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+ABSTRACT
‘In this paper we will study thé lp-spaceé. ‘We will
begin with definitions and dif&erent examblés Sfflf'spadés}'
In particular, we will prove Holder’s.and Minkowski;s
ineéualities for 1P sequence. We will illustrate the
relationships between different spaces and cor‘lcludeithat'lp

spaces are Banach spapce. Moreover, we will prove that 1?

space 1s a Hilbert space.
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CHAPTER ONE

1? SPACES

The set of real numbers, R together with the usual
addition, and multiplication has many nice properties. Not
only that (R, +) and (R\{0},:) are commutative groﬁps, but
the two operations also satisfy the distribution laws. Thus

(R,+, ) is a commutative field. If one wants the same

structure on the set R x R, the multiplication has to be
defined in a different way. Although the addition is
defined in a natural way as (a + ¢, b + d), for two points'
(a, b), and (c, d) in R x R we define the binary operation -
> RxR >R xR, by (a, b):(c, d) = (ac - bd, ad + bc).
Only with this different multiplication (R x R, + ,-)
becomes a commutative field. This multiplication can be
better understood with the introduction of the imaginary
unit, i, and the corresponding field is better known as the

field of complex numbers. For n > 2, it is not possible to
make the product of n-tuples, R'= R x R x R x - - - x R,
into a field. 8till one can make it not only into a vector

space, but also into Banach and Hilbert spaces. For

example it is still possible to measure a distance between



two n-tuples, and moreover, that can be done in the most
natural way as the Euclidean distance between two points.
If one allows “ infinite n-tuples”, that is infinite
sequence, “the distance” problem will have a solution only

if we consider a smaller subset of all infinite sequences
the so called |” spaces.

Definition 1.1: For p 2 0 we define 1’ to be the set of all

P

infinite sequence (m,xpxp ------ y Xy X,| is

-) for which 5i

n=l]

finite.
That set is indeed a proper subset of the set of all

sequences. We provide the following example.

Infinite Sequence is Not in 1'

Example 1.1l: Infinite sequence
(L1111 1
92,3?4!5’6’ ’nJ

is not in 1'.

Solution:

To show that the sequence (Lly ,l,l,l;ﬂ,
2 4°5°6

1 ) . . 1
- —~,+] id8 not in 1,
3 n

. S .
we have to verify that the series 2}—15 divergent. We
=1 1

consider the subsequence {%n} of the partial sums.



1 (1 1) 1 ( 1) 2
Sy =l4+—+|=+—| > 1+=+| —+—|=1+—
2 2 \3 4 2 \4 4
1 (1 1) (1 1 1 1)
S,=1+—+|-+—|+|=F+—=+=+—=
2 2 \3 4 5 6 7 8
1 (1 1) (1 1 1 1)
>l+—+|—+— [+ =+=+-+—=
4 4 8 8 8 8
2 2 2 2

1(1 1)(1111)(11 1)

Sy =l+—+|=+= [+|=+=F+=+- |+| T+ =+ +—

2 2 \3 4 56 7 8 9 10 16
1(11)(1111)(111 1)

>lt—+| =+ |+ ottt [ =t =+ =+ +—
2 \4 4 8 8 8 8/ \l6 16 16 16
1 1 1 1 4

=l+—+—+—+—=1+=

+
2 2 2 2 2
And so on, we get that for all n.

n
S,n > 1+—.
2

Thus s,» > as n—>© and SO {%} is divergent.

Thus, by definition 1.1 the sequence
1
(1_
2

On the other hand the sequence (L

KEEN

1 ) 1
—,-| ¢l space.
n

O\Iv-—*

1
’5’

wlr—
-bl»—-

1
)63 b

1
5

b

1
4

b

1
3

5

1 1,---) isinl® for
2

n
p > 1.

Hyperharmonic P-series

Proposition 1.1: Hyperharmonic P-series

| 1 1 1 1 1
D m bk
~n? 1P 2P 3 4P n’



converges if p > 1 and diverges if 0 < p £ 1.
Proof:

Case I: p > 1

. , 1 o , . .
Since p > 0, f£(x) = — is a positive decreasing function of
X .

x, and since for p > 1.

The series converges by the Integral Test.

Case II: p < 1

* Lgx= —l—lim(b“" ~1)=oo
1 Xp 1 - p b—yo0

The series diverges by the Integral Test.
Case III: p =1
If p = 1, we have the harmonic series

1 1 1 1
T ==+t — e
2 3 4 n

By example 1.1 the harmonic series diverges.

Thus, we have convergence for p > 1 but divergence for

0 < p £ 1.
' 11111 1 C .
Corollary: The sequence I,E,E,Z,g,g;-y—gu- is in 1Pif and
: n

only if p > 1.



Notice that a sequence {a,}is in I’if the series made of p

powers of absolute values of a, is convergent. So for

()"

n

example, although the alternating series za is
n=1

b

=

1
3

N[~

convergent, the sequence (L-
in 1'.
The following two proposition show that the geometric

Sequence (&anaf,”) is in I’ for all p > 0 if and only if
[r| < 1.

Geometric Series

Proposition 1.2: Geometric Series

a+ar+ar’+ar’ +---+ar" +:..

Where a and r are real numbers with a # 0

' a .
i. Converges and has the sum S==T——1fk|<1
-r

ii. Diverges if || 2 1

Proof:

Case I: r =1

If r =1, then S, =atatat+atatat---+ta=na and the series

diverges, since limS, does not exist.
n—»o0

Case II: r = -1



If r = -1, then S, =a if k is odd and S, =0 if k is even.
Since the sequence of partial sums oscillates between a and
0, the series diverges.

Case III: r # 1

If r # 1, then

S,=a+ar+ar’ +ar’ +ar* +ar’ +---+ar™
and
r-S, =ar+ar’ +ar’ +ar’ +ar’ +ar® +.--+ar"
Subtracting cor;esbpnding sides of theselequations, we
obtain |
(1-1)S, =a- ar"'
Dividing both sides by (1 - r) gives us

n

a ar

n

1-r 1-r

Consequently

n—o ool ] 1-1

n

ar

lims, = um[f__£]

. a )
=lim— -lim
nooler noo]-r
. a a ..
=———limr"
I-r 1-1rnoe
Case IV: !ﬂ<1
If |ff <1, then limr" =0
) n—»co

a

Hence, limS, = =8

n— 1 -1



Case V: |ﬂ>i

If hL>1, then limr" does not exist. Hence limS, does not
n—oo n—»co

exist and therefore the series diverges.

Geometric Sequence

Proposition 1.3: The geometric sequence (a,arar’,ar’,--ar",-:)

is in I"space if and only if [f<1.

Proof:

© P
Z|ar“ =af +a’r’ +afr® +a’r® +---+a’r™® +---

n=0

The series (aﬂaﬁ?,ﬁ%”,w%”;-gw%“;-)is a geometric series. By
Proposition 1.2, this series converges if and only if
hﬂ=ﬁdp<l, which is true if and only if [f<1.

By definition 1.1, the sequence(&anaﬁ,mj;uﬁu“)el? Next we

will discuss the relationships between different 1° space.

In particular, we have the following result.

Theorem 1.1: For p < d, lpg:ﬁ.

Proof:

© p
Let x = (X, X, X3»)€l’. Then Y |x| is finite.

: i=1



Figure 1.1.

Exponential Function of a'

Consider the exponential function a', for 0 < a < 1. The

function is decreasing, thus a?>a%. (%)

-] P
Since, 28bg| is finite'lhﬂxJ=0. Therefore, for all but
a—»o0

i=1
finitely many i’s |xi| < 1. For such i’s by (*), with
0 q

) p q . . '

a = |xi| we have |x['>[x|'. By the comparison test }:hﬁ is
' =1

also finite, and hence xe€l*. Thus 1°c 1®. To show that 1°
is a proper subset of 19, notice that the sequence

q

n=1

1 . L =01 01
Ty e e | 1S A0 1. This is because'zz Y =§S 5
29 3P np np np



is convergent since it is a hyperharmonic q/p series, and
because g > p, it is convergent. On the other hand x¢l1°,

P

2l 1 1 .
since 2: — =§S—— which is divergent.
n=1 s n
nP



CHAPTER TWO

VECTOR SPACE

Definition 2.1: Vector Space

Let R be a field. A vector space over R consists of an
abelian group (V,+) under addition together with operation

of scalar multiplication of each element of V by each
element of R on the left, such that for all a, b € R and a,
B € Vv the following conditions are satisfied:

i ao eV

i. a(ba) = (ab)a

iii. (a + b) o = (aa) + (ba)
iv.a(a + B) = (aa) + (af)
lo = o

To make 1’ into a vector space we have to define addition

and scalar multiplication on I?.

— P
For a=(a,,a,,0;,a,,...)€ 1

B=(BsBB3r"Prs) € 1" and ¢ € R

We define,

L. a+f= (anapaas'“:an:' ')'*'(ﬁl:ﬁz:ﬂss""ﬂn"")

= (al +B,a, + By,a, + Byt Hay +ﬂn’+"')

2. ca=cla,a,, a0, )

10



=(ca|,ca,,0Q;, 00, )
It is not a simple fact to show that 1° is closed under this
addition, that is if x, and y are two sequences in 1°, then

X + y is in 1°. That this is indeed the case it will follow
from the so called Minkowski’s Inequality. In order to
prove Minkowski’s Inequality, first we need the following

result.

Holder’s Inequality for Infinite Sum

Theorem 2.1: Holder’s Inequality for Infinite Sum:

1 1
Let p and q be such that 1 < p, g < ©® and —+—=1. Let

P q

x €ePandy €1, then

i|xiyi| < [ih{ilp]i(gbir)i

i=1 i=1

Proof:

11



x = yP! Substitute p = _gI' to get
q-

x=y %! =y¥'. gince y=(p-1)x*?>0, y is increasing on
[0,+x) .Let a, b >0 and let A; denotes the area between the

x-axis, the curve y=x"' , the line x = a, and let A, denotes

the area between the lines y = b, x = 0 and the curve

y = xP°! See the figure below.
AY . AY
b e
/ A2
b
As
Al Al
0 a a X
Case 1: a > b ' Case 2: a < b

Figure 2.1.

Square Root Function

From the figures above in both cases, we see that,

12



ab< A, +A, and equality holds if and only if a = b
a b
Ay + Ay = _[0 xPldx + jo y¢ ldy

= Eli+Eq—. So abs£+z.
P q P q
Let a _—Ll and bi=|y—i|l
>hl)? (Zlyil*)e
p q
Then, ab, = IXJ |%| < hl 1 |%| —. Since xel®, yel
Sy (g ZhF P b
the series E:a is convergent,
and §:ab _2:]|p Ezbl = lﬁﬂl—l.

Sk » zw P4
1 1
Therefore, EZRMyJS(§:h$jP(§:bJﬂq.

Minkowski’s Inequality for Infinite Sum

Theorem 2.2: Minkowski’s Iﬁequéliﬁy for Infinite Sum: Let

oS

The case when p =1 is clear. So assume that p > 1.

(lxil +'yi|)p = (|xi| +|yi|)p_1(|xi| +|yi|)
= (Ixil + lYi Dp—l Ixi| + (Ixi| + IYi |)p_I |Yi|

X,y € I’. Then

(Sest <[]

Proof:

'UI'—‘

Hence,

ZIX syl <3 (el ¢l

i=1

13



= ZI(|X| + |Yi|)p_1 |x;| + ;(|Xi|+ ly; |)”"1 Iy,
(XI+WJYJ

Substitute z into the above inequality, we have

5 (el )™ = Db
and 3 (f+ )yl = Dl

i= i=1

Now let z; =

: 1 1
Let q = _ELI' Then z = (z,, 2,,2;, -) is in 1°,and —+—=1. So by
p - P q
Holder’s inequality:

{Enr)
and

glzillyils [i|zi|q J .@w)

i=1

omus, 3+t < S el el }é{[zwx\)i[gyjl"ﬂ

..

1

Dividing both side by {ﬁiqu+¢yJY}q, we have:

i=1

fforf

Finally, since [x;,+y| <(x;|+ly:])

We have,

S| Sl ]

i=1

LN

Since (p - 1)g = p.

S wl+lsl) <| Sl

i=1 i=1

8 |—

o

(S0einnr ) <)

i=1

14



1

We have, i(lxi +yi|p)p s[ilxilp)
i=1

i=1

-
o -

By simplifying the left-hand side we get.

o |-
=R

{5wr]

i=1

HEETIEE

15



CHAPTER THREE

METRIC SPACE

Definition 3.1: Metric Space

Let X be a nonempty set. A function d: X x X = R, taking

pairs of elements of X into real numbers, is called a

metric on the set X if the following conditions hold:

@ d(x,y)=0 for every x,y € X
(i) d(x,y)=0 if and only if x = y
(iii) d(x,y)=d(y,x) for every x,y € X
(iv) d(x,z) £ d(x,y)+d(y,z) for every x,y,z € X

The pair (X,d) is called a metric space.

The Pair Uﬂdp) is a Metric Space

-]

. © p
Theorem 3.1: The pair (lp,dp) where dp(x,y)= (Z]xi-yilj is a
i=1
metric space. '

Proof:

i) d(x,y)=0 for every x,y €l?

o -

d(x,y)= [gki —yi|p} >0

ii) d(x,y)=0  If and only if x = y

16



Proof:

00 P
d(x,y)= 0 if and only if lei-yi] =0.
i=1
if and only if [x;-y,[ =0
for all i, if and only if x; = y; for all i.

if and only if x =y

iii) d(x,y)=d(y,x) for every x,ye X

b=

-d(x,Y)=[ilxi—yil J =(ilyi-xil ]p =d(y,x)

iv) d(x,z) Sd(x,y)+d(y,z) for every x,y,z € X

i=1

o0 p i 0 p i
d(x,z): Z|xi'zi| ] =[Z|xi‘}.’i'ﬁ3’i‘zi| )
i=1

o |-

o0

= Z|(xi -y +(y; 'Zi)| J

i=1

By Minkowski’s inequality, we have:

[zwl] (Z'Y'J

=d(x,y)+d(y,z)

o -
o —

Thus, d(x, z) < d(x, y) + d(y, z).

I is a Complete Metric Space

Theorem 3.2: ’is a complete metric space.

17



Proof:

Let {xn}glp be a Cauchy sequence. This means that for

every € > 0, I an N such that for m, n 2N, d(Xn, Xa) < €.

We have to show that x, is convergent. We use the notation

x¥ to denote the kth term of the sequence x,, that is,

n

X

n

1 2 3 k
(xn,xn,xn,...,x ) For k =2 1, we have

n’

o0
xk-ye|<

i=1

. . p
o
|x:f -x‘;,| <d(x,,x,)<é&
Here the last inequality is true for all n, m =2 N. This

[
n=

implies that for each fixed k,. the sequence {ﬂ% 1.is Cauéhy_

in R. Since every sequence in R is convergent if and only

if it is Cauchy, we see that for each k the sequence {xﬁ}

[}
n=1

is convergent. Let x§=Ilimx!. It remains to show the
n—co

sequence x0=(x&x&x&“”x&”) is
1. The limit of the sequence {xn}.

2. x,€lf.
Proof of 1:

Let ¢ > 0, we have to show that there is an N such that for

n > N, d(Xg,X) < €. Since {xn} is a Cauchy sequence, there

18



exists an N such that for all m, n 20N, d(xg,Xn)

>

i=1

iiP<
X, -X,| <&

T

Let s, =),

i=1

. . p
i i
xn"XOI

I

Then, s,=1hn§5

m—o 4
i=1

PP
1 1
Xn_xml

I

Since, 2:

i=1

P
i i P
xn-Xml <&

. ' p kad

1 1
xn-xml < E
i=1

for m =2 N, we have

s,<&", since this is true for all r we have:

© P
z:h;-xd <g&’, and hence

i=1

d(x,,X9) < E.
Proof 2: X, €l

To show that X, €], by Minkowski’s inequality

p

S| [ <[Zhi-x
i=1 i

i=1

o |-

1

5 P
p |P .r i
J'f' EXn

o | —

* . . p bl .
<| xh-xf |+ DK
i=1 i=]

p

o |-

i
Xn

= d{(%Xn,%Xq) + i

i=1

19

<

€.

That is



=]
S | —

Where the last inequality is true for sufficiently large n.

o -

o0 p
Since x, €l’, we have [Z X, ] <M for some constant M. Hence

i=1

Q=

r p
[ZIX},IJ < ¢+M. Since this is true for all r, we have
. i=1

o -

[i‘x‘nlp) < &+M.
=1

Thus, x, €l’.

20



CHAPTER FOUR

NORMED VECTOR SPACE

The definition of the vector space was derived from
properties of vectors in the plane and in the space.
Originally vectors were directed arrows. We measure the
size of these arrows by measuring their length. In an
arbitrary vector space, a vector size may not be defined.
Take for example the vector space, C(0,1) of all continuous

functions over the interval (0,1). What is a size of the

1 . .
vector — from this space? On the other hand if we look at
X

the vector space R", we know that the size of an arbitrary

n

vector x = (X, X, X5y X,) is X2 +x2+ .- -+x2 . A vector
space, in which the size of vectors is defined as Normed

Vector Space. More precisely if V is a vector space and
the function [|: Vv = R* satisfies the following properties.
1. |[x|=0 for all x € v with |x|] = 0 if and only if x = 0.
2. |ox|=|a||x| forall & eR,x € V.

3. ||x+y|[£||x|| + ||y|] forall x,y e V.

Then we say that V is a normed vector space.

21



In Chapter 1, we showed that 1°, is a vector space. For

p =1, I’ is also a normed vector space were the norm is

=gy

LY p
defined by'"x” = [§:kn|) . Clearly the function H” satisfies

n=1
the first two properties. The third property is equivalent

to Minkowski’s inequality.

22



CHAPTER FIVE

BANACH SPACE

We have seen that 1° is both a Normed Vector Space and
a Metric Space. In fact every Normed Vector Space is

automatically a Metric Space, since it is easy to check

that the function d: V x Vv - R *, defined by d(x,y)=[x-y| is
a metric on V. This metric is called the induced metric,

since it is induced by the norm. Recall our definition of

n=|

1
0 P ;
the metric on I°:d(x,y)= [E:xn—yh } . It is clear that this

metric satisfies dOgy)=HX-ﬂ

, thus it is the induced metric

on IP. A Normed Vector Space, which is complete with

respect to the induced metric is called a Banach Space. In

Chapter 2, we showed that I° with the metric defined by

o -

© p
d(x,y) = (§:hn—yJ J is a complete metric space. Since this

n=1

is also the induced metric on 1°, we know that 1°is a Banach

space.

23



CHAPTER SIX

HILBERT SPACE

One of the important problems in plane geometry is how
to measure the angle between two lines. Vectors give us an
elegant solution to this problem. Namely if u and v are two

nonzero vectors parallel to two lines that intersect at an

angle o, then we have the following formula cosa==]ﬁﬁﬁ.
The product in the numerator is a special product called
the dot product. If u=(u,u,)andv=(v,v,), then u-v=uv, +u,v,.
That the definition of the dot product deserves to be
called product, follows from its distribution property.
Namely, the dot product satisfies the following

distributive property;

u-(v+tw)=u-v+u-w and (u+v)-w=u-w+v-w.

The dot product has been proved to be much more useful than

just to help us measure angles between lines. Its

definition to R" extends with the following formula

n .
uwn=§:mvi. In general vector space, the dot product is
i=1 : ' -

commonly called the Inner Product.

24



Inner Product

Definition 6.1: Inner Product

Let X be a vector space. An inner product ( , ): X x X —
C, is a bilinear function that satisfies the following
properties.

i) (x,y) = (y,x) is symmetric

ii) (lx+p}./,z)_=/1(x,z)+p(y,z) Vi,u R and x, y, z € X.

iii) (x,x) 2 0 and, (x,x)= 0 if and only if x = O.

Definition 6.2: A vector space V together with the inner

product is called an inner product space.

Theorem 6.1: Every inner product space is a normed space.

In fact, if x is an element in an inner product space V,

the mapping

’ I
x> =[]
defines a norm on V.

Proof:

1
Define the norm on V by [x|=[(x,x)]2. To check that this is

indeed a norm on V we have to check the following.

1°. x|z 0 forallx € Vwith |[x|=0 if and only if x = 0.

2f]hx”=kﬁh" for all o € R, x € V.
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3° [x+yl=|x|+]ly] for all x, vy e V.
Proof:

1°follows from definition 6.1 iii.

) 1
To check 2°, notice that "aﬂL=Ka&amﬂ5=[a0gaxﬂ5 by definition

6.1 1i. By definition 6.1 i. this last equality is

1

1 .
[a(x,ox)? =[a-a(x,x)]? again by definition 6.1 ii., and finally

this equality is |e|(x,x)=|a|x]
To check 3°, we have

+3 = (x+y,x+y)=(xx+y)+(y,x+y) = (x+y,x) +(x+y,y)

(Xﬂd+(YJQ+(Xd”+(YJﬂ#

Il +20 )+

< |« +2

(% )|+’ *x

Now we show that

Iy <(x.%)-(vy)

Consider the quadratic polynomial in A.

(x,y)|21 + (x,x) *

) (332 + 2

This polynomial is equal to

(x + Ax,y)y, x + A(x,y)y) since

(x + Ax,¥)y, x + A(x, y)y) = (%,%) + A%, Y)(3X)+ A%, ¥) (% y) + 2 (x, 7V ()
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(x,y)|2(y,y)/12- + 2|(x,y)|2ﬂ, + (x,X)
But (x.+ ‘ﬂ(x,y)y, x+ ﬂ,(x,y)y) >0 b'y définition 6.1 i., so the
polynomial in.* is a nonnegative polynomial in A.

Since it is a quadratic polynomial its discriminant has to

be less than or equal to zero. That is

Yy - 4x2)-fxy)

(vy) <0

Simplifying the inequality above we get.

) < (xx)3y).

Now going back to **, we have

P+ 2 )+ < [+ 24(xom) -y (ny) + IF = I+ 2Bl + Il = () + )

Therefore, ”x+yns|k”+|b” and 3° is proved.

Definition 6.3: Let V be an inner product space, if V with

the norm defined by’”ﬂL=K&xﬂ5 is a Banach space, then we -

say that V is a Hilbert space.

> is a Hilbert Space

Theorem 6.2: I° is a Hilbert space.
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Proof:
Define the inner product on I* by (XQO = }:gy; where
. : i=1
X = (X;, Xy, X35 ...) and y= (y;, ¥, ¥3, -..) are in 1°. We check that

< , > is an inner product.

0 0
i.<x, y> = }:xoq= §:mxi = <y, X>
i=1 i=1

ii. Let A, p e Rand x, y, z € 1%.

©

<AX + m7'Z> = Z(ﬂxi + 1y;)z;

i=1

fil&zi+-y%zi

i=1

Aﬁixﬂi+'#539@i
i1 P

Alx, z) + ply,2z)
iii. (x, x) = §5x§1= E:ﬂlz 0 and (x, x)= 0 if and only if
i=1 Ti=1 )

1

X. = 0 for all i, that is x = 0.

1 © =
The norm is defined by ”x”z[@gXﬂE, that is,'"x”=(§:xf]2 ’
' , : . i=1 .
This norm agrees' with our previous definition oflthé norm

on 17, and since we have ‘shown that 1>, with this norm, .is a

Banach space, we have that 1> is a Hilbert-space;
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