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Abstract

Gear transmissions remain as one of the most complex mechanical sys-
tems from the point of view of noise and vibration behavior. Research on
gear modeling leading to the obtaining of models capable of accurately re-
produce the dynamic behavior of real gear transmissions has spread out the
last decades. Most of these models, although useful for design stages, often
include simplifications that impede their application for condition monitoring
purposes. Trying to filling this gap, the model presented in this paper al-
lows to simulate gear transmission dynamics including most of these features
usually neglected by the state of the art models.

This work presents a model capable of considering simultaneously the
internal excitations due to the variable meshing stiffness (including the cou-
pling among successive tooth pairs in contact, the non-linearity linked with
the contacts between surfaces and the dissipative effects), and those excita-
tions consequence of the bearing variable compliance (including clearances or
pre-loads). The model can also simulate gear dynamics in a realistic torque
dependent scenario.

The proposed model combines a hybrid formulation for calculation of
meshing forces with a non-linear variable compliance approach for bearings.
Meshing forces are obtained by means of a double approach which combines
numerical and analytical aspects. The methodology used provides a detailed
description of the meshing forces, allowing their calculation even when gear
center distance is modified due to shaft and bearing flexibilities, which are
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unavoidable in real transmissions. On the other hand, forces at bearing level
were obtained considering a variable number of supporting rolling elements,
depending on the applied load and clearances. Both formulations have been
developed and applied to the simulation of the vibration of a sample trans-
mission, focusing the attention on the transmitted load, friction meshing
forces and bearing preloads.

Keywords: Gear, Model, Transmission Error, Load Ratio, Meshing
Stiffness, Finite Element, Bearings, Condition Monitoring

Nomenclature

F; Force acting on contact point

K,, Meshing stiffness

Z; Teeth number of wheel i

x; curvature radius of the contacting surface
0 Geometric overlap

1 Dynamic Viscosity

Air; Deformation of the contact point ¢ when a unitary force is applied at
the contact point &

ad Addendum

f Friction coefficient

h Frontier depth for the superposition of problems
m Module

n Number of actual contact points

BPF Ball Pass Frequency

DOF Degrees of Freedom

DTE Dynamic Transmission error
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FE Finite Element

GMF Gear Mesh Frequency

LOA Line Of Action

OLOA Out of the Line Of Action

¢ Bearing Clearance

1. Introduction

Gear transmissions remain as one of the most complex mechanical systems
from the point of view of noise and vibration behavior. They are applied in
several ways i.e. for speed changes, for torque gain, torque reduction or power
split among others. The future foresees higher torque levels with a global
increment in the power density, a reduction in energy consumption, better
endurance and lower noise and vibration levels [1]. To cover these demands
the industry should carry out a great effort on understanding the dynamics
of these kinds of systems. In order to achieve this task, better theoretical
models should be developed, which might be able to accurately reproduce
the dynamic behavior of real gear transmissions.

Moreover, gear transmissions are critical components on a wide range of
machinery i.e. helicopter transmissions, wind turbines and aerospace appli-
cations having a great impact on the final success of the whole system. As
an example, in the case of wind turbines, gearboxes represent an important
percentage of the final cost of the machinery but they are also a compo-
nent especially susceptible to develop expensive failures, which have a great
impact on the final profit in operation [2].

Therefore, besides its utility on the improvement of the gear transmis-
sions design stage, the development of specific models capable to reproduce
the dynamic behavior in operation, arise as a very interesting goal to their
application in condition monitoring applications. This possibility has been
suggested by some researchers such as Bartelmus [3], who proposed the use
of a model of gear transmissions as an aid for diagnostics or Ho and Randall
[4] who applied these kinds of tools for the case of bearings. Following this
approach, during last years several authors have addressed the simulation of
different kinds of faults in gear transmissions, such as gear cracks [5],[6],[7],
tooth breakage [8], surface pitting and/or spalling [9], [10], among others.
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However, most of these models tend to present a lot of simplifications,
without a detailed description of the most critical aspect involved in gear
dynamics, which is the role played by the parametric excitation due to the
variable number of meshing tooth pairs [11], as well as its inherent non-
linearity.

On top of the variable meshing stiffness, gear transmissions are usually
supported by rolling bearings, which undergo the same kinds of dynamic
phenomena described for gears: a parametric excitation due to the variable
number of rolling elements transmitting the load to the support. This varia-
tion in the number of rolling elements effectively supporting the load causes
a variable stiffness in the bearings, and will result in the appearance of vi-
brations. These vibrations are characterized by multiples of the so-called
Ball Pass Frequency (BPF) which is obtained as the product of the number
of rolling elements by the cage rotation frequency. The consideration of the
variable stiffness due to the angular position of the cage, and therefore of
different number of contacting elements, was proposed by Gupta [12]. Later,
Fukata et al. [13] developed a two-dimensional model including the effects
of clearances, contact stiffness and parametric excitation. Nevertheless, the
inclusion of bearing flexibility in gear dynamic models has been simply ap-
proached by considering bearings as time invariant flexible supports [14].

On the other hand, a reduced number of researchers have proposed ad-
vanced models combining gear and roller bearing dynamics, including the
parametric excitation due to both elements in order to analyze the inter-
action between these elements and its consequences on the dynamics and
vibratory behavior. An interesting example is the model proposed by Lah-
mar and Velex [15], who combines the gear model developed in [16] with
a non-linear formulation for ball and roller bearings including the variable
compliance of these elements. This formulation was linearized carrying out
static and dynamic analysis in order to compare the results obtained with the
original non-linear approach. Moreover, Sawalhi and Randall [17] developed
a model for spur gear transmissions, focusing their attention on the inclusion
of ball bearings with several types of faults.

Nevertheless, real transmissions present some features usually neglected
in the mentioned models, such as the coupling among successive tooth pairs
in contact and the non-linearity linked with the contacts between surfaces.
These phenomena have implications in the load sharing between teeth pairs,
and as a consequence in the actual contact ratio, due to the fact that the
deformation values will be greater than the estimated ones from purely kine-
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matic approaches, as those applied in previous models. Furthermore, shafts
and bearings interact with gears, increasing the complexity of transmission
dynamics. Depending on the level of the transmitted torque, those elements
suffer deflections and hence the gear center distance becomes greater. Thus,
the tooth engagement process is modified and consequently the meshing stiff-
ness provides a different dynamic response for different torque levels. As a
consequence, transmissions working under different load conditions result in
a problem for conventional condition monitoring applications, as the alarm
levels and the system set up must consider several working conditions.

Aiming to cover this gap, the authors developed an advanced model, com-
bining rolling bearings and gears, for quasi-static analysis [18] showing the
consequences in gear centre orbits, transmission error and meshing stiffness
when several levels of transmitted torques are applied. The computational
features of the procedure for calculation of meshing forces based on a hybrid
approach combining numerical and analytical tools, were presented in [19]
and subsequently applied on the quasi-static simulation of tooth defects like
pitting and tooth cracks [20]. Afterwards, in [21] the model was extended
to dynamic analysis and applied to simulate the impact of profile deviations,
while in [22] index and run out errors were considered. This paper describes
the enhancement of the model towards on condition monitoring applications
by showing the interaction between the non-linear behavior of bearing and
gears, assessing the consequences of meshing friction, bearing clearances and
the level of the applied torque.

2. Model Description and Dynamic Equations

Figure 1 illustrates a schema of the sample transmission used, consisting
of a couple of spur gears mounted on elastic shafts, which are supported by
two ball bearings each. Each wheel is modeled as a rigid disk with lumped
inertia at the center, under the assumption of plane motion, considering two
translational Degrees Of Freedom (DOF') and one rotational. Both gears are
mounted on flexible shafts allowing in plane deflection and torsion. Further-
more, each shaft is supported by two bearings, whose inertia is also lumped
at their center adding three more DOF for each one. The connection between
components is done by a linear translational /rotational spring with a viscous
damper or by a non-linear function (represented in Figure 1 by springs-
dampers and double sense arrows respectively) related with the behavior of
gears and bearings. Normal surface meshing contact forces are obtained by



03 a hybrid approach, combining numerical and analytical methods. Moreover,
s dissipative phenomena, as friction and oil damping, are added to improve
s the capabilities of the model, as described in the next section.

Figure 1: Schema of the gear transmission

Bearing forces are included by considering the angular variable compli-
ance due to the change in the number of rolling elements supporting the
load. Meanwhile, bearing damping is added as an equivalent translational
viscous damping, which has the same value for any direction on the plane
of movement (torsional damping is not considered). In order to define the
transmitted torque by the system, the input rotational speed and the output
torque must be defined. This agrees with the assumption of a constant load
at the output and a speed controller on the drive at the input. To set up this
approach, an additional rotational inertia is included at the output, where
a torque is applied to load the transmission. Taking a reference frame, with
the z-axis oriented along the shaft center line and the y-axis defined by the
line between gear centers, z and y are the translational degrees of freedom
along the x and y-axis while 6 is the rotational degree of freedom around
the z-axis. Each degree of freedom is identified with a subscript with the
form iEj, where i denotes the shaft number of the element of interest, F
is a subscript to distinguish between bearings (subscript b), gears (subscript
() and rotational inertia (subscript .J), and j denotes the element number
among those located in the same shaft. As an example, z;,; means the dis-
placement along the x-axis of bearing j belonging to shaft . Moreover, the
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degrees of freedom associated with bearings and gears are grouped in vectors
Qiv; = {xibja Yibj s eibj}T and qiqj = {xiGja YiGjs eiGj}T- Then, the mass, damp-
ing and stiffness matrices for the whole system (shafts, gears and bearings)
are assembled into the dynamic matrix equation, arriving at a system with
19 DOF (the input rotation is known) which expressed in matrix form gives
rise to the following expression:

Mg + Cq + Kq + f,(q) + fo(q, &) = feu(t);
q= {Ohbl, q1G1, 162, d261, 92G1, 9262, GOut}T ;

(1)

Non-linear terms due to bearings and gears are included in vectors fj,
and fg, while matrices M, C and K are constant coefficient matrices. The
detailed dynamic equations are presented in Annex A.

3. Meshing Forces

For this purpose, in this work a hybrid procedure has been applied by
combining numerical and analytical formulations [23], [24] and [25]. This
procedure divides the gear contact into two regions: the surroundings of the
contact and the rest of the gear body. The deflection in the region close
to the contact is defined by an analytical formulation, while the deflection
away from the contact is obtained by a numerical FE model. The main
advantage of this approach is that it is not necessary to develop a new FE
model with refined mesh for each contact position. Furthermore, its use
reduces the computational effort, as the FE model analysis becomes linear,
whilst the non-linear problem related to the surface contact is simplified by
the analytical formulation.

Following this approach, assuming F;, forces on n contacting points lo-
cated at successive teeth couples, the total displacement of the ¢ —th contact
point (ur;) is obtained by the addition of the non-linear terms due to the
local deflection of each contacting surface (uy;) and due to the global de-
flection, which is expressed as a linear combination of all the contact forces
involved in the meshing position analyzed.

Thus, the meshing forces F; are found solving the non-linear system shown
in Eq.(2), attending to two conditions. The first is the condition of compat-
ibility, which states that the sum of deflections of conjugated teeth (ur;)
must be equal to the interference value due to rigid-body displacements of
the wheels (0;). The second is the complementary condition, which assures
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that negative loads are not considered at the points where real contact does
not take place.

51((1p7(1w> u;z,l (qpvquFl) ulLU,l (qp’quHFl)
52(qp7 qw) _ ui,z (qpv Q) FQ) + ulllj,2 (qP’ Quw, FQ) +
6n(qp7 qw) uI[),m (qpa qwa Fn) u%,n (q;m qw7 Fn)
Fy (2)
w F.
A ()] + I (el
F,

F;, > 0; 1=1,...,n

Where superscript w and p stands for wheel and pinion, and A, ; represents
the flexibility influence coefficients. Regarding local deformations, the dis-
placement between a point on the surface of a solid and a point located at a
depth h is obtained according to the expression derived by Weber-Banashek
[25] for bi-dimensional plane strain problems. On the other hand, the flex-
ibility influence coefficients (\; ) represent the displacement of the contact
point ¢ when a unitary force is applied at point £ and are obtained from a
linear FE analysis.

Therefore, this method provides the meshing forces F; for any particular
position of the gears and torque load, considering translational motion due to
flexibility of bearings and shafts and as a consequence changes in the center
distance, pressure angle and contact ratio. The procedure summarized in
this section is described in more detail in [19], where it is also presented the
validation of the meshing stiffness values by means of comparison with the
ISO norm. Also in [26] the model behavior is compared in terms of meshing
stiffness with other published approaches obtaining good correspondence.
From the experimental point of view, the presented model has also been put
to test in [27], where the results are further confirmed.

4. Gear meshing dissipative effects

In order to enhance the original model increasing its features for accurate
simulation of gear dynamics, meshing forces have been furthermore extended
to include friction and damping effects. Regarding friction, He [28] concluded
that different models with a variety of complexity levels provide very similar
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results about the predicted motions in the Line Of Action (LOA). Hence,
in this work it has been assumed a Coulomb model with constant friction
coefficient, using a smothering function to avoid numerical problems due to
the discontinuity on the friction force when the contact arrives to the pitch
point, according to the following expression:

(Ff)ﬁD = —F f tanh (W%)t) sgn(vp,p/w) - i) - t; 3)
(Fy);" = —(Fyp);

Where (F f)f and (F f)fv are the friction force vectors at the i contact for
pinion and wheel respectively, f is the friction coefficient, F; is the contact
force at the i contact, vp,(p/w) is the relative velocity between the contacting
points on pinion and wheel tooth surface, t; is a unitary vector which defines
the common tangent to the contacting surfaces, and vy is a threshold level
to smooth the transition when the relative velocity is null.

The inclusion of damping in gear dynamic models has not been addressed
in a clear and homogeneous way through the literature, being difficult to find
works that adequately explain this phenomenon which in fact involves several
mechanisms. In the case of lumped models, most authors consider that the
damping due to the gear meshing can be represented by a viscous model,
defined by a equivalent damping coefficient C' acting on the torsional degrees
of freedom [29]. More recently, some authors have included in their models
the effect of the lubricant surrounding the contacting surfaces [30]. Mucchi
et al. [31] develop a more complex formulation, considering two damping
sources at meshing contacts, one due to the hysteresis damping consequence
of teeth flexion and Hertzian deflections and one other due to the oil squeeze
effect.

In this work, both hysteretic and oil squeeze contribution are considered,
neglecting other sources such as oil churning. Following this assumption, the
damping force Fp; for the contact ¢ was defined by the expression:

(FD)ZP = —Cb, (VPi(P/W) : ni) n;
(Fp);” =—(Fp)] @)

Where n; is the common normal to the pinion and wheel surfaces corre-
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sponding to the contact ¢, while the damping coefficient Cp is derived from:

2£ V KMeshMEq Fz >0

3/2
].27?776 <2max( 1 XPXW ) F; =0

OThresholds0i) X PHXW

Cp = ()

Thus, when the contact is active, the corresponding force F; is not null and
the hysteretic damping model defined by Eq.(3) is switched on. Otherwise,
the profiles are not in contact and the formulation proposed by Koster [32]
is applied. There, n is the dynamic viscosity, b is the gear width, §; is the
gap between tooth profiles and y; (i = P, W) is the curvature radius of the
contacting surface 7.

5. Ball Bearing Contact Forces

Bearings forces have been obtained by means of the approach proposed
by Fukata et al. [13], based on the following assumptions:

e Both inner and outer races are considered rigidly attached to the shaft
and the frame respectively.

e All elements of the bearing are rigid, so that the only possible defor-
mation is related to contacts between rolling elements and inner and
outer races.

e These contacts allow the application of the Hertzian theory.

e The average angular position of the rolling element is defined by the
cage, whose angular location is obtained by considering pure rolling
without slipping at the contacts with inner and outer races. Neverthe-
less a random variation on the angular location of each rolling element
can be considered.

According to the last assumption, the cage angular position (fc,ge) can
be obtained from the angular position of inner (,) and outer (fp,) races
by:

OCage = % (1 - %cos(oz)) + 9(;ut <1 + % cos(a)) (6)

Where D is the average value of the projected inner and outer diameters
in the bearing transverse plane, d is the diameter of rolling element and « is
the contact angle.

10
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Figure 2: Rolling bearing parameters scheme

Usually, the outer race is stationary and Eq.(6) can be particularized
assuming a null value for 6p,;. Under this assumption, the angular position
of the rolling element i (0gg;) is determined from:

. 2T . ejn d
GRE'i = M(’l - 1) + 7 (1 - 5 COS(@)) + 90 (7)

Here, N, is the number of rolling elements and 6, is the cage angular offset
with respect to the reference position, which corresponds with a rolling ele-
ment located on the positive horizontal axis (X) defined in Figure 2. Then,
considering the cartesian reference system defined in Figure 2 and assuming
that the outer race is fixed, the total radial overlap (6zg;) between the "
rolling element, defined by its angular position (6rg;), and the inner and
outer tracks are a function of the coordinates (x,y), which defines the loca-
tion of the inner race center and the bearing radial clearance ¢, according to
the expression:

5€REi = JICOS(QREZ') + ySiH(@REi) — Cj 1= 1, 2, Nb (8)

Then, contact forces are obtained from the hypothesis of Hertzian contact,
leading to a non-linear relationship between the resultant force on the rolling
element i and the total radial overlap (dg,,,). Imposing the condition of
complementarity, by means of the Heaviside function H(), so that there is
only contact in those cases in which the radial deformation is positive, the

11
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resultant force, projected in the horizontal (z) and vertical (y) direction, is
obtained by:

Np
F, = kre ) H(0pyp,)0,,. c0S(OrE:) 1 6, >0

s H () { = (9)
Ng RE1 6 .

Fy = kRE Z H(égREi)ép sin(@REi) 0 OrEi <0
i=1

OrE:
Where krg is the stiffness obtained by serial composition of Hertzian stiffness
due to contact with inner and outer races and p is the non-linear exponent,
which is 1.5 for balls and 1.1 for rollers. Details regarding the procedure for
calculation of krr can be found in Annex B.

6. Numerical Simulations

In the following, the model described in the previous sections has been
applied to simulate the dynamic behaviour of a sample gear transmission
defined by the parameters shown in Tables 1 to 3 . Table 1 lists the values
corresponding to the gear parameters of the mathematical model described
in the previous sections. Each gear is mounted in a shaft supported by a
pair of 209 single-row radial deep-groove ball bearings with the geometrical
dimensions presented in Table 2. Table 3 contains the information related to
the shaft stiffness and damping.

Table 1: Gear data

Parameter Value Parameter Value

Number of teeth 28 Rack tip rounding 0.25 m

Module (m) 3.175 [mm)] Gear tip rounding 0.05 m

Elasticity Modulus 210 [GPa) Rack dedendum 1m

Poisson’s ratio 0.3 Rack ad 1.25 m

Pressure angle 20 [degree] Oil dyn. viscos. 0.004[Pa s]

Gear face width 6.35 [mm] mig1 = magi 0.79999 [kg]

Gear shaft radius 20 [mm)] Jig1 = Joc 4.0408 10~* [Kg m?]

Although the proposed model allows for the simulation of transient condi-
tions, in the examples presented in this paper only stationary conditions were
considered, with the aim of isolate and better demonstrate the model capabil-
ities. Particularly, all simulations have been done using a constant rotational
speed of 1000 rpm at the input shaft, loaded with several stationary torques
ranging from 10 to 100 Nm. Numerical integration of dynamic equations was
approached using a SIMULINK® fixed step solver (ode3 Bogacki-Shampine)

12
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Table 2: Bearing paramenters (209 single-row radial deep-groove ball bearing [33])

Parameter Value

Outer race diameter (Ro) 77.706 [mm]

Groove radius of outer-ring (ro) 6.6 [mm]

Rolling element diameter (d) 12.7 [mm]

Inner race diameter (Ri) 52.291 [mm)]

Groove radius inner-ring (ri) 6.6 [mm)]

Radial clearance (c) 0.015 [mm)]

Bearing Mass; m1p1 = mape; (M1p2 = map1) | 0.4901 (0.245) [kg]

Bearing Inertia; Jyp1 = Jopa; (Jip2 = Jop1) 9.9 107° (4.9 107°) [Kg m?]
Number of Rolling Elements (Nb) 9

Table 3: Dynamic properties of connecting shafts

Parameter Value

Output Inertia; Jo o 3.56 10~ % [Kg m?]
Coupling Stiff.; Ko11p1 = Kraopoo 4.0 10° [Nm/rad]
Coupling Damp.; Cr1 5151 = Cr2p272 3.5761 [Nms/rad]
Bearing Damping; Cp1 = Cipo = Cop1 = Copo 334.27 [Ns/m]
Shaft flex. Stiﬂ.; KlblGl = KlGle = K2b1G1 = K2G1b2 6.24 108 [N/m]
Shaft Tor. Stiff.; Kr1p161 = Kr16102 = Kr2vicr = Kragise | 4.0 105[Nm/rad]
Shaft Flex. Damp.; Cipig1 = Cig1e2 = Capig1 = Cagip2 31.6 [Ns/m]

Shaft Tor. Damp.; Cripigi = Crigive = Crasigr = Cragive | 0 [Nms/rad]

with a sampling frequency of 75 kHz. In order to reduce the transient period,
simulations were launched taking as initial conditions the position of gears
and bearings derived from a previous quasi-static equilibrium problem which
was obtained by neglecting velocity and acceleration terms in Eq.(1).

The non-linear problem was solved numerically for a certain torque at the
output and several angular positions for the driving gear up to complete the
entire bearing cycle. The resulting orbits for bearings 1b1 and 2b1 centers
corresponding to the example for output torques ranging from 10 to 100 Nm
are presented in Figure 3, where the dashed line represents the corresponding
value of the bearing clearance (c). In this figure it can be appreciated how
the orbits are disposed along the LOA with a larger displacement Out of
the Line Of Action (OLOA), even though friction was not considered in this
analysis. This feature is due to the fact that bearing stiffness in the LOA
is higher than the one in OLOA, as a consequence of the bearing clearance.
Moreover, the amplitude of the displacement in OLOA is shorter for the
extreme torque values, while intermediate torques (between 30 to 60 Nm)
provide larger courses. This behavior is due to the non-linear nature of the
bearing model, which provides a rising number of rolling elements supporting
the load as the applied force is increased. Gear center orbits are similar to
that shown for bearing b11, but shifted in the LOA due to the shaft deflection.

13
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Figure 3: Bearings 101 and 2b1 center orbits for several torque values. Dashed line depicts
bearing clearance

6.1. The effect of torque load

As it was described in the previous sections, a great number of the mod-
els for simulation of gear dynamics use a simple formulation for meshing
forces commonly based on gear rigid body kinematics, neglecting the role
of the transmitted torque in the analysis, with has important consequences
on the transmission behavior. Although these approaches do not lead to
very different dynamic behavior in the global sense (since the vibration rms
level remains very similar), however the time record and therefore the corre-
sponding frequency spectrum will be different, which has huge implications
when on condition monitoring is the goal of the model. On the contrary,
the procedure described in this paper avoids this drawback extending the
model capabilities for multi-load simulations and providing more advanced
capabilities (i.e. bearing variable compliance, friction, gear defects, lubricant
damping, etc.) useful in the context of condition monitoring.

With the aim of comparing and assessing the advantages of the proposed
approach over conventional models, the quasi-static analysis was furthermore
extended in order to determine the meshing stiffness along a cycle. With
this objective, it was decided to pre-calculate the stiffness values for each
of the considered potential contacts, exploiting the advantages of the origi-
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nal procedure. Thus, once the orbits are known, their centroids (midpoint
for the orbit described by each gear center was determined from the orbits
in a bearing cycle) are calculated and a new quasi-static analysis is done,
fixing the gear center position to said centroids. During this analysis, the
contact forces and the profile geometrical interferences are obtained, defining
the meshing stiffness for each potential contact along a meshing cycle as a
function of the angular position of the driving gear. In this way, relevant
information provided by the model was preserved while its overall structure
remains unchanged.

The resulting meshing stiffness values under several torque loads can be
then stored to be used subsequently in dynamic simulations. Figure 4 shows
the results obtained for the example transmission when two different values
of transmitted torque are considered (10 and 100 Nm). The increase in the
transmitted torque leads to the extension of the meshing period with a couple
of teeth pairs in contact.

x 10

Contact point 2

E
Z
@ gl Single Contact (10,Nm) .-
I ] G ot
£ 5 1
n ngle Contact (100-Nm)
o :
£ 4rContact point 3 : ) 1
= p A - Contact point 1
§ 3 Contact 1 (10 Nm) \ : )
“““ Contact 2 (10 Nm) “‘ o
20 Contact 3 (10 Nm) \ - N
Contact 1 (100 Nm){ |
1 Contact 2 (100 Nm)| | : 1
Contact 3 (100 Nm)| | :
0 . . - L - . I
-0.1 -0.05 0 0.05 0.1

Angular position gear 1 [rad]

Figure 4: Meshing Stiffness for successive teeth contacts for two levels of transmitted
torque (Dashed line 10 Nm; Solid line 100 Nm)

Once completed the calculation of individual meshing stiffness, the orig-
inal model was applied to assess the consequences of a wrong formulation of
meshing stiffness and to understand its influence on the simulated behaviour.
In order to do that, three analysis were done for the example transmission
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considering a rotational speed of 1000 rpm and a torque of 100 Nm. The first
one, hereinafter called A, was carried out using the original dynamic model.
A second one, called B, was done under the same torque of 100 Nm but
using pre-calculated stiffness corresponding to the same torque (100 Nm).
Finally, the third one, designed as C, was done again with a torque of 100
Nm but this time using a pre-calculated stiffness obtained under a torque
of 10 Nm. In this way, case C could be considered similar to the conven-
tional torque-independent models. With the aim of comparison, the Dynamic
Transmission Error (DTE) was obtained for each simulation according to the
following expression:

DTE(t) = bic1(t) — —-0ac1(1); (10)

Where, Z; represents the number of teeth for each gear, which in the
example analyzed are the same. Figure 5 shows the resulting DTE for each
model corresponding to five meshing cycles. There, the differences between
models become clear: while the model with pre-calculated stiffness based on
a torque of 100 Nm gives a DTE with very small differences with respect
to the model without pre-calculation, the model based on a pre-calculated
meshing stiffness under a torque of 10 Nm provides a completely different
response, tending to overestimate the resultant DTE amplitude.

1 7x 10
—— Model A.— (Without Pre-Calculation)
_1.8 -'-'Model B.- (Pre-calculated with 100 Nm)||
’ - - —~Model C.—- (Pre—calculated with 10 Nm)

DTE [rad]

20 21 22 23 24 25
Meshing periods

Figure 5: DTE obtained under different assumptions for Meshing Stiffness (X,,) Calcula-
tion
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The differences are even more evident when the spectral decomposition
of the resulting LOA force transmitted by the bearing (identified as 1bl in
Figure 6) is considered. Once again, the model with pre-calculated meshing
stiffness using the appropriate torque of 100 Nm (Figure 6(b)) practically pro-
vides the same results as the model without pre-calculation shown in Figure
6(a), with negligible differences on the harmonics amplitude. On the other
side, the model simulated using a wrong estimation of the meshing stiffness,
based on the pre-calculated values obtained for a torque of 10 Nm, provides a
spectrum (Figure 6(c)) completely different, particularly overestimating the
4™ and 5 harmonic of the Gear Mesh Frequency (GMF).
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o
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LOA bearing (b11) force [N]
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"[[1)’11
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(a) Model A (without pre- (b) Model B (pre-calculated (¢) Model C (pre-calculated
calculation) using 100 Nm) using 10 Nm)

Figure 6: Spectrum of the LOA force in the support 1b1 (1000 rpm, 100 Nm)

Therefore, the use of simplified models with pre-calculated values for the
contacting stiffness can be useful in dynamics simulations, providing the same
results as those from more complex models with a shorter computation time.
However, if what is required is an accurate estimate of the behavior under
certain operating conditions, as it could happen in the case of condition
monitoring applications, the torque used to pre-calculate meshing stiffness
should agree with that used for the dynamic simulation, giving inaccurate
results otherwise.

6.2. The effect of bearing clearances and friction forces

Having demonstrated the ability of the model to take into account the
torque level, in this section it was used to characterize the role of bearing
clearances and friction forces, and their interaction under several load levels,
in the resulting dynamic behavior. Four cases were considered as a prelimi-

nary test to discern the impact of each aspect on the final vibratory signature
(see Table 4).
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Table 4: Scenarios for dynamic simulations

Case No. | Bearing clearance | Gear friction forces
1 Yes No
2 Yes Yes
3 No No
4 No Yes

In the first case, simulations were done considering bearing clearances
(no pre-loads) while gear friction forces were removed (friction coefficient
null). In the second case, simulations were carried out considering bearing
clearances (no pre-load) combined with friction forces (considering several
friction coefficients). In the third case, bearing pre-loads (no clearances)
were introduced while gear friction forces were once more time removed from
the simulations (friction coefficient null). Finally, in the fourth case, bearing
pre-loads (no clearance) and gear friction forces were combined.

6.2.1. Bearing clearance without gear friction forces

The resultant orbits obtained in the dynamic simulations for a bearing cy-
cle, after removing the initial transient, are presented in Figure 7. In contrast
with the results obtained in quasi-static analysis, dynamic terms provide or-
bits with higher amplitude in the LOA. This fact can be appreciated with
more detail in Figures 8(a) and 8(b), where it is presented the orbit for one
cycle of the 1b1 bearing when the applied torque is 10 Nm and 100 Nm. The
symbols (o) and () represent the beginning and end point of the orbit for
a bearing period respectively.

Moreover, it can be observed how bearing compliances change for each
bearing interact with gear mesh excitation, providing several oscillations for
a bearing cycle. Regarding the DTE, the results obtained for a gear cycle
running at 1000 rpm under several torque loads are presented in Figure 9.
As the torque rises, the DTE is shifted up, as a consequence of the additional
kinematical turn required to close the contact when the gear center distance
is increased due to the shaft and bearing flexibilities. This phenomenon, to-
gether with the tooth deflection determines the start and end time of contact
between successive teeth pairs, and therefore the resultant DTE. The DTE
obtained with the lowest torque (see Figure 10(a)) exhibit a remarkable os-
cillation at the (BPF). The corresponding angular period is determined from
Eq.(6), substituting the cage rotation to the angle between rolling elements
and solving the angle rotated by the inner ring under the assumption that it
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Figure 7: Bearing 101 and 2b1 center orbits with several transmitted torques. Dashed line
depicts bearing clearance
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Figure 8: Bearing 1b1 center orbit for quasi-static (blue) and dynamic analysis at 1000
rpm (red)

is fixed to the gear shaft and that the outer ring is fixed to the case.

After substitution of the values corresponding to the bearing listed in
Table 3, the number of bearing cycles per gear turn is 3.6342. Figures 10(a)
and 10(b) shows the bearing periods corresponding to a gear turn for the
extreme values of the transmitted torque. Otherwise, when the torque be-
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Figure 10: DTE for a gear turn running at 1000 rpm

comes higher, the effect of bearing variable compliance is lessened, being
more difficult to discern its presence on the DTE record (see Figure 10(b)).
In fact, smoothed amplitudes for ball pass frequency are commonly expected,
because the effective slipping at the rolling contacts gives place to random
fluctuations on the cage frequency even for stationary input speed. Thus the
vibration energy is spread in the frequency domain, and the corresponding
peaks are masked by the random noise. Moreover, the application of bearing
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preloads removes the bearing clearance, reducing the amplitude of the vari-
able bearing compliance and therefore the magnitude of the corresponding
harmonics.
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Figure 11: DTE spectra for several torque loads

The corresponding linear spectrum for the torque range analyzed is pre-
sented as a waterfall diagram in Figure 11. There, the main peaks appear at
the GMF and its harmonics but also it is possible to appreciate a little peak
corresponding to the BPF, which is more noticeable for low torques.

Regarding the force transmitted through the bearings to the case, Fig-
ure 12 shows the waterfall spectrum of the forces at the bearing designated
as 1b1 in Figure 1 (bearing 1 on shaft 1) in the LOA. As with the DTE,
two excitation frequencies can be appreciated due to GMF and BPF, being
dominant the harmonics of the GMF. Up to three harmonics of the BPF
can be discerned at the low frequency range but also as lateral sidebands
of the GMF harmonics. As the transmitted torque increases, the amplitude
of GMF harmonics rises but there are changes in their relative importance.
Thus, for low torque values up to 40 Nm the dominant harmonic is the sec-
ond one, while for higher torques the 5 becomes the highest. On the other
side, BPF harmonics show a reduction for torques of 60 and 70 Nm. This
fact is consistent with the amplitude of the orbit in the LOA obtained in the
quasi-static analysis shown in Figure 3. The BPF in the low frequency range
will be lower in real machinery because the slipping at the rolling contacts
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Figure 13: Bearing 161 LOA force spectrum

yields to a non-stationary behavior and as a consequence the BPF energy
is spread in the vicinity band and masked by the noise floor. Obviously,
although the amplitude of all harmonics is generally increased as the torque
rises, that increment has a different shape for each harmonic because of the
non-linear changes on the parametric excitation due to the gear meshing
stiffness and its interaction with bearing variable compliance. This aspect
shows the importance of having a torque dependent model for on condition
monitoring.
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A more detailed view of the 161 LOA force spectra for 10 and 100 Nm
is presented in Figure 13, where the force amplitude was represented in log-
scale to discern better the consequences of the BPF modulations. As it
was remarked previously for the lowest torque (Figure 13(a)), the highest
amplitude corresponds to the 2" GMF harmonic while it corresponds to the
5" for the maximum assessed torque (Figure 13(b)).

6.2.2. Bearing clearance with gear friction forces

In the following, friction efforts combined with bearing clearances and
preloads are analyzed with the aim to better understand the role played by
these factors on the gear transmission dynamics and particularly on the vi-
bratory magnitudes under stationary conditions. To carry out this task, the
original model was modified including the friction efforts and dynamic sim-
ulations were done again with the same set up for the integration algorithm
and working conditions. Two friction coefficients have been considered: 0.03
and 0.05. From the point of view of the bearing center orbits, the differences
are clear as it can be seen in Figure 14.
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a)f=0.03 b)f=0.05

20f |20 1 20t |20
— 30 —30
15F |40 L ., 1 15 —40 y
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X coordinate [pm] X coordinate [pm]
(a) £=0.03 (b) £=0.05

Figure 14: Bearing 1b1 and 2b1 center orbits at 1000 rpm, with several transmitted torques
(dashed line depicts the bearing clearance.)

Due to bearing clearance, OLOA bearing stiffness is lower than in the
LOA direction, and as a consequence the orbits are spread on the OLOA for
quasi-static analysis. Nevertheless, when dynamic simulations are carried
out this fact becomes masked by the longest displacements in the LOA (see
Figure 7 and Figure 8). Friction forces enlarge the OLOA’s displacements
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of bearing centers and as a consequence gears present a swinging motion
governed by the bearing clearance. As the friction coefficient increases, this
phenomenon is more evident and the OLOA’s displacements grow. To have a
better insight of the orbit origin, in Figure 15 the orbits obtained for bearing
1b1 are presented, corresponding to the extreme values of the torque range
(10 and 100 Nm) for f = 0, 0.03 and 0.05.

Torque 100 Nm; f=0 Torque 100 Nm; f=0.03Torque 100 Nm; f=0.05
15 15 15

Torque 10 Nm; f=0 Torque 10 Nm; f=0.03 Torque 10 Nm; f=0.05
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(a) 10 Nm (b) 100 Nm

Figure 15: Detail of the Bearing 1b1 Orbit at 1000 rpm and three friction coefficients 0
(left column); 0.03 (middle column) and 0.05 (Right column)

More interesting conclusions can be drawn from the spectral decomposi-
tion of the bearing forces. In the case of the LOA in Figure 16, the most
evident change is the generalized increment in the amplitude of sidebands
around the GMF at the BPF as the friction coefficient raises. This incre-
ment is particularly large around the 27¢, 3" and the 4 GMF harmonics.
This behavior can be explained by the excitation of both translational modes
located between 472-1130 Hz and 1291-2000 Hz in the load range considered
in the simulation (see Table 5). The reader can find more details about
this modes in [34] where the authors identify the natural frequencies and
modal shapes of the same transmission, linearizing the model by averaging
the compliance of bearings and gears along a cycle.

As a consequence resonant frequencies change notably as a function of
the torque and this change is more evident in the modes where bearing stiff-
ness plays an important role. These modes involve translational motions
and appear in pairs one for normal direction (LOA) and one for tangential
direction (OLOA). For each pair, the tangential ones (OLOA) have lower
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Table 5: Natural frequencies and mode type with bearing clearance under several trans-
mitted torques. Modes were classified as: Rotational R, Translational T and Mixed Modes

R-T.
Fre Hz Fre Hz Fre Hz

Mode 10 I?Im( ) 50 I%Im( ) 100qu§ " | Mode Type
1 411 770 913 R1-T
2 472 922 1130 Tt1
3 1061 1384 1523 R1-T
4 1291 1775 2000 Tnl
5 1966 2175 2307 R1-T
6 4284 4320 4339 R2-T
7 5909 6003 6056 R3-T
8 6562 6650 6709 Tt2
9 6605 6706 6771 R3-T
10 6763 6967 7083 Tn2
11 6867 7074 7193 R3-T
12 9701 9763 9806 Tt3
13 9739 9819 9863 R3-T
14 9847 10008 10107 Tn3
15 9972 10122 10215 R3-T
16 14382 14382 14382 R4
17 14702 14702 14702 R5
18 15744 15745 15746 R6
19 15938 15947 15952 R7

frequencies because of the less stiffness in this direction as a consequence of
bearing clearance.

Due to the speed used for simulations (1000 rpm), 27¢, 3" and the 4
GMF harmonics match with 2"¢ and 4% modes for a certain range of the ap-
plied torque. As a consequence the sidebands around these GMF peaks raise
particularly near the fourth one, as in this case the mode involves translation
into the LOA (subscript n means normal movement that is LOA).

On the other side, the spectra in the OLOA (the tangential direction in
the mode classification) presented in Figure 17 shows a generalized increment
of the GMF amplitude particularly from the 1% to the 3** when friction
forces are considered in simulations. Furthermore, friction forces amplify the
lateral sidebands at the BPF, particularly around the 2"¢ GMF harmonic
which excites the 2" mode involving motion in the OLOA direction.

6.2.3. Bearing pre-loads (no clearance) without gear friction forces

In this section the role of bearing preloads on the behavior of bearings
and their consequences on the transmission dynamics have been analyzed
in order to assess the performance of the developed model. Introducing
bearing preloads is accomplished by assigning a negative value for clearance
in Eq.(8). Thus, rolling elements become in contact even when there is no

26



470

471

472

473

474

475

476

477

478

479

480

481

482

483

484

487

488

489

490

20.03 f=0.05

80.

®
o

60

N

JH I

@
o

N
o
Bearing (1b1) Force (OLOA) [N]
D
o

Bearing (1b1) Force (OLOA) [N]
B
S

| ol i
I “rk, |

I

50 A 50 "@L |

Torque [Nm] Torque [Nm] M

%% 2 4 6 ” %% 2 4 6 8 oo
x GMF X GMF
(a) f=0.03 (b) f=0.05

Figure 17: Amplitude spectrum of the Bearing 161 OLOA force at 1000 rpm for several
torques

torque applied to the transmission. The main consequence is that average
bearing stiffness in LOA remains close to the case without preload while
OLOA become higher. Therefore the orbit amplitude is roughly the same
in the meshing direction (LOA) but is shortened in the tangential direction
(OLOA). This fact can be observed in Figure 18 where the results were
obtained using a negative value for the clearance equal to 0.001 mm. Bearing
preload constraint the orbit centroid at the inner area of the circle defined
by the nominal clearance, which is represented to facilitate comparison with
the simulations where clearance was considered. This constraint reduces the
average value of the Loaded Transmission Error due to the consequent minor
variation on the gear center distance with respect to the nominal, caused by
the reduced backlash (see Figure 19) shifting down the Loaded Transmission
Error curves. Furthermore, it can be appreciated a lower modulation of the
meshing phenomena by the ball pass frequency of the bearing which is much
more evident for low transmitted torques when clearances are present.

As a consequence it can be observed the lateral sidebands disappearance
at the BPF around the GMF harmonics in the amplitude spectrum of the
bearing transmitted forces. Meanwhile, the low frequency harmonics at the
BPF are strongly attenuated (see Figure 20). To facilitate the comparison
the spectra corresponding to a torque of 100 Nm of the 1b1 LOA force when
clearance and preload were considered are presented in log-scale in Figure
21.
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w1 0.2.4. Bearing pre-loads (no clearance) and gear friction forces
492 When preload and friction are combined in simulations the resulting orbits
w03 are those shown in Figure 22. As it was observed under the no preload

28



Preloaded Bearings ¢=0.001

=
o
o

(o]
(=]

g (1b1) Force (LOA) [N]
5 3

Bearin

L
=

Torque [Nm] 0

Figure 20: Amplitude spectrum of the Bearing 1bl LOA force at 1000 rpm for several
torques and bearing preload (¢=-0.001 mm)

(1000rpm @ 100 Nm) Bearing Clearance vs Bearing Preload
10 ‘ ‘ ‘

—— Bearing Clearance
- - Bearing Preload

Bearing Force [N]

-3

10 I I I I I

0 2 4 6 8 10 12

Figure 21: Comparison of amplitude spectrum of the Bearing 1b1 LOA force at 1000 rpm
@ 100 Nm, with clearance and with preload (¢=-0.001 mm)

case, friction leads to a magnification of the OLOA’s displacements, which
is even more evident as the friction coefficient rises. Nevertheless, due to the
bearing preload, OLOA’s lateral bearing stiffness increases, preventing the

29



497

498

499

500

characteristic swinging motion observed when bearing clearances exist.

Preloaded Bearings ¢=0.001 and friction f=0.03 Preloaded Bearings ¢=0.001 and friction f=0.05
A 10Nm[™ T ™ T T ——10Nm [ T T T T T
—_ 50 —20
—30 | ——30
e — 1 100 40 1
——50 ——50 g
T 5| 80 A 1 F s 90 |
= —70 . z = —70 =
> ——80 o p“ H > —80 ® D@’
5} P~ H 5} © H
g o 9% P 1 8 o % a° S
£ —100 o : LI — 156 :
N A
O -5f 1 O -5r - 1
-10 {1 -10f ) 1
-15 -10 -5 5 10 15 -15 -10 -5 0 5 10 15
Coordinate x [u m] Coordinate x [u m]
(a) f=0.03 (b) f=10.05

Figure 22: Bearing 1b1 and 2b1 center orbits at 1000 rpm, working under several trans-
mitted torques, with bearing preload
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Figure 23: Comparison of amplitude spectrum of bearing 161 LOA force at 1000 rpm @
100 Nm, with preload and with (red-dashdot) and without friction (blue-solid)

With respect to Loaded Transmission Error and bearing forces, time

records follow a similar pattern as that obtained with preloads. The most
important consequence of friction force was the increment of the amplitude
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Table 6: Natural frequencies and mode type with preload under several transmitted
torques. Modes were classified as: Rotational R, Translational T and Mixed Modes R-T.

Fre Hz Fre Hz Fre Hz
Mode 10 I?Im( ) 50 I?Im( ) 100qu£ I | Mode Type
i 981 1097 1158 RI-T
2 1431 1626 1766 Tt1
3 1476 1705 1864 R1-T
4 1507 1826 2036 Tnl
5 2091 2245 2362 RI-T
6 4294 4328 4347 R2-T
7 5932 6026 6080 R3-T
8 6816 6898 6963 Tt2
9 6833 6926 7000 R3-T
10 6847 6993 7103 Tn2
11 6970 7121 7230 R3-T
12 9887 9952 10005 Tt3
13 9900 9977 10038 R3-T
14 9911 10029 10124 Tn3
15 10050 10161 10246 R3-T
16 14382 14382 14382 R4
17 14702 14702 14702 R5
18 15744 15745 15746 R6
19 15938 15947 15952 R7

of lateral sidebands at the BPF around the GMF harmonics, as it was also
observed in the case of bearing clearances.

This fact can be appreciated in Figure 23 where the spectra in log-scale
with and without friction are compared when preloads are considered in the
simulations. It is remarkable the amplitude increment of the BPF sidebands
around the 3™, 4" but also on 7% and 8" GMF harmonics.

As preloads involve an increment of the bearing stiffness, particularly in
the OLOA, natural frequencies corresponding to the lower modes becomes
higher, as it can be observed in Table 6. As a consequence, sideband activity
at the BPF is shifted to the 3" and 4 GMF harmonics as they are located in
the range between 1431-1766 Hz and 1507-2036 Hz, where the translational
modes are excited.

More evident changes can be appreciated in the OLOA direction by com-
parison with respect to the case with bearing clearance, particularly in the
presence of friction. In Figure 24 it can be observed the presence of peaks
at the 3" and the 4" GMF harmonic when bearing preloads were included
in the analysis. In contrast, when clearances were considered, it was the 27
GMF harmonic which became the most important. Moreover, in the OLOA
the BPF modulation appears clearly independently of the load and friction,
in opposite to the attenuation observed in the LOA.
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Figure 24: Amplitude spectrum of the Bearing 1bl OLOA force at 1000 rpm for several
torques, with bearing preload (¢=-0.001 mm) and friction

7. Conclusions

Gear transmissions remain as one of the most complex mechanical sys-
tems from the point of view of noise and vibration behavior. Research on
gear modeling leading to the obtaining of models capable of accurately re-
produce the dynamic behavior of real gear transmissions has spread out the
last decades. Most of these models, although useful for design stages, often
include simplifications that impede their application for condition monitoring
purposes. Trying to filling this gap, the model presented in this paper al-
lows to simulate gear transmission dynamics including most of these features
usually neglected by the state of the art models.

The developed model is capable of considering simultaneously the inter-
nal excitations due to the variable meshing stiffness (including the coupling
among successive tooth pairs in contact, the non-linearity linked with the
contacts between surfaces and the dissipative effects), and those excitations
consequence of the bearing variable compliance (including clearances or pre-
loads). Another strong feature of the modeling approach is the fact that it
allows for the simulation of gear dynamics in a realistic torque dependent
scenario.

Torque level has a direct impact on the amplitude of GMF harmonics,
for which non-torque dependent models would provide dramatically different
spectral decompositions of measured transmitted forces in an on condition
monitoring application. In contrast, the proposed method simulates the dy-
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namic behavior under different torque levels, observing significant changes in
the amplitude of the GMF harmonics as a result of the excitation of trans-
verse vibration modes in the LOA. As a consequence the forces at bearing
level show that GMF harmonics present changes not only in their absolute
amplitudes but also in their relative importance for each applied load. This
fact is due to the non-linearity involved on both gears and bearings, providing
different resonant frequencies depending on the transmitted load.

The inclusion of dissipative effects in the modeling approach allows for the
consideration of the friction meshing forces. The model is capable of simulate
different scenarios in which it can be shown that friction forces magnify BPF
sidebands in the transmitted forces signal in the LOA and even more clearly
in the OLOA due to the extension of the gear center orbit in this direction.

The model is also capable of showing the differences that would be en-
countered in the vibratory signal of a gear transmission either preloads are
included or not in the bearing support. As the simulation results point out,
the gear orbit amplitude when preload is considered is shortened in the OLOA
direction, remaining similar for the LOA direction, thus reducing the Loaded
Transmission Error and resulting in the lateral sidebands disappearance at
the BPF around the GMF harmonics in the spectrum of the measured bear-
ing transmitted forces.

In view of the results, the proposed model constitutes a valuable starting
point to develop on condition monitoring tools. Further work should be done
in order to assess the behavior on non-stationary conditions.
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Annex A: Dynamic Equations

Based on the description given in section 2 and on Figure 1 the governing
equations of motion for each element considered in the sample transmission
were derived as follows.

é[n = w (A 1)

map1Z1p1 +Clrorcr(T1r — T161) + Crpr (T1p1)+
+Kinei (T — 2161) + fiore(quen) = 0;

map1§1o1 +Crvier (Y11 — Y1c1) + Cror (Y1e1)+ (A. 2)
+Kinci(Yisr — vic1) + fisy (o) = 0; '

Ji1611 +Cr1101 (B1s1 — O1m) + Crasicn (bron — brgr)+
+Kr15101 (6161 — O1n) + Ko (G — 6161) = 0;

mapaZ1p2 +Creme (T2 — T161) + Crse(T1p2)+
+Kice(Twe — T161) + fieee(que2) = 0;

mapa1ve +Creie (Y2 — Y1c1) + Crvz (Y1p2)+ (A. 3)
+Kicie (Y2 — yic1) + fivzy (que2) = 0;

J1b2‘§1b2 +CT1G1b2(91b2 — 91G1) + Kricue (O — bi1) = 0;

Mmap1 Zopr +Coprcr(Tapr — Tog1) + Capt (Tapr )+
+ Ko (Tam1 — T21) + for1x(qoe1) = 0;

Mapt Gizp1 +Conia1 (Yo — Yac1) + Con (Yau1)+ (A. 4)
+Kopia1(Yao1 — Y2c1) + favry(qas1) = 0;

Jop1 01 +Cropicn (Bap — B2c1) + Kropicn (Bapr — 2c1) = O;

37



672

673

674

675

MapaZapz +Cocive(Tare — T2¢1) + Cope (Tap2)+
+ Koo (Tare — Tag1) + fovor(qae2) = 0;

Mapaorz +Cocivz (Yavz — Yoc1) + Copz (Yapz )+
+Kocve (Yave — Yoc1) + favzy (qav2) = 0;

)
J2b2‘§2b2 +CT2b2J2(92b2 — 92J2) + Cragine (92b2 — 9201)4-
+Kropag2(0ave — O2.2) + Krogiva Oz — Oac1) = 0;

(A. 5)

migi1ticr +Cinci(T1c1 — T11) + Crawe(F161 — T1p2)+
+Kinci(T1c1 — T11) + Kigie(Tic1 — Te)+
+ fic12c12 (1615 G215 i, Gecr) = 0;

migiict +Civict(Vic1 — Yin1) + Crewe (Y1c1 — Yiee)+
+Kinc1 (Yicr — vin) + Kicie (Ve — yise)+ (A. 6)
+ fici2¢1y (G161, 2615 G161, Gac1) = 0;

Jic1brc1 +Crincr (Brc1 — b)) + Cricine(B1c1 — i)+
+ Krinei (011 — 61n1) + Krigie (011 — ise)+
+ fici2c10(@ic1, @261, Grcrs Geca) = 0;

mac1Zac1 +Canicr(Tacr — Tap ) + Cogree(Fag1 — Taw2)+
+Kogina(T2c1 — Tane) + Kapier (Tag1 — Tap )+
+ fociciz (161, Q2615 i, o) = 0;

maci¥iect +Caic1(Poc1 — Yov1) + Cocrva(Yoc1 — Yavz)+
+ Koz (Y261 — yavz) + Kapier (Yac1 — Yavr )+ (A.7)
+ focticiy(Gic1s @261, 1615 Goca) = 0;

J2G1é2G1 +CT2b1G1(92G1 — ézm) + Cracine (ézm — 92b2)+

+Kronic1(6acr — Oap1) + Krogive (621 — Oape)+
+ focricio (i1, @261, ics Gec1) = 0;

J2J2é2J2 + Crapa2 (éw — 92b2) + Kropag2(0ay2 — Oapo) = Tout; (A.8)

Where m;g; and J;g; represent respectively translational and rotational iner-
tia lumped at the center of the element j belonging to the shaft i. Meanwhile,
the stiffness and damping associated with the flexural behavior of the con-
necting shafts between the different elements (Ej and Ek) becomes defined
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Figure A. 1: Flow diagram for equation A. 9

by Kigjer and Cigjgg, while subscript 7" is added to distinguish torsional
properties. Moreover, Cy,; describes the viscous damping associated with
the bearing j belonging to the shaft 4, and fiy;(¢i;) provides the force on
bearing b; belonging to the shaft i while figjrat(¢ics, gret) gives the meshing
forces on shaft ¢ due to the contact of gear G5 on shaft ¢ with gear Gt on
shaft k. As friction and damping are included in the meshing formulation,
the corresponding function requires the gear center positions and also the
first derivatives.

Then, mass, damping and stiffness matrices for the whole system (shafts,
gears and bearings) are assembled into the dynamic matrix equation defined
in Eq.(1). Numerical integration of dynamic equations was done combining
Matlab and Simulink® tools. For this purpose, the general equation Eq.(1)
was reformulated for its implementation in Simulink® environment arriving
at the following expression:

G=M"(fgu(t) — Cq— Kq — fiy(q) — f5(q,9)); (A.9)

Fig. A. 1 shows the flow diagram corresponding to Eq.(A. 9). There,
function blocks with ad-hoc Matlab® functions were used for the non-linear
terms due to gears and bearings while ode45 solver was used for numerical
integration.

Annex B: Bearing contact stiffness (krg)

Hertzian theory considers the contact between two bodies (hereinafter
designated as A and B) with curved surfaces subjected to a load F. The
surface of each contacting body is represented by two ellipsoids defined by
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the radii of curvature in two perpendicular planes (741,742, 751, 752) adopting
the negative sign for concave surfaces. In this work, only angular contact ball

bearings are considered. Thus, the radii of curvature for inner contact are
defined by:

TAL=Ta2 =55 rp1 = Rijrpa = —1; (B. 1)

While for the contact with the outer race, the radii of curvature are:

d
AL =TA2 = o rpr = —Ro;rpa = — 1, (B. 2)

Where the subscript A refers to the rolling element while subscript B is
applied for the track, R; and R, are the radii defined in Figure 2 whereas r;
and r, are the curvature radii of each race channel. Then, the curvature sum
and difference [33] are defined by:

1 1 1 1
dp=—t—+—+— (B. 3)
A1 TA2 B1 B2

() (- 5)
F(p) _ TA1 TA2 TB1 B2 (B 4)
>
The application of the classical Hertz theory requires the resolution of
complete elliptic integrals of first and second kind § y € . To avoid this
inconvenience, in the case of bearings made of steel the approximate rela-

tionships derived by Hamrock et al. [35] for steel bodies can be used, so
that:

Sp=2,79-10715" - (Z p>1/3 Q23 (B. 5)

Where ¢ is the contact deflection in mm, () is the load applied expressed
in V and ¢* is a dimensionless parameter which can be obtained from Table
7, as a function of the difference of curvature F(p). Solving for the force @ in
Eq.(B. 5) and identifying terms, the contact stiffness value (k¢) is expressed
as:

ko = (2.15 0% (3 ) _1/2) g (B. 6)

Then, the total hertzian stiffness for a single ball in contact with both
races is obtained by serial composition of the individual stiffness obtained

40



707

708

709

710

711

712

Table 7: Dimensionless contact deformation (0*) as a function of the curvature difference
(extracted from [33])

Flp) | (0) | Flp) | (&) F(p) (97)
0 I | 0.83495 | 0.7602 | 0.995112 | 0.3176
0.1075 | 0.9974 | 0.87366 | 0.7169 | 0.997300 | 0.2705
0.3204 | 0.9761 | 0.90999 | 0.6636 | 0.9981847 | 0.2427
0.4795 | 0.9429 | 0.936738 | 0.6112 | 0.9989156 | 0.2106
0.5916 | 0.9077 | 0.95738 | 0.5551 | 0.9994785 | 0.17167
0.6716 | 0.8733 | 0.97290 | 0.4960 | 0.9998527 | 0.11995
0.7332 | 0.8394 | 0.983797 | 0.4352 1 0

0.7948 | 0.7961 | 0.990902 | 0.3745

for inner and outer races (k¢;, kco), taking into account the nonlinear rela-
tionship between force and displacement (through the exponent p):
kcikco
by = Sy (B.7)
<kCip + ko )
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