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Abstract

We study the use of Gaussian process emulators to approximate the parameter-to-observation
map or the negative log-likelihood in Bayesian inverse problems. We prove error bounds on the
Hellinger distance between the true posterior distribution and various approximations based on
the Gaussian process emulator. Our analysis includes approximations based on the mean of the
predictive process, as well as approximations based on the full Gaussian process emulator. Our
results show that the Hellinger distance between the true posterior and its approximations can
be bounded by moments of the error in the emulator. Numerical results confirm our theoretical
findings.

Keywords: inverse problem, Bayesian approach, surrogate model, Gaussian process regression,
posterior consistency
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1 Introduction

Given a mathematical model of a physical process, we are interested in the inverse problem of
determining the inputs to the model given some noisy observations related to the model outputs.
Adopting a Bayesian approach [20] [41], we incorporate our prior knowledge of the inputs into a
probability distribution, referred to as the prior distribution, and obtain a more accurate represen-
tation of the model inputs in the posterior distribution, which results from conditioning the prior
distribution on the observations. Since the posterior distribution is generally intractable, sampling
methods such as Markov chain Monte Carlo (MCMC) [18], 26, [34], 111 [T6] [14] are typically used to
explore it. A major challenge in the application of MCMC methods to problems of practical inter-
est is the large computational cost associated with numerically solving the mathematical model for
a given set of the input parameters. Since the generation of each sample by the MCMC method
requires a solve of the governing equations, and often millions of samples are required, this process
can quickly become very costly.

This drawback of fully Bayesian inference for complex models was recognised several decades
ago in the statistics literature, and resulted in key papers which had a profound influence on
methodology [36, 2], B0]. These papers advocated the use of a Gaussian process surrogate model
to approximate the solution of the governing equations, and in particular the likelihood, at a
much lower computational cost. This approximation then results in an approximate posterior
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distribution, which can be sampled more cheaply using MCMC. However, despite the widespread
adoption of the methodology, there has been little analysis of the effect of the approximation on
posterior inference. In this work, we study this issue, focussing on the use of Gaussian process
emulators [32, [40], 36}, 211, 30, [7, 19] as surrogate models. Other choices of surrogate models such as
those described in [9] [4], generalised Polynomial Chaos [45], 23], sparse grid collocation [5, 22] and
adaptive subspace methods [I3, [12] might also be studied similarly, but are not considered here.
Indeed we note that the paper [22] studied the effect, on the posterior distribution, of stochastic
collocation approximation within the forward model and was one of the first papers to address such
questions. That paper used the Kullback-Leibler divergence, or relative entropy, to measure the
effect on the posterior, and considered finite dimensional input parameter spaces.

The main focus of this work is to analyse the error introduced in the posterior distribution by
using a Gaussian process emulator as a surrogate model. The error is measured in the Hellinger
distance, which is shown in [4Il [I5] to be a suitable metric for evaluation of perturbations to
the posterior measure in Bayesian inverse problems, including problems with infinite dimensional
input parameter spaces. We consider emulating either the parameter-to-observation map or the
negative log-likelihood. The convergence results presented in this paper are of two types. In
section [3, we present convergence results for simple Gaussian process emulators applied to a general
function f satisfying suitable regularity assumptions. In section dl we prove bounds on the error
in the posterior distribution in terms of the error in the Gaussian process emulator. The novel
contributions of this work are mainly in section 4l The results in the two sections can be combined
to give a final error estimate for the simple Gaussian process emulators presented in section [3]
However, the error bounds derived in section [ are much more general in the sense that they
apply to any Gaussian process emulator satisfying the required assumptions. A short discussion on
extensions of this work related to Gaussian process emulators used in practice is included in the
conclusions in section [Gl

We study three different approximations to the posterior distribution. Firstly, we consider
using the mean of the Gaussian process emulator as a surrogate model, resulting in a deterministic
approximation to the posterior distribution. Our second approximation is obtained by using the
full Gaussian process as a surrogate model, leading to a random approximation in which case we
study the second moment of the Hellinger distance between the true and the approximate posterior
distribution. The uncertainty in the posterior distribution introduced in this way can be thought of
representing the uncertainty in the emulator due to the finite number of function evaluations used
to construct it. This uncertainty can in applications be large (or comparable) to the uncertainty
present in the observations, and a user may want to take this into account to ”inflate” the variance
of the posterior distribution. Finally, we construct an alternative deterministic approximation by
using the full Gaussian process as surrogate model, and taking the expected value (with respect
to the distribution of the surrogate) of the likelihood. It can be shown that this approximation
of the likelihood is optimal in the sense that it minimises the L?-error [39]. In contrast to the
approximation based on only the mean of the emulator, this approximation also takes into account
the uncertainty of the emulator, although only in an averaged sense.

For the three approximations discussed above, we show that the Hellinger distance between
the true and approximate posterior distribution can be bounded by the error between the true
parameter-to-observation map (or log-likelihood) and its Gaussian process approximation, mea-
sured in a norm that depends on the approximation considered. Our analysis is restricted to finite
dimensional input spaces. This reflects the state-of-the-art with respect to Gaussian process emu-



lation itself; the analysis of the effect on the posterior is less sensitive to dimension. For simplicity,
we also restrict our attention to bounded parameters, i.e. parameters in a compact subset of R¥
for some K € N, and to problems where the parameter-to-observation map is uniformly bounded.

The convergence results on Gaussian process regression presented in section [3] are mainly known
results from the theory of scattered data interpolation [43] [37) 28]. The error bounds are given in
terms of the fill distance of the design points used to construct the Gaussian process emulator, and
depend in several ways on the number K of input parameters we want to infer. Firstly, when looking
at the error in terms of the number of design points used, rather than the fill distance of these
points, the rate of convergence typically deteriorates with the number of parameters K. Secondly,
the proof of these error estimates requires assumptions on the smoothness of the function being
emulated, where the precise smoothness requirements depend on the Gaussian process emulator
employed. For emulators based on Mateérn kernels [24], we require these maps to be in a Sobolev
space H*® where s > K /2. We would like to point out here that it is not necessary for the function
being emulated to be in the reproducing kernel Hilbert space (or native space) of the Matern kernel
used in order to prove convergence (cf Proposition [B.4]), but that is suffices to be in a larger Sobolev
space in which point evaluations are bounded linear functionals.

The remainder of this paper is organised as follows. In section 2 we set up the Bayesian inverse
problem of interest. We then recall some results on Gaussian process regression in section [Bl The
heart of the paper is section ] where we introduce the different approximations to the posterior
and perform an error analysis. Our theoretical results are confirmed on a simple model problem in
section [§, and some conclusions are finally given in section

2 Bayesian Inverse Problems

Let X and V be separable Banach spaces, and define the measurable mappings G : X — V and
O :V — R’, for some J € N. Denote by G : X — R’ the composition of @ and G. We refer to
G as the forward map, to O as the observation operator and to G as the parameter-to-observation
map. We denote by | - || the Euclidean norm on R", for n € N. We consider the setting where the
Banach space X is a compact subset of RX, for some finite K € N, representing the range of a
finite number K of parameters u. The inverse problem of interest is to determine the parameters
u € X from the noisy data y € R’ given by

y=G(u)+n,

where the noise 7 is a realisation of the R”-valued Gaussian random variable A/(0, 0’%] ), for some
known variance 0727. We adopt a Bayesian perspective in which, in the absence of data, u is dis-
tributed according to a prior measure jo. We are interested in the posterior distribution p¥ on the

conditioned random variable uly, which can be characterised as follows.

Proposition 2.1. ([{1]) Suppose G : X — R’ is continuous and puo(X) = 1. Then the posterior
distribution p¥ on the conditioned random variable uly is absolutely continuous with respect to g
and given by Bayes’ Theorem:

du?
B 0) = e (— 2(w).
where
O(u) = % ly—GW)* and  Z=E, (exp (- CID(u))). (2.1)



We make the following assumption on the regularity of the parameter-to-observation map gG.

Assumption 2.2. We assume that G : X — R’ satisfies G € H*(X;R7), for some s > K/2, and
that sup,cx ||G(u)| =: Cg < oo.

Under Assumption 2.2], it follows that the negative log-likelihood ® : X — R satisfies ® €
H*(X), and sup,cx |®(u)] =: Cp < oco. Since s > K/2, the Sobolev Embedding Theorem further-
more implies that G and ® are continuous. Examples of model problems satisfying Assumption
include linear elliptic and parabolic partial differential equations [10, B8] and non-linear ordinary
differential equations [42] I7]. A specific example is given in section Bl

Note that in Assumption[2.2], the smoothness requirement on G becomes stronger as K increases.
The reason for this is that in order to apply the results in section Bl we require G to be in a Sobolev
space in which point evaluations are bounded linear functionals. The second part of Assumption
is mainly included to define the constant Cg, since the fact that sup,cx [|G(u)|| is finite follows
from the continuity of G and the compactness of X.

3 Gaussian Process Regression

We are interested in using Gaussian process regression to build a surrogate model for the forward
map, leading to an approximate Bayesian posterior distribution that is computationally cheaper to
evaluate. Generally speaking, Gaussian process regression (or Gaussian process emulation, or krig-
ing) is a way of building an approximation to a function f, based on a finite number of evaluations
of f at a chosen set of design points. We will here consider emulation of either the parameter-
to-observation map G : X — R’ or the negative log-likelihood ® : X — R. Since the efficient
emulation of vector-valued functions is still an open question [6], we will focus on the emulation of
scalar valued functions. An emulator of G in the case J > 1 is constructed by emulating each entry
independently.

Let now f: X — R be an arbitrary function. Gaussian process emulation is in fact a Bayesian
procedure, and the starting point is to put a Gaussian process prior on the function f. In other
words, we model f as

fo ~ GP(m(u), k(u,u)), (3.1)

with known mean m : X — R and two point covariance function k£ : X x X — R, assumed to
be positive-definite. Here, we use the Gaussian process notation as in, for example, [32]. In the
notation of [4I], we have fo ~ N(m,C), where m = m(-) and C is the integral operator with
covariance function k as kernel.

Typical choices of the mean function m include the zero function and polynomials [32]. A family
of covariance functions k frequently used in applications are the Matérn covariance functions [24],
given by

1 I\ Y o
bunp ) = ot poer (vt ) s, (varlt ), (32

where I' denotes the Gamma function, B, denotes the modified Bessel function of the second kind
and v, A and a,% are positive parameters. The parameter A is referred to as the correlation length,
and governs the length scale at which fo(u) and fo(u') are correlated. The parameter o} is referred

to as the wvariance, and governs the magnitude of fo(u). Finally, the parameter v is referred to as



the smoothness parameter, and governs the regularity of fy as a function of u. As the limit when
v — 00, we obtain the Gaussian covariance
/12
> llu — o

Now suppose we are given data in the form of a set of distinct design points U := {u"}_; C X,
together with corresponding function values

fU) = [fub),..., fM)] e RY. (3.4)

Since fy is a Gaussian process, the vector [fo(ul), ..., fo(u™), fo(@'),..., fo(@™)] € RN*M for any
set of test points {a™}M_, C X \ U, follows a multivariate Gaussian distribution. The conditional
distribution of fo(@'),..., fo(a™), given the values fo(u') = f(ul),..., fo(u) = f(u'V), is then
again Gaussian, with mean and covariance given by the standard formulas for the conditioning of
Gaussian random variables [32].

Conditioning the Gaussian process ([B.I) on the known values f(U), we hence obtain another
Gaussian process fy, known as the predictive process. We have

fv ~ GP(md (w), ky (u, '), (3.5)

where the predictive mean m{v : X — R and predictive covariance ky : X x X — R are known
explicitly, and depend on the modelling choices made in ([B]). In the following discussion, we will
focus on the popular choice m = 0; the case of a non-zero mean is discussed in Remark [3.71 When
m = 0, we have

ml (u) = k(u, DTKU,U) " F(U),  kn(u, ') = k(u, o) — k(u, U)T KU, U)K/, U), (3.6)

where k(u,U) = [k(u,u'),..., k(u,u™)] € RN and K(U,U) € RN*N is the matrix with ;" entry
equal to k(u’, /) [32].

There are several points to note about the predictive mean m{v in (B.6). Firstly, m{v is a linear
combination of the function evaluations f(U), and hence a linear predictor. It is in fact the best
linear predictor J40], in the sense that it is the linear predictor with the smallest mean square error.

Secondly, m{v interpolates the function f at the design points U, since the vector k(u™,U) is the

n'™ row of the matrix K (U,U). In other words, we have m{v(un) = f(u"), for all n = 1,...,N.

Finally, we remark that m{v is a linear combination of kernel evaluations,

N
m{v(u) = Z ank(u,u™),
n=1

where the vector of coefficients is given by a = K (U,U)~! f(U). Concerning the predictive covari-
ance ky, we note that ky (u,u) < k(u,u) for allu € X, since K(U,U)~! is positive definite. Further-
more, we also note that ky(u”,u") = 0, for n = 1,..., N, since k(u™, U)" K(U,U)"" k(u",U) =
E(u", u™).

For stationary covariance functions k(u,u') = k(||u — u'||), the predictive mean is a radial basis
functions interpolant of f, and we can make use of results from the radial basis function literature
to investigate the behaviour of m{v and ky as N — oo. Before we do this, in subsection B.2] we
recall some results on native spaces (also know as reproducing kernel Hilbert spaces) in subsection

B.1



3.1 Native spaces of Matern kernels

We recall the notion of the reproducing kernel Hilbert space corresponding to the kernel k, usually
referred to as the native space of k in the radial basis function literature.

Definition 3.1. A Hilbert space Hy, of functions f : X — R, with inner product (-,-)p, , is called
the reproducing kernel Hilbert space (RKHS) corresponding to a symmetric, positive definite kernel
E:XxX—>Rif

i) for allu € X, k(u,u’), as a function of its second argument, belongs to Hy,
ii) for allu e X and f € Hy, (f, k(u,"))u, = f(u).

By the Moore-Aronszajn Theorem [3], a unique RKHS exists for each symmetric, positive
definite kernel k. Furthermore, this space can be constructed using Mercer’s Theorem [25], and it
is equal to the Cameron-Martin space [8] of the covariance operator C' with kernel k. For covariance
kernels of Mateérn type, the native space is isomorphic to a Sobolev space [43], [37].

Proposition 3.2. Let k

space Hy, L2 U equal to the Sobolev space H”+K/2(X) as a vector space, and the native space norm
v\

v Ao2 be a Matérn covariance kernel as defined in [B2). Then the native

and the Sobolev norm are equivalent.

Native spaces for more general kernels, including non-stationary kernels, are analysed in [43].
For stationary kernels, the native space can generally be characterised by the rate of decay of the
Fourier transform of the kernel. The native space of the Gaussian kernel (3.3]), for example, consists
of functions whose Fourier transform decays exponentially, and is hence strictly contained in the
space of analytic functions. Proposition shows that as a vector space, the native space of the
Matern kernel k 2 is fully determined by the smoothness parameter v. The parameters \ and

0,% do, however, influence the constants in the norm equivalence of the native space norm and the
standard Sobolev norm.

Vo

3.2 Radial basis function interpolation

For stationary covariance functions k(u,u’) = k(||lu — u'[|), the predictive mean is a radial basis
functions interpolant of f. In fact, it is the minimum norm interpolant [32],

m{v = argmin  ||g|m,- (3.7)
9€H : g(U)=£(U)

Given the set of design points U = {u"}évzl C X, we define the fill distance hy, separation radius
qu and mesh ratio py by
1 ; : htr
hy := sup inf |jlu—u"|, qu := — min [|[v/ — u*||, vi=—>1.
sup inf [ — | smin o — 'l gy =
The fill distance is the maximum distance any point in X can be from U, and the separation radius
is half the smallest distance between any two distinct points in U. The mesh ratio provides a
measure of how uniformly the design points U are distributed in X. We have the following theorem

on the convergence of m{v to f [43] 27, 2§].



Proposition 3.3. Suppose X C RE is a bounded, Lipschitz domain that satisfies an interior cone
condition, and the symmetric positive definite kernel k is such that Hy, is isomorphic to the Sobolev
space H™(X), with T =n+r,n € N, n > K/2 and 0 < r < 1. Suppose m{v is given by BH). If
f € H™(X), then there exists a constant C, independent of f, U and N, such that

If — m{VHHB(X) < Chi N e (x)s for any g < 7,
for all sets U with hy sufficiently small.

Proposition assumes that the function f is in the RKHS of the kernel k. Convergence
estimates for a wider class of functions can be obtained using interpolation in Sobolev spaces [2§].

Proposition 3.4. Suppose X C RE is a bounded, Lipschitz domain that satisfies an interior cone
condition, and the symmetric positive definite kernel k is such that Hy, is isomorphic to the Sobolev
space H™(X). Suppose m{v is given by B.8). If f € H'(X), for some 7 <7, 7 =n-+7,n €N,
n > K/2 and 0 <r < 1, then there exists a constant C, independent of f, U and N, such that

1f = mN”HB(X < Chy; P pf; ﬁ”f”HT for any 8 <7,
for all sets U with hy and py sufficiently small.

We would like to point out here that in practice, it is much more informative to obtain con-
vergence rates in terms of the number of design points N rather than their associated fill distance
hy. This is of course possible in general, but the precise relation between N and hy will depend
on the specific choice of design points U. For uniform tensor grids U, the fill distance hy is of the
order N~1/K (cf section [Bl). This suggests a strong dependence on the input dimension K of the
convergence rate in terms of the number of design points V.

Convergence of the predictive variance ky(u,u) follows under the assumptions of Proposition
or Proposition B4l using the relation in Proposition below. This was already noted, without
proof, in [37]; we give a proof here for completeness.

Proposition 3.5. Suppose m{v and ky are given by [B.0). Then

1
kn(u,u)2 = sup |g(u) —mQ(u).
llgll ey, =1
Proof. For any u € X, we have
N .
sup g(u) — mf(w) = s |g(w) = S (k(u, U)K (U, U) )90
gl =1 ||g||Hk:1 =1

(k(u, )" KU, U))(g, k(-,u?))

] =

— sup [ (g, k() -

lgllzz, =1 ot

N
= sup |(g, k(- u) = > (k(u, U) KU, U) ") k() a,

llgll £, =1 j=1
= ”k(7u) - k('? U)TK(U7 U)_lk(u7 U)”Hk




The final equality follows from the Cauchy-Schwarz inequality, which becomes an equality when
the two functions considered are linearly dependent. By Definition 3.1}, we then have

k(s u) = k(- U)T K(U,U) " k(u, U,
= (k(-,u) — k()T KU, U)  k(u, U), k(-,u) — k(- U)' K(U,U)  k(u,U)) g,
= (k(u), k(- w) iy, = 20k(,u), k(- U) T K(U,U)  h(u, U)) i,
+ k(- U)TK(U,U)  k(u,U),k(-, U K(U,U)  k(u,U)) g,
= k(u,u) — 2k(u, )T K(U,U) Y k(u,U) + k(u, U)T K (U, U) " k(u, U)
= kn(u,u).

—_~ o~

The identity which leads to the third term in the penultimate line uses the fact that (k(-,u"), k(-,w)) m,
k(u,u'), for any u,u’ € X. If £(u) = K(U,U)" k(u,U) then

k(- ONTKU,U)  k(u, U), k(-,U)T KU, U) " k(u, U)) Ze Y, k(o uR)) g, O ()

—Zf uF) g (w)

= e(u)TK(U, U)e(u)
= k(u, )T KU, U)  k(u, U)

as required. This completes the proof. O

The second string of equalities, appearing in the middle part of the proof Proposition B.5, might
appear counter-intuitive at first glance in that the left-most quantity is a norm squared of quantities
which scale like k, whilst the right-most quantity scales like k itself. However, the space Hj, itself
depends on the kernel k, and scales inversely proportional to k, explaining that the identity is
indeed dimensionally correct.

Remark 3.6. (Ezponential convergence for the Gaussian kernel) The RKHS corresponding to the
Gaussian kernel (3.3]) is no longer isomorphic to a Sobolev space; it is contained in H"(X), for
any 7 < oo. For functions f in this RKHS, Gaussian process regression with the Gaussian kernel
converges exponentially in the fill distance hyy. For more details, see [43].

Remark 3.7. (Regression with non-zero mean) If in (8I]) we use a non-zero mean m(-), the formula
for the predictive mean m{v changes to

miy (u) = m(u) + k(u, U)K (U,U)" (F(U) = m(U)), (3.8)
where m(U) := [m(u!),...,m(u")] € RY. The predictive covariance ky (u,u’) is as in (B.6). As
in the case m = 0, we have m{v(u") = f(u"), forn=1,..., N, and m{v is an interpolant of f. If

m € Hy, then m{v given by (B8] is also in Hj, and the proof techniques in [27), 28] can be applied.
The conclusions of Propositions B3] and [B4] then hold, with the factor [|f|| in the error bounds
replaced by [ f|[ + [[m].



4 Approximation of the Bayesian posterior distribution

In this section, we analyse the error introduced in the posterior distribution pY when we use a
Gaussian process emulator to approximate the parameter-to-observation map G or the negative
log-likelihood ®. The aim is to show convergence, in a suitable sense, of the approximate posterior
distributions to the true posterior distribution as the number of observations N tends to infinity.
For a given approximation p%? of the posterior distribution ¥, we will focus on bounding the
Hellinger distance [41] between the two distributions, which is defined as

1 dpy dpyN
d y Ny = | 2
men (1Y, ) 2/X \/d,uo \/ dpio

As proven in [I5, Lemma 6.12 and 6.14], the Hellinger distance provides a bound for the Total
Variation distance

1/2

| SHUP |Euy(f) - Euy’N(f)‘ <V?2 dHell(Ny7My’N)a
Slleo<1

N

drv (1%, ) =

and for f € Liy (X)n Liw (X), the Hellinger distance also provides a bound on the error in
expected values

|Euy (f) — Euy’N(f)‘ < Q(Euy (fz) + Eu%N(ﬂ))l/z dyen (1Y, My’N)'

Depending on how we make use of the predictive process Gy or @5 to approximate the Radon-
Nikodym derivative 4 d— we obtain different approximations to the posterior distribution p¥. We
will distinguish between approximations based solely on the predictive mean, and approximations
that make use of the full predictive process.

4.1 Approximation based on the predictive mean

Using simply the predictive mean of a Gaussian process emulator of the parameter -to- observation
map G or the negative log-likelihood ®, we can define the approximations uﬁ;ea’n and ,umean , given

by
y,N,G 1 1

d,umean o g 2
d,u() (U) - ZR}:agan exp ( o E Hy o mN(u)H )’

1
ZNgG" = Euo(exp (=53 llv— mjg\,(u)\f)),
n

d#%ié\;’f 1 P
(u) = mean exp - mN(u) Y
B 1) g o (k)
ZNe =Ky, (exp (- m}{\),(u))),
where m%, (u) = [m(]{,l (u),. m]gVJ (u)] € R7. We have the following lemma concerning the normal-

ising constants ZE" and Zﬁ‘ign, which is followed by the main Theorem and Corollary

N, N,®
concerning the approximations uﬁ;eang , bdean -



Lemma 4.1. Suppose sup,cx ||G(u) — m%(uv)|| and sup,cx |®(u) — m% (u)| converge to 0 as N
tends to oo, and assume sup,cy [|G(u)|| < Cg. Then there exist positive constants C1 and Cs,
independent of U and N, such that

Ci<ZNE <1 and  Cy' < ZRPN < o
Proof. Let us first consider NG The upper bound follows from a straight forward calculation,

since the potential ﬁ |y — m%,(u)“2 is non-negative:
n

ZNG" =Ky, (exp ( — % Hy - m]gv(u)H2 )) <Eu(1) =1

For the lower bound, we have
1 1
Zmean >Euo<exp(—m SupHy mN H )) —exp(—m supHy mN H )

since [y pio(du) = 1. Using the triangle inequality, the assumption sup,cy [|G(u)|| < Cg and the
fact that every convergent sequence is bounded, we have

sup [|ly — m$ (w)||* < sup |y — Gu)|* + sup [|G(u) — m§ (w)||* =: —nCy, (4.1)
ueX ueX ueX

where (7 is independent of U and V.
The proof for Zj@" is similar. For the upper bound, we use Jx po(du) = 1 and the triangle
inequality to derive

ZNG" < supexp (— my(u)) < exp (sup |my(u)]) < exp (sup |®(u)| + sup [®(u) — my (u)]).
ueX ueX ueX ueX

Since sup, ey |®(u)| is bounded when sup,cy [|G(u)|| is bounded, the fact that every convergent
sequence is bounded again gives

sup |®(u)| + sup |®(u) — mEy(u)| =: —In Cy,
ueX ueX

for a constant (5 independent of U and N. For the lower bound, we note that since f X po(du) =1,

ZNa" > By, (exp (— sup !m}{\)f(u)])) =exp (— sup [my (u)|) > Cy"
ueX ueX

O

We would like to point out here that the assumptions in Lemma 1] can be relaxed to assuming
that the sequences sup,cx ||G(u) — m% (u)|| and sup,cx [®(u) — m% (u)| are bounded, since this is
sufficient to prove the result.

We may now prove the desired theorem and corollary concerning ,u?ﬁea’n and p?ﬁné\gf

Theorem 4.2. Under the Assumptions of Lemmal[{.]], there exist constants C1 and Ca, independent
of U and N, such that

dyen (¥ N?ﬂé\;r?) <O Hg - m]gVHLfLO(X;RJ) )

and  dyen (¥ N?né\;r?) <Gy H(I) a m%HLfLO(X) ’

10



Proof. Let us first consider uﬁlé\;ng By definition of the Hellinger distance, we have

7N7g
2 di (1", 15005) = G Ui
Hell mean d,U/O d,u(]

2 1

sg/x(exp(—Quy—gwﬂF)—exp( = m§l*)) ol
+ ZZﬁ?gan <Z—1/2 o (Zﬁ’oém)_l/2>2

=1+ 11

For the first term, we use the local Lipschitz continuity of the exponential function, together with
the equality a® — b?> = (a — b)(a + b) and the reverse triangle inequality to bound

§I=/X<exp(—§uy—g<u>u2>—exp( - 2\\y m&(u)| )) po(du)

</, <2Uz (1u— 9017 - o)) e
- |4 o7 (=9l + Iy =m0l 900 mmo(du)
< s I~ SO+~ 1 60~ 0

As in equation (4.]), the first supremum can be bounded independently of U and N, from which

it follows that )
1< C)G(w) —m§ (@l (ko)

for a constant C' independent of U and N. For the second term, a very similar argument, together
with Lemma [Tl and Jensen’s inequality, shows

I = ZZﬁean (Z_1/2 o (Zmoém)—l/2>2
< 2Z8E max(Z 70 (ZREM) TN Z — ZRE°)

1 2
— 2 2R max(Z %, (ZRg")” ></X exp (— 1 ly = G@I*) —exp (— Hy mS,(w)|| ) o du>)
n

< C|g(u) ~ “)HLio(x;Rl) ’
for a constant C 1ndependent of U and N.
The proof for ,umea’n is similar. We use an identical corresponding splitting of the Hellinger

distance dye; (¥ ,umgm ) < I+ 1I1. Using the local Lipschitz continuity of the exponential function,
we have

| N

T= [ fexp (= ®) —exp (= m§ ) pofdu) < 2 00) ~ mY (w7, 1)

11



Using Lemma [£.1] and Jensen’s inequality, we furthermore have

2
IT <2Z5%" max(Z 3 (ZND") 3 (/X exp (— ®(u)) —exp (— m%(u)),uo(du)>

< C||®(u) - m%(u)Higo(x) )

for a constant C' independent of U and N. O

We remark here that Theorem does not make any assumptions on the predictive means
m% and m% other than the requirement that sup,c x [|G(u) —m% (u)|| and sup,c x |®(u) —my(u)]
converge to 0 as N tends to co. Whether the predictive means are defined as in ([B.8]), or are
derived by alternative approaches to Gaussian process regression [32], does not affect the conclusions
of Theorem Under Assumption 2.2 we can combine Theorem with Proposition (or
Proposition B.4]) with § = 0 to obtain error bounds in terms of the fill distance of the design points.

Corollary 4.3. Suppose m% and m]gvj, j=1,...,J, are defined as in [B6l), with Matérn kernel
k =k, o o2 . Suppose Assumption[2.2 holds wzth s=v+ K/2, and the assumptions of Proposition
2.3 and Theorem [4.9 are satisfied. Then there exist constants Ci and Cy, independent of U and
N, such that

dyen (1Y :u?né\;ng) < ,and  dgen(p? N?ﬁé\gr‘?) <

If Assumption holds only for some s < v+ K/2, an analogue of Corollary can be proved
using Proposition B4l with 8 = 0. As already discussed in section [3.2] translating convergence rates
in terms of the fill distance Ay into rates in terms of the number of points IV typically leads to a
strong dependence on the input dimension K. For uniform tensor grids U, the rates of convergence
in N predicted by Corollary are given in Table [l

4.2 Approximations based on the predictive process

Alternative to the mean-based approximations considered in the previous section, we now consider
approximations to the posterior distribution p¥ obtained using the full predictive processes Gy
and ®y. In contrast to the mean, the full Gaussian processes also carry information about the
uncertainty in the emulator due to only using a finite number of function evaluations to construct
it.

For the remainder of this section, we denote by 1/]% the distribution of Gy and by I/]%; the
distribution of @, for N € NU{0}. We note that since the process Gy cons1sts of J independent

Gaussian processes g the measure 1/]% is a product measure, l/]gv = H;’ 1 I/N ® is a Gaussian
process with mean m}{\), and covariance kernel kpy, and g{v, for j =1,...,J, is a Gaussian process
with mean m NJ and covariance kernel ky. Replacing G by Gy in (1), we obtain the approximation
1o given by

y,N,G

Whame () 1 exp (= o ly— G,

Ko A N.G 0y

where

sample_ _L N 2
235" = By (e (= g7 I = On ()I"))

12



y,N,®

Similarly, we define for the predictive process @y the approximation Hrgample DY

d'u/y7N7qi 1
1
%(u):wexp(—{n\/(u», Z]s\?gpe:EM)(exp(—(PN(u))).
0 N,®
y,N,G y,N,® . . e y
The measures Hreample and Preample A€ random approximations of the deterministic measure p¥. The

uncertainty in the posterior distribution introduced in this way can be thought of representing the
uncertainty in the emulator, which in applications can be large (or comparable) to the uncertainty
present in the observations. A user may want to take this into account to ”inflate” the variance of
the posterior distribution.

Deterministic approximations of the posterior distribution p¥ can now be obtained by taking
the expected value with respect to the predictive processes Gy and ® . This results in the marginal
approximations

y,N,G
Moot ()1 o (exp (= 55 ly— Gn(w))).
dpo E o (Z357) "V 203
N k)
y,N,®
Wmarginal ) _ R (e (—@x(w)).
dpo EV%(ZJS?? D

Note that by Tonelli’s Theorem ([35], a version of Fubini’s Theorem for non-negative integrands),

the measures Nfﬂggnal and ufﬂgg?nal are indeed probability measures. It can be shown that the

above approximation of the likelihood is optimal in the sense that it minimises the L?-error [39].
In contrast to the approximation based on only the mean of the emulator, this approximation
also takes into account the uncertainty of the emulator, although only in an averaged sense. The
likelihood in the marginal approximations ufﬂarg{nal and ufﬁar’;nal involves computing an expectation.
Methods from the pseudo-marginal MCMC literature [2] could be used within an MCMC method
in this context.

Before proving bounds on the error in the marginal approximations p

section {.2.2] and the error in the random approximations ug;m’ple and usamplo in section .23l we

y,N,G

margmal

y,N, o
marglnal in

and p

1 1 .
crucially prove boundedness of the normalising constants Zsamrlp ¢ and Zf\?r;p ¢ in section E.2.11

4.2.1 Moment bounds on Zf\irgple and Z]S\ir;ple

Firstly, we recall the following classical results from the theory of Gaussian measures on Banach

spaces [31], [J.

Proposition 4.4. (Fernique’s Theorem) Let E be a separable Banach space and v a centred Gaus-
sian measure on (E,B(E)). If \,r > 0 are such that

L u(f € E: |fle <) )
1°g< VF B fle<n) )91_32”’

then
2

e? —1.

/E exp(A | FIZ)p(Af) < exp(1632) +

13



Proposition 4.5. (Borell-TIS Inequalit) Let f be a scalar, almost surely bounded Gaussian field
on a compact domain T C R, with zero mean E(f(t)) = 0 and bounded variance 0 < 0]% =
sup;er V(f(t)) < 0o. Then E(supyer f(t)) < oo, and for all v > 0,

B(sup f(t) ~ E(sup f(£)) > r) < exp(—r?/207%).

Proposition 4.6. (Sudakov-Fernique Inequality) Let f and g be scalar, almost surely bounded
Gaussian fields on a compact domain T C REX. Suppose E((f(t) — f(5))?) < E((g(t) — g(s))?) and
E(f(t)) =E(g(t)), for all s,t € T. Then

E(ngp f@) < E(j&p g9(t))-

. 1 1
Using these results, we are now ready to prove bounds on moments of Z]S\?z}pe and Zyg" s

similar to those proved in Lemma [l The reader interested purely in approximation results for
the posterior can simply read the statements of the following two lemmas, and then proceed directly
to subsections and [£.2.31 _

Recall that, as in 31, ®9 and G denote the initial Gaussian process models for ® and G,
respectively, and, as in (3.5]), &y and g{v denote the conditioned Gaussian process models for ®
and G7, respectively.

Lemma 4.7. Let X C R be compact. Suppose sup,cx ||G(u) — m]gv(u) , Supex | ®(u) —mP(u)|
and sup,ex kn(u,u) converge to 0 as N tends to infinity, and assume sup,cx [|G(v)|| < Cg < cc.
Suppose the assumptions of the Sudakov-Fernique inequality hold, for g = ®¢ and f = &n — m%,

and for g = gg and f = gg;,—m]gj, forje{l,...,J}. Then, for any 1 < p < oo, there exist positive
constants C1 and Cs, independent of U and N, such that for all N sufficiently large

o7l < EVI%((Z]S\?ZIPIC)I)) <1, and 1<Eg ((Z?\E{rgple)—p) <0y
and
— sample — sampley —
Gyl SEn((Zyg” V) <Coy  and Gyt <Eu((Z3g°)7) < Co

Proof. We start with Z]S\?rgplo. Since the potential # |y — Gn(u)|? is non-negative and Jx po(du) =
’ n

1= ch(X;RJ) 1%, (dGx), we have for any 1 < p < oo,

sample o 1 2 ! g
Bz = [ (e (- gl = Gntul Jro(an) vagy) < 1.

From Jensen’s inequality, it then follows that

le\ — 1 -1
Eng\r((Z]S\?rgp 0) p) > (EVI%((Z]S\?IEP C)p)) > 1.

)

!The Borell-TIS inequality is named after the mathematicians Borell and Tsirelson, Ibragimov and Sudakov, who
independently proved the result.
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To determine C7, we use the triangle inequality to bound, for any 1 < p < oo,

sampley — 1 -
BRI = [ o0 (= gl = w0 atan)) a0
R n

1 _
Lo (exn (= g sup o = Oxa)]?)) o5 (40)
CO(X;RY)

77

IN

_ p o g
_/CO(XRJ)eXP(Q 55U Iy = G ()] )V (d9N)

2 2
Sexp( puexggj m§ (u)] ) /co<XRJ>GXP <supuexug;;<_ w) = m(w)] )V]%(dgN).
77 > 77

The first factor can be bounded independently of U and N using the triangle inequality, together
with sup,cx [|G(u)|| < Cg and sup,cx ||G(u) —m$,(u u)|| = 0 as N — oo. For the second factor, we
use Fernique’s Theorem (Proposition [.7]). Flrst we note that (using independence)

Supyex |9n (1) — mN( )”2 G
d
/CO(X;RJ) o < 2p~log i (dan)
J j GJ 2
SUPyex Ej:l 67 N (u) — miy (u)] g
d
/CO(X;RJ) exp< 2p‘10,% vy (d9n)

J i GJ 2
supyex |67 N (u) —my (u)| G
E d
/cO(X;RJ) o 2p~tod Vi (d9x)

J=1

IN

GJ

sup,ex |G n (u) — mg; (w)]?
/COX]R] He < < 2p 102 = )V]%(dQN)

B sup,eyx |G/ n(u) — ]g\f](u)‘ G (10
= ]I;Il /cO(X) exp < 2p_1a727 vy (dGY)-

It remains to show that, for N sufficiently large, the assumptions of Fernique’s Theorem hold for
A = po, 2/2 and a value of r independent of U and N, for v equal to the push-forward of 1/]%]

under the map T'(f) = f — m]g\,] Denote by B]%];T C C°(X) the set of all functions f such that
If = m?\;“CO(X) < r, for some fixed 7 > 0 and 1 < j < .J. Let G}, = Q{V — m]g\,] By the Borell-TIS
Inequality, we have for all r > E(sup,,c X(g{V(u)),

o _ B —
l/]%” (g?\, : sup g{v(u) > 1) < exp (_ (7’ E(sup,ex QN(u)) ) |

ueX 20’]2\,

where 0%, := sup,¢ x kn(u,u). By assumption, Eyk((@(u) — @(u’))z) < Eyé((gé (u) — G (u'))?),

and so E(sup,¢ X(@(u)) < E(sup,e x (G (u)), by the Sudakov-Fernique Inequality. We can hence
choose r > E(sup,cx (G} (u)), independent of U and N, such that the bound

(r — E(sup,ex gé<u>>2>

2
207

I/]%j (va : sup %(u) > r) < exp (—

ueX

15



holds for all N € N. By assumption we have 0%, — 0 as N — oo, and by the symmetry of Gaussian

measures, we hence have I/]%j (B]gvjr) — 1as N — oo, for all r > E(sup,cx(G)(u)). For N = N(p)
sufficiently large, the inequality

1-v9 (BY
log <M < —1— 3272,
Gi Gi
VN (BN,r)
in the assumptions of Fernique’s Theorem is then satisfied, for A = po,’ 2/2 and r > E(sup,e x (gg (u)),

both independent of U and N. Hence, E((Z]S\irgple)_p) < Ci(p), for a constant C4(p) < oo indepen-
dent of U and N. From Jensen’s inequality, it then finally follows that

E,¢ (Z38™°)) > (E,q (Zug") ™) ™" > CT' ().

g
N

The proof for Z]S\?gple is similar. Using [ po(du) = 1 and the triangle inequality, we have

B (255 r) = [ ([ e (—ont)mian) oy

< / exp (p sup | (u)])vE (dPy)
CO(X) uex

< exp (p sup [m (u)|) / exp (p sup [@n () — my (uw)]) vy (APy).
ueX Co(X) ueX

The first factor can be bounded independently of U and N, since sup,cx [|G(u)|| < Cg and
sup,ex |®(u) — m¥y(u)| converges to 0 as N — co. The second factor can be bounded by Fer-
nique’s Theorem. Using the same proof technique as above, we can show that V]%(B?\}’T) — 1 as
N — oo for all 7 > E(sup,cx(Po(u)), where Bg)f,r C C%(X) denotes the set of all functions f such
that || f — m}{\),HCO(X) < r. Hence, it is possible to choose r > 0, independent of U and N, such that
the assumptions of Fernique’s Theorem hold for v equal to the push-forward of Vj'{’, under the map
T(f)=f— m%, for some A > 0 also independent of U and N. By Young’s inequality, we have

exp (p sug D (u) — miy(u)]) < exp (A su)[; 1Dy (u) — miy(w)]* + p?/4N),
ue ue

and it follows that E,, (( Z]S\ifgple)p) < Cs(p), for a constant Ca(p) < oo independent of U and N, for
any 1 < p < co. Furthermore, we note

By (Z03797) < [ exp (psup o)) (d2y) < Calp).
CO(X;R) uex

By Jensen’s inequality, we finally have Eo ((Z]S\irgplo)_p) > Oy(p)~! and Eo ((Z]S\ir;plo)p) > Cy(p)~h
U

We would like to point out here that the assumption that sup,x kn(u, u) converges to 0 as N
tends to infinity in Lemma 7] is crucial in order to enable the choice of any 1 < p < oo. This is
related to the fact that the parameter A needs to be sufficiently small compared to sup,cx kv (u, w)
in order to satisfy the assumptions of Fernique’s Theorem.
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In Lemma A7, we supposed that the assumptions of the Sudakov—Fernique inequality hold, for
g = ®g andfz@N—m%, and for g = G} andf:g] mN,forje{l ,J}. This is an
assumption on the predictive variance ky. In the following Lemma, we prove thls assumption for
the predictive variance given in (B.6]).

Lemma 4.8. Suppose the predictive variance ky is given by [B6). Then the assumptions of the
Sudakov-Fernique inequality hold, for g = ®¢ and f = @N—m%, and for g = G} and f = va—m]gvj,

forje{l,...,J}.

Proof. We give a proof for g = ®g and f = & — m%, the proof for g = gg and f = g{v — m]gvj, for

je{1,...,J}, is identical. For any u,u’ € X, we have Eyg(q)o(u)) =0= Euj{’,(q’N(u) —m%(u)),

and

Eyo ((®n(w) —my(u) — (Pn(u) - m%(ul))f) =k (u,u) = by (u,u') — by (W, 0) + by (W, o),
E,o ((Po(u) — o(u))?) = k(u,u) — k(u,u') = k(u',u) + k(u', o).

By (B.6]), we have
kN(”) u/) = k?(’LL, ul) - k?(’LL, U)T K(Uv U)_l k(ulv U)7

and so
E,s ((@o(u) — @0())?) — Eyp ((@x () — m(w) - (@n (W) - mG(u))?)
= (k(u,U)" = k(«, U)") KU, U)"" (k(u,U) — k(u/,U))
> 0,
since the matrix K (U,U)™! is positive definite. O

We are now ready to prove bounds on the approximation error in the posterior distributions.

y,N,G y,N,®
4.2.2 Error in the marginal approximations Imarginal and Imarginal
We start by analysing the error in the marginal approximations %9  and ;»™"®
y ysimg g pp H marginal H marginal®

Theorem 4.9. Under the assumptions of Lemmal[].], there exist constants Cy and Cq, independent
of U and N, such that

<IE g (Hg gn \|1+5>>1/(1+5) ,  forany d >0,

E,g (10— x| |

0]

N,G
dHC“ (lu Iuglarglnal) C

Ty (X)

N,®
dHC“(Iu Iuglarglnal) < 02

x)
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y,N.G
marginal*

y,N,G
2 &2 (1 1 ) = . d“m*“g‘“al
e margina. d,UO

2
2 1 1
= Z ) (\/GXP (- ﬂ ly — G(u)|*) — \/Eulgv<exp (— E ly — gN(’LL)H2)>> po(du)

2
+2E,0 (Z057°) (2772 - B g (ZR57) )
=1+11.

Proof. We start with p By the definition of the Hellinger distance, we have

For the first term, we use the (in)equalities a — b = (a® — b%)/(a + b) and (va + Vb)> > a + b,
for a,b > 0, to derive

glz/x<\/exp( — ly—Gu \/EV exp ( Hy Gn(u )I!2)>> pio(du)

</ (exp (— g ly — Gw)?) ~ Eyg (exp ( —m“y—gfv(“)”z)))z
T e (< g Iy 9I?) + Eg (exp (— g Iy — Gv)l?))

< E,c ! )
< swp (exp(—ﬂny—g( WI) + Eyg (00 (= 553l - Gutl))

[ (o0 (= 525 1y - G001*) ~ By (0 (- 575 Hy—QN(U)HQ))>2uo(dU)-

fo(du)

For the first factor, using the convexity of 1/z on (0, 00), together with Jensen’s inequality, we have
for all u € X the bound

-1

(0 (= 533 1= GI) + Eug (exp (= 525 Iy~ Gw ) )

1 - 1 -
<exp (- 207 ly — G(w)|*)™" +Engv(exp (—53llv— gN(U)”2)>

n

1 1
< exp (55 Iy = 9(w)*) +E,g (exp (55 Iy = Gv(w)*))
n n

1 1
< e (5,3 5 lly = G(*) + Byg (xp (55 sup ly — Gvw)*) ).
nu nu

As in the proof of Lemma 7], it then follows by Fernique’s Theorem that the right hand side can
be bounded by a constant independent of U and N.

For the second factor in the bound on %I , the linearity of expectation, the local Lipschitz
continuity of the exponential function, the equality a? — b = (a — b)(a + b), the reverse triangle

18



inequality and Holder’s inequality with conjugate exponents p = (1+6)/d and ¢ =1+ ¢ give

/X (exp(— % ly — G(w)||*) —Eulgv<exp( 2 2 ly — Gn(u )\|2))>2M0(du)

_ /X (Eyj%<exp(— % ly = GWI) —ep (- 55 Hy—gN(u)H2))>2,u0(du)

;
< [ (B2g (1gmz o= 9001 - 5oz Iy~ Gx(IP1) ) ol

< ), (Eyg<(lly G+ o a6 ox )" oldu)

< gt (g (=91 1y = amal) %)) (g (1900~ Gt )) " ot

< 4%% sup (B,g,((ly = Gl + ly — G )+ ) /X (E,5 (16 () - G *)) " o(aw),

for any 0 > 0. The supremum in the above expression can be bounded by a constant independent
of U and N by Fernique’s Theorem as in the proof of Lemma 7] since sup,cy [|G(u)|| < Cg < .
It follows that there exists a constant C' independent of U and N such that

2
%I <C H (Evzng'gN - g||1+6>>1/(1+5) L2 (X) '

For the second term in the bound on the Hellinger distance, we have
1

ol L = (Z T2 (B (Z?Eple))qp)? <max(Z7%, (B¢ (Z36"))*)1Z-E,q¢ (236"
2EV]g\f (ZN,Q ) N N N

N,G

Using the linearity of expectation, Tonelli’s Theorem and Jensen’s inequality, we have

2
|2 ~E,q (Z35™)

2

= | g (0 (= 55z 1= G0I) = ex0 (= 525y = Gl ot

g/X<IEVIgV<exp( 5o 2Hy Gu)|? )—exp(—EH@/—QN(U)Hz)))ZMO(du).

which can now be bounded as before. The first claim of the theorem now follows by Lemma .71

The proof for “Z’iarlgmal is similar. We use an identical corresponding splitting of the Hellinger

e Mfﬁi\ig‘ial) < I+ II. For the first term, we have

_1_/ <\/exp— \/E<p (exp (— Bx(u )))) 1o (du)

< 22)8 (exp (— @) + E» <exp (- (DN(U))>>—1

exp (— ®(u)) — E, o ( exp (—®n(u)) ’ po(du).
b's

distance dy.(
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The first factor can again be bounded using Jensen’s inequality,

2161)8 (exp (—®(u) + Eo (eXp (- <I>N(u))>>_ < exp (2161)8@@)) +Ez <exp (Sgg <I>N(u))>,

which as in the proof of Lemma [£7], can be bounded by a constant independent of U and N by
Fernique’s Theorem. For the second factor in the bound on %I , the linearity of expectation and
the local Lipschitz continuity of the exponential function give

[ (e (= @) ~ Eyg (exp (- 2 w))) o)

X
= /X <EV;{\>] <exp (—®(u)) —exp(— @N(u)))>2uo(du)
<2 [ (B (1900 - @x () noln)

2
=2 HIEV;IV (|®(u) — @N(u)\)‘

L2, (X)

For the second term in the bound on the Hellinger distance, the linearity of expectation, Tonelli’s
Theorem and Jensen’s inequality give

< [ (g (ex0 (= #) = exp (= @x())) " o),

which can now be bounded as before. The second claim of the theorem then follows by Lemma

417 O

2
|7~ B, (23057

Similar to Theorem [4.2] Theorem provides error bounds for general Gaussian process em-
ulators of G and ®. An example of a Gaussian process emulator that satisfies the assumptions of
Theorem is the emulator defined by (B.6]), however, other choices are possible. As in Corollary
43l we can now combine Assumption 2.2 Theorem and Proposition with 8 = 0 to derive
error bounds in terms of the fill distance.

Corollary 4.10. Suppose Gy and ®n are defined as in [B6l), with Matérn kernel k = kyxo?
Suppose Assumption [22 holds with s = v + K/2, and the assumptions of Proposition and
Theorem [{.9 are satisfied. Then there exist constants Cy,Ca,C3 and Cy, independent of U and N,
such that
K/2 K/2
e, 005 ) < ORGP - Cohly, and dyn (0¥, ) < Cahy % + Cuhl.

marginal

Proof. We give the proof for uﬁl’i\i’gginal, the proof for ¥’

inequality and the triangle inequality, we have

. . 7
margmal is similar. Using Theorem L9, Jensen’s

1/2]|2
dch(,U Mﬁ;gggmal <C H (Eu]g\,<‘|g — gN||2))
L3 (X)

—c [ B Hg<u>—gN<u>H2)uo<du>
<20 [ 1600) = mS [Fpo(@u) +2C [ By (I (u) = Gl nola.
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The first term can be bounded by using Assumption 22, Proposition and Proposition 3.3,

J 1660 = m§ @) Pno(an) = [ Zgﬂ & () ton) < OB S 1G9 e

7=1

for a constant C' independent of U and N. The second term can be bounded by using Assumption
221 Proposition B2l Proposition B3] Proposition 3.5, the linearity of expectation and the Sobolev
Embedding Theorem

/X B, (Im$ (w) = G (w)2) po(dur) = / (i ~ G (w))?) po(du)

Jj=1

—J /X By (u, ) (du)

< Jsup sup |g(u) —m$ ()
ueX |lgla, =1

< Ch¥
for a constant C' independent of U and N. The claim of the corollary then follows. O

If Assumption 2.2 holds only for some s < v+ K/2, an analogue of Corollary [.J0l can be proved
using Proposition B.4] with 5 = 0.
Note that the term h{; appearing in the bounds in Corollary E.I0 corresponds to the error

bound on ||k:N | 22(x), which does not appear in the error bounds for p4hY and :ufﬁa{gmal analysed

in Corollary 3] Due to the supremum over g appearing in the expression for kx (u, u) in Proposition
B.5] we can only conclude on the lower rate of convergence hf; for ||k711\//2” r2(x)- This result appears
to be sharp, and the lower rate of convergence v is observed in some of the numerical experiments
in section [ (cf Figures B and @]).

y,N.G y,N,®
4.2.3 Error in the random approximations Peample and Peample
We have the following result for the random approximations ug;m’ple and Mgagﬁc'

Theorem 4.11. Under the Assumptions of Lemma[{.7], there exist constants Cy and Cs, indepen-
dent of U and N, such that

(Eug (dch(u e ) ))1/2 <0

(Euﬁ (dch(u ) ))1/2 < Cy

9

Ly (X

(EVI% (Hg — gNH2+5>>1/(2+5)

(s o)

Proof. We start with ,uy’N’g . By the definition of the Hellinger distance and the linearity of

sample

Py (X)
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expectation, we have

N,G
9 duy dpg;
NG M samplo
Eng\r (2 dHell(M lu’zs/ample)) - EV]% \/diuo B

2
< 255 ([ o (- 200/2) - exp (- B3(0)/2)’ Mo(du)>
+2 E,,Jg\r (Z]s\z;’rélplo|z—1/2 o (Z]S\E{rgple)—l/2|2)
=IT+1I.

N

For the first term, Tonelli’s Theorem, the local Lipschitz continuity of the exponential function,
the equality a® — b? = (a — b)(a + b), the reverse triangle inequality and Holder’s inequality with
conjugate exponents p = (14 9)/d and ¢ =1+ ¢ give

Z 1 1 2
EI - /XEVI% ((exp (- 102 ly = G(w)|]*) —exp ( — 102 ly — G (w)|)? )> > fio(du)
< Ji/ E,q ((Ily — G~y - gN(u)H?)z) pi0(du)

n

1
< 2= [ Eug (= G0+ Iy = G012 19 ) = G ot

< [ (Bg (U =G0l + lly = G () +07)) )" (5,6 (160) - Gn ) 20+0) ) g(aw)
n
< 2o (B (U =Gl + Iy = ax)™ ) )" [ (B¢ (16100 - g0+ ) wofan).

for any § > 0. The supremum in the above bound can be bounded independently of U and N
by Fernique’s Theorem as in the proof of Lemma A7 Tt follows that there exists a constant C
independent of U and N such that

7 1/2(146) ||2
2150 |(mg 19— a1+0)) |
2 N L2,(X)

For the second term in the bound on the Hellinger distance, we have

1
R =Eg (257127 — (2™ *P)

<Eg (Zf@glple max(Z7%, (Z38P°) )| 2 — 23R )

By Jensen’s inequality and the same argument as above, we have
2

17—z = ' / (exp ; ly — G@)*) —exp (- 42||y G (u >||2>>uo<du>

< = | Uy =Gl +lly = G G () — G(w) 2ol dw).

4
077X
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Together with Tonelli’s Theorem and Hélder’s inequality with conjugate exponents p = (1 4 §)/d
and ¢ = 1+ 9, we then have

| =

11

|A‘°

041&,;@ (Z?é‘é‘p‘emaxw (235 [ (= on(ll + Iy =gl 193w —Q(U)quo(dU)>

I
:q»| .
><\

=

S
>

(Z3 max(Z 7%, (Z357) ) (ly — G ()| + 1y — G(w) )G () — G(w) ) o)

1 sample — sampley — 6/(5_"_1)
< 7 o (Bug (2570 max(Z72, (2357700 (ly = Gl + = G )14 )

[ (55 (1950 = 9P0+) ) ™ o),

for any § > 0. The supremum in the bound above can be bounded independently of U and N by
Lemma [£.7] and Fermque s Theorem. The first claim of the Theorem then follows.

The proof for ug;m’ple is similar. Using an identical corresponding splitting of the Hellinger

distance E (2 dz_. (¥ ui;ﬁﬁ&) < I+ 11, we bound the first term by Tonelli’s Theorem and the
local Llpschltz continuity of the exponential function:

gl — /XIEVIQV <(eXp (—®(u)/2) —exp (- <I>N(u)/2))2) po(du) < H(IEVI% <(<I>N B @)2»1/2 2

Liip(X)

For the second term, we have as before

1
5][ < Euf\’, <ZJS\5;7T<EP10 maX(Z_?’, (Z]S\Eirgple) )|Z Zsample| > )

and

2
‘Z Zsample’2 ‘/ exp ) — exp ( — (I)N(u))) Jn) (dU)

< 4/X(<I>(u) — @N(u))2u0(du).

Together with Tonelli’s Theorem and Holder’s inequality with conjugate exponents p = (1 4 §)/6
and ¢ = 1+ 9, we then have

1 sample — sampley —
ST <A, (ZN,J‘ max(Z 7 (2357 [ <<1><u>—<I>N<u>>2uo<du>)

[ By (2057 max(Z7, (057 )(@(0) — x(a)?) pold)

sample — sampley — 9/(6+1)
< 4<Eu19v ((ZN c1>pl )(1+6)/6 max(Z 37 (ZN,cI>p1 ) 3)(1+6)/6) >

)

[ (B (1200 = @n@IP0) ) o),

for any 6 > 0. The first expected value in the bound above can be bounded independently of U
and N by Lemma L7l The second claim of the Theorem then follows. O
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Similar to Theorem and Theorem [A9] Theorem [AT1] provides error bounds for general
Gaussian process emulators of G and ®. As a particular example, we can take the emulators
defined by ([B.6). We can now combine Assumption 22 Theorem [L.11] and Proposition with
B =0 to derive error bounds in terms of the fill distance.

Corollary 4.12. Suppose Gy and Py are defined as in [BH0), with Matérn kernel k = k
Suppose Assumption 22 holds with s = v + K/2, and the assumptions of Proposition and
Theorem [{.11] are satisfied. Then there exist constants Cy,Co,C3 and Cy, independent of U and
N, such that

V,)\,cri .

N, K/2 N,® K/2
dHC“('u qunarggmal) Clh2+ / +C2h6’ and dHC“('u qunarglnal) 03h2+ / +C4h1[jf

Proof. The proof is similar to that of Corollary [£10] exploiting that for a Gaussian random variable
X, we have E((X — E(X))*) = 3(E((X — E(X))?))% O

If Assumption 2.2/ holds only for some s < v+ K/2, an analogue of Corollary .12 can be proved
using Proposition B.4] with g = 0.

We furthermore have the following result on a generalised total variation distance [33], defined
by

1/2

N,G 2

dgrv (i 1S = sup (Byg (1B (f) B e (NP))
”f”CO(X)Sl sample

for ué’;ﬁ’gc, and defined analogously for ué’éﬁﬁo.

Theorem 4.13. Under the Assumptions of Lemma[{. 7], there exist constants Cy and Ca, indepen-
dent of U and N, such that

dgTV (,u L ?st;m’plo ) Cl

I

‘ (EVI% (Hg — gN||2+5>>1/(2+5)

‘(Eyg <H<I> — ¢N||2))1/2

y7 7
sample

Liip (X)

N, ®
dgT\/(,u 'ugample) < Cy )
3,%)

y7 7
sample’

Proof. We give the proof for p the proof for p is identical. By definition, we have

1/2
dgrv (i 1) = sup (B (1B (f) = v ()

||f||CO(X)§1 sample

= swp (E (‘ [ £ (exp(-() 27" - exp(-Bx () (Z5") ) ol

||f||co(x)§1
2) > 1/2

IN
/N
:ﬁ

%

Q | (exp(=0(@) 2" = exp(-0x () (2357 ") pofdu)

> (B ([ 1ewi-20) - eXp(—<I>N(U))|2uo(dU)>>l/2 ¥

sample — sampley — 1/2
(B.x ((Zmar127 = @337 'P))
=1+4+1I.

| /\
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The terms I and I can be bounded by the same arguments as the terms I and I in the proof of
Theorem [TT], by noting that [Z~! — (Z]S\?rgplc)—lp < max(Z 4, (Z?\%rgple)_4)|z B Z]s\z;’rgplop‘ 0

5 Numerical Examples

We consider the model inverse problem of determining the diffusion coefficient of an elliptic partial
differential equation (PDE) in divergence form from observation of a finite set of noisy contin-
uous functionals of the solution. This type of equation arises, for example, in the modelling of
groundwater flow in a porous medium. We consider the one-dimensional model problem

d

= (s L) =1 01, p(liu)=p0u) =0, (5.1)

where the coefficient £ depends on parameters u = {u; }5(:1 € [~1,1)% through the linear expansion

K
1 U
)=+ > ol sin(2mx).
k(x5 ) 100 j:1200(K 1)8111( i)

In this setting the forward map G : [~1,1]% — H{ (D), defined by G(u) = p, is an analytic function
[10]. Since the observation operator O is linear and bounded, Assumption is satisfied for any
s> K/2.

Unless stated otherwise, we will throughout this section approximate the solution p by standard,
piecewise linear, continuous finite elements on a uniform grid with mesh size h = 1/32. The
corresponding approximate forward map, denoted by G, is also an analytic function of w [10], and
Assumption 22 is satisfied for any s > K /2 also for G},. By slight abuse of notation, we will denote
the posterior measure corresponding to the forward map Gj by p¥, and use this as our reference
measure. The error induced by the finite element approximation will be ignored.

As prior measure ug on [—1,1]%, we use the uniform product measure po(du) = ®5(:1 %.
The observations y are taken as noisy point evaluations of the solution, y; = p(z;;u*) + n; with
n ~ N(0,I) and {xj}jzl evenly spaced points in (0,1). To generate y, the truth u* was chosen
as a random sample from the prior, and the solution p was approximated by finite elements on a
uniform grid with mesh size h* = 1/1024.

The emulators Gy and ® are computed as described in section B.2, with mean and covariance
kernel given by ([B0). In the Gaussian process prior ([B1]), we choose m = 0 and k = k, ;1 1, a Matern
kernel with variance O']% = 1, correlation length A = 1 and smoothness parameter v.

For a given approximation u?" to p¥, we will compute twice the Hellinger distance squared,

2
d'uy d'uyvN
2d. y,y’NQ:/ —(u) — U dug(u).
men (1Y, 1) 11K d,uo( ) dpo (u) fo(u)

The integral over [—1,1]% is approximated by a randomly shifted lattice rule with product weight

parameters v; = 1/ 42 [29]. The generating vector for the rule used is available from Frances
Kuo’s website (http://web.maths.unsw.edu.au/~fkuo/) as “lattice-39102-1024-1048576.3600".
For the marginal and random approximations, the expected value over the Gaussian process is
approximated by Monte Carlo sampling, using the MATLAB command mvnrnd.

25



For the design points U, we choose a uniform tensor grid. In [—1, 1]K , the uniform tensor grid
consisting of N = NX points, for some N, € N, has fill distance hy = \/F(N —1)~% In Table[D
we give the convergence rates in N for sup,cx |f(u) —m N( )|?

and [|f — mN||L2(X predicted by
Proposition B.31

5.1 Mean-based approximations

In Figure [l we show 2dy., (1Y, AT )2 (left) and 2dge (1Y, pboes)? (right), for a variety of choices

of K and v, for J = 1. For each choice of the parameters K and v, we have as a dotted line added
the least squares fit of the form C; N2, for some C;,Cy > 0, and indicated the rate N~=¢2 in the
legend. The observed rates Cy are also summarised in Tables2land Bl By Corollary 4.3l we expect
to see the faster convergence rates in the right panel of Table [l For convenience, we have added
these rates in parentheses in the legends in Figure [Il For ,u?né\;g , we observe the rates in Table [I],
or slightly faster. For ,umean , we observe rates slightly faster than predicted for v = 1, and slightly
slower than predicted for l/ = 5. Finally, we remark that though the convergence rates of the error

are slightly slower for ,umean , the actual errors are smaller for u%lé\;f .

In Figure 2 we again show 2dy., (1Y, pld )2 (left) and 2dge, (12, u?ﬁé\g}?)z (right), for a variety
of choices of K, with J = 15 and v = 1. The observed convergence rates are summarised in Table
[ We again observe convergence rates slightly faster than the rates predicted in the right panel
of Table [l As in Figure Il we observe that the errors in umoan are smaller, though the rates of

convergence are slightly faster for ,umeang

5.2 Marginal approximations

In Figure Bl we show 2dy.y(uY /‘fﬂ;\gnal) (left) and 2dgyoy(p? Mfr;;\i;)nal) (right), for a variety of
choices of K and v, for J = 1. For each choice of the parameters K and v, we have again added
the least squares fit of the form C; N~¢2, and indicated the rate Cy in the legend. The observed
rates Cy are also summarised in Tables 2l and Bl By Corollary 10l we expect the error to be the
sum of two contributions, one of which decays at the rate indicated in the left panel of Table [I]
and another which decays at the rate indicated by the right panel of Table [ For convenience,
we have added these rates in parentheses in the legends in Figure BlFor “i{argnalv we observe the
faster convergence rates in the right panel of Table [0, although a closer inspection indicates that
the convergence is slowing down as N increases. For p? N.G the observed rates are somewhere

marginal’
between the two rates predicted by Table [1

5.3 Random approximations

In Figure @ we show ZEVJ% (duen (¥ ué’aﬁge) ) (left) and ZEV;I\;(dch(M ué’aﬁﬁe)z) (right), for a
variety of choices of K and v, for J = 1. For each choice of the parameters K and v, we have again
added the least squares fit of the form C;N~¢2, and indicated the rate Cy in the legend. The
observed rates Cy are also summarised in Tables 2l and Bl By Corollary 412 we expect the error
to be the sum of two contributions, as for the marginal approximations considered in the previous
section, and the corresponding rates from Table [I] have been added in parentheses in the legends.

For Ngémblev we again observe the faster convergence rates in the right panel of Table [l but the
y,N,G

convergence again seems to be slowing down as N increases. For pg’ ainal’
very close to the slower rates in the left panel of Table [l

the observed rates are
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suPyex |f (1) — mf(u)[? If = mfl2a 5,
K 1 2 3 4 y K 1 2 3 4
2 1 0.67 0.5 3 2 1.7 1.5

5 5 3.3 6 4.3

Table 1: Convergence rates in N predicted by Proposition B3] for uniform tensor grids.

e el e

Ky g ) Ky 3 ) Kl o 3
26 24 26 2.2 2.3 1.7
6.2 4.5 5 6.2 4.6 5 6.1 44

Table 2: Observed convergence rates in N of dyey (1Y, 1¥"V9)2, as shown in Figures [, [} and @

y,N, y,N,® y,N,®
Hmean H marginal K sample
K 2 3 K 2 3 K 2 3
14 14
25 2 1.8 1.1 1.1 0.76
5.4 3.8 5 49 3.2 5 49 3.3

Table 3: Observed convergence rates in N of dyu(p?, p¥V®)2, as shown in Figures Il B and @

Table 4: Observed convergence rates in N of dy.(p?, V)2 and dyey (¥, p?¥:9)2,

Figure 2

phions phioan
Ky 2 3 4 Kl 2 3 4
14
1 41 27 23 23 1 4 27 21 19
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6 Conclusions and further work

Gaussian process emulators are frequently used as surrogate models. In this work, we analysed the
error that is introduced in the Bayesian posterior distribution when a Gaussian process emulator
is used to approximate the forward model, either in terms of the parameter-to-observation map or
the negative log-likelihood. We showed that the error in the posterior distribution, measured in
the Hellinger distance, can be bounded in terms of the error in the emulator, measured in a norm
dependent on the approximation considered.

An issue that requires further consideration is the efficient emulation of vector-valued functions.
A simple solution, employed in this work, is to emulate each entry independently. In many ap-
plications, however, it is natural to assume that the entries are correlated, and a better emulator
could be constructed by including this correlation in the emulator. Furthermore, there are still a
lot of open questions about how to do this optimally [6]. Also the question of scaling the Gaussian
process methodology to high dimensional input spaces remains open. The current error bounds
from scattered data approximation employed in this paper feature a strong dependence on the input
dimension K, yielding poor convergence estimates in high dimensions.

Another important issue is the selection of the design points used to construct the Gaussian
process emulator, also known as experimental design. In applications where the posterior distribu-
tion concentrates with respect to the prior, it might be more efficient to choose design points that
are somehow adapted to the posterior measure instead of space-filling designs that have a small fill
distance. For example, we could use the sequential designs in [39]. It would be interesting to prove
suitable error bounds in this case, maybe using ideas from [44].

In practical applications of Gaussian process emulators, such as in [19], the derivation of the em-
ulator is often more involved than the simple approach presented in sectionBl The hyper-parameters
in the covariance kernel of the emulator are often unknown, and there is often a discrepancy be-
tween the mathematical model of the forward map and the true physical process, known as model
error. These are both important issues for which the assumptions in our error bounds have not yet
been verified.
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