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THESIS PROJECT AND POSSIBLE DEVELOPMENTS

This summary contains the thesis project and its possible develop-
ments, together with a list of references, to show what are the topics
that I have investigated during the Ph.D.

THESIS WORK

This thesis aims at constraining cosmological inflation, studying the
anisotropies in the temperature of the Cosmic Microwave Background
(CMB) and the deviations of its spectrum from a black-body form.

Inflation is a period of accelerated, de Sitter-like expansion in the
early Universe [1—4]. It has set up the initial conditions for the density
perturbations which have later evolved into the structure we observe
today. Most of our knowledge about these initial conditions comes
from observation of the anisotropies in the temperature of CMB pho-
tons [5, 6]. Angular correlation functions of these anisotropies are
sensitive to inflationary perturbations on length scales from 10" Mpc
to 10* Mpc. Other probes are needed to constrain inflation on smaller
scales: among these there are CMB p-type spectral distortions [7-13].
These spectral distortions are generated between 2 months and 300
years after the Big Bang, a period of time when photons were not
in thermodynamical equilibrium with electrons and baryons. They
probe scales far smaller than CMB anisotropies (from 10~% Mpc to
102 Mpc).

The chief inflationary observable constrained by experiments like
WMAP and Planck is the two-point correlation function (power spec-
trum) of primordial scalar () and tensor (y) perturbations [14]. Mo-
tivated by the fact that de Sitter isometries are only weakly broken
during inflation, the usual parameterization for their dimensionless
power spectrum in Fourier space is that of a power-law with spectral
index close to zero: k3 (CZ) oc k™1, k3 (yy) o k™. The tilt ng of scalar
perturbations has been detected at ~ 50: however, deviations from a
simple power-law spectrum, parameterized by the so-called runnings
(s = d‘fc)%, Bs = di)%, etc.) are still not very well constrained by data
[6, 14]. Future CMB spectrometry experiments like PIXIE could prove
invaluable for improving the present bounds from CMB anisotropies,
Ly-« forest observations [15, 16], and other probes at lower redshift.

When looking for signatures of inflationary dynamics, another im-
portant quantity is the three-point correlation function. It measures
correlations of a given observable (temperature anisotropies, the num-
ber density of galaxies, etc.) at three different points in space. Its
importance comes from the fact that we expect it to be very small
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(i.e. we expect perturbations to have nearly Gaussian statistics) if there
are no interactions between the degrees of freedom that drive inflation
[17-19].

Both spectral distortions and temperature anisotropies are sensitive
to this non-Gaussianity: for example, if a correlation between spectral
distortions and temperature anisotropies is found, single-field inflation
(where only one degree of freedom drives the expansion) will be ruled
out [20, 21].

During the Ph.D. I have studied these topics mainly in three works:

1. G. Cabass, A. Melchiorri and E. Pajer. “u-distortions or running:
A guaranteed discovery from CMB spectrometry.” Phys. Rev. D
93, no. 8, 083515 (2016). arXiv:1602.05578 [astro-ph.CO];

2. G. Cabass, E. Di Valentino, A. Melchiorri, E. Pajer and J. Silk.
“Constraints on the running of the running of the scalar tilt from
CMB anisotropies and spectral distortions.” Phys. Rev. D 94, no.
2, 023523 (2016). arXiv:1605.00209 [astro-ph.C0];

3. G. Cabass, E. Pajer and F. Schmidt. “How Gaussian can our
Universe be?” JCAP 1701, no. 01, 003 (2017). arXiv:1612.60033
[hep-th].

The main goal of the first two papers was to study how future CMB
spectral distortions experiments could help in constraining the power
spectrum of primordial inflationary perturbations, when combined
with current data from CMB anisotropy observations (more precisely,
measurements from the Planck satellite). We focused mainly on the
PIXIE satellite [22], a proposed NASA mission. its goals are the study
of the frequency spectrum of both the CMB and other astrophysical
sources (such as cosmic dust), which act as a foreground for CMB
anisotropy observations:

1. in Phys. Rev. D 93, no. 8, 083515 (2016) we have shown that, if
green-lit, PIXIE will provide a guaranteed discovery. Spectral
distortions are sensitive to the amount of power on scales from
10~ Mpc to 1072 Mpc: the smaller the inflationary two-point
correlation function is on these scales, the smaller the distortion
of the CMB spectrum will be. PIXIE will have the sensitivity
necessary to probe the spectral distortions predicted by the
standard ACDM model: therefore, either it will observe them
or we will discover that the scale dependence of the spectrum
of primordial perturbations is stronger than what is expected in
standard inflationary models (i. e. that the scalar power spectrum
is more red-tilted: more precisely, the running o is negative);

2. in Phys. Rev. D 94, no. 2, 023523 (2016), instead, it was shown
that PIXIE could give a 85 % improvement on current bounds
on the running of the running (5. This parameter is assumed to
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be very small in standard slow-roll inflation scenarios, so that
narrowing down the contours is necessary to further confirm
the paradigm;

3. in the work JCAP 1701, no. 01, 003 (2017) we have computed
the general form of the observed cosmological three-point cor-
relators in the limit where one point is much farther away than
the other two (squeezed limit). This configuration is extremely
interesting from the theoretical point of view: in fact, models of
inflation where only one degree of freedom drives the expan-
sion predict that the squeezed three-point correlator is extremely
small [18, 23, 24]. Therefore any observation of a sizable contri-
bution in this limit would rule them out.

POSSIBLE DEVELOPMENTS

The first possible continuation of the thesis work involves a further
study of non-Gaussianity. The same initial conditions which give
rise to CMB temperature anisotropies generate spectral distortions:
therefore, as mentioned above, we expect a correlation between these
two observables. Besides, while temperature anisotropies are linear in
the amplitude of inflationary perturbations, spectral distortions are
quadratic. Then, the correlation between the two will be sensitive to
the primordial three-point function [20, 21, 25-30]. The current goal
of [31] is to characterize all the secondary contributions that will add
to this correlation, which are expected because of the non-linearity
of gravitational evolution. Their calculation is necessary for (very
futuristic) PIXIE-like experiments, since they could bias the constraints
on primordial non-Gaussianity if not accounted for.

In [32], instead, we are currently studying what is the theoretical
prediction for the non-Gaussian halo bias in string theory-inspired
inflationary models such as “axion monodromy inflation” [33—35].
Having non-zero primordial non-Gaussianity will give rise to a cou-
pling between long- and short-wavelength perturbations: on small
scales, in a patch of size comparable to the long-wavelength mode,
dark matter halos will evolve in a “separate universe” with higher (or
smaller, depending on the details of the primordial coupling) power
spectrum amplitude [36—40]. This will give rise to a modulation of
their density by the long-wavelength perturbations that will directly
trace the primordial long-short mode coupling (which, in the axion
monodromy model, shows an oscillating scale dependence due to the
bursts of particle creation occurring during inflation [41]).

Finally, new forecasts for PIXIE should be carried out. Indeed, it
has been recently shown in [42] that taking correctly into account
foreground contamination will give a ~ 5x worse sensitivity to spectral
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distortions with respect to the original mission target that was put
forward in [22].

OTHER WORKS

For coherence of content, only the three papers listed above have been
discussed in this thesis. The remaining publications produced during
the Ph.D. are the following:

G. Cabass, M. Gerbino, E. Giusarma, A. Melchiorri, L. Pagano
and L. Salvati. “Updated Constraints and Forecasts on Pri-
mordial Tensor Modes.” Phys. Rev. D 92, no. 6, 063534 (2015).
arXiv:1507.07586 [astro-ph.CO];

G. Cabass, L. Pagano, L. Salvati, M. Gerbino, E. Giusarma and
A. Melchiorri. “Constraints on the early and late integrated
Sachs-Wolfe effects from the Planck 2015 cosmic microwave back-
ground anisotropies in the angular power spectra.” Phys. Rev. D
93, No. 6, 063508 (2016). arXiv:1511.05146 [astro-ph.CO];

C. Burigana et al. “Recent results and perspectives on cosmol-
ogy and fundamental physics from microwave surveys.” Int.
J. Mod. Phys. D 25, no. 06, 1630016 (2016). arXiv:1604.03819
[astro-ph.CO];

E. Di Valentino et al. [CORE Collaboration] “Exploring Cosmic
Origins with CORE: Cosmological Parameters.” Accepted for
publication in JCAP. arXiv:1612.00021 [astro-ph.C0];

L. Bordin, G. Cabass, P. Creminelli and F. Vernizzi. “Simplifying
the EFT of Inflation: Generalized Disformal Transformations
and Redundant Couplings.” Accepted for publication in JCAP.
arXiv:1706.03758 [astro-ph.CO].
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ABSTRACT

Anisotropies in the angular power spectra of the Cosmic Microwave
Background (CMB) temperature and polarization are sourced by infla-
tionary perturbations on scales from 10" Mpc to 10* Mpc. Deviations
of the CMB frequency spectrum from a black-body, instead, can probe
inflationary perturbations on scales from 10~* Mpc to 1072 Mpc. These
length scales are inaccessible to CMB and large-scale structure mea-
surements. CMB spectral distortions, averaged over the whole sky,
constrain the two-point function of primordial perturbations. Corre-
lation of temperature and spectral distortion anisotropies, instead,
can constrain their three-point function (making them a probe of
primordial non-Gaussianity).

In the first part of this thesis I study what is the level of sensitivity
needed, by an experiment measuring the CMB frequency spectrum, to
detect the running of the spectral index of inflationary perturbations.
I then investigate what is the minimal contribution to the correlation
function between temperature and spectral distortion anisotropies
that is expected in standard inflationary scenarios. Finally, I discuss
what are the secondary contributions (arising from late-time gravita-
tional evolution) to such angular correlation, and how they could bias
constraints on primordial non-Gaussianity.
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UNITS AND NOTATION

We review here the conventions about units and notation that are used
in this work:

the metric signature is (—, +, +,+);

we choose units where ¢ = h = 1, in addition to kg = 1;
we define the Planck mass Mp to be (87Gn)~Z;
we use the conventions of [46, §3.6] for the Riemann tensor;

the present time will be denoted by to;

the dimension of the curvature parameter K of a Friedmann-
Lemaitre-Robertson-Walker metric is L—2: therefore the scale
factor a is dimensionless and K is the Gaussian curvature of the
space at to (since we choose the scale factor a(tg) to be 1);

only in Chapter 1 we will denote with (Q;)o the present-day
ratios between the energy density for a given species i and the
energy density of a flat universe, i.e.

(pi)o

(Qi)o = :
3H3M3

In the remaining Chapters, the subscript 0 will be omitted;

greek indices will take the values from 0 to 3. Latin indices from
i to k stand for 1,2, 3;

an overdot denotes a derivative with respect to cosmic time t,
while a ’ sign denotes a derivative with respect to conformal
time n;

the convention for the Fourier transform f(k) of f(x) is
f(k) = Jd3x f(x) e x|

so that the inverse Fourier transform is (for simplicity of notation
we will often drop the argument k of the Fourier modes)

3 .
f(x) = J (Zlmksf(k) etkx

From the above definitions we see that the Dirac delta 5(3) (x —x’)
in real space is given by

3
53) (x — x') = J (Cziﬂ]; el (xx)
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UNITS AND NOTATION

while the Dirac delta §(3) (k — k’) in Fourier space is equal to

3
6(3)(1(—1(/) _ J (;17:)(3 e*i(kfk/].x ;

we will often write a Fourier integral as

[ -],

the translationally and rotationally invariant two-point corre-
lation function of a real variable f(x) in Fourier space (i.e. the
power spectrum) is defined by

(f10) (1)) = (2m)°85) (k+ k) P (k)
or (equivalently) by

(f1) (k) = (2m)°6%) (k= k) P (k) ;
when we encounter derivatives of the potential V for a scalar
field ¢, we use the shorthand

d"V(¢) ‘
don b=x

For n < 3 we use ’,”,”” instead of (1), (2), (3);

=VviN(x) .

the symmetrizing and antisymmetrizing brackets for 9 tensors
are defined as

1

('T(m1'-'ma) = E Z[‘Tmﬁ(a)---mﬂ(a) )
o

1
T[m1...ma] = E Z éﬂj’mma)...mn(a) )
T

where the sum is taken over all permutations ITof 1,...a and op
stands for the parity of the permutation. The generalization to a
generic number of upper and lower indices is straightforward;

when symmetrizing or antisymmetrizing a tensor only on a
subset of its indices, we use the vertical brackets |- |. E. g.:

1
A@BYACo) = 5 (ALBYACo + ALBYCp) -
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INTRODUCTION

The WMAP and Planck satellites have provided a great confirmation
of the ACDM model [5, 6]:

¢ they have detected a 50 deviation from a Harrison-Zeldovich
spectrum of primordial perturbations, pointing to slow-roll infla-
tion as the mechanism that generated them. Besides, combined
with data from BICEP2/Keck Array [47], they have improved
the bounds on the tensor-to-scalar ratio r, greatly disfavoring
large-field inflationary models;

¢ they have provided further evidence for the presence of dark
matter (DM) and dark energy (DE), which make up the ~ 95 %
of the Universe.

Even so, there are still many open questions. For example:

¢ there is still no detection of primordial B-modes: in fact, one of
the main goals of future CMB experiments like CMB Stage IV is
to improve the sensitivity to r down to 1073 [48];

¢ slow-roll inflation predicts a scale dependence for the tilt n
of the scalar spectrum of order (1 —ng)?. Since current CMB
experiments allow to probe only up to scales k ~ 10~ Mpc ™', it
is necessary to combine them with other observables to test this
prediction;

¢ are there any relativistic species beyond those predicted by the
Standard Model? Besides, the properties of DM and DE are still
unknown. For example, we do not know which are the interac-
tions of DM with the Standard Model (what is its annihilation
cross-section? Can it decay in Standard Model particles?), or if
the current accelerated expansion is driven by vacuum energy
or some modification of General Relativity;

* how Gaussian are the statistics of primordial perturbations? De-
tecting departures from Gaussianity would teach us a great deal
about interactions during inflation [19], but often the primordial
signal is buried under the contributions of late-time nonlinear
gravitational evolution.

This thesis deals mainly with the second and fourth of the above
questions, and is structured in the following way:

17


http://bicepkeck.org
https://cmb-s4.org

INTRODUCTION

THE FIRST PART is a review of the basis of the FLRW cosmology. The
evolution of the various matter components is presented, along with
the so-called “puzzles” of the Hot Big Bang cosmology. I also study
how the black-body spectrum of the CMB is generated, along with
the mechanisms that can give rise to spectral distortions.

THE SECOND PART contains a review of perturbation theory, and of
how the anisotropies in the CMB temperature are computed. The
contribution to CMB spectral distortions from Silk damping of acous-
tic waves in the photon-electron-baryon fluid is also investigated.
Finally, I describe how inflation sets up the initial conditions for the
evolution of perturbations at late times.

THE THIRD PART contains the scientific research that I carried out
during the Ph.D.:

¢ [ start by presenting the constraints from current data on the
scale dependence of the primordial scalar power spectrum, to-
gether with the forecasts for future CMB spectrometers, which
were carried out in [49, 50];

¢ then I briefly introduce the topic of primordial non-Gaussianity
and higher-order correlation functions;

¢ I conclude with the study, carried out in [51], of the observed
squeezed limit of primordial three-point functions, i. e. what is
the minimal amount of primordial non-Gaussianity that we can
expect to see in late-time observables.

THE APPENDIX contains a brief review of how the likelihood for a
CMB experiment is constructed, some intermediate mathematical
results for the derivation of the Einstein and fluid equations in a
perturbed FLRW cosmology, the mathematical details of the so-called
“two-fluid approximation” for the computation of CMB temperature
anisotropies, and the Appendices from [49, 51].
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In this Chapter we describe the main aspects of the standard cos-
mological model. We start with an introduction of the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric and its properties. We
proceed with the derivation and solution of Einstein equations in a
FLRW background. Then we discuss what are the “problems of the
initial conditions” present in the conventional Big Bang theory. The
Chapter ends with the description of the inflationary paradigm and
how it offers a solution to such issues. This Chapter is mainly based

on [44, §1, §2].
1.1 FLRW SPACETIMES

The Cosmological Principle, supported by many observations (e. g.,
observations of the Cosmic Microwave Background [52], of Large-
Scale Structure [53], and of supernovae [54]), states that the Universe
is homogeneous and isotropic on sufficiently large scales.
Mathematically this assumption implies that, on scales larger than ~
100 Mpc, the Universe is described by a FLRW metric [46, §2.6, §3.5][55,
§5.1]. FLRW spacetimes admit a foliation with a “cosmic time” coor-
dinate t and spacelike hypersurfaces X of constant cosmic time. The
hypersurfaces X are both homogeneous (translationally-invariant) and
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1.1 FLRW SPACETIMES

isotropic (rotationally-invariant). These conditions imply that the metric
is [55, §5-1]

az(t)éi]- dxtdx)
2\ 2
(1)
where we used Cartesian coordinates x' and the stereographic pa-

rameterization of a curved, homogeneous space. In terms of spherical
coordinates (r, 0, ¢), the metric spacetime interval takes the form

ds? = —dt? + (1.1)

ds? = —dt? 4+ a?(t) < + rde2> . (1.2)

1 —Kr?

Before moving on there are a few things to say about eqs. (1.1) and
(1.2) for the metric:

¢ the factor a(t) is the so-called “scale factor”: the ratio between
a? and a% is the ratio between the volumes of X1 and X;;

¢ the parameter K characterizes the curvature of L: positively
curved hypersurfaces will have K > 0, while K =0 and K < 0
are for flat and negatively curved hypersurfaces respectively;

e the interval ds? above is written in comoving coordinates: ob-
servers keep fixed spatial coordinates in the absence of external
forces but the physical distance between them is time-dependent,
because the universe expands or contracts as a(t) varies.

We see that the evolution of the metric is entirely dictated by that
of the scale factor, whose evolution will be related to the energy-
momentum tensor via the Einstein field equations: before focusing on
the dynamics of a(t), however, we introduce the kinematic concepts
of particle horizon, redshifts, and distances in a FLRW background.

1.1.1 Light cones and horizons

In General Relativity the causal structure is determined by geodesics
with ds? = 0. These trajectories are studied more easily if one works
with conformal time n, defined as

1
a(t’)

t
ni = | d o (1.9
where 1 is some fixed time. If we consider the conventional Big Bang
model, that has a singularity a(tmin) = 0 at its initial time tyin =
0 (as we shall see in a moment), we may take t to be “the origin
of the universe” t = 0. Using eq. (1.3) along with the coordinate
transformation

d_L (1.4)
AV 4
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1.1 FLRW SPACETIMES

the spacetime interval ds? of eq. (1.2) becomes

ds? = a?(m){—dn? + dx? + Fx(x)dQ?} , (1.5)
where
.2
sinh” (/K] %) K <0,
K|

Fi(x) = 4 52 ifK=0, (1.6)

)

Sm(K\/EX) fK>0.

Eq. (1.5) allows us to fully exploit the property of isotropy, which
ensures that it is sufficient to consider radially propagating photons to
study the causal properties of the spacetime. Since radial trajectories
satisfy dQQ = 0, their worldlines will be entirely specified by the
2-dimensional line element

ds® = a?(n)(—dn? +dx?) , (1.7)

whatever the value of K. This equation says that the metric is like that
of Special Relativity, apart from a conformal factor a?(n)): therefore
the null worldlines of photons have the form

X=En+Xo, (1.8)

and consist of straight lines at £45° in the x - 11 plane, as it is depicted
in figure 1.1 below.

Future Light Cone
oQ

causally-disconnected

—— Space

Past Light Cone

FiGure 1.1: This figure shows the causal structure of Minkowski spacetime:
egs. (1.5) and (1.7) tell us that a FLRW spacetime possesses the
same light cones, whatever its spatial curvature.

With egs. (1.7) and (1.8) at hand, we are ready to study the so-called
“particle horizons”. According to eq. (1.8), the maximum distance light
is able to travel between a time t; and a later time t is given by

dp(t,ti) = a(t){n(t) —n(t)} . (1.9)
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1.1 FLRW SPACETIMES

Hence eq. (1.3) gives us the particle horizon, that is

t
dp(t, ;) = a(t) J | dt’ a(]t,)

t

. (1.10)

This is the maximum distance from which an observer at time t could
have received information: observers separated by a distance larger
than dp(t,t;) could never have communicated with each other.

As in eq. (1.3), if we consider the conventional Big Bang model with
its singularity a(tmin) = 0 at tmin = 0, we can take t; = 0. In this case
the size of the particle horizon is

dp(t,O):a(t)Jtdt’ 1 ) (1.11)

0 a(t’)

1.1.2 Geodesics

Let us study in more detail the geodesics of a FLRW universe: this will
also help us to set up some notation that will be used in the following
Sections. We can distinguish two cases:

¢ if we have a massive particle of mass m, we can parameterize
its worldline with the proper time s. Therefore, the four-velocity
ur = % will be normalized to —1 [46, §3.3], and the four-
momentum PH takes the simple form P* = mU*. The geodesic
equation is then given by

PYV,PH = PY2,PH + PV PP =0, (1.12)

where the Christoffel symbols I'(y are computed from the metric
using the relation

PO
FSV = L(_agguv_‘_augvo‘_‘_a‘vgﬁu) ; (113)

2
¢ in the case of a massless particle, the proper time is zero and
U, U* = 0. The momentum of the particle is then given simply
by %, where A is an affine parameter such that the geodesic
equation takes exactly the same form as eq. (1.12) [55, §3.3].

We are now in the position of studying the solutions to the geodesic
equation eq. (1.12). We start by introducing the Hubble rate H. It is
defined as

H

Il
ole

; (1.14)

and sets the time and distance scales of the FLRW spacetime: the
characteristic time and length scales of a homogeneous and isotropic
universe are H™!. Then, we note that due to the homogeneity of
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1.1 FLRW SPACETIMES

the background, 9;P* = 0. Finally, the Christoffel symbols I'}, are
collected in tab. 1.1. With these results one can show that the geodesic
equation takes the form

podPH

T — (218 + Fi*J.LPi)Pj : (1.15)

TABLE 1.1: In this table we collect the Christoffel symbols for the FLRW
metric of egs. (1.1) and (1.2).

Y O
g o
5 Hoy
s, O
ry  Hsk

gkl
ré 7(—61911' +0igj1 + 0j9ui)

Eq. (1.15) can be studied and solved separately in the case of a
massive or massless particle:

* for a massive particle we can further distinguish two cases:

— if the particle is initially at rest in the comoving frame
(P! = 0), we see that it will remain at rest because the
right-hand side of eq. (1.15) vanishes. From this, we see
also that the four-vector U* = 68 , which is both timelike
and normalized, is the four-velocity of such particles;

— if the particle is initially moving with some comoving (i.e.,
relative to the comoving frame) peculiar velocity v, related
to P! by

i m\}i
P' = ——— (1.16)

\/] — gijvivl' ’

we see that the p = 0 component of eq. (1.15) implies

Ea = —Fioj = —Hp?, (1.17)
where we defined P® = E (see [55, §4.3] for details) and
p? = gijP'P). The constraint P*P,, = —m? implies that
EdE = pdp, so that

P a 1

—=—H=—— —. 18

. " =P x m (1.18)

1 In fact, using the metric of eq. (1.2), we see that U*U, = g, U*UY = —1.
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Therefore, the physical three-momentum of massive par-
ticles (and then their peculiar velocity) decays with the
expansion of the universe: freely-falling particles will con-
verge on the Hubble flow;

¢ for a massless particle, the constraint P*P,, = 0 still implies that
EdE = pdp. It also says that E is equal to p, so that eq. (1.18)
now reads E « a~'. That is, the energy of a massless particle
decays with the expansion of the universe.

1.1.3 Redshifts

As we have seen in the previous Section, the fact that our Universe is
expanding implies that photons lose energy with time. This is the so-
called redshift: classically, it corresponds to the fact that the wavelength
of propagating electromagnetic waves is stretched by the expansion.
Since everything we know about the Universe is inferred by the light
we receive from distant objects, it is clear that the redshift is a very
important quantity in cosmology. Its expression can be derived either
by treating photons classically or quantum mechanically. We will
follow the second way, and refer to [55, §4.3][56, §22.5] for two (very
detailed) explanations using geometric optics.

For photons, the momentum is inversely proportional to the wave-
length of light (A = 27t/p): since, as we have seen in eq. (1.18), p scales
as a~!, the wavelength scales as a. Light emitted at time t; with
wavelength A1 will be observed at to > t; with wavelength

Ao = At (1.19)

Since a(tp) > a(ty), the wavelength of the light increases, Ag > Aj. It
is conventional to define the redshift parameter z as

Ao —A t
z= 0 1:>1—i-z:a(0)

. alty) (1.20)

It is very important to stress that such redshift of signals is a non-
local effect: it is a consequence of how light emitted from distant objects
travels to us (mathematically, it is a relation between observables
on the wordlines of two different observers). In this sense, it is very
different from effects like Doppler shifts, which are local. This is
usually a source of misconceptions, especially regarding the Hubble
redshift-distance relationship and the Hubble flow of galaxies.

1.1.4 Distances

There are mainly two concepts of distance of observational relevance
in cosmology: the luminosity distance and the angular diameter distance.
In order to define them, we need three other notions:
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1.1 FLRW SPACETIMES

PHYSICAL DISTANCE It is the time-dependent distance between two
points on a spatial section at a cosmic time t (or at a conformal
time 1) as calculated with the FLRW metric. Using the metric of
eq. (1.5), we see that for a flat FLRW universe it is just ax. We
call d this distance.

COMOVING DISTANCE It is obtained from the physical distance by
removing the scale factor that multiplies it. From eq. (1.8) we see
that the comoving distance between us and some object emitting
light at redshift z (i. e. at a time t; < tp) is given by

© Jto d 1 JZ & 1 ( )

d= = t— = z . 1.21
t a(t) 0 H(Z,)

Besides, for flat spatial hypersurfaces we can further distinguish

a comoving wavelength (A) from a physical one (aA), and co-

moving Fourier modes of modulus k from physical modes of

modulus £.

METRIC DISTANCE Called dy,, it is the distance between two points
on a hypersurface at fixed n and x. For infinitesimal displace-
ments, ds? = Fi (x)dQ? = d2,dQ?. If the curvature K of spatial
sections is zero, dy, and the comoving distance coincide.

While the comoving distance and the metric distance are not observ-
able, they play an important role in the definition of the luminosity
distance di, and the angular diameter distance da:

LUMINOSITY DISTANCE Suppose we know objects that behave like
standard candles: these are objects that have a known absolute
luminosity L.> Then, it is possible to use the observed flux F
(= energy per second per receiving area) from such objects to
measure their distance. In a static Euclidean space, the flux-
luminosity relation for an object at a fixed comoving distance x
is given by

L

F=— . .
e (1.22)

In a FLRW universe, this relation is changed for three reasons:

¢ at the time to, when the light reaches the Earth, the proper
area of a sphere that is drawn around the object and crosses
the Earth is 47td2;

¢ the energy of photons at the reception point differs from

the energy at emission by a factor of (1+2z)~';

¢ the same factor enters in the expression for the number of
photons crossing a unit receiving area in a unit time, since

2 For example, Supernovae of Type IA are believed to be standard candles [54].

26



1.1 FLRW SPACETIMES

the time intervals for the source and observer differ by
factor (1+2z)~'3

Therefore, eq. (1.22) becomes

- L L
- 4md2 (1+2)?  4ndd’

withdp, =dm(1+2). (1.23)

ANGULAR DIAMETER DISTANCE In addition to standard candles,
we can have access to standard rulers, i. e. objects of known phys-
ical size D. This is the case, for example, of fluctuations in the
CMB. If we assume, as we did before, that the light from an
object at a comoving distance x from the Earth is emitted at
a time t7, and that the object subtends an angle 66 in the sky,
the formula for the distance of the object from us (in a static
Euclidean space) would be

D
da = 50 (1.24)

In a FLRW universe, the relation between the physical transverse
size D and its angular size in the sky is also modified:

¢ the comoving length of a small arc of angular size 60 is not
just x66, but a(ty)Fk(x)56, as we see from eq. (1.5);

¢ then, expressing it in terms of redshift z and dm, eq. (1.24)
becomes
dm

da = .
A 1+z

(1.25)

We will see in the Section 1.2.1 how the angular diameter distance
plays an important role in elucidating what are the so-called “puzzles”
of Hot Big Bang picture (see fig. 1.2).

1.1.5 Dynamics of FLRW spacetimes

The dynamics of the universe are dictated by those of the scale factor,
which in turn is governed by the Einstein equations

Tuv

Gpvzw)

(1.26)

where G,y is the Einstein tensor Ry, — %gm and T is the energy-
momentum tensor.

What about T, ? Its decomposition in the case of a generic fluid of
four-velocity U" normalized to U, U* = —1 is [56, §22.3][57][58, §4]

Tuv = pUpUy +pPuy + ZQ(uuv) +Xuv, (1.27)

where:

That is, the relation between the physical time intervals at emission and reception is
dto = (1 +z)dt;.
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1.1 FLRW SPACETIMES

e PH, = &%, + UHU, is the projection tensor on 3-dimensional
spatial sections orthogonal to U*;

¢ the energy density (p) and isotropic pressure (p) of the fluid are
related to Ty by

p= TMVuHuV y (1.28a)

1
= gTwPM ; (128b)

¢ Q. is the energy-momentum transfer four-vector, and it is ob-
tained from the energy-momentum tensor by

Qu=—PY, T, U"; (1.29)

¢ the symmetric and traceless tensor X,, is the anisotropic stress
tensor. Its expression in terms of T, is

.
Ly = Pp(up)\v)Tsﬂ\ - §hp}\TP7\Puv : (1.30)

In the case of a fluid whose energy and momentum are conserved
(and ours is the case), Q,, is equal to 0. Besides, in a FLRW cosmology:

¢ the energy-momentum tensor is that of a geodesic (U* is a
geodesic vector field) perfect fluid (the anisotropic stress ten-
sor is also 0);

¢ in order to maintain spatial homogeneity and isotropy p and p
will be functions of t only;

¢ as we have seen in Section 1.1.2, the worldlines of the geodesic
perfect fluid with zero peculiar velocity are those with four-
velocity UM = &Y.
Once everything is inserted in eq. (1.26) we end up with the system
of the two “Friedmann equations”, that is

p K
H? = "— — — :
M2 a2 (1:312)
. 1
H+H? = —M(P+3P) ) (1.31b)
P

while the conservation of the energy-momentum tensor V THY = 0
(or the combination of egs. (1.31), if you wish) instead gives

p=—3H(p+p) .| (1.32)

Eq. (1.31b) tells us that in an expanding universe filled with ordinary
matter (that is one satisfying p 4 3p > 0, the so-called “strong energy
condition”) one must have d < 0. This leads to a singularity in the
finite past at a time tmin (that may be set to 0): it is the Big Bang
singularity, which would signal the breakdown of the classic theory
of General Relativity. We will see later how inflation pushes this
singularity in the infinite past, effectively getting around this issue.
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1.1 FLRW SPACETIMES

1.1.6 Solutions of Friedmann equations

In this Section we study egs. (1.31) and their solutions. We start by
writing down the equation of state that links the energy density with
the isotropic pressure, that is

p=wp. (1.33)

The less restrictive energy conditions on the energy-momentum tensor
(see [46, §4.6] for details) say that [w| must be <1. In this range of |w|
we distinguish the following values for w, each corresponding to the
dominance of a particular form of matter:

MATTER DOMINANCE This case corresponds to the dominance of
non-relativistic matter and has w = 0.

RADIATION DOMINANCE This case corresponds to the dominance

of relativistic matter and has w = %

A DOMINANCE This case corresponds to the dominance of a cos-
mological constant term in the Einstein-Hilbert action. It has
w=—1.

If we now combine the equation of state with the conservation of
energy, eq. (1.32), we get

dlogp
dloga = —3(1+w). (1.34)

This differential equation can be easily integrated and, if w does not
depend on t, the solution is

3(14w) ]

pla) xa™ (1.35)

Plugging this p into eq. (1.31a) and integrating it, one finds that the
time evolution of the scale factor is given by

2
t3(1+w) if |
a(t) ; w7 ’ (1.36)

et with H = const. ifw=—1.

A summary of these results is given in tab. 1.2.

If more than one (relativistic or not) matter species contributes
significantly to p and p, the total energy density and total isotropic
pressure will be

p=> pi, (1.37a)
P= Zpi ) (1.37b)
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1.1 FLRW SPACETIMES

TABLE 1.2: Solutions of Friedmann equations for a flat FLRW metric dom-
inated by matter (MD), radiation (RD), and cosmological con-
stant (AD). The entries for p(a), a(t) and a(n) indicate what
these quantities are proportional to.

Dominance w p(a) a(t) am)  Mmin
0

MD a3 n? 0

1 a4
RD 3 a t2 1 0
AD -1 a® M 97—

where 1 runs over all the species (baryons, photons, etc.). From these
pi and p; and their equations of state one defines the ratios

Pi
Q;=—=0Q= Q5 1.38
= Ei i (1.38)

with the “critical energy density” p. (the energy density of a flat
FLRW universe) being*

per = 3H*M5 . (1:39)
Now, thanks to eq. (1.35), we can write eq. (1.31a) as
<H>2 = Y (@)oa T 1 (g )oa? (1.40)
Ho i i )
where Qy (i. e. the curvature contribution) is
Qg = _(a]]fl)z , (1.41)

and we took ap = 1 for simplicity. If we evaluate the above equation
at the present time we obtain the “consistency relation”

D Qo+ (Qklo=1T. (1.42)
1
Current observations, mainly those of the Cosmic Microwave Back-
ground (CMB) and of Large-Scale Structure (LSS), tell us that the
ratios (Q;)o are those of tab. 1.3.
The first thing we notice from looking at tab. 1.3, together with egs.
(1.41) and (1.42), is that K is constrained to be very close to zero:>
therefore we can (and will, for the rest of this thesis) focus on a flat
FLRW metric. These results also tell us that our present Universe is
composed approximately of:

In fact eq. (1.31a) with p = pr implies that K must be equal to zero.

At least when fitting cosmological data with the standard ACDM parameterization
[6]. We refer to [6, 60] for an analysis of the constraints on (Q)o in extended
(i. e. non-ACDM) models.
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TABLE 1.3: 68 % confidence limits for (Q;)( of baryon (b), cold dark matter
(cdm) and dark energy (A), as from [59]. We recall that h and
Hp are related by Hoh~ ' =100kms~! Mpc~'.

(Qp)oh? (Qcdm)oh? (QA)oh?

0.02214 +£0.00024  0.1187 £0.0017  0.692 £+ 0.010

* a 5% of ordinary matter;
® a 27 % of (cold) dark matter;

* a 68% of dark energy that satisfies an equation of state with
w = —1, hence the subscript A.

1.2 PUZZLES OF THE HOT BIG BANG THEORY
After this introduction, we are now going to explain how the conven-

tional Big Bang theory requires a particular fine-tuned set of initial
conditions if one wants the Universe to evolve into its current state.

1.2.1 Horizon problem

In Section 1.1.1 we saw that the maximum distance light can travel
from t = 0 to a given time t is

t
dp(t,0) = a(t) | 4t~ = alO){n(t) ~nmin} (143)
o a(t))

In the conventional Big Bang expansion one has w > 0: this means
(see tab. 1.2) that Nmin is equal to 0, leading to a finite dp(t,0). The
consequence is that at early times there is a large number of causally
disconnected regions (see fig. 1.2 for details), and this goes against
the experimentally verified homogeneity of the CMB. How could
these regions have thermalized if they were not in causal contact?
More precisely, the characteristic size of the anisotropies in the CMB
angular power spectrum is given by the angle at which the horizon
at recombination is seen today (as we will see in the next Chapters).
Neglecting factors of order 1, this angle is 0 ~ %: from fig. 1.2, we
see that % ~ 1°. The argument can then be turned around: i.e., we
do indeed see that the CMB temperature is the same (up to one part
in 107°) in regions separated by ~ 1° in the sky. This tells us that
the the Universe is made up by (1yec /Mo) 3 ~ 104 regions (“separate
universes”) that were not in causal contact at recombination.

One way to solve this puzzle would be just saying that the initial
density perturbations were exactly such that the right degree of unifor-
mity is observed in the Cosmic Microwave Background, and that they
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1.3 CLASSICAL DYNAMICS OF INFLATION

also possessed the right level of fluctuations to explain the formation
of the structure we observe today. This approach, however, is not very
satisfactory since it amounts to very fine-tuned initial conditions for
our Universe.

1.2.2 Flatness problem

In addition to the initial distribution of density inhomogeneities, the
velocities of the fluid are also needed to completely characterize the
“Cauchy problem of the universe”. If the universe has to remain homo-
geneous at late times, the initial fluid velocities must take very precise
values: if they are too small there would be a quick recollapse, if they
are too big the expansion would be so rapid that structure formation
could not occur.

This fine-tuning of the initial velocities is called “flatness problem”.
The name derives from the Newtonian treatment of gravity: in this
formalism one shows that the starting value for the kinetic energy of
fluid particles is related to the curvature parameter K, and one sees
how too little initial kinetic energy leads to a closed universe (K > 0),
while too large initial kinetic energy leads to an open universe (K < 0).

With this said, one can be more quantitative: choosing for simplicity
the case of a single species of matter and combining eq. (1.31a) with
eq. (1.34), one finds that

dlQ—Tj

Consequently, when dealing with ordinary matter (for which w is
always larger than zero), QO = 1 is an unstable fixed point of the
Friedmann equations: in the standard Big Bang cosmology the near-
flatness observed today ((Qk)o =~ 0) requires an unnatural adjustment
at QO ~ 1 of the total density parameter in the early Universe.

1.3 CLASSICAL DYNAMICS OF INFLATION

Everything is ready to present the theory of inflation, and to show
how it fixes the problems of the classical Big Bang cosmology that we
have presented in the preceding Section.

1.3.1  Solution of the horizon problem

We reformulate the horizon problem in way that will make its solution
more evident: in eq. (1.11) we obtained the physical particle horizon
dp(t,0): the comoving (particle) horizon, then, is

dg’(a) —J dloga’ (1.45)

o a’H(a’)’
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FIGURE 1.2: Spacetime diagram of standard Big Bang cosmology (neglect-
ing the period of A dominance that starts around a/ay ~ 0.5),
with its horizon problem: two points on a fixed surface of
constant 1 are in causal contact if their past light cones in-
tersect at 1 = TMpin (the Big Bang). Because Nmin is zero, the
LSS (last-scattering surface: it is the set of points situated at
a distance such that photons emitted from there at the time
of recombination are reaching us now. These are the photons
we detect today as CMB radiation) consists of many causally
disconnected patches that will not be in thermal equilibrium
with each other.

where (aH)™! is the “comoving Hubble radius” (recall that a(t) is
equal to 0 for t = 0). The properties of di* and (aH)~ ! are:

COMOVING PARTICLE HORIZON If at a time t two particles are at
a comoving distance larger than dg°(t), they could never have
communicated with each other.

COMOVING HUBBLE RADIUS If at a given time t two particles are
separated by a comoving distance larger than the comoving
Hubble radius at that time, they are unable to influence each
other now.

The distinction between the two is crucial: it is possible that the
comoving particle horizon is much larger than (aH)~' at the present
time, so that particles cannot communicate today but were in causal contact
early on. This is the solution to the horizon problem.

From eq. (1.45) one sees that an early phase of decreasing Hubble
radius gets the job done: in this way the comoving Hubble radius in
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FIGURE 1.3: Spacetime diagram of inflationary cosmology for H ~ const.:

the singularity a = 0 is pushed at 1 = Nyin — —oo, and eq.

(1.50) says that the scale factor blows up atn = 0. This is due
to the assumption of an almost de Sitter space, which means
that inflation will continue forever (with 1 = 0 corresponding
to t — +00). In reality when inflation ends at some finite time
the approximation of eq. (1.50) breaks down: this is why n =0
stands for the end of inflation, and there will be a smooth
transition (the so-called reheating phase) from inflation to the
standard radiation-dominated era.

the past would have been much larger than what it is now, and the
contributions to di” would come mostly from those times.

1.3.2  Solution of the flatness problem

We have seen how the second fine-tuning issue of the Hot Big Bang
theory derives from eq. (1.44). With a little manipulation we can
rewrite it as

Q-1 = (JS)Z : (1.46)

If in the past the comoving Hubble radius decreases, the solution
Q =1 becomes an attractor. This solves the flatness problem.
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1.3 CLASSICAL DYNAMICS OF INFLATION

1.3.3 Spacetime diagram of inflation

The defining trait of inflation is that of a shrinking comoving Hubble
radius. By means of eq. (1.31b) we can recast it as

dt \ aH

d/ 1
<)<O<:>d>0<:>p+3p<0, (1-47)

from which we deduce that:

¢ inflation is a period of accelerated expansion. If we introduce
the quantities ey and N, defined by

H

EH="17> (1.48a)
dN o N aq
E:—H:N1—Nz— log o (1.48b)
eq. (1.47) is transformed into
dlogH )
EH = dN < ] ’ (149)

¢ during the inflationary epoch the strong energy condition is
violated.

In the next Section we are going to see how during inflation the
Hubble rate is approximately constant: since we want a period of
expansion, this constant must be larger than zero. In this case, thanks
to eq. (1.3), one has

1
n =~ ~aH with H ~ const. . (1.50)

Thus eq. (1.9) implies that the comoving particle horizon is not finite,
and the horizon problem does not appear. What about the flatness
problem? The comoving Hubble radius is decreasing, so the results of
Section 1.3.2 apply. The resulting spacetime diagram is that of fig. 1.3
in the previous page.

1.3.4 Single-field slow-roll inflation

The simplest way in which one is able to violate the strong energy
condition is to take p and p to be those of a single scalar field ¢:
the “inflaton”. We do not specify the physical nature of the inflaton:
indeed, there is no need to do it because in the Effective Field Theory
of Inflation ¢ is nothing more than a “clock” that parametrizes the
evolution of the inflationary energy density [61, 62]. The dynamics of
¢ (minimally) coupled to gravity are governed by the action

S=Sg+Sm

, (151)
- %PJd4x¢?gk—;Jd4xxﬁg{(V¢)z+2V(¢)} !
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1.3 CLASSICAL DYNAMICS OF INFLATION

which we will examine more thoroughly in Chapter 4. The field ¢ can
depend only on time if the symmetries of a FLRW background must
be satisfied, and the resulting field equations for the scale factor are
nothing else but egs. (1.31) with

i2
o= *d]z + V() (1.52a)
d)' 2

while for ¢ one has

G+3Hb+ V' (d)=0. (1.53)

With the energy density and isotropic pressure given above, the
parameter w in the case of a single scalar field is

[k
w = 7(_;2 y (1 54)
2

and we can have accelerated expansion if the potential energy is
sufficiently larger than the kinetic energy. What are the means to
achieve this? The original formulation of inflation in [63] was to have
¢ evolve from a false vacuum (where the kinetic energy is close to
zero, but the potential energy is larger than zero) to the true minimum
of the potential via quantum tunnelling. However it was realized that
the expansion would have prevented the bubbles of the new phase
from coalescing, so the Universe would never have moved to the state
it is in today [1, 2].

Therefore the idea of a potential with a local minimum was aban-
doned in [3, 4], moving to one with a very shallow slope leading to
the ground state: the field would have slowly rolled towards the bottom
of the potential as depicted in fig. 1.4 in the next page, maintaining
its kinetic energy small and allowing for @ > 0. In fact with some
manipulations we find that ey is

2
EH = d; 2 = zgv(d)) ) (155)
2H"Mp 14 2

so if ¢? is smaller than V() then ey < 1, and eq. (1.47) holds. Having
$? < V() leads to e}y < 1 and p ~ —p, hence to the de Sitter limit.
What about the duration of inflation? It will be sustained for long
enough to solve the horizon and flatness problems only if e}y < 1 for a
sufficiently large number of Hubble times: this requires that a second
parameter, called Ny and defined as

_dlogen 2$

N 2epy + H—d) , (1.56)

MH =
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FIGURE 1.4: This figure shows the mechanism of single-field slow-roll in-
flation, where the field ¢ rolls down a potential V(¢): when
the potential energy dominates over the kinetic energy d is
larger than zero, and the acceleration stops when b2 ~ V().
Fluctuations observed in the CMB are created at ¢cpp (often
called ¢4 in the literature). After inflation ends the inflaton
¢ oscillates around the minimum of the potential, and its en-
ergy density is converted into radiation in the process called
“reheating”.

satisfies M| < 1 (nu| < 1 in the de Sitter limit).
In the slow-roll regime the conditions ¢y < 1 and M| < 1 can be
reformulated as constraints on the shape of the inflationary potential
M2 [V 2
(@) < 1 withev(e) = 57 (V)
V//( )
V(o) ’

where the Planck mass is introduced to make these “potential slow-
roll parameters” (e and Ny are the “Hubble slow-roll parameters”,
instead) manifestly dimensionless. The Hubble and potential slow-roll
parameters are related by the “slow-roll approximation”: in the upcom-
ing Chapters we will often stop at the first order of this approximation,
that says (one may refer to [64, 65] for a complete treatment of the
slow-roll expansion)

(1.572)

nv(d)l < 1, withny(¢) = M3 (1.57b)

EH R ey, (1.58a)
nu ~ —2ny +4ev . (1.58b)
Inflation ends when & = 0: this corresponds to ey = 1 (thus to

ev ~ 1) and to the violation of the slow-roll assumption. The number
of e-folds of inflation occurred at a time t is given by

B Qend tend , N ®end
N(t) =log alt) L dt'H(t") = L>(t dd) $ (1.59)



1.3 CLASSICAL DYNAMICS OF INFLATION

If we stop at first order in slow-roll, and assume ¢ > 0 (as in tig. 1.4),
eq. (1.59) becomes

N(t) 1 J(bend do V(o) J'fbend did? 1

TME ey V(D) Je) Me 26y (d)

. (1.60)

The above results can also be used to estimate how much inflation
is actually needed to solve the horizon and flatness problems of the
standard Hot Big Bang cosmology. At least, we need to require that
scales k of order of the comoving Hubble radius today had been inside
the comoving Hubble radius during inflation, i. e. that

(aoHo) ™" < (aHp) ' . (1.61)

For simplicity, we can neglect not only the period of A dominance
but also the matter-dominated epoch, and assume that reheating
happens instantaneously after the end of inflation. Then H o a2
after the end of inflation. Assuming the reheating temperature to be
Treh ~ Tend =~ 102 GeV, we have (we will see in the next Chapter that
temperature scales as 1/a)

2
aoHo  ao [Gend)”  Qend  To _28
— = = ~ 10 , (1.62)
Qend Hend Qend ao ao Tend

where we have used Ty ~ 1073 eV (i.e. To = 2.7K). Eq. (1.61), then,
tells us that

(arH) ™' 2 10%% (@engHend) ™ - (1.63)

Since H is almost constant during inflation, this relation turns into
log ag‘;d = Np 2 64: that is, around 60 e-folds of inflation are needed.
Before moving on to the next Chapter, it is important to point out
that the fundamental microscopic origin of inflation is still unknown:
there are many models whose predictions are within the experimental
uncertainties. For a nice review of the most common potentials (and
on inflationary theory in general) we refer to [43, §6.5], while for a

compendium of all the inflationary models in the literature see [66].
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As we have seen in the previous Chapter, the Universe emerged
in a very dense state after the end of inflation and reheating. The
interactions between particles were so fast (much faster than the
Hubble rate) that thermodynamic equilibrium was established, and
the state of the Universe was that of a plasma at a single temperature
T. As the Universe expanded, the plasma cooled down, and the first
light elements (hydrogen, helium and lithium) formed. At some point,
the temperature had dropped enough for the first stable atoms to exist,
and then for photons to start free-streaming. In this Chapter, we are
going to review briefly the thermal history of the Hot Big Bang, with
a glance at neutrino decoupling, recombination, etc. In the second
part, we study in more detail how the CMB black-body spectrum (and
possible deviations from it) are formed. This Chapter is mainly based

on [44, §2, §3][45].
2.1 THERMAL HISTORY

Suppose we have some particles that interact with each other with a
rate of interaction I'. If ' >> H, then interactions are so fast that thermal
equilibrium is established, and particles can be described by a single
distribution function in phase space, characterized by a temperature
T. Conversely, if I' < H, the particle species under consideration does
not interact efficiently anymore with the other particles in the thermal
bath, and decouples from it.

39



2.1 THERMAL HISTORY

What can we say about I' in the Standard Model? The rate of interac-
tions for a reaction 142 = 3 +4, with particle densities ny ~n, ~n, is
given by n (ov), where o and v are, respectively, the cross-section and
the relative velocity in the center-of-mass frame and (...) indicates an
average over the velocity distribution. In the Standard Model, where
interactions between 1, 2, 3 and 4 are mediated by gauge bosons,
from dimensional analysis we can write (ov) ~ o?/T? for v ~ 1,
where « = g?/47. Then, using n ~ T3 and the Friedmann equation
p = 3H2MIZ) ~ T4, we see that for & ~ 1072 thermal equilibrium is
achieved for 102 GeV < T < 1070 GeV.

Conversely, consider for example weak interactions: below the elec-
troweak symmetry breaking scale, T S 102 GeV, the W= and Z° bosons
are massive, and the cross-section for weak interactions becomes that
of Fermi theory, i.e. (ov) ~ GET?, with Gp ~ 1.17 x 107> GeV~2. The
strength of the weak interactions decreases as the temperature of the
Universe drops, and becomes O(H) around T{¢¢ a2 1 MeV. Around this
temperature, particles that interact with the plasma only through weak
interactions decouple.

In the next Sections we will investigate these concepts more thor-
oughly. We conclude this introduction with a summary of the key
events in the history of the Universe. A detailed treatment of all these
events can be found on [67] and references therein:

BARYOGENESIS This is the epoch when the asymmetry between mat-
ter and antimatter that we observe today in the Universe was gen-
erated. Baryogenesis models try to derive the observed baryon-
to-photon ratio :—3 ~1077.

ELECTROWEAK PHASE TRANSITION At a temperature T ~ 102 GeV,
the Higgs mechanism gives mass to the W* and Z° bosons.
The cross-section of weak interactions goes from a (ov) ~ E~2
behavior to a (ov) ~ E? one.

QCD PHASE TRANSITION Around T ~ Agcp =~ 150 MeV the strong
interaction between quarks and gluons becomes important, and
baryons (/qqq)) and mesons (|qq)) states are formed.

DARK MATTER FREEZE-OUT If dark matter is a weakly-interacting
massive particle (WIMP), it will decouple (its abundance will
freeze-out) around T ~ T4 x~ 1 MeV.

NEUTRINO DECOUPLING Neutrinos interact with the plasma only
through weak interactions: therefore they will also decouple
around T ~ Tgee,

ELECTRON-POSITRON ANNIHILATION Around T =~ m., the reac-
tion e” + e~ = vy +vy can proceed only from left to right (be-
cause photons are not energetic enough to create e™-e~ pairs).
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Electrons and positrons then annihilate, and their energy is trans-
ferred to the thermal bath, heating it. Neutrinos have decoupled
before e"-e~ annihilation, so they are not heated.

BIG BANG NUCLEOSYNTHESIS AtT =~ 107! MeV light elements were
formed.

RECOMBINATION When the photon temperature drops low enough
that the reaction H+y — e~ +p is disfavored, neutral hydrogen
forms.

PHOTON DECOUPLING Around the time neutral hydrogen forms,
photons decouple from the plasma. Indeed, photons and elec-
trons interact mainly through Compton scattering e~ +vy &
e~ +: after recombination, the density of free electrons drops
sharply and the photon mean free path becomes longer than the
horizon. Photons then stream freely through the Universe and
are today observed as the CMB.

2.1.1  Equilibrium thermodynamics

When we talk about thermal equilibrium in the Hot Big Bang phase,
we are using the language of statistical mechanics. The system is
then described by a distribution function f in phase space [56, §22.6],
which is defined in terms of the measurements made by a local Lorentz
observer at a given point x* in spacetime as the number ON of particles
that occupy a spatial volume 8V, and have (physical) momentum
(defined as in Section 1.1.2) in a small region of size 5P' around some
P, i.e. occupy some volume §Vp in momentum space. The distribution
function f is then defined as the ratio

ON

f= Svavp

(2.1)

Notice that we have defined it in terms of x only (since we are focusing
on a specific local Lorentz observer, who has a proper definition of
time), and P only (since P® > 0 is fixed uniquely by P*P, = —m?).
For a generic observer O, then, we can define [56, §22.6]

Vhd3xd3P

dN = f(t,x, E(P), P) W )

(2.2)

where [58, §4]:

¢ the coordinates (t,x) are locally adapted to the observer (i.e. we
have O, o &9 in these coordinates);

* h,. is the induced metric on the surfaces of constant t;

* P! are the covariant spatial components of the physical three-
momentum;
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. % is the Lorentz-invariant volume element on the mass hy-
perboloid, and the positive-energy solution of PHP, = —m? is

selected in the relation E = E(P).

Given a distribution function f, we can define the number density
current N* and the energy-momentum tensor T*Y with a procedure
called “taking moments of f”.* More precisely, we have (dropping the
arguments of f for simplicity of notation)

d*P
Ho_ M
N J(ZNPEfP , (2.3a)
d3p
HY _ npv
T J(Zn)3EfP PY . (2.3b)

Matching with the definitions of egs. (1.27), (1.28), (1.29), (1.30), we can
extract the energy density p, the isotropic pressure p, etc. Regarding
the number density, recall that a perfect fluid has four-velocity of
energy transport U equal to the four-velocity of particle number
transport, i.e. one can write N* = nU", where n is the particle
number density.> This definition allows to extract also n from egs.
(2.3).

Things become more simple for perfect fluids in a FLRW back-
ground: indeed, due to homogeneity and isotropy, f for a given parti-
cle species i can depend only on cosmic time t and the energy E of
the particle. Then, it is straightforward to show that (recalling that
p? = gi;P'PJ, see Section 1.1.2)

d*p
d3p
o= J FasEAE), (2.4b)
1( d3p p?

Having seen how n, p and p are defined, we proceed by introducing
three important concepts in the study of the thermal history of our
Universe:

KINETIC EQUILIBRIUM A system of particles is said to be in kinetic
equilibrium if the particles exchange energy and momentum
efficiently. This leads to a state of maximum entropy in which
the distribution functions are given by the Fermi-Dirac and Bose-
Einstein distributions, i. e.

9

f(E) = ——
& e?il)

(2.5)

1 We will see how this procedure works in more detail in Section 3.3. For the moment,
we refer to [56, §22.6][58, §4][67, §5] for more details.
2 This need not be the case for an imperfect fluid, as we will see in Section 3.3.1.
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2.1 THERMAL HISTORY

where g is the number of internal degrees of freedom (e. g. spin),
the + (—) sign is for fermions (bosons), and p is the chemical
potential.

CHEMICAL EQUILIBRIUM A system of particles is said to be in
chemical equilibrium with respect to some reaction if the rate
of forward and reverse reactions is the same. For a reaction
A+B+--- =2 C+D+..., this implies

A,B,... c,D,...
m= > . (2.6)
i i

For example, we will see that at redshifts z > 2 x 10° photons
and electrons are in chemical equilibrium with respect to double
Compton scattering, i.e. e~ +v < e~ + vy + 7. This implies that
the photon chemical potential is zero at z > 2 x 10°.

THERMAL EQUILIBRIUM Finally, a system of particles is in thermal
equilibrium if they are both in kinetic and chemical equilibrium.
Such particles share the same temperature T.

2.1.2 Densities, pressure and entropy

Using egs. (2.4), (2.5), we can compute the number and energy den-
sities of massive and massless particles, assuming chemical equilib-
rium (so that all chemical potentials vanish). Recalling that E(P) =
\/m, it is straightforward to show that:

¢ in the ultra-relativistic limit T > m, the integrals can be done in
terms of the Riemann ¢ function. They are given by

. gl(3) T3 1 for bosons , (2.7a)

2
& % for fermions ,
oo 937:)2 T4 o 1 for bosons , (2.7b)
% for fermions
p-?, (79
¢ in the limit T < m, instead, the integrals become
i
n=g <11217T> e T , (2.8a)
p=mn, (2.8b)
p=nTKp. (2.8¢)

Comparing egs. (2.7) with egs. (2.8), one can see that there is an
exponential “Boltzmann suppression” of n, p and p as T drops below
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m. This is the annihilation of particles and antiparticles: when the
temperature drops below the mass, the energies of the particles in the
thermal bath are not high enough for pair production and then cannot
balance the annihilation. We will see in a moment how this is relevant
for the temperature of the Cosmic Neutrino Background (CvB).

Through egs. (2.7) it is possible to define the so-called effective number
of relativistic species, g.(T). Calling T the photon temperature and p;
the energy density of radiation (i. e. the sum of energy densities over
all relativistic species), it is just defined as

_ 30py
g«(T) = T4 (2.9)

One can distinguish two contributions to g.: these are the contribution
of relativistic particles (with T 2 m) in thermal equilibrium with
photons, i.e.

7
g™(T) = ;) gi+ 3 Zf gi s (2.10)
i= i=

and the contribution of relativistic particles decoupled from photons
(which can have a different temperature, T; # T, from photons), i. e.

ec Ti N 7/ Ti 4
92 (T)E§91<T> +8§91<T> . (2.11)

If all particles are in thermal equilibrium with photons, to compute
g«(T) it is enough to use eq. (2.9) and discard a given species from
the sum once they annihilate. Things are different if there is some
contribution from gd¢¢(T), since it is necessary to know the ratio %
This can be done by using the conservation of entropy in equilibrium.3

In absence of chemical work, i.e. when the number of particles in
the system does not change if the volume is held fixed (so that u = 0),
the first law of thermodynamics for the entropy density s reads as

oup = maun—l-nT’c)us . (2.12)
Using the continuity equations for n and p, i.e. V N* = 0 and
U,V THY = 0, it is possible to show that s = p“%p is conserved,
i.e. that s o« a=3. From egs. (2.7b), (2.7¢), then, we see that for a
collection of particles of different species s takes the form

$= Z : T : = E{ gEk,S(T) + 9*?% (T) }T ) (2.13)
' = g.5(T)

where we used that the total energy density p is = p; in radiation
dominance. From this definition, and egs. (2.9), (2.10), it is clear that

There are non-equilibrium processes in which entropy is not conserved. However,
these yield a negligible correction to this computation, since the result will be domi-
nated by the entropy of the photons [44, §3.2.5].
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g (T) = g5 (T). However, since for decoupled species s; o T;? from
egs. (2.7b), (2.7¢) (their entropy will be conserved separately once they
decouple), one has that

dec _ Ti 3 7 Ti 3 dec
9*,S(T)=Zgi<T) +SZgi(T) £gt(T). (a1
i=f

i=b
The conservation of entropy, then, takes the form

3.3
d(g+,5(NT7a%) =0=>Tx 71 . (2.15)

dt 3\/ x,S (T) a

Away from particle mass thresholds T ~ mj, i.e. where the particle
species i becomes non-relativistic, g, s(T) is constant and T scales as
a~!'. Whenever, instead, a particle species annihilates, its entropy is
transferred to the plasma, heating it up and causing T to decrease
less slowly than a~'. It is very important to stress that the entropy is
transferred only to the particles that the annihilating species was in
equilibrium with. As we will see in the next Section, this is the reason
why the temperatures of the CMB and the CvB are different.

2.1.3 Cosmic neutrino background

Neutrinos are coupled to the plasma via weak interaction. At tem-
peratures below the scale of electroweak symmetry breaking, the
cross-section for weak interactions scales as (ov) oc T2. Then, the inter-
action rate I' = n (ov) scales as T°. Using the first Friedmann equation,
eq. (1.31a), and eq. (2.15), during radiation dominance, one can easily
see that the Hubble rate scales as

Pr m [g«(T) T2 T2
H= [P o T8 L 16
M2 3V 10 My T My (2.16)

Therefore, I' becomes < H around 1 MeV (a more precise calculation
gives T4 ~ 0.8 MeV).

After the decoupling of weak interactions, neutrinos move freely
along geodesics preserving their Fermi-Dirac distribution. Their en-
tropy will be conserved: then, using the results of the previous Section,
Ty scales as a™'. If g«,s(T) is constant, also the photon temperature
scales in the same way: however, particle annihilations can inject en-
ergy in the plasma and make T decrease more slowly than a~'. This
indeed happens because of e*-e~ annihilation, which happens right
after T4, when the temperature drops below the electron mass.

The increase in the temperature of photons can be computed us-
ing eq. (2.15). Neglecting neutrinos and other decoupled species in
egs. (2.13), (2.14), and using the fact that g, = ge+ = ge— = 2, the pho-
ton temperature increases of a factor {/11/4 after e*-e~ annihilation,
ie.

(aT)|T<me _ 3 l (21 )
7(0T)|sze 1 17
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Since aT, is conserved, the ratio TT—V for T < meis

T [ 4
%:3]—, (2.18)

while the number of relativistic species is

7 43
g+(T) =2+ g~ 2Neff X <”> ) (2.19a)
7 4
9u,s(T) =2+ g~ 2Neff X (11> . (2.19b)

In egs. (2.19), Neg is the so-called “effective number of neutrino
species”: in the Standard Model it is equal to 3, while it can be higher
if there are other relativistic degrees of freedom around T ~ 1 MeV
(or lower, as it happens in scenarios involving a period of matter
domination before the beginning of the Hot Big Bang epoch, due to
the presence of a non-relativistic massive particle which then decays.
We refer to [70—72] for details). The evolution of g.(T) and g, s(T) is
shown in fig. 2.1.

100

9+(T)
10

| | | | | l. | | | | | | | | |
10° 10* 103 102 10 1 0.1

T [MeV]

FIGURE 2.1: This plot shows the evolution of g.(T) (full line) and g, s(T)
(dotted line) as a function of T. We see that they are equal up to
T ~ 0.5 MeV, when neutrinos decouple from the plasma, while
g«(T) = 3.38 and g, s(T) = 3.94 after T =~ m, (for Neg = 3).
The plot also shows that the transitions of a particle species
from relativistic to non-relativistic behavior is not instanta-
neous. About 80 % of the particle-antiparticle annihilations
takes place in the interval 7 < T < m [44, §3.2.2].

4 Taking into account corrections to the neutrino distribution function (i. e. deviations
from the Fermi-Dirac form) and the fact that neutrino decoupling is not instantaneous
raises this number to 3.046 [68, 69].
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2.1.4 Recombination and CMB decoupling

In the previous Sections we assumed (kinetic) equilibrium, so that the

distribution functions assumed the Bose-Einstein or Fermi-Dirac form.

There are, however, many processes in the early Universe where this
assumption does not hold. The tool needed to describe the evolution
is the Boltzmann equation. In its simplest form,> it says that the
number of particles of a given species i is conserved in absence of
interactions, i. e.

dni
dt

+ 3Hny = Cngy,...], (2.20)

where the collision term C encodes the effect of interactions of the
particle i with the other species. In this Section we will consider only
interactions of the form 1+ 2 & 3 4+ 4. In this case, the collision term
can be written as

Cni,...ngl = —aniny + pnzng (2.21)

where « is the thermally averaged cross-section (ov);,,_,3, 4 for the
process 142 — 3 4 4: the first term on the right-hand side of eq. (2.21)
says that the higher « is (and/or the higher the densities of the
species 1 and 2 are), the faster nja is depleted. The parameter 3 can
be related to a by noticing that nja® must be constant in chemical
equilibrium (indeed, in this case the number of particles in a fixed
physical volume V a3 does not change, because there is no process
that yields a net production or destruction of particles): the collision
term must then vanish when the number densities are those derived
from egs. (2.5), (2.6), i.e.

. niny
= ()
Using N = % as variables, eq. (2.20) becomes
legN] _ _li 1— N]Nz
dloga ~ H N3Ny

where I'1 = n; (0v);,,_,3.4- The qualitative behavior of the solution
of eq. (2.23) is the following:

x . (2.22)
eq

(223)

N3N4}
eqNIN2 ’

e for I'1 > H, the system tends towards chemical equilibrium.
Suppose indeed that we start with Ni~1 ~ N{J . If N7 > N{%,
the right-hand side of eq. (2.23) is negative and particles of the
species 1 are destroyed until N; — N?q. If, on the other hand,

we start with N7 < N¢9, particles are produced until N7 — N

5 We will study it in more detail in Sections 2.2 and 3.3.
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e for I < H, N tends to a constant, the “relic abundance”.

An example of out-of-equilibrium process where the above evolution
takes place is recombination. This is the period of time in the early
Universe when the first atoms formed. At temperatures above ~ 1eV,
the plasma was composed of free electrons, photons (tightly coupled
to electrons via Compton scattering) and nuclei (interacting with
electrons via Coulomb scattering). When the temperature became low
enough, the formation of neutral hydrogen became viable (i. e. photons
were not energetic enough to allow the reaction H+vy — p+e7).
Then, the density of free electrons dropped sharply and photons
decoupled from matter. The quantity that one wants to track during
recombination is the free electron fraction X., defined as

Ne
Xe = —_ (2.24)
where ny, is the baryon density.

The goal is then to solve eq. (2.23) with N7 = N, in order to find
the relic abundance of electrons. However, the onset of recombination
can be estimated in the following way. If we assume equilibrium, the
number densities of electrons, protons and hydrogen atoms take the
form of eq. (2.8a), i.e.

3

n{t =gi <T;iT> 2 e fori= ep,H, (2.25)
ys

where we have included the chemical potentials, which were absent

from the calculations of Section 2.1.2. Assuming p, = 0, chemical

equilibrium of the reaction H+v & p +e implies uy = pp + He.

Considering the ratio

_MH
nenp
then, gets rid of the chemical potentials. Using ge = gp = 2, gy = 4

and neglecting the binding energy By = my, + me — my in the pre-
factor (but not in the exponent), we arrive at

3
2 2 mptme—m
gH (n TH > eJﬁT—H, (2.26)

T memy

eq B geg‘p

(e o
eq meT ’

where we also used the fact that the Universe is not electrically charged
S0 N = ny,. Using the baryon-to-photon ratio n, = :—3, and neglecting
all other nuclei except protons, one arrives at the Saha equation, i.e.

1_Xe
X3

6 Recall that I%) ® %} =10) ®11).

nH

2
ne

(2.28)

2an(3) <27TT) eB?H

2 Me

€q
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Eq. (2.28), which assumes that the relic abundance of electrons is the
equilibrium one, allows to estimate the recombination temperature.
We can define T, as the temperature at which 90 % of the electrons
have combined with protons to form hydrogen (i. e. when X, = 107).
Using By = 13.6€V one finds Tec = 0.3€V. For Ty = 2.7 K, the redshift
of recombination is z. = 1300. Since matter-radiation equality is at
zm-r =~ 3500, recombination occurs in matter dominance.

It is also possible to compute when the photons and electrons (cou-
pled through Compton scattering e~ +vy = e~ +v) stop interacting.
The interaction rate I'. ~ neot (Where ot is the Thomson scattering
cross-section and we take v ~ 1) is decreasing because of recombina-
tion: using eq. (2.28) one sees that it becomes of order of the Hubble
rate at Tgec &~ 0.27 €V, corresponding to zge. ~ 1100.

We conclude this Section with some brief comments:

¢ the Saha equation gives the correct prediction for Ty, but solving
the full Boltzmann equation eq. (2.23) is necessary to compute
correctly the electron fraction after freeze-out;

e the recombination temperature is ~ 102 x smaller than the bind-
ing energy of the hydrogen atom. The reason is that, also if
T < By, there are photons energetic enough to ionize a hydro-
gen atom in the high-frequency tail of the photon distribution.
This effect is amplified by the fact that there are very many
photons for each hydrogen atom (1, ~ 10779);

® Trec and Ty are fairly close. However, solving the full Boltz-
mann equation shows that the free electron fraction has a 10 %
drop from recombination to decoupling. This means that a large
degree of neutrality is necessary for our Universe to become
transparent to photon propagation;

¢ while recombination happens after matter-radiation equality, it
is important to stress that ze. is not deep into matter dominance.
At recombination the ratio g—; is still high enough to leave an ob-
servable signature in the CMB angular power spectrum, through
the early ISW effect [73, §9.2.2].

In this Section we have used the equilibrium distributions to arrive
at the Saha equation. In reality, the distributions deviate from the
Bose-Einstein, Fermi-Dirac and Maxwell-Boltzmann forms: while elec-
trons and ordinary matter are well described by Maxwell-Boltzmann
distributions up to z ~ 10 [45], when electron and protons combine
to form an hydrogen atom, the energy emitted can distort the photon
spectrum. The study of the cosmological recombination lines is a very
rich and promising field of research [74, 75] These spectral distortions
will be investigated in the next Section.
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2.2 CMB BLACK-BODY SPECTRUM

We have seen in Section 2.1.2 that, in kinetic equilibrium with zero
chemical potential, the photon frequency spectrum takes the black-body
form, i.e. (using eq. (2.5) with n, =0 and g, = 2)

CBSE B

I, (E) = 2 ;ﬁ ) (2.29)
where the intensity I, is defined from the relation
+o00 7'(2T4
Py :J dEIL,(E) = ——, (2.30)
0 15

Tem2Hz 'sr! in the

and it is usually plotted in units of ergs™
literature. From now on we will define f?,B(E) to be just (e% -1,
i.e. without the factor g, .

The black-body frequency spectrum is uniquely identified by the
temperature T, with the maximum of the intensity being around
% ~ 58.8 GHzK™! (AmaxT =~ 5.10 mm K). For a black-body spectrum,

besides, the ratio 2 is fixed in terms of T as

Ty

4
Py T
— = . 2.31
ny g 30(3) (231)

What happens if we do a small change in the temperature, T — T =
T+ 6T? The black-body spectrum will change as (defining x = E/T,
with ’% =

- T
1 1 xeX 8T 5T\ 2
BB __ _ _ o °r
ofy e =1 ex—1  (ex—1)2 T +O(T) ’ (232)
so that
AL, x> xe* 5T 5T\?
HFr e rolT) 3
H/_/
=G(x)

where we can call G(x) the spectrum of a temperature shift. However, the
change in the total energy and total number of photons will satisfy
the relation

— —7—=0. (2:34)

This tells us that if we inject some energy in the photon field, but
we are not able to change accordingly the number of photons, the
spectrum will deviate from a black-body. More precisely, the distortion
of eq. (2.32) will not be thermalized.

The goal of this Section is to study in more detail when and how
this happens in our Universe, and which kind of spectral distortions
of the CMB can arise.
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2.2.1  General assumptions

In order to thermalize a distortion, we need to create photons: two pro-
cesses that achieve this are thermal Bremsstrahlung (BR) and double
Compton emission (DC). These processes efficiently create photons
at low energies: it is Compton scattering that redistributes these soft
photons in the high-frequency tail of the spectrum, restoring full
equilibrium.

The relevant epoch for spectral distortions of the photon spectrum
is at z < 2 x 10°: indeed, thermalization was very efficient above this
redshift, and any residual distortion from this epoch will be very small
[45, §3]. Other two assumptions that we are going to make in this
Section are the following:

¢ we are going to neglect the perturbations in the cosmic fluid.
These perturbations are very important for the creation of spectral
distortions (as we will see in Section 3.4), but are negligible when
one wants to study the thermalization process;

¢ the distribution function of electrons, protons and ordinary mat-
ter is assumed to be of the Maxwell-Boltzmann form at one
common temperature T, and with fixed chemical potentials. Up
until recombination, as we have seen in Section 2.1.4, T and T,
are very close, i. e. photons and electrons are in thermal equilib-
rium (actually T, tends to deviate from the photon temperature
T as the Universe expands, in a process called “adiabatic cool-
ing”. This is due to the difference in adiabatic indices of photons
and electrons). After photon decoupling, the energy /momentum
transfer between electrons and other matter is still very fast, and
they share a common temperature T, up to z =~ 10 [45, §3][76,

771
2.2.2  Photon Boltzmann equation

The Boltzmann equation eq. (2.20) for particle number densities that
was used in Section 2.1.4 is a general consequence of the Boltzmann
equation for the distribution function f in phase space. On a FLRW
background, f = f(t, E) evolves as (we drop the subscript y on f, from
now on)

: of
f—H =
dlogE

Clf] . (2:35)

The left-hand side includes the effects of gravity (more precisely, the
effects of the cosmological expansion), while the right-hand side de-
scribes how f varies when particles interact with each other in between
their geodesic motion through spacetime. In absence of collisions, it
is easy to see that, given any function fy(E), the function fo(E x a)
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solves eq. (2.35). This, in turn, can be used to show that temperature
redshifts as a~! for f, given by eq. (2.5) with L = 0.

Taking moments of eq. (2.35) directly yields the continuity equa-
tions for number and energy densities, defined in egs. (2.4a), (2.4b),
with the appropriate source terms describing the heat transfer due to
interactions. In order to describe electrons and baryons this is enough.
In order to study the evolution of photons, instead, one needs the full
equation eq. (2.35), with the appropriate collision terms. Consider for
example Compton scattering, i. e.

e (p)+ylk) = e (p+v(K), (2.36)
whose kinematics is depicted in fig. 2.2. Neglecting the photon polar-
ization (as we are doing throughout), the collision term C[f]|cs reads
(see, e.g., [78])

1
Clfllcs = —— JDp’Dka’ 2r)*s M (p+k—p'—k')
2E(p) P P (2:37)
x IMPF(p,p'y Ko k)
where Dp = %, M is the matrix element of the interaction
eq. (2.36), and the statistical factor is

F(pyp'y Ky k') = fo (p/ )y ()1 +f (1)}
— fe(p)fy ({1 4+, (K')}

with the (1 + f) factors accounting for induced scattering (Pauli-
blocking has been dropped).

(2.38)

k)

FIGURE 2.2: Scattering angles for e (p) +y(k) = e (p’) +v(k').

In the early Universe, photons undergo many interactions with
free electrons. The most important processes are Compton scatter-
ing, Bremsstrahlung and double Compton scattering.” Among these,
Compton scattering is efficient (and the fastest) for most times, while
BR and DC are especially important before z ~ 5 x 10%.

7 Notice that there can also be non-standard processes (e. g. decaying particles) that
add a photon source term.
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Compton scattering and Kompaneets equation

We start by studying the kinematics of Compton scattering, using the
conventions of fig. 2.2 for the scattering angles. Energy and momentum
conservation implies that the photon energy changes by a factor

| 1—Bp
i - )
E 1 —Bu + 55 (1 —cos©)

(2:39)

where the 3 and vy factors of the electron have their usual Special
Relativity definition, and we have defined p = cosa, p’ = cos«’.
There are two interesting regimes:

¢ if 3 =0, we are in the recoil-dominated regime. For E <« m,, the
photon energy shift becomes

E’ E
T 1— H“ —cosO) . (2.40)

Therefore we see that, averaging over angles, the fractional en-
ergy decrease is

AE'\ E (200
E @N me 4

«if 0 < p < 1and E < m, so that B > —E-, we are in the
Doppler-dominated regime. In this limit, one can approximate

the energy shift as

BN T1-Br

/ 2 / /
fN]_Bu,ﬂ—B(u—u)—B(u—u)u, (2.42)
so that
AE/ 2
< = >®w63 (2.43)

Averaging over the electron velocity distribution, which is as-
sumed to be of the Maxwell-Boltzmann form, the fractional
energy gain is proportional to

AE’> Te
~—=0,. 2.
< E oy me (2.44)

A more careful analysis, which takes into account the angular
dependence of the scattering cross-section, i.e. (in the Thomson
limit)

!/

do 3ot 5 AE
d—Qwﬁ(1+cos 0) for[3<<1,?<<1 , (2.45)

gives an average fractional energy gain due to Doppler boosting
equal to 46..
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These limits prove useful to understand the terms appearing on the
right-hand side of the Kompaneets equation for the evolution of f [79],
ie.

of
ot

0. 0 [ 4] Of
~ — f(14+f
cs X%axe{xe[aXeJr(jL)}}

(2.46)
_ 9 0 {x“[aerTf(]Jrf)]} .

~ x20x x| Te

The ~ sign is present in eq. (2.46) because it is obtained from egs. (2.35),
(2.37) by stopping at second order in an expansion in <ATE'>®) s (Where
the average is taken over the scattering cross-section and the electron
velocity distribution),® and assuming that the photon distribution does

not have sharp features [79, 81]. In eq. (2.46) we have defined

Xe:E> (2.47a)
dt = ornedt, (2.47b)

where 1(t) is the optical depth. If we write T = Ty (1 + z), where Ty is
the current temperature of the CMB (Ty = 2.7255K [11]), we see that
switching from (%, ﬁ) to (%, aa—x) absorbs the redshift term of

eq. (2.35). Besides, we see that:

¢ the second term in the curly brackets is the Doppler boosting
term. It describes the diffusion of photons in energy due to the
Doppler effect and thus depends on the electron temperature, as
it is shown in eq. (2.44);

¢ the first term, instead, describes the downward scattering of
photons due to the recoil effect of eq. (2.41), with the (1 + f)
factor accounting for Bose-enhancement/stimulated recoil.

Taking moments of the Kompaneets equation, we can derive equa-
tions for the evolution of the photon energy density and number
density. Since Compton scattering conserves the number of photons,
we expect that d(gifs) = 0. Indeed, the integral of the right-hand side
of eq. (2.46) with respect to dxx? vanishes. The integral over dxx3,
instead, is not zero, but gives the evolution equation for p,, i.e.

9py

Te!
~4 1 — — .
P, eepy( i ) , (2.48)

cs

with the Compton equilibrium temperature defined by

T [5° dxx* f(1+1)
4[5 dxx3f

Tl (2.49)

This assumption does not hold if electrons are hot, since the change in the energy of
the photon after the scattering will not be small. This happens, e. g., when one studies
the Sunyaev-Zeldovich effect in very hot clusters [80]: we refer to Section 2.3.2 for
details.
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Electrons are heated (cooled) and photons lose (gain) energy if T, <
Ted (Te > Ted). Since Te? and T are not very far from each other (they
are actually the same if f has the black-body form), one can see that the
ratio Tle controls the energy exchange between electrons and photons:
if T is lower than T, there can be a cooling of the photon gas. We will
encounter this effect in the next Sections, under the name of adiabatic
cooling. Finally, we note that the time-scale of energy transfer from
electrons to photons is te, = (40tme0.) ", which is smaller than an
Hubble time up to z ~ 5 x 10%. At this point, Comptonization becomes
inefficient and the shape of the CMB spectral distortion changes: we
will see this in more detail in Section 2.3.3.

Bremsstrahlung and double Compton scattering

Bremsstrahlung and double Compton scattering are, respectively, the
lowest order radiative corrections to Coulomb and Compton scattering
where the photon number changes. For Bremsstrahlung, one needs
to worry mainly on electron-ion processes, since the e™ + e~ — e~ +
e~ +7 interaction is inefficient at the redshifts of interest [82]. Their
collision terms are given by

of Kgre™*e

Fel BRT{] —(eX—=1)f}, (2.50a)
BR e

of Kpre 2%

3l B‘; {1—(eX = 1)f}, (2.50b)
DC

where Kgr and Kpc are z- and E-dependent functions, whose expres-
sion can be found in [45, §1, §2]. We refer to, respectively, [83] and [12]
for a derivation: here we note that they can be approximated by

- Q 2
Kpr ~ 1.4 x 107° <ge(f)f> (0.822)“ —i—z)*% , (2.51a)
3
Kpc ~ %aez ~1.7x1072°(14+2)%, (2.51b)

where 6 = mi, o is the fine-structure constant, Jef is the BR thermally

averaged “Gaeunt factor” [83], which encodes the details of the electron-
ion interaction, and eq. (2.51b) is valid in the limit that the scattering
photon in the e~ +y — e~ +y + v interaction does not lead to a large
recoil of the electron. Comparing eq. (2.51a) and eq. (2.51b) shows
that, while Bremsstrahlung is more efficient in the past, the bulk of the
thermalization process is controlled by double Compton scattering,
which becomes more important than Bremsstrahlung emission around
z~ 3.7 x10° [9].
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2.2.3  Final set of evolution equations

Egs. (2.46), (2.50) give the final evolution equation for the photon
distribution function, which we can write as

of 0.0 [ 4[0f T
o= e S D (14 f
ot xzax{x [ax+Te (+ )H

Kgre ¢  Kgre %*
+{1—(e"e—1)f}< Biz + BRX3 >+S(T,X),

(2.52)

where we have added explicitly a photon source term, which can arise
in non-standard models (e. g. one could consider some dark matter
particle decaying into photons): it adds both energy and photons to
the photon field. From eq. (2.52) we also see that, when DC and BR
dominate, the equilibrium (% = 0) distribution is driven towards the
black-body form at a temperature Te.

Eq. (2.52) needs to be complemented by an evolution equation for
the electron temperature (or, equivalently, the electron energy density).
While the photon temperature scales as a~!, the adiabatic index of
electrons is ye = 5/3 (as for a monoatomic ideal gas). Therefore, the
perfect gas law, for pe = neTe, gives Te V1=Ye = q—2. For this
reason, an useful quantity to track is the ratio r. = %: its evolution
equation reads [45, §3.4]

Teo 24 Wr g o
T oan0orne  ogyMe
H . 40 (Hpr +9ch)r

- e
OTTMe XphMe

(2.53)

e

where o = %(ne + Ny + Nne) is the heat capacity of the medium
and Q is the electron heating term, i. e. the equivalent of the photon
source term S. The BR and DC heating terms, Hgr and Hpc, can be
computed by taking the appropriate moments of eq. (2.52). The second
and third terms on the right-hand side of eq. (2.53) show how the
expansion tends to drive T, o a=2, while Compton scattering tends
to bring T, close to Te! ~ T.

The above evolution equations can be solved numerically: a great
simplification occurs if one expands the photon distribution function
in small perturbations around the black-body form. In this way, as
usual with linearized equations, a Green’s function method can be
used to solve egs. (2.52), (2.53) for arbitrary source terms S and Q (the
go-to code being CosmoTherm). In the next Sections we will see, instead,
in which limits some analytical results for f can be obtained.

2.3 Y- AND U-DISTORTIONS

In this Section, we discuss some analytic approximations for the
spectral distortions caused by early energy release. We start by intro-
ducing the Compton-y and p-distortions, which are the classic types
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of distortions first studied in [7, 80]. In the so-called y-distortion era,
z <5x 10% DC and BR emission and photon transport from low to
high frequencies are already inefficient, so that at high frequencies the
distortion shape is purely determined by Compton scattering. In con-
trast, during the p-era (5 x 10* < z < 2 x 10°), thermalization works
very well and the amplitude of the distortion evolves significantly.
The distortion visibility functions will describe how efficiently these
distortions are thermalized, and which fraction of the energy released
in the plasma actually ends up modifying the black-body spectrum.

2.3.1 y-distortions

As we have seen in Section 2.2.2, more precisely when we derived
eq. (2.48), the energy exchange between photons and electrons due to
Compton scattering, along with the redistribution of photons in energy,
becomes inefficient around z ~ 5 x 10%. If we neglect Bremsstrahlung
and double Compton scattering in eq. (2.52), since at these redshifts
DC is not fast enough with respect to the Thomson rate t1 = (orne) ™!
and BR is a subleading correction until recombination [45, §4.4], the
evolution of f will be dictated by the Kompaneets equation eq. (2.46)
only.

Suppose that we start with at T = 0 with a black-body spectrum. If
we evolve the distribution for a small time &7, the distribution will
change as

ex —1

=Ysz(x)

5 ~ (e(,,—e)e(x){xex+1 —4} 5t (2.54)

where the parameter y, defined as

y= J dt’(6. —0), (255)
0

determines the time-scale over which the approximation of eq. (2.54)
holds. y measures the energy transfer between photons and electrons.
Indeed, integrating eq. (2.54) against dxx> shows that ép% = 4y
therefore, the Compton y-distortion arises in the limit of inefficient
energy exchange between electrons and photons. This distortion of
the CMB was first studied in [80], and then applied to hot electrons
residing inside the potential wells of clusters of galaxies, giving rise
to the Sunyaev-Zeldovich (SZ) effect, which we discuss briefly in the
next Section. The shape of the y-distortion, defined in eq. (2.54) as
Ysz(x) = (x coth 5 — 4) G(x), is shown in fig. 2.3.

Notice that the integral of eq. (2.54) against dxx? vanishes, as it is expected since
Compton scattering does not change the number of photons.
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2.3.2  Sunyaev-Zeldovich effect

The CMB spectrum acquires a y-distortion when photons travel
through clusters of galaxies. These are the largest virialized objects in
our Universe, with typical masses 10'3Mg <M < 10'*M,,, contain-
ing up to ~ 103 galaxies. They also host a hot plasma with free elec-
trons at temperature T = O(keV) at typical densities ne ~ 1073 cm 3.
The hot electrons, then, can scatter CMB photons and distort their
spectrum, in a process called thermal Sunyaev-Zeldovich (t5Z) effect.
The typical y-parameter of massive clusters is of order 107> = 10~%.

Before proceeding, we note that the assumptions of this Section are
inadequate to accurately compute the distortions due to the thermal SZ
effect. Indeed, the electrons inside clusters can have thermal velocities
up to O(10~1): in this case, relativistic corrections become important
and the Kompaneets equation loses its validity. Besides, if the cluster is
moving with respect to the CMB, there will be an additional Doppler
shift in the CMB temperature towards the cluster. This shift is of
purely kinematical origin: for this reason the effect is called kinematic
Sunyaev-Zeldovich (kSZ) effect.

2.3.3 u-distortions

In the regime where the parameter y of eq. (2.55) is much larger
than 1, energy exchange is very efficient and the photon distribution
tends towards % = 0. Solving the Kompaneets equation under this
assumption gives

1

= 7exe+},l.o — 1 y (256)

i.e. a Bose-Einstein distribution at a temperature T., with dimension-
less chemical potential pp. In the rest of this work we will use the
above definition of chemical potential, related to that of eq. (2.5) by

_ (M
Hhere T

The solution with puy < 0 is unphysical, because x, + o could vanish
for some positive frequency x. o > 0: what would happen, instead, is
that the photons would form a Bose-Einstein condensate at x, = 0,
with pp = 0 elsewhere [84, 85]. In a real plasma, actually, BR and DC
emission will prevent even this from happening [8, 86].

How can we fix the constant 1p? Suppose to start with a black-body
spectrum for photons, and electrons at Te = T = T ;. If we change the
number and energy density of the photon field as

(2.57)

there

Py,f = py,i(] +€p) (2.58a)
ny,f = n‘y,i(] + en) ) (258b)
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and wait until the distribution function has reached the Bose-Einstein
equilibrium form, it is possible to relate the final electron temperature
Te s = Te i + 6T and the chemical potential g to €, and €y,. Assuming
small deviations po < 1, 8Te < Te ;, the solution is

ST, — 540{¢(3)Pen —7r6ep
¢ 4{mt —480(¢(3)13)
3n*(3)(4en — 3e,) N
o= T 4801 3)13)

~ —0.5185€, + 0.638%¢, ,  (2.59a)

—1.866€,, +1.401¢, . (2.59b)

From eq. (2.59b) we see that for €, = %en we have no distortion, as
we have already seen in eq. (2.34): in this case, only the temperature of
the black-body spectrum is increased after scattering has redistributed
all photons.

Suppose now that we are given some frequency spectrum, to which
we want to fit some spectral dependence.’® More precisely, we assume
that we want to fit a small distortion from a black-body. How do we
define the p-distortion shape? Expanding eq. (2.56) for small gy gives

1 G(xe)

_ 2
Rl TOR (2.60)

f=

suggesting that we fit a u-distortion using the shape M(x) = — Gi")

(see fig. 2.3). However, recalling that Compton scattering conserves
the number of photons, a better definition turns out to be

w3 ? 1
M (X)_KC{G(X)<]8C(3)_X>} , (2.61)

where, following [45, §4.2.2], we defined

3 9t (3)

< = 6 8103 ~ 1.401 . (2.62)
In this way, the integral of M*(x) over dx x? vanishes (as it does the
integral of Ysz for the y-distortion), and the relative change of the
photon energy density is normalized to 1. In the rest of this Section,
however, we will use the definition of 1y which derives from eq. (2.60)
for analytical calculations (using the fact that at linear order in po
we can drop the difference between x. and x): the matching with
eq. (2.61) is straightforward. We refer to fig. 2.3 for a plot of the black-
body, temperature shift, y-distortion and p-distortion shapes of the
photon frequency spectrum. The plot shows that the important feature
of a p-distortion is that it is shifted towards lower frequencies with
respect to the y-distortion. This makes it distinguishable from G(x)
and Ysz(x), so that observing a p-distortion is a clear indication for
a signal created in the pre-recombination era, deep into the thermal
history of our Universe.

10 This is exactly what happens when analyzing CMB data: see Appendix A for details.
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F1GURE 2.3: This plot shows the black-body, G, Y5z and M* shapes of the

photon frequency spectrum, i.e. I, (v) = 2}6‘3’3 fy (v), where

fy (x) are the occupation numbers of egs. (2.29), (2.33), (2.54),
(2.61). The dimensionless amplitudes of these spectra must be
fitted to data. We plot the intensities as functions of frequency
for T = 2.7255K.

2.3.4 Distortion visibility functions

The picture that arises from Sections 2.3.1 and 2.3.3 is the following:
given a small energy increase €, and/or small photon production €,
the CMB spectrum will be distorted according to

510 = 8 Yz + { (el - ()

M(x) ,
u} ) (2.63)

i

=po

where the subscripts indicate that the energy release and photon
production happen during the “p-era” (5 x 10* < z < 2 x 10°) or the
“y-era” (z < 5 x 10%). Two aspects are missing from this analysis:

* we have not included photon production (i. e. Bremsstrahlung
and double Compton scattering) into the picture but assumed
that only Compton scattering changes the photon field. This will
be mostly relevant for the evolution of u-distortions, since not
all energy release or photon production eventually is visible as
a distortion. That is, the distortion visibility function is smaller
than unity because thermalization reduces the effective amount
of energy release that survives as a distortion. This is implicitly
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2.3 Yy- AND U-DISTORTIONS

hidden in the definition of (e,)[, and (e )|. of eq. (2.63), and is
mainly relevant for the p-distortion, when BR and DC can still
create soft photons and affect the photon number density;

¢ the second point is that the transition between the u- and the
y-era is not abrupt, but occurs over a range of redshifts. In
the intermediate regime the distortion is not only given by the
superposition of p- and y-distortion, but has a much richer
spectral dependence.

In this Section we will study in more detail how the p-distortion
visibility function is defined and computed, referring to [12, 87, 88]
for details about the computation of the residual distortions from the
u-y transition.

Assuming that the only relevant distortion is of the u-type, from
egs. (2.59b), (2.62) we can see that

dpo idlog(pya“) _ idlog(nycﬁ)

dt ke dt KC dt ’ (2.64)

Therefore, it is necessary to compute the energy release and photon
production terms from the Boltzmann equation, eq. (2.52).

Regarding the first term on the right-hand side of eq. (2.64), one can
show that BR and DC contributions cancel with the energy exchange
from Compton scattering, eq. (2.48) once the equilibrium temperature
is computed correctly [89]: therefore, one only needs to consider the
electron heating term Q3, i.e.

dlog(pya®) N Q:

g o (2.65)

where Q? is different from Q in eq. (2.53) because it includes also the
contribution from adiabatic cooling of electrons [12, 89].

The photon production term %ﬁyas) is more complicated. We
know that at low frequencies the CMB spectrum is pushed into equi-
librium with the electrons, so that it is best to describe the distortion
with respect to a black-body at the electron temperature plus a small
u-type distortion, as in eq. (2.60): since we are working at linear order
in the distortions from a black-body, we can neglect the difference

between the electron temperature and the photon temperature in

Glxe) G(x)
“xe  © THO——

of = —po

If we now integrate eq. (2.52) against dx x> assuming the distribution
function to be a black-body plus a small p-type perturbation, we find
a diverging answer unless the chemical potential is a function of
frequency, and vanishes faster than —l(fzx for x — 0. The reason
is that, at small frequencies, Bremsstrahlung and double Compton
emission can still create photons, so the assumption of a constant,
non-zero chemical potential is incorrect in the Rayleigh-Jeans region

[7]. In order to compute its spectral dependence, one needs to look
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at the full Boltzmann equation. A simplification arises from the fact
that, since we are interested in small frequencies only, we can expand
eq. (2.52) for x — 0. Calling A(T,x) = Kgr + Kpce ™%, the stationary
solution for the chemical potential must satisfy

dezp Zdu A(T,x)
dx? dx x20

=0. (2.66)

The BR and DC emission coefficients are only weakly dependent on
frequency for x < 1. We can thus replace A(T,x) ~ x20, where the
critical frequency x. can be determined numerically. Eq. (2.66), then,
takes the form

d d x2
dx(xzdt> —szu:o , (2.67)

7XC(T)

which has the simple solution p(t,x) = po(t)e™ x .**
Using this approximate solution, the photon production term in
eq. (2.64) takes the form

dlog(nya3) %0
dr ~2¢(3)

wo(T) (2.68)

so that eq. (2.64) becomes

o _3Q: 2x0
dr k< py KCC(B)uO

(2.69)

Assuming that the chemical potential vanishes at early times, only
the inhomogeneous solution survives. If we define the thermalization
optical depth T,,(z) as

2 S X0
") = g |y i e (270

the solution reads

3 [too Q* ef{ﬂrp(z’)fﬂru(z)}
tole) == |z’ 0

KC Py (1+z)H
2.71
%SJ 4z’ d(Qz/py) e—{Tu(z)—Tu(2)} &7
K¢ Jo dz’ %/_/
Egu(Z’,Z)

The function J,,(z’,z) is the spectral distortion visibility function be-
tween the heating redshift z’ and z. It determines the fraction of
energy injected at z’ that is still visible as a distortion at z. For
Ju(z',z) = 1, most of the energy is still stored in the distortion, while

One can see that at z ~ 2 x 10°, when photon transport from Compton scattering
becomes inefficient and gy becomes for all practical purposes time-independent, the
critical frequency is xc =~ 5 x 1072, corresponding to v ~ 3 GHz (which is outside of
the coverage of current (Planck) and proposed (PIXIE) experiments).
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FIGURE 2.4: Formation of primordial distortions. At low redshifts (z <
zx =5 x 10%),a y-distortion is formed with distortion visibility
close to unity, while at high redshifts a p-distortion appears.
The energy release has to be weighted with the p-distortion
visibility function which drops exponentially at zpc = 2 x 10°
(leading to a pure temperature shift A1), and is basically equal
to T at z~ 2 x 10° (i. e. the redshift at which photon transport
from low to high frequencies by Compton scattering becomes
inefficient).

for J,.(z’,z) < 1, most of the energy was thermalized and converted
into a temperature shift. For redshifts above the Comptonization red-
shift zg = 5 x 104, where the distortion is of the p-shape, the visibility
function g (z’,0) can be approximated as [9, 10, 90]

, 5
Ju(z',0) = e (#/zc)2 | (2.72)

where the DC thermalization redshift is given by [90]

2 1 2
QuR2\ 5/ To \S[/1-Yp/2\ B
=1. 6 P .
zpc = 1.98 10 <o.ozz> <2.7255K> ( 0.88 » (273)

with Y, being the *He number density fraction. Such result includes
only DC emission in the computation of the thermalization optical
depth. Indeed, it is double Compton scattering, and not Bremsstrah-
lung, that controls the bulk of the thermalization process: we refer to
[45, §4.5.2] for details.”* We can extend this formalism below zx in a
straightforward way: after Compton scattering becomes inefficient, the
distortions do not thermalize, and the energy release goes completely

12 More precisely, see fig. 4.9.
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into a y-distortion. The resulting correction to the CMB black-body
occupation number, at redshift z = 0, reads

|5(x) = yYsz(x) + LoM(x) + ATG(x) , (2.74)
where (see also fig. 2.4)
T d(Q¢/py)
y=g) =T em ), (2752)
3 (7, d(Qi/py)
to = | 4= Ty 000z (2.75b)
1 +o0 d *
sr=g| T a g c00e-a. @750
4 0 dz
In this Chapter we already discussed some sources of % that

can lead to a distortion of the CMB spectrum. The adiabatic cooling
effect, introduced in Section 2.2.2, takes the form [12, 86]

d(Q%/py)

dz

_ A5{2nn(z) +3npe(z)}
N 2m2(142)T3 ’

ac

where we see that it leads to a negative spectral distortion because
energy is extracted from the photon field in order to keep electrons
at Te = T. There are other sources of distortions, like the Sunyaev-
Zeldovich effect, the contribution from recombination,’ and possibly
the effect of annihilating or decaying dark matter particles (see, e. g.,
[12]). In the next Chapters, we are going to be mostly dealing with
another effect, i. e. the spectral distortions coming from Silk damping
of acoustic waves in the photon-electron-baryon fluid. This effect is a
probe of inflationary perturbations at very small scales. In order to see
this, we have to depart from the assumption of a FLRW background
and add some perturbations to the metric and to matter: this will be
the topic of the next Chapters.

13 Photons emitted by atoms during the recombination process will distort the CMB

spectrum at specific frequencies, corresponding to the recombination lines: we refer
to [91], and references therein, for details.
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So far, we have treated the spacetime as perfectly homogeneous and
isotropic. To understand the formation and evolution of large-scale
structures, we have to introduce inhomogeneities. As long as these per-
turbations remain relatively small, we can treat them in perturbation
theory. This allows to expand the Einstein equations order-by-order in
perturbations of the metric and the stress-energy tensor.

The Chapter is based mainly on [44, §4, §5][92] (for the treatment
of CMB anisotropies) and [20, 93] (for the calculation of p-distortions
anisotropies). The Arnowitt-Deser-Misner (ADM) formalism used to
obtain the perturbed Einstein and matter equations is reviewed in
Appendix B: for further details we refer to [55, §10, §E][56, §21][94].

3.1 NEWTONIAN PERTURBATION THEORY

In order to gain some intuition, one can start from Newtonian per-
turbation theory. Indeed, on scales well inside the Hubble radius and
for non-relativistic matter (e.g. cold dark matter and baryons after
decoupling), Newtonian gravity is a good approximation of General
Relativity.

3.1.1 Static spacetime

Consider a non-relativistic fluid with mass density p, pressure p <
p and velocity u. The equations of motion are obtained simply by
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3.1 NEWTONIAN PERTURBATION THEORY

imposing mass and momentum conservation: in absence of external
forces (i.e. for zero pressure) these would just be

P+ ai(pui) =0 ) (3.1&)
Diu=0, (3.1b)

where the convective derivative Dy = 0 + u'd; measures how the
fluid velocity and the fluid mass density change along the trajectory
of a given fluid element. Expanding egs. (3.1), and adding a non-zero
pressure gradient as an external force, gives the continuity and Euler
equations, i.e.

p+utdip=0, (3-2a)
0ip

w4+ ajui =— —0;D . (3.2b)
The gravitational potential @ is determined by the Poisson equation,
which reads as

%0 = P

= w . (3-3)

Expanding all the dynamical variables X in small perturbations
8X around a background X, it is easy to see that p = const., p =
const., 1 = 0 and ® = 0 are a solution for the background, while the
perturbations must satisfy the equations

00p _ :
2t —pojut, (3-4a)
put = —3;8p — poi D (3.4b)
op
P

Combining the time derivative of eq. (3.4a) with the divergence of
eq. (3.4b)," one can arrive at a system of two partial differential equa-
tions for dp and the gravitational potential, i.e.

azép _
a2 c20%5p = po* @, (3-52)
op
2D 5b
M2 (3-5b)

In order to obtain eq. (3.5a), we assumed an equation of state for
the fluid. This means that in the rest frame of the fluid it is possible
to write p as a function of p: the speed of sound cZ, then, is just the

functional derivative g—g. Because of the symmetries of the background,

cZ is a constant in a static spacetime, while it can only depend on time

when H # 0.

As we will see in Section 3.3.1, this procedure allows to obtain a closed equation for
5p and @ only on sub-Hubble scales.
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3.1 NEWTONIAN PERTURBATION THEORY

It is a trivial step to plug eq. (3.5b) in eq. (3.5a), to arrive at a
(sourced) wave equation for dp. Being a linear PDE, such equation can
be solved by going to Fourier space: the solution for dpy is given by a
superposition of plane waves, with frequency w(k) equal to

2 2,2 p
k) =cikc—— . .6
w*(k) = ¢g IM2 (3.6)
Therefore, we see that for wavelengths shorter than the Jeans length,

defined as

p
2c2M2

ki = (3-7)

matter perturbations oscillate, while on large scales (k < kj) they grow
exponentially.

3.1.2 Expanding spacetime

In an expanding space, Xphys. = a(t)x (Xpnys. being the physical co-
ordinates and x being the comoving coordinates), egs. (3.1) will still
hold when written in terms of Xphys.. Therefore, when we switch to co-
moving coordinates, they become (up to linear order in perturbations)

0 ; di{p(Hax! + v
%0 Hxidip+ p(Hax? + V1)) 0, (3.8a)
ot a
; ; oip 0:®d
VU HV = s - .8b
v+ Hv ap a (3.8b)
The Poisson equation, instead, simply becomes
2
asp
D =_—7> . .
M2 (3.9)

In the above equations, spatial derivatives are with respect to x, and
the peculiar velocity v (which starts at first order in perturbations) is
related to u by

u= Xphys. = prhys‘ TV, (3'10)

where Hxppys. is the Hubble flow.
At zeroth order in perturbations, assuming p = 0 for non-relativistic
matter, the mass density simply evolves as p o< a~3. If we introduce the

density contrast & = %‘), it is straightforward to see that the first-order
equations become

. vt

0=— 2} , (3.112)

i - 0id 0;D
Vi Hyt = - BT (3.11b)
ap a
2=
2o =2 p (3.110)

S O2ME

68



3.1 NEWTONIAN PERTURBATION THEORY

Eq. (3.11b) confirms that, in absence of pressure or gravitational per-
turbations, peculiar velocities decay as a~' with the expansion of the
universe.

Now, as we did in Section 3.1.1, we can combine eq. (3.11c), the time
derivative of eq. (3.11a), and the divergence of eq. (3.11b) to arrive at
a single equation for the fractional density perturbation 6. Assuming,
as before, a speed of sound c? relating 5p and &p, we see that the
equation governing the evolution of § is

272 =
.. . C50%6 pod
S4+2H — =2 —— = —— . (3.12)
a? 2M3

This implies the same Jeans length as in eq. (3.7), but unlike the case
of a static spacetime, it now depends on time because p and c? are
not forced to be constants. Compared to egs. (3.5), the equation of
motion in the expanding spacetime includes a friction term « Hb.
This has two effects: Below the Jeans length, the fluctuations oscillate
with decreasing amplitude. Above the Jeans length, the fluctuations
experience power-law growth, rather than the exponential growth we
found in Section 3.1.1.

The above equation for & can be used to follow the evolution of
matter perturbations (8,) inside the Hubble radius (with the caveat
that the right-hand side of eq. (3.12) must be replaced with a sum over
all the gravitating matter species, since it originally derives from the
Poisson equation for ®). We will then solve it, focusing separately on
the radiation-dominated, matter-dominated and A-dominated epochs.
Besides, we will neglect small effects due to baryons (that will be
considered in Section 3.3.1), so that 8;, = 8cqm, for which ¢2 = 0.
Finally, we assume adiabatic perturbations: as we will see in Section
3.2.4, this implies that all matter species 1 satisfy

5§
1+Wi N 1+W]'

Vij. (3-13)

Therefore, for wi = O(1), all 8; are comparable and the total density
perturbation, that sources ®, is dominated by the species that is
dominant in the background.

Radiation dominance

As we will see in more detail in 3.3.1, radiation fluctuations on scales
smaller than the Hubble radius oscillate as sound waves (supported
by large radiation pressure) and their time-averaged density contrast
vanishes [95]. Therefore, assuming adiabatic perturbations, the mat-
ter density contrast during radiation dominance satisfies the simple
equation (recalling that the speed of sound is zero)

dm +2H6,, =0 . (3.14)
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Using H = 5. during the radiation-dominated epoch, we see that the
growing mode solution of eq. (3.14) is om o< logt ~ log a. We see that
the rapid expansion due to the effectively unclustered radiation makes
the growth of 8, only logarithmic.

Matter dominance

During the matter-dominated epoch, using H = % and p = 3M3H? ~
Pm, €q. (3.12) becomes
" 46y  20m
dm+———=5 =0. .
mt e T 30 (3-15)
With a power-law ansatz, d,, o< tP, it is easy to see that the growing
mode solution of eq. (3.15) has p = 2. Therefore, we see that during

matter domination the dark matter fluctuations grow proportionally
to the scale factor.

A dominance

If dark energy is a cosmological constant, it will not cluster (5 =
0): therefore, for adiabatic perturbations, during A dominance the
evolution equation for 0, on sub-Hubble scales will be the again given
by eq. (3.14), but with a different Hubble rate H. Indeed, H = const.
for a cosmological constant, so it is easy to see that the growing mode
solution for o, will just be &, = const.: density perturbations stop to
grow once dark energy starts to dominate.

These three results can be combined under the form of a “trans-
fer function”, T(z, k), which describes how the primordial perturba-
tions set up by inflation are post-processed: schematically, dm(z, k) =
T(z,k)0m(+00,k). The transfer function T(z,k) depends only on the
magnitude k and not on the direction of k, because the perturba-
tions are evolving on a homogeneous and isotropic background. The
square of the Fourier mode dm(z,k), that defines the matter power
spectrum, will then be proportional to T?(z, k). We will not investigate
this further in this Section, and refer to [44, §5][96, §7] for details.

3.2 RELATIVISTIC PERTURBATION THEORY

The Newtonian treatment of cosmological perturbations is inadequate
on scales larger than the Hubble radius, and for relativistic fluids
(like photons and neutrinos): the correct description of perturbations
requires General Relativity. In this Section we will describe how one
can derive the relativistic equations for a perfect fluid coupled to
gravity (referring to Appendix B for the mathematical details), discuss
briefly the gauge problem of cosmological perturbation theory (see
[97] and references therein), and conclude with an explanation of the
difference between adiabatic and isocurvature initial conditions.
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3.2.1 Einstein and fluid equations

We will consider fluids interacting only through gravity. Therefore
their energy-momentum tensors will be separately conserved. We can
then focus on a single fluid plus gravity: the generalization of the equa-
tions to the case of multiple fluids is straightforward. Furthermore,
until we arrive at Section 3.3.1, we will consider only perfect fluids.
Calling U* the velocity of energy and particle transport, satisfying
U, U* = —1, the stress-energy tensor T*Y and number density current
NH take the form

N* =nU* | (3.16a)
™ = (p+p)UrUY +pg"” . (3.16b)

Since the universe admits a foliation in terms of a “cosmic time”
coordinate t and corresponding spacelike hypersurfaces £, an ADM
decomposition of the metric is useful. The normal n* to the hypersur-
faces of constant t will have components

n® = = (3.17)

nt=——, (3.17b)

where N and N are, respectively, the lapse function and the shift
vector (not to be confused with the spatial components of the number
density current). The spacetime interval ds? is decomposed as

ds? = —N2dt? + hy; (dx* + Nidt)(dx) +Nldt) (3.18)

with hyyv = guv + nuny being the metric on the hypersurfaces .
Using egs. (3.17), (3.18) it is straightforward to see that nyn* = —1.
The three-metric hy and the normal one-form n, allow to write
down a “3 + 1”7 decomposition of all tensorial quantities. For our
purposes it will be useful to decompose the fluid four-velocity U* as

UM = y(n* +4) (3.19)
where nv* = 0. The normalization condition for U" implies that

1

Vi’ )
where v2 = h,, v*vY. Since we assume that V" = 0 (peculiar velocities

decay anyway), we see that y = O(2). From eq. (3.19) one can project
the conservations of the stress-energy tensor and of the number density
current along n* and orthogonal to it: these will yield the relativistic
form of the fluid equations (energy, momentum and particle number
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conservation). We refer to Appendix B for details on how to derive
these equations.

The system of fluid equations must be supplemented by the Einstein
equations, eq. (1.26). It is possible to write an ADM decomposition
of these as well. Since the Einstein tensors has two (symmetric) slots,
there are three possibilities, that we call |||, || L and L L:

e the projection of both indices along the normal vector n* (||||)
gives the lapse constraint;

¢ the projection of one index along n", and the other orthogonal
to it (|| L), gives the shift constraint;

¢ the projection of both indices on the hypersurfaces of constant
time (LL) gives the dynamical Einstein equations. These can
be further decomposed in a trace part, a trace-free part and a
“curl” part. The first two are obtained just by tracing G*¥ with
h,v, and by subtracting M to h*,hYGP?, while the
latter can be defined through the volume element ¢, ,,n° on
2. We refer to [58, §A.1] for details: in any case, we will see that
it is not necessary to consider the curl part of the L | Einstein

equations if we work with scalar perturbations only.

We again refer to Appendix B for details on how to decompose the
Einstein equations in the 3 + 1 formalism: in the next Section we will
instead discuss the gauge freedom that is available in choosing the
foliation and the coordinates on the surfaces of constant time.

3.2.2  Gauge freedom and gauge fixing

Given a foliation t of spacetime, with coordinates x! on Z;, we have
still the freedom of choosing another one simply by redefining t =
t’ 4 5t(t’,x’). As long as 6t is small, the new time coordinate will still
be future-directed and timelike, and then will define a new foliation
of the manifold. On top of this freedom, we can choose whatever
coordinate system we want on the hypersurfaces of constant time.
This is nothing but the coordinate freedom of General Relativity.

For example, consider a fluid with four-velocity U* that satisfies
U, ViU, = 0: the Frobenius theorem implies that U" is (at least
locally) hypersurface-orthogonal [55, §B.3], i. e. that there exist a func-
tion t such that U, o 9,t.> It is then possible to choose t as a time
coordinate (so that U,, o< 63), write the four-dimensional metric in the

We notice that the condition of hypersurface orthogonality implies that the vorticity
Wy = h[u"vpuv] is equal to zero (the converse is not true, in general [55, §9.2]:
zero vorticity implies that U* is hypersurface-orthogonal only if the four-acceleration
UVvV,UH* vanishes). Indeed, it is possible to show that a barotropic fluid without
vorticity can always be described by a derivatively coupled scalar field ¢ [98].
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form of eq. (3.18), and use the remaining freedom in the choice of the
spatial coordinates on Z; to write hy; as

hij = a?e?“(eY)yj , (3-21)

where the matrix yj; is transverse and traceless, i.e. yi; = 0, 9;yij = 0.

A different coordinate system that one can choose is Newtonian
gauge. At linear order in perturbations, we can use the freedom of
redefining the spatial coordinates to put hy; in the form

hij = (12(] —2‘1’)61) y (3.22)

where we have dropped the tensor modes vij. Then, considering only
scalar modes, it is possible to do a time redefinition that puts go; to 0.
After these coordinate changes the metric takes the form

ds? = —(1+2®)dt* + a?(1 —2¥)d;dx dx . (3.23)
Before proceeding, we stress the following points:

e if we consider also vector modes, go; will not be zero. However,
goi is not a dynamical variable, and will be constrained to zero
if the peculiar velocity v* has only a longitudinal component
(i.e. if vt = 9;v). This is ensured by the scalar-vector-tensor
(SVT) decomposition theorem, that ensures that perturbations
of different helicities do not mix at linear order in perturbation

theory [99, §B.2];

¢ in Newtonian gauge, the coordinate time is not the same as the
one in the comoving gauge of eq. (3.21), since now U, will not be
proportional to 6‘& (equivalently, v' is not zero in this gauge).

As it is the case for all gauge theories, one must be careful to
isolate physical perturbations from fictitious gauge modes: in this
respect, gauge-invariant variables play a central role. At linear order
in perturbation theory, these are combinations of metric and mat-
ter perturbations that do not change under a linearized coordinate
redefinition, i. e.

xH =gt + EH(x) =" + & (x) + 0(2) , (3-24)

where &M starts at O(1) and &' can be further decomposed in a trans-
verse and longitudinal part. We will discuss these gauge-invariant
variables in more detail in Section 4.8, when we derive the initial
conditions for metric and matter perturbations that are set up from
inflation. In the rest of this Chapter, we will work in a fixed gauge,
and make sure that the final result of any computation is indeed
an observable (this will happen, e.g., when we compute the CMB
anisotropy spectrum in Section 3.3).
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3.2.3 Perturbative expansion of field equations

We are now in the position to write down the Einstein equations and
the conservation of energy-momentum in Newtonian gauge. First of
all, we notice that the trace-free part of the L 1 projection of Einstein
equations implies that, in absence of anisotropic stresses, the two
potentials ® and ¥ are equal. The remaining equations are:

LAPSE CONSTRAINT

op 2D .
—— =—>+ —3H(®+HO) . .
M @ 3H(® + HOD) (3-25)

SHIFT CONSTRAINT With vt = 9;v, it is given by

- a®(p+p)v
O+HP =——"-———F5F— .26
+ M2 (3.26)
TRACE PART OF 1 | EINSTEIN EQUATIONS
O _ 3H2( 4 4HbD + 20D + & . (3.27)
27\/112D

ENERGY CONSERVATION Assuming an equation of state w for the
background and a speed of sound cZ for perturbations, and
working in conformal time 7, it is given by

§ = —(14+w)(0—3D") —3Hd(c2—w), (3.28)
where we defined H = aH, 6 = ad?v.

DIVERGENCE OF EULER EQUATION Contracting the spatial compo-
nents of V, THY with 9; gives
c202%

+0%0 +0 +
1T+w 1T4+w

0 w'0

+ H(1—-3w)0 . (3.29)

3.2.4 Adiabatic and isocurvature perturbations

We conclude this Section with a discussion of the initial conditions
for the Einstein and conservation equations, in the case of multiple
matter species. These are given for 1 — 0, i.e. when all the modes
of observational interest were outside of the horizon. We will see in
Section 4.8 that inflation sets up the initial conditions for the Newto-
nian potential @. Therefore, the super-horizon limit of eq. (3.25) can
be used to read off the initial condition for the density contrast & (after
using the Friedmann equation eq. (1.31a) to rewrite dp in terms of
b and H). However, things are more complicated in the presence of
more than one matter species, because @ is sourced by all compo-
nents: in this case, the differences between the density perturbations
of various species must be also provided as initial condition. One can
then distinguish two cases:
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ADIABATIC INITIAL CONDITIONS These initial conditions satisfy

5.
]+Wi ]+W)

Si,j = =0Vi,j. (3.30)

ISOCURVATURE INITIAL CONDITIONS They are simply defined by
having a non-zero Sy ;.

In the rest of this work, we will consider only adiabatic initial
conditions: current data are consistent with this assumption, and in
single-field inflation only this kind of perturbations are excited. To
see this, we can look at the reheating process: the inflaton ¢ must
be coupled to the Standard Model if we want it to decay, inflation
to end, and the radiation-dominated epoch to begin. Consider the
hypersurfaces of constant inflaton, ¢ = ¢(t). Given a Standard Model
particle xi, and a rate Ti(¢) for the process ¢ — xiXi. Once Ti(d)
becomes comparable to the Hubble rate (i. e. on the reheating surface),
the inflaton decays in ;. The relic density of the particle i will be fixed
by the decay rate, which in turn is only a function of the inflaton v.e.v.
Therefore, in this gauge there will be no density perturbations at the
end of inflation. In a general gauge, where the inflaton perturbations
are restored by a time shift

3 _ 6
t:t+6t:t+(§, (3-31)

the densities of the various species i will be determined by
pi(t) = pi(t+0t) = pi(t) + pi(B)ot Vi, (3.32)

so that eq. (3.30) is automatically satisfied. In passing, we notice that
if there are other fields active during inflation that can decay into the
Standard Model, the picture above will not hold and isocurvature
perturbations can be generated (we refer to [73, §14] and references
therein for details).

3.3 CMB ANISOTROPIES

We are now in the position to discuss how the CMB temperature
anisotropies that we observe today in the sky are generated. A full
treatment would require writing down the collisional Boltzmann equa-
tions for photons, electrons+baryons, and dark matter in a perturbed
universe, expand them up to first order in small fluctuations around
the FLRW background, and solve the coupled system of PDEs. For a
single species, we can write the Boltzmann equation as

Df _p.0f A DEOf DI of .o (333)
dr " ox® T dANOE | da ate b 333
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where A is an affine parameter along the particle trajectory such that
PH is the four-momentum of the particle. As we discussed in Section
3.2.1, we have decomposed the four-momentum as

PH =EMm" +1"), (3-34)

with n, " =0, and h,1*1Y is fixed by the on-shell condition P*P, =
—m?2. Therefore, the distribution function is naturally a function of E
and *. For C[f] =0 (i.e. in absence of collisions) the particles follow
geodesics, PYV,P* = 0: from the geodesic equation, it is then possible
to derive the evolution of the energy (25) and the three-momentum
( %), and from them obtain the evolution of the distribution function
(see [58, 84] and Section 3.3.2 for details). Eq. (3.33) is the Boltzmann
equation for a single particle species, with distribution function f: dif-
ferent species will be coupled directly via the collision term Cl[fy,...],
and indirectly by gravity.

However, we will proceed in a different way. As we have seen in
Section 2.1.1, we can take moments of the Boltzmann equations:

¢ for dark matter, we can neglect all moments beyond the zeroth
and the first one. Higher moments will be suppressed by powers
of (B) ~ L, that is very small for cold dark matter. Besides, we
assume that dark matter is collision-less, i. e. that it interacts with
other species only through gravity. Therefore we can set to zero
the right-hand side of eq. (3.33). The result is that the relevant
equations for dark matter perturbations are just the relativistic
form of the continuity and Euler equation (with zero speed of
sound); 3

* baryons and electrons are effectively combined in a single fluid
thanks to Coulomb scattering. In turn, Compton scattering
tightly couples electrons to photons. Therefore, we effectively
end up with a photon-electron-baryon perfect fluid, where the
higher moments of the photon distribution function beyond the
monopole (i. e. the energy density of the fluid) and the dipole
(i. e. the fluid velocity) are suppressed by the photon mean free
path tr = (orne)~'. Indeed, consider a point in space: photons
arriving to it from different directions last-scattered off very
nearby electrons if Compton scattering is efficient (i. e. the pho-
ton mean free path is very small). These nearby electrons most
likely had a temperature very similar to the point of observation.
Therefore, photons from all directions have the same tempera-
ture: this means that only the monopole of the distribution is

3 This is not exactly true [100]: also in the case of dark matter there will be viscous
corrections, and a non-zero speed of sound will be generated by non-linearities. The
higher moments in the Boltzmann hierarchy, in this case, will be suppressed not
because of the strength of interactions (as it happens for photons+electrons+baryons,
where tr/H™! is very small) but because dark matter particles could have moved
only for a finite distance given the finite age of the Universe.
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relevant. In the presence of a bulk velocity of the electron-baryon
fluid, the same argument will hold once we go to the electron-
baryon fluid rest frame. However, it is important to stress that
this is just an approximation: the non-zero photon mean free
path will lead to corrections to the perfect fluid behavior, en-
coded in viscous coefficients that modify the stress-energy tensor
from its perfect fluid form, can make the velocity of energy trans-
port differ from that of particle number transport, etc. (see also
[101, §6, §7, §B.10] for some analytical work emphasizing the
fluid dynamic approach);

¢ photons, electrons and baryons are tightly coupled until recom-
bination. Then photons decouple from electrons and baryons,
which in turn fall into the dark matter potential wells, and free-
stream to us: the photon distribution function will just follow the
collision-less Boltzmann equation in a perturbed universe, as the
photons travel from the last-scattering surface to us (of course,
reionization around z ~ 6 and any other process that re-couples
photons to free electrons must be also taken into account. We
will not go into the details of these effects in this Section: we
refer to [73, §9.2.3][96, §8.7.2] for details).

Therefore, we have the following picture: up until recombination, we
can solve the coupled Einstein and fluid equations for dark matter
and photons+electrons+baryons (Section 3.3.1). At decoupling, we just
follow the perturbations of the photon distribution function through
the collision-less Boltzmann equation up to the observation point,
deriving the expression for the CMB temperature anisotropies that we
see in the sky today (Section 3.3.2). The two-fluid approximation of
Section 3.3.1 is based on [92][99, §3.3.3], while more general references
for both Sections 3.3.1 and 3.3.2 are [96, §7, §8][102, §9, §10].

3.3.1  Two-fluid approximation

As we have discussed above, we need to solve the fluid and Einstein
equations of Section 3.2.3 for the dark matter perturbations (subscript:
cdm) and the photon-electron-baryon fluid (subscript: by). If we define
the “baryon loading” R = i%, it is straightforward to see that for
adiabatic perturbations we have

1

Woy = 374R (3-352)
2 = (3-35b)
s,by - 3(1 +R) ) 335

while wegm = 0 and ci «dm = 0 are both equal to zero. If we further-

more define u = 0/k in egs. (3.28), (3.29) and use the adiabatic relation
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between &y, and 8., we see that the system of equations for &, and
Upy = U, simplify to

c/dm = —KlUcdgm + 307, (3-36a)
Uggm = —HUegm + kP, (3.36b)
4
5y = —3kuy +4@", (3-36¢)
1
(T+R)u), = —RHu, + sty + (1 +R)k® , (3.36d)
2
a
K@ +HD)=——5 >  (pi+piwi. (3.36¢)
M =
{cdm, by}

where we used the shift constraint equation eq. (3.26) to close the
system, following [92]. In Appendix C we solve egs. (3.36) numerically:
however, we also need the initial conditions. These are set up deeply
into radiation domination, when all modes of interest were outside
the horizon: by taking the n — 0 limit of egs. (3.36) we see that the
initial conditions for the matter fluctuations are

5y =20, (3.37a)
3

6cdm = 161/ ) (337b)
1k

w =1 K (3:379)

Uedm = Uy - (337d)

As we will see in Section 4.8, the initial conditions for the Newtonian
potential @ (which becomes a constant on super-horizon scales) are
set up by inflation: for now we can just take the initial @ to be equal
to 1, thereby extracting the primordial perturbations from the transfer
functions.

We are interested in following perturbations, more precisely the
“effective temperature perturbation” @ + 644, up to decoupling. Indeed,
as we will see in more detail in the next Section, ® + %V is the local
temperature perturbation minus the redshift photons suffer when
climbing out from the potential well of the dark matter perturbation
(® is negative for an overdensity, as we can see from the sub-horizon
limit of eq. (3.25) after we expand it in Fourier modes). Besides, we
will see that the main contribution to the temperature anisotropies we
observe at a given angular scale 6 comes from @ (1rec, k) + M at
k ~ %ﬁ&’ where d$o. =10 — Nrec = Mo is the comoving distance to the
last-scattering surface.

While from egs. (3.37) we see that scales that are outside the horizon
at recombination are not post-processed and will mainly contain the
information from inflation, for k > kiec = nr;g we can try to get some
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insight from Newtonian perturbation theory. Plugging eq. (3.36d) into
the time derivative of eq. (3.36¢), we obtain
4

5 = 40" +4RcZy, kHu, —cly, k*5y — ngCD : (3-38)
On sub-horizon scales we can drop k}{u,. Besides, since recombi-
nation happens during matter dominance, ®" will be negligible for
adiabatic perturbations: indeed, when a single species with constant
equation of state w dominates the energy and pressure budget of the
universe, combining egs. (3.25), (3.27) leads to

0=0"+3(1+wW)HD +wk?® . (3-39)

For w = 0, the growing-mode solution for the potential is ® = const.
If we further consider a constant speed of sound, we see that the
equation for &, is that of a forced harmonic oscillator with frequency
w? =c%, k3 ie.

— Vs,by
57+ 2, K26, = — 20 (3.40)
Y T vs,by -3 ) 3-40

Taking the n — 0 limit and imposing that 6, — —2® = const. selects
only the cosine solution (this limit is not mathematically consistent
with the approximations used to arrive at eq. (3.40), but it gets the
right initial conditions for &,). We also see that the effect of baryons
(via R) is to shift the equilibrium point of the oscillations of ® + %Y
by —R®. In an expanding universe, Csz,by will be slowly-varying: the
WKB approximation can then be used to show that

6y (M, k)
4

+ (1+R)®D(n, k) o coskrs , (3.41)

where the sound horizon (1) is given by

M
ro(m) = JO dn’ cspy(n’) - (3.42)

Other corrections will come from the fact that the potential @ also
evolves, especially at the earlier times when radiation dominates
the expansion rate (e. g. this will affect the proportionality factor of
eq. (3.41), for sub-horizon modes). However, the qualitative result of
an acoustic oscillation of ® 4 %V, and the shift of its equilibrium point
by baryons, remains:

¢ the photon-electron-baryon fluid is attracted by the gravitational
potential sourced by dark matter, reaching the maximum com-
pression. The photon pressure, then, pushes the fluid out from
the potential well, reaching its maximum decompression. These
oscillations continue until recombination;
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¢ the shifting of the equilibrium point due to R # 0 has significant
phenomenological consequences. In fact, this shift breaks the
oscillations symmetry, with baryons enhancing the compression
phase into potential wells;

¢ we see that the typical angular scale of variation of CMB tem-

Ts (Mrec) ~ Hrec

rature anisotropies in th is @~ .
perature anisotropies in the sky is 0 o o

----- Ap: Silk damping scale ----- Apg: photon mean free path

F1GURE 3.1: Free motion of photons in space washes out inhomogeneities
in their spatial distribution. The flux of photons from an over-
dense region is higher than that from an underdense one, so
the free motion smoothes out the density contrast. This is a
kinematic effect, whose spatial scale (the Silk damping scale) is
determined by the distance that photons travel in characteristic
time (i. e. the Hubble time in a cosmological context). Pertur-
bations of wavelength shorter than this length are suppressed.

By assuming perfect tight coupling, i.e. a mean free path of pho-
tons equal to zero, the above solutions are still missing some impor-
tant physics: the approximation of the photons and electrons and
baryons moving together as a single fluid is just an approximation.
It is valid only if the scattering rate of photons off electrons is in-
finite. Of course this condition is not met: photons travel a finite
distance in between scatters (see fig. 3.1), given by the mean free path
Ampf = tr = (orne) ' If the density of electrons is very large, then
the mean free path is correspondingly small. In the course of a Hubble
time, the number of photon scatterings is ormeH ™', and each scatter
contributes to the random walk of the photon. The total distance trav-
eled in the course of a random walk is the mean free path times the
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square root of the total number of steps. Therefore, in a Hubble time a
cosmological photon moves a mean distance

A ~ Aoy [ STTe = ! (3.43)
D~ Amip\| T = o - 3.43

Any perturbation on scales smaller than Ap can be expected to be
washed out. In Fourier space this will correspond to damping of
all modes with k 2 A - more precisely, in eq. (3.41), the effective
temperature perturbation (and 8., 1, themselves) will be damped by
a factor

dy(n,k) oce D coskrs, (3-44)

where we defined kp as [96, §8.4][103-105]*

2 v [Mdn’ 1 RZ 8
ko) = JO a(m’) 6(1+R)orn, <1 +R + 9> ' (3-45)

Putting aside factors of order unity, eq. (3.45) says that 1/kp ~ /ntr/a,
which agrees with the estimate of eq. (3.43). This result for the damp-
ing of short-scale modes (the so-called “Silk damping”) follows directly
by writing down the full Boltzmann hierarchy, expanded in the limit of
small Ayt In the fluid approximation this amounts to adding viscous
corrections to the number density current and the stress-energy tensor:
for example, the stress-energy tensor of a perfect fluid would get a cor-
rection AT, parameterized as (we refer to [93][101, §6, §7, §B.10][107,
§7.4.1] for details)

ATy = =2n{V Uy + U WV Uy }

* (2; N C> (V)\u)‘) (guv + Uuuv) + (‘)(vZ) ’ (346)

where 1 and ( are the shear viscosity and bulk viscosity, respectively.
However we stress that, as in any Effective Field Theory expansion,
the expression for the viscous coefficients in terms of tt can be derived
only by matching with the microscopic theory (i. e. the the Boltzmann
hierarchy itself, in this case).

We are now in the position of solving egs. (3.36), (3.37) numerically,
following [92]. The details are spelled out in Appendix C: here we
stress that we assume A = 0, so that the background evolution is
dictated only by matter and radiation, and can be solved analytically
[44, §5.2.3]. Fig. 3.2 shows the sources @ + %V and u, evaluated at
recombination, for varying wavenumber k: we see that the behavior
discussed above is reproduced by the numerical solution.

4 Taking into account photon polarization, the factor % is replaced by % [106].
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normalized to ®(0) =1

2'0 1 1 1 1
1 — (q)+5y/4)(nrec)

1.5_: u'y(nrec) [

1.0 -

0.5 -

I

—05 1

sources

1.0 _ L

~1.5 1 -

F1GURE 3.2: Photon perturbations at 1 = 1ec, for varying k, assuming
A =0, Qnh? = 0.13, Qph? = 0.02 and arec = 1100. We
defined k = kny, where 1, = (4arec/QmH%)1/2 ~ 501.4 Mpc is
the would-be conformal time at recombination if there had
been only matter dominance after the Big Bang (we refer to
Appendix C for details). The Newtonian potential ® has been
set to T forn — 0 (i. e. deeply into radiation dominance).

3.3.2 Free-streaming after decoupling

As we discussed in the previous Section, after decoupling we can
follow photon perturbations from the last-scattering surface to us
using the collision-less Boltzmann equation. Several comments are in
order:

* we can parameterize the photon momentum in eq. (3.33) as
PH = E(n* + "), where n* is the normal to the surfaces of
constant time in Newtonian gauge (see the discussion at the
beginning of Section 3.2.1), n,1* = 0, and the on-shell condition
implies that

Y =1, (3-472)
E? = h PHPY =p?; (3-47b)
¢ the photon phase-space distribution function has the black-body

form, i. e. (we will often suppress the arguments for simplicity
of notation)

f=— ) (3'48)
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where the temperature T = T(1 + ©) depends on x* = (t,x) and
" = (0,1) only, and we used g, = 2;

the assumption of tight coupling at recombination, i.e. the fact
that the photon-baryon-electron is approximated as a perfect
fluid (characterized only by energy density, pressure density and
velocity), means that the temperature perturbation © takes the
form

5
0= f + 1 (vM)y (3-49)

where (v*), for the photon fluid is defined by egs. (3.19), (3.20).
Indeed, we can take moments of the photon distribution of
eq. (3.48) in a local Lorentz frame adapted to the fluid, and see
that they reproduce the definitions of Section 3.2.1 (egs. (3.16),
more precisely) for a photon fluid with density contrast 5, and
velocity (v)y;

in Newtonian gauge (restoring the potential ¥ for a moment),
we can write 1' as

i Pt

where 8;;p'p) = 1. From eq. (3.50) we have that

pp’

at leading order in perturbations. Recalling from eq. (3.26) that
(v')y = 9y, and that (dropping for a moment the subscript )

ut = avt 224
i du p=0=adv =— i V—02u, (3.52)
ut = —7 V-
or, equivalently, that
ut = avt s
Lo iy = 0 = a(ik")vt =ku, (3-53)
we have
1u(Vu)y =p-uy+ 0(2), (3-54)
where we used
L=a(l1-¥)p'+0(2). (3-55)

If we go to Fourier space, and call x = p - k, eq. (3.54) becomes

L(vH)y = —ixu,y . (3-56)
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We have now all the ingredients to solve the collision-less Boltzmann
equation from 1. to 1. As we have seen in eq. (3.33), it is given by
of DE of DLV of
O:PHW+@\6E+< quA)’aw ; (3:57)
where we used the fact that only the projected part of %—1; will survive
when contracted with % (we refer to [58, §4][108] for a proof). The
evolution equations for E and 1" are dictated by the photon geodesic
equation. The derivation of these equations is deferred to Appendix
B: for now we just note that the last term on the right-hand side
of eq. (3.57) will be second-order in perturbations (i.e. lensing is a
second-order effect, since the photon direction I* is unchanged by
geodesic motion in a FLRW background and the zeroth-order phase-
space distribution depends only on the photon energy. Indeed, as we
can see from eq. (3.49), % = O(1)). If we further use the fact that
eq. (3.57) is linear in f, it is straightforward to arrive at two equations
for T and © only, i.e.

dlogT
Framiai AR (3.58a)
. P Pt

Eq. (3.58a) is self-explanatory. Going to conformal time, eq. (3.58b)
becomes

0=0"+p00 -V -0+ +p'0;D, (3.59)
which, using the method of characteristics, is solved by

(©@+ @)™, x,p) = (O + @) (Nrec, x — pAN, P)

m . (3.60)
+ J dn’ Sisw(n’,x—pAn) ,
where we defined
AN =1 —Trec (3.61a)
Sisw(m,x) = (V' + @' )(m,x) . (3.61b)
Indeed, we have
0O+ @), x,p) _ _pi (0 + D) (Mrec,y y*, P)
aﬂ ayl y=x—pAn
+ Sisw(n, x — pAn) (3.62)
.M S !
rec y y:X*fDAn
and
f?i (0 + @) (n,x, f’) _ f)i 00+ 0) (nrecayi> f’)
ox* oy* y=x—pAn
+ﬁ1J dn/ ISW i>y ‘
rec ay y:X—f)AT]
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Evaluating eq. (3.60) at 1 = 1o and restoring ® =¥, we see that the
present temperature anisotropy ©(no, X, p) is given by

N o .
®(ﬂ0>X,P) = <4Y + (D> (ﬂrec, X— PAﬂO)

+ f’ ‘- Uy (T]reo X— f’AT]O) (3-64)

Mo
+J dn’ Sisw(n’,x — pAno) .

In the left-hand side of eq. (3.64) we have put to zero two terms:

e first of all, the Newtonian potential today is unobservable (or,
equivalently, only the potential difference between recombina-
tion and the observation point is a physical observable).> There-
fore, we have absorbed ®(n¢,x) in the average measured tem-
perature by the observer at (10, x);

¢ the second term we have put to zero is the Doppler term p -
uy (10, x), which is due to the motion of the observer at (1o, x)
with respect to the CMB (recall eq. (3.19)). This effect results in a
large dipole anisotropy, which must be taken into account when
CMB data are analyzed but is not relevant for this discussion.

We see, then, how ©(no, x, p) is made up of three contributions:

SACHS-WOLFE EFFECT It is the relative frequency shift of photons
induced by the difference in gravitational potentials at emission
(i. e. at recombination) and detection.

DOPPLER EFFECT At the last scattering epoch, the baryon-electron-
photon medium moves with respect to the conformal Newtonian
frame with a non-zero velocity, and this generates a Doppler
shift in the photon temperature.

INTEGRATED SACHS-WOLFE EFFECT It also reflects the change of
the photon frequency due to gravitational potentials, now de-
pending on time. If a photon passes through a region with neg-
ative potential whose magnitude grows in time, it first “dives”
into the potential well and then gets out from the deeper well.
As a result, the photon loses energy.

Once we have the observed temperature anisotropy as a function of
P, we can expand it in spherical harmonics Yy, (p) on the sky. More
precisely, given O(no, X, p) we can define its ag,m spherical harmonic
coefficients by

00 4

®(n0>x>f)) = Z Z aem (Mo, X) Yﬂm(f)) . (3-65)
=0 m=—¢

5 As always in General Relativity, only (second) derivatives of the potential can be
measured by a local observer (Einstein equivalence principle).
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Correspondingly, we extract the coefficients a¢m, by

Qe (M0yX) = j dpO(no, x, p) Vim () , (3.66)

where the integration is on the unit sphere. The coefficient for { = 0,
which is just the angular average of the temperature anisotropy on the
sky, can be re-absorbed in the definition of T(no). The ¢ = 1 multipole,
instead, will pick up the local Doppler term p - u, (1o, x) that we have
discussed (and discarded) in the previous paragraph. From the a¢m,
coefficients, then, we can define the angular power spectrum, i. e.

¢
X 1 2
(agmaprm) = Cedeedmm: = Co = 201 m;€|aem| y  (3.67)

where we assumed statistical isotropy in eq. (3.67), so that the coef-
ficients ag,, are uncorrelated at different £ and m. If we recall from
eq. (3.64) that O(no, x, p) is a function of x — pAnp, we can write it in
Fourier space as

d3k
(2m)3

O(1o, X, P) :J =O(no, k, plettXe thPAN0 | (3.68)

where

. d .
@(T]Ov k) P) = (I + (D> (nrec» k) +p- U (nrecy k)

Mo (3'69)
+J dn’ Sisw(n’, k) .
Using the Rayleigh expansion of a plane wave, i.e.®
o +oo m
e~ tkepAno 47[Z Z 1 ek AN0)Yem (K)Yem (P) (3.70)
(=0 =—m

and matching with eq. (3.65), one can find the expression of the
a¢m (Mo, X) in terms of O(no, k, p). Things are simpler for the Sachs-
Wolfe (SW) and Integrated Sachs-Wolfe (ISW) effects, since for them
©(no, k, p) does not depend on p. For the Doppler shift, some more
work is needed to translate the p-dependence into a {-dependence (we
refer to [96, §8.5.1] for details: the p - u, term gives rise to a different
combination of Bessel functions j¢(k Ang)). If we focus only on the SW
term for simplicity, we find

dsk eik-x 6l
(27)3 4

dem (Mo, X) = 4nJ + <D) (Mrec, k)

71
= Ssw (Nrec,k) (3 7 )

x 17 Y(k Ang) Yim (k)

6 The complex conjugation between the two spherical harmonics can be interchanged.
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3.3 CMB ANISOTROPIES

which also defines the Fourier transform agm (1o, k). We can now
compute the angular power spectrum: taking the ensemble average of
Qem Ay, at (no,x), we see that

<a€mazlm'> _ (47.[)2J J ei(k—k').x
k i

X <SSW (nrec» k) SEW (nrem k/)>
X Y50 (k Ano)jer (k' Ang)
X Y (k) Yerm (K .

(3-72)

As we will see in the next Chapter, the ensemble average in eq. (3.72)
is fixed by the initial conditions for the Newtonian potential ® deep
into radiation dominance, which in turn are set up by inflation. More
precisely, eq. (3.44) has a proportionality factor equal to —g(DMD,
where @yp is the value of the potential on super-horizon scales kn <« 1
during matter dominance (when recombination happens). Indeed, we
have that 8, = 38.4m for adiabatic perturbations, and the relativistic
Poisson equation eq. (3.25) tells us that 8.4m = —2® on super-horizon
scales when dark matter fluctuations are the main source for the
Newtonian potential (as it happens in the matter-dominated epoch).
Thus, the normalization factor for & (Nyrec, k) at knrec < 1 is fixed by

6y _2®MD S Onvp

4 4
4% 3 $®+4% 3 (3.73)

As we will see in more detail in Section 4.8, the value of @ on super-
horizon scales drops of a factor % as we transition from radiation to
matter dominance. Therefore, we have

9
Oyvp = E(DRD . (3-74)

Orp was set to 1 in Section 3.3.1. We will see that it is just —%C, where
the comoving curvature perturbation ( is defined during inflation by
eq. (3.21) in comoving gauge. It becomes a constant on super-horizon
scales: with ¢ here we denote such constant value. Therefore the initial
conditions for 9., and the ensemble average of the a¢, coefficients,
are fixed by

3
Ovp = —gC - (3.75)

These results are confirmed by fig. 3.2 (apart from small correc-
tions coming from the fact that recombination does not truly hap-
pen deeply into matter dominance, and from the fact that baryons
are also present): then, in order to proceed it suffices to notice that
(Ssw (Mrec, k) S&y (Mrec, k) will just be proportional to the power spec-
trum of (, i.e.

<SSW(nrec>k) S;w(nrec»k/n X <C(k) - (k/)>
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3.3 CMB ANISOTROPIES

where we used homogeneity and isotropy to write the two-point
function of ( in terms of its power spectrum P (k). If we call Aéw(k)
the proportionality factor in the above equation (which, again, can
depend only on k because of homogeneity and isotropy), we can write

eq. (3.72) as

(A @) = (4702 Jk AZye(K) P (K)

X i (k Ano)jes (k Ano) (377)
X Y (K)Yerm: (k)
where we see that translational invariance ensures that the observed

angular power spectrum does not depend on the observation point x.
If we do the angular integral in dk, and use the closure relation

JdRY;m(f()Yﬂ/m'(R) =8¢0'Omm’ (3.78)
we arrive at
2 +00 )
Co=" JO dkk?Agy (k) Pe (k)i (k Ano) - (3.79)

The derivation of the previous paragraph for the angular power
spectrum, eq. (3.79), can be carried out for the full combination of SW,
Doppler and ISW effects of eq. (3.64). When computing the C, coeffi-
cients, there will be cross-terms between the different source functions.
E.g., the Sachs-Wolfe and the Doppler terms are out of phase with one
another (see fig. 3.2): at the places where the monopole contributes
least to the anisotropies, at its troughs, the dipole contributes the most.
This means that the dipole is not as important in the power spectrum
as one might naively think, since it adds incoherently to the monopole.
Among other effects that are not considered by eq. (3.79), we have:

* we have approximated photon decoupling as instantaneous, but
(as we have seen in Section 2.1.4) photon decoupling takes quite
a long time. This prevents us from seeing very small scales in
the CMB anisotropy spectrum. More precisely, instead of consid-
ering as initial conditions for the free-streaming evolution the
photon monopole and dipole just at N = 1yec, the sources @ (nyec),
8y (Mrec) and uy (Nrec) must be replaced with a convolution over
the photon visibility function, which gives the probability that a
photon last-scatters at a redshift n. As a result, the C; coefficients
get a suppression ~ exp(—{?/Al?), where Al ~ 2800. We refer
to [73, §9.3] for a more detailed analysis: in Section 3.3.1 and
Appendix C we added a fudge factor directly in the sources,
following [92];

¢ at reionization, the light from the first stars, quasars and dwarf
galaxies makes our Universe less transparent to CMB photons.
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3.3 CMB ANISOTROPIES

The density of free electrons become sizable again, and the prob-
ability for a photon to “live through” the reionization epoch
(starting at tyei) is exp(—Trei), Where the optical depth of reion-
ization is given by

to
Trei = J dt OTNe , (380)

trei

with the integration being performed along the photon worldline.
Photons that rescatter at z = z,; at given place in the Universe
have last scattered at recombination anywhere on a sphere of
coordinate radius Nyei — Nrec & Nrei- Since the direction of photon
propagation changes randomly, photons coming to an observer
from a given direction gather from the whole of that sphere.
Hence, the contribution of rescattered photons to anisotropy at
angular scales smaller than AB, = :‘{;i is washed out, and the
remaining anisotropy is due to photons that have not rescattered.
On the other hand, the anisotropy at angular scales larger than
AB,e remains intact, since the regions of the coordinate size 1y
at recombination are not resolved at these angular scales. At the
level of the angular power spectrum, this implies a suppression
of the Cy coefficients by exp(—27Tyei) for £ > % ;

¢ we have not included (massive) neutrinos in the computation
of the sources in Section 3.3.1. The effective number of neutrino
species and the neutrino mass have an important impact on
CMB anisotropies, and are one of the most important targets
of upcoming experiments (we refer to [109-114] and references
therein for details).

Current codes, like CAMB, take all these effects into account, in addi-
tion to solving the Boltzmann hierarchy to higher order in moments
(i.e. beyond the monopole and the dipole): in fig. 3.3 we show the
temperature angular power spectrum as a function of {, computed by
CAMB, for the Planck best-fit cosmological parameters [6].

3.3.3 CMB polarization

We conclude this Section with a word on polarization. One would
expect the polarizations of the CMB photons to be completely random:
however, a net linear polarization is induced by Thomson scattering
between photons and free electrons, either at decoupling or during
a later epoch of reionization, if the incoming radiation field has a
quadrupole component [96, §10.5, §10.6]. In the case of isotropic (in the
rest frame of the electron) incoming radiation, the outgoing radiation
remains unpolarized: this is because orthogonal polarization directions
cancel out [115, 116].

How does one characterize these fluctuations in the photon polar-
ization? Polarization is not a scalar field, so the standard expansion
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FIGURE 3.3: The blue curve shows the angular power spectrum C/ T of
temperature anisotropies for the Planck best-fit cosmological
parameters [6], while the orange points (with gray lines) show
Planck data points and errors. Errors become larger at small ¢
because of cosmic variance. Since the ensemble average over
different universes that appears in the definition of the C,
coefficients cannot (for obvious reasons) be taken, we construct
an estimator C; of the Cy, defined as

{
A 1 2
Ce= 201 Z lagml” .

m=—/(

The expected squared difference between C; and C; is the
cosmic variance, and for Gaussian anisotropies is equal to

2C3

(Ce—Co)?) = ST

Therefore, at large angular scales we do not have many dif-
ferent regions (that we assume are corresponding to different
realizations of the underlying stochastic field: ergodic hyphote-
sis) over which to sample the distribution from which the ay,
are drawn, and there will be an intrinsic uncertainty in our
knowledge of the C,.

in spherical harmonics does not apply. Instead, one starts from the
anisotropy tensor, that is a 2 x 2 tensor Ij;(p) defined on the sky (the
directions i and j are those orthogonal to p) at the observation point
(Mo, x). From I; one constructs:

90
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©©

E-mode polarization around cold spot E-mode polarization around hot spot
B-mode polarization around cold spot B-mode polarization around hot spot

F1GURE 3.4: This figure shows how both E- and B-mode polarization pat-
terns are rotationally-invariant, but behave differently under
reflections through the plane orthogonal to p: the E-modes
stay unchanged, while the positive and negative B-modes get
interchanged. Another way to characterize them is that the
E field is divergence- and curl-free (with E < 0 around cold
spots in the sky and E > 0 around hot ones), contrary to the B
one which is divergence-less but has vorticity different from
zero at every point in the sky.

¢ the “Stokes parameters” Q and U, which are

1
Q= Z(I” —122), (3.81a)
u= %11 5. (3.81b)

These two parameters are related to the magnitude and angle of
polarization through

P=1Q2+U2, (3.82a)

o= % arg(Q +il) ; (3.82b)

¢ the scalar (spin-0) }1(111 + 122), which is nothing but the temper-
ature anisotropy itself.
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3.3 CMB ANISOTROPIES

Since the spin-2 fields Q and U are not invariant under rotations in the
plane perpendicular to p, they cannot be expanded as in eq. (3.65): the
spin-2 spherical harmonics Yéfi (with (s) = &) must be used instead,
leading to [117, 118]

—+00 £
Q) £iUP) =) >  ainYim(P) - (3-83)
=0 m=—¢

The last step is the introduction of the linear combinations
1

1 _
and, from there, of the spin-0 fields

+o0 14

E(f’) = Z Z aEEmYZm(IS) ) (38561)
{=0m=—¢
+00 4

BP) =) D>  afmYem(p). (3.85b)
=0 m=—¢

These fields are much more convenient to use (due to their scalar
nature), and completely specify the linear polarization field. The prop-
erties of E- and B-modes are illustrated in figure 3.4.

Along with the multipole moments a¢,,, of eq. (3.65) (that from
now on we will denote with a/, ), the coefficients af  and af _ are
everything we need to compute power spectra and cross-correlations
of temperature and polarization fluctuations. The angular correlation
of eq. (3.67) is then generalized to

[4
1 .
XY = I § (af (a))*) with X, Y =T,E,B . (3.86)

m=—

Given that both temperature and polarization anisotropies are cre-
ated by primordial density fluctuations, we expect a non-zero cross-
correlation XY = TE. The TB and EB cross-correlations, instead, are
equal to 0 for symmetry reasons).

This decomposition in E- and B-modes is fundamental in modern
cosmology, as [117, 118] (but see [96, § 10.9], also) have shown. In fact
these two works have demonstrated that:

e scalar perturbations (energy density fluctuations in the plasma)
can lead to a quadrupole component for the incoming radiation
field. The result, though, is only E-modes and no B-modes;

* vector perturbations (vorticity in the plasma) also produce a
quadrupole component. They create mainly B-modes, but the
expansion of the universe damps vorticity so their contribution
is expected to be negligible;
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3.4 CMB H-DISTORTIONS FROM SILK DAMPING

* tensor perturbations (gravitational waves) stretch and squeeze
space in orthogonal directions. They produce both E- and B-modes.

The point is that tensors generate B-modes where scalars do not, so a
detection of B-modes by experiments can be a sign of primordial grav-
itational waves generated by inflation. The problem is that polarized
radiation is also emitted by electrons gyrating in the galactic magnetic
field (synchrotron radiation) or by dust (aligned particles of carbon,
graphite and other silicates). Besides gravitational lensing can turn
E-modes in B-modes. Therefore a detection of B-mode polarization in
the CMB is not automatically a “smoking gun” for inflation: one has
to also take into account the contributions of these foregrounds.

We conclude this brief survey of CMB polarization with the equiva-
lents of eq. (3.79) for XY different from TT:

e for XY = EE, TE we are considering, respectively, the angular
power spectrum of the E field and the angular cross-correlations
between the temperature anisotropies and E-modes. Both of
them are dominated by scalar fluctuations, so one can write

inflation transfer function
FE_ 2 dkk2 ] >/ \
Com=_|dkk Po(k) Age(K)AEg (k) , (3.87a)
2
cFt = 2 [dki Pellg Are(kae (k) (387b)
T ~—— —
inflation transfer function

where, in eq. (3.79), we would have defined At ¢ as
At,e(k) = Agw(k) je(k Ano) ; (3-88)

¢ for XY = BB we are studying the angular power spectrum of
B-modes. The equivalent of eq. (3.79) is

4
P = Jdkk2 Py (k) Ap1(K)Ap 1 (K) (3.89)
—_ — (—

inflation transfer function

where the power spectrum of tensor perturbations during infla-
tion is the Fourier transform of the two-point function of the
spin-2 metric perturbation vi; of eq. (3.21), computed during
inflation (the overall factor of 2 with respect to egs. (3.87) ac-
counts for the two polarizations, + and X, of yi;: we refer to
Section 4.3 for details). Since P (k) only appears in eq. (3.89),
the power spectra of B-modes is a probe of the strength of tensor
perturbations.

3.4 CMB U-DISTORTIONS FROM SILK DAMPING

We conclude this Chapter with an overview of how u-type spectral
distortions from Silk damping are generated. The physical picture
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is that dissipation erases all sound waves on small scales and homo-

geneously redistributes their energy, hence heating the photons and

generating a p-distortion. In Section 2.3.4 we have seen how (recalling
3~

3 JZDC d(Qe/py)

dz
KC

, 1z Oz —zx) , (3-90)

Ho =
where zpc = 2 x 10°, zx = 5 x 10* and we have approximated the
u-distortion visibility function of eq. (2.75b) as a simple Theta function,
i.e. Ju(z,0) = O(zpc — z). Therefore we only need to compute the rate
of heating Qf = Q, and we will have an expression for the chemical
potential pp = p.

1.5r oK 1

S

1.0

[ CMB_
| anisotropies

¢ (k) /A% (k)

0.0 L L i 1 i i i A A i i i
4 -2 0 2 4 6

log,, k/Mpc ™"

F1GURE 3.5: The average p-distortion seen in the sky is a direct probe of
the power spectrum of scalar perturbations during inflation
on scales complementary to those probed by the CMB, as we
see from eq. (3.101). The dimensionless power spectrum A% (k)
is usually parameterized as a power-law, i. e.

bl

k ns—1+ocslog%
ks

AZ(K) = AS<

where k, (fixed to 5 x 1072 Mpc ! in the plot ), ng is the “tilt”
(ng = 0.96 from Planck data [6]) and «s is the “running” (which
slow-roll inflation predicts to be och ~ —(1—mng)?). From the
plot we see that p is very sensitive to the running o.

In flat space, the energy of a wave 0 is [93]

2

Q(T]»X) = F_)] —T—SCZ <52(T1>X)>p ’ (391)

where (...), denotes an average over the period of oscillation. Since
large-scale perturbations do not dissipate anyway, we can extend
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this flat-space result to a perturbed FLRW universe. Besides, we will
neglect the effect of baryons in the following (referring to [93] for
a more detailed treatment): therefore, the overall relativistic factor
¢z, /(1+¢c2,) of eq. (3.91) is

2
Sy ]

for an/ N Wy = % Now, we know from Section 3.3.1 that acoustic
waves 8, in the photon-electron-baryon fluid oscillate according to

5y (M, k) ~ coskrs (3.93)

where 15(n) is defined in eq. (3.42). However, while in Section 3.3.1
we were focusing on acoustic oscillations in the matter-dominated
epoch, p-distortions are created deeply into radiation dominance. For
this reason, we must be careful about the normalization of §.,. During
radiation domination, the Newtonian potential obeys eq. (3.39) with

wy = 1/3. Imposing ® — Qrp = —%C on super-horizon scales, we
have
j1(kr
@ (n, k) =—26(k)”](< )| (3.94)
Ts

If we use the Poisson equation eq. (3.25) with 6 ~ 8, during radiation
domination (for adiabatic perturbations), we see that inside the horizon
8y oscillates around 0 with maximum amplitude 4. Adding the Silk
damping term, we have

K2

5y(n, k) = —4¢(k)e *b coskry (3.95)

where the Silk damping scale k%) (n) is defined in eq. (3.45). Since the
damping scale k]% (n) decreases with time (indeed, we have kp(z) =
41(142)3/2 x 107 Mpc™ ), the amplitude of the acoustic waves (and
then their energy) is also decaying with time, so that

d(Q/py)

T dz >0, (3.96)

and we will have a positive p-distortion. Combining eq. (3.91) with
eq. (3.95), we find [20, 25]

w(zg,x) = 4.6J

J L(k1)E (kg et He) x
ki Jky

V4
x (cos(ky7s) cos(kars)), e (Kitk3)/kp ZDC (3.97)

zj J C(k1)(k2) Wy (i, kg et ki) x|
K Jio

where we have approximated (cos(ki1s) cos(kzrs)), ~ % and we de-

fined the window function W, (kq,k2) as

p

Wi (K1, ko) = 2.3 ¢ (Kitk3)/kp - (3-98)

ZK
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If we write p(zk, x) in Fourier space, i.e.

u(zg, k) = Jd3x e thex J

) L C(kn)E (k)W (K1, ka)et ki H2)x | (3.9)

and we evolve it from zx to z = 0 using the Sachs-Wolfe approximation
of eq. (3.71), we see that the a}, coefficients at the observation point
(no,x) are given by

Ay = 4T L e X (zk, k)i e (kAno) Y (k) (3.100)

where Ang, now, is g —nk. If we consider the sky average { = 0 (so
that Y@“m(f() = 4]—71, and take the ensemble average (ago), we see that
the expected value of the observed chemical potential is equal to (as
expected, the dependence on the observation point x drops out due to

translational invariance)

(ay) =J P (k1 )W (k1 K1 )jo (0)

k
Feo dk (3.101)
= SCARWLo k),
0
where we defined the dimensionless power spectrum A%(k) as
K3P¢ (k)
A%(k) = 2;2 . (3.102)

Therefore, we see that p is a direct probe of the power spectrum of ¢
on scales between kp(zx) ~ 46 Mpc™! and kp(zpc) ~ 1.1 x 10* Mpc ™!

(see fig. 3.5).
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In this Chapter we will compute, following [18], the power spectra of
primordial scalar and tensor fluctuations. Then, we will see how the
super-horizon values of these perturbations act as initial conditions for
the late-time evolution we studied in Chapter 3. We will conclude with
a review of the phenomenological parameterizations of the primordial
scalar power spectrum.

4.1 GAUGE CHOICE AND QUADRATIC ACTIONS

We will focus on single-field, slow-roll inflation. The action is that of
eq. (1.51), i.e.

Mlz) 4 1 4 5
SZsz X\ﬁgR—ZJd xvV=g{(Vd)Z+2V(d)} . (41)

How many degrees of freedom are present? The metric will contain
4 scalar perturbations (goo, gii, 9oj ~ 9;B, gij ~ 0;0;E), 2Avector
perturbations (go;j, with 9;90; = 0, and gij ~ 9(;kj), with 9;k; = 0)
and one transverse and traceless tensor perturbation gij. Furthermore,
we will have one scalar perturbation 6¢ coming from ¢. One vector
perturbation can be set to zero by means of a coordinate change,
while the shift constraint equation will enforce the second vector
perturbation to zero (since there are no sources for it in the matter
sector). If we choose the time coordinate so that ¢ = 0 (comoving
gauge), all degrees of freedom will be contained in the metric. The
ADM decomposition of the metric will read as in eq. (3.18), i.e.

ds? = —NZdt? + hy (dx' + N'dt)(dx + N'dt) (4-2)
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and we can use the remaining gauge freedom to put the spatial metric
in the form

hij = a?e?“(eY)y; , (4-3)

where yi; = 0;Yij = 0. Correspondingly, the action of eq. (4.1) will be
decomposed as

M2 (.4 3)p , EyEY —E?
S:ZJd xN\/E< Rt =7
;2 (4-4)

T[4 ¢ .
+2Jd xNﬁ{NZ—ZV(q))} ,

where we defined Ei; = NKj; (K being the extrinsic curvature of
the surfaces of constant time), E = hinij, and we used the 3 + 1
decomposition of the Ricci scalar, which is given by [55, §E.2]

R =GR+ K, KM — K2 42V, (Kn* — AH) | (4-5)

with A* =nvV,n"*

The variables N and N' are non-dynamical (their equations of
motion do not involve time derivatives), so they can be integrated out
to find the action for scalar and tensor fluctuations. If we are interested

in up to the cubic action for ¢ and y;j, we just need them at first order:

in fact, the second- and third-order lapse and shift perturbations will
multiply the zeroth-order lapse and shift equations, which vanish
since the background solves the zeroth-order equations of motion (we
refer to [119] for a proof'). Then, N and N*' will not contain tensor
modes, since we cannot form a scalar from the transverse and traceless
vij at first order in perturbations. Using the fact that the extrinsic
curvature can be written as
L — 2037 N
By — hij —2 i ViNjy ) 416)

where (3)V; is the covariant derivative on surfaces of constant time
and Nj = hy; NJ, the constraint equations become

.. = 2

. E4EYV—EZ ¢
0:(3)R—2V(¢)—UT—W ) (4.7a)

El. —E&L.
0= mm() . ]) . (4:7b)

If we define

N=1+4+08N, (4.8a)
NY =0, (4.8b)

Actually, it is possible to prove that the solution of the constraints at order n is enough
to find the action for C and yi; up to order 2n + 1 [65].
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egs. (4.8) are solved by

5N = % , (4.9a)
__ ¢ ~2;
b= aZH +en0d "¢ ) (49b)
where ¢y is the slow-roll parameter defined in eq. (1.55), i.e.
W §
EH = —m = m . (4.10)

After plugging eq. (4.9) in eq. (4.4), and expanding up to second

order in perturbations, we can find the quadratic actions for ¢ and .

These are equal to [18]

S¢ = M%Jd“x ena*{®—a (0%}, (4.11a)
M [ 4 3¢ 12 2 2
Sy = SJd x a’{(yi)° —a " (0yi) ) - (4.11b)

We will start from the scalar action: once we have solved the equations
of motion for ¢ we will be able to translate the results also to yij.

4.2 DYNAMICS OF THE SCALAR DEGREE OF FREEDOM

We start with the Fourier decomposition of the comoving curvature
perturbation, that is

dsk ik-x

Lt x) = J G (6K

From eq. (4.11a) we see that each ((t, k) is a harmonic oscillator with
time dependent mass, whose equation of motion is

d(adend(t k)
dt

It is a simple matter, then, to quantize the system: we promote ((t, k)
and {(t, k) to g-numbers by writing (see [55, § 14.2] and [120, § 3.2] for
a more exhaustive treatment of quantization on curved spacetimes)

ot k) = (e +ri(t)al (4-14)

where the mode functions 1y (n) are general classical solutions of
eq. (4.13). These are solutions to a second-order linear differential

(4.12)

+ aenk?¢(t, k) =0. (4.13)

equation, so they will depend on two arbitrary constants of integration.

In principle, these constants are fixed in the following way:

¢ if the operators ay and a;r( must satisfy the standard creation
and annihilation commutation relations, the mode functions will
have to satisfy a particular normalization condition. For a scalar
field in Minkowski spacetime this condition would be

TRf — Tt = —1; (4.15)
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4.2 DYNAMICS OF THE SCALAR DEGREE OF FREEDOM

e the second constant is fixed by choosing a vacuum state |0) for
the fluctuations, annihilated by all ay.

How can we proceed during inflation? By inspection of eq. (4.13)
we see that for early times, when a mode of physical wavelength aA
is well inside the horizon, the ratio of aA to the Hubble scale H™! is
very small and the mode feels like it is in a flat spacetime. So we can
take as |0) the usual vacuum of Minkowski space for an observer in
the far past. When the mode is outside the horizon during inflation,
instead, the solutions of eq. (4.13) quickly become constant.

Let us see, now, what happens in de Sitter space. The action for a
massless scalar s is given by

0
5= ;J_Oo dnjd3x H;nz{(sl)z(aks)z} ) (4.16)

and it is straightforward to show that the classical solutions s, in this
case, are given by [120, §5.4]

H
si) = ——
« V2K3

Very late times correspond to small [n|, and we see that the mode
function s becomes a constant in this limit. The two-point function
of the massless scalar is instead given by

(1 —kn)etn . (4.17)

(s(n, k) s(n, k")) = (27m)38(k + k')Is{ ()|
H2 (4.18)
3 2.2
= (27) ZS(k—i—k')ﬁﬂ +kn°),
and for modes well outside the horizon (for which k|| < 1, since in
de Sitter space 1 = —(aH) ") it becomes
HZ

(sk(M)sr(n)) ~ (2ﬂ)35(k+k')ﬁ : (4.19)

Going back to the inflationary computation we see that, if one knew
the solution to eq. (4.13), the two-point function of ((t, k) would be
simply calculated as

(0t k) ¢(t, k")) = (27m)38(k + K ric(t)]* . (4.20)

In the slow-roll limit, however, it is possible to estimate the late-time
behavior (after the time of horizon crossing, that is) of the mode
function by the corresponding result in de Sitter space, taking as
value for H the Hubble constant at the moment of horizon crossing
k = a(t)H(t). The reason is that at late times 1 (t) is constant while
at early times the flat spacetime approximation is valid. We also note
that the action of eq. (4.11a) contains an overall factor of ey: it enters
in the normalization of the classical solution, therefore to compute
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the super-horizon (n — 0) two-point function for ¢ we have to use the
result of eq. (4.19) with

s(0,) = v2er ¢(0,k) = &

where ¢ is evaluated at horizon crossing k = a(t)H(t). Recalling the
definition of power spectrum for ¢, then, we see that

¢(0,k) (4.21)

1 H?
P:(0,k) =Pe(k) = —55— . .
c(0, k) c(k) IMZR et |y (4.22)

4.3 DYNAMICS OF THE TENSOR DEGREES OF FREEDOM

We start from expanding the tensor perturbation vyi; in a Fourier
integral. This expansion is given by

Yij(t,x) = J (31:;3 Z €%(k)yp(t,k)eik.x , (4.23)
p=-+,X
with
6ik6jlefj(k)egl(k) —28P9 | (4.24a)
Vel (k) =0 Vk,p, (4.24b)
kie*fj(k) =0Vk,p. (4.24¢)

Egs. (4.24b), (4.24c) impose constraints on the symmetric three-tensors
efj, and this is why they actually depend only on the magnitude k of
k. If we insert this expression for hy; into the tensor quadratic action
S, we find the sum of two copies of the scalar quadratic action S,
one for the 4 polarization and one for the x polarization. However
the difference is that S, is not multiplied by the slow-roll parameter
en: therefore, the power spectrum of tensor modes (which is the same
for both polarizations) is given by [18]

2

Py (k) = W

H2|k—aH - (4.25)

4.4 POWER SPECTRA IN THE SLOW-ROLL APPROXIMATION
We recall that for an operator O the power spectrum Pg in Fourier
space is defined by

(O(t,k) O(tk")) = (2m)36(k + kK')Po (t, k) . (4.26)

The dimensionless power spectrum A% for the same quantity is instead
defined as

k3
A%) (t) k) = ﬁpo (t) k) ) (427)
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where the overall factor o k3 ensures that the real space variance of
the dimensionless power spectrum is given by the momentum-space
integral fg “d log k Azo (t, k). The final results of this analysis are listed
in tab. 4.1 below.

TABLE 4.1: Power spectra for scalar and tensor modes for n — 0 at leading
order in slow-roll [18].

1 H?
Pl avg e
P Hlk=aH
2
MK
2
P, (k H2 | —q
y(K) MZI3 lk=aH
1
2 2
Ay (k) nZMI%H lk=aH

4.5 INFLATIONARY OBSERVABLES

The scalar and tensor dimensionless power spectra AZ(k) and AZ (k)
are related to those of ¢ and vy; by

A7 (K) = AE(K) (4.282)
A7 (k) =243(K) (4-28b)

where the factor of 2 in equation (4.28b) derives from the sum over the
two polarizations + and x. These equations show us two important
results:

e since the scalar action is slow-roll suppressed, AZ(k) is slow-roll
“enhanced” by a factor of ¢},';

e the same thing does not happen for AZ(k), so tensor modes are
more difficult to detect.?

This property of primordial fluctuations is encoded in the “tensor-to-
scalar ratio” r, whose expression in terms of the slow-roll parameters
ey and ny (that we defined in Section 1.3.4) is

A (k)
= A:z(k) = 16eH|k—aH - (4-29)

r(k)

Another observable one can consider is the “spectral index”, that we
already introduced in fig. 3.5: the condition k = aH in tab. 4.1 leads to
additional momentum dependence of the dimensionless power spectra,

Another reason is that tensor modes (like vector modes) decay once they come back
into the horizon [121, 122].
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even if the explicit factor of k3 has been removed. One parameterizes
this dependence with

dlog AZ(k
ng(k)—1= dflgogsli) = Nhlk=aH — 2eHlk=aH , (4.30a)
dlog AZ(k
ny(k) = (;];Ogt]i) = —2eHlk=aH » (4.30b)

that hold at first order in slow-roll. With these definitions, ns(k) = 1
and n¢(k) = 0 correspond to “scale-invariant” spectra. In the following
we will consider only the scalar spectral index, because experiments
are not yet sensitive enough to detect n;.

If we now use the potential slow-roll parameters instead of the
Hubble ones, recalling the relations of egs. (1.58), we find that

1 1V
AZ(k) = _ .31a
(k) =5, MIey (4.31a)
r(k) = 16evik—aH , (4.31b)
ng(k) =14+ 2Mvlk=aH — 6€vlk=aH , (4.31¢)

where ¢y and 1y are functions of the potential and of its first and
second derivatives (respectively) evaluated at ¢ = ¢(t). Experiments
will give us the values of the scalar and tensor spectra at a “pivot”
scale k,, where the scalar and tensor spectra are normalized (recall
tig. 3.5). The scale k, has crossed the horizon at the time t, at which
k. = a,H,): using egs. (4.31) we relate these measurements directly to
the shape of the inflationary potential driving the period of accelerated
expansion. In fact one is able to reconstruct the derivatives of the
potential at ¢, = ¢(t.) and from there its power series.

46 THE ENERGY SCALE OF INFLATION AND THE LYTH BOUND

In this short Section we study what one can learn about the inflationary
epoch by measuring primordial gravitational waves. We begin from
relating the energy scale of inflation to the strength of these primordial
gravitational waves. The starting point is eq. (4.29) for the tensor-to-
scalar ratio

AZ(K)
= A:Z (k) ) (432)

r(k)

which one can rewrite as

_ 2 H2|k:aH _ 2 V|k:aH
M3 AZ(k) 3m2Mp AZ(k)

(k) (4-33)
since during slow-roll the kinetic energy is negligible. If we now
substitute in this formula the measured value of the dimensionless
scalar power spectrum, which is of order 10~ [123], we arrive at the
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4.7 BEYOND POWER-LAW SPECTRA

equation (we are dropping the dependence on k here, because we are
just interested in the orders of magnitude)

YV ~ ;‘/ﬁ % 1076 GeV . (4.34)

Therefore having a tensor-to-scalar ratio of order 10~ corresponds to
an energy scale of order 107 GeV.

Now we arrive at the Lyth bound [124], which relates the intensity
of tensor fluctuations to the excursion in field space during inflation. If
we combine eq. (4.31b) with the expression for the number of e-folds
N at first order in slow-roll, i. e. (we assume (f) >0, as in fig. 1.4)

Pend +
N(t)zj dp 1 __ (4-35)

sy M /26y ()

we find that

d¢ T($)

aN - Mp 8 (4.36)
If we now use the fact that €y (and then r) does not evolve much
during slow-roll (since also [ny| is much smaller than 1), we find that
(again dropping the dependence on k)

(I)end — d_)CMB _ (Aé)slow-roll _ T
5Mp . Mp \Voor’ (4:37)

where ¢comp (recall fig. 1.4) is the value of the inflaton at the time at
which the fluctuations measured in the CMB are generated. Hence
values of 1 of order 10~ translate into a trans-Planckian displacement
(Ad)siow-roll = Mp during inflation: this is why models predicting a
large amount of primordial gravitational waves are called “large-field
models”.3

4.7 BEYOND POWER-LAW SPECTRA

The result of eq. (4.30a) for the tilt of the scalar power spectrum can be
cast in a different way: from the definition of spectral index we have
that, for constant ng(k) —1, A%(k) can be written as

k ng—1
=) 439)
where
1 H2
Ag= - , .
s Ve BN (4.39a)
Nng — 1 = Mular=k, —2&HlaH=k, - (4.39b)

For an analysis of large field models from an effective field theory point of view we
refer the reader to [43, §28.3, §28.4].
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However, it is possible to extend eq. (4.39) to higher order in an
expansion in log k—k* More precisely, we can write

, (4-40)

K ng—1+ 58 log %—l—%logz =+
Ky

AZ(k) = As<

where «s is the “running of the spectral index”, 35 the “running of
the running of the spectral index”, etc. In the slow-roll approximation,
we can match the phenomenological parameters of eq. (4.40) to time
derivatives of the Hubble parameter at the pivot scale by using the
relations

k
N —N, = —log P (4.41a)
*
1 de
T—ng=2ey — 7d7£ , (4-41b)

where N is the number of e-folds from the end of inflation, decreasing
as time increases (i.e. Hdt = —dN). The running of ey up to third
order in N is given, then, by

en(N) =en(N —I—Z - N Ny) (4-42)
with

(0 _ dlen

€H = gNi N (4-43)

The coefficients 5(:1) can be related to ng — 1, as and s by using
eq. (4.41b). Indeed, differentiating it with respect to N and then using
eq. (4.41a), one can find the coefficients of the Taylor expansion of
eH(N) in terms of the parameters describing the scale dependence of
the primordial spectrum A%(k). More precisely, the system of equa-

tions to solve is (calling el = e (Ny))

ety = (ns— el +2(enla)? (4-442)
sg) = —OsEH« +45H|*5](11) +(“s_])51(l) ’ (4-44b)

3 1
ery) = Bserils — 205€;

+ (s — D{—osenle +depleey;) + (ns— el }
+ 4 el [—oteerile +4eleel]) + (ne—1)ell)]
(

1
+(ef )2} (4-440)
48 CONNECTION TO OBSERVATIONS

As we have seen in Section 4.1, ¢ and vy; are conserved on super-
horizon scales, given that there are no mass terms in their Lagrangians
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egs. (4.11). Then, we can use these two variables to connect the infla-
tionary epoch to the Hot Big Bang era. The main problem is finding
gauge-invariant variables that reduce to ¢ and yji; in comoving gauge,
so that we can then equate their super-horizon value to that of the
Newtonian gauge variables of Section 3.3.1.

4.8.1  Scalar mode

We start from studying the scalar mode (. Given a generic first-order
metric g, equal to

goo = —(1+20), (4.452)
goj = a(d;B+B;) , (4-45b)
gij = a?(1—2¥)8y5 + a005E + a?diEj) + a’vyy (4-450)

with 9;B; = 3;E; = 0, and the stress-energy tensor of a fluid with
four-velocity U* = y(n# +v*) (n* being the normal to the surfaces
of constant time and vt equal to 0;v), it is straightforward to see that
the combination —¥ + a?Hv is gauge-invariant. Indeed, consider for
example the case of a time redefinition t = t + §t(f,%): under this
transformation we have

Y =¥ Hot, (4.46a)
. ot
V=ve 7, (4.46b)

so that —¥ + a?Hv does not change.

In comoving gauge during inflation, —¥ + a?Hv reduces to our ¢,
since for 8¢ = 0 the stress-energy tensor is unperturbed (so v = 0).
Besides, we see that ( is indeed conserved for 1 — 0, so that also the
gauge-invariant combination —¥ + a?Hv will be conserved on super-
horizon scales and can be used to match to the Newtonian gauge
variables at horizon re-entry during radiation dominance. Using the
shift constraint equation for a fluid with equation of state w, we can
rewrite —¥ + a?Hv as

2 2M3 i 2
— V4 a?Hy =¥ — - (HY + H7W)
p(1+w)
PR (4-47)
——y___ = (Z4y
30+ w) (H * ) ’
so that for ¥ — 0 on super-horizon scales we obtain
PAY 5+ 3w
Y+ a?H S 17— =— 48
A ISV R T Ry (4.48)

For ¥ = @, in absence of anisotropic stress, we obtain the initial
conditions used in the previous Chapter. Besides, we see that as
w goes from % to 0 as we go from radiation dominance to matter
dominance, the super-horizon value of the Newtonian potential drops

9
of a factor of ;.
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48 CONNECTION TO OBSERVATIONS

4.8.2  Tensor modes

The same line of reasoning of the previous Section can be applied to
the tensor modes yij. Things are far simpler in this case, since at linear
order in perturbations vi;j is gauge-invariant. Indeed, if we take the
linearized coordinate transformation of eq. (3.24), i.e.

Xt =xH 4 EH(X) =xF 4+ EH(x) +0(2) (4-49)

we see that neither £° nor &' = 9;&1 + & (with 0;&! = 0) can contain
a spin-2 perturbation at this order.

Therefore, the super-horizon value of vi; (and of its power spectrum)
obtained in Section 4.3 can be directly used as initial condition for the
tensor modes in any other gauge at horizon re-entry.
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nw OR as: A GUARANTEED DISCOVERY

CONTENTS

5.1 Introduction 109

5.2 Photon thermodynamics 112

5.3 Expectations from large scales 114

5.4 Forecasts for PIXIE: Fisher analysis 118
5.5 Forecasts for PIXIE: MCMC 122

5.6 Implications for slow-roll inflation 125
5.7 Conclusions 127

In this Chapter we discuss the implications for single-field slow-roll
inflation of a PIXIE-like experiment that will measure p-distortions at
the level of 1078. The Chapter is based on the work Phys. Rev. D 93,
no. 8, 083515 (2016).

5.1 INTRODUCTION

The recent measurements of CMB anisotropies made by the Planck
satellite experiment [14] have provided, once again, a spectacular
confirmation of the ACDM cosmological model and determined its
parameters with an impressive accuracy. Also, numerous new ground
based or balloon borne CMB telescopes are currently gathering data
or under development. Moreover, several proposals for a new satel-
lite experiment like PIXIE [22], PRISM [125, 126], COrE [127], and
LiteBIRD [128] are under discussion.

In summary, two main lines of investigation are currently pur-
sued: CMB polarization and spectral distortions. Improving current
measurements of CMB polarization is partially motivated by the infla-
tionary paradigm. As we have seen in Chapter 4, the simplest models
of inflation predict a nearly scale-invariant (red-tilted) spectrum of
primordial scalar perturbations, in perfect agreement with the latest
experimental evidence. Inflation also predicts a stochastic background
of gravitational waves: a discovery of this background (e. g. through
measurements of CMB B-mode polarization [117, 118]) with a tensor-
to-scalar ratio T ~ 1072 would correspond to inflation occurring at the
GUT scale (see Section 4.6). Planned and/or proposed CMB experi-
ments could detect this background, and measure the tensor-to-scalar
ratio r ~ 0.01 X (Einflation/10'® GeV)* with a relative error of order 10~2,
if inflation occurs at these energies [129, 130]. This would be a spectac-
ular confirmation of the inflationary theory. However, the energy scale
of inflation could be orders of magnitude lower than the GUT scale.
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5.1 INTRODUCTION

In this case, the stochastic background would be out of the reach of
upcoming or planned experiments.

On the other hand, CMB p-type spectral distortions are an unavoid-
able prediction of the ACDM model, since they are generated by the
damping of primordial fluctuations [7, 9o] with an amplitude of order
1= 0(10"8) (for this reason, it will be useful to define the parameter
g = p x 108, that will be used in the rest of this and the following
Chapters).

While a measurement of CMB spectral distortions could shed light
on several aspects of physics beyond ACDM such as, e. g., gravitino
decay [131], cosmic strings [132], magnetic fields [133], hidden pho-
tons [134], and dark matter interactions [135], just to name a few, it
is important to stress that spectral distortions could provide signifi-
cant information on inflation through the contribution coming from
primordial perturbations [136—140].

Indeed, as we have shown in Section 4.7, in a typical inflationary
model the spectral index ng of scalar perturbations is expected to have
a small (and often negative) running, of order |os| ~ (1 — ng)? [141-143].
State-of-the art CMB observations by the Planck experiment [6, 14]
are fully compatible with an exact power law spectrum of primordial
fluctuations P (k), with g = —0.006 £+ 0.007 at 68 % CL (Planck TT, TE,
EE + lowP dataset). A more than ten-fold improvement in sensitivity
is therefore needed to reach the typical slow-roll values with CMB
experiments. However, CMB anisotropies can probe P (k) only up
to k =~ 0.1 Mpc ™, since at shorter scales primordial anisotropies are
washed away by Silk damping [103-105] and foregrounds become
dominant. There is, then, a limit in the range of multipoles that we can
use to test the scale dependence of the power spectrum.” Moreover,
CMB measurements will soon be limited by cosmic variance: recent
analyses have shown that for upcoming experiments (COrE+ or CMB
Stage IV), which are close to be CVL (Cosmic Variance Limited), one
can expect 0y, ~ 1073 [145-147].

As we have seen in Section 3.4, the CMB p-type spectral distortion
is sensitive to the amount of scalar power up to k of order 10* Mpc ™!
because of the damping of acoustic modes. The strong lever arm makes
this observable an ideal probe to improve the bounds on the running
from large scale CMB anisotropies. In addition, the cosmic variance
of the p monopole and of the higher multipoles is minuscule (see
[20] for a discussion). With a sufficiently broad frequency coverage,
instrumental noise will be the main source of uncertainty for any
foreseeable future, leaving ample room for improvements.

In this context, we address several questions:

For this reason, we expect that E-mode polarization will be better, in the long run,
at constraining the scale dependence of P;(k), since C @EE starts to become damped
around { ~ 2500 (see [144] for a discussion).
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¢ is there a benchmark sensitivity for CMB spectrometry, i. e. which
should be the target of the next generation experiments? How
can we design an experiment to ensure a discovery even in the
absence of a detection?

¢ what sensitivity to the spectrum is needed to detect u-distortions
when accounting for the prior knowledge from Planck?

¢ how much will a joint analysis of large scale CMB anisotropies
and CMB spectral distortion strengthen the bounds on the run-
ning? How does this quantitatively depend on the improvement
over PIXIE sensitivity??

To articulate the answers to these questions, we consider the follow-
ing three fiducial cosmologies:

¢ a ACDM cosmology with zero running: the best-fit for the u-
amplitude, in this case, is of order ug = 1.6. We stress that for
the sensitivities considered in this and the following Chapters,
this fiducial is indistinguishable from models with running of
order (1 —ng)?, such as typical slow-roll models;

* a fiducial spectral distortion amplitude pfid equal to the best-fit of
the the Planck analysis for the ACDM + o5 model, i.e. ufgid = 1.06.
This value of u is roughly correspondent to what one obtains for
a running «s = —0.01 which is close to the mean value predicted
by current Planck data;

e ofid = —0.02 (corresponding to pg = 0.73), at the edge of the 2o
bounds of Planck. We note that it is possible to obtain such large
negative runnings in some models of single-field inflation like,
e.g., extra-dimensional versions of Natural Inflation [148, 149]
or recent developments in axion monodromy inflation [150-152].

The rest of the Chapter is organized as follows: after a very brief
review of photon thermodynamics in the early universe and of distor-
tions from Silk damping (we refer to Sections 2.2, 2.3 and 3.4 for more
details), we compute the p-distortion parameter allowed by current
Planck bounds for a ACDM and ACDM + & model (Section 5.3). We
then analyze what a PIXIE-like mission will be able to say about the
running, given these posteriors for p. The discussion is divided in
three Sections: we start with the predicted bounds on p-distortions
from current Planck data (Section 5.3). We proceed with a Fisher anal-
ysis (Section 5.4), discussing also the optimal choice of pivot scale for
a combined study of CMB anisotropies and spectral distortions. The
MCMC analysis and forecasts are carried out in Section 5.5. Finally,
Section 5.6 studies the implications of these results for single-clock
slow-roll inflation, and we draw our conclusions in Section 5.7.

2 For example the PRISM imager [125, 126] corresponds to approximately 10x PIXIE.
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5.2 PHOTON THERMODYNAMICS

At very early times, for redshifts larger than zpc ~ 2 x 106, processes
like double Compton scattering and Bremsstrahlung are very efficient
and maintain thermodynamic equilibrium: any perturbation to the
system is thermalized and the spectrum of the CMB is given to very
high accuracy by a black-body. At later times the photon number is
effectively frozen, since photons can be created at low frequencies by
elastic Compton scattering but their re-scattering at high frequencies
via double Compton scattering and Bremsstrahlung is not efficient
due to the expansion of the universe [7-10, 12, 13].

The end result is a Bose-Einstein distribution 1/(eXt*(*) —1) (x =
hv/kgT) with chemical potential p. Since photons can still be created
at low frequencies, p will not exactly be frequency independent: it
can be approximated as g exp(—x./x), with x. = 5 x 10—3. However,
no planned/proposed experiments will be able to probe such low
frequencies: for this reason we will take the chemical potential to be a
constant (and drop the subscript 0).

For a given energy release d(Q/p,)/dz, one can write the value of
u as (see Section 2.3.4)

wz) =14 J “31; Py) (20 (2 — ) | (5.1)

where zxg = 5 x 10* and T.(z) can be approximated as (z/zpc)>/?

[7_101 12,13, 74]-

Below redshifts around z = z,.; &~ 2 x 10°, Compton scattering is
not sufficient to maintain a Bose-Einstein spectrum in the presence
of energy injection. The distortions generated will then be neither
of the p-type nor of the y-type: they will depend on the redshift at
which energy injection occurs [12, 87, 138], and must be calculated
numerically by solving the Boltzmann equation. Recently, in [87, 138],
a set of Green’s functions for the computation of these intermediate
distortions has been provided:3 they sample the intermediate photon
spectrum n for a energy release Qrer/py =4 x 1075 in O(103) red-
shift bins from z &~ 2 x 10° to z ~ 1.5 x 10%. The i-type intensity, for a
generic energy injection history d(Q/p)/dz, will then be computed
as [138]

(. ZhV nlk Q/p’Y)
1Y (v) = 5
Z 4x 10~ ; dz |, *
Zh (5.2)
A% Tl
= E Zk ugk) )

At redshifts z < 1.5 x 10% also elastic Compton scattering is not
efficient enough: there is no kinetic equilibrium and the distortion is

3 We refer also to [88] for an alternative derivation.
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of y-type. The transition between p- and y-distortions can be modeled
with a redshift dependent visibility function [88]. The information
on the transition is encoded in the residual r-type distortions. Since
r-distortions are not degenerate with p- and y-type distortions (see
Appendix D), they can be useful for probing the redshift dependence
of different energy release histories [138, 153].4

The y-type distortions is expected to be dominated by astrophysics
at low redshifts (created when the CMB photons are scattered in the
clusters of galaxies by hot electrons, the thermal Sunyaev-Zeldovich
effect). While this signal is very interesting by itself as a probe of the
matter distribution in the universe [154-156], our goal is studying
the contribution due to dissipation of acoustic waves, and so we will
marginalize over it in our analysis (see Appendix D).5

Additional spectral distortions are the ones created during recom-
bination [74, 75] and reionization [74, 158, 159]. Previous work on
recombination spectra has been carried out in [160-165], and recently
[75] has shown that spectral distortions from recombination can be
computed with high precision. Therefore we are not going to include
them in our analysis, assuming they can be subtracted when looking
for the primordial signal.

In this and the following Chapters we will not consider these inter-
mediate distortions, and take the transition between the p- and y- era
to be instantaneous at a redshift zg = 5 x 10% [9o]: in the case of an
energy release that does not vary abruptly with redshift, we do not ex-
pect the inclusion of r-distortions to alter significantly the constraints
on the parameters describing d(Q/p+)/dz. We leave the analysis of
their effect on combined CMB anisotropies - CMB distortions forecasts
for cosmological parameters for future work (referring to [138, 153,
157] for forecasts involving CMB spectrometry alone).

While there are many non-standard potential sources of spectral
distortions, e. g. decaying or annihilating Dark Matter particles [12, 87,
131], a source of heating that is present also in the standard picture
is the dissipation of perturbations in the primordial plasma due to
Silk damping. Even before recombination, when the tight-coupling
approximation holds, photons are random-walking within the plasma
with a mean free path Ay = (orne) ', In the fluid description,
this amounts to anisotropic stresses that induce dissipation. One can
compute the (integrated) fractional energy lost by these acoustic waves
dy: as we have seen in Section 3.4, in the tight-coupling approximation
eq. (5.1) reduces to [78, 166]

didl g - znc
pzZ.SJ(;ﬂwzelMXC(kﬂC(kz)e (ki +k2)/ K . (53)

As [12] shows, they can be used to put constraints on observables like the lifetime of
decaying dark matter particles.

We note that in [157], the authors carried out this marginalization by taking into
account also r-distortions: this results in a slightly higher p detection limits, but does
not affect the main results of this Chapter.
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where k; = kj +k, and ((k) = ((k) are the Fourier modes of the
primordial curvature perturbation. The diffusion damping length

appearing in the above formula, instead, is given by [103-105]
J*‘X’ 14z [RZ +12(1+ R)}

kp(z) = \/ d 6(1+R)2

z
2 Horne

If we consider the ensemble average of u, we see that it is equal to

the log-integral of the primordial power spectrum multiplied by a

window function

W, (k) =23 2K/kb

(5-4)

ZDpC

(5:5)

zK

Since the tight-coupling approximation is very accurate at redshifts
much before recombination we expect this to be a good approxima-
tion for the p-distortion amplitude: this simplified picture allows
us to obtain a qualitative understanding of the possible constraints
coming from an experiment like PIXIE [22]. The window function of
eq. (5.5) and the analogous one for y-distortions are shown in fig. 5.1.
We also account for adiabatic cooling [12, 86], namely the fact that
electrons and baryons alone would cool down faster than photons.
Because of the continuous interactions, they effectively extract energy
from the photons to maintain the same temperature, leading to an
additional source of distortions of the CMB spectrum. During the
u-era, this energy extraction results in a negative p-distortion of order
upgec &~ —2.7 x 1077 (for the Planck 2015 best-fit values of cosmological
parameters).

1.51 A2 (k) x Wy(k) ]
— A%(k) x W, (k)
<
— 1.0 i
[a\}
4
P CMB
I anisotropies
4 0.5}
0.0 > ! J !

-4 -2 0 2 4 6
log,q k/Mpc™!
F1GURE 5.1: This cartoon plot shows the scales which are probed by p-

and y-type spectral distortions, using the “window function”
approximation of eq. (5.5).

5.3 EXPECTATIONS FROM LARGE SCALES

As we discussed in the previous Section, the expected primordial
spectral distortion p is a function of cosmological parameters that play
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F1GURE 5.2: The figure shows the one-dimensional posteriors for g pre-
dicted by Planck TT, TE, EE + lowP data, for the ACDM model
(orange curve) and the ACDM + o5 model (purple curve). The
posteriors have been obtained through the idistort code de-
veloped by Khatri and Sunyaev [87, 138].

a role during the early universe epoch (like the scalar spectral index 1,
its running o, the cold dark matter energy density, etc.). Since most of
these parameters are now well constrained by the recent measurements
of CMB anisotropies (both in temperature an polarization) made by
the Planck satellite, one could, albeit indirectly, constrain the expected
value of p assuming a ACDM model or one of its extensions (see also
[140] for a recent analysis).
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F1GURE 5.3: This figure shows the 68 % CL and 95 % CL contours in the 1
- i (top panel) and the o - pg plane (bottom panel) for the
Planck TT, TE, EE + lowP dataset for ACDM + «g, together
with the 1o detection limits for PIXIE and possible improve-
ments.

Spectral distortions in the p-era can be computed in terms of 6 - 7
parameters (which we will call 0):

e the baryon and cold dark matter density parameters Q,h? = wy,
and Q.gmh? = Weam, together with the number of effective rela-
tivistic degrees of freedom Ngg. These enter in the computation
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of the expansion history: from them we compute the Hubble
constant Hy and the Helium mass fraction Yp that enter in the
computation of the dissipation scale kp;

¢ the CMB temperature Tp;

¢ the parameters describing the primordial spectrum P;(k), i.e.

Pc(k) = ”

2m? 2m? O\ T log i

?Ac(k) =73 = As < ) . (5.6)
These are the amplitude log(10'°A) and tilt ng for the ACDM
case, with the addition of the running o for the ACDM + o

case.

We performed an analysis of the recent Planck TT, TE, EE + lowP
likelihood [167], which includes the (temperature and E-mode polar-
ization) high-{ likelihood together with the TQU pixel-based low-{
likelihood, through Monte Carlo Markov Chain sampling, using the
publicly available code cosmomc [168, 169]. We have varied the primor-
dial parameters, along with wy, wgm, the reionization optical depth
1,% and finally the ratio of the sound horizon to the angular diameter
distance at decoupling 1000yjc. For each model in the MCMC chain
we compute, as derived parameter, the value of ug using the idistort
code developed by Khatri and Sunyaev [87, 138]. For this purpose we
fix the CMB temperature to To = 2.7255 K, the neutrino effective num-
ber to the standard value N = 3.046, and we evaluate the primordial
Helium abundance Yp assuming standard Big Bang Nucleosynthesis.

Processing the chains through the getdist routine (included in the
cosmomc package), and marginalizing over all the nuisance parameters,
we obtain for the ACDM case (no running) the indirect constraint
ng = 1.57f8:}g§ at 68 % CL. Including the possibility of a running, the
Planck constraint on p is weakened to ug = 1.28f8:§§i (68 % CL). The
marginalized posterior distributions for pg are shown in fig. 5.2. Notice
that the “the balanced injection scenario”, namely the possibility that
the negative contribution to u from adiabatic cooling cancels precisely
the positive contribution from the dissipation of adiabatic modes
[78, 86], leaving ng = 0, is excluded at extremely high significance
(i.e. = 150) for the ACDM model, and at 97.4 % CL7 if we allow the
running to vary.

Fig. 5.3 shows the dependence of p-distortion on the tilt ns and the
running os:

¢ in the top panel we see that ug is not very degenerate with ns.
The reason is twofold. First and most importantly, for non-zero
running of order 1072, as allowed by Planck, a change in the

6 We introduced this parameter in Section 3.3.2: we have called it T, in eq. (3.80).
7 We quote the confidence level, in this case, because the posterior for pg is non-
Gaussian (as can be seen from fig. 5.2).
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5.4 FORECASTS FOR PIXIE: FISHER ANALYSIS

tilt of order 102 is a small correction to the power spectrum at
the short scales that are responsible for p-distortions (o appears
in eq. (5.6) with a factor of (logk/k,)/2 ~5 for k ~ 103 Mpc™1).
Secondly, Planck constraints on ng are tighter than those on o
by roughly a factor of two;

¢ the bottom panel, on the other hand, shows that ug is strongly
dependent on s (increasing o increases the power at short
scales and hence leads to a larger ug, and viceversa). We also
note that the two dimensional contour in the «s - pg plane is
not ellipsoidal, but banana-shaped. The reason is that at large
negative running, the contribution to spectral distortions from
dissipation of acoustic waves will go to zero asymptotically, and
the net p amplitude will be the one from adiabatic cooling (which
for the tightly constrained values of cosmological parameters
can be practically considered a constant).

Having discussed the current (indirect) limits on p-distortions from
Planck measurements of CMB temperature and polarization anisotro-
pies, we move to the forecasts for a PIXIE-like spectrometer.

5.4 FORECASTS FOR PIXIE: FISHER ANALYSIS

Considering only p-distortions, and using the approximation in terms
of a window function from zg =5 x 10% to zpc = 2 x 10° (with the
amplitude of the scalar spectrum fixed at Ag ~ 2.2 x 10~7), we can
perform a simple Fisher forecast to see how the constraints on tilt and
running are improved by combining PIXIE with the Planck prediction
for ug.

This allows us also to discuss, mirroring what has been done for
CMB anisotropies alone in [170], what is the optimal choice of pivot
scale (that maximizes the detection power for these two parameters)
for the combined analysis, as function of the sensitivity of a PIXIE-
like mission. We stress that the choice of pivot has no impact on the
detectability of p-distortions themselves: it is just a particular way to
parametrize the spectrum. Whether or not p-distortions will be seen is
only dependent on the amount of scalar power at small scales (which
is captured by the fiducial ug that we consider).

Finally, we also point out that this analysis already shows that an
improvement of a factor of three over PIXIE implies a guaranteed
discovery.
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FIGURE 5.4: (1 —ng)/on, (top panel) and |xs|/0«, (bottom panel) as func-
tion of the pivot scale k,, for a vanishing fiducial distortions
pfid = 0. A dependence on the pivot scale is always present for
1 (top panel), while for «s the dependence becomes apprecia-
ble only for a significant improvements over PIXIE sensitivity.
The optimal choice of k, shifts towards k < 0.05 Mpc_1 for
ng and k > 0.05 Mpcf] for o, when the information from
spectral distortions is included.

We add to the Planck bounds the detection limits for p-distortions
from the PIXIE white paper [22], i.e.

L(ns, ots) o LM, 0ts)planck
37 2
[ {1s(ns, &s) + pg pec — ng* } ] (5.7)
X exp |— 5 ,
207,

where o, is equal to 1 (0.5 and 0.2) for (2x and 5x) PIXIE, and
ug(ns, os) is given by

kp(znc) dk / k ns—1+% log &
() . (5.8)

pg(ns,as)zzﬁxmngSJ i

kp(zx)
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FIGURE 5.5: Same as fig. 5.4, but in this case we consider a fiducial pg
amplitude of 1.3 (see Section 5.4 for details). The behavior is
qualitatively similar to the case of a vanishing fiducial pg.

The results of this Fisher analysis are just an approximation of the
full MCMC sampling of the joint likelihood that we will present in
the next Section. We can then safely consider only two fiducial values
for pg, which approximate well the choices we will make later (see
tab. 5.2):

o plid =0, i.e. a cosmology with zero p-type distortions;

o ugid = 1.3, i.e. the mean-fit value from Planck data (for the
ACDM + 4 case).

As Planck likelihood, we take (disregarding for simplicity the normal-
ization)

(g — &,
1085(T1s> s ) Planck = ——

(5.9)

where:
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¢ the tilt is written at an arbitrary pivot k, in terms of the run-

ning and the reference scale kio) (note that the Jacobian of the
transformation is 1 so it can be neglected);

. kio) =0.05 l\/Ipc*1 is the scale where ng and o decorrelate: for
this reason we take 15, &; to be the marginalized means from
the Planck TT, TE, EE + lowP analysis. oy, and o4, are the
corresponding marginalized standard deviations. The values are
listed in tab. 5.1.

TABLE 5.1: Mean and standard deviation for spectral index and running
used in eq. (5.9), from the Planck TT, TE, EE + lowP analysis.

Ay 0.9639
&  —0.0057
o, 0.0050
O, 0.0071

Fig. 5.4 shows (1 —ng)/on, and |os|/0«, as function of the pivot
scale for vanishing pd: we see that, as we increase the sensitivity
of PIXIE, the k, that maximizes the detection of the tilt is shifted
towards values smaller than kio) = 0.05 I\/Ipc_]. The best pivot for
the running moves in the opposite direction, towards values larger
than 0.05Mpc~'. fig. 5.5 shows that the same qualitative behavior is
reproduced in the case of a fiducial pg different from zero.

These plots show that the effect of changing of pivot on the detection
power for ng and o is not very relevant, if we increase 1/0,, up to
5x PIXIE. At 10x the choice of k, can lead to a small improvement
on o4 : this is an interesting result, that could open up the possibility
of choosing the pivot outside of the CMB window in the future, as
0. becomes even smaller.? However, since we will stop at 10x PIXIE
(i. e. the expected error on g achievable by PRISM) in this Chapter,
we will keep k, = 0.05Mpc™~! in the following Sections.

For vanishing pfid, fig. 5.4 shows that the improvement for o,
can be greater than the case with non-zero fiducial. However, it is
important to stress that the assumption of having zero distortions
starts to become incompatible with the Planck indirect constraints
on pg (as one can see, e.g., from fig. 5.2) for o,, ~ 0.3, making a
combination of the two likelihoods inadvisable (this is also the reason
why we have decided to not consider, in Section 5.1, a fiducial running
so small that spectral distortions from Silk damping are absent). For
tiducial pg different from zero we see that this does not happen: the

However, from the top panels of figs. 5.4, 5.5 we see how this improvement would be
at the expense of an increased error on the tilt ns.
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combination of the likelihoods, which we will explore through MCMC
sampling in the next Section, is therefore justified in this case.

Finally, it is interesting to ask whether there exist any threshold
value for sensitivity to the p amplitude such that, by reaching it, we are
guaranteed to learn something about the early Universe, irrespectively
of what the running might actually be. The bottom panel of fig. 5.4
suggests the answer to this question (which we will confirm in the
next Section with a detailed calculation). Within the uncertainty of
Planck, a vanishing running implies a distortion of order ug ~ 1.4,
as we have seen in Section 5.3: therefore a measurement of the CMB
spectrum at sensitivity of o, ~ 1.4/4 = 0.35, corresponding to about
3x PIXIE, must lead to? a first detection of p-distortions or a detection
of negative running, or both. In fact, any central value ug < 1.4/2 ~ 0.7
at this resolution would exclude «s > 0, while any larger pg would
exclude pg < 0 at 95% CL.

5.5 FORECASTS FOR PIXIE: MCMC

This Section contains the main results of the Chapter, summarized in
tab. 5.2 and fig. 5.6 (which shows the contours in the s - g plane).

We start with a discussion of the detectability of u-type distortions
by PIXIE in the context of the ACDM model, i. e. with zero running
of the spectral index. We stress that, in this case, Planck bounds
imply that with only a small 2x improvement over PIXIE noise, the
exclusion of pug < 0 at = 30 is guaranteed, given the narrow posterior
for pug. On the other hand, as we have seen in Section 5.3, for the
ACDM + o case a value of ug ~ 0.7 is fully compatible with Planck
data, and it will be only marginally detectable by PIXIE in the case of
a minimal configuration. Assuming the Planck constraint on ug, the
minimal value of pug compatible with Planck in between two standard
deviations is pug ~ 0.25. Clearly, given this value, a safe experimental
direct detection of p-type distortions can be obtained only with an
experimental sensitivity of o,, ~ 0.2, i.e. a 5x improvement over
PIXIE.

However, in the presence of running, the argument can be reversed:
it becomes now interesting to see how precise should be the mea-
surement performed by a PIXIE-like spectrometer to translate a non-
detection of p-distortions into a detection of &5 < 0, pursuing the
marginal (below one standard deviation) indication for negative run-
ning coming from Planck (whose posterior, while compatible with
os = 0, peaks at a negative value of os = —0.006: see tab. 5.2). For this

This assumes that we interpret the data within ACDM plus running. Given our
theoretical understanding of the early Universe, this is indeed perhaps the most
natural choice.
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TABLE 5.2: 68 % CL constraints on the scalar spectral index ng, its running
s and the p-distortion amplitude from a future combined anal-
ysis of the Planck 2015 release in temperature and polarization
(baseline: TT, TE, EE + lowP) and a PIXIE-like spectrometer as
function of different experimental configurations and fiducial
values for the running of the spectral index (cxgd = —0.01, cor-
responding to pfid = 1.06, and «fd = —0.02, corresponding to
plid = 0.73). Notice that for ofid = —0.01, 5x PIXIE is needed
to exclude o = 0 at 95% CL, while for of'd = —0.02, 3x PIXIE

suffices.
baseline g s g
0.0048 — 0.11
ACDM 0.964573:9978 =0 1577913
0.0071 0.30
ACDM + a5 0.9639 +0.0050 —0.005779:9971 1.28+9-29
“slow-roll”  0.9644+3:093] ~—(1—ng)? 149703
ofid = 0,01 g s g
0.0050 0.0065 0.28
+1x PIXIE  0.9637739939  —0.006475:99¢> 1227928
+2x PIXIE  0.963479993%  —0.007419:9%81  1.1579:23
+3x PIXIE  0.9632+0.0048 —0.007979:9932  1.117932
+5x PIXIE  0.963179:9938 | —0.008375:9932  1.08731%

+10x PIXIE  0.9631+0.0047 —0.008573:9922  1.06 +0.09

ofid = —0.02 Ng s g
+1x PIXIE 09635739335 —0.0071+8:99¢3  1.18+927
+2x PIXIE  0.962873997%  —0.009479:99¢)  1.047923
+3x PIXIE  0.962473:997% | —0.0111738832  0.9573)4

0.0049 0.0046 0.16
+5x PIXIE 09618199947 —0.013173933¢  0.85+51¢

+10x PIXIE 09613739338 —0.014978:3933  0.77 +£0.09

purpose, we reprocess the MCMC chains by importance sampling,
multiplying the weight of each sample by (see also eq. (5.7))

~ {us(0) + uz prc(6) — uid}

(5.10)
207,

LpIxIE = exp
focussing on the two fiducial models for the running described in
Section 5.1:

e ofid = 0.01, corresponding to a spectral distortion pg = 1.06

(close to the Planck best-fit for pg);

o ofid = —0.02 corresponding to a spectral distortion pg = 0.73,

which is at the limit of two standard deviations from the Planck
mean-fit.
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As in Section 5.4, we take o, = 1/n for a nx PIXIE experimental con-

5.5 FORECASTS FOR PIXIE: MCMC

figuration. The results of this importance sampling are also reported

in tab. 5.2.
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Top panel: 68 % CL and 95 % CL contours in the s - ug plane,
for Planck alone (yellow contour) and including in the analysis
the likelihood with ofid = —0.01 (i.e. pfid = 1.06) for a 2x and
3x improvement over PIXIE (orange and purple contours).
Bottom panel: same as top panel, but with fiducial o equal to
—0.02.
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Considering that from the Planck dataset alone one obtains oy, ~
0.005 and o, =~ 0.007, we see that the minimal configuration of 1x
PIXIE or the upgraded 2x PIXIE will produce minimal effects on the
Planck bounds, even when the fiducial model deviates significantly
from the Planck best-fit.

If, instead, the experimental sensitivity will reach the level of 5x
PIXIE (10x PIXIE) then the constraints on the running of the spectral
index can be improved by ~ 30% (~ 50%): this improvement could be
extremely significant. More precisely, we see that if ol is ~ —0.01,
then the addition of 5x PIXIE to Planck bounds could yield a detection
of negative running at two standard deviations (three for 10x PIXIE).
If we allow an even more negative fiducial value for the running,
i.e. ofid ~ —0.02 then the negative running will be probed at two
standard deviations by 3x PIXIE (five standard deviations by 10x
PIXIE). tab. 5.2 also shows that the constraints on the tilt are left
basically untouched, in agreement with the results of Section 5.3,
where we have seen that pg is only mildly dependent on it.

Finally, we comment on the possibility of discriminating between no-
running ACDM and slow-roll inflation, where the running is second
order in the slow-roll expansion. An order-of-magnitude prediction
for o, that arises in many models, is o5 ~ —(1 —ng)? [141-143]:
tab. 5.2 shows that the predictions for pg in these two cases are
indistinguishable at PIXIE sensitivity, and that a massive improvement
in sensitivity by a factor of order 102 is needed to probe the differences
between them.

56 IMPLICATIONS FOR SLOW-ROLL INFLATION

In this Section, we discuss the implications of the value of the running
within single-clock inflation. Observations tell us (see [14] and tab. 5.2)

2
T—ns(k,) = —aloagli;im (5.11a)
= 0.0361 £0.0050 (68%CL) ,
X = —Mg N (5.11b)
= —0.005779:9971 (68 %CL) ,
r<0.08 (95%CL), (5.110)

where * N refers to a derivative with respect to the number of e-
folds from the end of inflation, decreasing as time increases, namely
Hdt = —dN (we refer to Section 4.7 for details). The standard slow-

125



10

56 IMPLICATIONS FOR SLOW-ROLL INFLATION

roll solution for the primordial power spectrum gives (for an inflaton
speed of sound cs # 0)

(eH),N €N

1—mg =2ey — .
g £H e . (5.12a)
T TN
_ _ 5 .12b
o (5.12b)
T NN TN 2
XKs = Z(EH),N - ’T + ( ’T ) ) (5'12C)

where the tensor-to-scalar ratio is given approximately by r = 16epcs.
It is convenient to re-express the running by making explicit its
dependence on the tilt, which is relatively well constrained, i. e.

& = (1 —ng)? —6en (1 —ng) + 8e? — <8T5+r’NN> . (5.13)
Cs T

Here, ey can be extracted from r if we know the speed of sound
cs from the equilateral bispectrum, or if we assume standard slow-
roll single-field inflation, namely cs = 1. On the other hand, the last
term T NN /T makes its first appearance in the running «s; also the
penultimate term s = ¢5 N/cs is degenerate with (e1) n/en in ns and
so it is also considered unknown. In this precise sense, we can think
of the running as a measurement of the yet unknown next-to-leading
(NLO) order slow-roll parameters

NLO = E+T,NN cs=1 (5H),NN .
8cs T €H

(5.14)

In fig. 5.7, we show a contour plot of o as function of ey for
different values of the NLO slow-roll parameters. We point out that
for NLO = 0 one finds o > —%(1 —ng)? ~—2x 1074, Any evidence
that the running is sizable and negative therefore implies NLO > 0,
i.e. the discovery of a new higher order slow-roll parameter. In a
typical slow-roll model, one indeed expects the NLO terms to be
of the same order as (1 —ng)2. For example, consider ¢; = 1 and
en = 3/(4N2),° i e. the Starobinsky model [171]. Then, we have

4
(- =5, (5:152)
TNN 6
One hence finds
2 1
o o =5 —5(1 —ng)?. (5.16)

Note that the relation ey = 3/(4N2) holds at first order in slow-roll: it is accurate
enough, however, for the values of N that reproduce a scalar spectral index ng within
the current Planck bounds.

126



5.7 CONCLUSIONS
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F1GURE 5.7: This contour plot shows oy as function of ey (called e in the

figure) for different values of the NLO slow-roll parameters.

Notice that the uncertainty in ng is smaller than the thickness
of the lines in the plot. In red we show () of eq. (5.13)
for NLO = 0, while the blue line is its asymptotic value (1 —
ns)? = 0.0013. The black line shows the predictions of the
Starobinsky model [171] (with N going from 20 to 70), with the
yellow dot being its prediction for N = 56 (chosen to reproduce
the observed value of ng). The gray bands show the values of
os excluded (at 95%CL) by Planck TT, TE, EE + lowP data,
while the gray dashed vertical line shows the current bound
on ey = 1/(16¢s) from eq. (5.11¢), considering cs = 1.

5.7 CONCLUSIONS

In this Chapter, we have considered how a measurement of the CMB
spectrum by an experiment like PIXIE would extend our knowledge
of the very early Universe. Using Planck data, we have derived the
predicted likelihood for the size of the p-type distortions generated
by the dissipation of acoustic waves in the photon-baryon-electron
plasma. As shown in fig. 5.2, both ACDM and ACDM + o predict
ug =~ O(1), and exclude ug = 0, a.k.a. the “the balanced injection
scenario” [12, 78, 86] at high confidence (at 150 for ACDM, at 97.4 % CL
for ACDM + «g). While this means that we will be eventually able to
measure p-distortions, it is important to determine whether this will
already be possible with the next satellite experiment. Here we point
out that, irrespectively of the actual value of «s (and its respective pg,
according to eq. (5.8)), a meaningful sensitivity target is o, ~ 0.35,
namely about a three times improvement over the current PIXIE
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design (but still less sensitive than the proposed PRISM). This is in fact
the threshold for a guaranteed discovery: either pg is large enough
that it will be detected (at 95 % CL), or else s > 0 will be excluded
(at 95%CL) and with it our current standard model, namely the 6-
parameter ACDM. The absence of a detection of pg for a 3x PIXIE
improvement would exclude most slow-roll models as well, since
typically o] ~ (T — ng)?, which is indistinguishable from o5 = 0 at
these sensitivities.

We have further considered the constraining power of CMB spectral
distortions combined with the current Planck data. We have discussed
how to optimize this analysis by choosing an appropriate pivot for
the parameterization of the primordial power spectrum (see fig. 5.5
and fig. 5.5). In tab. 5.2, we present the improved constraints on the
spectral tilt and its running from Planck plus an n-fold improvement
over PIXIE sensitivity. For a fiducial o5 = —0.01, close to the fit for
Planck, one expects a detection of pg at 95 % CL already with 2x PIXIE.
Conversely, for a fiducial s = —0.02 (which is at the low 95 % CL end
of the Planck constraint), 3x PIXIE will already provide evidence (at
20) of a sizable negative running. This would put pressure on the
standard slow-roll paradigm, which leads to the typical expectation
os = —(1—ns)? (see, e. g., eq. (5.13)). Finally, we proposed fig. 5.7 as
a convenient and compact way to visualize the improving constraints
on the tilt, running and tensor-to-scalar ratio.
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In this Chapter we discuss what are the current constraints on the
running of the running s from Planck data. Besides, we see what
are the possible improvements on these constraints that a PIXIE-like
experiment could provide. The Chapter is based on the work Phys.
Rev. D 94, no. 2, 023523 (2016).

6.1 INTRODUCTION

The recent measurement of the Cosmic Microwave Background (CMB)
anisotropies provided by the Planck satellite mission (see [6, 14], for
example) have provided a wonderful confirmation of the standard
ACDM cosmological model. However, when the base model is ex-
tended and other cosmological parameters are let free to vary, a few
“anomalies” are present in the parameter values that, even if their
significance is only at the level of two standard deviations, deserve
further investigation.

First of all, the parameter A, that measures the amplitude of the
lensing signal in the CMB angular spectra [172], has been found larger
than the standard value with A = 1.22+0.10 at 68 % CL (AL = 1
being the expected value in ACDM) from Planck temperature and po-
larization angular spectra [6]. A value of Ay larger than one is difficult
to accommodate in ACDM, and several solutions have been proposed
as modified gravity [173, 174], neutrino anisotropies [175], and com-
pensated isocurvature perturbations [176]. Combining Planck with
data from the Atacama Cosmology Telescope (ACT) and the South
Pole Telescope (SPT) to better constrain the foregrounds, Couchot et
al. [177], found a consistency with A1 = 1. However the compatibility
of the CMB datasets used is unclear. More recently Addison et al.
[178] have found that including the A| parameter solves the tension
between Planck and WMAPg on the value of the derived cosmological
parameters.
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6.1 INTRODUCTION

As shown in [6], the A; anomaly persists when the Planck data
is combined with Baryonic Acoustic Oscillation surveys (BAO), it is
enhanced when the CFHTLenS shear lensing survey is included, but
it practically disappears when CMB lensing from Planck trispectrum
observations are considered. The A1 anomaly is also still present in
a 12-parameter extended ACDM analysis of the Planck dataset (see
[60]), showing no significant correlation with extra parameters such
as the dark energy equation of state w, the neutrino mass, and the
neutrino effective number N.

Second, the Planck dataset prefers a positively curved universe,
again at about two standard deviations with Qj = —0.040 £ 0.020 at
68 % CL (Qy being the parameter defined in eq. (1.41), evaluated at the
present time). This “anomaly” is not due to an increased parameter
volume effect but, as stated in [14], curvature provides a genuine
better fit to the data with an improved fit of Ax? ~ 6. When BAO
data is included, however, the curvature of the universe is again
compatible with zero with the stringent constraint Q) = —0.000 £
0.005 at 95 % CL.

The fact that both the A1 and Q) anomalies disappear when reliable
external datasets are included suggests that their origin might be a
systematic or that they are produced by a different physical effect than
lensing or curvature.

In this respect it is interesting to note that a third parameter is
constrained to anomalous values from the Planck data. The primordial
scalar spectral index ng of scalar perturbations is often assumed to be
independent of scale. However, since some small scale-dependence is
expected, we can expand the dimensionless scalar power spectrum
A%(k) = k3P (k)/27? as in eq. (4.40), i.e.

K ng—1+58 log %Jr%logz =

AZ(K) = As <k) , (6.1)

where o is the running of the spectral index, 35 is the running of the
running, and k, = 0.05 Mpc~'.

The Planck temperature and polarization data analysis presented in
[14], while providing a small indication for a positive running different
from zero (xs = 0.009 £ 0.010 at 68 % CL), suggests also the presence
of a running of the running at the level of two standard deviations
(Bs = 0.025£0.013 at 68 % CL). The inclusion of a running of the
running improves the fit to the Planck temperature and polarization
data by Ax? ~ 5. This third anomaly is therefore robust and hints for
possible new physics beyond the standard model. A discussion of the
impact of this anomaly on inflationary models has been presented in
[179].

What this Chapter aims to do, then, is to discuss the possible cor-
relations between these three anomalies, 35, A1 and Q. and see, for
example, if one of them vanishes if a second one is considered at the
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same time in the analysis. Moreover, we will see if the indication for
the running of the running survives when additional datasets as BAO
or lensing (CMB and shear) are considered.

This Chapter is structured as follows. In the next Section we will
describe the analysis method and the cosmological datasets used. In
Section 6.3 we present our results and discuss possible correlations
between (35, A1 and Q. We also investigate the possibility that a run-
ning of the running affects current and future measurements of CMB
spectral distortions. Finally, in Section 6.6 we derive our conclusions.

6.2 METHOD

We perform a Monte Carlo Markov Chain (MCMC) analysis of the
most recent cosmological datasets using the publicly available code
cosmomc [168, 169]. We consider the 6 parameters of the standard
ACDM model, i.e. the baryon w}, = Oph? and cold dark matter
Wedm = Qedmh? energy densities (we will use the subscript ¢ instead
of “cdm” in the following), the angular size of the horizon at the last
scattering surface 6\ic, the optical depth T (called T in eq. (3.80)),
the amplitude of primordial scalar perturbations log(10'°As) and
the scalar spectral index ns. We extend this scenario by including
the running of the scalar spectral index os and the running of the
running Bs. We fix the pivot scale at k, = 0.05Mpc™'. This is our
baseline cosmological model, that we will call “base” in the following.
Moreover, as discussed in the introduction, we also consider separate
variation in the lensing amplitude Ay, in the curvature density Qy
and in the sum of neutrino masses ) m,,.

The main dataset we consider, to which we refer as “Planck”, is based
on CMB temperature and polarization anisotropies. We analyze the
temperature and polarization Planck likelihood [167]: more precisely,
we make use of the TT, TE, EE high-{ likelihood together with the
TEB pixel-based low-{ likelihood. The additional datasets we consider
are the following:

¢ Planck measurements of the lensing potential power spectrum
Cg"b [180];

* weak gravitational lensing data of the CFHTLenS survey [181,
182], taking only wavenumbers k < 1.5h I\/Ipc*1 [6, 183];

¢ Baryon Acoustic Oscillations (BAO): the surveys included are
6dFGS [184], SDSS-MGS [185], BOSS LOWZ [186] and CMASS-
DR11 [186]. This dataset will help to break geometrical degen-
eracies when we let Qy free to vary.
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In tab. 6.1 we present the constraints on ns, &s and (35 from the Planck
2015 temperature and polarization data and in combination with BAO,
cosmic shear and CMB lensing. As we can see, the Planck dataset
alone provides an indication for 35 > 0 at more than two standard
deviations with 33 = 0.027 + 0.013 at 68 % CL.

It is interesting to investigate the impact of the inclusion of &s and
Bs on the remaining 6 parameters of the ACDM model. Comparing
our results with those reported in tab. 3 of [14], we see that there are
no major shifts on the parameters. The largest shifts are present for
the scalar spectral index ns, that is ~ 0.9 standard deviations lower
when (35 is included, and for the reionization optical depth 7 that is
~ 0.9 standard deviations higher with respect to the standard ACDM
scenario. A similar shift is also present for the value of the root mean
square density fluctuations on scales of 8h Mpc~' (the og derived
parameter), which is higher by about one standard deviation when (3¢
is considered. In Fig. 6.1 we plot the probability contour at 68 % CL
and 95 % CL for the several combinations of datasets in the 5 - og
and (s - T planes respectively. Clearly, a new determination of T from
future large scale polarization data as those expected from the Planck
HFI experiment could have an impact on the value of 3. On the other
hand, this one sigma shift in T with respect to ACDM shows that a
large scale measurement of CMB polarization does not fully provide a
direct determination of T but that some model dependence is present.

Moreover, as expected, there is a strong correlation between &g and
Bs. Thanks to this correlation, the running «s is constrained to be
positive, with s > 0 at more than 68 % CL when (s is considered.
This is a ~ 1.3 standard deviations shift on o if we compare this result
with the value obtained using the same dataset but fixing 35 = 0
in tab. 5 of [14]. In fig. 6.2 we plot the two dimensional likelihood
constraints in the 35 - ng and s - «s planes respectively. As we can
see, a correlation between the parameters is clearly present.
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F1GURE 6.1: Constraints at 68 % CL and 95 % CL in the 35 - og plane (top
panel) and in the (35 - T plane (bottom panel).
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FIGURE 6.3: Shift in the amplitude of unresolved foreground point sources
at 143 GHz between the ACDM case and the case when varia-
tion in s and s are considered, for the Planck dataset.

The Planck likelihood consists essentially of three terms: a low-{
(£ = 2+ 29) TEB likelihood based on the Planck LFI 70 GHz channel full
mission dataset, an high-{ likelihood based on Planck HFI 100 GHz,
143 GHz and 217 GHz channels half mission dataset and, finally, an
additional x? term that comes from the external priors assumed on
foregrounds (see [167]). By looking at the mean xZ; values from these
three terms we can better understand from where (low ¢, high ¢,
foregrounds) the indication for 3¢ is coming. Comparing with the
x? values obtained under standard ACDM with as = 0 and Bs = 0,
we have found that while the high-{ likelihood remains unchanged,
there is an improvement in the low-{ likelihood of Ax%; ~ 2.5 and
in the foregrounds term with Angf ~ 1. The inclusion of 35 provides
therefore a better fit to the low-{ part of the CMB spectrum and to
the foregrounds prior. While the better fit to the low-{ part of the
CMB spectrum can be easily explained by the low quadrupole TT
anomaly and by the dip at £ ~ 20 + 30, the change due to foregrounds
is somewhat unexpected since, in general, foregrounds do not correlate
with cosmological parameters. We have found a significant correlation
between Bs and the point source amplitude at 143 GHz, AYS;. The
posterior of AV3; shifts indeed by half sigma towards lower values
with respect to the standard ACDM case (see fig. 6.3) from AT, =43+
8 to ATY, =39+ 8 at 68 % CL. This shift could also explain the small
difference between the constraints reported here and those reported
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in [14], that uses the Pliklite likelihood code where foregrounds are
marginalized at their ACDM values.
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FIGURE 6.4: One-dimensional posterior distributions for the sum of neu-
trino masses Y_m,, for the indicated datasets. The model
considered is ACDM + o + Bs+ Y mMy.

Going back to tab. 6.1, we can see that the indication for 35 > 0 is
slightly weakened but still present also when external datasets are
considered. Adding CMB lensing gives (3; = 0.022 +0.013, i. e. reduc-
ing the tension at about 1.7 standard deviations, while the inclusion of
weak lensing and BAO data does not lead to an appreciable decrease
in the statistical significance of & and f3s.

In tab. 6.2 we report similar constraints but including also variations
in the neutrino mass absolute scale >~ m,. The constraints obtained
from the Planck 2015 data release on the neutrino masses are indeed
very strong, especially when combined with BAO data, ruling out
the possibility of a direct detection from current and future beta and
double beta decay experiments (see, e.g., [187]). Since Planck data
show a preference for 35 > 0, it is clearly interesting to investigate
if the inclusion of running has some impact on the cosmological
constraints on ) m,. Comparing the results of tab. 6.2 with those
in [14], which were obtained assuming «s = s = 0, we see that
the constraints on ) m, are only slightly weakened, moving from
> my < 04906V to ) m, < 0.530eV at 95 % CL for the Planck dataset
alone and from }_m., < 0.590eV to > m, < 0.644 eV at 95 % CL when
also lensing is considered. The constraints on ) m, including the WL
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and BAO datasets are essentially unaffected by (35. We can therefore
conclude that there is no significant correlation between s and ) m,.

In fig. 6.4 we plot the posterior distributions for ) m,, while in
tig. 6.5 we plot the probability contour at 68 % CL and 95 % CL for the
several combinations of datasets in the 35 - }_ m. plane, respectively.

PlanckI

Planck + BAO
Planck + WL .
Planck + lensing

0.0 L
—-0.03 0.00 0.03 0.06

B

F1GURE 6.5: Two-dimensional posteriors in the s - >_ m, plane, for the
indicated datasets. We see that there is no correlation between

> m.y and Bs.

In tab. 6.3 we report the constraints from the same datasets but
letting also the lensing amplitude A free to vary. As discussed in
Section 6.1, Planck data are also suggesting a value for A > 1 and
is therefore interesting to check if there is a correlation with (5. As
we can see there is a correlation between the two parameters but not
extremely significant. Even with a lower statistical significance, at
about ~ 1.2 = 1.5 standard deviations for A and 3 respectively (that
could be also explained by the increased volume of parameter space),
data seem to suggest the presence of both anomalies. When the CMB
lensing data are included, A goes back to its standard value while
the indication for (35 increases. When the WL shear data are included
the Ap anomaly is present while the indication for 3¢ is weakened.

We also consider variation in the curvature of the universe and
we report the constraints in tab. 6.4. As we can see, also in this case
we have a correlation between 35 and Qy but not significant enough
to completely cancel any indication for these anomalies from Planck
data. Indeed, when Qy is considered, we have still a preference for
QO < 0 and Bs > 0 at more than one standard deviation. More
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interestingly, when external datasets are included, the indication for a
positive curvature simply vanishes, while we get 35 > 0 slightly below
95 % CL.

In fig. 6.6 we show the constraints at 68 % CL and 95 % CL in the
Bs - AL plane (top panel) and in the 35 - Qk plane (bottom panel).
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F1GURE 6.6: Constraints at 68 % CL and 95 % CL in the 35 - A plane (top
panel) and in the ps - Q plane (bottom panel).
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F1GuRrEe 6.7: Top panel: 68 % CL and 95 % CL contours in the «s - 35 plane,

for the Planck (blue) and Planck + FIRAS (green) datasets (base
model). The red regions represent the 2o and 5o limits from
PIXIE around the Planck dataset best-fit for the ACDM model,
i.e. p = 1.57 x 1078 [49]. Bottom panel: same as top panel,
with the red contours represent the 68 % CL and 95 % CL limits
from PIXIE, obtained by post-processing the Markov chains
with a Gaussian likelihood w = (1.57 4+ 1.00) x 10-8. The grey
region represents the values of o and (35 that lead to a slow-
roll parameter ep(k) (called € in the figure), computed via
the Taylor expansion of eq. (4.42), less than zero before or at
k=2x10"Mpc".
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As we have seen in Section 3.4, CMB p-type spectral distortions from
the dissipation of acoustic waves at redshifts between z = 2 x 10® and
z =5 x 10 offer a window on the primordial power spectrum at very
small scales, ranging from 50 to 10* Mpc™! (for recent works on this
topic see [49, 91] and references therein). The impact of a PIXIE-like
mission on the constraints on the running «s has been analyzed in
[49], while [91] investigated the variety of signals (and corresponding
forecasts) that are expected in the ACDM model (not limited to a
u-type distortion).

In this Section, we briefly investigate the constraining power of
u-distortions on s, given the Planck constraints on «s and (s of
Section 6.3. We compute the contribution to the u-monopole from Silk
damping of acoustic waves in the photon-baryon plasma [90, 103-105],
using the expression for the distortion visibility function presented in
[138] and discussed in Section 2.3. The resulting formula for p is the
same as the one used in Chapter 5, namely egs. (5.3), (5.4), (5.5).

TABLE 6.5: 95%CL bounds on &g and (s from the Planck (TT, TE, EE +
lowP), Planck + FIRAS and Planck + PIXIE datasets, for the
ACDM + o5 + Bs (i-e. “base”) model. The results have been
obtained by post-processing with a Gaussian likelihood the
Markov chains considering p = (1.0 £4.0) x 1073 [11] for FIRAS,
and p = (1.57 + 1.00) x 10~8 for PIXIE. See the main text for a
discussion of the bounds on the p-amplitude.

base s Bs B

Planck ~ 0.011£0.021 0.027 £+0.027 /
+FIRAS  0.0067991%  0.02078:315  (0.777319) x 10-°

+PIXIE  —0.00775913  0.00178:998  (1.5971-43) x 1078

Tab. 6.5 shows how, already with the current limit on the p-distortion
amplitude from the FIRAS instrument on the COBE satellite, namely
w=(1+4)x 107> at 68 % CL [11], we can get a 28 % increase in the
95 % CL upper limits on o, and a 33 % increase in those on fs. In
tig. 6.7, we also report a forecast for PIXIE, whose expected error
on pis 1078 [22]. Actually, in [157] it was shown that, when also r-
distortions are considered,’ the expected error should be larger (about
o, =14x 10~3): however, for the large values of & and (35 allowed
by the Planck dataset, the forecasts of tab. 6.5 are not significantly
affected. Besides, we see that:

r-distortions are the residual distortions that encode the information on the transition
between the p-era and the y-era, where the CMB is not in kinetic equilibrium and
energy injections result in distortions of the y-type [88].
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6.5 LARGE 35 AND SLOW-ROLL INFLATION

¢ for the best-fit values of cosmological parameters in the ACDM +
os + Bs model, which leads to u = 1.09 x 10~°, PIXIE will be
able to detect spectral distortions from Silk damping at extremely
high significance (fig. 6.7). Besides, we see that a statistically sig-
nificant detection of 35 is expected, along with a sizable shrink-
ing of the available parameter space (fig. 6.7). As we discuss
later, any detection of such values of p-distortions will rule out
single-field slow-roll inflation (we did not investigate whether
it could be possible to have models of multi-field inflation, or
models where the slow-roll assumption is relaxed [188], that can
predict such values for the p-distortion amplitude);

e for a fiducial value of pu corresponding to the ACDM best-fit
i.e. p = 1.57 x 1078 [49], we see that we get a 84 % increase in
the 95 % CL upper limits on «g, and a 83 % increase in those on
Bs. More precisely, values of 35 larger than 0.02 will be excluded
at ~ 50.

We conclude this Section with a comment on the validity of a Taylor
expansion (in log k/k,) of the power spectrum down to scales probed
by spectral distortions. We can estimate the terms in the expansion
of ng(k) by choosing k = 10* Mpc™ !, corresponding to kp at z = zpc:
for values of 35 of order 0.06 (which are still allowed at 95 % CL, as
shown in fig. 6.7), the term % (logk/ k.)? in eq. (6.1) becomes of order
1. For this reason, tab. 6.5 does not report the limits on p coming
from the current Planck constraints on the scale dependence of the
spectrum. When existing limits on p from FIRAS are instead added,
an extrapolation of A% (k) at the scales probed by p-distortions starts to
become meaningful, and when also PIXIE is included in our forecast
around the ACDM prediction, the upper bounds on «s and s are
lowered enough that a perturbative expansion becomes viable, making
our forecast valid.

65 LARGE f.’)s AND SLOW-ROLL INFLATION

In this Section we discuss briefly the implications that values of &
and B of order 10~2 have for slow-roll inflation. We can compute the
running of the slow-roll parameter ey in terms of ng, o5 and (35 using
the procedure described in Section 4.7, namely in egs. (4.41), (4.42),
(4-43), (4.44). From those results, we see that at scales around k,, ng
dominates, so that ¢} is increasing and a red spectrum is obtained.
However, in presence of positive o and {35, at small scales e becomes
smaller, until it becomes zero at k ~ 39.7 l\/Ipc*1 for s = 0.01 and
Bs = 0.02 (taking epl. = 0.002, i.e. the maximum value allowed by
current bounds on r, when the inflaton speed of sound c; is fixed to
1). If we impose that e stays positive down to k ~ 2 x 10* Mpc~!,
which is of the same order of magnitude of the maximum k probed by

145



6.6 CONCLUSIONS

u-distortions (as we have seen Section 2.3), we can obtain a theoretical
bound on s and (s. We show this bound in fig. 6.7: this plot tells
us that a large part of the contours from the Planck + FIRAS and
Planck + PIXIE datasets cannot be interpreted in the context of slow-
roll inflation extrapolated to p-distortion scales, because e becomes
negative before reaching k ~ kp(zpc).

These kind of bounds tell us that the Taylor expansion is not suitable
for extrapolating the inflationary spectrum far away from the CMB
window, in presence of the values of &5 and (s that are currently
allowed by Planck, since ey becomes zero already ~ 7 e-folds after
the horizon exit of k,. To avoid this problem, one could consider a
series expansion that takes into account the theoretical bounds on ey,
i.e. eq(N =0) =1and 0 < ey < 1: the Taylor series does not respect
these requirements, so it does not in general represent a possible power
spectrum from inflation, over the whole range of scales. Only when
the values of the phenomenological parameters describing the scale
dependence of the spectrum are small, the Taylor expansion can be
a good approximation of a realistic power spectrum over a range of
scales much larger than those probed by the CMB.

Another possibility is to consider bounds on the primordial power
spectrum coming from observables that lie outside the CMB scales, but
are still at small enough k that the Taylor series applies. In this regard,
constraints on the scale dependence of the primordial power spectrum
from observations of the Ly-« forest could be very powerful (the
forest constrains wavenumbers k ~ ThMpc™'),2 In [191], an analysis
of the the one-dimensional Ly-« forest power spectrum measured
in [192] was carried out, showing that it provides also small-scale
constraints on the tilt ny and the running «s: more precisely, for a
ACDM + &5 + ) m, model, a detection at approximately 30 of
(o = —0.0013575:9926 at 68 % CL) is obtained. It would be interesting
to carry out this analysis including the running of the running, to see
if the bounds on 35 are also lowered.

6.6 CONCLUSIONS

In this Chapter we have studied the constraints on the running of the
running of the scalar spectral index 35 and discussed in more detail
the 20 indication for s > 0 that comes from the analysis of CMB
anisotropies data from the Planck satellite.

We have considered simultaneous variations in the lensing ampli-
tude parameter Ay and the curvature of the universe Qy. We have
found that, while a correlation does exist between these parame-
ters, Planck data still hint for non-standard values in the extended

Even if modeling the ionization state and thermodynamic properties of the inter-
galactic medium to convert flux measurements into a density power spectrum is very
challenging (see [189] and [190] for a discussion).
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ACDM + a5 + s + AL and ACDM + o5 + s + Qi model, only par-
tially suggesting a common origin for their anomalous signal related
to the low CMB quadrupole. We have found that the Planck constraints
on neutrino masses ) m, are essentially stable under the inclusion of
Ps-

We have shown how future measurements of CMB p-type spectral
distortions from the dissipation of acoustic waves, such as those ex-
pected by PIXIE, could severely constrain both the running and the
running of the running. More precisely we have found that an im-
provement on Planck bounds by a factor of ~ 80 % is expected. Finally,
we discussed the conditions under which the phenomenological ex-
pansion of the primordial power spectrum in eq. (6.1) can be extended
to scales much shorter that those probed by CMB anisotropies and
can provide a good approximation to the predictions of inflationary
models.
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In this Chapter we will discuss why we expect deviations from Gaus-
sianity in the statistic of cosmological correlation functions, and how
the CELT angular cross spectrum is a probe of the three-point function
of the primordial curvature perturbation generated by inflation. The
Chapter is based mainly on [20, 25, 31].

7.1 WHY NON-GAUSSIANITY?

So far, we have considered only two-point functions of cosmologi-
cal perturbations. Indeed, in a Gaussian theory the power spectrum
completely characterizes the statistics of perturbations. However, grav-
itational evolution and the collision terms in the Boltzmann equation
are non-linear (i. e. we have an interacting theory), and will lead to a
coupling between modes with different wavenumber. This will lead to
deviations from Gaussian statistics, that we call “non-Gaussianity”.

In this and the following Chapters we will focus mainly on non-
Gaussianity coming from inflationary physics: this is encoded in the
higher-order correlation functions of the scalar and tensor perturba-
tions (C and vyj;) of Chapter 4. Any interaction present during inflation
will generate these n-point functions:

¢ for single-field inflation, these can come from the scalar sector.
For example, in single-field slow-roll inflation there will be con-
tribution to the cubic Lagrangian for perturbations coming from
the potential V(¢). In theories where the inflaton Lagrangian is
a function P(X, ¢), with X = g*v0,.¢$9 P, there will be higher-
derivative interactions [62, 119, 193];

e if other fields besides the inflaton are active during inflation,
interactions between the inflaton and these fields will also lead
to non-Gaussianities [194];

¢ finally, gravity itself is a non-linear theory. We then expect some
amount of non-Gaussianity due to gravitational interactions.
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Derivative interactions and multi-field inflation can lead to sizable
n-point functions: the minimal amount of non-Gaussianity, however,
come from gravitational interactions, and is of order of the slow-roll
parameters. To see this, we can go to the so-called “flat gauge”, where
we restore the field perturbation 6¢ from the unitary gauge (and
remove () with a time redefinition. The cubic scalar Lagrangian will
have a contribution £ 3y > V"’ (§)8¢3: however, it is straightforward
to show that V"”’($) is second-order in slow-roll (indeed, it is of the
same order of the running of the spectral index). The only remaining
d¢ interaction terms can come only from gravity, i. e. from the solution
of the constraint equations (since in this gauge there are no scalar
modes in the three-dimensional metric hyj). As we will see in more
detail in the next Chapter, the solution of 6N and NI = 9;1 in terms
of 8¢ is of order ey, so that the interaction Lagrangian for 6® will be
of order ¢y.

loc.
7.2 SQUEEZED LIMIT AND fNL

In the following we will focus only on non-Gaussianity in the scalar
sector, i.e. we will focus only on (super-horizon) n-point functions
of the comoving curvature perturbation C (or, equivalently, of the
perturbation 5 ¢ to the inflaton v.e.v.).

The simplest observable that we can think of when talking about
deviations from Gaussian statistics is the three-point function. Indeed,
(C(k1)C(k2)C(ks)) vanishes for a Gaussian theory, so it is a direct
probe of the interactions of (. Due to translational and rotational
invariance, (((k1)C(k2)C(ks)) can be written as

(Clk1)C(k2)C(k3)) = (2m)%8C) (k1 + ko + k3)

(7.1)
x Be(ki,ka,k3),

where the bispectrum B¢ (k1, k2, k3) can depend only on the moduli
ki of the three momenta k. The freedom in the choice of the momenta
ki means that we can look at the bispectrum in different configurations.
Two of the most common are:

EQUILATERAL CONFIGURATION It corresponds to looking at modes
of similar size, i.e. k1 ~ k2 ~ k3.

SQUEEZED CONFIGURATION It considers one mode to be much lon-
ger than the other two, i.e. k3 ~ k¢ < k1 ~ k2 ~ Ks.

The overall strength of non-Gaussianities is parameterized by fnr,,
which is the overall amplitude of the bispectrum. The shape of non-
Gaussianities, instead, is usually parameterized as

S(k1,k2,ks3)

Be(ky, ko, k
c(k1,k2,k3) o (k1 kaks)2

(A2)%, (7.2)
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for scale-invariant power spectra P (k) = zk—“;A% Depending on
the shape of the bispectrum, one defines different fy; parameters.
Two common shapes are the equilateral and the local shape (with

their corresponding fle\%uﬂ' and fio¢ amplitudes): the equilateral shape

peaks in the equilateral configuration, while the local shape peaks in
the squeezed configuration (see fig. 7.1). The constraints on fKIqLull' and

flo¢ from Planck are [195]

equil.
£ — 37443 (68%CL), (7.32)
flo¢ = 0.845.0 (68%CL) . (7.3b)
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F1GURE 7.1: Top panel: contour plot of the equilateral shape Seqyj., nor-
malized such that Sequi.(1,1,1) = 1. The axes x¢ and x; are
the rescaled momenta k;/k; and k;/k1, respectively (choosing
k3 = k¢). Momenta are ordered such that x; < x» < 1, and
satisfy the triangle inequality x2 +x¢ > 1. Sequil. goes to zero
as k¢/kq in the squeezed limit x; < 1. Bottom panel: contour
plot of the local shape 8),... We see that it increases rapidly (as

k1 /k¢) in the squeezed limit.
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Multi-field inflation can give sizable leoi', while derivative interac-
tions can give sizable fyj . What about single-field slow-roll inflation?

The bispectrum in this case is given by [17, 18]

5
Ssfsr. = (11— Ms)Sjoc. + ggsequil. ) (74)

where from now on we will drop the subscripts H on the Hubble
slow-roll parameters. Eq. (7.4) shows that both ¢ and n appear in
the amplitude in the three-point function. To gain some intuition on
what this means, we can go to the squeezed limit. The bispectrum
has a simple physical interpretation in this configuration (see fig. 7.2
for details): as we will see in more detail in the next Chapter, it
corresponds to looking at how the power spectrum of a short-scale
perturbation (s defined in a region of size R > kg ! is correlated with
a long-wavelength mode ¢, which is almost constant over that region
(k[1 > R). eq. (7.4) says that, at leading order in gradients of (,
(i.e. for a constant (), the coupling between P (k) and (; is given by
(minus) the tilt of the power spectrum.

FIGURE 7.2: Squeezed limit of { = (¢ + (s in real space: we compute how
the correlation function of {s (which we call (CsCs) (1), where
T = |x; —X2|) depends on the long-wavelength fluctuation (.
We can expand (; in a Taylor series, since it is slowly varying
inside R: any point inside of R is as good as the other for
the expansion [24, 196], so we will choose the middle point
Xc = (x1 +x2)/2 for simplicity. We also stress that the choice of
R is immaterial in the squeezed limit, the only real requirement
being that k¢ < ks [197].

If we work in real space, and stop at zeroth order in gradients of
the long mode (g, this translates into

(CsCs) ()l ={1+ (T —ns)Ce(xc )} (Cs Cs) (1) (7.5)

where v = |x; — x| and xc = (x1 +x2)/2 (see fig. 7.2). This seems
to suggest that fi3¢ is equal to 1 —ng: however, there are some sub-
tleties. Indeed, consider an observer living in the region R, as depicted

in fig. 7.2. She is living in a “separate universe” perturbed by the
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(constant) long mode (¢ (x.), so that the spatial background metric is
given by

gij = a{1 +28e(xc )}y - (7.6)

The observer can look at correlations of the short-scale perturbations
with the long mode, and she would do it by measuring the short-scale
power spectrum in terms of the physical distance d,, between x; and
x2. Now, we can see that given the metric of eq. (7.6), d, is not equal
to a x 1, but it is given by

dp =ax{l+Clxc ) xr=axTp. (7.7)

When eq. (7.5) is rewritten in terms of 1,, we see that the term o
(1 —ns) cancels, i.e.

(CsCs) (r(rp))lee = {1+ (1 = ng) Cexc)}H{Cs Cs) (Tp)
d (CsCs) (1p)
—CE(Xc)Tng
= (CsCs) (Tp) -

(7-8)

Therefore, for a local observer, there is no coupling between long
and short modes at leading order in k¢/ks in single-field inflation:
corrections will enter at second order in derivatives of (y, i.e. at
O(1202;). We will see in the next Section an example of an observable
where we can apply this argument, i. e. the correlation between CMB
temperature and p-distortion anisotropies.

7.3 LI.T ANGULAR CORRELATIONS

As we have shown in Section 3.4, the heating rate from Silk damping
is proportional to the power spectrum on very short scales (from
~ 50 Mpc~ ! to ~ 10* Mpc™"). In presence of a leOi different from zero,
and then of a coupling between long and short modes, we see that
the heating rate becomes spatially dependent (see fig. 7.3). Therefore,
we expect to see anisotropies of p in the sky. More precisely, if we

parameterize the long-short mode coupling in real space as*

6
(=Co4Co— gf%gf;cs o (7.9)

and use eq. (3.101), we see that at the observation point the average
chemical potential will be modulated by (g, its fractional variation
being [20, 25]

& —~ 5 <C§> |C( 12 e,

@ s 70

The factor of —% is conventional: with this factor the Newtonian potential in matter
domination has a bispectrum of the local shape with amplitude leoi We refer to [25]
for details.
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where § ((2)|;, = (€2) ¢, — ((2). Therefore, we see that, with local-
model non-Gaussianity, the fractional chemical potential fluctuation
in a given region of the sky is given simply by the long-wavelength
curvature perturbation in that region at the surface of last scatter.
The same is true for the large-angle temperature fluctuation: as we
have seen in Section 3.3.2, it is determined primarily by the curvature
fluctuation at the surface of last scatter and has magnitude 41 ~ —%,
as we can see by combining egs. (3.73), (3.75). Therefore, for multipole
moments ¢ < 100, that probe causally disconnected regions at the
surface of last scattering, the cross-correlation between the fractional

chemical potential fluctuation % and the temperature fluctuation 41

has an angular power spectrum equal C E‘T to

chl = 12690l (7.11)

F1GURE 7.3: Modulation of the average chemical potential in the sky by a
long wavelength mode: for non-zero i<, the coupling between
long and short modes leads to a modulation of the amplitude

of the spectral distortion.

Now, we have seen in Section 7.2 that the physical coupling between
the long and short modes, in any of the regions at last scattering that

subtend an angle ~ {~! in the sky, is zero in single-field inflation.

Therefore, there will be no contribution from primordial physics to the
correlation between temperature and p-distortion anisotropies. Does
this mean that C ET identically vanishes? We are currently investigating
this [31]. There will be projection effects as photons travel from each
of these regions to us: since they will travel in a universe perturbed
by the long-wavelength mode, this can lead to additional correlations
with (; that can mimic a non-zero leoi For example, this happens for
the CMB bispectrum. Consider the squeezed limit of the three-point
function of & in the sky: this corresponds to looking at how the
power spectrum of 41 on small angular scales is correlated with a
large-angle temperature fluctuation. We can do this by measuring
the power spectrum in small patches in the sky, and then seeing if
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such power spectrum varies from patch to patch (and if the change is
correlated with a long temperature perturbation). We recognize that
there are at least three effects that can generate such changes:

¢ there can be a change in the angular size of the short-scale
anisotropies from patch to patch;

¢ in every patch, the local temperature will have experienced a
different redshift;

¢ finally, the definition itself of local temperature in every patch
will be changed by the presence of a long-wavelength perturba-
tion at recombination. That is, we have to define the short-scale
temperature anisotropies with respect to the average tempera-
ture in every patch, which is a direct tracer of (.

However, we now also see that these three effects will be absent in the
case of uT correlations:

* when we compute CET, we are not looking at how the power
spectrum of p varies from patch to patch, but we are considering
the average p. Therefore, there is no “angular size” of short-scale
u that could change from patch to patch;

¢ differently from T, u does not redshift after the end of the p-era,
but it is frozen;

¢ once we define the average temperature in the patch, we are
automatically able to extract the average p. This follows directly
from the form of the Bose-Einstein frequency spectrum.

Therefore, we expect that in single-field inflation we expect exactly zero
uT correlations, up to corrections suppressed by (k¢/ks)? (where k¢
is of the order of the comoving horizon at recombination and ks is of
the order of the damping scale at the end of the p-era). The goal of
[31] is to investigate this in more detail. However, one can also ask
oneself what happens to the primordial contribution at second order
in gradients of ;. We have seen in Section 7.2 that the contribution
proportional to the tilt cancels from local observables at leading order
in gradients: does this happen at O(k¢/ks)? too? The goal of the next
Chapter is to answer this question.

154



HOW GAUSSIAN CAN OUR UNIVERSE BE?

CONTENTS

8.1 Introduction 155
8.2 CFC coordinates in single-field inflation 158
8.2.1 Construction of CFC 159
8.2.2 Residual coordinate freedom 161
8.2.3 From comoving to CFC coordinates 162
8.3 Bispectrum transformation = 166
8.3.1 Transformation of 167
8.3.2 Transformation of the power spectrum 168
8.3.3 Squeezed limit bispectrum — 1st method 169
8.4 Calculation at the level of the action 173
8.4.1 Short modes in CFC 173
8.4.2 From flat gauge to CFC 175
8.4.3 Squeezed limit bispectrum — 2nd method 178
8.5 Interactions during inflation 179
8.5.1 Where does 1 come from? 179
8.5.2 Non-trivial speed of sound 181
8.6 Connection to observations 182
8.7 Conclusions 185

In this Chapter we will study what is the minimal amount of primor-
dial non-Gaussianity that can be observed today in n-point functions
of cosmological perturbations. The Chapter is based on the work JCAP
1701, NO. 01, 003 (2017).

8.1 INTRODUCTION

As cosmological observations show no evidence of departures from
Gaussian primordial perturbations, it is natural to ask: How Gaus-
sian can our Universe be? If we assume primordial perturbations to
be generated during inflation, we know that multi-field and higher
derivative interactions typically enhance primordial non-Gaussianity.
Setting aside these more general scenarios, we focus on the simplest
model, which leads to the least amount of non-Gaussianity: canonical
single-field slow-roll inflation. We know that inflaton self-interactions
are subleading in the slow-roll expansion (see [18, 65, 198, 199] for
explicit calculations), so we are led to ask how small gravitational non-
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8.1 INTRODUCTION

linearities can be. Maldacena answered this question in [18] computing
the primordial bispectrum in comoving coordinates
(A2)?

Be(kq,ka,k _—
c(ki,k2,k3) o Takaks )2

(1 —1s) Sioc. (K1, k2, k3)

s (8.1)
+ gs Sequil.(k1 y K2, k3)|,
where P; (k) = k3 A% /27 is the power spectrum of curvature pertut-
bations, Sjoc. and Sequil. are the shape functions of local and equilateral
non-Gaussianity, and ns — 1 is the scalar spectral tilt, which is given
in terms of the Hubble slow-roll parameters by

ns—1:—n—2£,withez—%,n5%. (8.2)
The minimum size of non-Gaussianity is therefore determined by
¢ and the spectral tilt ng — 1. Although these two contributions are
“of order slow-roll”, there is a dramatic difference between the two.
The spectral tilt is relatively well known, ng —1 = —0.0355 4 0.005
(95%CL) [14]. On the other hand, ¢ is uncertain by more than 50
orders of magnitude: an upper bound comes from the tensor-to-scalar
ratio bound 16e = r < 0.07 (95 % CL) [47], while a lower bound comes
from conservatively assuming a reheating scale larger than a TeV,
leading to 5 x 1073 > ¢ > 107>%. So the answer to the title of this
Chapter can be hugely different, depending on whether it is € or ng —1
that control the minimum amount of primordial non-Gaussianity.

It was shown in [24] that, to leading order in derivatives, the con-
tribution from the local shape, of size ns — 1, cancels exactly for any
local measurement. In particular, it does not contribute to the scale-
dependent bias [200—202], to the CMB bispectrum in the squeezed
limit [203, 204], and to the cross-correlation between CMB temperature
anisotropies and spectral distortions [20]. It is therefore natural to ask
whether ng — 1 survives at some subleading order in derivatives or
if it cancels to all orders, allowing primordial non-Gaussianity to be,
for all practical purposes, arbitrarily small. The goal of this Chapter is
to answer this question. Using Conformal Fermi Coordinates (CFC)
[24, 200, 201], we will show that a term which involves two spatial
derivatives of ¢ and is proportional to ns — 1 survives in local observ-
ables and therefore appears in the appropriately defined curvature
bispectrum.

To put our result into context, we stress two main points. First, the
original motivation for our investigation was the widespread suspi-
cion, put forward in [205], that some general argument might exist to
guarantee the complete cancellation of any term proportional to 1 (and
therefore to the tilt). After all, it is € that controls the departure from
an exact de Sitter spacetime (see eq. (8.85)), in which case, following
the argument sketched in [205], non-Gaussianity should vanish. Our
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explicit calculation shows that this suspicion is unfounded. We also
clarify how the survival of ng — 1 is indeed expected when considering
the de Sitter limit. Second, even though we compute the bispectrum of
primordial curvature perturbations on a constant-proper-time hyper-
surface at the end of inflation, as opposed to some late-time observable
such as the CMB or galaxy bispectrum, our result has a direct and
transparent physical implication.

Recall that curvature perturbations, and hence their correlators, are
conserved until they re-enter the (largest) sound horizon of any rel-
evant component (matter, radiation, etc.). As an example, consider
then matter domination, when the sound horizon is parametrically
smaller than the Hubble radius. Two short and one long mode that
enter the Hubble horizon during this epoch still possess the primordial
correlation we compute here as long as they are larger than the sound
horizon, and this coupling is in principle observable, as we will discuss
in Section 8.6. In practice of course we are interested in modes that
enter also during radiation domination and we observe non-conserved
density perturbations as opposed to conserved curvature perturba-
tions. Many evolution and projection effects then need to be added to
our result. Nevertheless, the example above highlights that our result
describes a physical and in principle measurable late-time correlation.
Connection to observations will be further discussed in Section 8.6.

The rest of the Chapter is organized as follows. In Section 8.2

we construct the CFC frame for single-field slow-roll inflation; in
Section 8.3 and Section 8.4 we compute the local bispectrum in CFC;
in Section 8.5 we discuss why we expect 1) to also be locally observable,
in contrast to what was argued in [205], and briefly describe the case
where the inflaton speed of sound c; is different from 1. Finally, we
derive our conclusions in Section 8.7. We collect the technical details
in Appendix E (about the CFC construction), Appendix F (about
the transformation of the curvature perturbation ¢ from comoving
coordinates to CFC), and Appendix G (about the bispectrum in Fourier
space). In Appendix H we briefly describe the simplifications in the
calculation of the CFC bispectrum when cs < 1.
Notation and conventions As we are doing throughout this thesis, we
use ( (not R) to define the comoving curvature perturbation, following
[18]. In the remainder of the Chapter, we work in units where the
reduced Planck mass M3 = 1/8nGy = 1, unless it is explicitly said
otherwise. It can be reintroduced easily with dimensional analysis in
the final results, if needed. In this Chapter (and in the Appendices E,
F, G and H), we are going to use T in place of n as conformal time. We
will also drop the superscript (3) on the three-dimensional Dirac delta
functions, and we will often denote derivatives with respect to T with
0.
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When we referred to “local measurements” in the introduction above,
we meant in particular the response of short-wavelength perturbations
(k1 ~ k2 ~ ks) to the presence of long-wavelength ones k3 ~ k; < ks
(squeezed limit). As shown, e.g., in [206]," the squeezed limit of
correlation functions of ¢ in Fourier space corresponds to looking at
how perturbations (s which are defined in a region of size R > k! are
correlated with perturbations ¢, of wavelength k; ' > R, i.e. that are
almost constant in the region R (see fig. 7.2). This correlation between
long and short modes is expected, since the long modes will affect the
dynamics of the short modes, modifying the background over which
they evolve: up to second order in gradients, the long-wavelength
perturbation can be reabsorbed in the FLRW background, while at
(ﬁ)(k%) it adds curvature to the “separate universe” of size ~ kz_] and
modifies its expansion history [207, 208]. Maldacena’s consistency
relation is just a statement of the fact that these effects are suppressed
by how much the long mode is outside the horizon at a given time (for
primordial correlations this saturates at k% / kg, ks ~ aH = 3 being the
moment when short modes freeze out).

We can see this in the following way. We start by asking ourselves
what a local observer with proper 4-velocity U* in the separate uni-
verse of fig. 7.2, freely falling in the background perturbed by the
long-wavelength mode (y, can measure during inflation. First, she
naturally sets the time coordinate to match what is measured by her
clock (i.e. by her proper time = tr) and uses it to define surfaces
of constant time. The (non-rotating) spatial coordinate axes of her
local laboratory frame emanate from her worldline along geodesics.
The resulting coordinate system (x}) depends on the worldline of U*:
timelike and spacelike coordinates are defined in such a way that the
distance of a point from the worldline is given by n,vAxFAxy, with
higher order corrections in Axr that encode how spacetime deviates
from flatness. This local coordinate system is known as Fermi Normal
Coordinates (FNC) [206, 207, 209—211].

However, space is also expanding, as determined locally by how
a small sphere of test particles carried on the worldline changes in
volume. This change is encoded by the geodesic expansion V, U*".
By introducing a local FLRW scale factor af, the spatial coordinates
can account for the fact that V ,U"* # 0: the distance of a point
from the worldline is then given by —At}z: + a%IAxFIZ, where af is the
integral over the local expansion rate V,,U"* = 3Hf. The important
point is that spatial geodesics are still used to define spatial distances,
the only difference with the previous case being the fact that the
overall expansion of space has now been factored out. Higher-order

1 See its Sec. 2.

158



8.2 CFC COORDINATES IN SINGLE-FIELD INFLATION

corrections in Axg to the distance between points would now encode
the intrinsic curvature of spatial slices.

This generalization of the FNC is called Conformal Fermi Coordi-
nates (CFC) [24, 200, 201]: they are the coordinates that a local observer
uses to describe physics in an expanding universe. They are naturally
suited to the case where there is a separation of scales, such as the one
described in fig. 7.2: an observer who has access only to scales ~ 1/ks
treats the long mode as an effective background within which the
short modes evolve,> and then looks at what is the power spectrum
of the latter in this background, which she describes through CFC.
This coordinate system makes explicit that the separate universe is an
unperturbed FLRW universe (the corrections to the expansion history
coming from Hf # H are of order of the time dependence of {;, which
starts at order 0%, in single-field inflation): deviations from this pic-
ture enter only at second order in spatial gradients of (;. Hence, the
first non-zero, physical coupling between short and long modes that a
local observer can measure appears at quadratic order in the momen-
tum of the long mode. At this order, if the CFC power spectrum of (s
in presence of (; does not vanish for ¢ — 0 on super-Hubble scales
(we will show later that the difference between constant t surfaces
and constant tf surfaces goes to zero as the Hubble radius decreases),
we conclude that the “gravitational floor” of non-Gaussianities from
inflation is of order of the tilt ng — 1.

8.2.1  Construction of CFC

As we explained above, CFC coordinates xf = (Tf, x¢) for a geodesic
observer UH = (ep)* are constructed in a similar way to Fermi Normal
Coordinates, the difference being that around the observer’s geodesic
the metric looks approximately as FLRW (not Minkowski). The devi-
ations from FLRW are of order IXF\Zk% (¢, instead of |xF|2 H? as in the
FNC case. The construction goes as follows:

1. we construct an orthonormal tetrad (e )", parallel transported
along the central geodesic P(tf) of the observer (ep)" (tf being
the observer’s proper time);

2. given a spacetime scalar af(x), we define a conformal proper
time Tf by

drr = ap ! (P(tr))dtr (8.3)

and we choose Tr as time coordinate (often replacing P(tr (7))
with just P to simplify the notation). This allows us to define sur-

It is clear that this picture, during inflation, can hold only if we stop at quadratic
order in gradients of the long mode: at higher order we cannot neglect the quantum
nature of perturbations and treat them as a classical background. To see this, it is
enough to think about the de Sitter mode functions ¢(t,k) = ¢(0,k)(1 + ikT)e kT
for k — 0, the term of O(k3) picks up a factor of i.
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faces of constant Tf, spanned by space-like conformal geodesics
(i. e. geodesics of the conformal metric §,.v(x) = a;z(x)gw(x))
originating from the central geodesic;

3. this construction of surfaces of constant tf also gives us spatial
coordinates xr. More precisely:

¢ one defines the central geodesic to have coordinates xf =
(TF,0);

* one takes the family y(tF; oty A) of geodesics of the confor-
mal metric with affine parameter A = 0 at P, and tangent
vector given by «'(e;)b;

¢ the point Q with coordinates (Tf, x¢) is then identified with
Y(tF; B Aq), where

)\Q = SiniFX]i; s (84a)

a]c(P)x]iE '
A/ 5157(%;7(%;

¢ with the exponential map we can then construct the coor-
dinate transformation from global coordinates (x) to CFC
coordinates (xf) as a power series in xt. Rescaling A so that
it runs from 0 to 1, i.e. B = aF(P)x}:, this power series

Bt = (8.4b)

reads as
+o00
XM (xp) =ch(te) + D> ch(trxF) , (8.5)
n=1
with
ct(xp) = O[(xE) ] forn > 1. (8.6)

We see that cf (TF) is simply given by x!(P), the coordinates
of the central geodesic evaluated at tf(tf), and can be
computed once one knows ar and (eg)*. The tangent vector
on P, i.e. c{'(tF,xf), is then given by

(e xp) = ap(P)(ed) bxE 8.7)

Higher order coefficients are computed recursively by solv-
ing the geodesic equation for the conformal metric: we refer
to [200, 201] and to Appendix E for details.

The resulting metric has the form

9rv (XF) = aF(tr) My + hi, (xp)], with i (xp) = Ol(x})?] . (8.8)
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More precisely, stopping at order (xt)?, we have [200, 201]
hoo(xF) = —Roiolpxfxt (8.92)
oy (xF) = _gﬁgkﬂh?x];x]l: ; (8.9b)
hi (xe) = _%ﬁ]i:kjlh’xll?X}E ; (8.9¢)
where ﬁﬁpvc is the Riemann tensor of the conformal metric in CFC

coordinates, and indices have been lowered with the conformal metric.

In terms of global coordinates, REPVGIP is
Rl pvolP = Rapyslp(E.)5(Ep)0 (8v) 5 (86)% (8.10)
ppvo apyslPl€u)plep)plev)plCo)p .

where on the central geodesic the CFC coordinate vectors are given by
(év)g = aF(P)(ev);-

When compared to the Fermi Normal Coordinates construction,
CFC need one additional ingredient to determine the metric perturba-
tions hy,,, i.e. the scalar af(x) computed along the central geodesic.3
The idea is to absorb the leading contributions to the spacetime cur-
vature in this scale factor ar, and make then the Riemann tensor of
guv as simple as possible. In [200] it is shown how this is achieved by

defining ar(x) from the local expansion rate

dlogar(P) 1 dlogaf(P) V, U"p (8.11)
dtr N ar(TE) dtr - 3 ' '

8.2.2  Residual coordinate freedom

This construction, even after having fixed the geodesic U*(tf) and the
choice of ar, has two residual “gauge” freedoms that leave hf, and
hi, invariant at O[(x%)?]:

* it is possible to perform a coordinate transformation

TF — TF , (8.12a)

i i i A?kl(TF) .
Xt = XF(YF) = YF+ — . YRUryr (8.12b)

where A}kl(’tp) is fully symmetric with respect to j, k, 1. This

transformation does not affect af, but changes hfw via

Moo (xF) = ho(yr) (8.13a)
hoi(xE) = hos(yr) (8.13b)
hi; (xe) = hi(Yr) + A (TF) yFyr (8.13¢)

3 We also need its derivatives along the central geodesic, since these will enter in

]NQEPV olp: we refer to [200, 201] for a more detailed review.
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where the indices of A}kl(’rp) are lowered with the conformal
metric. It is important to stress that, up to including order (yt)?
coordinate lines yr = A are still geodesics of the conformal

metric;

7

* one can rescale ar by a constant ar(t) — cag(7): it comes
from the fact that we defined it through the local Hubble rate
for the observer U", so we still have the freedom of choosing
the integration constant when we integrate eq. (8.11) along the
central geodesic.

This construction holds for any spacetime: there is no need of
expanding the metric in perturbations around a given background.
However, we will specialize to the case of a perturbed FLRW spacetime
in the following Sections. For this reason, we defer the discussion of
these two residual transformations to the next Sections, where working
in perturbation theory will allow us to fix them in a much easier way.

8.2.3 From comoving to CFC coordinates

The main goal of this and the following Sections is to construct ex-
plicitly the change from the global to the CFC frame, constructed for
the long-wavelength part of the metric: this will allow us to find the
effect that a long-wavelength perturbation (; has on short modes ;.
The construction will follow closely the one presented in [24], the
main difference being the fact that we will go up to order k3/k? in
the gradient expansion. Here we provide the outline of the calculation,
while the details are collected in Appendix E.

We work in a perturbed FLRW spacetime guv = a“(Muv +huv):
more precisely we consider the comoving gauge [18], where the in-
flaton perturbations d¢ are set to zero and the metric is given by
(neglecting tensor modes)

%

00C

goo = a?(—1—2N7), with N; = ETak (8.14a)
2 2 . C _2

goi = a“Nj = a“0;, withp = T +¢€0 “00C, (8.14Db)

gij = a%e?“8yj ~ a®(1 4 2¢)by; - (8.14¢)

Since we are interested in three-point functions, we restricted to linear
order in the lapse and shift constraints [18, 65, 119]. We can now
split ¢ in a long- and short-wavelength part, ((x) = (s(x) + Ce(x):
because we are interested in the bispectrum only, it will be sufficient to
consider the linear response of the short-scale modes to the coordinate
transformation (that is, we can work at linear order in (¢). Now, given
that the background is FLRW, we can straightforwardly write down
the (normalized) time-like geodesic congruence U* as [200, 201]

u* = (eg)* =a™! (1 + h;”,w) —a "(1=Np, V), (8.15)
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where the first order perturbations V' are the peculiar velocities of the

observers U". Neglecting vorticity (which is not sourced in single-field

models), the corresponding spatial vectors of the tetrad are [200, 201]
Y .

(e)* =a! (vi +hoi, 8 — 21> =a (Vi +Ng, [1-¢]8)) , (8.16)

where we raise and lower latin indices with 61 Since the tetrad (e )"

is parallel transported along the central geodesic, one can show that
the peculiar velocities must obey the equation

doVE+ HVE = —3tN; — 0gNt — KN . (8.17)

Finally, one can use the relation Hf = V,,U"/3 to find the expression
for the CFC scale factor af: at linear order in perturbations, one has
that (see, e. g., Section E.1)

ar(P)

a(P)

=1+ CaF(T*»Xc(T*))

- : . (8.18)
+[ds (Butts xelsh) + vt xelsn)

T

where both left-hand side and right-hand side of this equation are
computed in global coordinates along the central geodesic (x(T)). We
have defined 7, as the initial time in the integration of eq. (8.11), while
Cap (T4, Xc(T4)) is an arbitrary constant which we treat as first order
in perturbations. This corresponds to the freedom to rescale ar by
a constant, as mentioned in the previous Section. The last step is to
solve the geodesic equation for the peculiar velocities. We can do it by
defining Ft = Vi + N the solution for F; = 9;F then reads as

F(x) = e Jr ds3(s) [T*CF(T*,X)

T . (8.19)
_Jd““mmmmum,

T

where Cf (T4, X) is a second integration constant (which we multiply
by . for convenience). C; corresponds to an initial relative velocity
of the geodesic (which, as we can see, decays on super-Hubble scales)
considered with respect to comoving observers.

It is now straightforward to show that on the central geodesic
(i. e. for xp = 0) we have

X (tF,0) = x¢ + £ (TF, 0), with E¥(tF,0) = 0(Ce) (8.20)

so in Egs. (8.18), (8.19) we can neglect the shift in the arguments of first
order perturbations (i.e. we can take x.(t) = 0, T = 7). This allows
to write down the full exponential map at first order in the long-
wavelength perturbations. If we denote by I the Christoffel coefficients
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of the conformal metric (collected in tab. E.1), and by (af/a)l; the
terms of order (; in eq. (8.18), the final result at O[(x})3] is equal to

X* (T, XF) = Xf 4 E(Tr, 0) + AL (Tr) X}

n i o i Kk (8.21)
+ B3 (TF) XgXp + Ckij (TF) XEXEXF
where the coefficients of the expansion are given by
Jz"ds[(ar/a)(tF,0)le —=Ni(s,0)] p=0,
& (tr,0) = (8.22a)
f:: ds V'(s,0) n=1,
Fi =0
Alt(rp) =  HT00) = (8.22b)
[(ar/a)(tF,0)l¢ — C(TF,0)]8} n=1,
1.
Bl (tr) = —5 T (tr,0), (8:220)
1, -
Cﬁij (tF) = —gakrgm,o) . (8.22d)

Notice that ar never appears by itself. Only £°(tF,0) and (ar/a)l;
appear.

We can now fix the additional freedoms in the CFC construction
(namely, the choice of T,, the constants C,, and Cf, and the possibility
of changing spatial coordinates without changing the time-time and
time-space components of the metric). We start with the choice of
initial time (noting that the initial time appears always in quantities
that are already first order in the long mode): we are trying to absorb
the effect that long-wavelength modes (; have on short modes (;
through a change of coordinates. In order to do this, we must be able
to treat them as classical, so we have to start defining the CFC after
they have long exited the horizon. Then, we could choose T, such that

H(t.) = ks, where ks is the typical wavelength of the short-scale (s.

However, it is much simpler to choose as “initial” time T, — 0~ (the
end of inflation), when all modes of interest have left the horizon and
¢ has become constant, mirroring what has been done in [201]. This
fixes the lower limit in the various integrals that define (ar/a)l, the
peculiar velocity potential /, and time shift along the central geodesic
£°(TE, 0). Now, the upper limit will also be taken to be 1 — 07, since

we are interested in the super-Hubble limit of correlation functions.

This will simplify a lot the calculation, since many time integrals will
not contribute.
Then, as shown in Section E.2, this CFC construction gives

5
oo = —XFx} (akal —~ glaz) (N7 + 000 + ) (8.23a)
2
hoi = gX]?X% [eH? (51 Fi — 81 FU)] (8.23b)

1 2
hi = _gxléxk [Sﬂ(amvmmjkl + Sijr(C+ I |, (8.23¢)
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where all terms on the right-hand side are evaluated on the central
geodesic (i.e. at (T, 0)), and the tensors Tiji1, Siji1 are given by

Tijr = 8i1dij — 8450k (8.24a)
Sijkt = 011050k — d110i0; + dx;j0:01 — 81010k - (8.24b)

We can then use the additional freedom in the definition of spatial
coordinates to bring the spatial part hfj in conformal Newtonian form,
following [201]. In Section E.3 we show that, at linear order in per-
turbations, the coordinate transformation of egs. (8.12) amounts to
subtracting the tensor A}dj (Tf,0) from akﬁgj in eq. (8.22d). h‘fj, corre-
spondingly, transforms as in eq. (8.13c). We perform this coordinate

change with

1
AL = — - Kp (8184 + 0185k + 8] 8x4)

6
1 1 1 1 2
2 (8.25)
— g(zs}gaiaj + 81050 + 5010:) (¢ + HP)
1
+ g(éijalawéjkalai+f>kialaj)(c+9ﬁb) ,
where we have defined K¢ as

K = _g[az(cwﬁp) +Hom V™| = —%(aZCHfaZF) . (8.26)

After this final change of coordinates, the spatial metric gi; becomes

P (1 XL D (C+ }cxp)>

= Kelx ‘z 2
(1 55)

gij = af b4j » (8.27)

with

5
Dkl = akal — %62 . (828)

Eq. (8.27), combined with egs. (8.23a), (8.23b), shows that the final
result for the spatial metric is that of a curved FLRW metric plus
tidal corrections. This form of the metric makes it clear that the scalar
curvature of constant-proper-time slices of the observer is oc Kr/aZ
and, as we will see in Section 8.4, can be used to calculate the CFC
bispectrum directly at the level of the action. Besides, as we will
discuss in more detail in Section 8.6, it will allow us to connect our
result to the late-time evolution.

Finally, we can fix the constants C4, and C;. We start from Cg,;:
following [200, 201], we fix it by imposing that, at T — 7., the local
scale factor-proper time relation is the same as that of the unperturbed
background cosmology, i. e. we require that

lim aF(TF) = O(T*) . (829)
TEF—>Tx
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In Section E.3 we prove that taking C,, = 0 satisfies this equality. We
then move to Cy, whose gradient is the initial peculiar velocity of
the CFC observers. From eq. (8.19), we see that such initial velocity
will decay as 1/7: therefore, we can put it to zero in our treatment,
since we neglect decaying modes throughout. In this way, we also see
from eq. (8.23b) that the effect of a long ¢, on the difference between
hypersurfaces of constant T and constant T (encoded in the difference
between T and Tf away from the central geodesic, which generates a
non-zero h{,) is of order k3.

With these choices for Cq, and Cf, and straightforward manipula-
tion of the lapse and shift constraints N and 1, the metric perturba-
tions hfw become

th(TF,xF) = —xlﬁx%kal [59{(1 +1m)072090C

—eC+e07203(] (8.30a)

hb; (tr, xF) = O(kF) (8.30b)
Kelxp|?

R (e, XE) = [x‘éxwm(aﬂfazaoa — F'ZF' ]fnj ) (8:300)

i.e. a curved FLRW metric with K¢ o 82 and (slow-roll suppressed)
tidal corrections. We can also write down the correction (ar/a)l¢ to
the scale factor, i. e. eq. (8.18), at linear order in perturbations (as we
are doing throughout this Section). We find

=1 +JTF ds <aoC(s,0) + %aivi(s, o))

T

-1 +JTF ds <60C(s,0) — ;azq)(s,o)) +0(ky) .

T

(8-31)

We will use this metric in Section 8.4, where we will compute the full
CFC bispectrum by working directly at the level of the action.

83 BISPECTRUM TRANSFORMATION

In this Section, we transform Maldacena’s bispectrum to the conformal
Fermi frame, following the approach of [24], to obtain our main result,
i.e. the bispectrum BE(ks,kg). We split the computation into three
steps:

¢ in Section 8.3.1 and Section 8.3.2, respectively, we derive the
transformation rules for the short-scale curvature perturbation
and its power spectrum under the CFC change of coordinates;

¢ Section 8.3.3 contains the derivation of the bispectrum BE (ks, ke)
up to and including second order in gradients of the long mode.
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8.3.1  Transformation of ¢

We start from the transformation of the curvature perturbation ¢: we
consider a coordinate transformation from x to X that does not change
the hypersurfaces of constant 7, i. e.

, (8.32a)
xt=x(x) =%+ &%) . (8.32b)

Since T = T, the metric on surfaces on constant time will now be given

by

9ij (%) = gij (x(X)) + gu (x(%))9;€ (%)
998 =8 S ou e 69

where derivatives are understood to be with respect to x. Now, the
curvature perturbation on surfaces of constant time is defined by [18,
212-217]

5. (%) /a2
Zb—() _ log det(91]6(x)/a (1)) ) (8.34)

where a is not changed since we are not transforming the time coordi-
nate. If we work in the comoving gauge, we can write down §i;(X) as
(lowering spatial indices with 8;;)

Gij(%)/a? = 845 + 0185 (%) + 051 (%) + (2K —1)55;
=Ag(x) (8.35)
+Ag(%)[8:&5(%) + ;& (%)] + O(E7) .

7”7

Dropping terms cubic in perturbations (which we denote by “
below), we arrive at

log(gi;(X)/a®) = 3;&;(X) + 9;&(X) + Ag(%)ds;
+ Ag(f() [ai‘i) ) + 05 ‘tﬂ
X)

)] -
—Ag(%)[0:&;(%) + 9;&(%)] +.
= 0:&;(%) + 9581 (%) + 2¢(x(x ))61)+... .

_\12
[ (%)] 835 (8.36)

Taking the trace of the above equation, we find

&4 (%)
3

(%) = + C(x(%)) (8.37)
Now, we are interested in long-wavelength transformations, i.e. £* =
EE‘ will contain only long modes. Therefore, if we split also C in long
and short modes, we find that its short-scale part transforms as a
scalar: (s(%) = Cs(x(X)).

This derivation does not hold if we change also the time coordinate.
If one is interested in working at zeroth and linear order in gradients,
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as it was done in [24], this is not a problem since the change to CFC
affects T only at order kZ. However, for our purposes we will need to
consider also the fact that surfaces of constant conformal time are not
surfaces of constant CFC time. In Appendix F we show that in this
case the transformation rule for (s is nontrivial, namely it acquires a
shift
(219, £0(+

() = Calxlx)) + DT (8.39)
Since N; = 0i1, with { a function of (, this additional shift will
generate other terms proportional to (spatial derivatives) of the short-
scale power spectrum ((sCs).

8.3.2 Transformation of the power spectrum

We can now see how the short-scale power spectrum ((s(s) of the
curvature perturbation ( is transformed when moving to the CFC
frame. The overall transformation of ((s(s) will follow closely the one
presented in [24], the main difference being the fact that we will go up
to order k? in the gradient expansion. This implies that, in principle,
we would need to take the transformation of conformal time (i. e. the
contribution of EO) into account. However, it is straightforward to see
that these terms will not matter on super-Hubble scales:

¢ the first contribution is

N (xp)0: £ (xF)

3 .
Since N! ~ —9;((s/H) and aiag go to zero for —kstr < 1,
—k¢TF < 1, these terms in the transformation of the short-scale
curvature perturbation can be dropped;

CE(xp) D (8:39)

¢ the second contribution is, instead, given by
¢E(xp) D 9 (xF)B0Ls(xF) - (8.40)

Since (s freezes on super-Hubble scales, we see that also this
part of the transformation will not be relevant for BE(kS, ke).

Then, for T — 0~, we can write the equal-time power spectrum of
short modes in CFC as

() EE)) = (Csx1) 86 (x2)) (8.41)

where we have defined x% 2= xi(x}i »), and we have dropped all time
dependences for simplicity of notation. Now, thanks to translation
invariance, we can write the short-scale power spectrum in real space
as

<Cs(xl )Cs (X2)> = <CsCs> (r) ) (842)
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where R = x; —x3, and r = |R]. We can now expand this at O[(riF)3]

and to first order in long-wavelength perturbations: it is straightfor-
ward to see that

k

1
TE=TE+ALXO) TE+ qu( )TFT%H"F ) (8-43)

4
since we construct the CFC frame around x\. = (x‘1E + xg) /2. The exact
position of the central geodesic does not matter in the squeezed limit.
This has been proven up to order k¢ in [24], and here we see that
this is true also at order k7: indeed, choosing the middle point gets
rid of B% (x{) only, which is of order k¢ (in fact, it is ~ 8i;0'C¢(x%)),
and no terms of order k7 are cancelled. That is, any additional cor-
rection to our result coming from the change in the position of the
central geodesic enters at order k;. The final expression for the power
spectrum of the short modes in CFC, then, is given by

(CECE) (r7) = (L5 Cs) () + AL(XE) THa (G5 Cs) ()
1 (8.44)

+ 4Ck1]( )TFYFTFal <CSC > ( )

8.3.3 Squeezed limit bispectrum — 1st method

The Maldacena consistency relation [18, 23, 196, 210, 218] in global
coordinates, i.e.

kZ
Be(ke ko) = e~ DPe(ke Pelia) + 013 ) .49
is equivalent to saying that a long-wavelength mode modulates the
small-scale power as

Pelks)leiiy) = 11— (ns = 1)C(ke)IPe (k) - (8.46)

The transformation to CFC, up to linear order in k¢/ks, cancels exactly
the term « (ngs— 1) in the previous equation. We want to see, now,
what are the terms that survive if we carry the CFC construction up
to order k7 /k2. Schematically, working in real space, we can write the
transformation to CFC of the short-scale power spectrum as (we drop
all “F”s on coordinates for simplicity of notation)

<C5Cs> (T)|cz(xc) — <CSCS> (T)|c¢(xc) +E(C€(Xc)) <CsCs> (T‘) ) (847)

where = stands for the various terms, including derivatives with
respect to r, of eq. (8.44). If we multiply the right-hand side of the
above equation by (¢(x3), and then average over long modes, we
can see what part of the long-short coupling is cancelled when we
move to the CFC frame. Following [24], we can compute what is the
contribution of these terms when we go in Fourier space x1 < ki,
X2 < kz and X3 kg:
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83 BISPECTRUM TRANSFORMATION

¢ the first term on the right-hand side of the above equation will
give the single-field slow-roll bispectrum in global coordinates
of [18], i.e.

2
Be(ke ko) = PelePelke){ (1= na) + 5| (F et )

— (1]25 - gn) (1 3u2)] } ,

where we have split the part « kZ/kZ into a monopole and a
quadrupole part. This shows how, for an isotropic long mode,
the contribution of ¢ to the bispectrum of Maldacena at order
kZ/k2 is ~ 20 times larger than the one proportional to n;

(8.48)

e in [24] it is shown how, thanks to translational invariance, the
term coming from the coordinate transformation can be written
in Fourier space as

(Ce(x3)Z(Ce(xc))) (CsCs) (1) = Pez(ke)Pe(ks) e —k; +k, /2 » (8-49)
Z AB¢ (ke ke)

where we have omitted an overall (271)36(k; + k2 + k¢) of mo-
mentum conservation.

This result allows us to compute separately the long- and short-
wavelength power spectra. More precisely, when we go to Fourier
space, we include directly in ((ss) (1) the powers of * and derivatives
0; contained in Z. The full calculation is carried out in Appendix G;
here we cite the only result that we are going to need, that is

ik N-+1 o™ !
(r*r)r™ .. 0)01 (s Cs) (1) — 1 ———kPr(ks)| . (8.50)
LGl oonloke . relkll - 65
In (Ce(x3)Z(Ce(xc))) = Pe=(Ix3 — xc|), now, we will only have contri-
butions like

Pe=(Ix3 —xcl) D (Ce(x3)045k... Ce(xc)) (8.51)

that in Fourier space will read as
(Colx3)0k.. Celxe)) = [(—iki) (=) (—kE) ... [Pe(ke) . (852)

The two contributions that we have to consider are A}(xc) and
C}dj (xc). Before embarking on the calculation, we note that AB; will
be of order ng — 1: in fact, since we are basically just changing the
way in which we measure distance, we will have an effect only if the
short-scale power spectrum is not scale invariant. This tells us three
things:
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e we can use the de Sitter mode functions [18, 43, 119, 219], i.e.,
dropping irrelevant phases,

U(t, k) = (0, k) (1 +ikTt)e *T = /P (k) (1 +ikT)e 7, (8.53)

to compute (ar/a)l¢, that will enter in A%(xc). This is analogous
to what is done in Maldacena’s calculation of the bispectrum in
global coordinates: once the cubic Lagrangian for ¢ is found to
be of second order in slow-roll (the quadratic one being of first
order), the in-in computation of the leading order contribution
to the three-point function can be carried out using just the de
Sitter modes;

¢ we can drop the slow-roll suppressed part of the shift constraint
when we compute (ar/a)le. That is, we can take 1, to be just
—C¢/H and drop €0~299;, when we use the expression for
(ar/a)le given in eq. (8.31);

¢ when we consider C}dj (x¢), we can drop the e-suppressed part of
the stereographic projection, i. e. the last three lines of eq. (8.25):
the only contribution that we need to consider is the isotropic
one, which involves the curvature K.

However, we note that there will be no need of actually computing
(ap/a)le: in fact, from its definition of Section 8.2.3 and our choice
of initial time for the definition of Conformal Fermi Coordinates, we
have that
—kT< 1

(ap/a)lf —E=5% Cop + O(K3) (8.54)
Since we take Cq, to be zero, we can forget about this contribution.
Then,

* we start from Al(x.), which gives

o) .
AB ks, ko) = Pelke) 37 [kiPe (ks (8:55)
where
a[kiP(k)]— 3+ d Pe(ks) = (ns—1)Pe(ks) . (8.56)
okt s T 7T dlogk, ) et T e T HRE T 85
So we have
AB (K, ke) = (s — 1P (ke)Pe(Ks) 5 (8.57)

¢ the second (and last) term we have to consider is C}dj(xc). It
contains two contributions. One from ~ 0;9;(, and one from
~ H0;0;F (as we see from tab. E.1): since [ is already of order
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kZ, it is sufficient to include the former. At leading order in
slow-roll, then, we have

1
Ciaij(ke) = — ¢ | SyykekeCke)
— 87k ki (ke) — 8EkEIq ke (8.58)
1
- §(5}@]- + 8885k + 5}5ki)k%c(kg)} :
In the above equation, if we isolate a tensor lei]. x k%C(ke), we
can write
ABP (ke ke) = 1P ko)l [143[k‘Pc(k )]]
) - 1 . s S
¢ 4 "L akiaklokk (8.59)
1

We compute this quantity in Appendix G and cite here only the
final result, i. e.4
k{

(2) _ 5 5
ABC (ks, ke) = (ns_”kg(_M"i‘gH )PC(kf,)PC(ks) . (8.60)

Summing these two contributions to the Maldacena bispectrum of

eq. (8.48), we see that in the CFC frame the long-short coupling still
retains terms o 1: more precisely, we have

k¢ 29 1
BY (ke ko) = 5 PelkaPelke) | (g e+ )

2 6 4
+ (;515211>(1 3HZ)]

— gPC(ks)Pc(ke)[(1335—1(715—1)) (8.61)
+ <Z£+152(ns—1)>
<(1-3)]

where, in the second equality, we have highlighted the tilt of the scalar
spectrum ng — 1 instead of 1. We see that, as in Maldacena’s squeezed
bispectrum at order k3 /k2, the contribution to the physical isotropic
mode coupling o ¢ is larger than the one o 1 by a factor of ~ 20.

4 This contribution vanishes for an isotropic long mode (i.e. 12 = 1/3). Indeed, in this
case it is easy to see that to go from the metric in global coordinates to the CFC metric
described in Section 8.2.3 it is enough to remove the constant and constant gradient
parts of metric perturbations. In fact, go; is already zero in the isotropic case and the
curvature part of gij (i. e. the one proportional to x%) is already of the right form.
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84 CALCULATION AT THE LEVEL OF THE ACTION

For reference, we can match the result eq. (8.61) to the squeezed
limit of the equilateral shape Sequi.(k1,k2,k3). Using Eq. (52) from
[40], we have

i k2 i
B (s, kee) = 5Pk Pe (k) 4L [24(1-317)] . (8.62)
c k%

Clearly, eq. (8.61) cannot be matched to the equilateral shape, since the
relative isotropic and anisotropic contributions are different. Moreover,
we have only calculated the O(k% /k2) contribution in the squeezed
limit, and different shapes 8(k1, k2, k3) can have the same squeezed-
limit scaling o< k% / kg. Hence, we caution against associating eq. (8.61)
with the equilateral template. Roughly, however, eq. (8.61) corresponds
to eI < 0.1 x (ng—1).

84 CALCULATION AT THE LEVEL OF THE ACTION

In this Section we derive the CFC bispectrum in the limit ¢ — 0
directly, without recurring to a transformation of Maldacena’s result.

8.4.1  Short modes in CFC

We start by defining the short modes in CFC: keeping the “F” label on
coordinates and components to parallel the first part of our previous
calculation, we write the line element in CFC coordinates as

ds? = —a?[1+2(N§) +2(NF),] dr?
+ a?(NF) g (drpdxt + dxid) (8.63)
+ azezceFezcgéijdx%:dx%E ,
where:

¢ we have put to zero (N]-LE )¢, since we have seen that the time-space
components of the long-wavelength metric in CFC are of order
k3 .
e

¢ working at linear order in the long mode (as we are doing
throughout the Chapter), the long-wavelength part of the metric
can be related, by direct comparison, to the results of Section 8.2.
For example, the anisotropic part of ¢} will be

N 3

(CE) (xe)™ = SxixpDi; [eH0 200 (T, 0)] (864)
where (; is the long-wavelength curvature perturbation in global
coordinates;

¢ we have included the modification to the scale factor, i. e.

ar(te) = a(te) [T+ (ar/a)(te)le + HE (TR, 0)] (8.65)
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directly into ¢} and (N¥)¢: by doing so we can keep track more
easily of both the order in perturbations and the order in the
slow-roll expansion;

o (F, (NF)g and (NF)s = 9;f (whose indices will be raised and
lowered with 6%) are the short modes. As before, we stopped
at first order in perturbations in the small-scale lapse and shift
constraints, which will be solved linearly in terms of (s.

At this point, one can write down the action for C!: the lapse and shift
constraints will have the usual expression, and the quadratic action
S(2) will be given by [18]

Si2) = Jd“XF a?e[(d0Cs)% — (3:h)?] . (8.66)

Then, the goal is to compute the power spectrum of (f in the back-
ground of the CFC long-wavelength metric: since the latter is explicitly
of order kZ, it is clear that the CFC bispectrum will vanish at zeroth
and first order in gradients of the long mode. Now, in order to cal-
culate the O(k%) contribution, one needs the cubic action with one
long leg and two short legs. This can be computed with the standard
methods (see [18, 119], for example) and, as in the standard case, the
“brute-force” computation gives an action which is of order zero in
slow-roll (compared with the quadratic action of eq. (8.66), which
is slow-roll suppressed): however, due to the complicated relation
between ¢} and (N¥),,5 integrating by parts to remain with O(¢) terms
that can be removed with a field redefinition is more difficult than in
Maldacena’s calculation.

A possible alternative approach is to work in ¢ gauge for the short
modes, while keeping the long-wavelength metric as in eq. (8.63). In
this case, the quadratic action for the small-scale field fluctuations
d¢ds would be of order zero in slow-roll [18, 119], but this would still
not help because the cubic action will again, naively, not be slow-
roll suppressed (we refer also to Appendix H for a more detailed
discussion about these issues). In both these cases, then, we could not
do an in-in calculation using the de Sitter modes o e~ **T(1 + ikT),
since we would be missing terms due to slow-roll corrections to the
mode functions: we would need to use the full solution of the classical
equations of motion for the short modes in terms of Hankel functions,
complicating the in-in integral considerably. For this reason, we will
employ a different method, that is explained in the following Section.

This relation can be found by solving at linear order the lapse constraint for (N']:) ¢
with the metric of eq. (8.63). The result is not particularly illuminating, so we will not
write it down.

174



84 CALCULATION AT THE LEVEL OF THE ACTION

8.4.2 From flat gauge to CFC

This second method is based on the observation that, in flat gauge, all
interactions are suppressed by y/¢. Therefore, if we are interested only
in the contribution to the CFC bispectrum proportional to 1 (which is
the focus of this Chapter), we expect that it will not be necessary to
do any in-in calculation. We will explain how this comes about in the
following.

To simplify notation, in this Section we will use x = (x°,x) for
global coordinates, xf = (x%,xF) for CFC. We use a “tilde” and a
“hat” for coordinate changes, and a “prime” for time derivatives of the
background inflaton ¢). We then proceed in the following way:

¢ we start from the long-wavelength metric in global coordinates
X, in ¢ gauge. At linear order in the long mode, we can go to flat
gauge with a simple time shift, i.e.

o_s0_G
=R (8.67)
This coordinate change will originate an inflaton perturbation
8¢p¢ = —v/2¢e g, which is of order zero in slow-roll since a factor

of 1/4/€ is “hidden” in {y;

¢ to this 6¢y we add a short ¢, solve the constraints, and com-
pute both the quadratic action for d¢ s and the interaction terms
at cubic order (see also [65] for details):

- S(2) is given by
S(2) ZJd“* a?[(008¢s)* — (3:8ds)* +FH 53] . (8.68)

So, we see that n provides a mass for d¢, which tells us
that d¢s will not be conserved on super-Hubble scales;

— the result for the cubic terms will be Maldacena’s cubic
Lagrangian in flat gauge, with one long leg and two short
legs. It is then easy to see from Eq. (3.8) of [18] that, at
leading order in slow-roll, interactions will be suppressed
by a factor \/e: therefore in the limit ¢ — 0 there is no
coupling between the long mode and short modes, i.e. we
can schematically write

Psd.lsw, = P, » (8.69)

where Psg is the usual power spectrum of d¢s in an
unperturbed FLRW background that one computes from
eq. (8.68), while Ps¢. |54, is the power spectrum of d¢ in
the background of a long-wavelength mode (i. e. consider-
ing the coupling with 6¢¢);
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¢ then, we transform from the flat gauge in global coordinates to
CFC. At linear order, the transformation is simply given by

Ce

%6” + &, (8.70)

o
M =xf +

where &} is the vector field given in egs. (8.22) in terms of (.

Now, after this change of coordinates, the spatial part of the
metric at quadratic order in perturbations but at linear order in
the long mode,® will be given by

OAO E)Ao A9 aAO
gl = —a? L goj + —L Gio + a?e?%tsy;
aXF aXF aX}: aX%E
dA? 049 571
2—Lojhs +a?—Lois +a 2e20i5; ;+0lC),
Oxf axF

where s is the short-scale shift constraint in flat gauge, i. e.

s = —ed 200(Hods/P') (8.72)

and we dropped terms quadratic in ;. Correspondingly, the
inflaton will transform as

b=+ V2e HE] +8bs + AN Os (8.73)
where we used ¢’ = v2¢ K;

e then: we want to find the relation between 8¢ and (f, defined
as in eq. (8.63). In order to do this, we first do a time translation
x¥ = %2 + T (with T starting linear in short modes, and having a

quadratic long-short coupling) that brings ¢ to ¢ + v/2e HEQ. It

is easy to see that T is given by

T=— [fxl)s + AP, 5,

(I)”
(b/
[&ps + AN 8bs

1
V2e K
— EQ8ds — aoa"ws]

(8.74)

1
V2e K
—}C(]—S—l— >525(|)5 605,86(1)5} .

Now, we focus on the spatial metric §i; after this time translation,

working at quadratic order in perturbations but dropping terms
involving two short modes. It will be given by

A AY - , A
95 = L0y + a®>—Fdids +a ZeCleSsy,  (8.75)
ax]: aXF

6 That is, we consider only quadratic terms that mix long and short modes: therefore,

we do not consider the long part of §p; (which will not be of order k? yet) since it
will give rise to terms quadratic in the long mode in the transformed spatial metric.
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where we have used the fact that the long-wavelength part of
g5; is O(k3) (so that we can safely neglect its contribution to the
transformation at the order we are working at), and we have
defined (; as

o
F S
=HT+T09l =HT — 0 . 8.76
Cs 0le o 0Ce (8.76)
With some hindsight, then, we can also define (s as
H dps
= 5. = — , 8.

CS d)/ ch \/Z ( 77)
so that (& becomes

CF = HT + 000, . (8.78)

We note that Qf)- is not yet of the form of eq. (8.63) because of
the terms in eq. (8.75) involving the short-scale shift constraint
in flat gauge, which is given by

P = —€d 29 <Jgf,5¢s) =ed%doLs - (8.79)

However, we can see that these terms will not matter on super-
Hubble scales. We can follow the approach of Maldacena: with
a second order long-short spatial transformation (which does
not modify the field perturbations at the order we are working
at) we can remove these terms at the price of new second order
contributions to CE. From [18] we can see that all the new terms
that ¢! gains will contain s, that is proportional to 3290 s.
However, we know that (s must freeze on super-Hubble scales
(this can be seen also at the level of the quadratic action, that can
be derived from the action for 6¢s with the changes of coordi-
nates discussed above). This tells us that we can safely neglect
the contributions from this second order spatial transformations
in the relation between 6¢ 4 and CE ;

then, we can focus just on eq. (8.77). We consider only terms
that are either of order zero in slow-roll, or suppressed by 1,
dropping all terms o ¢. With these assumptions, {f becomes
equal to

. 1
CF =+ 880:¢s + 80000 + 70t00Cs

- (8.80)
+5GeGs — (s00E) — HEQ s + LsDolf -

In the above equation we recognize the term &%61(:5 from Sec-
tion 8.3.3. We also see that both terms containing 94 (s will not
contribute on super-Hubble scales, so they can be dropped. We
deal with the remaining terms separately by considering that &9
and (g can be split in a uniform (which encodes the modified
expansion history), isotropic and anisotropic part:
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— we start from the isotropic part. For &f it is zero, while for
0o CE it is proportional to |xF|260KF, which in turn is k‘g ;

- the uniform part of 9, C]; is, dropping e-suppressed terms,
equal to J¢ E,? + 5‘(&8 + 0o(ag/a)le. The first two terms ex-
actly cancel with those in eq. (8.80), while from the defini-
tion of (ar/a)l¢ discussed in Section 8.2.3 we see that the
last one vanishes on super-Hubble scales;

— finally, we can easily see from the results of Section 8.2.3 that
the anisotropic part of d¢ CE is of order ¢ (or higher), while
that of 9p&f + HEQ contains either e-suppressed terms, or
terms that go to zero as fast as H2,

So we conclude that the only relevant terms in eq. (8.78) will be

CF =G+ E80:0s + %CeCs . (8.81)

8.4.3 Squeezed limit bispectrum — 2nd method

We are now in a position to compute the squeezed limit bispectrum in
the conformal Fermi frame. Since we have the power spectrum of 5,
we can compute the power spectrum of ¢! in the background of the
long modes. Schematically, since f is (s plus a long-short coupling,
we would have

(€Y 10, = (CsCs) N, + O(Ce) (CsCs) (8.82)

Had we kept also e-suppressed interactions in our flat gauge calcula-
tion of Section 8.4.2, the first term on the right-hand side of the above
equation would actually also contain a coupling with long modes:
however, we do not care about this term (since we are trying to capture
only the part of the bispectrum proportional to 1). Then, ((sCs) I¢,
will just be the power spectrum of (s computed from the quadratic
Lagrangian of 8¢y, i. e. what we called ((ss) in the previous Section.
The second term on the right-hand side of eq. (8.82) contains both
the contribution of a;aics, which reproduces exactly what we have
computed in Section 8.3.3, and a second term o 1. We can deal with
the latter by expanding (; in a Taylor series around xt = (x§ +x5)/2,
so that
F( F\/F(F n L TEE F
(CEOEITE OB Leyiup) 2 3 [20e06E) + T E 0303 e(xE)

X (CsCs) (TF) + O(K3) -

(8.83)

Going to Fourier space using the results of Appendix G, more precisely
the fact that

aZ
okiok)

Kik)
ke

§is
Pelks) = =375 Pclks) +15

12 Pe(ks)+0O(ns—1), (8.84)
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and averaging over the long-wavelength perturbations, we reproduce
the n part of Maldacena’s bispectrum in the squeezed limit, up to and
including O(k7/k2). Summing this to the other contribution (noting
that the first term in eq. (8.82) will not matter once we average over
long modes, since it has no coupling to them that are proportional to
n), we reproduce our final result of eq. (8.61) for ¢ — 0. This concludes
our analysis: we stress that this method is not completely independent
from that of Section 8.3, since we still need to compute what is the
effect of the shift £}0; s, but we consider it different enough to provide
a consistency check.

85 INTERACTIONS DURING INFLATION

In this Section we discuss an argument, put forward in [205], to
estimate the size of (gravitational) interactions between long and short
modes. More generally, we review how the contribution o 1 arises in
Maldacena’s bispectrum, and argue that n must be locally observable,
as shown through the direct calculation in Section 8.3 and Section 8.4.

8.5.1  Where does 1 come from?

Let us start by considering short-scale scalar field perturbations d¢
in the separate universe (similarly to the setup described in fig. 7.2).
Naively, one might think that a coupling to {; enters at order ¢° [207,
208]: for example, the Ricci three-scalar on constant time hypersurfaces,
which measures the spatial curvature, is (IR  92¢; that is, it is
not slow-roll suppressed. Indeed, if one were to do a brute-force
computation of the action for 8¢ in the long-wavelength background
modified by (; (i. e. the cubic action with two short legs ¢ and one
long leg C¢, which controls the interactions between the long and short
modes), the result would naively appear to be of such order. However,
one can compute the full spacetime Riemann tensor R, of the
background (in any gauge?)

Ruvpo = Hz(gupgvc — Qucgvp) + 0(e x aZCZ) y (8.85)

where we stopped at quadratic order in gradients of (¢, and used the
fact that time derivatives of {; are also & 9%(. In a general set of
coordinates, g,,v might contain unsuppressed terms of order £°¢,. We
notice though that the leading term is the Riemann tensor for a maxi-
mally symmetric spacetime with Ricci scalar o« H2, namely de Sitter
spacetime. Therefore, up to terms of order ¢, there must exist a change
of coordinates that removes completely the long mode from the right

This expression is covariant, but not manifestly covariant because we are trying
to make explicit the dependence on ¢ and (g, which are defined in global FLRW
coordinates.
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hand side.® Then, the coupling between ¢ and (; is suppressed by
¢, and no term  n only appears. We also know that these small-scale
inflaton fluctuations have non-zero mass. eq. (8.68) tells us that this
mass is o 1. Therefore, d¢5 evolves on super-Hubble scales. Switching
from inflaton perturbations to curvature perturbations cancels this
time dependence, and induces an additional term o 7 in the long-
short mode coupling, since the relation between 8¢ and ¢ is non-linear.
For this reason, we can regard n as measuring a physical effect, i. e. the
time evolution of inflaton correlators on super-Hubble scales, and we
do not expect 1 to vanish in the CFC bispectrum at order k7 /k3.

Another way to look at this is to work directly with short-scale cur-
vature perturbations (s: as Maldacena has shown, a straightforward
computation of the cubic action of ¢ with (; in one leg and (s in the
other two leads to S(3) ~ € x (¢ x (2. However, one can do a sequence
of integration by parts to rewrite this as S(3) ~ e(14+¢€+1) x ¢ x 2,
with the term proportional to en arising when one integrates by parts
terms such as aZe {(90)?2. This shows that also S(3) goes to zero when
€ goes to zero. However, what matters is the relative order in slow-roll
between the quadratic action S(;) ~ € x ¢Z and this cubic action. The
quadratic action for (s is also suppressed by ¢, so the size of inter-
actions is ~ (1 + ¢ +m): 1 and ¢ are both a measure of the coupling
between long- and short-wavelength modes of . The fact that the
background spacetime is de Sitter in the ¢ — 0 limit, even in pres-
ence of (g, does not allow us to conclude that such long-wavelength
perturbations have no effect on the short modes (5.7 Notice that the
terms of order € x 1in §(3) do not contribute to correlation functions
on super-Hubble scales (their contribution in the in-in calculation of
the bispectrum decays). In fact, we know that the final result for the
2-point function of (s in presence of (; must satisfy the consistency
relation in the squeezed limit, i. e. at leading order in derivatives of (;
we have

(CsCs) (Mlgy(xe) = T+ (T =ms)Cexc)I (Cs Cs) (T) (8.86)

Then, one can do a counting of factors of ¢ and 1 to see what is the
order in slow-roll of the above expression. The tilt contains both ¢ and
n, while the three perturbations of { each contain 1/+/¢ (recall that
(CC) ~ H?/¢). Therefore the overall order of eq. (8.86) is ~ (¢,1) x e ~3/2.
One can then repeat the same argument for the full in-in calculation
of this position-dependent power spectrum. From two powers of the

In passing, we also note that this is the reason why in Section 8.2.3 we have seen that
the anisotropic part of the long-wavelength metric in CFC is slow-roll suppressed.
Indeed, de Sitter is an isotropic spacetime.

The argument we made for scalar perturbations, using eq. (8.85), does not apply to
curvature perturbations. In fact, (s is not a (perturbation of a) scalar field: it is a
component of the metric which is non-linearly related to the inflaton 6¢s and has a
non-minimal coupling with the Riemann tensor of the long-wavelength background.
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85 INTERACTIONS DURING INFLATION

short modes, of which we compute the 2-point function in presence of
¢, we have (1/4/€)?, while S(3) would give

5(3)~e(1—|—£+n)xCexC§~£(1+e+n)xe*3/2. (8.87)

Overall, we have (1 +¢+1) x e 3/%: to agree with the result in the
squeezed limit, then, the terms of order € x 1 in S(3) must not con-
tribute on super-Hubble scales. By continuity, the same applies to
other momentum configurations away from the squeezed limit.

Finally, there is yet another way to see why we must expect 1 to be
present in physical observables. Recall the discussion of Section 7.2.
We have seen that any uniform (; disappears from local observables
when correlators are re-written in terms of the physical distance
between x; and x;. The reason is that the consistency relation is,
at this order, completely equivalent to a constant rescaling of the
scale factor, and then of the distance on constant-time hypersurfaces.
However, this ceases to be true at second order in gradients of C¢: while
the primordial coupling is still of the local type, i. e. it corresponds to
a spatially-dependent rescaling of volumes, the physical distance and
the coordinate distance will not be simply proportional to each other
(as it can be checked straightforwardly by computing the distance
between x; and x, with a curved FLRW metric).

8.5.2  Non-trivial speed of sound

We conclude this Section by briefly discussing the case where the
inflaton speed of sound cs is different from 1. In this case, we know
that the operator giving cs # 1 also induces cubic couplings for the
inflaton [62], leading to enhanced non-Gaussianities. Indeed, while the
three-point function from these inflaton self-interactions still satisfies
the consistency relation in the squeezed limit, the term proportional to
k% /kZ is of order (1 —c2)/cZ [119, 208, 220], which can be much larger
than the one coming from gravitational interactions for ¢ < 1. It is
then easy to see how this still holds in the conformal Fermi frame: the
corrections to the bispectrum coming from the transformation to CFC
are of order of the scale dependence of the power spectrum, namely

ki  dloglkP;(ks)]

ABc(ks,ke) ~ E X dlogks , (888)

For ¢y # 1, we have [62, 119, 219]
HZ

Pe(ks) o . (8.89)
so that

dlogk3P;(ks)] . ¢s

= hs = . .
dlog ks Ole,m, s), with s = - (B.90)
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Approximate time translation invariance requires s < 1, i.e. that the
inflaton sound speed does not evolve quickly in one Hubble time [62].
Therefore, AB; is subleading with respect to the bispectrum in global
coordinates when ¢g < 1, and the 1/ csz-enhanced non-Gaussianity is
locally observable.

8.6 CONNECTION TO OBSERVATIONS

-

(\\ _ /) T'\/l/ks

short modes evolve initial condition: long-short

In a separate universe coupling from inflation (in CFC)

——

—

-

F1iGURE 8.1: For a local observer UV, the effect of a long mode k; is that
of making the short modes evolve in a separate universe of
size ~ 1/ky, described by a curved FLRW metric with time-
dependent tidal corrections [200, 201]. Long modes become
classical on super-Hubble scales, and we can describe their
effect on small-scale perturbations by going to CFC. We carry
on our construction to the end of inflation, when all relevant
modes are super-Hubble and time-independent. This gives
the coupling between long- and short-scale perturbations mea-
sured by the observer U", that can be used as initial condition
for the evolution of short modes as they re-enter the Hubble
radius during the Hot Big Bang.

The result that we have found in Section 8.3 and Section 8.4 can be
used as initial condition for the study of the dynamics of small-scale
perturbations in the CFC frame when they re-enter the horizon, which
has been carried out in [200, 201]. In this Section we sketch how this
can be done, leaving the details for future work.

First, note that in order to achieve this (i.e. to be able to use the
inflationary prediction as initial condition for the late-time gravita-
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tional dynamics, while working in this local CFC frame throughout
the whole history of short modes), the “factoring out” of the back-
ground expansion in the definition of CFC coordinates is crucial, as
was already emphasized in [24]. In fact, if we wanted to do the same
calculation, but working in FNC, we could not have followed the
small-scale perturbations from horizon exit to horizon re-entry: the
reason is that FNC are valid on a physical scale dP"Y* which is either
the physical Hubble radius H™', or the scale of variation a/k, of long
modes, whichever is smaller. During inflation all modes of interest
exit the horizon, i.e. we have a/k; > H™! (see fig. 8.1). Hence, we
have for the range of validity of FNC dP"¥* < H™! « a/k, and FNC
are therefore unable to cover the small-scale mode of interest with
wavelength ~ 1/k.

We begin with laying out a simple procedure for how eq. (8.61)
could in principle be measured. For this, we focus on the isotropic
part of the long-short coupling, and assume that the long-wavelength
perturbation ¢, considered is outside the sound horizon of all fluid
components. Then, the locally observable effects of (; are exactly de-
scribed by the separate-universe picture [201]. Suppose now that at
some time during matter domination there is a collection of comoving
observers distributed throughout the Universe (e. g., at z ~ 10). Each
observer measures the amplitude of large-scale (linear) density per-
turbations on a fixed physical scale af/ks in their local Universe, as
well as their local cosmology: proper time since the Big Bang, Hubble
rate, and spatial curvature K = K¢. Using this information and linear
perturbation theory, they can immediately infer the amplitude A of
the super-horizon curvature perturbations at the end of inflation at
the same fixed physical scale. Specifically, choosing comoving gauge,
they calculate the super-horizon amplitude of the perturbations (s
to their local CFC-frame metric, which, through eq. (8.63), precisely
correspond to our f:

F_ af(1+20))
N L 2\
(1+ Keixel?)

They then communicate their local cosmology including A to a dis-
tant observer on their future light cone (e. g., at z ~ 0). This distant
observer, now, has access to the locally measurable (in a spatial sense)
amplitude of small-scale curvature perturbations A at the end of in-
flation, at a number of Lagrangian locations corresponding to Eulerian
locations throughout his Hubble volume. He also knows what the local
curvature is at each of these locations, and can use this to reconstruct
the large-scale curvature perturbations (. Correlating (¢(k¢) with
As(ke), he then obtains precisely eq. (8.61), if the initial conditions are
set by single-field slow-roll inflation.

Let us now briefly discuss more realistic observables, such as the
CMB temperature bispectrum [19], or the scale-dependent bias of

6ij . (891)
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halos [221]. The contributions to any late-time observable can be split
into three physically distinct contributions, as illustrated in fig. 8.1:

¢ Primordial contribution: this is defined as the contribution from
eq. (8.61) in single-field slow-roll inflation, whose physical inter-
pretation is given above. The leading contribution is  k§/kZ,
with a coefficient of order ¢, n, and of order 1/ cs2 for cs < 1.
Using the rough matching made after eq. (8.61), we can approxi-

mate this as fle\?f ik g,m, and ~ 1/c2, respectively.

¢ Gravitational evolution: the gravitational dynamics that become
active when the short modes re-enter the horizon contribute
to the mode coupling at order fi?fﬂ' ~ 1 (see also [222—225]
for a discussion). Consider again an isotropic long mode for
simplicity. Then, by way of the separate-universe picture, the
leading long-short coupling can be calculated exactly by running
a Boltzmann code with modified cosmological parameters [226].
This contribution to the mode coupling is enhanced with respect
to the primordial contribution for sub-horizon modes kg > 4,
as [201] has shown. During matter domination, the equation
for the second order (i.e. containing the long-short coupling)
density contrast ;) in CFC, for an isotropic long mode, reads

(Eq. (5.28) of [201])
3

26 1
" / 2 _
6(2) +ﬂ{6(2) — =Hd

3 (2) = ﬁﬁachazq) , (8.92)

where ® and ¢ are, respectively, the long- and short-scale New-
tonian potentials, and we have used the linear (sub-Hubble)
solution for 87, that is

2

81y = @azd) . (8.93)

The initial condition from the primordial contribution, eq. (8.61),
for 5(2), defined when the short modes re-enter the horizon
(ks ~ Hini), scales as

02 Pini
K.

ini

8(5) ini ~ O&,m) ¥ 0% Dini (8.94)
The late-time evolution is hence enhanced by a factor of k2 /32,
which is much larger than 1 for sub-horizon small-scale modes.
The sum of the two yields the late-time small-scale perturbations

in the presence of the long mode in the local CFC frame.

* Projection effects: In order to connect to observations made on
Earth, we have to map the CFC-frame quantities to the frame
of a distant observer. These projection effects are calculated by
following photon geodesics from the different CFC patches to
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the distant observer. Importantly, the projection effects scale
as k% /H2, where Hy ! is the observer’s comoving horizon. If
H,' > H! like in our thought experiment above, where 3!
is the comoving horizon at the time of light emission, then there
is an interesting regime where k; 2 o but k; < H S ks.
Unlike the first two contributions above, which are suppressed
by k3 /k? and k7 /3?2, respectively, the projection effects are not
suppressed in this regime. They are thus the only contribution
that can mimic non-Gaussianity of the local type. However, it
is important to stress that these contributions are completely
independent of the long-short coupling generated from inflation.
They can be easily computed at linear order with the so-called
ruler perturbations of [227-229] (see also [230-232] for similar
approaches). An example is provided by the squeezed-limit
CMB bispectrum [203, 204, 233-235]. If we restrict to multipoles
lp < O(100), the long-wavelength mode is outside the horizon
at recombination, so that any effect that it can have on the
dynamics of short modes during recombination is suppressed,
and the largest contribution comes from projection effects [24,

203].
8.7 CONCLUSIONS

Our main result, eq. (8.61), is the three-point correlation between the
large-scale curvature perturbation and the short-scale curvature power
spectrum in Conformal Fermi Coordinates. This coordinate system
allows us to follow the evolution of short modes in the background
perturbed by the long-wavelength mode from the end of inflation until
the long mode starts evolving again. eq. (8.61) encodes the primordial
mode coupling that a local observer measures before it is reprocessed
by the late-time non-linear gravitational evolution. We find that the
magnitude of the physically relevant part of the curvature bispectrum
in models of canonical single-field inflation is controlled by both ¢
and 1 so, barring cancellations, the minimal amount of primordial
non-Gaussianity which arises from gravitational interactions during
inflation is bounded from below by the measured tilt of the power
spectrum ng — 1.

As a byproduct of the calculation, we show explicitly that for ¢ < 1
the size of non-Gaussianity is of order (1 — c2)/cZ [119, 208], as ex-
pected. The transformation to the conformal Fermi frame is propor-
tional to ¢, 1, and ¢5/Hcs, and can be neglected for a slowly varying
cs. For a very small speed of sound, in fact, we do not expect gravity
to play a role: the equivalence principle still demands that the bis-
pectrum starts o (k% /k2)P¢(ks)P¢(ke) in the squeezed limit, but the
overall amplitude is fixed by inflaton derivative self-interactions.
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We trace the presence of 1 in our final result to the fact that it is
also appearing in the cubic action S 3, of curvature perturbations [18],
i.e. n is also a measure of the gravitational interactions of ¢ during
inflation. When § 3 is integrated by parts to show that it must have
at least a factor of € suppressing the interactions, a term o en is also
introduced.

Concerning the measurability of this effect, we see that single-field
slow-roll inflation does not produce any fyy, of the local type, but
is guaranteed to produce non-Gaussianity roughly corresponding
to an equilateral amplitude of fy’ L0 x (ns — 1). Notice that, as
discussed after eq. (8.61), our results strictly apply to the O(k7/k32)
part of the locally observable mode coupling, and hence cannot be
matched unambiguously to equilateral non-Gaussianity. As discussed
in Section 8.6, this effect is swamped by late-time gravitational non-
linearities, which give fyi L of order 1. It would be interesting to study
models that exhibit a peculiar behavior in the squeezed limit, such as
resonant non-Gaussianity [41], to see if they predict signatures that
can be distinguished more easily from the gravitational ones. We leave
this, along with the details of the connection to observations, to a
future work.

186



CONCLUSIONS

The goal of my Ph.D. thesis was to study how the temperature
anisotropies of the Cosmic Microwave Background and the distor-
tions of its frequency spectrum can constrain the physics of inflation.

p-distortions of the CMB from Silk damping measure the primordial
power spectrum on scales between 50 Mpc ™" and 10* Mpc™': they are,
then, an exceptional tool for constraining its scale scale dependence.
In [49] I have considered the running of the spectral index o = d‘f;};k,
and I have shown that a PIXIE-like mission [22] that will measure the
CMB frequency spectrum with sensitivity of ~ 3 times the original

mission design [22] is guaranteed to make a discovery:

e if wis detected, we can start constraining cosmology at z > 10%;

¢ the absence of a detection, instead, means that the running «;
is too large and negative to be consistent with the predictions
of single-field slow-roll inflation (i.e., oS® ~ —(1 —ng)?). The
slow-roll paradigm is then ruled out.

In [50], instead, I have included the running of the running s =
d?oogk to the analysis. I have shown that, in this case, a ~ 35 % improve-
ment on the bounds from Planck can be achieved already with the
FIRAS constraints on u [11]. PIXIE, instead, can bring this improve-
ment to ~ 85 %.

There can be other sources of energy injection in the plasma: e. g. DM
annihilation and DM decay [12]. During the completion of these
works, I developed a modified version of the idistort code [138], that
allows to include bounds on these processes from measurements of
the CMB spectrum: one of my goals is to continue its development,
with the purpose of a joint analysis of the constraints on dark matter
annihilation from Planck [6, 236—240] together with possible future
constraints from PIXIE.

While this work was being completed, [42] has shown that including
the uncertainties in the frequency dependence of foregrounds (like
thermal and spinning dust, synchrotron emission, etc.) will worsen
the constraints that PIXIE can provide on p by ~ 5x with respect to
the forecasts of [22]. As a consequence, a ~ 3x only improvement over
the design of [22] will not be enough to exclude slow-roll inflation
(even if it is important to stress that this is just a limitation due to
the sensitivity of the experiment, not a conceptual one). Regarding
the running of the running (3, instead, we have seen that the large
uncertainties on this parameter coming from current data mean that,
even when the foregrounds are correctly accounted for, PIXIE would
still provide a ~ 80 % improvement over Planck.
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The second part of the thesis deals with primordial non-Gaussianity.
From the point of view of inflationary physics, deviations from Gaus-
sian statistics in observed correlation functions contain information
about the whole spectrum of the theory (inflaton self-interactions,
presence of other particles, etc.). The simplest observable that one can
consider when investigating non-Gaussianity is the three-point func-
tion (bispectrum). Translational and rotational invariance imply that
in Fourier space it will depend on the amplitude of three momenta.
When comparing theoretical predictions to observations, the focus is
mainly on two momentum configurations:

¢ “equilateral”, which looks at the coupling between three modes
of comparable size;

* “squeezed”, which instead considers a long (k¢) and two short
(ks) modes.

Since improving the constraints on equilateral non-Gaussianity beyond
those coming from the CMB will be challenging [241], I decided to
focus on the squeezed limit k; < k.

The strength of the mode coupling is measured by the fn;, parameter.
In [51] I studied what is the physical fyr, in single-field inflation.
“Physical” because of the following fact: a local observer who has
access only to short comoving distances ~ 1/ks would interpret local
physics as taking place in a “separate universe” of size ke_] and the
non-Gaussianity she would measure would be suppressed by (k¢/ks )2
(because of the equivalence principle). The goal of [51] was to see if,
in single-field inflation (where any coupling between long and short
modes is dominated by gravitational interactions, and so it is slow-roll
suppressed), the physical fyr, is proportional to (1 —ng) x (k¢/ ks)?,
or if it vanishes. The final result is that (1 —ng) survives: in single-
field inflation, a local observer on scales ~ k; ! is guaranteed to see a
coupling with the long modes.

While it is important to show that there is this definite target, it
would be interesting to study cases where the behavior in the squeezed
limit is different from the single-field consistency relation: this hap-
pens in models that predict a fractional scaling in the squeezed limit
(ke/ks)Y (v being related to the mass of heavy particles present during
inflation) [242], or models like resonant non-Gaussianity [41].

It is important to stress, however, that interactions during infla-
tion are not the only (and not even the most important) source of
non-Gaussianity. Indeed, there are contributions to cosmological three-
point functions from late-time evolution that will add to the primordial
ones. These are both gravitational non-linearities that are generated
once perturbations re-enter the horizon, and projection effects due
to photon propagation in a perturbed background [227-232]. A sys-
tematic treatment is needed to disentangle them from the primordial
bispectrum. This can be done using “Conformal Fermi Coordinates”
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[201], which are the coordinates that the local observer uses to describe
her separate universe. In [31] we plan to do this for the correlation
of temperature anisotropies and spectral distortions: Silk damping of
acoustic waves heats the photons in the photon-electron-baryon fluid,
so that distortions in the CMB spectrum are generated. In presence of
non-Gaussianity, and then of long-short mode coupling, the heating
rate acquires a spatial dependence on large scales, and becomes cor-
related with large-scale temperature anisotropies. This effect can be
used to constrain primordial non-Gaussianity [20]: however, as in the
case of the CMB temperature bispectrum [203, 204, 234, 243, 244], we
expect that the above mentioned projection effects will again add up
to the primordial contribution.

Another related question that I intend to investigate is whether
it is possible to extend the separate universe picture to theories of
gravity different from General Relativity. This would prove invaluable
in light of the planned large-scale structure surveys, since it would
allow to study in an analytical way how the growth of structure in
the late-time universe is affected by modifications of gravity. Besides,
it would be possible to extend this approach to N-body simulations:
currently, simulations are already implementing the separate universe
picture with standard General Relativity [207, 226, 245], but are not
considering the possibility of doing the same with another theory of
gravity.
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CMB LIKELIHOODS

In this short Appendix we describe how the likelihood for the Cosmic
Microwave Background angular power spectra is constructed, referring
to [96, §11] for a more detailed discussion. For simplicity, we focus on
a single anisotropy spectrum of the CMB: the generalization to the full
T, E, B spectra is straightforward [246]. We start from the expression
for the likelihood of a full-sky experiment, i. e. (disregarding factors
of 27)

L= ] e 7AT(CstCn) A (A.1)
v/det(Cs + Cn)

with data points A} = s} +n}_ ateach pixel (labelled by ¢m since
we work in harmonic space) and each frequency channel i. The signal
st is given by Wia¢ , where the dgy, are the harmonic coefficients
of the (beam-smoothed) temperature anisotropy for each component ¢
(i.e. CMB + foregrounds such as dust, synchrotron, etc.), and the shape
vector W} provides the frequency dependence of each component.*
These are constructed from the frequency spectra of fig. 2.3, so that
besides a standard temperature shift © (corresponding to the CMB
anisotropies studied in Section 3.3), we can allow for distortions from
a black-body spectrum. The spectral shape of the foregrounds must
be provided, as well. In these formulas we have used a “hat” symbol
to denote that the W, and ag,,, are those of the specific realization we
observe, following [247].
We will assume isotropic white noise in each channel, i.e.

<ﬂ%m(ﬂ%/m/)*> = Wag 6ij5€€/6mm’ . (AZ)

Assuming statistical isotropy, the signal covariance matrix will be
block diagonal in harmonic space: therefore the expression for the
log-likelihood L = —2log £ becomes

14 i j *
L= (2t+ 1){ Tr [Zm— At (Do) }
- Wicse'wl, + NJ (A3)

+ log det [vv;ch’wi, + N?} } .

In this equation we denote by Tr the trace over the frequency channels,
and all terms with 1i,j indices are understood as matrices. Besides we
have defined the noise bias as

NY = N{Usb = wileof (g | (A.4)

1 Note that in writing eq. (A.1) we assume that each component is Gaussian.
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for a gaussian beam of beam-size variance o(;). Eq. (A.3) is the expres-
sion of the CMB likelihood, once we are given a map A;,, from an
experiment. Let us see, instead, what is the procedure to follow if one
wants to carry out forecasts for a CMB mission. In this case, we do not
have the map A%m itself, but we can use the estimator that would be
made from such a map, i.e. (see also the caption of fig. 3.3)

4
DY = > Al (A)) = WICEW, +NY (A.5)
m=—{¢

where the hats denote the fact that the cosmological parameters are
fixed to their “true” values. Therefore our expression for L becomes

Wiécc’Wj/ Nij
L:Z(2€+1){Tr[ e ]?+ fj}
: WECE“ W, + Ny

(A.6)
+ log det [W}:CE’C/WL + N?} } .

Given fiducial cosmological parameters (which we assume are the ones
describing our Universe) and the beam and noise specifications of the
experiment, one can construct the likelihood for CMB anisotropies, and
then use it in a Monte Carlo Markov Chain exploration of parameter
space.

Eq. (A.6) simplifies a little if we can consider the case of only one
component (the CMB) and forget about foregrounds: however, one has
still to take into account both auto- and cross-channel power spectra.
For N, channels with the same noise level, considering both auto
and cross power spectra is equivalent to have one frequency channel
with an effective noise power spectrum lower by a factor N.. One can
generalize these considerations to the case of channels with different
noise levels. The optimal channel combination results in having an
effective noise bias Ny given by [248-250]

—1

1 o2 01y
N¢ = <Z 1)> <ZW(1)6 ot (e+ )) . (A7)
i

TN

In reality the presence of foregrounds limits our ability of extracting
the CMB signal from the data, and a full likelihood analysis should
take them into account. Fortunately, each component scales differently
in frequency (i. e., every foreground has a different shape W.): there-
fore it is possible to separate them using maps at different frequencies
[251, 252]. This foreground subtraction will be the source of addi-
tional noise, depending on the level of foreground removal, which will
contribute to the noise bias N; (we refer to [250] for a more detailed
analysis). In the case where this additional noise is much smaller than
the instrumental noise of eq. (A.4), eq. (A.7) is recovered.
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Therefore, normalizing the likelihood such that L = 0 at the fiducial
values of the cosmological parameters, we have that (for TT spectra
only)

CIT+Ng ClT+ Ny
¢

Finally, there is one additional caveat: in the case of a non full-sky
experiment (where only part of the sky is observed or can be used for
cosmology) not all modes are available for the analysis, and eq. (A.6)
does not hold. One can capture this effect by introducing the fgy
parameter, which reduces the available modes by (we refer the reader
to [253] for better approximations)

D201 = Y (20+T) X fyy - (A.9)

4 4
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In this Appendix we collect some results regarding the 3 + 1 decom-
position of the Einstein, fluid and (collision-less) Boltzmann equations.
Section B.1 will deal with the first two, while Section B.2 will focus on
the latter.

B.1 EINSTEIN AND FLUID EQUATIONS

As explained in the main text, given an observer n* we can decom-
pose tensorial quantities along the wordline of n* or on the local
subspace orthogonal to it by using the projector h", . If, furthermore,
the observer is hypersurface-orthogonal we can define a time coordi-
nate t such that n, oc 9t (the proportionality factor being defined
by n*o,t = n® = N—', where N is the lapse function). This, in turn,
implies that the three-tensor K, defined by

Kuv =h,PVony (B.1)

is symmetric. Ky, then, is the extrinsic curvature of the constant-t
hypersurfaces.

B.1.1 Einstein tensor decomposition

Assuming the observer n* to be hypersurface-orthogonal, we can
proceed to a decomposition of the Einstein tensor G,y = Ry — %gw:

e the ||| contraction gives
1
GuynHtnY = E((3)R+K24<WKW); (B.2)

e the ||_L contraction, instead, gives

T

h*PnoG,e = BV, K —BIVTK; (B.3)
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¢ finally, the L | contraction gives

h,Ph,%Gpo = PRy + KKy — BV LAY + 1PV Ky

0 (3R
—InARK, )T —ApAY — Ry
K2 K Koo (B.4)
4+ —h,,— P>
2w 2

- {Vp (Knp - Ap)}hu'v y

where A, =n'Vyn, = 8}V, logN, and an useful relation to
keep in mind when dealing with derivatives of three-tensors like
Ky is

1
npvauv = N(LtTuv - LNTuV) y (B5)

where hup‘m,"Tp(y = Tuv, and Ly, LN denote a Lie derivative
along the time direction and the shift vector, respectively. By
tracing eq. (B.4) with h*Y, or by considering its trace-free part,
one can obtain the results of Section 3.2.3.

B.1.2 Fluid equations

As discussed in the main text, given a perfect fluid with four-velocity
U*, we can decompose U* in a part parallel and one orthogonal to
n*, i.e.

nt 4 v
/1 —hpevPve '

with n v#* = 0. Then, it is possible to project the conservation equa-
tions of Tyyv = (p+p)U,Uy +pguy and N, = nl, along n* or
orthogonal to it:

U =ynH*+v#) = (B.6)

¢ the number current conservation equation becomes

0=n"Vy(yn) —i—v“BJVu(yn) +vynK —1—)/71(3)Vuv*L +ynA V" ;
(B.7)

¢ the projection of V, TY#* = 0 parallel to n" is equal to

0=n"V,(y*M) + W3V, (v*M) + v MK
—H/ZMB)va” + ZszAuvPL +szKuvv”v" —ntVup,
(B.8)

where M = p+p;
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¢ the projection of V., TY* = 0 orthogonal to n*, instead, is

0 =y V" VM + vy v By, M B
9
+yMevt + MeH + BIvMp |

where we defined 6 (not to be confused with the variable ap-
pearing in egs. (3.28), (3.29) and similar), 8" as
0 =V U" =yK+yBIv vt +yA oH
+ntV,y +v“(3)pr , (B.10a)
w
% = h* UV, UP = (nV V2 +v7 BIV,42)
—— 2
=0°
+¥2A* +y*h* nVV,vP  (B.1ob)
+ szvau + yzh”pv"vvv" )
(B.100)
It is possible, then, to take the three-divergence of eq. (B.9): this
results in eq. (3.29) that, as discussed in the main text, assumes

t to be the time coordinate in Newtonian gauge, considers only
scalar modes, and stops at leading order in perturbations.

We conclude this Section by listing the relevant projections of the
stress-energy tensor, that would go together with egs. (B.2), (B.3), (B.4):

¢ the ||| projection is

Twn*nY =y?*M—p ; (B.11)
e the || L one, instead, is

h*Pn°T, s = —v* MV ; (B.12)

¢ finally, since we have zero anisotropic stress, the only remaining

relevant contraction is the trace of Tt

wv s Le

Twh™Y =3p+ My —1). (B.13)

B.2 BOLTZMANN EQUATION

The same machinery can be used to do a 3 +1 decomposition of
the Boltzmann equation for photons. In this Section we are going to
consider the collision-less Boltzmann equation, i. e.

_E_PHE_FEﬁ_i_Din
S dA 0 oxM dAJE  dA o’
where A is an affine parameter along the photon worldline. The photon
four-momentum is decomposed as

0 (B.14)

PR —E(m* +14), (B.15)
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B.2 BOLTZMANN EQUATION

where the three-vector 1" has unit norm, since P*P, = 0 for photons.
In the following, we will drop the assumption of an hypersurface-
orthogonal n*, but we still denote the three-tensor hupvpnV as K.
Since K, can possibly be non-vanishing, we decompose it as

K
Ku'v — ghu'\/ + GHV + (Up.v Y (816)
where
K=h"Ky =Vt (B.17a)
on o K K
ouv = h,"h, Koo — ghuv = K(uv) — ghuv , (B.17b)
Wy = Ky - (B.17¢)

Now, if C[f] = 0 the photons follow geodesics, i.e.
PYV,PH =0. (B.18)

Projecting this equation along the worldline of the observer n* and
in the hyperplane orthogonal to it allows to derive the evolution
equations for E (redshift) and 1" (lensing), that can be plugged in
eq. (B.14). More precisely, one has that

DE K
o —E? <Aul” + 1Moy + 3> , (B.19a)
D1+ D1°
s h“pa + En*1YA, + En*1P19K 6 (B.19b)
where
it P B ALY 4 1P1OK o)1 — EAR — ELPK M (B.20)
P dA - v po p - .20

It is important to stress that only the projection of eq. (B.20) can enter
in the contraction with %, since the latter cannot have a non-zero
projection along n*. Therefore, we can just focus on h”p%\p, that can

be rewritten as

D1°
h“pa =—Es* AV —Ew" 1V —Es"Vo,,l° (B.21)
where the screen projector s, = h,y — 1,1y projects a three-tensor in
the plane orthogonal to 1", i.e. orthogonal to the line of sight. Finally,
we notice that eq. (B.21) implies that the normalization 1,1* = 1 is

conserved along the photon path, since

Dty

PYVy (Lul*) = 20, e

=0. (B.22)
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TWO-FLUID APPROXIMATION - NUMERICS

In this Appendix we review the two-fluid approximation and how
tig. 3.2 was obtained. As discussed in Section 3.3.1, the system of
equations that we need to solve is

c,dm = —kUcgm + 30/ s (C.1a)
Wim = —Huegm + k@ (C.1b)
4
64, = —gkuy +40" (C.10)
1
(1+ R)u{, = —RHu, + Zk«é‘y + (1+R)k® (C.1d)
k2 30’ a? pidi

- 30 = — :

52?50 30T 5 lz_ M2 (C.1e)

{cdm,by}
where the baryon loading is defined as R = 3—?’, and we used the lapse

constraint eq. (3.25) to close the system, instead of the shift constraint
eq. (3.36e). The initial conditions for the equations are set for 1 — 0,
and are equal to

§y =20, (C.2a)

dcdm = %5y , (C.2b)
1k

U/y = —Ziéﬂy . (C.ZC)

Uedm = Uy (CZd)

where the initial value of @ will be set to 1 (as discussed in the main
text, its expression in terms of ¢ can be reinserted easily at the end of
the calculation). The last ingredient is the Friedmann equation for the
background, i.e.

5 A a?
H=|—] =53 Pi - C.
(%) =3g & » €3
{edm,by}
It is straightforward to see that if we define y = >, where the

matter-radiation equality redshift is given by

Om
14 Zme = 0 = 27 3500, (C.4)

m-r T

we can rewrite eq. (C.3) as

Q2 /1 1
2 2> m
=3 <y+y2> : (C.5)
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TWO-FLUID APPROXIMATION — NUMERICS

The above equation is solved by
Yy =20x+ o?x? (C.6)

where we defined (taking ap = 1)

il

X=— C.7a
e (C.7a)
Qrec
=2 C.7b
N OmH2 (C.7b)
o = Jrec (C.70)
Am-r
If further define k = kn, and the reduced Hubble parameter
_ 201+ oex)
= = Tk (C8)
egs. (C.1) take the form
do do
ﬁdm = —KlUcdm + 35 ) (Cga)
dl(;c;:m _j{rucdm + kD ) (Cgb)
ds,, 4 do
Oy 4= .
dx 3 + dx ’ (€99
du, 3Rpy - SRby K
K2 3 do 396 +yR d 1) d
- e ® Y camcam .
2 5 2T Ty ’ (C9¢)
where Ro.gm = dd‘“ Rp = 52 =1—Rudm-

To obtain fig. 3.2, we have solved egs. (C.9) in x~! from x; = 1073
to Xrec, Which is equal to
VoZ+1-1

Xrece = — (C.10)
x

sampling k from 1072 to 300 (logarithmically from 102 to 1, linearly
from 1 to 300), and choosing Qmh? = 0.13, Qph? = 0.02. Finally,
following [92], we have multiplied @ + %Y and u, at xe with a factor
D(k), to account for Silk damping and the finite thickness of the
last-scattering surface. D(k) is given by [92]

D(k)=e b , (C.11)
where

=232 + o2xE. (C.12a)

x5 = 0.6(Qmh2) ¥ (Qph?) Y ai, (C.12b)

oc=20.03. (C.120)
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SPECTRAL SHAPES AND S/N FOR PIXIE

In this short Appendix we are going to show how one can obtain the
10 error on the p-distortion amplitude for PIXIE, that we used in
Chapters 5 and 6. This Appendix follows the notation of Chapter 5.

1.5

pi-distortion — i (z~10°) — y-distortion 1

-1.0f
= i(z~2x10°) = i(z~5x10') === © monopole
-1.5
10 50 100 500 1000
v (GHz)

F1GurEe D.1: This plot shows the spectral shapes (normalized at the maxi-
mum) for p- and y-distortions, together with the spectra for
i-type distortions at redshifts z = O(2 x 10%), z = O(1 x 10°)
and z = O(5 x 10%) and the spectral shape of the monopole
of temperature anisotropies ©. We see that for increasing red-
shift, the maximum, minimum and zero of the occupation
numbers are moved towards lower frequencies.

If we consider eq. (5.2) and the results of Section 2.3, we see that we
can write down the observed photon spectrum in terms of shapes Jq
and corresponding amplitudes u, where, for example [7, 80]:

* a =1 corresponds to p-type occupation number, i. e. (recalling
that x = hv/kgT)

_2hv3 e < X > 2hv3

Z (e—12\219 )T 2 ) ; (D)

* a = 2 corresponds to y-type occupation number, i.e.

2hv3  xeX e*+1 2hv3
Jy = 2 1) {X(ex—1) —4] =2 xn¥(v); (D.2)

and so on. Besides p-, i- and y-type distortions, that we have discussed
in Section 5.2, one must also consider the fact that the uniform part
of temperature perturbations © is not known a priori and must be fit
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SPECTRAL SHAPES AND S/Tl FOR PIXIE

simultaneously with the spectral distortions: for this reason we also
consider the t-type occupation number, i.e. [138]
2hvd  xeX 2hv3

_ — (t)
Iy = o1 &2 xn't(v) . (D.3)

We do not include foregrounds in our analysis since, for PIXIE, the
noise penalty for rejecting foregrounds is only 2%, and this noise
penalty has been included in all the estimates of CMB sensitivity by
the PIXIE collaboration [22].

We can then write down the signal-to-noise, in terms of amplitudes
lq and spectra J, as (dropping factors of 2 for simplicity)

2

S\? [Zaja(\’c)x(ua—ﬂa)
(> = ) (D4)

N 512(ve)

where [i, are the fiducial values of the amplitudes, and 6I(v.) is the
noise at each frequency channel c:

e PIXIE will have 400 channels (15 GHz-wide) from 30 GHz to 6 THz:
however, we see from fig. D.1 that the signals that we consider
go quickly to zero beyond v ~ 1000 GHz (see fig. D.1), so the
sum over channels in eq. (D.4) will stop there;

¢ oI for PIXIE, as from Fig. 12 of [22], is expected to be

SIPXIE — 5 % 1072 Wm 2 Hz 'sr . (D.5)

If we want to marginalize over some of the amplitudes pq (see [254],
for example), we can use the fact that for a Gaussian with inverse
covariance matrix (Fisher matrix) F given by

o (SFT ]\SA > | (D.6)

where F is the sub-matrix that spans the parameters that we are
interested in, the marginalized Fisher matrix will be equal to

Fmarg = F —SM ST . (D.7)

For eq. (D.4), we will want to marginalize over t and y, so M will be
the 2 x 2 matrix

IESENCAENS
Mo = 2 103, sllve) 0

C

with a,b = y,t. Similar expressions can be derived for S and its
transpose, while F is simply given by eq. (D.4) with a running on all
components except y and t. If we had instead supposed that the two
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y and t amplitudes were known, we could just have taken F as Fisher
matrix for eq. (D.4).

In this work we have not considered i-distortions, so F will be a 3 x 3
matrix with a,b,c = p,y, t: marginalizing over y and t amplitudes,
as described in Egs. (D.7) and (D.8), we obtain o, = 1 for the stan-
dard PIXIE configuration. The increments in PIXIE sensitivity that we
considered in Chapters 5 and 6, then, can be interpreted as either an
increase in the number N of frequency channels (that would decrease
ous by a factor /NFPIXIE/Nrew ) or a decrease in the instrumental
noise 81 (which instead gives a linear improvement 51"V /§IPIXIE),
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DETAILS OF THE TRANSFORMATION TO CFC

CONTENTS

E.1 CFC exponential map at linear order 204
E.2 Conformal Riemann tensor 207
E.3 Fixing the residual freedom 209

In this Appendix we review in more detail the transformation from
global coordinates to CFC, following closely the results of [200, 201]
but focusing on the comoving gauge for single-field slow-roll inflation:

e we explicitly compute the coefficients ci (P) of eq. (8.5), high-
lighting the simplifications that occur when working at linear
order in perturbations. We focus particularly on c{(P) = x*(P),
i. e. the CFC coordinates of the central observer’s worldline;

* we use the results of the previous point to compute the Riemann
tensor of the conformal metric on the central geodesic, and then
arrive at the expression for the long-wavelength CFC metric. We
also list the various residual gauge freedoms that are present
after this step of the CFC construction;

¢ we fix the freedom in the initial time used to define the CFC
and the arbitrary constant that comes from the integration of the
local Hubble rate;

¢ finally, we discuss the possibility of changing spatial coordinates
without changing the time-time and time-space components of
gfw (xf): following [201], we fix this ambiguity by choosing a
frame where the effect of a long-wavelength ¢ on the curvature
of spatial slices is explicit (we basically use the stereographic pa-
rameterization of a curved, homogeneous space). The freedom in
the definition of the space-like vectors of the tetrad, (ei)", i. e. the
choice of the integration constant in eq. (8.19), is discussed in
detail in Section 8.2.3.

Before proceeding, notice that in this Appendix we will use X and not
xf to define the CFC coordinates: this is done to simplify the notation
(apart from this change, the notation follows the one of Chapter 8).
We will also take the CFC spatial coordinates of the central geodesic
to be, generically, X, (instead of o).
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E.1 CFC EXPONENTIAL MAP AT LINEAR ORDER

E.1 CFC EXPONENTIAL MAP AT LINEAR ORDER

Dai, Pajer and Schmidt derived the general expression for the coef-
ficients ch(P) of eq. (8.5) in terms of the Christoffel symbols 'f of
the conformal metric §,.(x) = a;z(x)ghw (x) evaluated on the central
geodesic [200]. Up to third order in powers of X, the transformation is

XM(T,%) = x*(P) + ap(P)(ei)p A%

a2(P) . S
— 5 Tigle e (e)p A'AY
(E.1)
ai(P), . - S
— Fe (0y Tk g —2TH, T, )l

x (e1)%(e5)8 (er)y AR AT ARK

In this equation, we have denoted X — X, as Ax, where X is the CFC
position of the central geodesic. Besides, we stress that all quantities
are evaluated in the global coordinate system, on the central geodesic.
For example, we have

(ei)h = (ei)"(x(P)), where x*(P) = x*(T, %) . (E.2)

For this reason, in order to express everything in terms of barred
coordinates X, we need to compute x*(P) in terms of T (and X¢). In
[200] it is shown that x" (T, X, ) satisfies the equations

PHDX) _ arPy(eolt €3)

which can be easily solved if we work in perturbation theory. We start
from p = i: from eq. (8.15) we see that (keeping the notation a bit
heavy for the moment)

(60)%3 = G-i] (T(T’ )—(C))Vi(x(:[’ Xc)) ) (E4)
while eq. (8.18) reads as

ar(P)
a(P)

=1+ Cap (Ti, Xc (T4))

+[as (0tls xels)) + ovits el )
T

As explained in Section 8.2.3, both Lh.s. and r.h.s. of this equation are
understood to be computed in global coordinates along the central
geodesic (i. e. on x = x¢(T): we parameterize the central geodesic with
T). Besides, we also recall that:

¢ the first order perturbation Cg, is the constant coming from the
integration of eq. (8.11);

e T, is the initial time for the definition of CFC.

204



E.1 CFC EXPONENTIAL MAP AT LINEAR ORDER

Before inserting this relation for the 1 = i component of eq. (E.3), we
need to express the rh.s. in barred coordinates: however, we note that
(eo)} is already first order in perturbations, so that the zeroth order
of ar/a (which is = 1) suffices. Therefore, we find

ar(P)(eo)p = V(x(T,Xc)) (E.6)
so that
Xi(i Xc) = Xc + J':f ds Vi(T(gﬂ_(c)»’_(c) ) (E.7)

where we used the fact that x. = X. at zeroth order in perturbations.
We now move to u = 0 in eq. (E.3): using eq. (8.15) (that defines the
components of U" in global coordinates) we arrive at

ar(P)

ar(P)(eo)p = a(P)

[1—Nq (x(P))] :1—N1(x(P))+‘;— . (E8)

where we called ag(P)/a(P)l, the first order term in eq. (E.5). Inserting
this into eq. (E.3) and integrating in T (choosing T, = T.), we see that
along the central geodesic T is equal to T+ AT, where At is first order
in perturbations. Therefore, we can simplify eq. (E.8) into

X%, Xe) = e +J dsVi(s,%e) (E.9)

and we can write eq. (E.5) in CFC coordinates as

T

:1+CaF(f*,>‘<c)+J_ 3

Ty

1 )
ds <60C(§,>‘<c)+aivl(§,>‘<c)> . (E.10)
Finally, we write the time shift At as

T
aelexe) = | dsllar/a)(s,xelle—Ni(5,%)] (Ean)
Tx

Having found the expression of x*(P), we can move to the additional
terms in eq. (E.1), i. e. the ones away from the central geodesic. We see
that they all involve the connection coefficients (in global coordinates)
of the conformal metric [, evaluated on the central geodesic. An impor-
tant simplification, then, arises: since af is equal to a at zeroth order
in perturbations, the conformal metric §.v(x) = agz(x)gm, (x) will
be equal to n+ at zeroth order in perturbations. Then, the Christof-
fel symbols will be already first order in perturbations, and eq. (E.1)
simplifies into

xM (T, %) = x*(P) + GLF(P)(ei)]ELAici
Vil AAT — L0 Pl AR AT AR (12)
*E i]'|P X AX *g( kij)h’ X AX QX ,
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E.1 CFC EXPONENTIAL MAP AT LINEAR ORDER 206

where we used ar = a and (ey)"* = a_123{L at zeroth order. The
quickest way to compute the connection coefficients of §,, is to use
the relation

re, =78, +8°,Vylogw+58°,V, logw—guvg?°Vslogw , (E.13)

for Guv = wzgw.1 For w = a;1 , we can use of the results of [200] for

the derivatives of ar along the central geodesic, i. e.
Hr(P)
ar(P)

In this expression, the local comoving expansion rate H is given by
(again, we refer to [200] for details)

(Vulogar)lp = — (eo)y,p, with (eo) . p = (guv(eo)”)p . (E.14)

He(P) B 1
aﬂm“qﬂ<%“”*MﬂN““““”

. (E.15)
0Ll xe(s))+ J0VAls xel5) )

where, as in eq. (E.5) above, both sides of the equation are computed
in global coordinates along the central geodesic. From these equations,
we see that (V. log af)|p contains also terms that are of zeroth order
in perturbations. However, these terms will identically cancel with
the zeroth order ones of Ifly: therefore we can safely drop the first
order time shift and the first order shift of the position of the central
geodesic in the argument of the Christoffel symbols Tf,. We have
collected these coefficients in tab. E.1: we note that no time derivative
of the Christoffel symbols appear in eq. (E.12), so we can just take
their spatial derivatives in global coordinates and compute them at
(T,Xc). In the end, the full transformation at order ()3 reads

(T, X) = T+ AT(T, X ) + Fi (T, Xc ) AxY
— ST5 (%, %) AR AR

— 0y T (T, X ) AX'ARI ARS (E.16a)

— kL (T, %) AXPARI AXK (E.16b)

where we have used the fact that e! is equal to a=' (1 — ;)8! to cancel
the X, coming from eq. (E.9). In eq. (E.16a), we denote the sum V; 4+ N;

1 See, e.g., [46].
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as Fi. This definition is particularly convenient: in fact the parallel
transport equation for V' in global coordinates reads as

oV + HVE = —3tN7 — 9oNt — H(Nt | (E.17)

So, if we take V! to be —N' +9; [, eq. (E.17) is solved if 0pF +HF =
—N 1, i.e.

F(x) = e JrdsH(s) [T*CF(T*,X)
. ) (E.18)
_J ds ele M HOVING (5,x)]

T

where the integration constant C is first order in perturbations.
Now, to avoid having to carry around signs and factorials, and to
simplify a little bit the notation, we rewrite Egs. (E.16) as

XM (T,x) = XM + EX(T,%)
=M+ EM(T, %) + AL (T, X ) AXY (E.19)
- B?j (T’ XC) AiiAij + CEij (i ic) AiiAiink .

TasLE E.1: In this table we collect the Christoffel coefficients of the confor-
mal metric along the central geodesic in global coordinates, that
we computed making use of eq. (E.14). We separate them into
the contributions from 1,,v + h,» and those from the conformal
factor a?/a2. As explained in the main text, there is no need to
consider the time shift and the shift of the position of the central
geodesic in their argument, so we omitted them. F' = 3t/ is
defined in eq. (E.18): since it is a first order perturbation, we
can neglect the shift in its argument as well.

MMuv +hyv) Clag') +C(a)
%0 G 000 — 0, V™/3
i AN HF.
01 iIN1 i
% 00Cdij — 0(iNj) —(00C+0mV™/3)84
8o doNK + 9kN; HFk
5 00C0ix + 011 Ny —(00C+ OmV™/3)8K

Ko ORCoy + 008K + 058K FC(—F<8y; + Fidk + Fj8k)

D)

E.2 CONFORMAL RIEMANN TENSOR

We are now ready to compute the long-wavelength metric in the
conformal Fermi frame, for which we need the conformal Riemann
tensor in CFC coordinates. Since this will be already first order in
perturbations, it is sufficient to calculate it in global coordinates on
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the central geodesic.? The calculation goes as follows: we use the
properties of the Riemann tensor under a conformal transformation,

i.e. [46]
RP Gy = RP gy —2(87,8%,18P 5 — 967,8%,19°P )V Vi log w
+2(8°,8%,10P 5 — 961u0%,19°P + 9618°,;9%P)  (E.20)
X VglogwVglogw ,

where we will take again w = ag'. It is clear that if we want to
compute RE’,M we need to know also the second (covariant) derivatives
(Vi Vylogar)lp on the central geodesic (Whose zeroth order will
exactly cancel the corresponding contribution from the background
scale factor a). The coordinate-free expression for these derivatives of
the local scale factor has been derived in [200], and reads as

He(P)\ 2
(vuvvlogaF)|P—_< H )> Juvlp

ar(P)
1 d3Ge(P) L (He(P))?
L]Z:(P) dt _2< ar(P) > } (eo)y,pleo)v,p,

(E.21)

where the “local cosmic acceleration” is given by (like in Egs. (E.5),
(E.15), both sides are understood as computed in global coordinates
along the central geodesic)

1 d3e(P)  (He(P)\? He(P)
ai(P) dr ‘(mm) “e")ga“(ag(p)) (E.22)

Now, as explained in Section 8.2.3, we split the curvature pertur-
bation ( into a long- and short-wavelength part: {(x) = Cs(x) + Ce(x).
Then, at leading order in (, the metric g, in global coordinates
becomes

goo = (12(—] _Z(Nl)s _Z(Nl)e)
goi = azaiﬂ)s + azaill)g = guv = (guv)s“‘(guv)( . (E-23)
gij = a?(1+ 28, +20¢)dy;

The goal is to absorb the effect of (; by changing coordinates to CFC:
therefore, we will construct the CFC metric w.r.t. (g )¢. All Christoffel
symbols of tab. E.1, the derivatives of the local scale factor of eq. (E.21),
and the conformal Riemann tensor can be computed in terms of (;:

That is, in the definition of eq. (8.10) one can take the CFC coordinate basis along
the central geodesic, (év)g = af(P) (ev)g , at zeroth order. Using ar = a one remains
with (&y)h = 84. Rypvo will not carry any power of the background scale factor by
itself.
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putting all together, and using Eqgs. (8.9), we arrive at the expression
for the long-wavelength metric perturbations in CFC coordinates?

Roo(T,X) = —AX*AR! <aka1 — 5“62> (N1 + 000 + Hp)

3
(E.24a)
_ 2
hoi(T,X) = “AxkAx I:(aog'f — J‘fz) [5]{1]:1 — 5kiFl]
3 N—
=eH?
— (6klai — ékial)(jﬂ\h — 80C):| y (E24b)
=0
_ 1 2
hi; (T,%) = —gAikAil |:3g{(amvm)Tijkl + Sijr(C+ Hll))] )
(E.24¢)
where
Tijkr = d11dkj — 810kt (E.252)
Sijkl = 6uajak — 5klaiaj + 6kjaial — 6i)~alak . (E25b)

The last ingredient is the local scale factor ag(P): it is given by
eq. (E.10),i.e.

ar(T) = a(T+ A1(7)) <1 + Cqp (Ts) +r ds (aoc(g) + ;aivi(§)> ,
* (E.26)

where we suppressed the label X for simplicity.

E.3 FIXING THE RESIDUAL FREEDOM

In this Section we discuss the additional “gauge” degrees of freedom
present in the construction of the CFC metric. We start from the choice
of initial time 7, and the constant C,, in the definition of ar. We will
be interested in computing equal-time correlation functions as T — 0~
(that is, on super-Hubble scales: in this way, the long modes will have
have already exited the horizon, and will be classical variables that
we can use in a coordinate transformation). Now, as discussed in
Section 8.2.3, we choose also the initial time to be T, — 07. If we
decide to fix the constant following [200, 201], that is by requiring that
at T, the local scale factor-proper time relation is the same as that of
the unperturbed background cosmology, i. e.

lim ap(7) = a(z.) , (E-27)

3 As discussed above, we suppress the argument (T, Xc) on the r.h.s. of these equations.
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then we see that C,, can be safely taken equal to zero. In fact, expand-
ing eq. (E.26) at first order in perturbations, we see that (dropping the
label x.)

ap(T) = a(7) [1 + (ap/a)(T)|e + THAT(TH . (E.28)
For T going to zero we have that:

e the integral in the definition of At = £°(%, %) is killed (basically
one has the limit of x~! fg dyf(y) for x — 0), and HAT(T)
becomes —Cgq, (T« );

* (af/a)(7)l¢, instead, simply becomes Cq, (T4 ).

This tells us that for this choice of initial time ar goes to a for any
choice of Cq,. Therefore we fix this constant to be zero in the following,
for simplicity. This choice is such that (ar/a)(P), that is the difference
between ar and a along the central geodesic (i. e. with both ar and a
being evaluated at the same spacetime point), goes to 1 for T — T,.#

The second gauge freedom that we discuss in this Section is the
possibility of changing the spatial coordinates as

Alldj (T, X )

6

oxl@) =g+

AGrAY AGH (E.29)
where the first order perturbation A]l(i)- (T,Xc) is fully symmetric w.r.t.
its three lower indices. Going back to % as the label for the coordinates,
we see how this additional gauge freedom simply means that we can
take C}dj in eq. (E.19) to be not only —6kl~“.llj (T,xc)/6, but

Chij (T, %) = —— [0l (T, %e) — ALy (T, %] - (E-30)

One can show that, under this transformation, the CFC metric pertur-
bations ﬁij transform as

Pl

Ry (7, %) = Ry (5,%) + A1)k (T, X )JARFAR! (E.31)
where we have lowered spatial indices with 8;;. One can use this
additional freedom to put the spatial part of the metric in the desired
shape, without altering hoo and hoi.> More precisely, we use this

This choice makes clear that there is no contribution from primordial physics which
is not suppressed by two spatial derivatives of long-wavelength perturbations. Notice
that in a curved universe the normalization of the scale factor cannot be reabsorbed
by a simple rescaling of spatial coordinates. However, since K is already first order
in the long-wavelength modes, at this order any rescaling of ar can be mimicked by a
coordinate transformation, and then cannot have any effect on physical observables.
Notice that, since hy~ is already first order in perturbations, there is no need to
consider the change of its argument. ar will not be touched either, since it depends
only on T which is not changed.
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E3 FIXING THE RESIDUAL FREEDOM

freedom to put the metric of Egs. (E.24) in conformal Newtonian form,
following [201]: we add two tensors A}dj (T,X), given by

1
(1 )Alldj = —EKF(ébij + 6%6jk + 5}51@) , (E.32a)

1
(2)Akij = §(511<515 + 81851 + 8}6k1)0% (¢ + H)

2
— g(slkaiaj + 87050k + 8}0101) (¢ + H)

1
+ §(5ijalak +8;%0"91 + 6%i0'9;)(C+ ),  (E.32b)

where we defined Kg(7T,X) as
2 2
Kp =—3[0%(C+300) +30mV™] = =3(2C+300%F) . (E:33)

After this transformation, the spatial part of the metric becomes (where
both Lh.s. and r.h.s. are intended as functions of x)

5 <1 + ARRAR Dy (T + Hp)
3

o
gij = af O 51]', with Dy = 0101 — ﬁaz .
(] + K¢|AX| >
7

(E-34)
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TRANSFORMING THE CURVATURE PERTURBATION

In this Appendix we provide the transformation rules for the long-
and short-wavelength curvature perturbations . As we have seen in
Section 8.3.1, when the change of coordinates does not touch time, we
can derive its effect easily with a passive approach. However, when
also the time coordinate changes it is more straightforward to use an
active approach. One starts from the definition of C given a slicing of
spacetime by surfaces L., i.e. [18, 212—217]

(= logdet(gij/az) )
6

where gy; is the induced metric on .. This is nothing else but the local
number of e-folds definition, that relates the curvature perturbation ¢
to the volume element on the £, surfaces. We can then use this defini-
tion to see how ( transforms under a long-wavelength transformation
xH = XM =xt &K EH = E,;‘: as usual, we will stay linear in &V, but
we will go up to second order in perturbations (since in the end we
will want to find the induced coupling between long and short modes).
Denoting with a bar the transformed metric, at leading order in & we
have [101]

(F.1)

Juv = Juv = Guv +2V (. &y

o o 5 (E.2)
=guv+ gvpvp}w + Qupvva +0(&9) )
so that
_— 2 _ .. 20 . . 2 2
91)/a - 61] + (e ])61] +2v(1£])/0— + O((t—v ) . (F3)

=Ag

Using the relation log det = Tr log, and working at quadratic order in
perturbations (linear in &), we obtain (the ellipsis indicates that we
have dropped terms of higher order in perturbations)

log(gi;/a?) = Agdi; + 2V ;&5 /a’
1
— 389785 — 289V &) /a® + O(£?)
= 20845 + 2V (1&;)/a’
—20(0i&; + 05&1 + 2HE Dy5) + ... .

(F.4)

What we need now is the expression for V ;£;)/a?. First of all we have
that

Viij/az = gijiip/az = gipai‘ip/az + g]-pl"w&“/az

(E5)
= 0;&; +200¢&; +NjaiE,O + gjpriGE,U/az ,
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TRANSFORMING THE CURVATURE PERTURBATION

where, staying linear in £ and quadratic in perturbations, gj, I, £%/a?
is given by (see tab. F.1)

gikliE!/a? = 8jkMe" = —TNjE; + 8581010~ 2895C, (E6a)
gikITHE% /a? = e2C8y T E°
= H84;E0 + 2HCE 835 + £°090 88 — Ny &0
(F.6b)
GioTSLE a7 = Ny E7 = Ny FLE = Ny = IEERN
(F.6c)

With this, eq. (F.4) becomes

log(gij/a?) = 20845 + 2V (1&5)/a® — 20(9:1&; + 5&; + 2HE8y5) + . ..
= 20845 + 291 &) + 2HE0Sy
+2N(195)E0 + 261, 8845 + ...
(E7)

Taking the trace, we obtain

Trlog(gij/az) B 0; &L o
S T

in.z0
%Jra“auc. (E8)

(=

TABLE F.1: In this table we collect the Christoffel coefficients of g,.v, sep-
arating the contribution of the conformal factor a? from the
full result: A is defined as 2 — N;. We refer to tab. E.1 for the
contribution from My + hyv.

C(a) r
80 K H+ 99N,
9. FN; diN7 + HN;
O O8i; +THAS;; T8y + FAS; + 0G5 — 9Ny
K FHNK 0Nk + HNK + kN,
K Hok HEK +00C0K + 5 (9 Nk — 9*Ny)
K —ONK 008K +05¢8% — a8y — HE;NK

Now, recall that we are interested in a long-wavelength transforma-
tion &¢* = E,E, and that we want to remain linear in the long mode.
Then, splitting both ¢ and Cin long- and short-wavelength parts, we
obtain

_ diEl

fo= ot 201008 (Fo2)
- Nig;&Q

L= Gt B g, (F.gb)

3
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TRANSFORMING THE CURVATURE PERTURBATION

where N; = N;i(() is the shift constraint at linear order in . This
shows that the short-wavelength ¢ transforms as a scalar, with an
additional shift if £° is x-dependent (as it is in our case). This shift
will be of no consequence for the final bispectrum transformation, in
fact it is straightforward to see that both Ni and 3;£9 go to zero on
super-Hubble scales (we refer to Section 8.3.3 for more details).
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BISPECTRUM IN FOURIER SPACE

We follow closely [24] to derive the transformation of the bispectrum
from global coordinates to CFC. In Section 8.3.2 we have seen that
the change to CFC gives rise to the following terms (where we have
dropped the label “F” for simplicity and we have taken x. = (x7 +
x2)/2). As explained in Section 8.3.2, only the contributions from the
change in the spatial coordinates need to be considered. If we call
r = x7 —x2 and r = |R|, they are given by

AB; = Pe,allx3 —xc|) 1101 (L5 Cs) (1)

1 .
+ ZPQC(|X3 —Xc|) TlT]Tkal <CSCS> (T) )

(G.1)

where with P;,x we denote the cross-spectrum between the long-
wavelength curvature perturbation and X, which denotes the two
tensors A} and C}dj.

We can now compute what is the contribution of these terms when
we go in Fourier space R <+ ks and x3 —x¢ ++ k. As shown in [24],
translational invariance allows to focus separately on the long- and
short-wavelength power spectra:

* a generic P¢,x;, (X3 —xc[) will be of the form

P, (X3 —Xel) = (Ce(x3)d4jk... Celxc)) (G.2)

so that, going to Fourier space, we get

Pelke) ——s——etkebaxe) (G.3)

J dk, oN
(2m)3 "¢ OXLOXLOXK ...

where N is the number of derivatives we are considering. We
see that each of these derivatives 0/0xy brings down —ikj:
collecting these terms together with P (k) gives

Peoxip.. (X3 —Xel) = [(—ik{) (—ik)) (—ik§) ... [Pe(ke) ; (Gog)

¢ the short-scale spectra can be dealt with in a similar way. More
precisely, a generic term that one needs to compute is of the
form

dk,
(2m)3

Pe(ks)(rivirk ... JoretksT

(G.5)

(T L)y (G le) (1) —J
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BISPECTRUM IN FOURIER SPACE 216

that can be rewritten as

J Lks Pc(ks)(rirjrk L )0petls T =

(2m)3
o[ dke oN e
Lk J 23 (KsPelks)] (akgaklak‘;...e . ) - ©9
d oN .
U= DT J (2m)3 (akgaklak‘; .. [képdkS)])elks B

where N is the number of powers of r that we are consider-
ing. We have moved the derivatives from the exponential to
the power spectrum integrating by parts N times. This gener-
ates an overall (—1)N factor. Then, the Fourier transform of
(rivirk...)01 (CsCs) (1) is given by

. oN
(kL0 (Gs ) (1) —>1N+‘W[kgpc(ks)} :
(G.7)

For our applications, we will need to take N up to 3. The expres-
sions can quickly become cumbersome, so we proceed step by step
and collect the intermediate results for convenience of the reader.
Since all derivatives 9/dk! are acting on a function of ks only, some
simplifications will arise:

¢ we start from the simple 9/ 6kis, that we rewrite as

o ki d
= : GS8
oki  kZdlogks (8)
This directly leads to
d . . .0 Cokikl d
RIS QPSS IS R S VIR 1. BN G.
gk s TR T 8T N Jogk, 9

e then we will encounter terms like 92/9k.dk). With simple ma-
nipulations one arrives at

2 . i) 2
? - :6—12) d k555< d 5 —2 d > ; (G.10)
okiok) kg dlogks ks \dlogks dlog ks

¢ finally, we will have terms with three derivatives and one power
of kg, i.e.

l 63 kl

St = ——— kL. G.11)
IR akioklokk (
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If we define

d
Dy = .
1 dlogks ’ (G.12a)
d? d
@ e — 2 .
7 dlogkZ  “dlogks ’ (G.12b)
3 2
3= d d d (G.120)

~ dlogk3 _6dlogk§ +8dlogks ’

we can write this term as a sum of various pieces (all symmetric
in1i,j, k)

T SijkKk!

1
Sijk— 2 D1+ 2 perms. + o >D;, + 2 perms. )
) L 13
Suiksk¥ kiklkkk!
hkj *D, + 2 perms. + %D3 ,
S S

With some simple algebra, one can now write the expression for the
action of S{jk on the small-scale power spectrum at leading order in
slow-roll, recalling that if we neglect any running of the spectral index
we can write derivatives of P;(ks) as

d™P¢(ks)

diogkm — (s~ 47 Pelks)

m (G.14)
= (—3J‘“[1 +3(ns_])]PC(ks) :
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SMALL SPEED OF SOUND: OVERVIEW

In this Appendix we investigate briefly the simplifications that arise
when one is interested in the limit of a small inflaton speed of sound
(cs < 1). In passing, we collect some results that can be useful if
one wants to compute the CFC bispectrum directly from the action,
with the long-wavelength metric given by egs. (8.30). This approach
is different from the one we have followed in Section 8.4, where
we obtained the n contribution to the CFC bispectrum by mirroring
Maldacena’s calculation in flat gauge [18].

We will take the Goldstone boson of time diffeomorphisms (that we
will call 7) as short-wavelength variable [62, 219]. Before proceeding,
let us see how the metric in the conformal Fermi frame looks like when
working in the 7t gauge for the short modes: dropping for simplicity
the “F” label not only on coordinates, but also on all the components
of the metric (for simplicity of notation), we have that

ds? = —a?(1+2(Ny)¢+2(Ny)s)dt?
= N2
+ a?Ni(dtdx" + dx'dT) + a?e?5y; dxtdw
N—_——

=hy

(H.1)

where:

¢ we have taken ar = a in gg;. The reason is that we can remain
at linear order in perturbations when we deal with the time-time
and time-space components of the metric;

¢ we have put to zero the long-wavelength shift constraint, because
we have seen in Section 8.2.3 that it is of order kj. Besides, the
short-scale shift constraint Nis can be written as 0;, as usual:
we will omit the “s” subscript in the following for simplicity
of notation. We note that this definition (i. e. without including
the factor of a?) agrees with the ADM parameterization of go;
(which is hy; NJ), because we are working at linear order in the
constraints. Therefore, in the following we will raise and lower

the indices of N with 6]% ;

* both (N7)s and 1 will be linearly solved in terms of 7 [62, 219].
In single-field slow-roll inflation, the leading interaction (cubic)
Lagrangian comes from the mixing with gravity, so it is not
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SMALL SPEED OF SOUND: OVERVIEW 219

possible to neglect these terms (i. e., the decoupling limit would
not capture the relevant physics);*

¢ the long-wavelength contribution to ar, which is equal to (we
refer to Section E.2 for details)

ap(t) = a(t) [1 + (ar/a)(D)le + HE (T, 0)] (H.2)

is included in (N1)¢ and (; (the subscript “¢” is dropped on
&W for simplicity). That is, we add it to the perturbations hoo
and hyj o 85 that make up the long-wavelength CFC metric of
egs. (8.30). In this way it is easier to keep track of both the order
in perturbations and the order in the slow-roll expansion.

In this gauge, the action is equal to

o — N )2 .
SZSEH+Jd4xNﬁ[( ob Np: ¢) —hY0:i$p0jp —2V(d) | ,
(H.3)
where we have that:

e the inflaton ¢, whose background value we write as ¢, is given
by (in the following, we will often denote derivatives w.r.t. T
with a “prime”)

d=q(t+m)+ ' (t+mE(T+m) +O[(E)?]
=0 (T+m)
=V2eH £°+7t+60£°7c+g2{<1 —£+2>(7T2+2£07T)] 4.,

(H.4)

where we have dropped terms cubic in perturbations (staying
linear in the long-wavelength £°) and we have used the slow-roll

relations
&' = V23, (H.5a)
H =H>(1—¢), (H.5b)
¢/ = Hen . (H.50)

The presence of ¢'E0 = 8¢ is due to the transformation to CFC,
and the fact that at second order in k; we cannot neglect the
change in the time coordinate;

¢ the potential V(¢) can likewise be expanded in perturbations,
using the above result for ¢ and the fact that V($) = H2(3 —¢).
We will not write down the expansion here, since it is very easy
to obtain it with simple algebra. We note that useful relations

between V(¢) (and its derivatives) and the Hubble slow-roll
parameters are also listed in Sec. B of [65];

1 Even if, as we have seen in Section 8.4, there are a lot of simplifications that arise if
we are interested only in contributions to the bispectrum that are o 1.
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¢ the Einstein-Hilbert action Sgy, i.e.

1 EYE;; —E2
Sen =5 Jd“xN\/ﬂ[Rm(h) + # , (H.6)
with
:
Ei)' = z [aohi]‘ —ZV(iNj)] y (H7a)
E=hYEy, (H.7b)

is computed in terms of the metric of eq. (H.1).

It is now straightforward to solve the constraints in terms of m: at
linear order in perturbations they are given by [219]

(N1)s = eHm, (H.8a)
P =—eHI 200 . (H.8b)

From this one can find the quadratic action for the Goldstone boson 7.
At leading order in slow-roll it is equal to [62, 219]

Spm = Jd“x a?F%e[(dom)* — (3;m)?] . (H.9)

Now, what we are looking for is the coupling between long and short
modes, so what we need is the interaction Lagrangian at cubic order in
perturbations with one long leg and two short ones (we focus only on
scalar degrees of freedom, i. e. we discard the graviton). Adding this to
the quadratic action for 7, one can compute the power spectrum of 7t in
the background of a long-wavelength classical curvature perturbation:
we will denote this two-point function (77) ¢ by Pxl¢ (we use the
subscript “{” to indicate that the power spectrum of 7 will depend on
the whole long-wavelength part of the metric in eq. (H.1), i.e. on a,
KE, etc.). Once the cubic action S|, has been found, one can use the
in-in formalism [18, 119, 255-258], which guarantees the correct choice
of normalization and vacuum for the modes, to calculate P,|,. Since we
are computing a two-point function in a perturbed background FLRW,
and not a full three-point function, there is a simplification [208]: the
cubic Lagrangian will depend explicitly on the spatial coordinates,
since the long-wavelength metric in CFC does. However, the terms
coming from the correction to the scale factor are evaluated only on
the central geodesic, and do not depend on x: schematically, we denote
these terms by S;ixl¢,x—o. Therefore, it is possible (but not necessary)
to deal with them by taking as free action not only the one of eq. (H.9),
but Sy + Srnlex—o- The resulting equation of motion can be solved
perturbatively with Green’s function methods (see [65], for example),
and the normalization of the modes (necessary to have the correct
commutation relations) and the choice of vacuum (i.e. the Bunch-
Davies vacuum) can be carried out in the usual way.*> At this point, P/,

For example, for the normalization of the modes it will be necessary to impose that
the Wronskian of the mode functions of the canonically normalized variable is equal
to 1[18, 43, 119, 219, 259].
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SMALL SPEED OF SOUND: OVERVIEW

is P;t + Prle,x—0- To find the final contribution Py|¢ .o, which comes
from the x-dependent terms in the cubic action, one can do a tree-
level in-in calculation. Denoting by £|¢ x0 the corresponding cubic
Lagrangian, and using the fact that at third order in perturbations the
interaction Hamiltonian density is —ZLint, one can write this power
spectrum on super-Hubble scales (t — 07) as [18, 43, 119, 208, 219,

259]

dk; dk;

(2m)®
2

x{ 9 .6(k1+k2)] (H.10)

okt oK)

ikq-x7+1ks-x2

(0, x1)7t(0, x2)) lex o = (znﬁj Py (1, ki, ko)

X e

In the above equation, the function Pi; is defined as [208]

0
Py (1, Ky k) = —4Re [iﬂ(T,kﬂﬂ(T,kz)J + dsz;(s,khkz)} ,
(H.11)

where the boundary condition —co™ = —oo(1 — ie) picks out the

interacting vacuum. With £}; we denote the (complex conjugate of
the) Fourier transform of £ ,¢ x£0 evaluated on the mode functions of
7, that we will denote by 7 ;. The 1, j indices mean that every explicit
power of x that is carried by the long legs (which are all quadratic in
xt, e. g. X Klelz) is taken care of by the derivatives of 5(k; +k3) in
eq. (H.10). More precisely:

* suppose that £xl¢ xzo contains a term of the form
Lrrle o O a1 a?H2e Kelx| (95m)? (H.12)
where a; is a numerical factor. In this case, £i; would be equal
to
Lij(’f,khkz) O —ap X (lzg'fzﬁ X KFSi]’
——

2
KElx|

_ _ (H.13)
x (ikq) - (ik2) 7o (T, k1) 7o (T, k2)

(9y70)?

We stress that K is just a real, classical, x-independent number
(it is evaluated on the central geodesic), therefore it is on the
same footing as a?H?¢, i.e. it is not touched by the Fourier
transform (and it is already evaluated on the classical mode
functions). We note that the time dependence of K¢ starts at
O(k}‘), so it can be considered a constant at the order in the
gradient expansion that we are working;
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SMALL SPEED OF SOUND: OVERVIEW

* one can also consider the case where that £x[¢ xo contains an
anisotropic term. From eq. (8.30c), we have that the anisotropic
part of (¢ is (in terms of the long-wavelength curvature pertur-
bation in global coordinates Cgl.)

C%nis.(x) — %XinDij [Ej‘fa_zangl. (T, 0)] = x'xJ Zij (t,0), (H.14)

with Dy; = 0105 — 62611- /3. Then the cubic Lagrangian will con-
tain a term of the form (a; is again a numerical factor)

Lrenlexto D a2 a’H2e xiiji]— (0om)? (H.15)
and Li; would, similarly to eq. (H.13), be given by

Li5(1,k1,k2) D —aq x a?H%e x Zij x Qo7 (T, k1)o7 (T, k2) -
(H.16)

As before, Zij is a real number: however, in this case one cannot
neglect its time dependence when computing the corresponding
Py, since it starts at order k%.

We note that an overall —1 in the definition of Pi; is due to the fact

that
. dk 02 .
x'x) = — J o3 [akiakjé(k)} etkx | (H.17)
while an overall factor of 2 comes from the two different contractions
that we need to consider when we use Wick’s theorem. Now, inte-
grating by parts eq. (H.10) to isolate a (27)35(ky + k3), it is possible
to extract the expression for Pl x.o. Multiplying it with a second
long mode, and taking the average, gives then the squeezed limit
bispectrum in CFC.

Eventually, one is interested in the short-wavelength (s and its
coupling with the long mode. In unitary gauge 7 = 0, the perturbation
(s is defined by

hij = azezceeZCSéij y (H.18)

so what one needs to do is find the relation between (s and the
Goldstone boson 7. We see from eq. (H.4) that a time shift t =% —m
would take care of the inflaton perturbation, that would go back to
¢ = &+ 8d¢ (as it was after the transformation from global coor-
dinates in ¢ gauge to CFC) at linear order in 7. This is enough for
our purposes, since we are interested only in the long-short coupling
and therefore we can drop all terms that are quadratic (or higher) in
mt. Correspondingly, at quadratic order in perturbations, the spatial
metric would transform as (see also Section 8.4 for more details)

8 _ 2 ot 0Tt _ 2 or
95 = 79 5xi o %

o
o aZ e 6111) + aZeZC@effHﬂefTrangéij ,
X

051
(H.19)
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where in the expansion of hj; (i.e. the last term on the r.h.s.) we
have stopped at linear order in the short mode, for the same reason
discussed above. We see that the metric, after this time shift, is not
of the form of eq. (H.18), because of the first two terms that involve
spatial derivatives of 7. It is possible to remove them with a second
order spatial coordinate transformation: however, since the terms
we have to remove are of quadratic order in the short modes, their
contribution to s would be negligible for our purposes. From this,
comparing with eq. (H.18), we conclude that the relation between (s
and 7t is given by

Cs = —Hm—m0o (e - (H.20)

After the in-in calculation of P|, that we have briefly discussed above
has been carried out, one can use eq. (H.20) to compute the power
spectrum of the short-scale (s in the background of the long modes:
in addition to the coupling coming from the interactions (i.e. the
contribution coming from replacing 7 with —Cs /3 in Prl¢), there will
be additional terms coming from the second order (long-short) term
Cs D —00GTt.

At this point, one must compute the cubic Lagrangian, and for each
term derive the corresponding P;;. However, since we are working in
a “mixed ( - 7t gauge”, it is clear that there will be some complications
due to the fact that the interaction Lagrangian will not be slow-roll
suppressed w.r.t. the quadratic Lagrangian for the pion. For example,
there will be interactions of the form

Larle O {ar a?H%e (g (dom)?, az a2 e g (337)?,

H.21
a3 a?He 90E° i, as a?H?e 3:E00imm, ... } ( )

coming from both the EH action (once we plug in it the constraints
solved in terms of 7t) and the inflaton action. Since the mode functions
.., (C¢)q and 5?1. are x 1/4/¢ at leading order in slow-roll, the cu-
bic Lagrangian should be at least of order e3/2 to be able to capture
the leading part of the bispectrum (which we know is slow-roll sup-
pressed, i.e. it is of order (e2,en) x (1//€)®) by using the de Sitter
modes alone. In other words, if we were to compute the bispectrum
using the in-in formalism discussed above, we would indeed see that
at zeroth order in slow-roll (that is, at order (1/+/¢)®) it is zero, and
that the leading order result is O(¢e,n). However, we could not trust
the slow-roll-suppressed part of the result because we would be ne-
glecting contributions coming from corrections to the mode functions:
to capture all the effects it would be necessary to use the full classical
solutions in terms of Hankel functions, which complicate considerably
the time integrals of eq. (H.11).

We are now in the position to discuss briefly the case of an inflaton
speed of sound cs different from 1. We know that for c¢s # 1, the
contribution to the bispectrum which is not slow-roll suppressed will
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SMALL SPEED OF SOUND: OVERVIEW 224

be different from zero: namely, it will be proportional to (1 —c2)/c2
[119, 208, 219]. Therefore, the de Sitter modes would be able to fully
capture the leading order bispectrum (which would be much larger
than its slow-roll suppressed part if cs is not too close to 1) in this
case. Besides, a further simplification arises if ¢; < 1: in fact, in
this non-relativistic limit we do not expect the short modes 7 to feel
the spatial curvature of the universe induced by the long mode,3
but to be sensitive only to the effect it has on the expansion history
ar # a [208]. Translated at the level of the interaction Lagrangian, this
statement means that it is possible to drop all the long legs that are
not (functions of) ar, because only these will affect the bispectrum at
order (k% /k2)/cZ [208]. Then, powers of x! will not appear explicitly
in Lx[¢ and it will not be necessary to compute P;; using the method
of eq. (H.11), greatly simplifying the calculation.

3 The same argument can be used for the anisotropic part of the long-wavelength
metric (which we also know has an additional slow-roll suppression w.r.t. the other
parts).
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