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Chapter 1

Renor malization of circle diffeomorphism
sequences and Markov sequences

Jodo P. Almeida, Alberto A. Pinto and David A. Rand

Abstract We show a one-to-one correspondence between circle diffigansm
sequences that a@'™ n-periodic points of renormalization and smooth Markov
sequences.

1.1 Introduction

Following [2-9, 20-23], we present the concept of renornadilbn applied to cir-
cle diffeomorphism sequences. These concepts are esgentigtend the results
presented in [8, 9] to all Anosov diffeomorphisms on surfaée. to prove a one-
to-one correspondence betwe conjugacy classes of Anosov diffeomorphisms
and pairs ofC!* circle diffeomorphism sequences that &% n-periodic points
of renormalization (see also [1, 8, 9, 19]). The main pointhis paper is to show
the existence of a one-to-one correspondence bet@&ermircle diffeomorphism
sequences that a@* n-periodic points of renormalization and smooth Markov se-
guences. This correspondence is a key step in passing frola diffeomorphisms
to Anosov diffeomorphisms because the Markov sequencexdertbe smooth in-
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formation of the expanding and contracting laminationshef Anosov diffeomor-
phisms [10-18]).

1.2 Circledifeomorphisms

Leta= (&), be a sequence of positive integers andyfet) = 1/(ap+1/(a1 +
1/---)). For everyi € No, lety = yi(a) = 1/(a +1/(a+1+1/---)) and letS; be a
counterclockwise oriented circle homeomorphic to the circl®, = R/(1+ y)Z.

An arcin S; is the image of a non trivial intervdlin R by a homeomorphism
a:l—S§;. If | isclosed (resp. open) we say thet ) is aclosed (resp.open) arc in
Si. We denote bya,b) (resp.[a,b]) the positively oriented open (resp. closed) arc
onS; starting at the poina € S; and ending at the poirt € S;. A C1* atlas.# in
Sj is a set of charts such that (i) every small ar@pis contained in the domain of
some chart in, and (i) the overlap maps a@*+® compatible, for some > 0.

Let «7; denote the affine atlas whose charts are isometries witlecesp the
usual norm irfS;. Let therigid rotation g S; — S; be the affine homeomorphism,

with respect to the atlag/;, with rotation numbew/(1+ ¥).

A homeomorphisni: S; — S;j is quasisymmetric if there exists a consta@ > 1
such that for each two ards andl; of S; with a common endpoint and such that
[11]i = |l2i, we havelh(l1)]i/|h(l2)]i < C, where the lengths are measured in the
charts ofer; and.of.

A C* circle diffeomorphism sequence (gi,Si, ). "o is a sequence of triples
(gi,Si, %) with the following properties: (i : Si — Sj is aC*? diffeomorphism,
with respect to th&€l*9 atlas.e%, for somea > 0; and (i) g is quasi-symmetric
conjugate to the rigid rotatiogI with respect to the atlag/;.

We denote theCl* circle diffeomorphism(g;,Si, <) by g;. In particular, we
denote the rigid rotatiofy,, S;, &/;) by g..

1.2.1 Horocycles

Let us mark a point ir§; that we will denote by Oc S;. LetS? =[0;,0i(0))] be the
oriented closed arc i§;, with endpoints Pandg;(0;). For everyk € {0,...,a},
let § = [¢4(0)).gk"(0))] be the oriented closed arc f with endpointsgt(0;)
andg“(0;) and such thag‘n St = {gk(0)}. Let §** = [g* (1)), 0] be the
oriented closed arc if§;, with endpointsg?"“(oi) and Q.

We introduce arequivalence relation ~ in S; by identifying theg + 1 points
gi(0),.. ,g?‘“( ) and form the topological spadé (S;,gi) = Si/ ~. We take the
orientation inH; as the reverse orientation of the one inducedshywWe call this
oriented topological space th®rocycle and we denote it by = Hi(S;i,gi). We
consider the quotient topology k. Let 1, : Sj — H; be the natural projection. The
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point .
& =T (0i(0) = - = T (g7 (0)) € Hy
is called thejunction of the horocycleH;. For everyk € {0,...,a}, let &, =

S1(Si,g1) C Hi be the projection byg, of the closed ar§f. LetRSi = S U Sa“
be therenormalized circle in Hi. The horocycleH; is the union of the renormalized
circle R;S; with the cwclesSfH for everyk e {1,...,a}.

A parametrization in H; is the image of a non trivial intervalin R by a homeo-
morphisma : | — H;. If | is closed (resp. open) we say thafl ) is aclosed (resp.
open) arcin H;. A chart in H; is the inverse of a parametrizationt@pological atlas
2 on the horocyclé; is a set of chart$(j,J)}, onH;, with the property that every
small arc is contained in the domain of a chartZ i.e. for any open ar& in H;
and anyx € K there exists a chaft(j,J)} € % such thatt NK is a non trivial open
arc inH; andx € JNK. A C'* atlas Z in H; is a topological atlas? such that the
overlap maps ar€'+? and haveC*? uniformly bounded norms, for sonee> 0.

Let o be aC'* atlas orS; in whichg; : Sj — Sj is aC'* circle diffeomorphism.
We are going to construct @+ atlasdi"| on H; that we call theextended push-
forward ,saf"' (Tg), <4 of the atlase on S;. If x € Hi\{&} then there exists a
suff|C|entIy small open ard C H; containingx and such thatgl(\]) is contained in
the domain of some chaft, i) of <. In this case, we defin@, o rgil) as a chart
in oM. If x= & andJ is a small arc containing;, then either (i)rgil(.]) is an arc
in S; or (ii) nal(J) is a disconnected set that consists of a union of two condecte
components.

In case (i),rr!jil(\]) is connected and it is contained in the domain of some chart
(1,7) € . Therefore we definéJ, o ;1) as a chart inz™.

In case (i), g, 1(J) is a disconnected set that is the union of two connected arcs
IF andIR of the forml\- = (ct, gl (0)] andIR = [g! (0),cF), respectively, forall,r €
{1,...,4+1}. LetJt andJR be the arcs it deflned byd- = 1 (1) and g (IR)
respectively. Thed = J*- UJR is an arc inH; with the property tha.ﬂ'- NIR={&},
for everyl,r € {1,...,& + 1}. We call such ard a (I,r)-arc and we denote it by
Jr. Letji, 1 g — R be defined by,

_ i o t(x) if xe JR
JI r(X): {TO;?;IoT@l(X) if XE\]|L

Let(l1,7) € <% be a chart such that (1) > J ;. Then we defin¢J, ,, ji ) as a chart
in </H (see Figure 1.1). We call the atlas determined by thesesctiaextended
pushforward atlas of <4 and, by abuse of notation, we will denote it byt =
Let the marked point;0n S; be the natural projection of @ R onto Q € S; =
R/(1+y)Z. LetS = [0;,g,(01)] andS< = [g(01), gk %(0))]. Furthermore, let

H; =Hi(S;,9) §H*§H (Si.9) RiSi:SiO,HUSiﬁlandﬁHi:(Tbi)*ﬁi-
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RS~S’,USz: H;

Fig. 1.1: The horocycléd; and the charf, ; : J , — R in case (ii). The junctiorg;
of the horocycle is equal t = 7, (gi(0))) = -+ 7%, (67 (01)) = 7%, (6P T2(01)).

1.3 Renormalization

Therenormalization of aC* circle diffeomorphismg; is the triple(Rigi, RSi, R <)
where ())R;S; is the renormalized circle with the orientation of the hgide H;, i.e.
the reversed orientation of the orientation inducedhyii) the renormalized atlas
R = @/"|rs, is the set of all charts inZH with domains contained iR;S;; and
(i) Rgi: RS — RSj is the continuous map given by

Ty, Og?i+1o (T@i@ﬂ)_l(x) if xe S?H

Rgi(x) = 1 :
g oGio (T@isﬁiH“) (%) ifxe Saﬂ—l

We denote th€!* renormalization R g, R'Si, R.%) of gi by Rg;.

By construction, the renormalizaticfkagi of the rigid rotationgi is affine conju-
gate to the rigid rotationgm. Hence, from now on, we identify?igi,R;Si,Rigi)
with (9i+17§i+17ﬁi+1)'

Recall that aC* circle diffeomorphismg: Sj — S; is aC'*@ diffeomorphism
with respect to &C1*9 atlas.ez on S, for somea > 0, that is quasi-symmetric
conjugate to a rigid rotatiog : S; — S;j with respect to an affine atlag ons;.

The renormalizatioiR g; is aC'* circle diffeomorphism quasi-symmetric conju-
gate to the rigid rotatiogm. Hence Rig; is quasi-symmetric conjugate to tG&+
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circle diffeomorphisngi1. The marked pointi0= S; determines the marked point
Ors; = TG (0i) in the circleR;S;. Thus, there is a unique topological conjugdry
betweerRg; andgi;1 such that;(Ors;) = Oi+1.

a;+1 0. g; i1 0,., 8ir1
41

8t (0i4)

g;7%(0;)

a;+1
S

8;71(0:,)

H,_

Fig. 1.2: The horocyclell; andH;. 1, and the renormalized mapg; : RS; — RS;.

Here& =gi(0) =...=g* "™ (0), &11=0i+1(01) = ... = ¢ (041)) and the
mapRg; is identified withg; 1.

A C* circle diffeomorphisng determines a uniqué** renormalization circle
diffeomor phism sequence R(go) = (i, Si, 44 )i> o given by

(9i,Si, ) = (Rio...oRgo,Rio...0RoSo, Rio...oRoa).

We note that the* renormalization circle diffeomorphism sequerRégp) is a
C!+ circle diffeomorphism sequence.

We say that = (&);>; a sequence is-periodicif nis the least integer such that
ai1n = &, for everyi € Np. We observe that givenraperiodic sequence of positive
integersa= (&))", ¥ = V(@) =1/(a+1/(a1+1/---)) is equal toy, for every
i € No. Hence, there exists a topological conjugarysS; — Sin such that

@ogi=G0itnoq,
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because; andgiin = Riino...oRg areC' circle diffeomorphisms with the same
rotation numbew; = ¥ n.

We say that a sequen&dgp) is aC* n-periodic point of renormalization, if ¢
is C1* for everyi € N.

1.4 Markov maps

Let R(go) be the renormalization circle diffeomorphism sequence@ated to the
C!* circle diffeomorphisngo. TheMarkov map M; : H; — Hi, 1 is given by

M (X) — T, (X) if xeRS;
i(x) = My, 0T oG o (x) if xe . for k=1,....a -

TheMarkov sequence (M) (o) associated to & circle diffeomorphisngo
is the sequence of Markov mapk : Hi — Hi. 1, fori € Ng. Two Markov sequences
(Mi)i25(90) and (Nj)?5(go) arequasi-symmetric conjugate if there is a sequence
(hi);2 of quasi-symmetric mags such that 1 o hj = hi1 o M;, for eachi € No.

Therigid Markov sequence (M;)i? = (Mi)iZ4(g,) is the Markov sequence as-
sociated to the rigid rotatiog,. The rigid Markov mapd/; : H; — H,,, are affine
with respect to the atlases{' and«/! | (see Figure 1.3).

The Markov sequenc@M;);* ;(go) has the following properties: (i) the Markov
mapsM; are localC*@ diffeomorphisms, for some > 0, and (i) the Markov
sequencéM;)* ;(go) is quasi-symmetric conjugate to the rigid Markov sequence
(M;)iZ0(g,) becausej; is quasi-symmetric conjugate ¢p.

Then-extended Markov sequence (M) (go) is the sequence of threextended
Markov maps Mi(go) : Hi — H; defined by

Mi(do) = @ toMizno---oM;.

We observe that a sequenRégp) is aC'* n-periodic point of renormalization
if, and only if, then-extended Markov map¥!; : H; — H; areC* for everyi € N.

Therigid n-extended Markov sequence (M; )¢ = (M){5 (g,) is then-extended
Markov sequence associated to the rigid rotaggnThe rigid n-extended Markov
mapsMy,...,M,_1 are affine with respect to the atlase4;,..., " |, respec-
tively, because the conjugacy maps S; — §;, are affine.

If @:Si— SiinisC then then-extended Markov sequenéb’li){‘;ol(go) has
the following properties: (i) the-extended Markov magd; are localC*? diffeo-
morphisms, for somea > 0, because the Markov maph, ... M,,_1 of the sequence
(Mi)i"z‘ol(go) are localCl*? diffeomorphisms, and (ii) the-extended Markov maps
M; are quasi-symmetric conjugate to the rigigxtended Markov magd; because
the Markov map®o, ... My_1 are quasi-symmetric conjugateMt, ..., M,_1.



1 Renormalization of circle diffeomorphism sequences and Meskguences 7

i T b ' |
] 1 1 1
| | | ! H
i [ i i
' | ' ' H
i [ i i
.
A s
!
=2 |- O T, L i o o @ --=- L]
gi+1 l : [l :- ° ° l
AN i i
[ ] 1
: P | :
° i [ | i
: [ i i
A : :
1
~0; 1 H | 1 1 1
i+1 [TV [ U I LA e
2 | | ' |
o\ | |
—~ 1
0 —— =t ——- 0 o o L
i+1 ' | | ' |
i I\ i i
A | :
71} P\ ; '
| (AW i |
| | 1 |
- 2 : A7 Z\i | |
g, G ! L
_~ ,_u,i-/»] ~2 ~
9; 0, gi© o+ G 9;

Fig. 1.3: A representatlon of the rigid Markov maf : H; — H,_,, with respect
to the atlaseSz%H and M|+1, respectively. Here we represent annd 0i.1 the
points 11 (G;) and@ ,(Gi14), respectively, and by the pointsTg, ng(ok) for

ke i, |+1} and| e{l Sag+ 1}
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