-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Ghent University Academic Bibliography

Spin actions in Euclidean and Hermitian Clifford analysis
In superspace

Hennie De Schepper, Ali Guzman Adan, Frank Sommen

Clifford Research Group, Department of Mathematical Analysis,
Faculty of Engineering and Architecture, Ghent University, Galglaan 2, 9000 Ghent, Belgium.

Abstract

In [4] we studied the group invariance of the inner product of supervectors as introduced
in the framework of Clifford analysis in superspace. The fundamental group SOq leaving
invariant such an inner product turns out to be an extension of SO(m) x Sp(2n) and gives
rise to the definition of the spin group in superspace through the exponential of the so-called
extended superbivectors, where the spin group can be seen as a double covering of SOy by
means of the representation h(s)[z] = sz3. In the present paper, we study the invariance of
the Dirac operator in superspace under the classical H and L actions of the spin group on
superfunctions. In addition, we consider the Hermitian Clifford setting in superspace, where
we study the group invariance of the Hermitian inner product of supervectors introduced
in [3]. The group of complex supermatrices leaving this inner product invariant constitutes
an extension of U(m) x U(n) and is isomorphic to the subset SOy of SOy of elements that
commute with the complex structure J. The realization of SO({ within the spin group is
studied together with the invariance under its actions of the super Hermitian Dirac system.
It is interesting to note that the spin element leading to the complex structure can be
expressed in terms of the n-dimensional Fourier transform.
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1 Introduction

In a previous paper, [4], we have introduced the spin group Spin(m|2n)(Ax) in the framework of Cli-
fford analysis in superspace, where we consider m bosonic dimensions, 2n fermionic dimensions and the
Grassmann algebra RAy as the set of coefficients. Such a definition aims, as is the case in the classi-
cal setting, at describing the set of rotations in the space R™?(V) of supervectors in terms of Clifford
multiplication. However, here a more complicated situation arises since supervector reflections do not
suffice for describing the whole set of supermatrices leaving the inner product of supervectors invariant.
This is due to the structure of the real projection of the group SOg(m|2n)(RAy) (SO¢ for short) of
superrotations, which is given by SO(m) x Sp(2n) and clearly contains a real, non-nilpotent symplectic
part. The non-nilpotent part of the supervector variables is given only by the classical Clifford vector
part. Therefore the reflections generated by the supervectors only include the real rotation group SO(m).
2E
m|2n
tors, which turns out to be isomorphic to the Lie algebra soq(m|2n)(RAy) (s0¢ for short) of SOg. The
Lie group SOy is connected, whence it can be fully described through finite products of exponentials of
sop—elements. Hence, the exponentials of the extended superbivectors in Risl)zb; (An) can be seen as gene-
rators of the spin group in this setting. In fact, such a group fully covers SOy through the representation
h(s)[x] = s, s € Spin(m|2n)(Ay), x € R™2"(V). In particular, SOy can be decomposed as the product
of three exponential maps acting in some specific subspaces 1, $2, 53 of 509 where s0g = 51 D52 B s3. The

corresponding isomorphic decomposition for Rggfi (An) leads to a subset S of Spin(m|2n)(Ax) which

This issue may be solved by means of the extension R (An) of the Lie algebra of superbivec-
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was proven to be a double covering of SOy, see [4].

In this paper, we study the operator actions on superfunctions, associated to the h-representation,
given by [H(s)[F(z)] = sF(5xs)s and L(s)[F(x)] = sF(5xs), s € Spin(m|2n)(Ayx). As in the classical
case, the super Dirac operator 0, is invariant under those actions. We explicit this invariance through
the commutation of d, with the infinitesimal representation dL(B) = %L(etB )| 1> for every extended
superbivector B. We recall that the action of the representation dL on the basis elements of Rg‘)f; (An)
gives rise to the super angular momentum operators.

In addition, we also study these spin actions within the Hermitian Clifford system in superspace.
The basics of Hermitian Clifford analysis in superspace were introduced in [3] following the notion of
an abstract complex structure in the Hermitian radial algebra, developed in [5, 8]. The radial algebra
approach has been proven to be an efficient tool for giving meaning to vector spaces of negative dimen-
sion, abstractly defining the fundamental objects of Clifford analysis, such as vector variables and vector
derivatives, and describing their main commutation properties. But, as it has been shown in [4], different
realizations of the radial algebra setting may differ on some representation theory issues. For example,
the compactness of SO(m), which is the group acting on the Clifford polynomial realization of the radial
algebra, does not hold for SOq, which is the group acting on the supersymmetry realization.

For that reason, we first study the group of complex supermatrices Uy(m|n)(CAy) leaving the Her-
mitian inner product {z,u'} in the space of complex supervectors C™I" (V) invariant. The real realization
SO (2m|2n)(RAx) of this group is composed by all SOg(2m|2n)(RAy) supermatrices which commute
with the complex structure J € SOg(2m|2n)(RAy). The corresponding projections operators 1/2(1+1iJ)
establish the transition from the initial basis {e;,j = 1,...,2m} and {€;,j = 1,...,2n} to the Witt
basis. These projections also give rise to a direct sum decomposition of C2™I2" (V) into two components,
where SOZ (2m|2n)(RAy) is the group leaving those subspaces invariant. In addition, it turns out that
Ugp(m|n)(CAx) contains the group U(m) x U(n) as complex projection and preserves the connectedness
from its classical antecedent U(m). But, as is the case for SOy, also Ug(m|n)(CAy) does not preserve
the compactness and cannot be described by a single action of the exponential map on its Lie algebra.
Nevertheless, its isomorphic copy SOg (2m|2n)(RAy) may be decomposed as the product of only two
exponentials, respectively acting on the elements of §; and s3 which commute with J.

The subgroup SOJ (2m|2n)(RA ) is covered by a subgroup of Spin(2m|2n)(Ay), which is denoted by
Spin ;(2m|2n)(Ay) and generated by the exponentials of extended superbivectors that are invariant under
the action of the complex structure. Using the above-mentioned decomposition for SO (2m|2n)(RA y ), we
construct a subset S of SNSpin ;(m|2n)(Ax) which constitutes a double covering of SOF (2m|2n)(RAy).
Those properties allow to prove the invariance of the twisted super Dirac operator dj() under the
Spin ;(2m|2n)(An)-actions.

The paper is organized as follows. In section 2 we start with some preliminaries on super analysis,
Grassmann envelopes and supermatrices. In section 3 we first describe the basics of Clifford analysis
in superspace. We recall some results obtained in [4] related to the group of superrotations SO, the
spin group and the algebra of extended superbivectors. Then, we study the invariance of the super Dirac
operator under the H and L spin actions by checking its commutation with the infinitesimal representation
dL of L. Section 4 is devoted to study of the group actions in the Hermitian Clifford setting in superspace.
We start with the introduction of the complex structure J, defined in [3] in the radial algebra setting, as
an element of SOg(2m|2n)(RA 5 ) when acting on R?™2"(V). This allows to determine the subspace of real
supermatrices of order (2m|2n) leaving the subspaces 1/2(1 # i.J)[R?™2*(V)] invariant. Such a subspace
of real (2m|2n) supermatrices is isomorphic to a space of complex (m|n) supermatrices, leading to the
corresponding isomorphism of the connected groups SOZ (2m|2n)(RAy) and Ug(m|n)(CAy). Finally,
in section 5 we study the spin realization Spin;(2m|2n)(Ay) of SO (2m|2n)(RAy) through different
characterizations of the extended superbivectors whose exponentials generate Spin;(2m|2n)(Ay). A
fundamental role is played here by the extended superbivector B = $9,[J(x)] which generates the spin
element s; = exp(—%B) associated to J. Through the corresponding identifications, the fermionic part
of s; may be identified with the classical Fourier transform in n-bosonic dimensions.



2 Preliminaries

In our approach to super analysis we consider two sufficiently large sets VAR := {v,w, ...} and VAR :=
{v,w,...} of commuting (bosonic) and anti-commuting (fermionic) variables, respectively. In general,
those variables can be defined in every graded-commutative Banach superalgebra A = Ag®A7 as explained
in [13]. However, it is worth noticing some particular issues related to the choice made. For example,
two polynomials in fermionic variables define the same A-valued function if and only if all coefficients of
their difference belong to the annihilator of Ay defined by

LA;:={f€A: fa=af =0,Vac Ay}

One of the important consequences of this fact is the non-uniqueness of the odd derivatives whenever
L A1 # {0}, see [13]. On the other hand, if 1 Ag = {0}, then the following conclusions hold:

e two polynomials define the same function if and only if they are identical;
e the odd derivatives are unique according to the definition given in [13].

The discussion about a suitable choice for the underlying superalgebra A is beyond the scope of this
paper. In what follows, we consider the variables in VAR, VAR as independent symbols satisfying the
first property stated above. In the next section, the partial bosonic (even) and fermionic (odd) derivatives
will be defined as endomorphisms in the algebra of polynomials in VAR U VAR in accordance with the
second property. This approach turns out to be suitable for any application and corresponding choice of
A since every superalgebra can be embedded in another one with annihilator + A = {0}.

Next to the set of co-ordinate variables VAR U VAR, we consider a set of coefficients containing the
real numbers and some anti-commuting elements. In this paper, we consider the most simple set of such
coefficients: the Grassmann algebra KAy generated over the field K (K =R or C) by the canonical odd
(anti-commuting) elements fi,..., fx, N € N. In this way, we obtain the algebra of superpolynomials

KV := KAy ® Algg(VARU VAR)
governed by the rules
fife = —1xfj, fiv=uvf; fiv = —vf;, VW = WO, VW = —wv, VW = W,

where the f;’s are the odd Grassmann generators of KAy, v,w € VAR, and v, w € VAR. In this case, the
set of constant polynomials (degree 0) is given by the Grassman algebra KA. Every coefficient a € KAy
can be written as a = ZAC{L...,N} aafa, where ay € K and fa = fj, -+ fj, for A= {j1,...,jx}, with
1<j1 <...<jix <N;moreover fy = 1. The space of homogeneous Grassmann coefficients of degree k
is defined by KAg\’f) = spang{fa : |A| = k}; in particular KAS\’;) = {0} for k > N. It easily follows that

N
KAy = @PKAY  and  KAYPKAY c KA. (1)
k=0

The projection of KAy on its k-homogeneous part is denoted by []x : KAy — ]KA%C), ie. [a]y =
ZlAlzk aafa, and in particular [a]o = ag =: ag. The algebra KV can be decomposed as the direct sum

KV = KV; & KVy

where KVj is the even subalgebra (generated by commuting elements) and KVy is the odd subalgebra
(generated by anticommuting elements). This decomposition defines a natural Zs-grading, turning KV
into a graded commutative superalgebra, since KV; KV C KVm for 5,k € Zy. This is compatible with

the Z,-grading of the coefficient algebra KAy since KV; NKAy =: KAy - (j € Zs) where

KAN.ﬁ = @KAS\QIH and KAN’T — @KAS\?ICJFI)
k>0 s

are the even and odd subalgebras of KAy, respectively.



From (1) it follows that every a € KAy is the sum of a number ay € KAg\?) = K and a nilpotent
element, since, in fact, every a € KA}C = @;@Vﬂ KA%C) satisfies aVt1 = 0. It is easily seen that the
projection []p : KAy — K is an algebra homomorphism, i.e., [ablg = agbg for every a,b € KAy.

The algebra KAy is a K-vector space of dimension 2V. As is the case for every finite dimensional

K-vector space, we can introduce an arbitrary norm (all norms being equivalent), turning KAy into a
Banach space. We consider the norm given by |a| = Y~ , |aal, a € KAy, for which it is easily proven that

labl < |al[b], Ya,b € KAy. 2)

For every a € KAy we define the exponential of a, denoted e or exp(a), by the power series

o0

exp(a) = 3 &

=0

On account of the norm inequality above, we obtain the uniform convergence of the series, thence the
continuity of the exponential map in KA y.

2.1 Grassmann envelopes and supermatrices

Consider the graded vector space KPI? with standard basis e, ..., €p,€1,...,6q, where {e1,...,e,} is a
basis for KPI? and {€1,...,€4} is a basis for KO, with KPl¢ = KPIO ¢ KOl9. The Grassmann envelope
KPI9(Ay) is defined as the set of formal linear combinations

p
—z+2= Z €]+ijej, where z; € KAyg, 2 € KAyt (3)

constituting a K-vector space of dimension 2V~'(p + ¢) which inherits the Zs-grading of KPl9, i.e.,
KPli(Ay) = KPIO(AN) @ KO9(Ay) where KPIO(Ay) denotes the subspace of vectors of the form (3)
with #; = 0, and K%9(Ax) denotes the subspace of vectors of the form (3) with z; = 0; KPI°(Ay) and
KO|‘1(A ~) are called the Grassmann envelopes of KPI0 and K4, respectively. In Kp|q(A N ), there exists a
subspace which is naturally isomorphic to KPI?: it consists of vectors (3) of the form 2 = Em 1 Tje; with

z; € K. This leads to the important projection [-]o : KPI9(Ay) — KPI defined by: [z]o = =20 [y e

We will represent elements of the standard basis of K?19 also by column matrices, i.e.

e; =(0,...,1,..., O)T (1 on the j-th place from the left),
e =(0,...,1,..., O)T (1 on the (p + j7)-th place from the left).

A general element of KPI9(Ay) then is represented by the column = = (z, ...  Tp, L1, - . ,x‘q)T.

A natural generalization of KPl9(Ay) is the V-envelope KPI9(V) defined by elements of the form (3)
but with T; € KVﬁ and J’fj € KVT
The Grassmann envelope of the space of endomorphisms on KP!9 is known as the space of super-

matrices, meant to produce linear operators on KPI9(V) or on its restriction KPI9(Ay). The space of
supermatrices is denoted by Mat(p|q)(KAy) and consists of block matrices of the form

A B A 0 0 B
M= (c D) <0 D>+<O 0) )
where! A € (KAy5)P*?, B € (KAy1)P*?, C € (KAy1)?? and D € (KAy5)?*9. The Zo-grading of
Mat(p|q)(KAN), inherited from KA N, together with the usual matrix multlphcatlon provides a superal-

gebra structure to this Grassmann envelope. In this structure the first term in (4) is called the even part
of M, while the second term is called the odd one.

LGiven a set S, we use the notation SP*? to refer to the set of matrices of order p x ¢ with entries in S.



For arbitrary k£ € N, let Mat(p|q)(]KA§\];)) be the space of homogeneous supermatrices of degree k.
Then Mat (p\q)(KAS?,k)) consists of all diagonal block matrices

(5 5)

with entries in KAE\?’“)7 while Mat(p|q)(KA§3k+l)) consists of all off-diagonal block matrices

0 B
c 0
2k+1)

with entries in KAS\, . These subspaces define a grading in Mat(p|q)(KAy) in the sense that

N
Mat(plq) (KAx) = € Mat(plg) (KAL)
k=0

and
Mat(p|g) (KAL) Mat(plg)(KAY) ¢ Mat(plg) (KAL)

It follows that every supermatrix M can be written as the sum of a numeric (real or complex) matrix

My € Mat(p|q)(KA§8)) and a nilpotent supermatrix M € Mat(p|q)(KA}) = @szl Mat(p|q)(KAS\]f)). In
accordance with the general principles for Grassmann algebras and Grassmann envelopes we define the
algebra homomorphism [-]o : Mat(p|q)(KAy) — Mat(p\q)(KAS\(,))) as the projection:

e (8 5) (4 )i

where Ay and Dy are the numeric projections of A and D on KP*P and K?*9, respectively. Furthermore,
given a set of supermatrices S we define [S], = {[M]o : M € S}.

Every supermatrix M defines a linear operator on Kp|q(V) which acts on a vector z = z + by left
multiplication with its column representation:

(4 5)(5)- (4285 s

In order to study some group structures in Mat(p|q) (KA ) we start from the Lie group GL(p|q)(KAx)
of all invertible elements of Mat(p|q)(KAy). The following theorem states a well-known characterization
of this group, see [1].

Theorem 1. Let M € Mat(p|q)(KAn), as in (4). Then the following statements are equivalent:

(i) M € GL(p|q)(KAn);
(ii) A, D are invertible;
(iii) Ao, Do are invertible.

The notions of transpose, trace and determinant of a matrix need to be redefined in the graded case.
The supertranspose operation is defined by

AT CT
MST = ( 7B\T DT ) ’
where -7 denotes the usual matrix transpose. The following properties can be easily checked, see [1].
Proposition 1. Let M, L € Mat(p|q)(KAy) and x € KPI9(V). Then

(i) (ML)ST = LSTMST,;
(ii) (Mx)" = 2" M5
(iii) (M_l)s = (MST)_1 for every M € GL(p|q)(KAy).



The supertrace is defined as the map str : Mat(p|q)(KAy) — KAy 5, given by

A B
str ( c D > =tr(A) — tr(D).
Proposition 2. Let M, L € Mat(p|q)(KAyn). Then

(i) str(ML) = str(LM);
(i) str (MST) = str(M).

The superdeterminant or Berezinian is a function from GL(p|q)(KAx) to KAy 5, defined by

_det(A—BD7'C) det(A)
sdet(M) = det(D) ~ det(D - CA-1B)

Some of its basic properties are given in the following proposition, see [1].

Proposition 3. Let M, L € GL(p|q)(KAy), then
(i) sdet(ML) = sdet(M)sdet(L);
(i1) sdet (M5T) = sdet(M).
In the vector space Mat(p|q)(KAy) we introduce the norm ||M | = ?;qzl |m 1|, where m; , € KAy
(j,k=1,...,p+ q) are the entries of M. As was the case in KAy, also this norm satisfies the inequality
IML|| < ||M]|||L]| for every pair M, L € Mat(p|q)(KAy), leading to the absolute convergence of the series

o0

exp(M) = A

1l
=0 I

and hence, the continuity of the exponential map in Mat(p|q)(KAy). It is easily seen that also the
supertranspose, the supertrace and the superdeterminant are continuous maps. Some properties of the
exponential are gathered in the following proposition.

Proposition 4. Let M, L € Mat(p|q)(KAyn). Then
(i) €® = I,+,, where I}, denotes the identity matriz of order k € N;
(i) (eM)ST =M™,
(iii) if ML = LM, then M+l =M el
(iv) e™ € GL(p|lq)(KAy) and (eM)_l =e M;
(v) eletOIM — gaMbM - for cvery pair a,b € KAy g;
(vi) if C € GL(p|q)(KAy) then, e“MC™" = CeMO—1;
(vii) e™ (t € R) is a smooth curve in Mat(p|q)(KAy), with

d im tM _ _tM d v
%e =Me"™" =" M, and %e |t:0 = M,
(viii) sdet (eM) = SO,
Remark 2.1. The proofs (i)-(vii) can be established by straightforward computation. A detailed proof
for (viii) can be found in [1]. Similar properties to (i) and (iii)—(vii) can be obtained for the exponential
map in KAy.

In this setting we can also define the notion of logarithm of a supermatrix. For a supermatrix
M € Mat(p|q)(KAy) we define In(M) by:

In(M) = 3 (~1y*!

j=1

(M = Ipyq)
J

; (5)

wherever the series converges. Following standard procedures it is possible to prove the next classical
properties of the logarithmic map.



Proposition 5. In Mat(p|q)(KAy) it holds that:

(1) the series (5) converges and yields a continuous function near Ipyq;
(i1) given a neighbourhood U of Iy, on which In is defined and a neighbourhood V' of 0 such that
exp(V) := {exp(M)| M € V} C U, then exp(In(M)) = M, VM € U, and In(exp(L)) = L, VL€ V.

With the above definitions of the exponential and logarithmic maps, it is possible to obtain all the
classical results known for Lie groups and Lie algebras of real and complex matrices. The exponential of
a nilpotent matrix M € Mat(p|q)(KAY) reduces to a finite sum, yielding the bijective mapping

exp : Mat(plq) (KAL) = Ip1q + Mat(p|q)(KAY)

with inverse
In : I,y 4 + Mat(plg) (KAR) — Mat(plg) (KAY),

since also the second expansion only has a finite number of non-zero terms, whence problems of con-
vergence do not arise. We recall that a supermatrix M belongs to GL(p|q)(KAy) if and only if its
numeric projection My has an inverse. Then M = My(Ip+, + M(;lM) = Mjexp(L), for some unique
L € Mat(plg)(KAL).

3 Clifford analysis and spin actions in superspace

After presenting the above preliminary facts on Grassmann algebras, Grassmann envelopes and super-
matrices, in this section we will briefly show how the Clifford setting is established in superspace. In
particular, we pay attention to the special form adopted by the spin group in this case, see [4], and study
the invariance of the super Dirac operator under the corresponding spin actions.

3.1 Clifford setting in superspace

Clifford algebras in superspace are obtained by considering p = m, ¢ = 2n (m,n € N) and K = R.
The canonical basis e1,...,€em,€1,...,6, of the graded vector space R™2" is endowed with both an
orthogonal and a symplectic structure by means of the multiplication relations

ejer + exe; = _25j,k7 6jék + ékej =0, éjék — ékéj = 09j,k>
where g; 1 is a symplectic form defined by gojor = g2j—12k—1 = 0 and goj_12k = —9gor,2j—1 = 0jk,
j,k=1,...,n. In the study of Clifford analysis in superspace with Grassmann coefficients, the algebra

of interest is
-Am,2n(RV) = AlgR(fla ceey fNa VAR; VAR7 €1y--.,Em, élz o ;é2n) =RV ® Cm,2n

where C,, 2, is the infinite dimensional algebra generated by all elements of R™27 and the elements of
Crm,2n are supposed to commute with the elements of RV. The set of Clifford coefficients in this setting
is the subalgebra of A,, 2,(RV) given by

Am,Qn(RAN) = AlgR(flv' . '7fN761a .. '76maélv~ . ~;é2n) = RAN ®Cm,2n~

Following [1, 13], the bosonic and fermionic partial derivatives 9, and dy (v € VAR,v € VAR) can
be uniquely defined as endomorphisms of A, 2, (RV) by means of the following recursive formulae:

d[1] =0, du[1] = 0,

Ov [k = fi0u, s fe = =iy

Oyw — WOy = Oy 4, OpW + W0y = Oy 4y,

(9vw\ = w‘&,, 6U€j = ej&,, 6Uéj = éjav, 81,«w = wéh;, 8,;6]‘ = €j81;, 81;6\]‘ = éj&;,

which are valid for the left and the right actions of w,w,d,,d;. From this definition it immediately

follows that 0,0, = 00y, 050y = —0y0y and 0y0y = 0Oy.



As usual, a supervector variable = of R™/?"(V) is then defined as

m

2n
r=zx+x= Z ej—l—Z:UJeJ, z; € VAR, ﬂéjeVAR.

Supervector variables generate the realization R, 2, (V) of the so-called radial algebra in this setting,
see [2, 5, 9], and the anti-commutator {a,b} = ab + ba between supervectors can be used to define a
generalized inner product (-, -)r by

n

1 - Ly
(T, y)r = _i{m’y} = ijyj -5 Z(l@jflyzj — Ta;Y2j-1) € RV;. (6)
j=1

j=1

We consider functions of the supervector variable x = x 4+ £ which are of the form

F(z)=F(z,2)= Y  Fa@aj,...25, A={....0} 1<jh<.. <je<2n,
Ac{1,....2n}
where F4(z) is a function depending on the bosonic variables a1, ..., 2, € VAR. The most basic set of
such functions is the super-polynomial algebra in the variables x1, ..., T, T1,. .., Top,

Pm|2n = Am,Zn(RAN) & R[Z’l, e axm] & A(flv LR x\2n)7

where A(21,...,2%,) is the Grassmann algebra generated by the odd variables 2,..., 25, € VAR. Su-
perpolynomials play an important role in superanalysis since they form a dense set in other interesting
function spaces. For that reason we restrict our attention to Pp,|2, in this paper.

The vector derivative with respect to x is obtained in this setting through the bosonic and fermionic

Dirac operators
m n
agz § ejaxja =2 § €2j i1 62]‘_183;‘2j),
j=1 j=1

which lead to the left super Dirac operator 0, = 0y - —0s-.

The corresponding realization of the radial algebra in the set of Clifford coefficients A, 2, (RAN) is
the subalgebra generated by the Grassmann envelope of constant supervectors Rm|2”(A ~ ). This algebra is
denoted by R,,|2,,(Axn). Observe that R,,|2,(AN) is a finite dimensional vector space since it is generated
by the set

{fae; |AC{1,...,N},|Aleven ,j=1,... m}U{fae; | AC{l,...,N},|A| odd ,j =1,...,2n},

and there is a finite number of possible products amongst these generators. For more details about this
kind of radial algebra realization we refer to [2, 3, 5, 10, 11, 12].

The definition of the spin group in superspace requires the definition of the exponential map over
the algebra A, Qn(RAN) see [4]. However, since this algebra is infinite dimensional, the power series

exp(z) = ZJOOO “r lies in general out of Am 2, (RAy). For a correct definition of the exponential map
in this setting its is necessary to introduce the corresponding tensor algebra. Let T'(V) be the tensor
algebra of the vector space V spanned by the basis By = {f1, ..., fn, €1, .-+, €m,€1,...,62,}, le.

T(V) = @52 T7(V) where T/ (V) = spang{v; @ --- @ v; : v, € By} is the j-fold tensor product of V
with itself. When considering the twosided ideal I generated by the elements

i ® fe+ [k ® fj, fi®er —er® fj, [i ®ek — € ® fj,
€j®€k+€k®3j+25j,k7 €j®ék+ék®€j, éj@ék—ék@)éj—gj,k,

A on(RAN) is clearly seen to be a subalgebra of T'(V)/I. Indeed, T(V)/I is isomorphic to the exten-
sion of A, 2,(RAx) which also contains infinite sums of terms of the form ae;, - --e;, €;" - - - €5,2" where

a€RAN,1<j; <...<jr<mand (a,...,a9,) € (NU {O})Qn is a multi-index.



oo FJ

j=0 T for F' € Ay, 00 (RAN) since exp
is well-defined on the tensor algebra T'(V) and in consequence also on T'(V)/I, see [6]. In particular, we
have the following mapping properties

This enables us to consider the exponential map exp(F) =

exp : Amon(An) = T(V)/I,  exp: R0 (An) = Ryyjon(An).

Following the radial algebra approach it is possible to extend some important involutions to A,, 2, (RV)
and T(V)/I, see [3]. In particular, the conjugation can be defined on A,, 2, (RV) as the linear map sat-
isfying

Qe ... €, ...€, =€ ... €, ...6, a€RV;

where

: — — k424D . ) .
€ ---€ €0 .. €r, = (—1) 2 €y, .. €05, - €y

Observe that FG = G F for every pair F,G € R, j2n(V), while this relation is not fulfilled in general
in A, 2,(RV). The conjugation map can be continuously extended from A, 2,,(RAN) to T'(V))/I. This

leads, amongst others, to relations of the type eF = eF.

The extension of the set of Clifford coefficients to T'(V')/I allows to consider polynomials in the space
TPmjzn =T(V)/T @R[z1,...,T0m] @ A1, ..., Ton),

i.e. superpolynomials with coefficients in T'(V')/I. Every linear action on P,,js, can be extended by
continuity to TP 2n-

3.2 The spin group

The invariance of the bilinear form (6) was studied in [4] in order to properly define the spin group
in superspace. The Lie group of supermatrices in Mat(m|2n)(RAy) leaving the "inner product" (-, )
invariant is given by

Op = Og(m[2n)(RAN) = {M € Mat(m|2n)(RAN) : MTQM — Q =0},

where

0 1
-1 0

Direct computations show that M € Mat(m/|2n)(RAy) (see (4)) belongs to Oy if and only if the following
conditions are simultaneously fulfilled:

1 . . .1 U | 1
AT A — 5CTQ2nc =1, ATB- 5CTf22nL) =0, BTB+ §DTQ%D = 5an.

These conditions show that the real projection of Qg is the group O(m) x Spg(2n) where O(m) is the
classical orthogonal group in dimension m and Spq(2n) is the symplectic group defined through the an-
tisymmetric matrix Qay,, i.e. Spa(2n) = {Dy € R2"*2" : DI'Oy, Dy = Qa,}. In addition, it was shown
in [4] that sdet(M) = %1 for every M € Op, whence Oy can be seen as a generalization of O(m) to
superspace, see [4] for more details.

As in the classical case, it now is crucial to study the set of superrotations, i.e. the identity component
of Og, which is given by

SOg = SOo(m|2n)(RAN) = {M € Qg : sdet(M) = 1}.

Clearly, the real projection of this group is SO(m) X Spg(2n) where SO(m) is the special orthogonal
group in dimension m, which makes it possible to prove that SOg is connected but non-compact, see [4].



The Lie algebra sog of Og and SO plays an important role in the construction of the spin group; it
is given by
500 = 500(m|2n)(RAN) = {X € Mat(m|2n)(RAy) : X5TQ + QX = 0}.
Writing X € Mat(m|2n)(RAy) in the block form (4) of a supermatrix, the above condition splits into
the following requirements for its respective blocks:

AT+ A=0, B-C"TQy,=0, D'Qy, + QD =0. (7)

The real projection of 50 is the Lie algebra so(m) x spo,(2n) where so(m) = {Ag € R™*™ : AT + Ay = 0}
is the special orthogonal Lie algebra and spg(2n) = {Dy € R2"*2" : DI'Qy,, + Q5, Dy = 0} is the sym-
plectic Lie algebra defined through the antisymmetric matrix Qo,.

The symplectic structure present in SO, and its consequent non-compactness, make it impossible to
write every element of SOy as a single exponential of a supermatrix in sog. However, it was proven in [4]
that the following decomposition holds.

Theorem 2. Every supermatriz M € SOq can be written as

X € so(m) x [spg(2n) Nso(2n)],
M =eXeVe?  with Y € {0} x [spn(2n) N Sym(2n)],
Z € s0o(m|2n)(A}),

where Sym(p) is the subspace of symmetric matrices in RP*P and soo(m|2n)(A}) := sooNMat(m|2n)(AY).
In addition, the elements Y and Z are unique.

The algebra sog is related to the algebra of superbivectors but they are not isomorphic in this setting.
Indeed, following the radial algebra approach, superbivectors are elements generated by the wedge product
of supervectors of R™?"(A ) and in consequence, they have the form

B = Z bj,k ejer + Z b\"k ejék + Z Bk éj ® €k, (8)

1<j<k<m 1gi<m 1<j<k<2n
where b; . € RANO, bix € RA y1and B € RA 5 No N IRA+ . This form has an important limitation
with respect to so0q since the symplectlc part in (8 )7 which is generated by €; © €y, is nilpotent, while
the symplectic part of an sog—element may be invertible. For that reason, it is necessary to consider

an algebra of extended superbivectors Rm\zn(AN) containing elements of the form (8), however with

Bj € RAyg. In [4], it was proven that soo(m|2n)(RAy) and RZE

m|2n(AN> are isomorphic Lie algebras

through the map ¢ : Rmun(AN) — §0¢ given by:

¢(B)x = [B,z], BeRZE(Ay), 2 e R™2 (V).

m|2n

For the basis elements of R(Q)E . (An) we easily get

[bejek, LL'] =2b (xjek — xkej)7 [bézj ® €a, LL’] =-b (I:Qj,le\gk + fzkfle\zj),
bejéan_1, | = b(2w€21—1 + Tarey), [bézj—1 © €ar—1, x] = b (X2j€26—1 + T2r€25—1), 9)
[bejéar, x| = b (2xj€2;, — Tap—16€5), [bégj_1 © €ag, x] = b(Lo;€2k — Top—162j-1),

where b and b are arbitrary basis elements of RAy 5 and RA y 1 respectively.

The spin group in superspace then is introduced as follows:

Spin(m|2n)(Ay) == {eBl e By B e ROY (Ay) k€ N},
and its action on R™/2"(V) is given by the Lie group homomorphism A : Spin(m|2n)(Ay) — SOy, defined
by
heP)z] = eBre B, BeRZE (Ay), x e RTIZ (V). (10)

m|2n

10



This spin action covers the whole group SOy, see [4]. This statement can be proved using the connec-
tedness of SOy and the fact that ¢ is the derivative at the origin (or infinitesimal representation) of h,
ie.
e?B) = p(ef B e RPE (Ay). 11
) N

m|2n

The decomposition of SOg in Theorem 2 shows the exact number of exponentials of extended superbivec-
tors needed in Spin(m|2n)(An) to cover the whole group SOg. Considering the direct sum decomposition

g‘),i(AN) =51 ® Sy & S3 where the subspaces Sy, Ss, S3 of Ril)QEn(AN) are given by
S1 = ¢~ (s0(m) x [spg(2n) Nso(2n)]), dim S; = w +n?,
Sy = ¢ ({0} X [spg(2n) N Sym(2n)]), dim Sy = n? 4 n, (12)
S3 = ¢~ (s0o(m|2n)(AL)) dim S5 = dim s0g — W —n(2n+1),

we get the subset S = exp(Sy)exp(Sz)exp(Ss) C Spin(m|2n)(Ay), which suffices for describing SOy.
In [4], it was moreover proven that S doubly covers SOg. Indeed, for every M = eXe¥YeZ € SOq (see
Theorem 2), the number of elements s € S for which h(s) = M only depends on the number of elements
By € S; for which e?B1) = X seen the uniqueness of Y and Z. Hence, it suffices to determine the
kernel of the restricted group homomorphism Alexp(s,) : exp(S1) — SO(m) x [Sp(2n) N SO(2n)], which
was found to be {—1,1}, using

exp(S1) = Spin(m) - exp (671 ({0} x [spo(2n) Ns0(2n)]))
and the following observations:

e the classical spin group Spin(m) constitutes a double covering for SO(m);
e the kernel of h : exp (¢! ({0} X [spg(2n) Ns0(2n)])) — [Sp(2n) N SO(2n)] is composed of the
products of all integer powers of the elements exp [7r (égzj_l + égj)] =—1.

For more details, we refer to [4]. The explicit forms of the superbivectors in each of the subspaces S7, Sa
and S were established in [4] as well.

Proposition 6. The following statements hold:
ejek, 1<j<k<m,
(i) a basis for Si is given by  €2j_1 ® €ap—1 + €25 ©® €3, 1< j<k<mn,
€aj_1 ©® € — €95 ® g1, 1< j <k <y
€2j—1 © €25, 1<5<n,
(ii) a basis for Sy is given by { €2j_1 ® €ap—1 — €25 © €2, 1< j<k<n,
€25 1 O €ap + €25 O 1, 1<j<k<ng
(ii) Ss consists of all elements of the form (8) with bjx, Bj 1 € A5 DAE and b € Ay 1.

Remark 3.1. [t is interesting to point out that within the algebra Algg{€, ..., €2, } the elements €25-1,€2;
may be identified with the operators e%i&lj , e_%iaj respectively, where the a;’s are real variables and i is
the usual imaginary unit. Observe that these identifications immediately lead to the Weyl algebra defining
relations

e%i(?aj e" g —e Tlay e%iaaj = Oa;ar, — ar0a; = Oj -
Hence every extended superbivector of the form B = 2?21 0;m (6\22]-71 +é22j) € 51, 0; € R, may be
identified with an operator Z;l:l 0;mi (agj — af), leading to the correspondence:

n

P — exp zn:t?jm' ((‘32]_ - a?) = H exp [Hjﬂ'i(@ij - a?)} .
j=1

Jj=1

11



We recall that the classical Fourier transform in the variable a; can be written as an operator exponential

Fa,;lf] = exp (%z) exp (%z (631, - a?)) [f]-

Then, through the previous identifications we can see all operators

ﬁ exp [Gjm'(asj — a?)] = ﬁ exp (—0;mi) _7_-;1]0]',
j=1

Jj=1

as elements of the spin group, where fﬁff denotes the one-dimensional fractional Fourier transform of
order 49]1 in the variable a;. In particular, for 0; =1 we get the element exp [7T (6\22]'_1 + 622]»)] , identified
with e ™ F* = —id, id denoting the identity operator.

aj

3.3 Invariance of the super Dirac operator under the spin group action
Similarly to the classical case, we define the following spin actions on functions:
H(s)[F(x)] = sF(5zs)s, L(s)[F(z)] = sF(szs), s € Spin(m|2n)(An),

which are Lie group homomorphisms from the spin group to the group of automorphisms on 7P, 2, i-e.
H and L are Lie group representations of Spin(m|2n)(Ay). It is our aim to show that both representa-
tions commute with the super Dirac operator 0., whence J, can be called an invariant operator under
the action of the spin group. The proof can be easily reduced to showing the invariance under the L
action, i.e. to showing that [0, L(s)] =0, s € Spin(m|2n)(Ay).

Let End(7Py,)2,) be the space of endomorphisms on 7 P,,|2,, and dL : Rq(i?%(AN) — End(T Pp)2,)
the infinitesimal representation of L, defined, as above, by L(e?) = ¢?“(B) for all B € Rgl)f (An). Tt

then suffices to prove that 9, commutes with dL(B) for every basis element of le%(AN) To this end,
we need the following result.

Proposition 7. Let B € R(2 (AN). Then

2n

=B~ > ([B.a]);0u, — > (B0,
j=1 j=1

where ([B, z]); denotes the j-th co-ordinate of the supervector [B,x].
Proof.

For every superbivector B we have by definition that dL(B) = d -L(e | +—o- Then
d d
dL(B)[F(z)] = — [e'"PF(e”"Pze'P)] = BF(z)+ — [F(e "Pze'P)]| .
dt =0 dt =0
Writing y = e *Pae!B = ¢ Bz we have that %’t:o = —¢(B)x = —[B,x]. Hence, the chain rule in
superanalysis (see [2]) yields
dy 8F _ dy; OF
dL(B)IF - e tB >y YL —tB tB
(B)[F(x)) = Zﬁ% Zﬁ% «))|
m 2n
— BF(z) -} ([B x})  [F Z ( )mﬂ 2 [F)(x). O
Jj=1 J=1
Using (9) the following results are now easily obtained:
1
dL(bejer) = —2b (20, — Tx0x; — §ejek), 1<j<k<m,
dL(BejéQk_l) =—-b (2333‘3%‘2,971 =+ ngkamj — ejégk_l), 1<j<m, 1< k< n,

12



dL(bejéar) = —b(22;0p,, — o102, — €;€a1), 1<j<m, 1<k<n,
dL(bé€zj_1 ® €ap—1) = —b(@2; 0y, + Por0p,y, , — €251 O €21_1), 1<j<k<n,
AL(bés; © éay) = b(Taj 103y, + Tok—10s,, + €25 © 1), 1<j<k<n,
dL(béyj—1 ® €a1) = —b(L2j0u,;, — Tor—10m,, , — €2j—1 © €a1), 1<j<k<n,
dL(béy; © €ap—1) = —b(—L2j_10p,,_, + Tor0z,; — €25 © €21_1), 1<j<k<n

whence we now are in the condition of proving the desired property.
Proposition 8. For every B € R(2)E o (AN) it holds that [0,,dL(B)] = 0.

Proof.
We now prove the commutation relation of 9, with dL(B) for every basis element B of R(2 (AN). As
an example, take B = bejéa,_1; it is easily obtained that:

[é% 8552@—1 ) ija:f%—J = [éﬂ a:fu—l ) 6rf2ka$j] =0, [éﬂ 895216—1 ) b\ejéQkfl] = _(Sk’f Bejafu—m
(€201 Oy, 00y, ] = [€20—1 Oy, 0ej€o11] = 0, [€20—1 0y, 62280 ;] = —Op0 020104
Then, [égg 8952271 y dL(Bejégk_l)] = —616.[ b\ejﬁx*m_l and [égg_l 6J;QZ,dL(b\€j€\2k_1)] = (Sk,@ Bégg_lal-j, whence

[0@ dL(BejéQk_l)] = *QZék,l b‘(ejamfl + 6\25_13@7) = -2b (ejaz‘%fl + égk_laxj) .
=1

On the other hand, [e;0y,,0%;0u,,_,] = d0;b€00sy,_,, [€00z,,b2210;;] = 0 and [ef 0y, bej€op_1] =
—205.¢b€a,_10z,, whence

[8@ dL(b\eje\Qk;fl)} = -2 Z(Sj’g 5(6[81*%_1 + 6\2]@,18”) =-2b (ejax‘%_l + 6\2]@7181].) .
=1

Finally, we obtain that [0,,dL(be;j€sr—1)] = [0z, dL(bejéar—1)] — [0z, dL(be;€a,—1)] = 0. The proof pro-
ceeds in a similar way for all other basis elements of Rfi‘)Qn(A N)- O

The above result implies the invariance of the super Dirac operator under the spin actions H and L.

Corollary 1. For every s € Spin(m|2n)(Ay) it holds that [0, L(s)] = 0 = [0, H(s)].

4 Hermitian super space

In this section we study some fundamental aspects of Hermitian Clifford analysis in superspace. In
particular, we are interested in the group of supermatrices leaving the Hermitian inner product invariant,
leading to a restriction of the spin group, depending on the so-called complex structure J.

4.1 Complex structure and Hermitian radial algebra in superspace

The fundaments of Hermitian Clifford analysis in superspace were introduced in [3] through the notion
of a complex structure, which is defined by some axioms on the radial algebra level, see [5], but can also
be seen as a specific element J of SOg(m|2n)(RAy) satisfying J? = —I,,12,. This condition implies that
sdet(J)? = (—=1)™~2" = (—=1)™, forcing m to be even.

The complex structure J chosen in [3] is the algebra automorphism over As,, 2, (RV) defined by

e J is the identity on RV;

L Jl(ej) = —€m+j, Jl(em-i-j) = €5, j = 17' <o,y
J(éijl) = _é2j7 J(ézj) = é2j—17 j=1...,m

o J(FG)=J(F)J(G) for all F,G € Az 2, (RV).
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Thence the action of J on every supervector has the form

J(@) = J(@) + J(@) = D (Tmijej — Tjemps) + Y (@25€51 — 225 _163;)

j=1 j=1

and its estriction to R?™2" (V) can be written in a supermatrix form as

_( Jom O _ 0 I,
J—( 0 Q%), Wherejgm—<_jm 0 ),

showing that indeed J € SOy(2m|2n)(RAx) and J? = —Iz12,-

Remark 4.1. We recall that for m = n, the antisymmetric matrices Jon, and Qg are used to define
two different copies of the symplectic group, i.e. Sp;(2n) = {Ag € R*>2n : AT ), Ag = Ja,} and
Spq(2n) = {Dy € R?"*2n . DI'Qy, Dy = Qa,}. It is clear that Jo, and Qa, only differ by a permutation
of the basis vectors, whence there exists an orthogonal matriz R such that RT Jo, R = Qa,. Hence,

DEQs, Dy = Qo <= DIR"J5,RDy = R" Jo,R <= (RDoR™)" Ja,, RDoR" = Jo,,.

meaning that Dy € Spg(2n) <= RDoRT € Sp;(2n), or equivalently, R Spg(2n) RT = Sp;(2n). The map
v(Dy) = RDoRT thus constitutes a Lie group isomorphism between Spg(2n) and Sp;(2n), whence also
the corresponding Lie algebras soq(2n) = {Dy € RZ*2 : DTy, + 9, Dy = 0} and s0;(2n) = {Ag €
R2n>2n . AT ]y, + Jo, Ag = 0} are isomorphic. These observations allow us to speak of the "symplectic
structure” independently of Qo, or Jop.

The action of this complex structure produces a second super Dirac operator given by
05wy = J(0) = Y (€j00,s; — em+i0n,) Oy = J(02) =2 (€2j-10s,1 + €203,

j=1 Jj=1

and finally, 0y(;) := J(02+) = Oj@) - —0j@) - The complex structure J commutes with the partial
derivatives 0,; and dy,, leading for the super Dirac operators 9, and 0;(,) to the relations

J(0:[F]) = 0y [J(F)],  J(0y(2)[F]) = —0[J(F)], F € TPamjan-

In accordance with the radial algebra axioms for J (see [3, 5]) the actions of the Dirac operators on the
supervector variables x and J(z) give two important defining elements: the superdimension M and the

fundamental bivector B € R (An). Indeed,

2m|2n

Opl] = 2m — 2n = 00 [J (2)), 9o (2)] = 2B = —0(a)[7],

where B = 377" | ejepn ) — 2321 €;2. Since J also is an element of s0o(2m|2n)(RA ), another important
characterization of B is that

[B,z] = —2J(z) or equivalently ¢(B) = —2J. (13)

A natural realization of the Hermitian radial algebra is easily found in the complexification As,, 2, (CV)
of Ao 2n(RV), ie. A 20 (CV) = Ao 20 (RV) @ iAo, 20 (RV) = CV @ Copy 2, Where the imaginary unit
i commutes with every element of Ag,, 2, (RV). Similarly the complexification of T'(V') /I is T'(Vg)/I. As
usual, the Hermitian conjugation is defined over As, 2,(CV) by the rule (a + ib)" = @ — ib, while the
complex conjugation is denoted as (a + ib)¢ = a — ib, where a,b € Agyy, 2, (RV).

Letting act the projection operators %(12m+2n +14J) on R27”|2”(V) we obtain the sets of complex
supervectors generating the realization of the Hermitian radial algebra in this setting, given by the
following subspaces of the V-envelope C>™27(V):

W= {z = % [z +iJ(x)]:x € R2m|2”(V)} , W= {ZT = —% [z —iJ(x)]:x € R2m|2”(V)} :
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The Hermitian vector variables z, zI may be decomposed as the sum of complex bosonic and fermionic
vector variables z = z + 2, 2f = 2T + 2" where

z= §(§+2J@)> = 52(% +iTmyj)(ej —lemyj) = szij

=1 =
1 , 1 & . ' m

2= —i(g— zJ(ﬂc)> =-3 Z(m] — g (€ +lEmyj) = szf}
=1 st

. 1(\+.J(\))_ 1“(\ i) '\)—i‘f‘

z= 9 T T1JZ) ) = 9 4 Toj_1 +1iT2j)(€25-1 — i€25) = . 25,
Jj=1 =

g oo N I, N L

z = —i(g— zJ(&)) =73 ;(ng‘ﬂ — i) (€251 + i€j) = ;zj R

where we have introduced the commuting and anticommuting variables z; = x; + iz;4; € CVy and
Z\j = .fgj_l +i.f2j S CVT, together with their compleX conjugates Z]C =5 — i$m+j and Z\j = fgj_1 — 7:1»'\2]‘.
We have also introduced the Witt basis elements

1

Ti = 5 (e —demsj), fl = —5le tiemis),  Tj = (€21 — i), ;= —5 (€2j-1 + i),

which submit to the multiplication rules

j + j — Oa ik —Tef; = 07 N N < N
3;? + ;I;B -0 ;]Tfl;kf fk;;ff)’r —0 fife + T f; =0, ik + et = o,
SRS Ted den 4 fifet + 7 = 0, Fiet + et = 0.
fifr +ifs = 05k, fife' — ' f5 = —50,k

The algebra generated by the vector variables z, 2zt indeed is a suitable realization of the Hermitian radial
algebra since the element {z,u'} is a commuting object. In fact,

m 7: n e
(z,u)c = {z,ul} = szuj ~ 5 Z zju; € CVg. (14)
j=1 j=1

Since {z,uf}¢ = {u, 2t} the above expression can be used to define an "inner product" of the complex
supervectors z and u, see [3].

4.2 Invariance of W and WT.

It is easily seen that the spaces W and W establish a direct sum decomposition of the complex V-envelope
C2mI2n (V) ie. C¥™120(V) = W @ W, Every supermatrix M € Mat(2m|2n)(RAy) acts on elements of
W, Wt as it naturally does on elements of C>™27())):

1 ) 1 ) 1 . 1 .
z:i[;v—&—zJ(x)] — i[M:r—i—zMJ(x)]; zT:—i[x—zJ(x)] — —i[Mx—zMJ(:r)].

Hence, the subspace Mat ;(2m|2n)(RAx) of Mat(2m|2n)(RAy) leaving W and W invariant is given by
Mat;(2m|2n)(RAN) = {M € Mat(2m|2n)(RAy) : MJ = JM}.

Proposition 9. Let M € Mat(2m|2n)(RAy), as in (4). Then the following statements are equivalent:

(i) MJ = JM;
(ii) the matrices, A, B,C, D satisfy AJay = Jom A, BQop = Jom B, CJay = Q2,C, DQay = Qo D;
(iii) the matrices, A, B,C, D have the form

B Al A - ]3‘1 ;o .
A_<—A2 A1)’B_<Blem)’C_(Cl|_02n01>
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and

. Ak b;
D= {Djk}j,kzl,“.,n with Djk = ( _ jk azjjk > s

mx2n )2n><m

where A1, Ay € (RANja)mxm, B, € (RANJ) ,C, € (RAN,T and ajk, bjr € RAN 5.
Proof.
The equivalence between (i) and (ii) easily follows from the block structure of the supermatrices M and

J. To prove the equivalence between (i) and (iii) we first write

A:<A; Az) 45 € (RAyg)™ ™ B:(B;> B, e (RAy7)™",
C = (O1|02) Oj € (RAN,T)znxmv D= {Djk}j,kzl,,__7n Dji € (RAN.E)QXQ

Then, easy computations show that

_ Ay A\ As Ay B Ay A
AJQm—JQmA<:><_A4 A3>_<—A1 _A2><:>A—(_A2 A1>’

szt ()< () = 5= ).
Clom = Q2,C = (—C,|C)) = (Q2nCy|0nC,) < (Cy] — 0nCY),
Dy = QuuD = DjQs = WDy < Dy = < o 22: )
O
The subspaces W and WT both are isomorphic to the V-envelope C’”'"(V). For that reason we

denote the Hermitian radial algebra generated by them as C,,,,(V). Every complex supervector z =

™ 2§ 4 5" 2:§7 and its Hermitian conjugate 2zt = S 2zl + S 2957 can be written as
j=1~3lj j=1~3l3 j=17%j513 j=1%31J

column vectors of C™™(V) in the form

c
Z:(z\):<Zl7...,2m72\1,...72\n)T, ZC:(i\C>:(zi"'?ZrCn?Z\i""?Zfz)T'
In this way, the equalities z = 1 [z +4J(z)] and 2T = —1 [z —iJ(2)] can be rewritten in the matrix>
form:
P 0
z=Px, 2¢°=DPc, whereP:( 0 Q)’
and with
1 0 0]z O 0 1 4 0 O 0 0
o1 ... 00 ¢ ... 0O 01 ¢« ... 0O
p=\(. . . . | =Un|in)ec™* Q= . . . . . . |[ec
o0 ... 1]0 0 ... ¢ 0O 00 0 ... 1 ¢

These complex matrices play a role in every computation involving the supervectors z and x. In particular,
they satisfy the following relations.

p (PT)C =2Imn, (PT)C P=DILnion+iJ, PJ=—iP. (15)

Every linear transformation in R?™2"(V) defined by a supermatrix M € Mat;(2m|2n)(RAy) is
associated to a transformation in C™"(V) determined by

u= % Mz +iJ(Mz)], zeR>™2 ).

2The complex conjugate M® of a supermatrix M € Mat(p|q)(CAn) is defined componentwise.
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This transformation can be written in terms of a supermatrix ¢(M) € Mat(m|n)(CAy) as u = Y(M)z
with z = J(z +J(z)). Indeed, the above relation can be rewritten as PMz = ¢ (M)Pz for every

x € R?™12"(V) meaning that ¢(M)P = PM, or equivalently,

1 c
V(M) = S PM (P7)". (16)
Using Proposition 9 we easily get
A1 A2 Bl . S T\ ¢
ol —4s A | B | = ( Ay —ids 1Bl (@ % . ) (17)
G, —.C | D QG 5@D(Q")

Remark 4.2. It is known from Proposition 9 that the matriz D is composed of 2 x 2 blocks Djj. It then
easily follows that %QD (QT)C ={ajr — bk} k=1, n-

Proposition 10. The map v : Mat ;(2m/|2n)(RAy) — Mat(m|n)(CAy) is a real algebra isomorphism.

Proof.
Using the properties of P given in (15) it easily follows that ¢ is invertible and its inverse is given by

1 c
v =3 {(PT) LP+PT e PC} . L € Mat(m|n)(CAy).
That 1 is an algebra isomorphism follows from its real-linearity and from
1 . | ,
1,/}(M1)1/)(M2) = 1PM1 (PT)(. PM2 (PT)(. = ZPMl (Igm_t,_gn + ZJ) M2 (PT)C

]. c c 1 C
=1 [PMlM2 (PT)" +iPJM M, (PT)} = PMiM, (PT)" = (M My).

4.3 Invariance of the Hermitian inner product. The group SO{.

We are now interested in the invariance, under linear actions, of the inner product (14) between complex
supervectors. In particular, we want to describe the set of supermatrices M € Mat(m|n)(CAy) satisfying

(Mz,Mu)c = {(z,u)c, Vz,u € C™M (V). (18)

Observe that (-, )¢ can be written in a matricial form as

(z,u)c = 2THu®, where H = ( IE)” —gfn ) .
Then a super matrix M € Mat(m|n)(CAy) satisfies the condition (18) if and only if
2T (MSTHMC — H) u®=0 Vz,u€ (Cm|"(V), or equivalently MSTHM® —H = 0.
Hence the set of supermatrices leaving the inner product (14) invariant is given by

Uy = Ug(mn)(CAy) = {M € Mat(m|n)(CAy) : (MST) HM — HE = o} 7

which is a closed subgroup of GL(m|n)(CAy) and in consequence a Lie group.

Proposition 11. The following statements hold:
(i) a supermatriz M € Mat(m|n)(CAn) of the form (4) belongs to Uq if and only if

(AT) A+ 5 (CT) C =L, (AT) B+ 5 (CT) D=0, =(BT) B+ (D7) D = S 1;
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(ii) (sdet M)° sdet M =1 for every M € Uy;
(i) [Uo), = U(m) x U(n), where U(k) denotes the unitary group of order k.

Proof.
(i) The relation (MST)C H°M = H¢ can be written in terms of A, B,C, D as

(AT A+ (CcD)C  (AD)'B+i(CT)D Y\ ([ In 0
(—(BT)CA%(DT)CO —(BT) B+35(D")°D ) _( 0 3l )

(ii) It is easily obtained from (MST)C H°M = H°.
(iii) Applying the homomorphism []g to each of the relations in (i) we get for

(A O
[M]O - < 0 DO )
that (AE)F)CAO = I, and (D(:)F)C Dy = I, or equivalently Ay € U(m) and Dy € U(n). O

As it was done in [4] for SOy, it can be proved that this generalization of the unitary groups U(m) and
U(n) is connected.

Proposition 12. Uy is a connected Lie group.

Proof.

This proof is similar to the one in [4] showing the connectedness of SOy. The strategy is to find for

every M € Uy a continuous path M(¢) (0 < ¢ < 1) connecting, inside Uy, M with its complex pro-

jection My, which belongs to the connected group U(m) x U(n). This continuous path is given by

M(t) = Z;V:o ti[M];, where [M]; is the projection of M on Mat(m|n)((CA%)). O
As in the classical case, the Lie group Ug(m|n)(CAy) is related to SOg(2m|2n)(RAy) through the

complex structure J. Indeed, it is clear that supermatrices in the group

SOy = SOy (2m|2n)(RAx) = SOg(2m[2n)(RAx) N Mat ;(2m[2n)(RA y),

have the double property of keeping the bilinear forms {z, y} and {x, J(y)} for z,y € R*™?"(V) invariant.
But for the Hermitian inner product (14) we have

(st = Lt} = {5+ 7). 50 - 190) } = =5 9} il T,

whence the action of every supermatrix in SO{ leaves the Hermitian inner product invariant as well. This
property is summarized below.

Proposition 13. The map ¢ defined in (16) is a Lie group isomorphism between SO (2m|2n)(RAy)
and Ug(m|n)(CAy).

Proof.

It is clear that 1) defines a smooth map and in addition, it was proved in Proposition 10 that i is a
group homomorphism. It thus only remains to show that w(SO‘Of ) = Up. To that end, first observe that
¥(Q) = H€ and that (1/)(M)ST)c = %PMST (PT)C = p(M3T). Using Proposition 10 we get for every
M € SOy that

(Y(M)ST) HY(M) — H® = (M T)p(Q)y(M) — (Q) = v (M5TQM - Q) =0,

meaning that (M) € Up, and in consequence ¢)(SOJ) C Ug. On the other hand, for L € Uy we get
= Y(L)5T = L [PT L5TPe + (PT)° (L5T)° P] =~ ((L5T)°). Hence,

$THLSTQUTNE) = Q= v (D)STY T H)Y T (L) — v (H) = o ((E5T) L - HE) =0,
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This shows that the supermatrix M = ¢~1(L) belongs to Og, but we still have to prove that sdet(M) = 1.
To that end it suffices to compute sdet(My), since sdet(M) = sdet(Mp). From section 3 we know that

(A O
Mo = ( 0 Dy >
with Ag € O(2m) and Dy € Spg(2n). In addition, MyJ = J My which implies in particular that AgJs,, =
JomAg. Combining this with Ang = Iy, straightforward computations yield AgJQnLAO = Jom, or still
Ao € Sp;(2m). Hence, det(Ap) = det(Dg) = 1 since the determinant of a symplectic matrix always
equals 1, implying that sdet(My) = 1. Whence M = ¢~*(L) € SO and in consequence ¢~ (Ug) SOy .
O
The above proposition leads to the following result on the Lie algebra level.

Proposition 14. The Lie algebras of SO and Uq are given by

sog = so0y (2m[2n)(RAN) = {X € s500(2m|2n)(RAyN) : XJ = JX},
up = tg(mn)(CAn) = {X € Mat(m|n)(CAy) : (X°T) H® + H°X = 0}, (19)

respectively. In addition, 1 : s0] — ug is a Lie algebra isomorphism.

Proof.

If X € Mat(m|n)(CAy) belongs to the Lie algebra of Uy, it satisfies e!X € Uy for every t € R. Differentia-
ting both sides of the equality e!X° ") Hee!X = HC and evaluating at ¢ = 0, we get (X5T)" He+H X = 0.
On the other hand, it is easily seen that every supermatrix satisfying the above condition is such that
e!™ € Uy for every t € R. Then, the Lie algebra of Uy is the one given in (19). The Lie algebra of
SO is similarly obtained: differentiating both sides of e!™.J = Je!™ we get M.J = JM. Vice versa, if
M.J = JM then clearly e'™.J = Jet™ . Since 1) : SO — Uy is a Lie group isomorphism, its infinitesimal
representation dv : 507 — 1y turns out to be a Lie algebra isomorphism, see [7]. The map d is obtained
from ¢ through the relation ! ®(X) = )(e!X), t € R, X € so. Differentiating at t = 0 we get

d d |1 c 1 c
dp(X) = —p(et* = — [P (PT = -PX (PT)" = y(X).
000 = ol )| = apeX @7y = ZPx (pT) - u)
Hence, 1) is its own infinitesimal representation. O

Remark 4.3. Straightforward computations show that the numeric projections of SO, Uy, sof and ug
are given by the sets

(50| = [S0(2m) NSp, (2m)] x [SO(2n) N Spq (2n)], [Uoly = U(m) x U(n),
[505]0 = [s0(2m) Nsp;(2m)] x [50(2n) N sp,(2n)], [uo]y, = u(m) x u(n),

where u(k) = {Ag € CF*¥ . (AOT)C + Ag = 0} is the classical unitary Lie algebra in dimension k. Here,

Y is a Lie group isomorphism between [SOj |o and [Uglo (respectively a Lie algebra isomorphism between
[s07]o and [uolo). The projections vy, and g, of ¥ over [SO(2m) N Sp;(2m)] and [SO(2n) N Spg,(2n)]
([so(2m) Nsp;(2m)] and [so(2n) Nsp,(2n)]), respectively, are given by

1 ¢ 1 c
Yy, (Ao) = ipAo (PT) ¥q,, (Do) = iQDo Q"M)".
They define the Lie group (Lie algebra) isomorphisms

Y, ¢+ [SO(2m) N Sp,;(2m)] — U(m), Vo, ¢ [50(2m) Nsp;(2m)] — u(m),
Pa,, : [SO(2n) N Spg(2n)] — U(n), Ya,, : [50(2n) Nsp(2n)] — u(n).

In the Euclidean Clifford setting in superspace, it has been shown that the fundamental symmetry
group SOy is connected but non-compact, the non-compactness being due to the realization of Spo(2n) in
the real projection of SOqy. The introduction of the complex structure, and the consequent refinement of
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the symmetry group, causes the corresponding numeric projection [Up], = U(m) x U(n) to be compact,
while Uy remains non-compact. Indeed, an example of an unbounded sequence {M (k) }ren in Uy is

11 ... 1

I, —2kb Epxn . 11 ... 1
M(k):<k5EnXm 2 I X )7 wherebe(CANj, Epxg = c RPX4.

11 ... 1

As a consequence exp : 507 — SOg may not be surjective. However, SO can be fully described by
products of exponentials acting in some special subalgebras of sof. Indeed, write M € SOg as M =
My +M = My(Izmian + L) where My € [SOg]o is the real projection of M, M € Mat(2m|2n)(A}) is
its nilpotent projection and L = My M. Since [SOj]o = U(m) x U(n) is connected and compact, the
exponential map is surjective on this group, see Corollary 11.10 in [7], whence we can write My = e~
with X € [s0(2m) Nsp;(2m)] x [s0(2n) Nspg(2n)]. As explained in Section 2, there is only one matrix
in Mat(2m|2n)(A};) whose exponential equals Imio, + L, viz Z = In(lomi2, + L). Following the
decomposition of SOp in Theorem 2, we get that Z € so0(2m|2n)(A%). In addition, we recall that
Iopmyon + L commutes with J, meaning JL = LJ. Thence

N L

Z =n(Iomi2n + L) =) (—1)T1=
: J
Jj=1

commutes with J as well. In this way, we have obtained the following refinement of Theorem 2.
Theorem 3. Every supermatriz M € SO can be written as

X € [so(2m) Nsp;(2m)] x [s0(2n) N spg(2n)],

M =eXe?  wh
¢ e {stag(Qan)(A;),

with s0g (2m|2n)(A};) := sof N Mat(2m|2n)(A}). In addition, the element Z is unique.

5 Spin realization of SO

The aim of this section is to find the spin realization of SO, i.e. the subgroup Spin;(2m|2n)(Ay) of
Spin(2m|2n)(Ay) containing all spin elements which correspond to elements of SOF through the h-
representation (10). To that end we must first find the realization of the Lie subalgebra soj C sog in
the algebra of extended superbivectors, i.e. ¢! (s0]) C ng)fzn(A ~)- The exponentials of these bivectors
yield all elements of Spin ;(2m|2n)(Ay), leaving the super Dirac operators 0, and d(, invariant.

5.1 The Lie algebras soj and ¢ '(s0]).

Propositions 9 and 14 show that soj can be described as the set of supermatrices of the form

A A B Al 441 =0,
1 2 21 AT — Ay =0
M = —A2 Al B an with \2 \2T ’ (20)
! B, —C, Q, =0
Cl _QQ7L01 ‘ D 17> 2n = Y
DT +D=0.

since the conditions for being an element of sog given in (7) can rewritten in this case as

AT + A, —AT 1+ A o B a’
ATA=( F 71 2P ) =0, B-CT™n=|( 54 |J-| 7 Qon, =0
+ (AQT—AQ AT + 4 ’ 2 B,y A )T

and Dngn + QQnD = (DT + D)QQT, =0.
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The relations in (20) provide an easy way of computing the dimension of sof. Indeed, we can write
507 as the direct sum of the real subspaces Vi, Vo, V3,V where

A 010 m(m — 1)
Vi o= 0 A0 AT+ A1 =0 A eRATT" o, with dimV; =271 =0,
0 010
0 Az 10 m(m + 1)
Vo = —As 0 |0 |:A3 — A =0, A € RATF™ 5, with dim V5 =277 —=———,
0 010
0 0 Cy" Qon \
Vs = 0 0 —a," Oy € RAZZE™ 5 | with dim Vs = 2" "2mn,
Ci —nCi| 0
0 0]o0
Vi = 0 0|0 DQgp = Q2nD, DT + D =0, D € RA>"X*™ } | with dimV; =2V 'n?
0 0|D
whence

dim soy

_ gN-1 m(m — 1) n m(m+1)

2 2
We now look for the realization of 500 in the Lie algebra of extended bivectors. To that end, consider
M € s09 and B = ¢~ (M) € RleQn(AN) Then, MJ = JM if and only if MJx = JMzx for every
x € R?™12 (V) or equivalently,

¢(B)(J(x)) = J(¢(B)(x)) < [B,J(x)] = J([B,z]) = [J(B), J(x)] <= B=J(B).

The last equivalence is due to the fact that J is an automorphism over RQ’”‘Q"(V). In this way, we have

obtained that ¢~'(sof) = {B € R0 (Ay) : B = J(B)}. In order to find the explicit form of the
J

elements in ¢~1(s0]) we need the following computations:

<

. €j€ap—1) = emyjf2x 1<j<m, 1<k<n
J(ejer) = emtjemir 1<j<k<m, ) = emts J ’ ’

<

J(eiemair) = ereme; 1<, k<m . ]
(] m—+ ) m+j Js ) J 6m+362k 1) = —ejénn 1 S] Sm’ 1 k Sn,

(

(ej€ar) = —emtj€ou—1 1<j<m,1<k<n,
: (
J(emtjemir) =ejer, 1 <j<k<m, (

J em+j62k) - eje\2k71 1< .7 < m, 1<k< n,

J(€2j—1 © €25—1) = €25 © €gp; 1<j<k<n,
J(€2j-1 © €gp) = —€2j O €91 1< j<k<n,
(€2j @ €ap—1) = —€9j_1 @ €9, 1< j <k <,
(€25 ® €gp) = €251 @ €gp—1 1< j<Ek<n.

S S

Applying J to both sides of (8) we obtain that B = J(B) is equivalent to

bjk =bmijmir 1<j<k<m, bjok—1=0bmyjor 1<j<m, 1<k<n,
bjm+k =bpmy; 1<4,E<m, bjok = —bmijor—1 1<j<m, 1<Ek<n,

and
Baj19k-1=DB2j2r 1<j<k<n

Boj_ 19k = —Bojor—1 1<j<k<n,
BQj—l,Zj =0 1 <j <n.
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Hence, B € ¢~ 1(s0f) if and only if B = By + By + B3 where By, By, B3 are of the form

m

B, = E bjk(ejer + emtjemir) + Z bjm+j €j€m+j + Z bjm+k(€jemik + €xlmys)s
1<j<k<m j=1 1<j<k<m

By = g bjok—1(€j€2k—1 + €my;€2k) + bj ok (€;€25 — €mtj€26—1),

1<5<m
1<k<n

B = E Bgj—1.2k-1(€2j—1 ® €251 + €25 @ €a1) + g Byj_1,2k(€2j—1 © €2 — €25 @ €ax_1).
1<j<k<n 1<j<k<n

Summarizing, we have obtained the following result.

Proposition 15. Let {b1,...,bon-1} and {by,...,0onv-1} be the canonical basis of RAyG5 and RAy 1
respectively. Then, a basis for ¢~ 1(s0]) is given by the elements

br(ejer + emtjemtk), 1<r<2N1 1<j<k<m,
br(€jmtk + €k€mj), 1<r<2N-l 1<j<k<m,
br(ej€ak—1 + €m+;€2k), 1<r<2Vl 1<j<m, 1<k<n,
br(ej€ar — €mtj€or—1), 1<r<2V 1 1<j<m, 1<k<n,
br(€2j—1 © €ap—1 + €25 © €az), 1<r<2V7l 1<j<k<n,
br(€2j-1 ® €9k — €9; © €251, 1<r<2Ml 1<j<k<n.

Remark 5.1. Obviously the algebras ¢~ (sof) and sof are isomorphic. This fact can be double checked
through the previous result from which it follows that dim ¢~ (sof) = 2V~ (m + n)2.

5.2 The group Spin;(2m|2n)(RAy)

We may now introduce the group
Spin; = Spin,; (2m|2n)(RAy) := {Br---eB* . By, ... By € ¢~ (s0]), k € N}.

This is a Lie subgroup of Spin(2m|2n)(RA y) which completely describes SO{ through the h-representation,
as shown in the next result.

Proposition 16. The group Spin; covers SOO‘].

Proof.
The Lie group isomorphism SOg =~ Uy shows, in view of Proposition 12, that SO{ is connected. Hence,
for every M € SO there exist X1,..., X} € sof such that eXt-..eX» = M, see Corollary 3.47 in [7].
Taking B; = ¢~*(X;), j = 1,...,k, and using the relations (10) and (11), we get for every z € R?"I2"()
that

Mz =Xt Xk g = e?B) .. o8(Br) oo — p(eBry o o h(ePF)[a] = h(ePr - - ePF)[a],

whence M = h(s) with s = eB1 ... eBr € Spin. O

The decomposition for SOf given in Theorem 3 allows to describe the Spin ;-covering of SOF more
precisely. Indeed, following the decomposition given in (12) we obtain the Lie subalgebras of ¢~!(s07)

Si = S1n¢7 (s07) = ¢~ ([s0(2m) Nsp,;(2m)] x [s0(2n) Nspgy(2n)]),
Si = S3N ¢ (s0p) = ¢ (s07 (2m[2n)(AR)),

yielding the decomposition ¢~ (sof) = S{ & S{ (observe that Sy N ¢~1(s0f) = {0}). This leads to the
subset S; = exp(S{)exp(Sy) C SN Spin, which can be seen to constitute a double covering of SO{.
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It is easily seen that Si is composed by all elements in ¢~!(sof) with real coefficients, i.e. Sy =
(¢~ (s0] )]O, while Sy contains all the nilpotent elements of ¢~!(s0f). In this way, we obtain from
Proposition 15 that a basis for S is given by

ejer +emijemik, 1<j<k<m, €2j 1 Oe€p_1+ €25 Oen, 1<j7<k<n,
€jemik + €klmyj, 1<j<k<m, €2j_1 O € — €25 O €1, 1Zj<k<n.

We recall that an important element of SO is J itself. In order to find the spin element that
represents J, or equivalently, an element By € S{ such that e?Bs) = J we first compute

In Jo,, 0
In(J) = ( 02 In Qs ) )

Observe that both Jy,, and 2, have eigenvalues i, —i, with multiplicity m and n, respectively. It easily
follows that
T 7r
In JQm = 5J2m, 1HQQm = §QQm

J = =%¢(B), or equivalently By = —5B. The spin element s;

Using the relations (13) we get InJ = a

associated to J thus is given by

™ i T - T, .
sy;= exp(—ZB) = H exp (_ZejemH) H exp (1(62].712 + erz))
j=1 j=1

jus
2

m

1 & T ;
= om/2 H (]. - €j6m+j) H exp (Z(GQJ;lZ + 62]'2)) .
j=1 j=1

Remark 5.2. In the purely fermionic case, i.e. m = 0, the element sj may be identified with the operator

exp %zz (83j — a?) = exp (—n%z) F,
j=1

see remark 3.1. Here, F denotes the n-dimensional Fourier transform.

The fundamental extended bivector B provides other characterizations for ¢~!(sog) and Spin;.

Proposition 17. Let B € R~ (AN). Then ¢(B) € sof if and only if BB = BB.

2m/|2n
Proof.
It suffices to observe that ¢(B)J = Jp(B) < [¢(B),¢(B)]=0 < ¢(|B,B]) =0 < [B,B] =0.
0

Corollary 2. Let s € Spin;. Then ssj = s7s.

5.3 Spinj-invariance of 0,

Our final goal is to show the invariance of the twisted Dirac operator d;(,) under the H and L actions
of the group Spiny, i.e.

[05(2), L(s)] = 0 = [0yx), H(s)], Vs Spin;. (21)
Following the same reasoning as in Section 3, it suffices to prove that d;(,) commutes with the infinitesimal
representation dL(B) of L(e?) for every B € ¢~!(sof). Using Proposition 7, we obtain for B = J(B)
that

J(dL(B)[F)) = J | BF -

NgE
—
oy
<
v
£
=
\
N
—
=
8
N—
&
E

<
I
—
<.
Il
—

([B,xl)jé‘xjw)]—fj(w,xl) 0, [J(F)] = dL(B)LJ(F)].

1 =1 m+j

I

= BJ(F) -

J

Corollary 1 then yields that 9, [dL(B)[G]] = dL(B)[0:|G]], whence, applying J to both sides and writing
F = J(G), we get for every B € ¢~ *(sof) that 9, [dL(B)[F]] = dL(B)[0,(x)[F]]- In this way, we have
proved that [0(,), dL(B)] = 0 for every B € ¢~*(sof) and in consequence (21) holds.
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