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Cyclic operation as optimal control reflux policy of binary mixture

batch distillation

Marija Stojkovic, Vincent Gerbaud *, Nataliya Shcherbakova

Laboratoire de Génie Chimique, Université de Toulouse, CNRS, INP, UPS, Toulouse, France

ABSTRACT

We revisit the maximum distillate optimal control problem of batch distillation of non-ideal binary
zeotropic mixtures. The direct method with full discretization is used. The problem formulation is based
on full column dynamics and the distillate flow rate is used as control variable instead of the reflux. The
purity constraint is handled as a new state variable, the purity deviation. Literature simulations showed
that the cyclic reflux policy (bang-bang type control) performs better than variable reflux (singular type
control) or constant reflux policy for small amount of light product in the load. For the first time, a cyclic
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Nomenclature

u(t) Distillate flow rate (control variable) [mol/h]

Vv Vapour flowrate (constant) [mol/h]

L(t) Liquid flow rate [mol/h]

x(t) Mole fraction of the light component in the liquid
phase

y(t) Mole fraction of the light component in the vapour
phase

N Total number of plates

Uo(t)  Tankliquid hold-up [mol]

U;, i=1, ..., N—1 Liquid hold-up on the plates (constant)
[mol]

Un(t) Reboiler liquid hold-up [mol]

R(t) Reflux ratio [mol/h]

Xpspec ~ Desired purity specification

p(t) Purity deviation

Osepdiff  Degree of separation difficulty

te Overall time of the process [h]

Neycle Total number of cycles

* Corresponding author.
E-mail address: vincent.gerbaud@ensiacet.fr (V. Gerbaud).

reflux policy is found as the optimal control solution. The results are confirmed by rigorous simulation of
the batch distillation, as the cyclic policy improves by 13% the product recovery over the variable reflux
policy. Influence of the relative volatility, vapour flow rate, plate hold-up and initial load is discussed.

1. Introduction

Our study is motivated by the problem of industrial solvents
regeneration. For example, in France, the solvent regeneration
has a strong potential: according to a 2011 French national
environmental agency ADEME, only 18% of waste solvent is
partially regenerated, while 82% is incinerated (Gerbaud and
Rodriguez-Donis, 2010). Typically, the concerned binary mixtures
are non-ideal, and suitable processes (such as azeotropic or extrac-
tive distillation) are required (Van Dongen and Doherty, 1985;
Bernot et al., 1991; Rodriguez-Donis et al., 2001; Kim et al., 2001;
Gerbaud et al., 2006). In the solvent regeneration industry, the
batch operation mode gives the flexibility enabling to handle var-
ious solvent lots over the year. In practice, batch operation reflux
and heating policies are mostly set based on a valuable know-how
which might not be optimal though.

Over a century, many works have focused on operating strate-
gies for the conventional batch column configuration. Kim and
Diwekar (2001) reviewed the three operating modes for a batch
rectifier, namely constant reflux rate with variable distillate com-
position, variable reflux rate with constant distillate composition,
and finally optimal reflux rate with optimal reflux composition.
They defined the last operating mode as the one leading to the
most profitable operation. Compared with other operating modes,
their optimal reflux rate was also a policy of increasing reflux policy
and it led to the shortest batch time. Sorensen (1999) and ear-
lier Jorgensen and Toftegard (1987) discussed the cyclic operation
and its practical implementation in batch distillation. It consists in
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an alternation of three tasks: a reflux drum filling situated below
the condenser, total distillate removal into a tank and total reflux
from the reflux drum with varying hold-up. Bai et al. (2010) applied
Sorensen'’s strategy by focusing on the influence of the reflux drum
hold-up and of the plate hold-up dynamics on operation time.
They showed by simulation and experiments how these hold-up
dynamics impact the optimal product yield for a given number of
cycles. Earlier, Sorensen and Skogestad (1994) proposed an opti-
mal reflux policy based on cycles, and noticed that the number of
cycles increases as the batch time decrease. Sorensen (1999) devel-
oped a heuristic equation using gPROMS tool for finding the total
number of cycles in order to study the cyclic operating policy for
a batch distillation column configuration. She found that a cyclic
operating policy could significantly reduce the total operating time
for mixtures with a low amount of light key component. But clearer
guidelines for other mixtures were difficult to formulate, because
they depend on the mixture, on the column number of plates and on
the product purity and recovery specifications. Jiang and Bai (2012)
simulated the cyclic total reflux batch distillation without reflux
drum and demonstrated its higher performance compared to con-
stant reflux operation when the initial load contains a low amount
of product. Hasebe et al. (1999) and Noda et al. (2001) studied
the optimal operating policy, which minimizes the energy con-
sumption in a total reflux column assuming negligible hold-up and
constant vapour flow rate. They showed that a higher performance
was achieved by optimizing the reflux flow rate, thereby adjusting
reboiler and reflux drum hold-up’s with time. Finally Bildea et al.
(2015) published a review on cyclic distillation technology, where
they noted that cyclic operation can be easily implemented in old
distillation columns by changing internals.

Mujtaba (2004) reviewed the optimal control problem defini-
tion for batch distillation, dividing all problems to belong to one
of the three following groups: time minimization, distillate max-
imization, and profit maximization. He found that the inequality
constraint for all groups must be relative to the distillate purity,
with the exception of the time minimization problem where one
have to add the amount of distillate. Further, he stressed that the
control variable chosen should always be the reflux ratio with linear
bounds imposed on it, with the exception of the time minimization
problem where the final time is to be added to the list of the con-
trolled variables.

Optimal control of batch distillation is challenging in practice
compared to ‘classical control’ due to 1) strong control loop inter-
actions; 2) large measurement delay in composition analyzers
(>10min); 3) frequent occurrence of disturbances. There were
many attempts to solve the batch distillation optimal control prob-
lem with simplified models (Diwekar et al., 1987; Jorgensen and
Toftegard, 1987). Nearly 30 more papers addressing the maximum
distillate problem, the minimum time problem or the maximum
profit problem have been discussed in the review by Kim and
Diwekar (2001). Among them, Coward (1967a, 1967b) applied Pon-
tryagin’s maximum principle to the minimum time problem in
binary batch distillation with a constant boilup rate to achieve a
fixed quantity and purity in terms of minimum batch time. Hold-
up on the column internal plates was neglected by Coward. Indeed,
the optimal control problem of batch distillation can be written
in a standard optimal control form and solved by using Pontrya-
gin’s Maximum Principle (PMP). The associated Hamiltonian H is
affine with respect to the control variable, u; H=Hg +u.H; and u is
bounded between a lower and an upper bound. According to PMP,
along the optimal solution the Hamiltonian takes its maximal value
among all possible values of the control function. One has to distin-
guish between two possibilities: either the maximal value of H is
reached in interior part of the control interval or on the bounds. In
the first case the optimal control is called singular, it can be com-
puted from the extremality condition dH/du = 0, which in the affine

case reads Hy =0. Otherwise, the corresponding control is said to
be of bang type (Bonnard and Chyba, 2003). A detailed analysis of
the batch distillation optimal control problem is found in Stojkovic
et al. (2017) where it was verified that the Hamiltonian found has
the right properties.

Confirmed later by others (Robinson, 1970), the optimal reflux
policy found by Coward was an increasing reflux policy to maintain
a constant purity operation. In any case, it performed much bet-
ter than a constant and unique value reflux policy. The increasing
reflux policy will be later observed in the optimal control policy pat-
tern and be called a singular arc in reference to the optimal control
framework explained above. Aside from that preference for a vari-
able optimal reflux policy regarding the minimum time problem,
Hansen and Jorgensen (1986) found that an optimal control policy
of the boilup rate performed better than an optimal reflux policy.
Solving the maximum distillate problem under fixed purity, Farhat
et al. (1991) found that a stepwise constant reflux policy achieved
a better recovery in a shorter time than a reflux increase policy for
the distillate withdrawal periods, followed by a large reflux policy
for the off-cuts periods. Regarding the problem of maximizing the
total profit, Low and Sorensen (2004 ) proposed for a multiproduct
batch distillation, an optimal operation that consisted in sequences
of constant reflux for each product distillation task. Other optimiza-
tion variables were the number of plates, each task period and the
constant boilup vapour flow rate. But other authors recommended
earlier to use a variable reflux policy for that problem type (Logsdon
and Biegler, 1993).

Then Diwekar (1992) solved the optimal control problem of
batch distillation by using a short-cut method based on a quasi-
steady-state model for each of the three problem categories listed
by Mutjaba. They used this model in an algorithm combining Pon-
tryagin’s Maximum Principle and non-linear problem techniques.
This formulation reduced the dimensionality of the problem and
the computational effort, and it allowed to set bounds on variables
such as the reflux ratio. Comparing the optimisation results with
those obtained in open literature, Diwekar reached the same con-
clusions about the optimal operation, namely that an increasing
reflux policy is the optimal one. Raducan et al. (2005) took a step
further in defining the optimal control problem as they studied the
free time optimal control problem. They were the first to describe
the reflux ratio optimal control to be of ‘bang-bang’ type. But they
did not refer to a cyclic zero reflux—total reflux policy that was
studied by Sorensen, but to a ‘bang-bang’ shape around an optimal
increasing reflux function due to piecewise step approximation.
Their simplified mathematical model consisted in a one-plate dis-
tillation process. A zero reflux—total reflux policy shall occur in the
optimal control patterns and it will be called through the paper
a bang type optimal control policy, in accordance with standard
optimal control analysis (Bonnard and Chyba, 2003).

In the present paper, we investigate the optimal control problem
in order to find the optimal reflux policy for a maximum distillate
problem. Although it is a fifty years old problem solved in many
ways in the literature, new contributions are added in several other
aspects:

- Our study is limited to binary mixtures of various relative volatili-
ties with a single distillation task under constant average product.
Behind the simplicity of such a separation, compared to literature
works dealing with the distillation of multicomponent mixtures
to product multiple product, it requires extensive computational
effort because the distillation column model includes the full col-
umn dynamics, unlike most literature work that used simplified
models.

- A new optimal control formulation is proposed in two ways.
First, the optimal design problem is formulated with respect to a
‘desired purity deviation’, defined not as an inequality constraint
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Fig. 1. Batch rectifier model for the optimal control problem.

as is usual but implemented as an additional state variable. Sec-
ond, the distillate flow rate is used as the control parameter,
where almost all authors have used the reflux ratio instead.

- Unlike some literature work, the distillate flow rate policy and
by consequence the reflux policy is not predefined. It requires
more computation but it leaves free the solver to find piece-wise
constant reflux, variable reflux parts, and quasi-cyclic policies,
depending on the separation difficulty.

The paper is organized as follow. Section 2 describes the batch
process, details about the mixtures characteristics and thermody-
namic models, and introduces a degree of separation difficulty.
Section 3 details the mathematical model of the batch column,
its formulation as an optimal control problem of maximising the
total distillate in a fixed time with a prescribed desired purity. Solv-
ing strategies and the rigorous simulation model used to validate
the optimal control policy are also covered in Section 3. Section 4
presents the influence of several parameters on the optimal con-
trol solution and discusses the new findings in perspective with
literature works. The optimal control policy is validated with the
rigorous model of batch column and is compared to the standard
increasing reflux policy.

2. Materials
2.1. Process setup

With reference to the conventional batch distillation column
shown in Fig. 1, the process model is studied here. Table 1 contains
the process data used in the numerical resolution of the optimal
control problem discussed in the next Section. The batch operation
consists in heating the reboiler initially loaded with Uy ,qq mol of
liquid mixture of given composition in light component Xy jn; and
filling the column plates upwards with the condensed vapour from
the plate below. At the end of this task, the column contains Ug jnir,
Ujinit» (i=1, ..., N) mol of liquid in the accumulator tank on each

Table 1
Process data for simulation and optimal control.

Number of plates 5<N<14

Initial accumulator tank hold-up Ug.inic = 0.1mol

Initial plates hold-ups Ui init = 0.1moli=1,N -1
Initial reboiler hold-up U, inic = 10mol

Initial reboiler composition (light component) XN.inic = 0.10

Desired product composition Xp,spec = 0.95

Vapour flowrate V =11mol/h

Reflux ratio R € [0, +00)

Relative volatility of the mixtures at Xp spec a= {7; 2.23; 1.48}

Table 2

Parameters for the simple VLE thermodynamic model.
Mixture a b
n-hexane (68.7 °C)—p-xylene (138.4°C) 7.0 0.0
Methanol (64.6 °C)—water (100°C) 7.15 -0.33
Benzene (80.1 °C)—ethylenediamine (116 °C) 9.0 0.6

plate (including condenser and reboiler) which sum up to Uy joqq-
Then the column runs under the total reflux until the steady state
is reached with molar compositions X;, i=1, ..., N kept constant
to the fourth digit. The optimal control is applied in the next phase
of the process.

2.2. Mixture data

Three real zeotropic binary mixtures are chosen according to
their relative volatility and their VLE is displayed in Fig. 2. For each,
two models are compared. The UNIQUAC model with binary inter-
action parameters taken from DECHEMA (Gmehling and Onken,
1982) is used in the simulation of the optimal control policy with
the BatchColumn simulator whereas the simple model is used in
this work for all the optimal control problems and is described by
the equation below (Doherty and Malone, 2001):

ax
:71+(a71)x+bx(l—x) (M

y
where x and y are the liquid and vapour mole fractions respectively,
and a and b are thermodynamics constants given in Table 2 for the
mixtures studied.

The VLE agree with each other and with the experimental data
found in the DECHEMA series (not shown for clarity). As the driving
force x - y is reduced as one goes from mixture 1 (n-hexane—p-
xylene), 2 (methanol—water) and 3 (benzene—ethylenediamine),
Fig. 2 shows that the separation by distillation will be more dif-
ficult. The first mixture exhibits an almost ideal behaviour; with
a constant relative volatility equal to seven. The second one has a
decreasing volatility near pure methanol and the third one is an
illustration of a mixture with a pinched VLE near pure ethylenedi-
amine.

Additionally from the VLE diagrams, the minimal total number
of plates required for feasible separation can be found by graphical
method. Setting a desired purity xp spec =0.95 in light key compo-
nent (respectively n-hexane, methanol, benzene)and aninitial load
composition of 0.1 in the light component, the McCabe Thiele con-
struction displayed in Fig. 2 at total reflux gives a minimum number
of plates N,i, equal to 3,4 and 6 for mixture 1, 2 and 3 respectively.
They compare well with the values obtained by using Fenske’s for-
mula for minimum number of theoretical plates. Fenske’s equation
values are 3 (2.64),4(3.84) 5 (4.33), using average relative volatility
of 7,3.76 and 3.27 respectively.
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Fig. 2. Vapour - liquid equilibrium and McCabe Thiele drawing at total reflux for three binary mixtures of decreasing mean relative volatility.

2.3. Degree of separation difficulty

Table 1 also reports relative volatility values for the three mix-
tures {7; 2.23; 1.48} that corresponds to the relative volatility
value at the desired distillate purity Xpspec =0.95. Together with
the calculation of the minimum number of theoretical plates, they
illustrate the intuition that mixture 1 with a high and constant rel-
ative volatility is easier to separate by distillation than mixture 2,
itself easier than mixture 3 with a pinch in the composition range
near the distillate product.

The degree of separation difficulty is another elegant way to
compare batch distillation operation for different mixtures in dif-
ferent column configurations for given initial load. Christensen and
Jorgensen (1987) proposed to use g, the ratio of the average min-
imum number of theoretical plates from Fenske’s equation to the
total number of plates. It should vary between 0 and 1. However, we
experienced that the separation was feasible with less plates than
Fenske’s equation N,;,, inducing q> 1. Hence, inspired by Betlem
et al. (1998) for a maximum distillate optimal control problem,
like us, the following expression is proposed for computing the
separation difficulty:

) _ 1)

This formula shows that the difficulty of separation increases
when the relative volatility o decreases, when the product
purity/quality Xp spec increases or the initial load composition Xy jnir
is low in product. Betlem’s formula was discarded in the present
study. It differs from Eq. (2) about the exponent of a and was not
adopted since it assumed that the separation difficulty increases
when the number of plates increases, which is in contradiction with
the usual belief in distillation. In that equation the choice of the rel-
ative volatility value « is debatable when, like mixture 2 and 3, it
is not constant over the whole range of composition. Hence, the
relative volatility value at the desired distillate purity Xp spec =0.95
is used in Eq. (2).

(XD,spec - XN,init) 1

Osep.diff = (_1 _ XD,spec) (a(,\,“ (2)

min

3. Methods

3.1. The maximal distillate problem: an optimal control
formulation

Our study is focused on the maximal distillate problem, which
can be formulated as follows: for a batch column of given configura-
tion charged with a binary mixture, find the best distillation policy

allowing to maximize the final product of a prescribed purity in a
fixed interval of time. In order to provide a rigorous mathematical
formulation of such an optimal control problem at the end of this
section, a system of differential equations describing the column
dynamics, the final product purity constraint, as well as initial and
final states of the column need to be specified.

In order to write down the mathematical model of the batch
column presented in Fig. 1, assumptions of equimolar overflow,
total condensation and constant liquid hold-ups on all plates are
adopted. The vapor and the liquid phases, kept at thermodynamic
equilibrium according to Eq. (1), are assumed to be perfectly mixed.
The vapor hold-up on the plates and the pressure drop along the
column are neglected. Heat balance is neglected but a compari-
son with a detailed model including heat balance will be made in
Section 4.5. Under these assumptions, the dynamics of the batch
column given in Fig. 1 with a distillate flow rate u can be described
by the system of ordinary differential equations (Mujtaba, 2004):

dxq u dxq 1%

T X1 —%a), = Uy (y2—x1), accumulator a1
tank and condenser
dx; 1
d, = = (L(Xi-1 —X)) + V (¥iz1 —¥i)), U;=const,
t U (3.2)
i=2,...,N—1 plates
dxy _ 1 (L(XN-1 —xN) = V(YN —xn)), reboiler (3.3)
dt Un
ddUta _u,
g (34)
% = —u liquid hold — ups inthe tank and in the reboiler

As Fig. 1 shows, the plates are enumerated from the top to the
bottom (1 for condenser, N for the reboiler), x;, y; are the mole frac-
tions of the light component in the liquid and in the vapour phases
related by the VLE condition given by Eq. (1), U; denote the liquid
hold-ups along the column and U, the accumulator tank hold-up.
The vapour flow rate is a constant parameter V= const, while liquid
and distillate flow rates vary in time and verify u(t) + L(t) =V.In
what follows the distillate rate u is chosen as a control variable.
The total mass balance implies that 0 < u(t) < V. Egs. (3.1)-(3.4)
provide a complete representation of the column dynamics and
they preserve the total mass and the mass of the light component
in the system. Note that Egs. (3.1) and (3.3) blow up if either the
reboiler or tank is empty. To avoid such a situation, the final time
tr must be short enough to prevent the reboiler emptiness. In our



computations, t;=0.8h, corresponding to 88% of the time needed
to empty the reboiler under the regime of zero reflux (u=V). One
also assumes that at t=0 the tank contains a small amount of the
distillate Uy jn;¢ (‘the first drop’) of the same composition as in the
condenser plate 1.

The purity requirement of the final product is commonly
described by the following integral relation (Diwekar, 1992; Kim
and Diwekar, 2001; Upreti, 2012):

t &

Xpspec U(L)dt = u(t)xq(t)dt (4)

0 0

According to Egs. (3.1) and (3.4), the right-hand side of Eq. (4)
is equal to myq (tf) — My q(0), where my q(t) is the mass of the
light component in the accumulator tank. Thus, Eq. (4) assigns
the purity Xppec Of the product accumulated during the process
independently of the first drop amount and composition.

In batch distillation operation, the fixed purity specification
Xpspec is usually smaller than the steady-state concentration of the
light component in the head of the column reached at the end of the
total reflux phase. Hence, the true concentration of the light com-
ponent x, (tf) is greater than xp spec because Egs. (3.1), (3.4) imply
that

(Xa (0) - XD,spec) Uaq (0)
Uq (ff)

The integral form (4) of the purity requirement creates certain
technical difficulties both for the theoretical analysis and for the
numerical computations. For this reason, an equivalent differential
form is used, by introducing a new variable, referred below as a
‘purity deviation’:

Xa (tf) = XD, spec + (5)

t

p(t)=
0

u ()q - xD,spec) dt (6)

By definition, it verifies the following initial value problem

dp
dt
The purity constraint Eq. (4) prescribes the final time condition for
p:

p(t)=0 (8)

At t=0 the column is supposed to be at steady state under total
reflux (u=0). Given the initial composition in the reboiler xy j;t,
the steady state concentrations x;s can be easily calculated by
backward recursion:

Xiss =Yis1 (Xis1,ss), i=N—1, ..., 1. So, for the optimal control
computations, Egs. (3.1)-(3.4) should be coupled with the following
initial conditions

= (X1 = XD.spec) »P(0) =0 7

Xa (0) = X1 55, XN (0) = XN inic» Xi (0) = Xj g5 i=1,...,N-1 (9)

Ui (0) = Ui jnis,i=a,1,...,N

Summing up, one gets the following formulation of the maxi-
mum distillate problem:

Uq (¢ 10
o.max Us (tr) (10)
where the column dynamics verifies the initial value problem
defined by Egs. (3.1)-(3.4), (7), (9) and the final time condition

(8). Such an optimal control problem is a standard optimal control
problem of Mayer’s type, affine with respect to a single bounded

control. Indeed, recalling that {Ui} ,i=1,...,N—1 are constant
and defining the state space of the system as

X= {q e RN* 1 q = (g, X1, ..., XN, Ua, Un, D), Xa, X; € [0, 1],
i=1,...,N}

the maximal distillate problem formulated above can be written
in the more general form

maxG (q (t))

subject to
% = Fo(q(0))+uF1 (q(t), u(t).q € X.u € [0, tma] ~ (11)

q(0) € Xo, qN+4 (ff) =0

where u (.) is an admissible control, umax =V and G(q) = gn2. The
set X describes the set of initial conditions (7)and (9), and Fg and F;
are the drift and the control vector fields defined by Egs. (4.1)-(4.4),
(7).

3.2. The optimal distillate policy structure: preliminary analysis

Pontryagin’s maximum principle (PMP, see for instance in Trelat,
2008 or in Upreti, 2012) provides the necessary optimality con-
ditions for the solutions of the optimal control problem (11). In
particular, it describes explicitly all possible types of optimal con-
trols in terms of the Hamiltonian function associated to (11). The
detailed application of PMP goes beyond the aim of this paper.
Still some preliminary conclusions concerning the optimal control
structure can be useful for the qualitative analysis of the numerical
results discussed in the next section.

The Hamiltonian function of the affine control problem (11) has
the form H (¥, q,u) = Ho (¥, q) + uH; (¥, q), where q € X, ¢ e
RN+4 denotes the co-state, and H; (¥, q) = ¥, Fi(q),i =0, 1. The
PMP states thatif uep (t) is associated to the optimal solution gop¢ (t)
of problem (11), it must necessarily satisfy the following maximi-
zation condition:

H (W), Gope (), tope (£) = max H (Y(£), dope (£), W) ,

0<w<umax
te 0.

In particular, it follows that u (t) = 0 if Hy (¥ (t), q(t)) > 0, u(t) =
Umae =V if Hy (¥/(t), q(t)) < Oatsomet e 0, t;]. Otherwise, ie.
if along some piece of the optimal solution Hy ((t), q(t)) = 0, the

optimal control can be found from the equation 0H (1/[, q, u) /ou =
0. The control Hamiltonian H; plays the role of the switching func-
tion of the problem. In the optimal control literature, the optimal
controls of the first two types u(t)=0 and u(t) = umax =V are
called of ‘bang’ type, whereas in the third case it is referred as a
singular control. More details on this computation can be found in
Stojkovic et al. (2017).

The above analysis shows that in principle both types of opti-
mal control: bang and singular, can appear in the solution of the
maximum distillate problem. This conclusion follows from the rig-
orous application of the necessary conditions for optimality given
by PMP, and is based on the particular form of the optimal control
problem (11), which is affine with respect to the bounded distillate
flowrateu € [0, V].

As an alternative, that most of the literature considers, one could
have taken the reflux ratio R=L/u=V/u —1 as the control variable.
Motivation of the preference for the choice of u as the control vari-
ableis as follow. Observe thatR € [0, +o0)and,sinceu = V/(R+ 1),



Egs. (3.1)-(3.4), (7) are highly non-linear with respect to R. The cor-
responding optimal control problem is much more complicated
and difficult to threat using the methods of optimal control and
calculus of variations. Indeed, starting from the work of Converse
and Gross (1963) and repeated later in Diwekar (1992), Kim and
Diwekar (2001) and Diwekar (2014), only the singular type con-
trol was taken into account because the boundary conditions on
the reflux ratio were not correctly treated in the application of the
PMP.

3.3. Numerical resolution of the optimal control problem

To solve the problem numerically the so-called direct method of
optimal control is used (see in Trelat, 2008). The method is based
on a full time discretization of the dynamics of the system using
an appropriate numerical scheme. In this way, the original optimal
control problem is transformed into a standard non-linear opti-
misation problem. This method is implemented in the recently
developed optimal control solver BOCOP (Martinon, 2016) that uses
the IPOPT algorithm as the non-linear solver. The possible choice
of the discretisation scheme varies from order 1 (Euler’s method)
to order 6 (Lobatto’s method). Until otherwise stated, the results
discussed below were obtained with the 4-th order Gauss scheme
with 1800 discretisation points.

3.4. Rigorous batch distillation simulation

The optimal solution found by BOCOP is verified later with
the Batchcolumn® simulator. It uses a full Mass, Vapour—Liquid
Equilibrium, Mole Fraction Summation, Enthalpy Balance (MESH)
dynamic model of batch distillation, solved with the predictor-
corrector Gear’s method (Prosim, 2015).

Several differences exist between the Batchcolumn® and the
BOCOP simulations. Firstly, the VLE model in Batchcolumn”
thermodynamics assumes perfect gas and uses the group contri-
bution activity coefficient model UNIFAC Modified Dortmund 1993
(Gmehling et al., 1993) combined with the DIPPR extended corre-
lation for the vapour pressure to describe the liquid phase fugacity.
Nevertheless, Fig. 2 showed that UNIQUAC VLE prediction agrees
with the simple VLE model given in Eq. (1) used in BOCOP and
with experimental data. Second, the vapour flow rate in the MESH
model varies during the batch column simulation whereas it is kept
constant in BOCOP’s model. Third, the rigorous simulation starts
with the reboiler loading step whereas BOCOP’s model starts under
steady-state conditions achieved under total reflux. Considering
molar units for the rigorous simulation, the reboiler initial load is
adjusted in Batchcolumn” to obtain a steady-state solution under
total reflux (Table 4) that matches BOCOP’s initial steady-state val-
ues (Table 3) for carrying later a faire comparison.

The reboiler heat duty adjustment in Batchcolumn® is also
intended to obtain the desired distillate purity in the distillate
tank. The plates’ molar hold-ups are constant and equal for both
Batchcolumn® and BOCOP models once the steady state is achieved.

4. Results and discussion
4.1. Optimal control policy near the minimum number of plates

First, the structure of the optimal control policy is described
for the three binary zeotropic mixtures: n-hexane—p-xylene,
methanol—water, and benzene—ethylenediamine. Numerical
results are shown in Table 5. For a number of plates N= Ny, +2,
one follows the optimal evolutions of the control variable u(t),
namely the distillate flow rate, and of the liquid molar compo-
sitions for n-hexane—p-xylene (Figs. 3 and 4), methanol—water
(Fig. 5) and benzene—ethylenediamine (Fig. 6) respectively.
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Fig. 3. n-hexane—p-xylene, N=>5: mole fractions evolution vs. optimal control.

In Table 5, the recovery rate of the light component is computed
as the ratio of the amount of the light component in the tank at the
end of the process divided by its total amount in the system:

Xa (&) Ua (t)
Xa(0)Ua (0)+ SN i 5sUp s

As shown on Figs. 4-6, a similar bang-bang type optimal control
policy pattern is found for all three mixtures when the num-
ber of plates is close to its minimal value, Ny, +2. A few short
singular arcs are also found. The bang-bang type behaviour (BB
in Table 5) refers to the alternation of maximal distillate rate
(u(t) = umax)/zero distillate rate (u(t)=0) cycles. The BB pat-
tern resonates with the cyclic policy described in the literature.
The number of cycle ng is incremented from the Figures each
time the control variable u reaches its maximal value umax=V.
This is slightly different from the original definition of a cycle
by Jorgensen and Toftegard (1987) recalled in the introduction,
since our model does not use a variable hold-up reflux drum
below the condenser. To our knowledge, this is the first time that
the cyclic type of policy is found by solving the optimal control
problem.

Because of the BB pattern, the molar liquid compositions in the
column and the liquid hold-up in the reboiler and in the tank also
show the cyclic behaviour (Fig. 3). During each umax period as the
distillate is removed at its full rate, the diagrams show that the
molar content in light key product decreases on each plate. Between
each umax period, apart from a few short singular arcs, the zero
control is used, hence all the condensed vapour is refluxed to the
column. This provokes an enrichment of the product content on
each plate.

On the other hand, the evolution of the distillate composition
is not cyclic but is stepwise, because it is governed by the purity
deviation function (Eq. (6)).

Fig. 7 shows (for the mixture p-xylene-n-hexane with N=5), that
at t=t; the purity deviation meets the final condition given by Eq.
(8) indicating that the purity specification xp spec = 0.95 is achieved
by the optimal control policy. Sorensen and Prenzler (1999) opti-
mized the batch distillation with four cycles and noticed a gradual
decrease of the tank concentration with time to match at the end

recovery (%) = 100 x

(12)



Table 3
Steady state for BOCOP’s model with mixture n-hexane—p-xylene.

N Ug,inic[mol] Uj, inic[mol] UN,init[mOI] Xa (0) X1,s5 X255 X3,s5 X455 X5,s5 V[mol/h]
5 0.1 0.1 10 0.9962 0.9962 0.9744 0.8448 0.4375 0.1 11
Table 4
Process data for n-hexane—p-xylene batch distillation simulation with Batchcolumn® simulator.
N Uii = 1, 4[mol] Un.init[mol] Qp [kcal/h] xg’j’fylw load
5 0.1 10 96.5 0.87 0.13
Xa (O) X155 X255 X355 X455 X555 14 [lTlOl/h]
1 0.997 0.984 0.897 0.495 0.100 0.23
Table 5
Influence of the number of plates on the optimal control policy for the three mixtures for achieving xa=0.95.
Mixture N Optimal control policy Neycle DistillateU, (tf) [mol] Recovery rate, (%) ]gasep_d,ﬁ-)
pattern egree of separation difficulty,(%)
1 5 Near BB 10 1.39534 93.35% 0.690
9 Mixed BS 4 1.88885 98.58% 0.050
12 Mixed BS 3 2.20997 99.02% 0.007
14 BB 3 242212 99.21% 0.002
2 6 BB 9 1.35570 86.21% 7.30
9 Mixed BS 4 1.84238 97.64% 3.35
12 Mixed BS 4 2.17336 98.67% 1.68
14 Mixed BS 4 2.28831 98.97% 1.09
3 8 BB 7 1.41719 80.51% 24.76
9 Mixed BS 7 1.71289 92.24% 21.23
12 Mixed BS 6 2.12791 97.79% 14.28
14 Mixed BS 4 2.35108 98.536% 11.36
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Fig. 4. n-hexane—p-xylene: optimal control structure for N=5, 9, 12 and 14 plates.

the desired purity. This also happens for a batch distillation task
operated with an increasing reflux policy. Unlike all of Sorensen’s
works, our model does not have a variable hold-up reflux drum
and Fig. 7 shows a different trend: there is a gradual increase of
the positive deviation (and of the distillate composition), until a
final abrupt decrease. A similar trend was obtained for all cases

discussed in this paper. It tells more about the initial and final
features of the presumed optimal solution to match the purity con-
straint. At t=0 the process begins with the steady state conditions
given in Table 3, and the initial product purity is 0.9962, which is
well over the desired purity 0.95. Hence, the solver can start the
optimal control strategy with a maximum distillate rate plateau
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Fig. 6. Benzene—ethylenediamine: optimal control structure for N=8, 9, 12 and 14 plates.
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that steadily reduces the product quality. When the final time is 4.2. Influence of the total number of plates on the optimal control

neared, Fig. 6 shows that the purity deviation is still positive. Con- policy
sequently, the solver finds again a maximum distillate rate plateau
(see Fig. 3) to reduce safely the product purity until the deviation This section exposes the influence of the total number

becomes null to match Eq. (8). of plates on the optimal control structure. For the mixture
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Fig. 7. The purity deviation evolution for the optimal control policy for p-xylene-n-
hexane at N=5.

n-hexane—p-xylene Table 3 and Fig. 4 show the results for a total
number of plates N=5, 9,12 and 14. Figs. 5 and 6 show the results
for the second and third mixtures.

For small and large total number of plates a distinctive BB con-
trol pattern is observed for mixture 1. In between “singular” arcs
appear along with the BB cycles. It is named Mixed BS behaviour in
Table 3. For the two other mixtures, with a higher degree of sepa-
ration difficulty, the BB pattern is not found at the maximum plate
number studied N=14. But, one might infer that it shall appear
because the mixed BS pattern is observed with a very long singular
arc when N=9 or N=12 for mixture 2 and when N =12 for mixture
3 and it is alike the one observed for N=9 for mixture 1. Namely, a
first singular arc appears between the first and second maximum
distillate flow rate plateaus. Then, later during the distillation, a
long lasting singular arc appears between the two plateaus.

From Figs. 4-6, it can also be perceived that the duration of the
last maximum distillate plateau period lasts longer when the total
number of plates increases, likely because of the way the solver
nullifies the purity deviation shown in Fig. 7, as discussed earlier.
Regarding the total number of cycles, it decreases when the total
number of plates increases for all mixtures.

In summary, one has noticed that: 1) for a small number of
plates, a bang-bang type optimal control pattern is found with
multiple cycles; 2) for an intermediate total number of plates, the
optimal control is a combination of bang-bang type and singular
type optimal control that can be repeated several times 3) for a
high total number of plates a bang-bang type optimal control with
a very a small number of cycles is obtained.

4.3. Influence of the relative volatility and degree of separation
difficulty

In this section, the influence of the degree of separation difficulty
is discussed. First, Table 3 shows a straightforward trend, namely
that for the same desired product purity, the product recovery yield
decreases when the difficulty increases, either for the same mixture
when the number of plates increases or between the three mixtures
with the same number of plates (N=9 or 12).

The impact on the optimal control structure is less evident. From
Figs. 4-6, one can notice that for N=Np,;, + 2, a BB pattern is found
but the number of cycles decreases with the degree of separation
difficulty increase. With more plates, the separation is easier and
mixed-BS pattern are found, then for more plates, a BB pattern
arises again. Looking at the same total number of plates N=9 one
finds two features: shifting from the easiest mixture n-hexane—p-
xylene to methanol—water, the mixed-BS pattern exhibits again
4 cycles but a longer singular arc. Then, for the most difficult mix-
ture (benzene—ethylenediamine), the BB pattern occurs once again
with more (7) cycles. Hence, one cannot find a correlation between
the number of cycles and the degree of separation difficulty for sep-
arating the same mixture. On the other hand, from one mixture to

the other, the cyclic pattern is recommended, as one gets closer to
Npmin and the degree of separation difficulty increases.

4.4. Sensitivity analyses

The sensitivity analyses are carried out for the mixture 1 exam-
ple of p-xylene-n-hexane with a total number of plates N=5.

4.4.1. Vapour flow rate influence

The influence of the vapour flowrate variation is investigated
within the range from 11 to 30 mol/h. As it was specified in Section
3, for V=11 mol/h the total operation time tf was set in order to
prevent the reboiler emptying, the chosen value 0.8 h correspond-
ing to 88% of the initial reboiler load Uy in;; divided by V. When V
varies, the final time is adjusted similarly, since the initial load in
the reboiler is kept constant. The results are shown in Table 6.

Table 6 shows that the influence of V is marginal and leads
to optimal control values Uy (tf), Xa (tf), and BB pattern with 10
cycles similar to the one displayed in Fig. 3 for V=11 mol/h. The
recovery rate is the same to the first digit, meaning that by increas-
ing V the same product quantity and quality can be obtained in a
shorter time.

4.4.2. Constant plate hold-up influence

The influence of the hold-up is analysed by varying the hold-up
on the internal plates (reboiler and tank keep their nominal val-
ues in Table 7), on the internal plates plus tank after steady state
(reboiler at nominal value in Table 8) and on the tank only (Table 9).
The nominal hold-up value is 0.1 mol for internal plates and the
tank initial hold-up (Table 1). Recall that internal plate hold-ups
U;i-1,4 remain constant but that in our model the tank hold-up will
increase up to U, (tf) as distillate pours in.

For all cases, the final tank purity x, (tf) overcomes the desired
value xp spec =0.95, as it is predicted by Eq. (5). When only the inter-
nal plate hold-up increases (Table 7), x4 (tf) also decreases but
differences are attributed to the optimal control policy changes in
the number and duration of each cycle (see below).

Regarding the optimal control pattern, it remains of bang-bang
type for all cases (Fig. 8). But the total number of cycles decreases
drastically from 20 to 3 over the internal plates hold-up variation
range (Tables 7 and 8).

The total duration of the maximum flow rate period
Umax = V=11mol/h varies in the opposite way: over the three cycles
for a plate hold-up of 0.5 mol, it is longer than in the other cases,
approx. 1.5 times more than 0.3 mol, 2 times more than 0.1 mol and
4 times more than 0.05 mol. That indicates that more distillate is
produced, in agreement with the values of Uy (tf) inTables 7 and 8.
Nevertheless, the light component recovery decreases. The reason
is that in our model, increasing the internal plate hold-ups from
0.05mol to 0.5mol add 1.8 mol on the internal plates, of which
1.4561 mol of light component (the steady state composition is the
same; see Table 3). But with the same vapour flow rate and as the
distillate purity is nearly constant, the light component recovery
decreases, despite more distillate Ug (tf) is recovered.

When only the tank hold-up is varied (Table 9), the amount
and the purity related to the first drop slightly increase the final
distillate purity x4 (tf) and consequently the product recovery.

on the optimal distillate rate evolution for p-xylene-n-hexane,
N=5.

4.4.3. Desired purity influence

The influence of the light component desired purity in the tank
is shown in Table 10 for Xpspec varying from 0.95 to 0.99. Com-
pared to the nominal case (Xpspec=0.95), increasing the desired
purity reduces significantly the distillate amount and the product



Table 6
Influence of the vapour flow rate.

V[mol/h] 11 15 21 25 30
tr [h] 08 0.59 0.42 0.35 0.29
Uy (rf) 8.70466 8.70410 8.70449 8.70537 8.70601
Meycte 10 10 10 10 10
Xa (rf) 0.9533 0.9533 0.9533 0.9533 0.9533
Recovery rate % 93.35 93.40 93.36 93.30 93.26

Table 7

Influence of internal plate hold-up variation.

Ui i1 4[mol] 0.05 0.1 03 05
Ug.inie[mol] 0.1 0.1 0.1 0.1

Ua (tf) [mol] 1.26060 1.39534 1.92751 2.45822
Un (rf) [mol] 8.83940 8.70466 8.17248 7.64178
ncycle 20 10 4 3

xa () 0.9537 0.9533 0.9524 0.9519
recovery rate’% 95.24 93.35 88.45 85.83

Table 8

Influence of internal plate and tank hold-up variation.

Ui i_1.4[mol] 0.05 0.1 03 05
Ug.inie[mol] 0.05 0.1 03 05

Ua (tf) [mol] 1.21060 1.39534 2.12752 2.85822
Un (tf) [mol] 8.8394 8.70466 8.17248 7.64178
Neyele 20 10 4 3

xa () 09519 09533 0.9565 09581
recovery rate% 95.05 93.35 89.46 87.64

Table 9

Influence of tank hold-up variation.

Uy i_1.4[mol] 0.1 0.1 0.1 0.1
Ug.inie[mol] 0.1 0.2 03 0.4
Uy (tf) [mol] 1.39534 1.49573 1.59573 1.69573
Un (tf) [mol] 8.70466 8.70427 8.70427 8.70427
Neyele 10 10 10 10
Xa (tf) 0.9533 0.9562 0.9587 0.9609
recovery rate% 93.35 93.81 94.19 94.53
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Fig. 8. Influence of the internal plate hold-up on the optimal distillate rate evolution for p-xylene-n-hexane, N=5.



Table 10
Influence of the final distillate desired purity.

Desired purity Xp spec 0.95 0.96 0.97 0.98 0.99
Uq (tf) [mol] 139514 1.3606 1.31331 1.23387 1.01476
Uy (tf) [mol] 8.70486 8.74021 8.78669 8.86613 9.08524
Meycte 10 10 10 10 10
Xa (rf) 0.9533 0.9626 0.9719 0.9813 0.9906
recovery rate’% 93.35 91.92 89.59 84.97 70.55
Table 11
Influence of the initial charge composition.
XN.init 0.1 0.2 0.3 0.4 0.5 0.6 0.7
sep.diff 0.69 0.61 0.53 0.45 036 0.28 0.20
Uy (tf) [mol] 8.7049 7.6454 6.6304 5.6212 4.5249 3.6203 2.6068
Up (tf) [mol] 1.3951 2.4546 3.4696 44788 5.4851 6.4897 7.4932
Neyele 10 7 4 3 2 - -
Xa (tf> 0.9533 0.9519 0.9514 0.9511 0.9509 0.9508 0.9507
Recovery rate % 93.35 96.31 97.07 97.20 97.00 96.58 96.13

Table 12

Comparison of different reflux policies on the recovery rate under fixed purity constraint.

BOCOP BatchColumn (R =optimal policy approximation) BatchColumn (R =variable)
Thermodynamics Eq. (1) UNIFAC UNIFAC
Column model MES MESH MESH
xa (1) 09533 0.9542 0.9540
Recovery rate % 93.35 94.50 80.27

recovery. That is in full agreement with a simple McCabe Thiele
graphical construction, because the vapour flow rate is kept con-
stant, which fixes the maximum reflux in the column and the total
number of plates.

4.4.4. Initial composition influence

The effect of the light component composition in the initial load
is studied by increasing it from the base case 0.1-0.7, for the sepa-
ration of mixture 1. In each case, the steady-state initial conditions
are recomputed. Table 11 shows that the desired purity is achieved
in each BOCOP simulation.

The recovery increases first by 3% and then remains nearly con-
stant, and high. Combined with the desired purity, the final tank
content increases steadily as the initial light component composi-
tion is increased. The main influence is seen on the optimal control
pattern structure in Fig. 9. First, while the base case (Fig. 3) shows a
bang-bang pattern with approximately 10 cycles, increasing Xy init
gradually reduces the number of cycles to two maximum distil-
late rate u=umax periods for xy jir = 0.5. For Xy in;: =0.6 and 0.7, the
control u never null, and strictly speaking there is no bang-bang
pattern. The disappearance of the bang-bang pattern is substituted
by a singular arc, of increasing duration up to x i =0.5. Second,
near t=0and near t = t;, two periods of maximum distillate flow rate
removal (no reflux) are seen for each cases. Besides, they constantly
increases along with xy jp;; increasing.

The degree of separation difficulty op gif is reduced if the ini-
tial composition in the reboiler is greater in the light component of
each mixture (Table 11). One may then propose an explanation to
the optimal control pattern change by noticing that the appearance
of singular arcs has also been evidenced when o, gi decreased. It
happened for mixture 1 with N=9 (Fig. 4), for mixture 2 with N=9
and 12 (Fig. 5), for mixture 3 with N=9 and 12 (Fig. 6), compared
respectively to mixture 1 N=5 (Fig. 3), mixture 2 N=6 (Fig. 5), and
mixture 3 N=8 (Fig. 6). Fig. 9 shows that as the separation gets
easier, the first and the last bang periods u=umax are longer. That
happens because the desired purity can be maintained longer at the
beginning. Then the optimal control reduces the distillate flow rate

(u decreases) with a singular arc. Before xy jn;; = 0.5 bang-bang type
cycles are seen. After, only the last plateau of maximum distillate
rate occurs, being the expression of how BOCOP’s algorithm solves
the purity deviation constraint by maintaining a positive devia-
tion until near t; where it nullify the deviation by maximizing the
distillate flow rate (see Fig. 7).

Finally, one recalls that Sorensen and Skogestad (1994) noticed
with their sensitivity analysis approach that the “cyclic operating
policy [. . .] and found it to be more favourable for difficult separations
with a low amount of light component”. Our optimal control results
confirm that.

4.5. Validation of the optimal control policy in a rigorous batch
simulator

Using the protocol described in Section 3.4 BOCOP’s results
where verified with the BatchColumn® Simulator (Prosim, 2015),
coded with a MESH mathematical model. The UNIFAC thermody-
namics model agreed with the simple model of Eq. (1) (see Section
2.2). Considering the case of p-xylene-n-hexane in a batch column
with N=5 plates, the “bang-bang” optimal control policy is com-
pared with variable and increasing reflux policies in terms of purity
of the tank final product and of the recovery rate. BOCOP’s quasi
bang-bang type optimal control policy for the distillate flow rate
(Fig. 10) is approximated as a succession of zero reflux total reflux
cycles with the same duration. Figs. 10 and 11 compare both soft-
ware in terms of control variable for BOCOP and distillate flow rate
for BatchColumn (Fig. 10) and reflux (Fig. 11). For the sake of fig-
ure readability, BOCOP’s results are displayed in arbitrary units, but
one recalls that BOCOP’s maximum value is 0.183 mol/min. Fig. 10
shows that the distillate flow rate obtained with the rigorous sim-
ulator remains nearly constant with the bang-bang approximated
policy despite the enthalpy balance. This allows a fair comparison
with BOCOP’s results.

Table 12 compares BOCOP and the two rigorous simulations,
with optimal reflux policy and variable reflux policy.
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Fig. 9. Influence of the initial load content in light component on the optimal control pattern.
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hexane at total number of plates N=5.

All three simulations match the desired purity in the distillate
tank at 0.953 +0.001 mol. Despite the enthalpy balance and ther-
modynamics slight differences between BOCOP’s (Eq. (11)) and
BatchColumn’s models, the recovery rate is very similar in both
BOCOP’s and the rigorous simulation. The most important result is

shown in Table 12, namely that the optimal reflux policy simula-
tion achieves 13% more product recovery while keeping the same
purity. This confirms the interest of the bang-bang type policy vs
the conventional variable reflux policy for recovering a high purity
product from a mixture with a low product content.
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5. Conclusion

Nearly thirty years ago, literature works noticed with the help
of simulations that the cyclic reflux policy (bang-bang type control)
is more performant than variable reflux (singular type control) or
constant reflux policy when the load amount of light product is
low. However, the optimal control policy reported in the relevant
and numerous literature, from the 60's to 2000 was systematically
an optimized variable reflux policy. This has prompted to revisit
the well-known optimal control problem of a binary non-ideal
zeotropic mixture distillation in an N-stage batch column under
assumptions of total condensation and constant vapour flow rate.
The problem of maximizing the amount of distillate product with a
desired purity in a fixed time is investigated. Results are obtained
by using the direct method based on a full discretization of the
optimal control problem. A novel robust problem formulation is
proposed based on full column dynamics and using the distillate
flow rate as control variable instead of the usual reflux and sev-
eral assumptions made in literature’s optimal control formulation
are released. The purity constraint is also handled as a new state
variable, the purity deviation. For the first time, the reflux policy
is obtained as the optimal control when the separation is carried
out using a plate number near its minimum for three non-ideal
mixtures. The results are confirmed by rigorous simulation of the
batch distillation, showing that the cyclic policy improves by 13%
the product recovery over the variable reflux policy. Influence of
the relative volatility, vapour flow rate, plate hold-up and initial
load is discussed.

In perspective, other optimal control problems are under inves-
tigation, like minimum time problem, as well as the extension
towards multi-component multi-product distillation.
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