3 2400 0.755 0.365 0.265 

11 1 1200 0.921 0.436 0.167 65 3 2400 0.755 0.365 0.223 

12 1 1200 0.921 0.436 0.102 66 3 2400 0.755 0.365 0.092 

13 1 1200 0.921 0.267 0.336 67 3 2400 0.755 0.223 0.265 

14 1 1200 0.921 0.267 0.167 68 3 2400 0.755 0.223 0.223 

15 1 1200 0.921 0.267 0.102 69 3 2400 0.755 0.223 0.092 

16 1 1200 0.921 0.122 0.336 70 3 2400 0.755 0.112 0.265 

17 1 1200 0.921 0.122 0.167 71 3 2400 0.755 0.112 0.223 

18 1 1200 0.921 0.122 0.102 72 3 2400 0.755 0.112 0.092 

19 1 1200 0.875 0.436 0.336 73 3 2400 0.717 0.365 0.265 

20 1 1200 0.875 0.436 0.167 74 3 2400 0.717 0.365 0.223 

21 1 1200 0.875 0.436 0.102 75 3 2400 0.717 0.365 0.092 

22 1 1200 0.875 0.267 0.336 76 3 2400 0.717 0.223 0.265 

23 1 1200 0.875 0.267 0.167 77 3 2400 0.717 0.223 0.223 

24 1 1200 0.875 0.267 0.102 78 3 2400 0.717 0.223 0.092 

25 1 1200 0.875 0.122 0.336 79 3 2400 0.717 0.112 0.265 

26 1 1200 0.875 0.122 0.167 80 3 2400 0.717 0.112 0.223 

27 1 1200 0.875 0.122 0.102 81 3 2400 0.717 0.112 0.092 

28 2 3600 0.873 0.401 0.301 82 4 1560 0.682 0.351 0.251 

29 2 3600 0.873 0.401 0.223 83 4 1560 0.682 0.351 0.174 

30 2 3600 0.873 0.401 0.102 84 4 1560 0.682 0.351 0.085 

31 2 3600 0.873 0.223 0.301 85 4 1560 0.682 0.194 0.251 

32 2 3600 0.873 0.223 0.223 86 4 1560 0.682 0.194 0.174 

33 2 3600 0.873 0.223 0.102 87 4 1560 0.682 0.194 0.085 

34 2 3600 0.873 0.122 0.301 88 4 1560 0.682 0.095 0.251 

35 2 3600 0.873 0.122 0.223 89 4 1560 0.682 0.095 0.174 

36 2 3600 0.873 0.122 0.102 90 4 1560 0.682 0.095 0.085 

37 2 3600 0.831 0.401 0.301 91 4 1560 0.649 0.351 0.251 

38 2 3600 0.831 0.401 0.223 92 4 1560 0.649 0.351 0.174 

39 2 3600 0.831 0.401 0.102 93 4 1560 0.649 0.351 0.085 

40 2 3600 0.831 0.223 0.301 94 4 1560 0.649 0.194 0.251 

41 2 3600 0.831 0.223 0.223 95 4 1560 0.649 0.194 0.174 

42 2 3600 0.831 0.223 0.102 96 4 1560 0.649 0.194 0.085 

43 2 3600 0.831 0.122 0.301 97 4 1560 0.649 0.095 0.251 

44 2 3600 0.831 0.122 0.223 98 4 1560 0.649 0.095 0.174 

45 2 3600 0.831 0.122 0.102 99 4 1560 0.649 0.095 0.085 

46 2 3600 0.789 0.401 0.301 100 4 1560 0.617 0.351 0.251 

47 2 3600 0.789 0.401 0.223 101 4 1560 0.617 0.351 0.174 

48 2 3600 0.789 0.401 0.102 102 4 1560 0.617 0.351 0.085 

49 2 3600 0.789 0.223 0.301 103 4 1560 0.617 0.194 0.251 

50 2 3600 0.789 0.223 0.223 104 4 1560 0.617 0.194 0.174 

51 2 3600 0.789 0.223 0.102 105 4 1560 0.617 0.194 0.085 

52 2 3600 0.789 0.122 0.301 106 4 1560 0.617 0.095 0.251 

53 2 3600 0.789 0.122 0.223 107 4 1560 0.617 0.095 0.174 

54 2 3600 0.789 0.122 0.102 108 4 1560 0.617 0.095 0.085 



 

 
Table.3 Bid prices and quantities of active load 

Bus 

No. 

Blocks (MW@£/MWh) 

b1 b2 b3 

2 2.52@280 1.84@260 1.06@250 

3 1.15@260 0.63@250 0.15@230 

4 0.03@260 0.02@250 0.01@240 

5 9.15@250 6.10@240 3.15@230 

6 1.85@240 0.67@230 0.256@230 

7 0.93@250 0.56@220 0.41@220 

9 0.23@220 0.19@220 0.14@220 

10 1.43@220 0.90@210 0.37@200 

11 1.52@210 0.89@200 0.44@200 

12 0.44@220 0.22@200 0.14@190 

13 0.67@200 0.22@190 0.12@170 

14 0.37@190 0.14@180 0.07@170 

 

Table.4 Bid prices and quantities of ractive load 

Bus 

No. 

Blocks MVAr@£/MVArh 

b1 b2 b3 

2 0.600@200 0.300@230 0.190@200 

3 0.210@180 0.120@205 0.060@195 

4 0.004@180 0.0035@210 0.0025@200 

5 2.110@170 1.200@120 0.430@180 

6 0.210@160 0.140@195 0.050@185 

7 0.200@170 0.110@185 0.080@175 

9 0.060@140 0.030@180 0.020@180 

10 0.225@140 0.185@175 0.150@155 

11 0.300@135 0.200@155 0.080@160 

12 0.080@140 0.070@165 0.030@145 

13 0.100@120 0.070@145 0.030@135 

14 0.060@115 0.040@153 0.020@130 
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Fig.5. single- line diagram of 16-bus UKGDS 

 
 

4.1. Calculation of the active power offer prices of WTs and PVs  

In order to calculate the active power offer prices of WTs and PVs, financial data of WTs and PVs are summarized in Table 

5[47, 50-52]. The annual cost of calculating offer price of WTs and PVs is explained as follows:  

(1 )
_ os _ Cos

(1 ) 1

n

n

r r
Ann C t Inst t

r


 

 
                              (33) 

where n is the depreciation period in year, r is the interest rate in (%), Inst_Cost and Ann_cost are the installation cost and the 

annual cost for depreciation, respectively. The capacity factor (the ratio of average power output to the rated power output) is 

evaluated according to the WTs and PVs data and their capability curve. The active power offer price of WTs and PVs is 

calculated by dividing the annual cost by the number of equivalent hours. 
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Table.5 Financial statement for approximating active power offer price of WTs and PVs 

Size WTs PVs 

Installation cost (£/kW) 1200 1400 

Number of equivalent hours (h) 4000 4000 

Interest rate (%) 3 3 

Depreciation time (years) 3 3 

Capacity factor (%) 46 46 

Annual cost (£/kW-year) 168.81 229.77 

Active Offer Price (£/MWh) 35.16 41.03 

 

4.2.  Calculation of the reactive power offer prices of WTs and PVs 

According the offer structure of reactive power, a reactive offer prices are listed in Table 6. 

 
Table.6 Reactive power offer prices of WTs and PVs 

 Qmax 

(kVAr) 

Qmin 

KVAr 

m0 

(£) 

m1 

(£/MVar) 

m2 

(£/MVar h)2
 

madj 

£/MVar 

X 

% 

WTs 630 -220 0.082 0.015 0.35×10-3 0.068 30 

PVs 270 -60 0.068 0.013 0.42×10-3 0.072 30 

5. SIMULATION RESULTS  

In order to investigate the impact of DR program on dispatched active and reactive power, SW and active and reactive D-

LMPs, two different cases are taken into account as presented in Table 7. For each case, total dispatched active, reactive 

power, active and reactive D-LMPs and SW are examined. Figs. 6 and 7 respectively show the total dispatched active and 

reactive power for cases A and B at each candidate bus. It is seen that the highest and lowest dispatched active and reactive 

power are related to buses 11 and 13, respectively. This is mainly due to by voltage and thermal constrains at each bus, and 

active and reactive bid prices. It is evident that in case B, with DR integration, the total active and reactive power dispatched 

by WTs and PV is higher in comparison with those in case A. 

Fig.8 shows the SW for both cases. It is seen that the SW is higher in case B compared to case A. This mainly due to DR 

integration and the higher dispatched active and reactive power in case B which allows increasing the SW.  

The total active and reactive D-LMPs at candidate buses and both cases are shown in Figs. 9 and 10, respectively. The 

highest active and reactive D-LMPs are related to bus 13 and the lowest active and reactive D-LMPs to bus 11. This is 

because of the highest and lowest dispatched active and reactive power at these buses. It also observed that the active and 

reactive D-LMP decreases in case B by implementation DR program.  
 

Table 7. Two cases with and without DR 

Case  
 

A Without DR 

B With DR 

 

 

 

 
Fig.6. Total dispatched active power at candidate buses  

 



 

 
 

 

Fig.7. Total dispatched reactive power at candidate buses  

 

 

 
 

Fig.8. Total social welfare  

 

 

 

 
 

 
Fig.9.Total active D-LMP at candidate buses  



 

 
 

 
 

Fig.10. Total reactive D-LMP at candidate buses 
 

6. CONCLUSION AND FUTUR WORK 

In this paper, a novel approach for the operation of distribution networks within a joint active and reactive distribution with 

integration of demand response is proposed. The market-based active and reactive optimal power flow is used to maximize the 

social welfare in order to determine the optimal capacity of WTs and PVs. In order to evaluate the amount of wind and solar 

power penetration on the social welfare and on active and reactive locational marginal prices, a stochastic method is used taking 

into account the uncertainties related to wind speed, solar irradiance and load demand. Scenario-tree is utilized to model the 

uncertainties. 

The proposed method can help distribution network operators to assess the impact of wind and solar power generation 

penetration on a given network in terms of technical and economic effects. The method will also help DNOs install wind 

turbines and PVs at more advantageous location in terms of cost reduction and consumers’ benefits.  

The proposed approach is able to provide an accurate real time pricing which paves the way to operate the proposed market more 

efficiently thus leads to load demand and prices reduction. This envisages the participation of distribution network operators and 

active consumers in the distribution market environment, and making use of active and reactive distribution location marginal 

prices.  

The proposed method, which applies in distribution-level market, is also applicable in real distribution networks as shown in 

[53-55].  

In line with this issue, we intend to provide models for active and reactive prices volatility of renewable distributed generators. 

Moreover, active network management schemes such as coordinated voltage control and adaptive power factor control will be 

taken into account in the formulation.  
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