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This paper presents a single-column model of moist atmospheric convémh. The
problem is formulated in terms of conservation laws for mass moist potential
temperature and specific humidity of air parcels. A numerical adjustment algorithm

is devised to model the convective adjustment of the column to a stasity stable
equilibrium state for a number of test cases. The algorithm is shown to awverge to
a weak solution with saturated and unsaturated parcels interleavedn the column as
the vertical spatial grid size decreases. Such weak solutions wouldtiwe obtainable via
discrete PDE methods, such as finite differences or finite volumes, from theogerning

Eulerian PDEs. An equivalent variational formulation of the problem is presented and
numerical results show equivalence with those of the adjustment algorithirResults are
also presented for numerical simulations of an ascending atmospheric leonn as a series
of steady states. The adjustment algorithm developed in this paper is adwgageous
over similar algorithms because first it includes the latent heating of pacels due to
the condensation of water vapour, and secondly it is computationally effient making it

implementable into current weather and climate models.

Key Words: convection, single-column model, convective adjustment
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1. Introduction the climate system. Moist convection is also responsibienfiach
of the severe weather in the extratropics. Currently caimec

The atmospheric models currently used in numerical weathsn only be directly represented in numerical simulatioith w
and climate prediction consist of the classical compréssita horizontal grid resolution of at most 1-2km (and often much
Navier-Stokes equations in a thin atmospheric shell arahed less); note this is considerably smaller than tld&m (or even
Earth together with the laws of thermodynamics, and lawsore) spatial scale typically used in today’s general ¢ation
governing physical behaviours such as phase changestioadiamodels (GCMs). In order to model the contribution of thesalsm
and surface fluxes. It is not feasible on today's (or the nesgtale processes on the larger scales, and to test new cdiopaita
decade’s) computer architecture to computationally siteuthis methods, it is useful to consider one-dimensional, sicglesmn-
system at all scales, thus the governing equations areapatiatmosphere modelsuch as those developedYyanaiet al. 1973
and temporally averaged prior to being solved. This howevé&iedtke 198%nd references therein.
means that weather and climate phenomena which occur on gritNumerical single-column models of the atmosphere are often
scales smaller and faster than that of the averaged systeth ngsed in climate prediction studieSdbel and Bretherton 2000
to be incorporated in some ‘average’ sense via sub-gricescalhanet al. 2000 and references therein) as they are simplified
parameterizations. models in which the physics of processes such as radiatidn an

One such sub-grid scale phenomenon which needs to dmavection can be explored. It is also well-known by praogs
incorporated in this fashion is moist cumulus convectionisTs weather forecasters that the occurrence and intensityweotion
an important attribute of the weather because moist coiorectcan be relatively well predicted by studying the verticalguial
is responsible for large vertical fluxes of entropy, moistunass temperature and moisture profiles together with knowledige o
and momentum especially in the tropics. These fluxes can&ibthe external forcingNlet Office 1993 chapter 4). These single-
to the tropical circulation which itself is a fundamentaltpaf column models have formed a significant element of many
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2 B. Cheng et al.

theoretical moist convection studieSHutts 1994 Holt 1989 by a latent heat release. A parcel will condense moisture and
Lock and Norbury 201)1 Lock and Norbury(201J) in particular release latent heat if it becomes saturated ansl @ble to rise
performed an analytical study of the upward and downwatd a point of neutral buoyancy above this initial point. A qgelr
motion of air parcels in an incompressible single column, andecomes saturated/supersaturatedif Qsa: (0, p) whereQsat is
presented a numerical algorithm using a Lagrangian-baaedl hthe saturation specific humidity given by the Clausius-€jaipn
convective adjustment step. The results of this algoritherew relation,p is a pressure-height variable ahid time.
validated against analytical calculations. The numeaégdrithm Our proposed algorithm, when applied to such (unstable,
consisted of a discrete air parcel version of the Lagrangigaturated) situations, will instantaneously rearrange arcels
problem, where the adjustment step acts to rearrange thelpar to a stable equilibrium configuration while obeying the valet
a statically stable column (which is buoyantly stable andimere conservation laws for air mass, thermal energy and moistass.
supersaturated). This rearrangement of parcels is dekigme By simultaneously rearranging all the parcels we negleceffect
model the underlying physics of convection, without atténg of individual parcels moving during the adjustment phase, i
to explicitly solve for the detailed three-dimensionalbiuient we have two states, the initial pre-adjusted state and tta fin
dynamics in the column. Instead the rearrangement modatijusted state. Such an instability of a moist mid-latituade
the unresolved short-time-scale dynamics by an instaatenecolumn can be triggered, for example, by the column ascendin
transport of air parcels. due to an extratropical weather system penetrating undér an
In numerical weather and climate simulations the verticéifting the column. In the latter part of this paper we incorgte
profiles of the thermodynamic variables need to be adjustiids ascending column effect into the model by includingnaeti
at each time step to ensure the atmosphere is stable dependent lifting term into the saturation specific hunyithir the
stable enough) for subsequent time-stepping. Currently eolumn. A related algorithm to the one considered here isrgin
algorithm based upon the Moist Available Potential Energghenget al.(2017), but unlike here they consider incompressible
(MAPE), sometimes referred to as the Available Potentia@rgy columns and the effect of sorting individually ascendingcpss,
(APE), is frequently used in the adjustment phase, with tlas opposed to the simultaneous sorting of all parcels caonug
atmosphere modelled as a single pluRerfdall and Wang 1992 in this paper.Chenget al. (2017 provide a proof for the well-
Wang and Randall 1994However satellite observations suggegiosed convergence of the solutions of their algorithm tokwea
that cloud layers often form at multiple levels which imglignat solutions of the original PDE problem for the time-deperiden
the unresolved circulations can be considerably more cexnplscending column in the limit as the time-stap — 0. A key
than a single plume. Another algorithm used is based upon tendition for the convergence of their algorithm is saiisfythe
Convective Available Potential Energy (CAPE) which coes&l convective inhibition criteria (CIC). The CIC is incorpted into
the available energy for a single infinitesimal parcel aséesds the algorithm presented in this paper to aid its convergemce
the column Emanuel 1994 Riemann-Campet al. 2009. The the time-dependent ascending column problem. The algorith
rearrangement algorithm proposed in this paper allowsat@tl considered here is not identical to thatGhenget al. (2017 (but
parcels both to condense water vapour and to find their lewké algorithms do coincide in the limitt — 0), and is designed to
of neutral buoyancy in the column using physical conseovati be more computationally efficient to make it implementabl® i
laws, and is therefore a first step towards modelling thesee meurrent weather and climate models.
complex vertical circulations. Mathematically, moist geation In order to simplify the analysis while still including theam
is very tricky to study due to the nonlinearity of the moigtur physical feature of moist convection, that is the moistelease
heat exchange process and both the magnitude and nonlingat the consequent latent heat absorption, we assume that th
dependence of the moisture released by a parcel upon thatipbtephase change is between water vapour and liquid water only,
temperature and the pressure level (or height). In this wagk where any ice phase is neglected. We also exclude the rokeof t
model this nonlinearity in atep-likefashion, while in reality this clouds, and mixing within the column, as well as the entranm
nonlinearity is a rapid, but smooth process due to otheripalys and detrainment of air into and out of the column.
features such as local mixing, condensation and evaporafio  The process of rearranging atmospheric parcels to findestabl
water occurring on finite, but small, space and time scales.  solutions is also used in variational problems posed for the
In this paper we consider a similar approach tatmosphere, such as determining the MAPE of a colunmne(z
Lock and Norbury(2011), except we develop a more efficienti978 O’Gorman 2010 2011, Stansiferetal. 2017. In these
algorithm which includes compressible effects, and alsowal problems an integral functional is minimised with respest t
us to check that the convective inhibition criteria (CIC)nist possible rearrangements of the air parcels. In this papdinge
violated. This criteria states that an ascending air pagmglires for the moist convection problem, an equivalent (but exéehd
sufficient buoyancy to move above another parcel at the levglriational formulation to that of the algorithms mentidrabove,
at which they meet and switch places. Here we reformulate thed show that numerical results for minimising the funcon
Eulerian description of the single-column model and shoat '[hagree with those of our adjustment algorithm.
the convection of moisture in the column can be consideredThe paper is laid out as follows. §2 we highlight the moist
using conservation laws. In particular our model consetiies convection problem in the (usual) Eulerian partial diffeial
moist potential temperaturé" := 0+ Lq of each parcel in equation framework, before converting to the Lagrangian
the adjustment phase for a non-radiative system, whesethe mathematical framework 3. In §3 we also show how the
potential temperaturg, is the specific humidity and is a (large  moist convection problem for discrete saturated air parcah be
physical) constantNote thatv’ is a linearization of the realistic considered as the conservation of the moist potential tegtyne
empirical moist potential temperature which is given bg(@) in - 9 under a mass-conserving rearrangement of air parcels in
Gill (1982. Sinced™ is conserved on parcels of atmosphere age column. Ins4 we describe a discrete numerical algorithm to
they move in the column, any moisture condensation is metchspive the moist convection problem. In particular, thisoaim
determines the equilibrated state of a buoyantly unstaldistm
*In this paper, we follow the usual understanding that a pacehade up atmosphere. In this section we also formulate an equivalent
of a Iarge but finite number of material par_ticles. Each pahasi _homogeneous problem as the minimisation of an integral functional. Rissof
properties and is transported by the velocity field. Noterthaisture, i.e. the amount the algorithm for more general initial data are presenteiifor

of water vapour in a parcel, is treated as a property rathar &% actual material . - )
water molecules. both the adjustment of an unstable static atmospheric aoland
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A Model for Moist Convection in an Ascending Atmospheric Column 3

an initially stable but ascending column which becomesabist the individual air parcels in the column. Then= —p(T, p)gw

Conclusions and discussion are givers@n where w is the vertical velocity of the individual air parcels.
Note that the thermodynamic equationy @nd @) are just
2. Eulerian mathematical formulation that, thermodynamic; they represent the vertical transfer

. . _heat energy and moisture only, and do not model vertical
We consider a single column model of the atmosphere at a gi¥gBmentum without a horizontal coordinate. Thusieeds to be
longitude and latitude confined between fixed pressuredexel gpecified.Lock and Norbury(2017) shows both numerically and
%”dptop- The column is ass“”_‘e‘j to be in hydros'tatlc balancgnalytically that the Boussinesq version aj @nd @) contains
52 = —p(T,p)g, where for an ideal gas the densiy7,p) = poth the upward branch and downward branch of air motion in a
p/RT whereT is the absolute temperaturgjs the gravitational one-dimensional column, and the reader is referred theradoe
constant, and the—axis points upwards, perpendicular to thgjetails.
Earth’s geoid surface. In practice this ideal gas law is fdated The quantities on the RHS of)and @) are source terms for
with a moisture correction terntx(ll 1982), but the version used he potential temperature and humidity, and include an sego
here incorporates the leading order compressible effétitie et radiative heating or cooling ternfp), andQ;, (to be defined
z variable the column occupies the space [0, ztop] Where |gter in ()) the latent heating associated with the release of water
ztop designates a rigid lid above the region where convectiondge to the condensation of the water vapour (into cloud,, rain
occurring. In this paper we work with pressure as the indépen jce or a combination of these phases). The physical constant
(vertical) coordinate to aid with the mass conservationhaf t ; _ Lv/cp = 2490 K, whereL, is the latent heat of vaporization,
proposed model. A detailed discussion of this is giver§3  the conversion factor required to find the increase in pitent
The column itself is considered to be made up of two typgsmperature of an air parcel if all its (warm) vapour is cotee

of connected regions, one consisting of upward motion (kNovihto condensed water at the same temperature and the desiocia
as thepseudo-adiabatand one consisting of downward motiongat energy released back to the air.

(known as theenvironmer); see figurel. As the exact relative | the proposed model it is assumed that there are no fluxes

of mass, moisture or thermal energy at the top or bottom of the
column. As relative buoyancy of a particle is a monotonicall

Pseudo — adiabat

P = Prop decreasing function qgf, then the column is said to tstatically
stableif 00 o6
= < = > 4
6p_O, or 8;:_0’ (4)
throughout the column, where the equals sign denotes aatigutr
p=m stable column. The system of equatioriy-(@) is similar to

the tropical models for bulk cloud microphysics, where the

vertical momentum equation is replaced by the stabilitydition

(4) on the longer time-scales for which these models apply

i ) - _ o (Biello and Majda 201}

debending air m the erironment. In the actual column issumed tnat ne 1N independent variables if)(and ) are timer and pressure

pseudo-adiabats are uniformly distributed throughout thenco. p. However for plotting purposes, it is convenient to conwernt
pressure variable to a height variable. Thus we note thadesad i

sizes of the pseudo-adiabat and environment regions aimatlyp gas in hydrostatic balance satisfies

unknown, it is more convenient to work in a regime where

Environment

the respective upward and downward motions in each region dp  gpo (Do Rfep=1
are considered simultaneously. This approach was coesider 9z RO(p) \ p ’
Lock and Norbury(2011) and thus forms the starting point for our
analysis. which upon integrating gives
In pressure coordinates the conservation of thermal ersrdy
moisture, with the horizontal velocities set to zero, akegiby R [P  (po 1=R/e /
z2(p)=—— [ 0(p) |~ dp (5)
Do ol o0 9Po Jp, P
D= g teg = ) +QL, ()
Dt ot Ip . .
Dg g 9q 0 In (1) and @) we model the latent heating process usirgiep-
Dt = 5t + wap 70 (2) like nonlinearity hidden insid® r,, which takes the form
where# and ¢ represent the potential temperature and specificQ _ —LPGsat if g > Quar and Dt <, ©)
humidity of the air respectively, defined as L 0 if < Quat or eme>g
g—71(P Bfer _ Pv where Qsat (6, p) is a known function denoting the saturation
o P 9T, specific humidity given by the Clausius-Clapeyron relation

(Emanuel 1994Goldman 2008Lock and Norbury 201}l which
The constanf = 287 Jkg~ 'K~ is the gas constant for dry air,is defined in (6). Essentially 6) states that if a parcel of air is
cp = 1004 Jkg 'K~ is the specific heat at constant pressure fefupersaturated/saturateg ¥ Q..:) then it has the potential to
dry air andp, is the mass of water vapour per unit volume of moistonvert some of that moisture into latent heat, which coalase

air. The one-dimensional material derivative is defined by it to rise within the column, so while4j is sufficient for stability,
there could exist an alternative rearrangement of the fsafoeind

D 0 0 g . ; . .

Dt ot +wa—p, (3) by lifting parcels and condensing moisture, which alsosfiat

(4) with ¢ < Qsat everywhere. In this model we assume that the
Herew is the time derivative of the parcel positign=p4(t), condensed moisture is immediately precipitated and helags p
as defined later in7), where A is the Lagrangian label for no further role in the model.

© 2013 Royal Meteorological Society Prepared usingjjrms4.cls



4 B. Cheng et al.

The movement of potential temperature and specific humidityey were dry air parcel$n our model these unsaturated parcels
in the column could be computed by integrating the full Navieonly move upward if 4) does not hold at some pressure level.
Stokes equations (or a reduced form of these) in both tBairing the latent heating phase these parcels can only bedor
environment and pseudo-adiabat regions with entrainmedt alownwards by ascending moist parcels passing through them.
detrainment fluxes moving mass between the two regionsgusin
discrete methods such as finite volumes etc. Instead howe®p. Saturated parcels
we choose to replace the complicated turbulent processes of
adjustment in a three-dimensional sense by the bulk vertidzr all parcels, including saturated parcels with- Qsat, the
transportation of individual air parcels. In this adjustiprocess combination {)+L(2) leads to
we do not attempt to model the dynamics in the column, instead
we leave them unresolved and assume them to be an instansaneo D (0 + Lq) = 0,
response. In this case parcels can move a finite distancean ze Dt
time, consistent with the timescales observed in the atheysp \yhich integrates to
The key differences between the algorithm developed in this
paper and mass-flux convection schemes, such as th@sedofe 044 Lga = 0(pa(0),0) + Lq(pa(0),0) = o) vA. (8
(1989 and Gregory and Rowntre€1990), are: the algorithm
makes no attempt to solve for the dynamics of the ascendimge quantity 9% :=04 + Lgq denotes the moist potential
parcels, all parcels instantaneously jump to their newllemel temperature for a parcel and is a conserved quantity as we move
instability of the column is instantly removed; only sate@ upwards with the moist parcel along tberve in the(p, 6)-plane
parcels can rise up the column; mixing with stable air is ee@d; such thatf + LQsa: (0, p) = 0 for each parceld. We denote
and finally there are no assumed entrainment rates, only th& curve C(A). Thus any loss of moisture by a parcel must
actual values o and ¢ are used. Note, in6] the physics is be accompanied by an increase in potential temperaturaghro
simplified to exclude the feedback from the clouds or rairt thgatent heating. In this work we make the assumption that all
form, and so does not consider the ice phase of the water. \owecondensed moisture is removed from the column immediagaly (
the effect modelled by&) captures the leading order effect ofain), and consequently that descending parcels congemd6,
moisture condensation in the atmosphere, namely the assdcij.e. they do not re-absorb moisture.
release of latent heat, and its consequences for parcéditgtabd The saturation specific humidity functidBs.; is a smoothly

movement. differentiable function of6, p) which satisfies the conditions
3. Lagrangian mathematical description OQsat <0 and 9Qsat >0
00 7] ’

Our goal is to find stable steady equilibrium solutions 13- ( o

(6) which can be achieved by considering the column as a off@C &ll ¢ andp € [po, prop]. See (6) for an explicit form for
dimensional array of individual air parcels and writing fystem Q@sat Which is relevant to most of the Earth’s atmosphere. Any
in Lagrangian form Emanuel 1994Bokhove and Oliver 2006 ;atgrated parcel with Lagranglqn |ab?EW.I|| remain onC(A). (i.e.
We split the column into equal air mass sized pressure marcéWill lose water vapour, but will remain saturated) as itves
because in our compressible model a simple rearrangem@Ryards. Along this curve (often referred to as the moisilaat)
of these parcels in the adjustment process, conserves thell2§ potential ;ﬁmp_efétu'@x of air parcelA, with moist potential
mass of each parcel. The equivalent rearrangement pracess [EMPeraturé’;y’ as it rises to levep, is given by the solution of
coordinates (such as thatliock and Norbury 201)ishould allow the implicit equation

the parcels to expand as they ascend the column and congract a M

they are forced downward. This process is automaticallyurad 04+ LQsat(04,p4) = 04 - ©)
in pressure coordinates.

From (6) we have two distinct situations to consider whe
describing how air parcels move within the column, eitheaicel
I unsaturatedg(< Qsa?) or it is s.upersatgrated/:.satur.ateﬂz 4.1. Moist convection adjustment algorithm
Qsat). For the convection scenarios considered in this paper we
assume that the net radiative cooling occurs on a timescadi MEor a column of parcels the system is buoyantly unstabké) is(

slower than the moveme.nt of the gir parcels so that this Eiffec violated anywhere in the column. i) does hold, the atmosphere
neglected: we set(p) = 0in (1) to simplify our presentation. is buoyantly stable, but if some of those parcels are sa&dtaere
could exist an alternative arrangement of the air parcelghich
3.1. Unsaturated parcels the column could adjust, in whichi) again holds. In that case
the saturated parcels could rise to a new buoyantly staixé ke
either of these situations the air parcels esavectively adjusted
into a stable column by rearranging the positions of the glarc

4. Moist convection adjustment algorithm and variational
formulation

For parcels withy < Qsat, (1) and @) become

% = % =0, (via the unresolved dynamics). In the case of a dry columa (
or ¢ < Qsat(6,p) for all parcels for all times), the adjustment
which can be integrated to of the air column is unique and is arranged monotonically
increasing from the bottom of the colum®@hutts and Cullen
ga =q(pa(t),t) = q¢(pa(0),0), and ) 1987. However, for the moist column there are potentially many
04 =0(pa(t),t) =0(pa(0),0), VA, stable re-arrangements of the parcels which satiéfyafd have

q < Qsat €verywhere.
where p =p4(t) denotes the position of the parcel with Here we formulate a moist convection adjustment algorithm
Lagrangian label at timet. These equations show that in thigo adjust the column of air parcels subject to the consemati
case parcels simply move in the column with their initialgogtal laws (7) or (8) depending on whetheg < Qsat O ¢ = Qsat
temperature and moisture values, i.e. they move adialigtisaif respectively in each parcel. This algorithm has similesiti

(© 2013 Royal Meteorological Society Prepared usingjjrms4.cls



A Model for Moist Convection in an Ascending Atmospheric Column 5

to the top-down algorithm discussed iWongetal. (2016
and Saenzt al. (2015 and the greedy algorithm presented in
Stansiferet al. (2017). The novelty of our algorithm is that we
propose to model the moist convective adjustment in a single
column using a parcel rearrangement which takes into a¢toen
latent heating (from the condensing moisture) of each pasc#
rises. We then apply the convective inhibition criteria@EWwhich
states that an ascending parcel requires enough buoyamzyvio
past another parcel at the level at which parcels meet artdrswi
places.

The moist convective adjustment algorithm provides a param
eterization of the latent heating processes in the matheahat
model of §3 where adjustment acts to ensure that the column
atmosphere is statically stablé)(while parcels remain nowhere
supersaturatedq < Qsat). We start by dividing the column
atmosphere int&v equal discrete pressure parcels with

. 1
Pi = po + (ptop —po) (Z N2)7

(10)

fori=1,..., N, so each parcel has equal mags/g whereAp =

(po — ptop)/IN. Note that here the subscript denotes an Eulerian
position of each parcel not the Lagrangian label of the panse
use the tilde over each variable to denote it is Eulerian.sTétu
some timet, the pre-adjusted (or initial) state of the parcels at
levels p1, pa,..., py have potentlal temperature$, 69...., 6%,
moisture contents’, g5,...,¢% and Lagrangian position Iabet*éf

AY, ..., A%. In the adjustment context, the Lagrangian position
labels are used to track which parcels have moved to which new
location in the column during the adjustment process. Tteeva
of the potential temperature and the specific humidity ssemagd

to be evenly distributed throughout each parcel and theefmarc
pass through each other during the adjustment without ryiodif
either of these quantities. If our initial configuration iseowhere

(4) does not hold, we first rearrange the column suchabatis
monotonically decreasing ip, i.e. such that4) holds but with
some parcels now supersaturated>(Qsat). We then apply the
algorithm below.

— START—

In the moist convection adjustment algorithm the supepssni
denote the initial pre-adjusted states, the supersdrigenote the
final adjusted state, the superscriptslenote initially unsaturated
parcels, and the superscripfsdenote a temporary value while
the sort is occurring. The moist convection adjustment ritlym
proceeds from the top of the column as foIIows For the sgrtin
heightp = ..., (With Nsore = N initially) and6?, g?, A? given
fori=1,..., N:

1. Temporarily move all unsorted parcels from
their current level to this new sorting level for
j=A{1,..., N}\{sorted parcels}.

2. (@) If j < Nsort and g? q; > Qbat(ej ,p;) (i.e. the parcel is
saturated or supersaturated) then excess moisture will
condense and its potential temperature will increase
by the latent heat exchange. Thus its new potential
temperatureﬁj is found by solving the implicit
relation

9 + LQsat( ]7pNsort) 527[@?:0,

(b) If .7 < Nsort and a? < Qsat(é?vﬁj) (Ie the parcel
is unsaturated) then the parcel should not move.
(However, for the sake of coding the algorithm one
can assignd; = 69 as 62 < 6% so the parcel
currently at level; will never be installed at level

Nsort.)

() If j> Nsort and Z]? < Qsat((b?,ﬁj) then these
parcels move down adiabatically §p= 59 andg; =
Q).

(d) If j > Neort and 39 > Qsat (69, 5;) then the excess
moisture is converted into Iatent heat at leyednd

then the parcel is moved adiabatically to ley&h.:.
Thusé; is a solution to

é\j + LQsat(é\jvﬁj) - 5? - La? = 07

andg; is given by the first equation irL().

3. The process in (2) generates an array of potential tempera

tures®(Ngort) = {§k : k is an unsorted parcel} temporar-
ily moved to level Ngort. The largest of these potential
temperaturesbA?J from p; say, is then checked to see
whether it satisfies the CIC.

If this parcel is unsaturated we are done. If it is saturated
we check that its potential temperature is greater than that
of all the unsaturated parcels it had to pass to get to level
Nsort- Mathematically this means checking that

07 (i) > 6°(Br ), (12)

whered7 is a solution of

07 + LQsat(07,P5) — 05 — Ly =0,

forall pY k € (J, Nsort)- If (12) holds for allk € (J, Nsort)
then the parcel from pressure leyg} is installed at the
levelpy.,, ., with

a1 N ~1 ~ 1 0
ONeore =075 UNuowe =77 AN = AT

The parcel from levep; is then eliminated from the sort,
and the algorithm moves to levgl

sort—1-

If (12) does not hold for allk in this range then this
parcel cannot rise tpy,__., and we then check the CIC for
the parcel with the second largest potential temperature in
@ (Nsort) at the current sorting level. This process continues
until either the parcel is unsaturated a2 holds for all

ke (J, Nsort)-

. Steps 1-3 are repeated at each decreasing Myel < N

until Ngort = 1 and every parcel is assigned a level. Then
the sorted (adjusted) values zﬂtfe g, Al fori=1,..,N.

—END—

Because all saturated parcels are temporarily ascendedryp e
height until they are sorted (with the algorithm choosing th
largestd value satisfying the CIC for the post rearrangement
0 at that level) the algorithm produces a rearrangement which

The hat omg denotes its Eulerian value duringdenerates as much latent heating as the initial conditioiis w
the adjustment Sortmg phase The Correspond"ﬁkﬂow thus CondenSIng as much moisture as allowed. Nuwaderic

moisture level is then found via

G = (0 +La) = 6;) /L (or = QuaelyBv..n))
(1)

simulations of this algorithm for various test cases ars@meed
in §5. Solutions of the algorithm are shown to converge to either
smooth solutions with jumps (here we mean smooth solutions i
adjoining regions), or non-smooth solutions where sataraind

unsaturated parcels are interleaved.

(© 2013 Royal Meteorological Society
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6 B. Cheng et al.

In the case of time-dependent convection problems (such adhe functiond* (p,p’) in (13) takes the form
those considered if5.2) where the above algorithm is applied

at each time-step, a mathematical proof for the convergefiae O(p, 0™ (p))  if a(p) > Qsat (0(0), "), P <P,

. . . , and satisfies the CIC
related algorithm to that presented here, as the timesstep 0, 6% (p,p’) = 0w, 0M(p)) if g(p') > Quar(0(p'),p') and p > p/
can be found irChenget al. (2017). They found that the CIC was o(p') othorwise ’ -
essential for proving well-posedness, and to keep the fatess (15)

transfer bounded a&¢ — 0. As the above algorithm sorts all thewhere® (p, 6™ (p')) is the unique solution (givep, p’) to

parcels simultaneously it is difficult here to check thistenia

exactly as the point at which a rising parcel meets othergigrc © + LQsat (0, p) = 0(p') + La(p').

is unknown. However we make the assumption that if a satrate .

parcel needs to ‘overtake’ another saturated parcel astbtly The first row of (5) converts moisture to latent heat for a
rise then they meet at a height where this overtake can happ‘@de which ascends the column, the second row deals with
Therefore we only check that the saturated parcel can moste Y Supersaturated parcels which are forced down by asegendi
all the descending unsaturated parcels, see (3) in the izaherParcels, in this case any excess moisture is rained off anttte
algorithm. As we sort all the parcels simultaneously we malg&rcel is moved down adiabatically. The final row Gt deals
the assumption that the saturated parcels meet the urteatur¥ith unsaturated parcels or those not satisfying the cdivesc
ones at their initial pre-adjusted positiotote that although the inhibition criteria (CIC). The construction df, [K] is such thatin
algorithm considered here is not identical to thaCinenget al.  the limita — oo the optimal solution minimising(p), on a parcel
(2017, asAt — 0 the two algorithms coincide. This is because itfVel by parcel level basis, will be chosen prioritizing tiop of

this limit parcels will ascend one by one as they hit theipezsive the domain and working downwards. We claim, a claim which
descending’(A) curves. is verified numerically ing5, that minimising (3) with a — oo

gives the same solution as the algorithm set oujdinThus the
minimisation process in the limit — oo, will yield a monotonic
0(p) from (13) and produce the global minimum df3) subject to
The adjustment algorithm developedsif.1 can be considered in (14) @nd (L5). Note that {5) can be modified to include different

an equivalent way as the minimisation of an integral funwio physical processes.
The functional in question takes the form

4.2. Variational formulation

4.3. Numerical test cases

Fo[K]

Ptop
— / e “Po(p)dp In §5we present results for some test cases in order to demanstrat
p the adjustment algorithm @#.1. To present numerical results we

0
_ /p“"’ /p“"’ P K (p, )0 (p, p') dp dp'(13) require an explicit form for the specific humidity functicpyas.
Po P

The form ofQsat is given by an empirical formula set out @ill
(1982 and the Appendix of.ock and Norbury2011), where

0

wherea > 0 is a constant. Heré& (p,p’) is a so-calledransport
plan, defined on[py, prop]> Which is unknown and needs to be Qsat = @em(gp)’
determined such that #atisfies the relations p

. Prop , Drop L where Qo is a positive constant anel,(7") is the saturation
K(p,p’) >0, and K(p,p')dp = / K(p,p')dp’ =1, vapour pressure of water. To approximate the funatign(7’), we
po po (14) use the formula for the saturation vapour pressure of puterwa

andé*(p,p’) is a function which gives the potential temperaturgver a plane water surfac&{l 1982, p606)

of a parcel at levep, which prior to the rearrangement waspat

R/cp
The transport plark (p, p’) can be interpreted as the probability Q1+ Q2 {9 (p%) / - To}
for a parcel at’ to jump top. This transport plan formulation logqg(€sat) = e ,
has been used extensively in atmospheric science probmi$ ( 14 Qs {9 (10%) v To}
2012 Romps and Kuang 201 Btansiferet al. 2017, where it is

also knOV\//n as dransilient matrix The two integral conditions whereQ1, Q», Q3 andTy are positive constants. The values of
on K(p,p') in (14) ensure that air mass is conserved in th@m Q1, Qs, Q3 and Ty are given in tablel. For 233 < T <
rearrangement, and the exponential 13)(weights the value of 5 3 116 values ob... using the above formula agree with those

K" such that more emp_hasis_isf p_ut on the top of the CO'””\H'the Smithsonian Meteorological Tables to within 0.2%. hu
In §5.1we perform numerical minimisations @f,[K], hence we (fombining the two above formulae gives

consider {3) for a discrete set of fluid parcels. Our numerica
R/cp
saalo()" ) |
(16)

minimisations of {3) show that for the discrete probletf,(p, p)
is a permutation matrix with only one non-zero entry (a one) { e

in each row and each column. Our minimisation reorders the Qsat (0,p) = Qo 1*‘93{9(%) ’TO}

parcels, it does not mix them, which would correspondiio p

having entries which are nos or 1s. This fact is non-trivial but

follows from Birkhoff’s theorem Birkhoff 1946). This suggests  The form of Qsat in (16) will be used in§5.1 to test the
that in the continuous limit (i.e. the number of discretecets in adjustment algorithm in moving from a prior arrangement of

the discretization ofi3) tends to infinity), that air parcels to an adjusted profile. Once we have investigated
the adjustment phase we will go on to demonstrate the
K(p,p') =d(p—g(®)), algorithm’s potential for investigating time-dependemlgems.

The particular time-dependent problem we investigatedsdhan
whereg(p’) is amapandé(-) is the Dirac delta function; but in ascending air column being lifted at a speeas a consequence of
general the limit must be taken in a probability measure esena cold front of extra-tropical air penetrating under theucoh, see
and the ‘weak’ limit is a transport plan, not a map. figure 2, effectively thickening the thin planetary boundary layer

© 2013 Royal Meteorological Society Prepared usingjjrms4.cls



A Model for Moist Convection in an Ascending Atmospheric Column 7

parameter value | units large when the column pressure is non-dimensionalised=tal

Qo 62.20000| Pa at the planetary boundary layer, where it corresponds todhe

Q1 0.78590| K 700, hence the results of the Munkres algorithm minimisifg

Q2 0.03477| — presented in this section are in the— oo limit (which we refer

Q3 0.00412| — t0 aSFxo).

Ty 273 K Secondly ir§5.2we consider an ascending column, as in figure

2, as a series of steady states and examine how the moisture and
Table 1. Parameter values ihg) used for the numerical simulations §5. potential temperature profiles vary with time. In all theules

presented in this section we set the presgusg = 11250 Pa and

po = 10° Pa.

1p 5.1. Static column adjustment
5.1.1. Dry convection

o In order to test the algorithm in a familiar scenario we first
consider the case of dry convection. For the initial cooditive
take the unstable potential temperature distribution

B 0 -
\ R/C;v
. 0 _ Tho(2
cold air ") = 3Wep (15 {1 (po) D :
0 LS oBL PBL
v DN, (1 1 (287T {1 (P )R/CPD) (18)
— — S1n _— - -
20 3 Po '

Figure 2. Schematic of the air column in consideration above the piapet
boundary layer (PBL). On the right is the same column whichbieen lifted by gnd qO — 0. The initial distribution fore° is given in figure3 as

a cold air front penetrating below the column. a function ofz, wherez(p) is given by ). The initial potential

(PBL) which is assumed to exist at the bottom of the column. In 16000
this layer the flow field is strongly influenced by interactigith

the surface of the EartiHplton and Hakim 201 We assume
that the lifting of the column occurs on a slower timescaknth 12000 1
the moisture condensation and the adjustment of the colbuotn,
on a faster time-scale than the net radiative heating orirapol
which we earlier neglected. Therefore we can adjust thencolu 2 (m)goop |
to its new arrangement befoliéing the column. The lifting of
the column essentially amounts to makif@g. time dependent
by lowering theQsat function, and re-adjusting the column, hence 4000+
here we modify {6) to

14000

10000

6000

2000
Qsat (97 p, t) = Qsat (97 P(t)p)7 (17) 1]

300 30 340 360 380

where P(¢) is determined such that the bottom of the column is 6" (K)
lifted at a speedy, sees5.2for more information.
In the adjustment stage we do not model the dynamics within
Figure 3. Plot of the initial unstable potential temperature distiibi®® (=) from
the column, which are assumed to be an instantaneous F@PORAS) for the dry convection problem.

and the parcels can move a finite distance in zero time. This is

air parcels in an active moist atmosphere in the extratsopigs §4.1 should adjust the column such tha) (s satisfied. The
can move from the surface to the tropopause in the spacer@yits of the algorithm are presented in figd®r N = 10000.

approximately 60 minutes. In the case of dry convection we know that the adjustment fer
unigue and that the parcels are simply arranged in monaithyic
5. Results increasingd order. The results in figuré show that the solution

o . , , from the adjustment algorithm rearranges to this uniquetisoi,
The results presented in this paper are divided into twosten 4 the squares in figurd(a) show the solution minimising

In §5.1 we consider the adjustment of a static column in ord% (K], which agrees with the adjustment algorithm.
to present results for the moist convection adjustmentrifgo

outlined in§4.1and demonstrate its numerical convergence astge| > Moist convection

number of parcelsV — oco. We also compare the results of the

adjustment algorithm with solutions to the direct minintisa of  For the moist convection problem we first consider the unstab
Fu[K] from §4.2. These minimisations are numerically obtaineghitial potential temperature distribution given by

by dividing the column intaV equal sized pressure parcels, see

(10), and using the Munkres (or Hungarian) algorithm (chapter 4 7 D Blep

of Burkardet al. 2009, as this algorithm always finds the global 0°(p) = 300exp 15 1= (170) %

minimum of the functional. When minimising, we find a = R/e,

0.007 to be large enough to give agreement with the adjustment (1 1 sin <147T {1 _ (3) ’J} )) .(19)
algorithm. While this seems like a small value farit is in fact 25 3 Po
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14000 weoooh
12000 | 14000 -
10000 12000
1 L
8000} 0000
P (m z (m) 8000 F
6000
6000 |
4000} 2000l
2000} 2000}
o : ‘ ‘ 030 a0 340 360 380
300 320 340 360 380
(@) 0 (K) (@) 6" (K)
10000 seoool ‘
14000
8000
12000
6000 10000 |
Zg) z (m) gooo
'E 4000t 6000
£
4000 |
20001 2000 |

0 0005 00l 0055 002 00%
0 2000 4000 6000 8000 10000 ®) 0
(b) Initial level

Figure 5. Plot of (a) the initial potential temperature distributié?y(z) and (b) the
Figure 4. Plot of (a) the final potential temperature distributiéfz) and (b) the initial moisture distribution;” (z) given by (L9) and @0) respectively. In panel (b)
final Eulerian position for each parcel as a function of itdiahiposition for the dashed line gives the value Qf... The adjustment of this data leads to the
N = 10000. In panel (a) the squares correspond to solutions minimisind x|  weak solution in figuré.
(thea large limit of F,,) with N = 2000 parcels. Only every 20 parcels are plotted
for clarity.

1126 respectively which ascend in the adjustment phase and these

For the initial moisture content, we want to create an aingoi are parcels Wiﬂ_}"f 5 830 m prior to the adjustment. _
containing regions of saturated and unsaturated air heecgetv ~ The results in figureés show that as these lower parcels rise
they displace parcels down into a region of the column where

0 Qsat (0%, p) if f(p) >1, they are no longer saturated. This gives a region at the bfase o
7 (p) = { Qsat (00, ) f(p) if f(p) <1, (20) " the column containing unsaturated parcels, above whichrecc
a region of the column where the moisture distribution is-non
where smooth. Note, there is also a small region at the bottom of
R/ the column where; is non-smooth and these are parcels which
F(p) = 1 5 4+ 3sin <347T {1 B (ﬂ) ”D} ' contained a large amount of moisture prior to adjustmenieué
4 Do forced down the column by monotonically re-orderifdpefore

applying the adjustment algorithm. In the higher of the tvemn

The initial distributions?® and¢® plotted as a function of are Smooth regions, ascending saturated parcels are intedeith
given in figures. unsaturated parcels, producing the discontinuous junrgeeg in

In figure 5(b) those saturated parcels at the base of the colufi@guress(b) and (d). AsV increases the moisture profile converges
contain the most moisture and hence have the greatest tatant t0 @ profile with saturated parcels interspersed with umated
pool. Therefore during the adjustment process it is theseefsa Parcels throughout the main part of the column. This ‘weget
which are expected to ascend furthest up the column. of solution has also been observed in the oceanographic work

Figure 6 plots the potential temperatugeand the moisture Py Hieronymus and Nycand¢2013, who globally minimize an
¢ distributions as a function of after the moist convection €nthalpy function to find the Available Potential Energy.isTh
adjustment. The pairs of panels display the results\for 100 type of weak solution would not be attainable by regular réitee
and10000 from top to bottom. The results show that the saturatéPE methods. Note, despite the non-smooth moisture prtfe,
parcels at the bottom of the column condense a proportion Gsirresponding distribution appears smooth. The corresponding
their moisture and ascend the column to new heights thraxtghdephigrams for the initial data in figufgand the result after the
the column in the rang@500 m < z < 9000 m. We can see adjustment phase from figuéeare given in figures.
that it is the lower parcels which have ascended the column byFigure 6(c) also contains results from minimisingoc|[K]
considering figure7 which shows the final Eulerian position ofdirectly, denoted by the squares. This minimisation isiedrout
each parcel compared to its initial position in the columhe3e with N = 2000 parcels but we only plot every 20 for clarity.
figures show that it is parcels with label initially less thanand This shows that numerically the solution to minimiziags K]
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16000 | 16000F
14000 14000
12000 12000
10000 10000}
z (m) gogo | = (m) gooo |
6000 | 6000}
4000} 4000
2000} 2000}
0 380 0606 0Ol 005 00 00s
(@ (b) ¢
16000] | 16000
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Figure 6. Plot of (a,c) the final potential temperature distributi(z) and (b,d) the final moisture distributia{z) after the moist convective adjustment for the initial
data given in figuré. In panels (a,b)V. = 100 and (c,d)N = 10000. The dashed lines give the value®f... after the rearrangement. In panel (c) the squares correspond
to the solution minimising= [K] with N = 2000 parcels. Only every 20 parcels are plotted for clarity.

is in excellent agreement with the adjustment algorithnultes of the column after the adjustment as a function\afHere the
We also get excellent agreement with the moisture profile taaegral is calculated via the trapezoidal rule. Figafte) plots the
when minimising Fo, but this result is not shown. Note thatcorresponding value of the initial mass of moisture priothe
if a is not large enough in1@) then the solution generatedadjustment phasg},, where the exact value is known (dashed
by minimising F,,[K] is not a stable solution and there will bdine), to show the convergence of the trapezoidal integnati
regions of the column Wher§L > 0. The major advantage of scheme. This figure shows that fof = 10000 the solution has
using the adjustment algorlthm over the Munkres algoritlsm eéffectively converged, with therror in 'the value o9, < 0.2%
that numerically it generates the solution G{N?) operations of the exact value al = 10000. As the computational run time
as opposed to th@(N?) operations in the Munkres algorithm.of the moist convection adjustment algorithm scalesv?, in
This speed up time allows for time-dependent ascendingroolu order to efficiently, but accurately, calculate resultstfo time-
calculations, such as those§.2, to be carried out in time framesdependent ascending column problem we need a trade off éetwe
suitable for numerical weather prediction models. run time and accuracyAs we are interested in this paper in
The results in figure$ and 7 show that the adjustment ofidentifying the nature of the weak solution we chodsesuch
this initial condition is akin to the process which occurdigep that the results are converged to graphical accuraicy; 10000
convective systems such as thunderstorms. In these sy#ftemds a good choice for use in the time-dependent result§sia.
fluid parcels undergo a large scale adjustment allowinggisiat However, in global numerical weather prediction models &ym
the base of the column to condense a large volume of moissurebe that a smaller value @ is sufficient and practicallhe jumps
they ascend to a new level of neutral buoyancy. This largemel in g1, observed in figuré(a) are due to the weak form of the
of condensed moisture produces heavy precipitation evémts solution forg.
shallow convection systems this may not be the case andagadur ~ Not all solutions to the moist convective adjustment altoni

parcels near the bottom of the column may be halted in theéras N2ve rapid variation in the final moisture distribution, aind

t lower levels by reaching some alternative stable stat¢he figures10 and 11 we show an example which leads toearly
a y ning _ 78 smooth solution post adjustment. The initial data for thismeple
case of shallow convective systems the pre-adjustmentevafl  has

likely be different to that above, with @distribution more stable

. . 7 P R/ep

than that considered in figufe 300exp | 75 1 - (po)
Despite the solution produced by the adjustment algorithm i R/cyp
; ; 1— Lsin( 1 — <L>
figure 6 being ‘weak’, we observe convergence /ds— co. We 0(p) = 25 3 o
show this in the numerical results of figu€a). This figure pr= if p > 80000 Pa,
displays the total mass of moisture content 300 [0 90864 + exp ( {1 B (%>R/cpi| )]
1 [Peor it p < 80000 P
4Tot = —f/ q(p) dp, tps a’ 1)
Po
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Figure 8. Tephigrams (with the usual contours) for the initial configiomrain figure
5 and the final adjusted configuration in figusefor N = 10000. The constant
potential temperature contours are the blue contours 41° to the T' axis at
p = 1000 hPa.

Figure 7. Plot of the final Eulerian position of each parcel comparedsanitial
level in the corresponding results of figue In panel (a)N = 100, (b) N =

10000. column of air which is lifted at a speed by a cold front of
extratropical air penetrating under the column, see figuighis
effectively amounts to lowering'(A) for each parcel at a speed
«, which is achieved by the following choice &f¢) in (17). The

(22) function P(¢) is defined (numerically) at the'" time step,, as
P(tn) = P(t,_1)P, whereP(ty) = 1, andP is the (interpolated)

This example has a moist layer of parcels at the base of $@ution to

column all of which rise to the very top of the column in the _

adjustment phase. This leads to a substantially hotteromegi = R [Po /\ [ Po 1=R/er /

at the top of the column which contains a small amount of ' — "~ (Pp0> - _%/ fn-1(#) (7’> -

un-condensed moisture. We term this solutionearly smooth

solution becauseandg are each smooth in two distinct adjoiningThe functionz,,_ (p), from (5), is z(p) from the (n — 1)*" time

regionsz < 11500 m. Discrete PDE methods mostly produce atep. The above interpolation determines the presshpg at

good approximation to this solution with some smoothingiab  the base of the column when it is lifted an amountz, hence
the discontinuity; this is a classically weak PDE solution. P(tn)po is the result ofn time-steps and hence lifts. This
After this brief analysis of the moist convection adjustmerensures that the base of the column rises at approximately th
algorithm, we use it to analyse the problem of an ascendiggnstant speed, by lowering theQ..: function at the same
vertical column of air. rate. As theQs.; function is lowered, if, and when, some parcels
become saturated or supersaturated, we then apply theradjuts
algorithm. Note that we choose to lower eaci(A) curve in
this study, equally we could have modified our code to lift the

The moist convection adjustment algorithm analysed§inl air column; the results are identicllut this approach means the

would typically be used at each time step in a numerical wazathdiscretization of the columrL() is fixed.

or climate model to ensure the atmosphere is everywheréestab For the results in this section we consider an air column

(or stable enough) in order to perform the subsequent tirascending at the approximate speee- % mh~! and we take

step. Currently simulations at the UK Met Office undertakéme stepsAt¢ = 1 hour over the period of 96 hours, with =

this stabilization using a Convective Available Potenitalergy 10000. As we adjust the parcels simultaneously, this algorithm

(CAPE) adjustment process. CAPE considers the availalgffectively has a minimum time-stefpt,q;, which is the timescale

potential energy for a single infinitesimal parcel, igngriany for a parcel to ascend from the Earth’s surface to the bottitimeo

effect it might have on the environment region. In this s®cti tropopause in realityTherefore the assumption of instantaneous
we perform a similar calculation by modelling the ascent of adjustment of the column will be a good approximation predid

and

0(p) = Qsat(6°,p) if p > 91000 Pa,
T =10 if p < 91000 Pa,

DPo

5.2.  Ascending column
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Figure 9. Plot of ¢1o¢ as a function ofN showing an aspect of the numerical
convergence of the results in figusgfor large N. Panel (b) plots;$.,,, versesN
to show the corresponding convergence for the smooth inittal dde exact value

is given by the dashed line. (Convergence here is in a prdiyaiitasure.) Figure 10. Plot of (a) the initial potential temperature distributi@fy z) and (b) the

initial moisture distribution;” () given by equationsl) and @2). In panel (b) the
dashed line gives the value &f..;. The adjustment of this data leads to tiearly
smoothsolution in figurell.

Ataqj < At, hence the choice ofAt =1 hour. However, the
algorithm works fine withAt < At,q;. We consider an initially
stable column with previously unavailable due to a lack of saturation. Thipldigs
R/je the severe precipitation which convection is responsibleiri
Ho(p) — 300 exp (7 {1 B <£> ) ”}) 23) some weather events. Thé = 3000 m data on the o.th.er hand
15 Do ’ does not undergo a large adjustment during the lifting of the
column as the parcels at the base of the column do not contain
and enough potential latent heat to allow them to ascend up tlueco
very far. In this case the column continues to condense oreist
0 15 @sat (0°(p*), 0", 0) at an approximately constant rate over the ascent of thevzolu
¢ (p) = T [9 - %} Qsat(0°(p),p,0) if p<p* The size and positions of the large and smaller adjustmenttgv
o (24) are somewhat dependent on the valuey @ndA¢ chosen, but in
Thus the parcels ar®0% saturated atp = p*, have a thelimitAz— 0with N — oo we do see numerical convergence,
constant moisture content fop > p*, and tend to80% Where only one parcel ascends in each time-step. Howewer, fo
saturated at the top of the column. See figute for Practical numerical weather prediction models, wharand At
plots of (23) and @4). Note, we use the values qf* = Will notbe in this limit, some grid dependence is to be expdct
po, 89150 Pa, 79300 Pa, 70380 Pa which give a corresponding The moisture plots in figuré4 show that byt = 72 hours all
value ofz* = z(p*) = 0 m, 1000 m, 2000 m, 3000 m. The time the profiles are almost completely saturated with a largecase
evolution of the total moisture levek. (t) is plotted in figurel3 in potential temperature at the base of the column. Beyoisd th
for these values of*. time none of the parcels at the base of the column are ablsdo ri
The results folgr (t) show that thez* =0 m, z* = 1000 m  up the column in a rapid adjustment process. In this peried th
and z* = 2000 m initial data undergo a large adjustment afteinoisture loss shown in figurk occurs at a similar rate.
a few hours when the column first becomes saturated at somdhis is a simple model of an ascending column with moisture
height. This large adjustment leads to a rapid condensationcondensation and heat transfer; many additional featwes as
moisture accompanied by an associated potential temperatentrainment and detrainment of moisture and the radiatioéro
increase in the column. After this large adjustment the efese of the column are neglected, but the results in figldéshow that
in moisture is more gradual, i.e. a more constant precipitat the adjustment of a column atmosphere can lead to a largeramou
event. Thez* =0 m and z* = 1000 m data contain enough of condensation of moisture and hence a rapid increase in the
moisture to have additional, smaller, precipitation esdrgtween potential temperature of the column. The novelty of our atgm
12 and 36 hours. These significant precipitation events aee ds that this large moisture condensation is directly relate
to the sudden release of MAPE from the column, which wdbke latent heat increase of an air parcel via the conservatio

if p>p”*
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Figure 11. Plot of (a) the final potential temperature distributidfx) and (b) the
final moisture distributior (=) after the moist convective adjustment for the initial
data given in figurelO. The dashed line in panel (b) gives the valuef,; after
the rearrangement.

Figure 12. Plot of (a)0°(z) and (b)q" (=) for the ascending atmospheric column
given by @3) and @4). The results in panel (b) correspond ta z* = 0m,
2:2* =1000m,3: z* =2000mand4 : z* = 3000 m.

70

the moist potential energy. This potential temperatureeiase =
and moisture reduction will have a large knock-on effect loa t 60| _
dynamics of numerical weather or climate models, showirg th =
accurately modelling this adjustment phase may be vitdhége
systems.

50F
qTot (kg)

6. Conclusion and discussion

In this paper we develop a mathematical approach for
investigating moist convection in a compressible singlkxan
atmosphere. The model captures the leading order effentsist

40+

30

20

convection (namely the conversion of water vapour to maéstu
which releases significant amounts of latent heat). Thelesing 0 12 24 135 48 60 72 8 %

column has no horizontal variation (or degrees of freed@mjl t

determines steady, stable solutions of the dynamic atnaweph

.The model is baseq upon cqnservatlon laws for the therrrm‘h?neFigure 13. Plot of g (t) for the ascending atmospheric column. The results

in terms of the moist potential temperat¥f = 6 + Lq, the air correspond tol : z* = 0m, 2: z* = 1000m, 3 : z* = 2000m and4 : z* =

mass and the moisture mass, which are built into the gowgrnisvoo m.

Eulerian equations, and are more explicit in the Lagrangian

approach.

The conservation laws are used to construct a numeridalthe atmosphere where air parcels can rise from the sutface
algorithm to model the moist convective adjustment of ariable  the tropopause in approximately 60 minutes in an active mois
column of atmosphere. This algorithm is novel in that it wio atmosphere in the extratropics. So essentially there isvarlo
saturated compressible parcels to find their level of neutfzound to the size of our algorithm time-step in time-depende
buoyancy using physical conservation laws, and it incafesrthe adjustment problemsuch that the assumption of instantaneous
convective inhibition criteria, which only allows parcéts pass adjustment is a good approximation
through each other if the lower parcel has sufficient buoyalimc The moist convective adjustment algorithm presented here
this algorithm the adjustment of the column is assumed taocadjusts the atmosphere to produce a rearrangement of the
instantaneously, hence the parcels can move a finite destancmoist air parcels which minimises the functional[K] given
zero time, and this is consistent with the time-scales ofeser in (13) by allowing each parcel to gain a (large) amount of
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Figure 14. Plot of (a,c,e,g) the potential temperature distributign, ¢) and (b,d,f,h) the moisture distributiay(z, t) for the results in figurd3 at1 : ¢ = 24 hours,
2:t =48 hours,3 : t = 72 hours andi : ¢ = 96 hours. In panels (b,d,f,h) these results are plotted fromadefight separated by a constant, and dashed lines give the
value ofQsas (0, 2, t). The panels represeat = 0 m, 1000 m, 2000 m and3000 m from top to bottom.

latent heat from condensing moisture, subject to the systafgorithm could be used at each time step in a numerical weath
constraints.The numerical results of this adjustment algorithmor climate model to stabilize the atmosphere, as an aligenat
for a moist column show, for appropriate initial conditipnsto current algorithms based upon the Moist Available Paaént
saturated parcels interspersed with unsaturated pamethei Energy (MAPE) or the Convective Available Potential Energy
vertical direction, which we term a ‘weak’ solution, wherd CAPE).

this interleaving is preserved under mesh refinement. Theserhe adjustment algorithm was also used to calculate results
‘weak’ solutions are well-posed solutions to the moist @mtion for an ascending column of atmosphere to mimic the case of a
problem Chenget al. 2017, but theywould not be obtainable moist weather system vertically displaced by a cold exiptal
from the Eulerian PDEs using conventional discrete PDE otth weather front penetrating underneath it. In this problemcgla
such as finite differences or finite volumes, and hence éiffer of atmosphere became saturated as the column was lifted,
or new approaches are needed to deal with these types of “wegdusing the atmospheric column to become unstable. The mois
solutions in computational weather and climate systemsple convection adjustment algorithm was then applied at eauob ti
the ‘weak’ nature of the solutions it is shown that the algon  step to adjust the column parcels. Here it was found that if
converges numerically as the vertical mesh size is refinbas Tthe column contained sufficient moisture then the adjustmen
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could cause a large amount of moisture to condense, implyiHglt MW. 1989. Semigeostrophic moist frontogenesis in a
large amounts of precipitation. When the column initialigl dot Lagrangian modeDyn. Atmos. Ocearl4: 463-481.

contain sufficient moisture then the column continues taleose Holton JR, Hakim GJ. 2012An introduction to dynamic
moisture at a slower, more constant, rate during its ascent. meteorologyvol. 88. Academic Press.

The adjustment algorithm presented here can be extended #k AM, Norbury J. 2011. A column model of moist convection:
include more physical effects (and hence to more accuratelysome exact equilibrium solution®). J. R. Meteorol. Soc.
simulate reality); these effects include radiative caglimixing of 137(657): 979-991.
temperature and moisture as parcels exchange positieeziig | orenz EN. 1978. Available energy and the maintenance of a
of condensed water, and surface heating. This column maael ¢ st circulation Tellus30(1): 15-31.

be extended by including entrainment/detrainment of aiwvben Met Office. 1993.Forecaster's Reference Book™ ed. Met
horizontally adjoined columns to simulate 2D and 3D scersari Office 10'12_ ' '

as in Wongetal. .(201@; this would adq m0|_st convection O’'Gorman PA. 2010. Understanding the varied response of the
processes to their work. However, the inclusion of some of . )

. . o o . extratropical storm tracks to climate changeoc. Nat. Acad.
these additional features is nontrivial as additional oades are . )
: . ; L Sci.107(45): 19176-19 180.
introduced, and the constraint of a single column will linfie | . . . .
modelled reality in any case. O’Gorman PA. 2011. The effective static stability expecied by

eddies in a moist atmosphee Atmos. Sci68(1): 75-90.
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