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Abstract Frailty models allow us to take into account the non-observable inhomo-
geneity of individual hazard functions. Although models with time-independent frailty
have been intensively studied over the last decades and a wide range of applications in
survival analysis have been found, the studies based on the models with time-dependent
frailty are relatively rare. In this paper, we formulate and prove two propositions related
to the identifiability of the bivariate survival models with frailty given by a nonneg-
ative bivariate Lévy process. We discuss parametric and semiparametric procedures
for estimating unknown parameters and baseline hazard functions. Numerical exper-
iments with simulated and real data illustrate these procedures. The statements of the
propositions can be easily extended to the multivariate case.

Keywords Frailty - Lévy process - Bivariate survival function - Identifiability

1 Introduction

In survival analysis, frailty is usually defined as a non-observable momentan risk of
failure and is included in survival models in the form of an unknown nonnegative
random variable or random process characterizing non-homogeneity of population
with respect to hazard function. Usually, frailty enters the model multiplicatively to

B Alexander Begun
a.begun@uea.ac.uk

Anatoli Yashin

aiy @duke.edu

School of Computing Sciences, University of East Anglia, Norwich Research Park, Norwich
NR4 7T], UK

2 Duke University, 2024 W. Main Street, Durham, NC 27705, USA

Published online: 28 February 2018 &\ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10182-018-0322-y&domain=pdf
http://orcid.org/0000-0002-2886-2118

A. Begun, A. Yashin

the hazard function and allows us to take into account the correlations between failure
times. Observed covariates can also be included in the multivariate survival models in
the form of Cox-like regression. Identifiability and other properties of the univariate
and multivariate survival models with time-independent frailty have been studied in
some depth, and these models now are popular and widely used in survival studies
and in the search for genes influencing longevity. Several models with time-dependent
frailty have also been suggested. Woodbury and Manton (1997) introduced a stochastic
process model of human mortality and ageing. They considered hazard as a quadratic
function of stochastically changing unobserved frailty. The model was further extended
by Yashin and Manton (1997) to consider a partially observed frailty process. Modi-
fications of this model were successfully applied to the analyses of longitudinal data
with informative censoring. Ideas on further development and applications of these
results to studying ageing and longevity are summarized by Yashin et al. (2012). Gjess-
ing et al. (2003) considered an approach based on the proportional hazard model with
time-dependent frailty given by the formula

¢
Z(t) = / a(u,t —u)dX (R(u)).
0

Here, X (¢) is a nonnegative Lévy process (subordinator) with Laplace exponent ®(¢),
R() = fot r(u)du defines the time transformation of subordinator for a nonnegative
rate function r(¢), and the nonnegative weight function a(u, s) determines the extent
to which the previous behavior of transformed subordinator influences the hazard
function at time ¢. The authors derived the expressions for the population survival and
hazard functions in a general case:

t
S(t) = exp (—/ O (b(u, t))r(u)du) ,
0

t
u(t) = k(t)/ ' (b(u, t))a(u, t — u)r(u)du,
0

where A (1) is the baseline hazard function and b(u, t) = fut A(s)a(u, s—u)ds. Gjessing
et al. (2003) showed also that under some conditions, quasi-stationary distributions of
survivors can arise. This implies the constant limiting population hazard rate, in spite
of the increase of the baseline hazard function. Ata and Ozel (2012) considered the
proportional hazard model with time-dependent frailty given by the discrete compound
Poisson process and applied this model to the earthquake data and to traffic accidents
data from Turkey.

The aim of this paper is to study the problem of identifiability for bivariate survival
models with/without observed covariates and with time-dependent frailty when this
frailty is given by a Lévy process (or Lévy processes). In addition, we demonstrate
how these models can be used for longevity datasets based on simulated data.

In Sect. 2, we give the definitions of the univariate survival model under mixed
proportional hazard specification and the bivariate correlated frailty model. We then
discuss the definitions of the uni- and bivariate survival model with time-dependent
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frailty given by the nonnegative Lévy processes. At the end of this section, we discuss
known findings related to the identifiability of survival models with time-independent
frailty, formulate two new propositions about the identifiability of the bivariate sur-
vival models with time-dependent frailties, and give the EM algorithm for estimating
unknown baseline hazard functions and parameters for the correlated bivariate model
with time-dependent frailty. In Sect. 3, we discuss the results of estimations of the
baseline hazard functions and unknown parameters (including the Cox-regression
coefficients and parameters characterizing the frailty process) in experiments with
simulated and real data for parametric and semiparametric approaches. The real-world
example was based on the data from the Danish Twin Registry. Conclusions and out-
look are presented in Sect. 4.

2 Survival analysis under a frailty setting

Under mixed proportional hazard specification (Abbring and van den Berg 2003), the
hazard rates of the failure times for two related individuals depend multiplicatively
on the respective baseline hazards A (), regressor functions x;(u;) with observed
vector of covariates u;, and unobserved nonnegative random variable (frailty) Z;,
characterizing the heterogeneity in the population with respect to hazard A

witilZj,uj) = Z;xjjri(t;), Jj=12 (1

The function x;(u;) is frequently specified as x;j(u;) = exp(,B;fu.,') (the Cox-
regression term) for some transposed vector parameter ,3;7, j = 1,2. The univariate
population survivals S;(¢|x;(u;)) = P(T; > t;) for random times of death 7; are

Sj(t1xj(uj)) = Be X @A) = L(x;(mp)A;())), j=1,2, @)

with cumulative hazard function A (1) = fé Aj(7)dt and Laplace transform L(c) =
Ee¢Z.

In the bivariate correlated frailty model proposed by Yashin et al. (1995), individual
frailties (Z1, Z») were constructed under assumptions

mo
Zy=—Yy+171,

7= 2y, + 1, A3)
m

for independent nonnegative random variables Yy, Y7 and Y> and some nonnegative
constants mq, m| and m. Given frailties (Z;, Z), life spans for both individuals
were assumed to be conditionally independent. Since the scale factor common to all
subjects in the population can be absorbed into the baseline hazard functions A ;(.),
j = 1,2, wecan put EZ; = EZ, = 1. The heterogeneity in the population can be
characterized by the variance of frailties VarZ; = 012, VarZ, = 022. The correlation
between frailties Corr(Z1, Z;) we will denote by p.
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If Y; are gamma-distributed random variables, Y; ~ G(kj,m;), j =0, 1, 2, with
ko = p/o102, kj = 1/O'j2 — ko, mj = 1/0]2, J=1,2,0< p < min(oy/02,02/01),
then the non-conditional bivariate survival function is given by the formula

S(t1, t2]x1(uy), x2(w2)) = Ee~ 21 x1@)A1(1) ,—Z2x2(02) A2(12)

—k —k;

(1+ ot x1@DA1(1)) " (1407 x2()Ax(12)
k
(14 0P x1 @D A1) + 035 x2 (W) Az (12))™

“)

(Wienke 2010). Note that without loss of generality, we can put mg = mj. If left
truncation is present at ages (fo1, f02), we calculate the conditional survival function
by dividing the bivariate survival function by S(fo1, fo2|x (u1), x (uz)). To take into
account information about censoring, we shall put §; = 0, 1, where §; = 0 indicates
right censoring, j =0, 1.

The assumption that the individual frailty is determined at birth and does not change
with age seems to be too strong and unrealistic. To make the approach more flexible,
we can weaken this assumption and suppose that the frailty is a random process.

Similarly to Gjessing et al. (2003), we shall consider the frailty process Z =
Z(t) :t > 0 defined by a nonnegative Lévy process. In accordance with Lévy-
Khinchin formula, such a process can be characterized by its Laplace transform

L(c;t) = Ee ¢2(0) = 719
with Laplace exponent & (¢), while c is the argument of Laplace transform. Note that

EZ(t) = t®'(0),
VarZ(t) = —t®"(0).

Examples of Lévy processes include the standard compound Poisson process, the
compound Poisson process with general jump distribution, gamma processes, stable
processes, and PVF (power variance function) processes (Gjessing et al. 2003). In
this paper, we shall consider the nonnegative Lévy processes (subordinators) with the
Laplace exponent given by

P(c) =dc+ /'00(1 — e Mu(dx), 4)
0

nonnegative drift d and the jump measure v with support (0, co) satisfying
fo min(1, x)v(dx) < oo. The Laplace exponent is an increasing and concave func-
tion. The Laplace exponent and the jump measure for the gamma process are given
by the formulas

®g(c) =h[ln(y +¢) —Inyl=hin(l +y o),
v(dx) = he " xldx (6)
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with the shape it and the scale parameter y for the gamma-distributed random variable
Z(t). This corresponds to the values of 4ty ~! and hty ~2 for mean and variance of
Z(t), respectively. To avoid non-identifiability of the model, we shall standardize the
frailty distribution and put 2 = y. In this case, EZ(t) = ¢, VarZ(t) = ty~! for
t > 0.In “Appendix 1,” we can find the formulas for calculating univariate population
survivals in this case for a constant and an exponential (Gompertz) baseline hazard
functions. We will denote the Laplace exponent for the univariate frailty processes
Zj(t), j=1,2by ®;().

Let (Z((t), Z2(t)) be a bivariate Lévy process with nonnegative components and
the Laplace exponent given by

Ppiy(c) =<d,c > —i—/ (1 —e =“*)v(dx), @)
R

where d, ¢ € Ri, < x,y > denotes the dot product of vectors x, y € R?, the Lévy
measure v(A) for any Borel set A € Rﬁ_ is the expected number of jumps on the time
interval [0,1], whose sizes belong to A, and the following integrability conditions for
Lévy measure are satisfied:

/ min(1, x)v(dx) < oo,
R

/ min(1, x?)v(dx) < oco.
Ry

Note that ®piy(c1,0) = Pi(c1) and Py (0, c2) = Pa(cp) for marginal Lévy pro-
cesses.

The bivariate survival function under mixed proportional hazard specification with
conditionally independent life spans and time-dependent frailties given by correlated
Lévy processes is

S(t1, 1l (u), x2(ug)) = Ee= 1@ J 1@ (0dr =) [ Z2 (@) (0)dr

1_
= exp <_/o Dpiv 1) A (T, 11), x2(w2)Asr (7, lz))df>

I+
X exp (—/ DO (L u) Ay (, t+))dr) :
-

where 1 = min(tq, t), 1+ = max(t1, t2), Dpiv(., .) is the Laplace exponent for the
bivariate frailty process (Z1, Z3),

cb+

uni

O = {(Dz(.), it > 11,

®1(.), otherwise,

t
Aj(, 1) =f 2j(s)ds, =12,
T
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x2(m), if n >,
x1(uy), otherwise,

X+, wp) = {

and

Airt) = {fg M(s)ds, iftp > .tl,

[; &1(s)ds, otherwise.
Similar to the model with time-independent frailties given by (3), we can construct the
bivariate survival function for time-dependent frailties given by the correlated Lévy
processes Z1(t) and Z;(¢) with parameters EZ (1) = EZ>(1) = 1, VarZ (1) = yfl,
VarZ,(1) = )/2—1, and Corr(Z1(t), Z>(t)) = o, t > 0. The formula for calculat-
ing bivariate population survival function for time-dependent frailties is given in
“Appendix 2.”

2.1 Model identifiability

The identifiability of the univariate model with unspecified functional form of frailty
distribution and baseline hazard has been studied by Elbers and Ridder (1982). This
model is identifiable given information on T for finite EZ and is not identifiable when
frailty has an infinite mean. Identifiability of the correlated frailty models using data on
the pair (77, T>) was proved by Honoré (1993) under the assumption of finite means of
Z1 and Z5. Yashin and Iachine (1999) proved the identifiability of the correlated frailty
model without observed covariates assuming that Z; and Z, are gamma distributed.
Abbring and van den Berg (2003) studied the identifiability of the mixed proportional
hazards competing risks model. We adopt this method to investigate the identifiability
of the mixed bivariate survival model for time-dependent correlated frailties.

Proposition 1 Let the following assumptions be satisfied.

Assumption 1. Regressor functions x; : U; — R4 are continuous with supports Us,
U C R i =12 and x1(u}) = x2(u3) = 1 for some uj € Uy,
u; € Un. Set T = {(x1(u1), x2(w2))luy € Uy, uy € Uz} contains a
non-empty open set Yo C Rﬁ.

Assumption 2. Baseline hazard functions A;(.) are integrable on [0, t] with A j(t) =
fé Lj(t)dt < oo forallt € Ry, and A(1*) = Ay (t*) = 1 for some
t*>0,j=1,2

Assumption 3. Let u be a probability measure corresponding to the bivariate frailty
variable (Z1(1), Z>(1)) € R%. Then,

o0 o0
/ / LD, < 0o (8)
0 0

for some real number b > Q.

Then, the mixed bivariate survival model for time-dependent correlated frailties is
identified from the bivariate distribution of the failure times (T1, T2 |u, u).
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Proof Identification of the regressor functions.

From Assumption 3 and Theorem 2.1 in Brychkov et al. (1992), it follows that the
Laplace exponent @y, (p1, p2) is an analytic function on Hp, = {(p1, p2|Re(p1)
—b,Re(p2) > —b)} and therefore is a real analytic function on ReH;, =
{(x1,x2)|x1 > —b,x» > —b}. Note that ®1(p) = Ppiv(p,0) and Py(p) =
@iy (0, p). Since EZ(1) = ®[(0), EZ(2) = ®,(0) and the functions ®;(x) and
@, (x) are analytic in 0, it holds that EZ; (1) < oo and EZ,(1) < oo. Gjessing et al.
(2003) (Theorem 1) have shown that

\

t
Sj(t|Xj(uj))=ESj(t|Zijj(“j))=eXP<_/(; q’j(Aj(T,t;Xj(llj)))dT>,
where
t
Aj(f,t;)(j(uj))=/ A 6)ds = AT, j=1.2.

As any subordinator frailty processes, Z; have increasing and concave Laplace expo-
nents and their derivatives CD’I. (.) are decreasing. Moreover,

t
45 (¢ u ) /dt = —x,-(u,»)xja)/o (8 (x. 1 2 (up))de
t
X exp (—/0 d>j(Aj(t,t;Xj(uj)))dr>
and

(tkj(t))_lde(t|Xj(uj))/dt — —xjpEZ;(1) as 0.
From here and Assumption 1, it follows that

w—)xj(u_i) as t]0, j=12.
dS;(tlx; () /de
This formula identifies x;(.) in U}, since marginal survival functions S;(¢[x; (u;))
are observed for t > 0 and uj are arbitrary for j =1, 2.

Identification of the hazard functions.

For 0 < v <t < T < oo, it holds that Aj(r,1) < C < oo, j =
1, 2. Therefore, there exists a real b(T) > 0 such that the bivariate function
Ppiv(x1A1(7, 1), x2A2(7, 1)) and the univariate functions ®;(x;A(z,t)) are real
analytic functions on the set Y7 = {(x1, x2)|x1 > —b(T), xo > —b(T)} containing
the point (0,0) for fixed (7,#),0 < 7 <7 < T < ooand j = 1,2. Moreover, the
univariate survival functions S;(¢;|x;), their derivatives S} (tjlx;)int;, j = 1,2,
and the bivariate survival function S(#1, f2| x1, x2) are real analytic functions uniquely
defined on Y7 for {(¢1,7)|0 < t1,1p < T < oo}
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Differentiating S;(¢|x;) in ¢, dividing then by x;, and setting formally x; — O,
we get the following equations:

S/( |Xj)

— = @0 (1) =EZ;(DA;(1),  j=1.2. 9
x,(u,)w X/S (”X/) ,/( ) ](t) ]( ) ](t) Jj )

Since the expression on the right hand of (9) is observed, we find the hazard function
in the form

LX)

A = -0 1 _—
10 = = O NSt

)y,  j=1,2.

The constant d>’j (0) can be found from the equation A j (t*) = 1, j = 1, 2 (Assumption
2).
Identification of the Laplace exponent.

Since S(0, O] x1, x2) = 1 and the bivariate Laplace exponent is regular in the point
(0,0), the following formula holds in some neighborhood O C RL of the pointt = 0

”]
1 S(t** ** ) 8”1+”2Q)bw(cl CZ)
n Xla X2 - ' ' ni ny |C1=0,02=O
ny! np! dcy dcy
ni=1ny=1
R

X/O (A1 (™) = A ()" (A2 (1) — A (7)) dr.
(10)

Mixed partial derivatives in (10) can be calculated using the finite difference method
as the distance between spaced nodes tends to zero. Note that fé**(Al(t**) —
A1(T) " (A (1) — Ar(1))"2dT > Oforalln; € Nandny € Nift** > ¢*. The mixed
partial derivatives 9"1 "2 @y (c1, ¢2) /3¢’ dc5? at the point (0, 0) are uniquely defined
from (10), and therefore, ®yi,(c1, ¢2) can be uniquely defined in some open neigh-
borhood of the point (0,0). That is, the real analytic function ®y;y(., .) is uniquely
defined in some open set containing R%r. Similarly, it can be shown that the real
analytic functions ®;, j = 1, 2, are uniquely defined in some open set containing
RL. o

If individual frailties (Z1, Z») are constructed under assumptions given by

Zy =Yy + 1,

(11)
Zy =aYy+ 1>

for some positive «, we can weaken the conditions of Proposition 1 and prove the
identifiability of the model in the absence of observed covariates.

Proposition 2 Let the following assumptions be satisfied.

1. Assumption 1. Decomposition (11) holds for independent positive Lévy processes
Yo, Y1, Y2 with zero drift and some a > Q.
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Assumption 2. Baseline hazard functions A;(.) are integrable on [0, t] with
Aj(t) = fé Li(t)ydt < ooforallt € Ry, lim;_, o0 Aj(t) = 00, and Aj(t*) =1
for somet* >0, j =1,2.

Assumption 3. Jump measures v; satisfy fooo xvi(dx) <o0,i=0,1,2.
Assumption 4. Let w; is a probability measure corresponding to the frailty
Yi(1) eRY, i =0,1,2. Then,

[o,0] o
/ f P du; < oo (12)
0 0

for some real number b > 0 andi =0, 1, 2.

Then, the mixed bivariate survival model for time-dependent correlated frailties is
identified from the bivariate distribution of the failure times (11, T»).

The proof of Proposition 2 is given in “Appendix 3.”

2.2 Model validation

In this section, we will assume that y (u) = exp(B*u). To validate the regression
model, we need to estimate the vectors of Cox-regression parameters 81 and f;, vector
parameter defining frailty ¢ [in the case of correlated frailty model either (012, 022, 0)
for time-independent gamma-frailty or (yl_1 , )/2_1 , 0) for gamma-frailty process given
by the Laplace exponent (6)], and the baseline hazard function A (¢) and A (7). If the
baseline hazard functions follow a parametric form such as the Gompertz or the Weibull
function with vector parameter &, we can use the classic maximum likelihood method
to estimate all unknown parameters. The log-likelihood in this case is given by

In L(Data; 0) = (1 — 8;1)(1 — 8;2) Zln S(ti1, tiz|wit, w;2)

1

— 8i1(1 = 8i2) Y In (S (631, tia w1, wi2) /0tiy)

1

— (1= 8182 Y In (@S, tialwi1, wiz) /dti2)

1

+ 8182 )_In (325(ti1, tigluj1, ;) /0t; 3ti2)
i

13)

Here, 6 = (B, ¢, &) is the vector of unknown parameters, 8 = (B1, B2) stands for
Cox-regression coefficients, ¢ for frailty parameters, and & for parameters defining
the baseline hazard functions A;(¢), j = 1, 2. The data include information about life
spans (#;1, ti2), observed covariates (u;1, u;2), and censoring (8;1, §;2) for a twin pair
i,i =1,...,n. The estimate of the vector parameter # we can find by maximizing
the log-likelihood function (13).

If the form of the baseline hazard functions is not specified, the estimates can be
obtained by the EM algorithm. This algorithm combines the maximum partial like-
lihood estimator of the vector parameter (S, ¢) with the Breslow estimator (Breslow
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1972) of the cumulative baseline hazard function A(t) = (A(z), A2(t)). The EM
algorithm is an iterative procedure with two steps—E (expectation) and M (max-
imization) on each iteration. It works as follows: Let f(z;1, zi2lti1, ti2, ) be the
density function of the random variable (Z;(#;1), Zi2(ti2)) given parameter vector
¢,i =1,...,n. Denote the estimates of A(?), ¢, and 8 on the "' iteration by f\l(t),
&, and ﬁ;, respectively. Similar to Gorfine and Hsu (2011), we define the failure count-
ing process N;; = §;;Ind(T;; < t) and the at-risk process X;; = Ind(T;; > 1), where
T;; is the random time to the failure of twin j in twin pairi,i = 1,...,n, j =1, 2.
Define random processes

n 2
SOB.0 =3 Xij(0)Zij(1) exp(Bui)),

i=1 j=1

n 2
S;”(ﬁ, 1) = Z ZXij(l)Zij(f)uij exp(Bu;j)

i=1 j=1

and equations

fooi S0 a0 =0 (14)
ij — =g | dNij (1) =0,
(U o S;O)(ﬁ,l) !

where the symbol " means replacing the unknown frailty Z;; (t) with its conditional
expectation given the observed data and the current estimates of A(#), ¢ and B.

To estimate the cumulative baseline hazard functions A (), we shall use the fol-
lowing estimator

le NG © (15)

890

This estimator is a step function with jumps at the observed failure times of twins.
Using Bayes’ formula, we calculate in the E-step conditional expectation of the
log-density function

> E(f(Zin(). ZnOl)) (16)

i=1

given observed data and the current estimates of A(¢), ¢ and B. In the M-step, we
update these estimates.
The EM algorithm proceeds as follows:

1. Initialization. Set I = 0. PuAt g:o = (0, 0g) for any 0 < gp < 1 in the case of
time-dependent fra1lty and {y = (0 po) for any 0 < pg < 1, otherwise. This
corresponds to Z, (@) = t and Z, j = 1, respectively. Calculate ﬂl and Al(t)
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from (14) and (15), respectively. Given the estimates ,31 and [\1 (1), calculate g:l
by maximizing (16). Set/ = 1.

Given Al (t) and ;1, calculate ﬂ1+1 from (14)

Given the estimates {1 and ,31+1, calculate AH_ 1(¢) by using formula (15).

Given the estimates ,31+ 1 A1+ 1(1), calculate §1+1 by maximizing (16).

Stop if convergence is reached with respect to estimates of 8 and ¢. Otherwise,
| — [ + 1 and repeat steps 2-5.

Nk e

The convergence of the EM algorithm and the properties of parameter estimates have
been discussed elsewhere (Zeng and Lin 2007). For the correlated frailty model with
time-independent gamma-distributed frailty, the calculation of expression (16) has
been discussed in detail by Iachine (1995). The calculation of this expression in the
case of the gamma-frailty process for the same model can be found in “Appendix 4.”

In the parametric approach, the choice of the appropriate baseline hazard function
plays an important role. The Gompertz function does not guarantee the good fit of the
marginal survival function for real longevity data. The following gamma parameteri-
zation of the univariate survival function gives better results by fitting the real data in
the model with time-independent frailty

St = (1+2A0))" = (1 +02A@0) "1, (17)

where :/N\(t) =(a/ I;) (exp(l;t) — 1) is the pseudo-baseline cumulative hazard, ¢ > 30,
s2.a,b > 0, and 02 > Q is the variance of the time-independent frailty. Given
parameters 52,02, a, and b, it is not difficult to find the true baseline cumulative

hazard A (¢) in the form
A = (1 + A0 = 1o

In the case of the time-dependent frailty given by a Lévy process with Laplace exponent
®(c), we need to consider the following analog of Eq. (17):

t
S(t) = (1 +52A1)) " =exp (_/ P(A(z, t))df> : (18)
0

Unfortunately, Eq. (18) does not have a closed-form solution with respect to A(z). In
experiments with real data, we will find the approximative solution to (18) such that

the function Agggr(t) is a non-decreasing, nonnegative, piecewise-constant function
satisfying the following conditions:

d
Agppr (0) =0,

- li (19)
/s + 7R = [ (14 (Al - A3 f7) dr
0
for times-to-event #;, i = 1, ..., 2n, sorted in non-decreasing order, 0 < #; < #p <

< ty—1 <ty = maxizi | ti (here, n is the number of pairs). The values of Agggr ()
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canbe calculated recurrently fori = 1, 2, ..., 2n using a simple bisectional procedure.
Note that the function Agg;r(t) converges pointwise to the solution of (19) asn — oo
and the distance between neighboring moments #; tends to zero.

To compare two approaches, we assume that in the case of the time-independent
frailty, the cumulative hazard is also a non-decreasing, nonnegative, piecewise-
constant function A% (¢) satisfying the following conditions:

appr
A (0) =0, 0
A (1) = (14 s2A@)7 7 = 1) /o>
appr\'t/ — i .

3 Results
3.1 Experiments with simulated data

In this subsection, we will discuss the results of the consistency test for the cor-
related frailty models with time-dependent and time-independent frailties (11). It
was assumed that « = 1, VarZ; = VarZ; = o2, and Corr(Z1,Z2) = p in
the case of the time-independent frailty or VarZ;(1) = VarZ,(1) = y~! and
Corr(Z1(1), Z>(1)) = o in the case of the time-dependent frailty, baseline haz-
ard functions A () followed Gompertz (exponential) form A;() = aexp(bt), and
an observed covariate u influenced longevity so that the conditional hazard func-
tion was defined by w;(t;|Zj,u;) = Zjexp(Bu;)A;(t), j = 1,2. The covariates
were randomly generated from the uniform distribution on the interval [0,1] and
were independent for the individuals. The (true) values for data generating are given
in Tables 1 and 2 and have been chosen so that the mean and the standard devia-
tion of the generated times-to-event were equal to approximately 75 and 12 years,
respectively. The bivariate times-to-event have been generated using formula (4) with
o1 = 03 = o in the case of the time-independent frailty and using formula (25) given
in “Appendix 2” in the case of time-dependent frailty. In both cases, it was assumed
that Aj(t) = Ax(¢) = (a/b)(exp(bt) — 1) and x1(u) = x2(u) = exp(Bu). We
have not truncated or censored the generated data. We estimated unknown parame-
ters and cumulative hazard functions using the classic maximum likelihood estimator
(parametric method) and the EM algorithm (semiparametric method). In all cases, we
simulated 100 datasets for 500 twin pairs.

Table 1 shows the results of simulation study for the time-independent gamma-
frailty model without truncation and censoring. Empirical means and standard
deviations of estimates were calculated using the classic maximum likelihood method
and the EM algorithm, respectively.

Table 2 shows the results of the simulation study for the time-dependent gamma-
frailty model without truncation and censoring. Empirical means and standard
deviations of estimates were also calculated using the classic maximum likelihood
method and the EM algorithm, respectively. Analysis of estimates in both tables does
not indicate the presence of any bias, and estimates calculated using the classic maxi-
mum likelihood estimator are generally more efficient. Furthermore, the estimates of
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Table 1 Estimates of unknown

True Estimator
parameters for the - -
time-independent frailty model Classic MLE EM algorithm
Mean SD Mean SD
105 -4 1 1.043 0.369 - -
10-b 1 1.002 0.049 - -
B 3 3.012 0.231 2.889 0.244
2 1 1.002 0.125 0.890 0.166
100 simulated datasets for 500 05 0.497 0.086 0.543 0.100
twin pairs
Table 2 Estimates of unknown R
True Estimator
parameters for the - -
time-dependent frailty model Classic MLE EM algorithm
Mean SD Mean SD
107 -a 1 1.059 0.464 - -
10-b 1 1.005 0.052 - -
B 3 3.018 0.221 3.006 0.176
20y 1 1.088 0.579 1.094 0.195
100 simulated datasets for 500 0 05 0.465 0.240 0.535 0.088
twin pairs
(\ll —
v —
-
x ©
<
£
@ -
=
L A e m Age x a8 | | | |
20 40 60 80 100 120 40 60 80 100 120
Time-independent frailty Time-dependent frailty

Fig. 1 Dependency of In(A) on age. True trajectory (solid line), the empirical mean trajectory, and its
lower and upper 95% limit trajectories (dashed lines)

the Cox-regression coefficients and parameters characterizing the frailty distribution
are closer to true vales than those for the EM algorithm. One can see in Fig. 1 that in
both cases (the time-dependent and the time-independent frailty), the empirical mean
log baseline cumulative hazard trajectory calculated using the EM algorithm fits the
true log baseline cumulative hazard trajectory very well.
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3.2 Experiments with real data

For experiments with real data, we used the datasets from the Danish Twin Registry
(DTR). This registry was created in the 1950s. It is one of the oldest population-
based registries in the world and contains information about twins born in Denmark
since 1870 and who survived to age 6. Multiple births were manually ascertained in
birth registers from all 2200 parishes in Denmark. As soon as a twin was traced, a
questionnaire was mailed to the twin, to her/his partner or to their closest relatives
if neither of the twin partners were alive. The zygosity of twins was assessed on
the basis of questions about phenotypic similarities. The reliability of the zygosity
diagnosis was validated by comparing laboratory methods based on the blood, serum,
and enzyme group determination. In general, the misclassification rates were less than
5%. Other information includes the data on sex, birth, cause of death, health, and
lifestyle. An important feature of the Danish twin survival data is their right censoring
and left truncation. In our study, we used the longevity data on the like-sex twins with
known zygosity born between 1870 and 1900 and who survived until age 30. This
non-censored data include 470 male monozygotic (MZ) twin pairs, 475 female MZ
twin pairs, 780 male dizygotic (DZ) twin pairs, and 835 male DZ twin pairs. Further
details on the Danish Twin Registry can be found in Hauge (1981).

Since the EM algorithm suffers from its slow convergence, we have estimated
unknown parameters for the time-independent and the time-dependent frailty mod-
els using the classic maximum likelihood method. Table 3 shows these estimates,
the logarithm of the maximum value of the likelihood function, and the value of
the AKAIKE Information Criterion (AIC) for the data from the Danish Twin Reg-
istry described above. The estimates of parameter s> were very close to zero in all
experiments with real data. We have put this parameter equal to zero to avoid the
efficiency loss of estimates. The AIC values for the model with time-dependent frailty
are slightly smaller than the ones for the model with time-independent frailty. That
is, the model with time-dependent frailty is slightly more informative than the one
with time-independent frailty. Figures 2 and 3 show estimated and empirical bivariate
probability density functions for the time-independent and the time-dependent frailty
models. Note that the shapes of the estimated bivariate probability density functions
are very similar.

4 Discussion

Frailty models are a powerful tool for studying non-observable inhomogeneity in
a population related to time-to-failure (e.g., death or disease). Models with time-
independent frailty have been intensively studied over the last decades and have found
a wide range of applications in survival analysis and in searching for genes influencing
longevity. However, the studies based on the models with time-dependent frailty are
scarce. In this paper, we have attempted to improve the knowledge in this area and
to study some properties of multivariate survival models with time-dependent frailty
components.
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Table 3 Estimates of unknown parameters (standard errors) for the time-independent and Tthe time-
dependent frailty models

Frailty

Time-independent Time-dependent

Males Females Males Females
10°-a 7.004 6.735 7.005 6.710

(0.782) (0.743) (0.835) (0.997)
10-b 0.916 0.887 0916 0.888

(0.015) (0.014) (0.016) (0.020)
52 0 0 0 0
oZor 102 .y 1.751 1.166 0.626 1.718

(0.811) (0.853) (1.696) (0.773)
omz or fopz 0.507 0.538 0.477 0.671

(0.092) (0.132) (0.170) (0.158)
opzortopy 0.191 0.318 0.176 0.391

(0.070) (0.111) (0.091) (0.111)
LogLik —9873.705 —10,470.3 —9872.825 —10,470.14
AIC 19,757.41 20,950.6 19,755.65 20,950.28

Classic MLE estimator. Twin data from the Danish Twin Registry

Proposition 1 we have formulated and proved for the bivariate case. It is not diffi-
cult to generalize this result and to prove the identifiability of the frailty model with
observed covariates for any number J of related individuals equal or greater than 1 if
the time-dependent frailty is a multivariate Lévy process. Similarly, we can generalize
Proposition 2 for the case of J > 2. However, the number of frailty components in
the multivariate analog of the decomposition (11) will be equal to 27 — 1. The shared
frailty model where all individuals in a family or cluster share the same non-observable
risk of failure does not meet this problem.

In experiments with simulated data, we tested for consistency and used parametric
and semiparametric approaches. In the parametric approach, we assumed that the para-
metric form of the baseline hazard functions is known and follows the Gompertz form.
All unknown parameters characterizing frailty distribution, baseline hazard function,
and Cox-regression parameters were estimated directly by maximizing the likelihood
function. In the semiparametric approach, we used the EM algorithm and estimated
the Cox-regression parameters and the parameters of frailty distribution by maxi-
mizing the partial likelihood function. The cumulative baseline hazard function was
estimated using the Breslow estimator regarding this function as infinite-dimensional
parameters. The EM algorithm suffers from its slow convergence. Moreover, in the
semiparametric approach, the number of calculations increases with the number of
individuals much more rapidly than in the parametric one. It leads to the drastic slow-
ing of the convergence of the EM algorithm and increases substantially the time of
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Fig. 2 Estimated and empirical bivariate probability density functions for the time-dependent (solid line)
frailty and the time-independent (dashed line) frailty. Male twin pairs from the Danish Twin Registry

estimation. It makes implementing the EM algorithm in the case of the time-dependent
frailty for analysis of the real data problematic.

Experiments with real data show that the proposed method and the method with
time-independent frailty produce similar shapes of the estimated bivariate probability
density functions. The baseline cumulative hazard functions have been chosen so that
the estimated marginal survival functions guarantee the best fit to the empirical ones
according to Egs. (19)—(20). A large degree of similarity of the estimated bivariate
density functions for the models with time-dependent and time-independent frailties
in the range of ages 30—100 years guarantees the similar bivariate fit. The difference
between the two approaches can involve the shape of the baseline hazard functions
and the asymptotic behavior of the bivariate probability density functions. The mod-
els with time-dependent and time-independent frailties are not nested. Therefore, we
cannot compare them using the likelihood ratio test. For this purpose, the AKAIKE
Information Criterion can be used. In accordance with this criterion, the model with
time-dependent frailty is slightly more informative compared to the one with time-
independent frailty for the data we considered.
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Fig. 3 Estimated and empirical bivariate probability density functions for the time-dependent (solid line)
frailty and the time-independent (dashed line) frailty. Female twin pairs from the Danish Twin Registry

Gorfine and Hsu (2011) studied the robustness of the multivariate survival models
with frailty components against the violations of the model assumptions. It was found
that unnecessary modeling of the dependency between the frailty variates can lead to
some efficiency loss of parameter estimates. Misspecification of the frailty distribution
can introduce a bias in estimates. Misspecification of the baseline hazard functions
can lead to severe bias of all estimates if we use the parametric maximum likelihood
estimator, where the baseline hazard functions follow the parametric form. The non-
parametric maximum likelihood estimator does not suffer from this drawback. Note
that in experiments with real data, we have used a flexible parametrization of the base-
line cumulative hazard functions given by formulas (19)—(20). This parameterization
does not presume any knowledge about the form of the baseline hazard function. It is
sufficient to have a good approximation of the marginal survival function.

An extension of the present study can include the investigation of identifiability
of the survival models with competing risks and time-dependent frailty components.
The piecewise-constant approximation of the cumulative hazard function has been
used in experiments with real data [formulas (19)—(20)]. Other approximative func-
tions such as piecewise linear or piecewise exponential can be used to improve the
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bivariate goodness-of-fit. Further, numerical experiments with real data are needed to
understand whether the proposed method improves the goodness-of fit on the method
with time-independent frailty.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.

Appendix 1: Univariate survival function for frailty model based on a
gamma process

Let Z = {Z(t) : t > 0} is a gamma process with Laplace transform given by the
Lévy-Khinchin formula

L(c; 1) = Ee ¢20) = ¢=1%6(0),

where @ (c) is the Laplace exponent of the Lévy process Z, the argument for Laplace
transform ¢ > 0 and

Dg(c) =h[In(y +¢c) —Iny] = hin(1 + y_lc).

Here, ht and y are the shape and the scale parameters, respectively, for gamma-
distributed random variable Z(¢). Since Z(¢) is a.s. increasing in ¢, we can consider it
as subordinator. It is easy to check that

Ez(t)e—CZ(l) — tq)(Gl)(C)e_tq)G(C)
— 1 2 —
]EZ(Z‘)ZE cZ(t) _ (tZQE)(C)Z _ t@é)(c)) e t®g(c) 1)

EZ(1)3e %0 = (@9@) +0% () - 3t2¢g)<c)q>g><c>) e 16,

where superscript ”’(/)” stands for /th-order argument derivative.

In nonhomogeneous population, the process Z (individual for each member of
population) can characterize the individual risk of mortality (frailty). In accordance
with the definition of the frailty model under mixed proportional hazard specification,
we have

pt|(Z,w) = Z(t) x (W)A(r)

for covariate vector u, parameter vector 8, and baseline hazard A(¢). In Gjessing et al.
(2003) (Theorem 1), it was shown that the population survival in this case can be
calculated

t
S(ta) = ES(t|Z,u) = exp (—/ O (A(T, t; u))dt) ,
0
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where
t
A(t,t; ) =/ x (WA(s)ds.

For constant AL(t) = Ao, it holds that A(t, t;u) = koeﬁ*“(t — 1),

1 x (WAot x (W) Aot
S = hlt—— (1 4+ ——)In(1+ —— ,
) eXp( (t X(ll)/\o< * 14 > n( * 14 )))

dlIn S(t|a)
dr

and

u(tlw) = —

— hln <1 + X(“)’W).
y

Using the following formula for indefinite integral

1. aexp(kT)
/ln(l + a(exp(kt) —exp(kt)))dt = —«~ Lip m

< aexp(kt) )
—tln{1l— ———
14+ aexp(kt)

we get for the baseline hazard given by the Gompertz function A(¢) = a exp(bt)

S(t[w)

t
=exp (—h/ In (1+y—1A(r,t;u)) d‘L’)
0

t
= exp (—h/ In (1 + ax (exp(bt) — exp(bt)) dr)
0 yb

— exp (—h (—t In(1 = £, wyet") — b~ "Lin(f£ (1, we?) + b~ Lia(£(1, u)))) .
(22)

Here, f(t,u) = (ax(u)/(by(1+ax (u)eb’/(by)) and Liy (z) is the dilogarithm func-
tion defined by

Lix(z) = —foz Wdu, z € C\[1, 00).

This function is an analytical extension of the infinite series
0k

. é
Li) = Zp lz] < 1.
i=1
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Appendix 2: Bivariate survival function for frailty model based on gamma
processes

Analogously to the univariate case, we can write the bivariate survival function for the
bivariate mixed proportional hazard model for the correlated time-dependent frailties

given by Lévy processes Z1 = {Z1(¢) : t > 0} and Zy = {Z>(¢) : t > 0} in the form

S(t1, tlug, wp) = ]Ee—Xl(Ul)f(;l Zl(T)M(T)dfe—Xz(llz)f(;z Zy(t)h2(T)d7

1—
= exp (-/0 Dpiv (x1(w) A1 (T, 1), x2(u2) Ax (7, 12))df>

I+
X exp <—f O (x4 (ur, w) AL (T, t+))dr>,
r—

where 7_ = min(?y, 1), t4+ = max(t1, 12), Ppiv(., .) is the Laplace exponent for the
bivariate frailty process (Z1, Z3),

t
Aj(z, t>=/ Aj(s)ds, ji=12,
T
x2(m2), if tp > 11,
X+, up) = ,
x1(uy), if 1y > 12,

cb+

uni

O = {CDQ(.), it > 11,

®(.), otherwise,

and

frt M(s)ds, iftr > 11,

A 1) =
Hnh {ff[ A(s)ds, ift; > 1.

Assume now that related individuals (e.g., twins) have individual frailty processes
Z1 ={Z1(t) : t 2 0} and Z, = {Z»(¢) : t > 0}, respectively, so that

Z) =Yy + 11,

(23)
Z) =Yy + Yo,

where Yo = {Yo(¢) : t > 0}, Y1 = {Y1(¢) : t > 0}, and Yo = {Y2(¢) : t > 0} are the
gamma processes with Laplace exponents

DG, j(c) =hj[In(y +¢) —Iny], j=0,1,2. (24)
with 1 = hy. Denote o = hgy/(ho + h1). To make the model identifiable, we stan-

dardize the gamma-frailty process putting 4 = ho + h; = y so that EZ;(1) = 1,
Jj = 1,2. It is easy to check that Z| and Z; are also gamma processes with Laplace
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exponents
@ j(c) =h;In(1+y o), ji=1,2.

Assume that conditional hazard functions for twins are given by the model with pro-
portional hazard

witl(Zj, ) = Zj(@t)x;j)r;(t), Jj=12

Then, the bivariate population survival function has the form

n
S(11, ta|uy, wp) = exp <—/0 Dg1(A(T, tl;lll))df>

15
X exp (— / ’ DG 2(A(T, t2; uZ))d‘L')
0 (25)

1_
X exp (—/ DG o(A(T, 11,125 ul,uz))dr>
0

I+
X exp (-/ DG oAy (T, t+;u1,u2))df)
I

with
A_(t, 11,y u,w) = x1(u)A (T, 1) + x2(w2) Az (1, 12)).

If the baseline hazard function is given by the Gompertz function, we can use formula
(22) to calculate the bivariate population survival.

Appendix 3: The proof of Proposition 2

To prove Proposition 2, we need to check several auxiliary statements.
Lemma 1 Letcy, ¢ > 0. Then,
—o

|e —e 9 \ <l —cq]. (26)

Proof Assume that ¢ > ¢ > 0 and set Ac = ¢1 — ¢3. Then,

|e—82 _ e—61| —e 2 el < e

It is easy to check that
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Therefore,
e 2 — e_"1| < Ac.

Last result holds also in the case of ¢c; > ¢; > 0. O

Lemma 2 Let ®(c) be a Laplace exponent given by (5), and A(t) is an increasing
continuous function defined in Ry. Then,

/ @' (A(r) — A(s))ds > bt + 1 / xe A% (dy). (27)
0 0

Proof The statement of lemma follows directly from formula (5) and monotone
increase of the function A(.). O

The bivariate survival function for correlated frailty processes given by (11) is

S(t1. 1)) = Ee~ Jol Zi (@ (dr—fi? Za(0)ra(1)de
— o Jo! P1AIE )T = (2 @2(As(r,1))dT

xe~ fé’ Po(A1(T,0)FaAa(r,12)dT o~ fztf <1>0(A0(r,t+))dt’ (28)
where ®;(.),7 = 0, 1, 2, is the Laplace exponent for the frailty process Y; (¢) and

Ar(t,t), ift 1,
AO(T,I)Z{a 2(t, 1), ifn >1

Aq(t,t), otherwise.

Using formula (28) and Assumptions 2-3 of Proposition 2, it can be shown that

! _ .St
fo @ (Ai(r,1))dr = —1In (,l‘%?o m) = gi1(1),

! _ .S\
/0 Dy (aAr(7,1))dT = —In (t}lgo m) = g2(1),

~ i
/ Do (A1(z, 1) + aAa(z, 1))dT + / Po(Ao(, 11))dr
0 I
S(t1, 12)
=—In ( 3 S(t1,0) 1; S(t1,12) ) = 8o(1 12)- 29
lim;; y 00 Sa0) limy) poo 5(0.10)

Note that expressions on the left hand of (29) are observable, g1(f) = go(¢, 0) and
82(1) = go(0, 7).

Let £ be a set of all continuous increasing functions A (¢) on R satisfying A (0) =
Oand A(t) — ooast — oo. Given Laplace exponent @, consider the map A defined
by

(A1A)(1) := [y Po(A(1) — A(T))dr. (30)
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Lemma 3 A is a bijective map from L to image A1(L1) of L1 under Aj.
Proof Ttiseasy to see that (A A)(¢) is a continuous monotone increasing function with
(A1A)(0) = 0and (A;A)(#) — oo ast — oo for A € L. Thatis, A; (L) C L.

Forany 0 < T < oo, the set LIT of all continuous monotone increasing functions on
[0, T'] satisfying A(0) = 0 is a complete metric space with usual supremum distance

dr(A“(), AP()) = sup |A“() = A O] =11 f OlIT.c0-
t€[0.7]

Let g(r) = f(; Do(A(t) — A(r))dr for A € L. Taking into account that A(r) is
differentiable in ¢ a.e. and ®¢(0) = 0, we get that

t
g = A'(t)/0 Po(A) — Ar))dT €1V

and, therefore,

t T -1
A(t) = / g/(‘l:) </ CI>6(A('L’) — A(s))ds) dr. (32)
0 0

In accordance with the mean value theorem applied to the integral on the right hand
of (31), there exists t/ € [0, t] such that

g (1) = N (D) PY(A(T) — A(r)) < A'(1) /ooxv(dx). (33)
0

Since fooo xv(dx) is finite, the function on the left hand of (33) is integrable on [0, ¢],
t < oo. Assume that two solutions A%, A? of (32) satisfy A%(r) = Ab(1) on the
interval [0, 7o], fop = 0. We shall show now that these solutions satisfy this property on
the interval [7g, o + t.] for some ¢, > 0 too. Let the map B be given by

t T —1
(B1A)(t) = Alto) +/ g' (1) (/0 D) (A7) — A(s))ds> dr.

1o

Taking into account g’(t) > 0 and inequalities (26) and (27), we get that

A% () — Ab(t)‘ -

(BIA“Y®) = (BIAM0)|
! g'(v)dr B ! g'(t)dr
0 Jo @o(AY(T) — Ad(s)ds iy [y @H(AP(T) — Ab(s))ds
_ /t g (fy PHAL(T) — AP(s))ds — [ DH(AY(T) — A%(s))ds) dT
0 (fg @p(AL(T) — AP(s)ds) (fy PpH(A(T) — A%(s))ds)

_ /, g0 | [y PH(AL(T) — Ab(s))ds — [ ®)(A9(T) — A(s))ds|dT
o |fy @4 (AL(T) — Ab(s)ds]| | [y ®H(A4(T) — A4(s))ds|
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_ /, g (fg Jo° x |exp(—(AL () — AP(s5))x) — exp(—(A%(7) + A%(5))x)| v(dx)ds) dt
i |fy @4 (AL(T) — Ab(s)ds]| | [y ®H(A4(T) — A4(s))ds|
/r g @ (fo Jo7 x2NA) — AP Ollr,00v(dx)ds) dT

0 (T o7 xexp(—xA(T)v(dx)) (t 57 x exp(—x AP (1)) v(dx))

Co ( ! rflg/(t)dt>

fo

Ca(D)Cp (1)

N

< 1A“() = AP Ol 00,
where 0 < Co = [~ x?v(dx) < 00,0 < Ci(t) = [;° x exp(—x A’ (1))v(dx) < o0,
i=a,b.

Let C(10) :'A“ (o) = A(19). Taking #;, > 0 small enough, we can guarantee that
A'(t) = (B1AY)(t) < 2C(ty), i = a, b, and, therefore, C,(t)Cp(t) > C3 > 0 for all
t € [to, to + t¢,]. Now we can find #,, 0 < 1 < ¢, small enough so that

(BiAY) (1) — (BiADY )| < qlI1A() = AP Ollig41,.00
for all t € [0, tg + t.] and some positive g < 1. It means that

IAY(t) — AP D) lig 1,00 = [1(BIAY) — (B AP |lg44,.00
<A Q) = AP Olligte.00 < 1A = AP () 11g-41,.00.

From here, it follows that ||A%(t) — AP ) lzg+1.,00 = 0. We continue this process
until we get that ||A%(t) — Ab(t)||oo,Oo = 0. Hence, the map A : L1 — A((L)) is
injective. Since this map is also surjective, it is bijective O

Define the set £, of all functions A1,(#1, t2, @) such that
At ) = A1) + aMa(t2)

for Aj, Ay € L1, and ¢ > 0. Given Laplace exponent @, consider the map A,
defined by

Iy

—
(A2 A12) (11, 1) 12/0 Do(A1(T, 1) + aAo(r, tz))df-l-[ Do(Ao(z, 14))dT.

I

(34)

Lemma 4 A is a bijective map from L> to image Ay(L2) of Lo under A».

Proof Since A(t) = A2(t,t) € Ly, AMi(@t) = A;p(,0) € L, and aAr(t) =
A12(0,1) € Ly fort € [0, 00), in accordance with Lemma 3, these functions can be
uniquely defined by their images go(t, 1) = (A2A12)(t,t) = (A1 A)(1), go(t,0) =
(A2A12)(1,0) = (A1A1(7), and go(0,7) = (A2(@A12))(0,7) = (A1(xA2))(),
respectively. Assume now that t; > ¢1 and the solution A2 (¢, t) to (34) is uniquely
defined for 0 < ¢ < #p with 7y > ¢1. Define the map B; for ¢t > f( by

(BoA12) (11, 1) = Ara(t1, to)
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N ! dgo(11. 7)
n Jo' Po(A1a(tr, T) = Ana(s, ))ds + [;7 @)(A12(0, T) — A12(0, 5))ds

Similarly to the proof of Lemma 3, it can be shown that the solution to
Ana(n, 1) = (B2A12)(1, 1)

is also uniquely defined on the interval [7, 7o + #;] for some ¢, > 0 and, therefore,
is uniquely defined for all # > #;. The same result can be checked in the case of
1 > 0. O

For the sake of contradiction, assume now that there are functions &g (.), CD{’)(.),
A9, A’l’(.), ASQ), AIZ’(.), and real positive numbers «“ and «” such that

go(t1, 1) = (ASA%) (11, 1) = (A5AD) (11, 1) (35)

holds for all #1,; > 0. In accordance with Lemmas 34, the maps A? and A;.’ are
invertible on their images of £;, i = 1,2. Moreover, go € A5L>, go € A}z’ﬁz,
gi € AYLy,and g; € AYLy,i = 1, 2. Denote maps (A?) 1 A¢ and (A9)~1A? by T
and Tl.“b ,1 =1, 2, respectively. It holds that

Aby (11, 0) = (TP AL (1, 1) = ((A5) ' g0) (11, 1),
A (11, 1) = (TP A8, (11, 1) = ((A%) ' go) (11, 12),
AY() = (TP ADY (1) = (AD e @), i =1, 2. (36)

Note that A (t1) = Al,(t1,0) and &/ A5(r2) = A',(0,1), i € {a, b}. Taking into
account that

Ab(r) = (TP A (1), a?AS() = (TP (@ AS)) (1),
“n) = (TP A1), a’AS(t) = (TP (@P AD)) (1) (37)

we get from (36) that

Ayt + P AS(12) = (TPUAD (1) + (TP (@ A9) (12)
= (T3 (A + a“A9)(11, 1),

L) + @ A () = (TP AD (1) + (T (@ A5) (1),
= (TP (A} + o AD)) (11, ).

(38)

Now we will prove that the action of the map sz“ (resp. Tz"b ) on the function A{,
(resp. AZI’Q) calculated in the point (#1, #2) depends only on the value of All’2 (t1, 1)
(resp. A, (1, 12)).
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Lemma 5§ Given the maps &g (), @8(.), AT Q) All’(.), A5, Ag(.), and real positive
numbers a® and o, there exist uniquely defined, monotone increasing, continuous
functions £ R}i_ — R}i_ and f"? R}k — R# such that

A1) + @A) = fPAL 1) + e’ Ab 1)),
Ab(1) + aP A (1) = fPUAS () + a® AS(1)).

Proof Put oe? = a%’ = 1. From (33) and Lemma 3, it follows that given the functions
(1) the maps (f)™' ¢ gi(t) — a?A%(t) and (f))7! : gi(t) - ol AL(r) are
strictly monotone increasing, continuous, and uniquely defined. It holds that g; (t) =
FA@f AL (1) = fP(a? Ab(1)). Therefore, the maps f4 = (fP)~1f¢ : Rl — RL
and fl.“b = ( fl.“)_l fib : R_l‘_ — RL, i = 1,2, are also strictly monotone increasing
and continuous. Since (7%(af AV (t) = fP*(? A%(t;)) and (T (@? AD) (1) =
fi“b(ozf’ Aﬁ.’(ti)) fori = 1, 2, the middle terms of Eq. (38) depend only on the values
of ozf’ Af’ (t;) and e’ A (#;) and do not depend on the behavior of the functions A¢ (¢;)

and Af.’(ti) on the intervals [0, ¢;). Therefore, we can rewrite equations in (38) as
follows:

At + o A5 () = 1A (1) + £ (@ AS (1))
=P (A (1) + " Ad (1)),

A{ () + a" A5 (1) =P (A8 (1) + f52 (b AS (1)),
=M (1) + " A (1))

(39)

for some continuous monotone increasing functions f*¢ : R} — Rl and o :
R, — R.. Substituting in (39) , = 0 or #; = 0, we get that f{* = f§¥ = f and
lba — fzba — fba. O

Proof of Proposition 2 Note firstly that in accordance with Assumption 4, the func-
tions ®;(c), i = 0,1, 2, are analytic ones on Re(c) > —b. Since f”“(.) and
£ (.) are defined on Ri_, additive and continuous, they are linear and it holds that
fab(x) = Cfbx + Cgb and £ (x) = C{"’x + Cé’“ for some constant Ci”’, Cé’b,
Cha, and C5%. As fP(0) = fb4(0) = 0, we have that C§* = C5* = 0. More-
over, Cfb = Cf“ = 1 and o = o because Al (") = Af.’(t*) = 1 for some
t* > 0andi = 1, 2. From here, it follows that f¢*(.) and f?¢(.) are identity trans-
formations and A{ (1) = Af(t) = A;j@) forallt > 0,i = 1, 2. It holds also that
(ATAH@) = (A’fA,-)(t) forallt > 0,i = 1, 2. To complete the proof of Proposi-
tion 2, we need to show that ®((x) = CIDS (x) for any x € RL. Indeed, the maps &g
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and <I>(b) are real analytic functions on Rﬂr and, therefore,

t
(ATAD(®) =f0 o(A1(1) = Ar(r))de

[e¢]

oa (n) 0 t
=Y M / (A1) = A1(2))"dr
n: 0

n=0
t
(APA (@) = /0 BB(AL (1) — Ay (1))dr
o0 q)b (n) 0 t
=Z(°)n—,()/o (A1(1) = Ar(1))"de

n=0

for small values of Aj(t). This holds iff (4)™ (0) = (®5)™ (0) for all nonnegative
integer n and means that QS (x) = d>8(x) = ®p(x) in some neighborhood of 0. Since
@ (x) is a real analytic function on R. , this function is uniquely defined in this area.
Similarly, it can be proved that the functions ®; (x),i = 1, 2, are also uniquely defined
inRL. o

Appendix 4: Calculation of the conditional expectation of the log-density
function

Caset) > 1.

Let all failure and censoring times t®.0<t® t,k =1,..., Na, be arranged in
ascending order so that 0 = r©@ < M <@ < ... <tV =g and 1 = 1M,
Ni < Nj. The estimate of the cumulative hazard function f\(t) is a step function with
[\(0_) = 0 and jumps (if non-censored) at times t®, k =1,..., Np. Since Y1),
Jj =0, 1,2, are gamma processes, it holds that

Nlj

Yit) =Y (Y;(t““) - Y,-<t<’<*‘>>) L =012 lo=h=21=1 (40
k=1

Y}k_l) Y;t®) — ¥;¢*=D) are independent gamma-

2

where increments A
distributed random variables with means i jy_lAt(k_l) and the variances hjy~
At* =D for At*=D = O _ 4 &k=D py = py = (1 — o)y and hg = 0y, j =0, 1,2,
k=1,...,N;..

J
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Using decomposition (23) with independent gamma processes Y;(¢), j = 0, 1, 2,
we calculate the log-density function as follows:

In(f(Z1(), Z2()t1, 12, C))

Ni—1
=y <IZ Ay + Z AYSD + Z AY(k)>

Ni—1 szl

- Y (rra-0am®) = 3 I (rrear)rya - oar®)
k=0 k=0
Ni—1 Nr—1 (41)
+y(1 - o) <Z AP maY0) + 3 ar® 1n(AY2“‘))>
k=0 k=0
Nr—1 Ni—1 Ny—1
+ye Y. APy - Z In(AY(?) = > in(ayg?)
k=0 k=0
Nr—1
- Y Inar®)
k=0

(index i denoting the twin pair is here omitted).

Given current estimates ,3 A(z) ; and the observed data, the conditional expecta-
tion of the log-density function (41) (taking into account only summands depending
on y and p) is equal to

Eln(f(Z1(.), Z2()lt1, 12, B, A(), O))

Ni—1 _— No—1 ___— Nr—1
= —y (Z AY® 4+ Z AY(k) + Z AY(k)>

Ni—1 Nz—l

- Y (e -oar®) = 3 I (Trear) iy - oar®))
k=0 k=0 (42)
Ni—1 Ny—1
+y(1 - o) (Z At(k)ln(AY(k)) + Y At(k)ln(AY(k))>
k=0 k=0
No—1
+ye Y At(k)ln(AY(k))
k=0

—

Here, AYl.k and ln(AYik) are conditional expectations of AYik and ln(AYik) given
current estimates B s [\(t), Z‘ and the observed data.
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From formulas (21), (23), (24), and (40) after a number of transformations, we get
for x (u) = eP" that

1. .
E exp (—/ ! Yj(r)eﬁ “A(r)dr) = e_E?
0

1. N 70
EAY}"’ exp (—/ "y(0)ef “,\(r)dr> - At<k)E}”‘e Ej
0

% K p*u
E(AYJ. ) exp (—/O Yi(0)e A(r)dr)
2
((At(k)E ) N )e—E?
E Y(k) p( Yj(r)ef“*“,\(r)dr>

3 2 0
((At(k)E k) (At“”) EVFE 4 At(k)E?’k) et j=0,1,2

(43)

where

Np.—1

E0= % At(k)CDg))(O,tl/;A,ﬂ,u)
k=0 '

mk = ol ®), 05 A, B, k=0,....,N,, — 1,

E

o (z,1; A, Bw) = DI (eﬂ UA(r, z)) , m=1,2,3,

and incomplete cumulative hazard function A(z,t) = f ; A(s)ds is a step function,

and QD(Gm) () stands for mth-order argument derivative.
For a gamma-distributed random variable ¥ with shape parameter 4 and the scale
parameter y, it holds that

Eln(Y)e ¥ =[y(h) —In(y +0)] 0 ©
EY In(Y)e " =[y(h+ 1) —In(y + 0)] ®(Gl)(c)e_¢(c?)(c) (44)

Y2 n(V)e ™ =[y(h +2) —Iny + )] [0 @7 - 9 ©) =%,

where ¢ > 0 and ¥ (.) is the digamma function defined by ¥ (x) = d In(I"(x))/dx.
Last formulas can be obtained by differentiating the integral representation of the
gamma function and not difficult transformations after that.
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Using formulas (44), we get additionally to formulas (43)
1. " 0
Eln(AY ") exp (-/ "y()e? “A(r)df> = F)leF
0
1. N 0
EAY}") ln(AY;k))exp (-f "y()e? “A(r)df) = AW E I eE
0
% *) g .
]E(AYJ. ) In(AY®) exp <—/ Y;(1)eP “A(r)dr)
0

2 0
= ((At(k)Ejl.’k) _ At(k)Ejz.’k> P2k E,

(45)

where

F;"’k =y (tht(k) + m) —1In (y +eP AP, tlf))
form =0, 1,2,k=0,...,N1j,andj =0,1,2.

In accordance with Bayes’ theorem, we get for the conditional density function
that

F(Z10), Z2()B,ur,up, A(), ¢, 11, 12, 81, 82)

_ 8(Z1(), Z2(), 11, 1| B, wp, wa, A(), £, 81, 82) 46)

" EBg(Z1(), Z2(), t1, 02l By ur, ua, AQ), C, 81, 82)

with

8 (Z1().Z2()t1, 1|, uy, w2, A(), £, 61, 82)
* ) * 8
= (z1eP ™) (22" ™a)) £ 210, 2010)

' r
X exp (—f l Z1(0)eP ™M (r)dr — / ’ Zz(t)eﬂ*“z)\(r)dt) )
0 0

Expression (46) can be calculated using Eq. (43) and the formulas

Ni—1
Ziy =Y (yg“ +Y1(k)>,
k=0
No—1
=Y (v + 1),
k=0
1 Ni—1
/ Zi@eF Mamdr = Y LGP, 1) (Ayg") + AYl(k)),
0 k=0
t No—1
/ Z@eF i 0dr = 3 P Ah 1) (ax + ar),
0 k=0
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Ni—1 Nr—1 Nr—1
£Z10. 22010 = [] rar@io [ ravgio IT rarfio.
k=0 k=0 k=0

Finally, we calculate the conditional log-density function (42) usAing formqlas 43),
(45), (46), and replacing B, ¢, and A with their current estimates 8, ¢, and A.
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