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Abstract

The Analytic Hierarchy Process (AHP) is one of the most widely used- Multi-Criteria Decision-
Making methods worldwide. As such, it is subject to criticisms that highlight some potential
weaknesses. In this study, we present a new Multi-Criteria Decision=Making method denominated the
“Triangular Assessment Method” (referred to by its Spanish abbreviatioh, MTC®). The MTC® aims to
make use of the potential of AHP while avoiding some of its\drawbacks. The main characteristics and
advantages of the MTC® can be summarised as follows: (i).evaluation of criteria, and of the alternative
options for each criterion, in trios instead of pairs; (ii)selimination of discrete scales and values
involved in judgements; (iii) a substantial reduction.in the number of evaluations (trios) relative to the
corresponding number of pairs which would-have.to be considered when applying the AHP method;
(iv) consistent decision-making; (v) introduction of closed cyclical series for comparing criteria and
alternatives; and (vi) the introduction“ef opinion vectors and opinion surfaces. This new method is
recommended for supporting: decision-making with large numbers of subjective criteria and/or
alternatives and also for groupidecisions where the consensus must be evaluated. The MTC® provides
a different promising perspective in decision-making and could lead to new research lines in the field

of information systems:
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1. Introduction

The Analytic Hierarchy Process (AHP) (Saaty, 1977, 1980) is one of the best known and most
commonly used Multi-Criteria Decision-Making (MCDM) methods worldwide (Velasquez, Hester,
2013, Segura, Ray, Maroto, 2014). The method is used in several fields of science (Vaidya, Kumar,
2006, Ho, 2008, Ishizaka, Labib, 2011 and Subramanian, Ramanathan, 2012), particularly when the
decision-making process involves intangible criteria (Saaty, 2013), such as environmental (e.g.
Schomoldt, Kangas, Mendoza, Pesonen, 2001) and forest-related criteria (e.g. Kangas, Kangas, 2005,
Kangas, Kangas, Kurttila, 2008, Diaz-Balteiro, Romero, 2008 and Feng, Wang, Yao, Ding, 2016), as
well as in quality analysis (Badri, Al Qubaisi, Mohaidat, Al Dhaheri, Yang, Al Rashedi;:Greer;2016),
assessment of different agricultural processes (Zhang, Su, Wu, Liang, 2015, Aydi, Abichou, Nasr,
Louati, Zairi, 2016 and Yalew, van Griensven, Mul, van der Zaag, 2016)~and inywater resource
management (Sun, Wang, Liu, Cai, Wub, Gengd, Xu, 2016 and Zhao, JingZhu, Xu, Hang, Chen, Han,
2016).

Briefly, the AHP is a hierarchical decision-making process=comprising the following steps
(Forman, Gass, 2001): (i) structuring, i.e. definition of a decision-making hierarchy; (ii) determination
of preferences on a scale established for paired comparisons, between criteria, and between pairs of
alternatives for each criterion; (iii) synthesis; and (iv) ‘selection of the best alternative. Of these,
determination of preferences is the most important step.-because it involves transformation of opinion
judgement into a value or weight that is analysed in following steps. This is made possible by using a
scale (Saaty, 1980) that has been developed in different studies (e.g. Dong, Xu, Li, Min, 2008,
Ishizaka, Labib, 2011, Tsyganok,Kadenko,” Andriichuk, 2016 and Cables, Lamata, Verdegay,
2016). The transformation involves thexfollowing axiomatic principles (Saaty, 1986): (i) the property
of reciprocal judgements (a; =1/a;i), where a;; represents the value of the comparison of the elements i
and j, and a;; is the value corresponding to the element j in comparison with i, which is fundamental for
paired comparisons; (i) homogeneity, which is characteristic of a person’s ability to compare
something that does not,vary greatly from a common property and therefore must be organized
hierarchicallyy (iii) theydependence of a level below the adjacent top level; and (iv) the idea that the
result can-only reflect the expectations of the decision maker.

The AHP /has been widely discussed (e.g. Carmone, Kara, Zanakis, 1997, Zanazzi, 2003 and
SchonerpWedley, 2007). The high sensitivity of AHP to the number of criteria and alternatives is an
important consideration. The number of pairs that must compared increases with the number of criteria
and alternative options as a polynomial function. The number of pairs that must be assessed in AHP is
expressed as follows:

[n-(n-1)/2]+[n-m-(m-1)/2] [Eq. 1]
where n is the number of criteria and m the number of alternatives (Ishizaka, Labib, 2011). Thus, for

example, in a decision with 8 criteria and 5 alternatives, 108 pairs must be evaluated.



This leads to an increase in the time required for the evaluation, and the process could become
lengthy and tedious, leading to loss of concentration and consistency of the final decision and thus
limiting the application of AHP to decisions with a small number of criteria and alternatives (Yannou,
2002). In order to reduce the number of pairs evaluated, bifurcated schemes (clustering) can be
constructed for criteria and sub-criteria at several levels, thus enabling analysis of groups (by root
criteria or sub-criteria) (Millet, Harker, 1990 and Wedley, Schoner, Choo, 1993, 1996). However,
when evaluation of a root criterion is highly subjective, the weight of the assessment is directly
transferred to the respective sub-criteria. Other studies have considered the use of incompléte matrixes
(Ishizaka, Labib, 2011 and Urefia, Chiclana, Morente-Molinera, Herrera-Viedma, 2015). However, in
these methods the role of the decision maker is unclear, thus increasing the uncertainty. of the use of
this kind of methods, as highlighted by the question posed by Karanik, Wanderer, Gomez-Ruiz,
Pelaez, (2016): “who really makes the final decision, the decision maker or the reconstruction
method?”” and affecting the fourth axiom of the AHP (Bana e Costa, Vansnick,;2008 and Kulakowski,
2015).

The other point that has been criticized is the axiom<of reciprocal judgements in pairwise
comparisons (i.e. the basis of the AHP method). This axiom is'not always fulfilled because of the
subjective nature of certain criteria and the cognitive skew that may occur in the judgement-making
process, especially in complex decisions involving \numerous criteria and/or alternatives (Escobar,
Moreno-Jiménez, 2000). Chiao (2016) stated that the “Uncertainty is most likely an inherent condition
in decision-making process” and proposed the use of fuzzy numbers instead of discrete scales. Several
authors agree with this philosophy (e:g.“Zhou, "Xu, 2016; Dincer, Hacioglu, Tatoglu, Delen, 2016),
although it has also been criticised«(e.g.Zhu, 2014; Fredizzi, Krej¢i, 2015).

Finally, there is also some controversy regarding the synthesis phase. Characterisation of the error
or inconsistency of matrices and their sensitivity to inconsistency may be problematical. According to
Saaty (1990), the incoensistency’‘can be measured by the so-called consistency ratio (CR), and such
inconsistency only occurs if'the matrix that combines all of the comparisons is homogeneous. It can
then either be/used inithe final process (consistent when CR < 0.10) or be disregarded (inconsistent
when CR.->-0.10), although some authors report that such inconsistency is meaningless (e.g. Osei-
Brison, 2006) or propose alternative approaches (Brunelli, 2016).

Regarding the consensus in the AHP, a common point highlighted in some recent studies is the
use of\the optimization or heuristic approach to obtain a result achieving maximum consensus (Ma,
2016, Escobar, Aguarén, Moreno-Jiménez, 2016, Aguardn, Escobar, Moreno-Jiménez, 2016 and
Moreno-Jiménez, Salvador, Gargallo, Altuzarra, 2016). This consensus could be defined by reducing
the Euclidean distance for the judgement weights (Blagojevic, Srdjevic, Srdjevic, Zoranovic, 2016),
minimizing the inconsistency (Li, Ma, 2007 and Abel, Mikhailov, Keane, 2015) or minimizing the
deviation between the intervals of fuzzy numbers (Mou, Xu, Liao, 2016). Zang (2016) proposed

reconstructing the preference vector by using linear programming in fuzzy pair comparison



judgements. Wang, Tong (2016) also propose using triangular fuzzy numbers. However, as mentioned
above, the use of fuzzy numbers has also been criticised (i.e. Zhu, 2014 and Fedrizzi, Krej¢i, 2015).

In response to the limitations of the AHP method, we present and describe a new MCDM method,
denominated the “Triangular Assessment Method” (abbreviated to MTC® from the Spanish name,
Método del Tridngulo de Calificaciones) (Pérez-Rodriguez, Rojo-Alboreca, 2009, 2012a and Pérez-
Rodriguez, 2013). The MTC® involves comparison of trios rather than pairs of elements, thus making
use of the potential of the AHP methodology while avoiding its drawbacks. The MTC® aims to reduce
the number of pairs that need to be assessed during application of the AHP method t0 problems
involving numerous criteria and/or alternatives. In addition, the MTC® seeks tovincrease the
representativeness of the weights assigned to the criteria and alternatives, thus attempting to mitigate
any bias that may occur in the repetitive process of issuing judgements. The latter aspeet is crucial, as
perceiving the decision is a key initial step within a decision-making-process to enable accurate
judgement. If this perception is distorted, the decision will also be distorted, inaccurate and
inconsistent. Numerous studies on post-perception, attention, perception‘and visual memory have been
published in this field (e.g. He, Cavanagh, Intriligator, 1997, Bundesen, 1998, Cavanagh, 1999,
Cavanagh, Labianca, Thornton, 2001, Bechara, 2003 and Zahir, 2006).

The main objectives of the present study were (i)“to develop a transitivity-based method of
capturing consistent judgements, (ii) to establish’autemated series of comparison criteria and
alternatives and (iii) to compose the confidence, intervals for each of the criteria and options under
each criterion, at a given significance level.

2. The MTC® method

The MTC® was developed from tweo axiomatic principles involving consistent judgements for the
evaluation of trios in the determination process: i) the transitivity and ii) temporal variability of the
opinion. The MTC® proposes. a construction of opinion surfaces and probability regions for the
judgements during thesynthesis phase while also introducing a stochastic approach to generating a set
of possible solutions.

2.1. Determination: Consistent judgments for comparison of trios

The fifst axiom/on which the MTC® method is based is as follows:

Axiom 1: Trangitivity: in a context of homogeneity in which items that are compared are of the same
order-ofumagnitude, if a criterion C; is preferred to a criterion C, and that same criterion C, is
preferred to a criterion Cs, then criterion C; must be preferred to a criterion C; on the same scale on
which the former two have been evaluated.

This can be expressed mathematically as:

vC,,C,,C, eC:C,RC, AC,RC,; - C,RC,

According to Axiom 1, when comparing any two criteria C; and C, (or two alternatives under the
influence of one criterion), the importance (weight) that the decision maker gives to one element

relative to the other is determined. The same applies for comparing criteria C, and Cs. Finally, when



C, and C; are compared, the relationship between the three criteria C;, C, and Cs; becomes apparent.
Thus, if criterion Cy is preferred to C,, and C, is preferred to Cs, then criterion C; should be preferred
to Cs, S0 as to preserve the consistency (Saaty, 1990). In the AHP, determining the relationship
between C; and C; is possible without explicitly evaluating the pair, provided the relationships C; — C
and C, — C; have already been evaluated (or more generally, provided enough evaluations have been
made on pairs from which to derive the C; — C; relationship by means of a cascade of deductions, e.g.
C,—C4 Cy— Cy, C, — Cy, C3— Cy). However, if inconsistency arises, detecting which particular pair
causes the inconsistency may be complicated in the AHP. Figure 1 graphically illustrates this problem
by representing the independent comparisons of pairs on an equilateral triangle formed by the three
criteria (C4, C, and C3). The black spots on each side of the triangle represent the decision maker’s
trials corresponding to different pairs of criteria (vertices). Figure 1 shows“that an error can be
projected if one of the (unspecified) pairs is over- or undervalued. The difference between predictable
or logical weight and the real weight obtained (in Figure 1 designed for'the pair formed by criteria C,
and Cs) may therefore have been projected on any side of the triangle;7as, the error distribution in the

pairs that compose the triangle is not known.
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Figure 1: Graphical representation of a possible inconsistency in the pairwise evaluation of three

criteria by the AHP'method (the inconsistency is projected on an arbitrary side of the triangle).

A method of making consistent judgements based on Axiom 1 must therefore be established in
order to prevent.the incorporation of inconsistent judgements in the overall calculations. In Figure 2,
the point.defined as (x, y) represents the judgement of a decision maker on the basis of criteria Cy, C,
and Cz whose pairwise trade-offs are represented along the corresponding sides of an equilateral

triangle: For example, the side L = (XC2 — Xcl) represents the full range of magnitude with which C;

may be preferred to C,. Projecting the point (x, y) perpendicularly to the sides of the triangle yields the
magnitude of preference or comparison (VCj) between each pair of criteria (on a continuous scale
based on L graduation), which implies and strictly complies with Axiom 1.

Mathematically, as result of assessing triangle Cizs, a vector composed of three elements (VCy,,

VCys, VCa), Whose sum is a constant, can be established:



(vclz+vc23+vc31)=% VCij € [0,6] [Eq. 2]

Equation 2 is defined by bounded assessments in an arbitrary interval [0, J], which should be
established for a given decision, where the lowest value of the comparison of the pair is zero and the
maximum is ¢ (which must be constant throughout the decision-making process and in the following

possible repetitions).

(] - VC12 " Ca

Figure 2: Triangle rating scheme, i.e.\the basis of the MTC® method.

The weights assigned to pairs of criteria. in the comparison triangle (VCj) are calculated

simultaneously and complying with the transitivity, using Equation 3:

VCy, = (X/(Xq X, » o

\/((XQ;XCZ)—XSJ LY
VC,, = ‘ ) 5

VC,, = ?—(\/C12 1VC,,)

y— tan(’é) X — tan(gj : (Xcl —Xc, )

where: x; =
- tan(”j + tan[”j
3 6

ot 5]-5 ‘ [zj B
R R o

In assessing a triangle, when a decision maker assigns a greater weight to one criterion than to the

other two, the point (x, y) approaches the vertex of the preferred criterion. Moreover, the evaluation of



the other two criteria is equalized, for fulfilment of transitivity. Otherwise, if (x, y) is close to the
centre of the triangle, there is no preference for any of the three criteria, i.e. the evaluations are equal.

However, this would become extremely complicated for four criteria, as the evaluation would be
represented by a three-dimensional equilateral pyramid. The complexity would lead to loss of
manageability and ease of evaluation in computer software displayed on a screen. Logically, the
decisions and calculation involved in evaluating more than four criteria are even more difficult.

Once the judgement has been input in a triangle, the inconsistency of this triad can be assumed to
be equal to zero (Axiom 1). However, the variability in the judgement (weight) in other<Comparison
processes must be considered, i.e. for one pair (C; and C,) the weight has been obtainediby evaluating
the triangle comprising criteria C;, C, and Cs, but when the third vertex is changed to a different
criterion C4 (so that the triangle now comprises criteria C4, C; and C,), the weight forithe pair C, and
C, may be different from that obtained in the triangle initially evaluated. Fhis could occur with a large
number of criteria, because of the complexity of scaling the judgement ‘under a group of criteria, and
accurately reflects each comparison value in each triangle, as in thescomparison of pairs. A second
axiom is therefore assumed in the MTC® method:

Axiom 2: Temporal variability in the judgement: in evaluation=of all criteria or alternatives the
decision maker is influenced by the environment and the.context of the decision, which can lead to
confusion and distortion in the assessments, especiallywin assessing criteria or alternatives with
subjective opinions, which generally become more ecomplicated as the decision-making time increases.

According to Axiom 2, the time factor is.important and must be taken into account in analysis of
the process, because it may introduce some variability in the judgements of the criteria and alternatives
(Chiao, 2016). Mathematically, Axiom2 can be expressed as follows:

VC;(t)=0-VC;(t+D+te [Eq. 4]

where § is the maximums.value that can be established in a comparison between two criteria and ¢ is
the associated uncertainty:

In the case of‘a.number of criteria n at the same level (more than three), the MTC® divides the
decision-making process into multiple triangles, so that all the criteria are implicitly or explicitly
evaluated. Thus,"even if one pair has not been directly evaluated, the weight can be determined from
the evaluations’of the other pairs. This is possible by comparing different series of comparisons, one of
which is shown in Equation 5 for a generic triangle with criteria C,, Cy,, C, where a, b and c represent
the index of each criteria of a set C = [Cl,CZ,C3,...,Cn] .

a=ie[Ln]nN

{bz(i+1)—n<:i+1>n

b=i+l<i+1<n

{c:(i+2)—n<:i+2>n

C=i+2<i+2<n [Eq. 5]



By using these series, a decision-making scheme for a criterion level is evaluated in trios in a
cyclic or closed process that returns to the starting point, in which criterion C; is compared with its
nearest neighbours (Ci; and C;.;) and then with second level neighbours (Ci1, Ci,, Civ1 and Cisp). For
example, in the case of eight criteria, the following triangles are constructed: C;-C,-Cs; C»-C3-Cy; ...
C:-Cg-C; and Cg-Cy-C,, i.e. eight trios of criteria are produced. The MTC® thus greatly reduces the
time required for decision-making, as in the above example eight triangles are evaluated instead of the
28 pairs that would have to be compared in the AHP (calculated with Equation 1).

Continuing with the example, from the eight triangles developed in the MTC®, the results of the
comparison of 8-3 = 24 pairs can be obtained, so that all the relationships needed in order to adapt this
system to a square matrix of relationships are not available. However, some pairs.are repeated and the
triangulation is a geometric figure. If the criteria are distributed in a circle and-all the relationships in
the above scheme are represented, an octagon will be produced for eight criteria.

Thus, in the MTC® proposed number of comparisons in trios is
(n)+(n-m) [Eq. 6]
where n is the number of criteria and m the number of alternatives. Inithe same example (8 criteria and
5 alternatives), the number of triangles is 48, which can be considered a substantial reduction (relative
to the 108 pairs in the AHP calculated with Equation 1).

Furthermore, this configuration enables the verticesyof the triangles to be rotated so that the
position of the pairs will differ in each triangle, thereby minimizing the effect of visual memory of
pairs that are repeated. Each new repetition will therefore be independent of the previous one and will
characterize the accuracy of the weighting of the pairs evaluated.

2.2. Synthesis: construction of opinion surfaces and probability regions for the judgements

The defined succession of series of triangles is used to determine how the weight assigned to a
pair will vary relative to the qualification of that same pair in successive triangles. On completion of
this series it can be assumed that all pairs evaluated have been rated, as the comparative cycle of
triangles with zere,inconsistency has been completed. In this series, and considering two contiguous
evaluations of the trios; for example (C;, C,, C3) and (C,, Cs, Cy4), we would obtain VCy,, VCys and
VCs, fromthe first,and VC '3, VCsq and VCy, from the second.

In this case VC,;=06—-VC';,+¢, where 6 is the maximum value of the comparison between

criteria-and ¢ is the error that can be committed in the evaluation of the C, - C; pair in the triangle. If

VC,,=6-VC';,then £=0, and the same pair has thus been assigned the same weight in the two

different assessments. However, the weight assigned to a pair of criteria may change in an evaluation
depending on the third criterion with which it is compared (Axiom 2).

The series of proposed evaluations result in n vectors, which are known as opinion vectors (these
will comprise six elements each for the example with eight criteria). These have in common that they

are assessments of the same criterion relative to others. For example, taking into account that



VC;=6-VC the vector obtained for criterion C; for a set of eight criteria is (VCy,, VC'is, VCis,

it
VCi, VCi7, VC'y7), as the assessment can include the reciprocal within an evaluation of certain
duration. Basically, this vector is shown in Equation 7:
WC| = (VCi,i—Z1VCi,i+11VC'i,i+l’|_5 _VCi—l,iJ’ |.5_VC,i—1,iJ’ |.5_VCi+2,iI) [Eq. 7]
with the following conditions:

@+2)-n<=(i+2)>n

i+)-n<=(@{+D)>n

n-@1-i)<=(@{-1)<0

n-(2-i)<(@{i-2)<0
and where n is the number of criteria considered in the decision-making process.

The WC; vector can be used statistically to obtain ranges from relationships ‘that have been
assessed only once, as these are within triangles whose sides are formed by duplicate relationships.
Triangulation is used to obtain the relationships of pairs that have net been.evaluated, closing the side
or the relationship that is unknown with two sides that are known and that have been obtained in
duplicate, as they have been repeated. It is thus possible to calculate the range of the value of the pairs
that are not assessed directly, because the same relationship.can be achieved with different triangles,

by selecting the appropriate sides. The procedure for calculating uncertainty is graphically illustrated

in Figure 3.
C Cs Cy
2 Cs Cz G
The above three relationships are  |n successive triangles, all three vertices are not repeated, but
obtained within a triangle. certain pairs are repeated.
C
1 {1
Cz G [ ] C3
We can thus create a second By superimposing the two triangles we abtain the errors
triangle, with all sides obtained by projected on the sides (shaded areas).

perpendicular projections.



Figure 3: Procedure for determining uncertainties associated with weights in the MTC® method, in
which only one repetition of two pairs is applied, and the other is estimated by constructing another

triangle.

Obviously, all of the information provided in this section for evaluating criteria is equally
applicable in MTC® to the comparison by trios of alternatives under each criterion (Pérez-Rodriguez,
Rojo-Alboreca, 2009, 2012a and Pérez-Rodriguez, 2013).

Opinion vectors obtained by evaluating the full set of triangles show that judgements may vary
according to the criteria involved, but may also vary according to the time factor. Thus;ithe opinion of
a decision maker with respect to a criterion should not be considered a discrete valde, but as a range or
interval within which this opinion is likely to be included, with a certain probability: However, as
noted above, opinion vectors include a small number of elements (six for- the above example with
eight criteria), which are not sufficient to establish a representative opinion distribution.

Therefore, all possible opinions that decision makers have abeut a criterion and an alternative
under the influence of that criterion can be enclosed in an.opinion surface bounded by ranges or
intervals obtained. This surface represents the entire domain,_in“which the weight of the alternative
under the considered criterion can be found as a result of the repeated evaluations, and it may be a
rectangle, an ellipse or a similar figure. In successive iterations, the opinion surfaces can become
limiting, in the case of overlap, and their position and surface may vary. Opinion surfaces thus provide
information about the influence of repetitions.in“the final decision, and in the case of group decisions
the degree of uniformity can be measured:

Opinion surfaces illustrate the favourable opinion (areas of greater weight) or unfavourable
opinion (lighter areas) of the decision maker regarding the criterion and alternative, as shown in Figure
4 where the opinion surface is'established as a rectangle.



Weight of alternative A; under criterion C;

Weight of criterion C; ~ Unfavourable [ NN Favourable

Figure 4: Zoning of favourable/unfavourable opinions from the weighting of a criterion and an

alternative to the opinion surface of a decision maker in the case of a rectangle.

On the other hand, a probability of occurrence can-be assigned to each point of an opinion
surface, and thus it is possible to construct three dimensional regions of probability of the opinions
(weight of the criterion, weight of the alternative and probability of occurrence), which include all
possible trios of decisions. Depending on the assumed probability distribution, these regions could be
parallelepipeds (if opinion surfaces/have)been established as rectangles), elliptic paraboloids (if
opinion surfaces are ellipses), or some similar figure or mixture of the above.

From the data available“in ‘opinion vectors, different alternatives can be used to establish the
dimensions, the shape and theyposition of the opinion surfaces on axes. However, it is difficult to
establish the probabifity. distribution at any point of the opinion surface as a result of the trio
comparison process. We therefore propose the following Hypothesis I:

Hypothesis 11 All points that are part of the opinion surface have a probability of occurrence as a
bivariatesnormal.distribution characterized by a mean and a standard deviation for each of the two
variables.

Assuming that this hypothesis means that regions of opinions take the shape of elliptic
paraboloids, as a result of the intersection of the two normal distributions considered, one for the
criterion (on the X axis) and the other for the alternative (on the Z axis), the opinion surfaces
(projection on the X and Z axes) will therefore be ellipses. Only in the case of two exactly equal
normal distributions, the probability region would be a paraboloid of revolution, whose sections
(projections onto the X and Z axes) would correspond to circles.

Two possible theorems can be considered within this hypothesis, as the bivariate distributions can

be established for dependent or independent variables:



Theorem I: The weight assigned to the criteria and the alternatives are independent.
In the MTC®, criteria are assessed regardless of the evaluation of alternatives under each
criterion, so that one judgement does not depend on the other, and the covariance between the two

variables is thus equal to zero. In this case the probability density function is given by Equation 8:

f (%, X,) = expl —% [Xi/?:!ﬁ} +(Xi/_o__’uzl [Eq. 8]

where p is the average and ¢ is the standard deviation of each variable.

Theorem 11: the weights assigned to the criteria and the alternatives are dependent.
In this case it is assumed that the assessment of criteria and of alternatives dependon each other,
so that in the bivariate analysis the covariance between the two variables must<be taken into account.

In this case, the probability function is given by Equation 9:

_ B 1 X — M i X) =ty 2_ X =y | X — 4l
f(x,X,)=6ex 2(1_/0122){ \/;1 j +(—\/6_2 J 2,012( \/;1 ]( \/0_2 J [Eq. 9]

where p is the average, o is the standard deviation of each variable and p is the existing covariance

between the two variables.

Theorem | seems reasonable and was assumed herépas-evaluation of criteria in the MTC® occurs
independently of the alternatives (one evaluationicanybe done before another, indifferently, and at
different times), and there will not usually be'anysrelationship or dependence between them.

In addition, and independently of*which theorem is assumed, when N repetitions are made (by
one or various decision makers);. the, probability according to the hypothesis | is the result of
arithmetically summing the probabilities corresponding to the overlapping surfaces (representing
consensus). Thus, the areaS of greater probability of occurrence are those in which there is greater
overlap or consensus between the opinion ellipses of the different decisions (Figure 5), although in this

case the value thatjoins each ellipse will not always be the same.



Figure 5: Example of a probability distribution of the weights assigned to a‘eriterion and an

alternative, in the case of N repeats by applying an independent bivariate function (Theorem I).

The main advantages of this hypothesis are that (i) it does\not accept that all points in the region
of opinion have the same probability of occurrence and.(ii) the value of the probability varies when
several decisions overlap (depending on whether they occur.in areas of high or low probability within
the elliptic surfaces of opinion). However, the disadvantage of the hypothesis is that it is assumed that
the probability of the opinion about the criteria and alternatives follows a bivariate normal distribution,
when the small number of data of the vectors of opinion does not disclose the actual distribution with
certainty.

2.3. Stochastic approach to obtaining a.set of possible solutions

The resolution of a decisiontunder a hypothesis becomes a stochastic problem, in which the
weights assigned to criteria and alternatives will be randomly extracted under the probability
distribution established aecording to this hypothesis. The use of random results implies that an infinite
number of satisfactory solutions can be generated, and therefore the number should be limited by
applying statistical inference.

In order to“generate random results under a given distribution (or region of probability of the
opinions),,we/generated a random value between minimum probability of occurrence and the
maximumycumulative probability, using the discrete values of the weights assigned to the criteria (X
axis) associated with the probability of occurrence (Y axis). This yields the weights for each criterion
and alternative.

For example, assuming a region of probability of opinions as shown in Figure 6, projecting it on
the XY-plane yields the probability distribution of the weight assigned to that criterion according to

one or more decision makers, as shown in Figure 7.



Figure 6: Example of one region of probability of opinions.
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Figure 7: Projection on to the XY axis of the region of probability of the opinions of Figure 6 for a

random-alue.of the alternative.

On the other hand, if a weight allocated to a criterion on the basis of the previously obtained
probability is chosen at randomy(Figure’6) and projected onto the YZ plane, the distribution of the
weight of that alternative under the influence of that criterion is shown in Figure 8. If a weight based
on that distribution is randomly chosen, the weight of that alternative is obtained.
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Figure 8: Projection on the YZ axis of the region of probability of the opinions of Figure 6 for a

random value of the criterion.



Analytically, a decision is summarized in a set of opinions, and there are endless possibilities that
lead to different results. A single iteration shows a satisfactory, possible and viable result.
Nonetheless, in a stochastic context a number of iterations must be performed to achieve the result that
meets the desired target. When the weights assigned to the criteria and alternatives are randomly
extracted, sufficient data are obtained to complement the paired comparisons matrix proposed by
Saaty (1980). Thus, a comprehensive analysis of these results identical to that used in the AHP method
can be conducted: this consists of matrix multiplication of the weights assigned to alternatives and
criteria to produce a hierarchy of the alternatives. The process should be repeated a number of times to
yield robust data. It is therefore necessary to obtain a large number of results, which, can‘then be
analysed by statistical procedures or scores (e.g. the number of times that an alternative'is chosen).

3. Comparative application of the MTC® and AHP methods
3.1. Design of an example for comparing the methods

The MTC® and AHP methods were compared by applying them,to'a complex example including
numerous criteria and alternatives. The example was evaluated by«different expert decision makers
who repeated their evaluations with both methods, without discussing their decisions with each other.
The decision makers also chose the order in which to apply the twoe methods and the number of non-
consecutive repetitions.

The decision involved selection of a particular, type-of forestry harvesting equipment. It was
assumed that a small/medium sized forest harvesting company wishes to decide whether to continue
with the current harvesting method carried out by two workers with chainsaws or to acquire a self-
propelled harvesting machine. In this ease;18 criteria (classified in four groups and, therefore, on two
levels) and 7 alternatives were considered. As already mentioned, one of the weak points of the
pairwise comparison methods is/that they are very sensitive to the number of criteria and/or
alternatives, as pairs are constructed in different combinations. This example was therefore designed
with a large number-of criteria and alternatives, to assess the influence of the two methods on
performance. Moreover, .the large number of criteria and/or alternatives also made the decision-
making process very long.

The _eriteria_proposed for this decision were grouped as follows: economic criteria (lower
purchase price; /lower maintenance costs; lower fuel consumption; lower cost of travel); environmental
criterias(low erosion; less soil compaction; less impact on vegetation not belonging to the exploitation;
lower 'CO, emissions); social criteria (less damage to infrastructure; less need for training; increased
security/stability; less noise; increased job creation); and technical criteria (better performance; greater
manageability/operability; greater flexibility of use: final cutting, thinning and other uses; ease of
movement within the forest; greater cutting diameter). Different types of criteria (such as social and
environmental criteria) were therefore included in addition to the usual economic and technical

criteria, so that the decision was in accordance with current demands for forest sustainability.



For comparison of the methods, 7 alternative options were chosen in order to make the decision
feasible, which is an essential requirement in the design of any decision. The various alternatives
differed in several aspects (such as the size of the machinery and whether it was new or used,
specifically designed for forestry or not) and also included the existing harvesting method (two
workers with chainsaws). Thus, the following 7 alternatives were proposed: Sampo Rosenlew
1046Pro; Sampo Rosenlew 1066; Valmet 911.1; Valtra 130 Tractor with Monra 600 harvester head;
JCB Excavator 210 with Kesla 20RHS harvester head; Ponsse Ergo H73A; and two workers with
chainsaws. A dossier with clear and concise information about the alternatives was cempiled and
given to each decision maker in lieu of verbal instructions/explanations.

To carry out the decision according to the AHP method, MPC® 2.0 softwaré (Pérez-Rodriguez,
Rojo-Alboreca, 2012b) was used. To facilitate the application of the MTC® méthod, ‘a-prototype was
developed specifically for this case in Microsoft® Excel 2013, supplemented‘with scheduled forms
with Visual Basic for applications.

3.2. AHP results

Time was a decisive factor in this method, and most degcision ‘makers only repeated the process
once with AHP, arguing reasons such as monotony or fatigue=due to the long duration of the
evaluation, which required consideration of 564 pairs. Therefore, all except decision maker 1 made a
single repetition and invested between 40 minutes and almest two hours, i.e. an average of 6.9 seconds
for each pair of criteria evaluated.

The weights obtained indicated that the_opinions of the different decision makers were very
variable. Figure 9 shows the weights-assigned to the root criteria by different decision makers; for
example, the weights assigned to.the technical criteria varied enormously, from 0.25 to almost 0.60,
although the weights assigned-bysall decision makers except one ranged from 0.45 and 0.60 for that
group of criteria.
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Figure 9: Weights for the root criteria according to the opinions of the different decision makers using
the AHP method.

All the evaluations were inconsistent, to a greater or lesser degree, and the consistency ratio (CR)
(Saaty, 1990) was higher than 30% in some cases. The inconsistency displayed by decision maker 1
was reduced slightly in the second assessment, from 24.5% in root criteria tree of decisions in the first
assessment to 17.5% in the second, although the consistency ratio remained very high.

Overall, the alternative assigned the greatest weight by all decision makers was the existing
option, i.e. workers with chainsaws (Figure 10). Nonetheless, the great variability in thewresults,should
be noted (Table 1).
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Figure 10: Global results of the/weight assigned to each alternative in the AHP method.

Table 2 Variability of the results obtained (in %) with the AHP method.
Weight Stand. Dev.
Two workers with chainsaws 29.80% 5.02%

Sampo Rosenlew 1046 Pro 17.20% 1.64%

Valmet 911.1 (2003) 12.80% 1.64%
Sampo Rosenlew 1066 11.60% 1.82%
Valtra Tractor + Monra 600 10.20% 2.05%
Ponsse Ergo H73A 9.60% 1.14%

Excavator + Kesla RHS20 8.80% 2.68%




3.3. MTC® results

In the MTC®, each of the decision makers carried out a single evaluation, investing between 20
and 50 minutes to evaluate the 146 triangles generated in this example. This represented an average of
15 seconds for each triangle evaluated.

Each decision maker considered the proposed alternatives, according to his/her own opinions and
experience, seeking the most satisfactory alternative and also considering the nature of the criteria
used and the uncertainty of the context. Obviously, the decision makers who participated in the
evaluation did not necessarily agree or have all points in common.

With respect to group decisions, with the MTC® it is possible to seek consensus from all decision
makers analytically. In this case, the results obtained by grouping all decisions are.shown in Figure 11.
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Figure 11: Result of the'probability of the weight assigned to each alternative under a group
simulation of the probability associated with each decision maker in the MTC® method.

With respect to the-Criteria, the results obtained in the evaluation group are shown in Figure 12.
The range.of uncertainty of all criteria varied widely, and some had a low weight and low uncertainty
(such as'environmental root criterion) and others had a high level of uncertainty (such as less need for

training).
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Figure 12: Ranges of uncertainty in the group decision for the weight assigned to each criterion with
the MTC® method.

In the simulated procedure, the number of times<that=an. alternative came first or last in the
hierarchy was counted. According to this, the workers with chainsaws came first in 98.2% of the
simulations, which was a very high proportion relative to the other alternatives. However, a hierarchy
of alternatives is often required, in case thedfirst choice is not available for any reason. The hierarchy

obtained by MTC® in one thousand iterations is'shown in Table 2.

Table 2: Hierarchy obtained by'one thousand iterations with the MTC® simulation.

Weight Stand. Dev.
Workersavith chainsaws 19.27% 0.63%
Sampo Rosenlew 1046Pro 16.37% 0.69%
Valtra 1130 Tractor + Monra 600 13.96% 0.53%
Valmet 911.1 (2003) 12.54% 0.48%
Sampo Rosenlew 1066 12.33% 0.47%
Ponsse Ergo A73A 11.51% 0.44%
Excavator + processor head Kesla RH20 11.26% 0.47%

4. Discussion

4.1. Determination: Number of judgements

The number of pairs considered in AHP is important for producing enough data to assess in the
synthesis phase and thus yield representative results. However, the number of possible pairs can be

very large, making the method tedious and impractical (Yannou, 2002). The number of pairs that must



been compared in the AHP method increases with the number of criteria and alternative options as a
polynomial function (Equation 1). Several lines of study have pursued the goal of decreasing the
number of comparisons in different ways, e.g. by using clustering (Millet, Harker, 1990) or incomplete
matrix (Urefia, Chiclana, Morente-Molinera, Herrera-Viedma, 2015). The current trend is to apply
complex linear programming approaches (i.e. Wang, Tong, 2016), which could render the decision-
making process opaque (Bana e Costa, Vansnick, 2008) contrary to the transparent principles of AHP
(Saaty, 2005). The MTC® method focuses on the determination phase by using triangles instead of
pairs and reducing the number of elements that must be evaluated (Equation 6) relative«o the AHP
(Figure 13). For this reason, MTC® seems a more appropriate method for decisions-involving large

numbers of criteria and/or alternatives.
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Figure 13: Comparing the number of pairs of.decisions considered in AHP with the number of

triangles considered in MTC®, depending on the number of elements involved in the decision.

The reduction in the number.of evaluations does not mean a reduction in the time required for
each evaluation. As the example shows, each decision maker spent on average twice as long to
evaluate the criteria and alternatives when using the AHP than with the MTC®. This is because the
MTCE® involves far fewer assessments (in the example, 146 triangles) than in the AHP (564 couples,
386% more in/this case): This is true despite the much longer time required to evaluate a triangle in the
MTC® (15’seconds.in the example, because of the greater complexity) in comparison with the time
required to assess one pair in AHP (6.9 seconds, 46% less). For decisions involving a large humber of
criteriamand/or alternatives, the AHP method takes a long time, which may lead to loss of
concentration, increase the number of inconsistencies and decrease the value of the results (Kurtilla,
Pesonen, Kangas, Kajanus, 2000). However, it is clearly much easier to compare a pair of elements
than a trio, as indicated by the average time required for each evaluation with the two methods.
Nonetheless, the greater difficulty involved in the MTC® requires greater attention from decision

makers.



4.2. Determination: transitive axiom

Is debatable whether the clearly and logically transitive relationship occurs in the AHP method of
pairwise comparisons, because inaccurate evaluation of one of the pairs may be made for various
reasons (inappropriate use of the scale, error in the evaluation, unclear opinion about the pair being
compared, etc.), thus generating an illogical unforeseeable result and inconsistency (Saaty, 1980,
1990). The MTC® does not work with discrete weights, but with ranges representing the uncertainties,
which are generated by repeated iterations. It can therefore be assumed that the ranges cover the
variation in weights assigned to each of the criteria/alternatives under the bounded uncertainty.

4.3. Synthesis: data variability

Regarding the inconsistencies, it is difficult to understand the uncertainty as<t is'an indicator of
the matrix level (Osei-Brison, 2006). The MTC® does not work with this indicator, as-when weights
are randomly generated and fed back into the AHP matrix calculation process, the matrix is
completely homogeneous, and therefore there are no inconsistencies. In the MTC®, the trio evaluation
process is based on a closed cycle of comparisons, returning to thebeginning of the process once the
comparison is completed. Thus, the variation in the weighting ‘of the criteria or alternatives is
determined by the change in the context of the evaluation (i.e. changing any vertex of the triangle), as
well as by extracting different opinions relative to the same criteria in different time periods, because
the subjective opinion is intrinsically associated with variability (Chiao, 2016).

The system of making judgements could, potentially be improved by comparing criteria or
alternatives in trios instead of in pairs; this is_the basis of MTC® method implemented by Axiom 1.
Thus, the decision maker must make a“judgement about three elements (and then to three pairs) at the
same time. Although the assessment isimore complex, the inconsistency in the trio of pairs compared
can be assumed to be zero (by:strict transitivity). This triad of pairs can be regarded as an equilateral
triangle, as shown in Figure 2,in which each vertex represents a criterion (e.g. criteria C4, C, and Cs),
with all possible combinations for comparison appearing on the surface. Indeed, although it may be
more difficult to assess a trio rather than a pair, we believe that this implies the need for greater
attention in the decision’and a consequent reduction in the number of inconsistencies. Moreover, the
relationshipbetween three criteria is relatively easy to establish by considering an equilateral triangle,
helped by concentric lines and rectilinear lines perpendicular to each side of the triangle (coming

togetherin the centre), as shown in Figure 14.
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Figure 14: MTC® triangle with reference lines and circles to facilitate its evaltation.

In analysing vector data, various authors (e.g. Mateu-Figueras, Martin-Fernandez, Pawlowsky-
Glahn, Barcel6-Vidal, 2003) have reported that the complexity of~the statistical analysis of
compositional vector data is due to the fact that the sum of the compenents is constant. However, this
is logical and necessary (as outlined in Axiom 1), and this complexity must be taken into account in
the statistical analysis of these vectors. In the example used<«to compare the two methods, the same
result was obtained (the workers with chainsaws). This indicates*that both methods can be applied
with some degree of certainty, at least in some cases, although the benefits and drawbacks of each
must be highlighted.

On the other hand, human opinion is difficult to"translate to a discrete value, which may be
resolved by the use of fuzzy approaches. The proposed method simplifies this procedure and uses
triads of simultaneous judgements thus allowing transitive relationships between these. Although
direct judgement in the triangle”is more difficult for the decision maker, the results are more
representative. In this context;-we‘must take into account that we are working with human opinions
and the judgement process. could be affected by many factors, such as e.g. emotion (George, Dane,
2016). This intrinsic_preperty generates sound in the models and variability, leading to uncertainly
(Chiao, 2016).

5. Future research lines

We suggest.the following future research lines in order to improve the method: (i) study of the
user-triangle iteration and how it could be improved to obtain representative judgements from the
decision'maker; (ii) analysis of the distribution of the opinion judgements -how this varies over time
and how one criterion is affected by the others; (iii) study of the different series to show the triangles
in the opinion/ judgement procedure; (iv) analysis of the different consensus additions; and (v)
development of a simple tool to apply the method and study of the performance of such a tool in an
unbiased context.

6. Conclusions
The MTC® method involving decision-making based on the comparison of trios (triangles) rather

than pairs of criteria yields the following advantages over the classical AHP method: (i) capture of



consistent judgements, which satisfies the axiom of transitivity, avoiding the disadvantages of
common non-reciprocal judgment in AHP; (ii) increased concentration by the decision maker, thereby
reducing the influence of the environment and minimizing the cognitive bias that may occur in the
repetitive process of the decision; (iii) elimination of scales and discrete values in making judgments.
MTC® triangles represent a continuous surface that combines all possible evaluations, and only
trendsetters graduated with lines and circles that delimit the boundaries and magnitudes of selection
between vertices are needed to help decision makers to make decisions jointly for the three criteria at
the same time, especially in the case of trios that are difficult to assess; (iv) considerably fewer trios
must be evaluated in the MTC® than the number of pairs to be evaluated in the AHP,.especially when
a large number of criteria and/or alternatives are involved. In cases of very complex‘decisions, the
MTC® therefore seems a better method than the AHP; (v) capacity to determifie the'wariation in the
weights assigned to the criteria or alternatives by changing the context in which'the evaluation is made
(i.e. changing a vertex of the triangle); and (vi) the MTC® can produce (a) opinion vectors from the
evaluations of a series of triangles that include the same criteriony=(b),elliptical opinion surfaces,
delimited by the ranges or intervals obtained for each criterion and alternative, and (c) probability
regions for the opinions in three dimensions (shaped elliptic*paraboloids), in which the probability of
occurrence is assigned to each point as a bivariate normal_distribution. In successive repetitions, the
opinion surfaces and the probability regions will overlapythus providing information about how the
repetitions affect the time required to reach the deeision, and in the case of group decisions, enabling
evaluation of the degree of uniformity in the decisions.

In conclusion, because of its simpliCity when assessing pairs, the AHP method is most useful for
relatively simple (although complex) decisions, i.e. decisions that do not involve very large numbers
of criteria and/or alternatives; theaMTC®is a recommended alternative method for decisions involving
large numbers of criteria<andfor alternatives and also for group decisions. This is true despite the
greater difficulty and time required to evaluate a triangle in the MTC® relative to assessment of one
pair in the AHP, precisely because this implies the need for greater attention in the decision-making
process and a consequent reduction in inconsistent evaluations.

The evaluation/ of trios of criteria (or alternatives) located at the vertices of triangles has the
additional advantage of making the scale of comparison unnecessary as the decision maker is asked to
make “anjudgement according to the trend on a surface, thus avoiding the previously mentioned
disadvantages that occasionally arise with the scale in the AHP method.
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