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ABSTRACT. In the present paper we perform the homogenization of the semi-
linear elliptic problem

us >0 in QF,
—div A(z)Du® = F(z,u®) in Q°,
u® =0 on 0€F.

In this problem F(z,s) is a Carathéodory function such that
0 < F(z,s) < h(z)/I'(s) a.e. x € Q for every s > 0, with h in some L"(€2) and
I a C1([0, 4+o00[) function such that T'(0) = 0 and I'/(s) > 0 for every s > 0. On
the other hand the open sets Q¢ are obtained by removing many small holes
from a fixed open set  in such a way that a “strange term” pu® appears in
the limit equation in the case where the function F(z,s) depends only on z.

We already treated this problem in the case of a “mild singularity”, namely
in the case where the function F(z, s) satisfies 0 < F(z,s) < h(z)(% +1). In
this case the solution u® to the problem belongs to H& (€2¢) and its definition
is a “natural” and rather usual one.

In the general case where F(z, s) exhibits a “strong singularity” at u = 0,
which is the purpose of the present paper, the solution u® to the problem only
belongs to HL _(€2°) but in general does not belongs to H (Q2°) any more, even
if u® vanishes on 09Q° in some sense. Therefore we introduced a new notion
of solution (in the spirit of the solutions defined by transposition) for prob-
lems with a strong singularity. This definition allowed us to obtain existence,
stability and uniqueness results.

In the present paper, using this definition, we perform the homogenization
of the above semilinear problem and we prove that in the homogenized prob-
lem, the “strange term” pu® still appears in the left-hand side while the source
term F(z,u) is not modified in the right-hand side.
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1. INTRODUCTION

The present paper deals with the homogenization of the following strongly
singular semilinear problem posed in perforated domains 2°:

u® >0 in QF,
(1.0%) —div A(x)Du® = F(x,u®) in Q°,
u® =0 on 09°.

Here A(z) is a N x N bounded coercive matrix, F(z, s) is a Carathérodoy function
F(z,s) : Q x [0,400[— [0,+00] which possibly has a very strong singularity at
s = 0; an example of such a function F(z,s) is

(a +sin(1)) (b+sin())

exp(—3) s
where v > 0, a > 1, b > 1 and where the functions f, g and [ are nonnegative;
another example is given in (2.5) below. The precise assumptions that we actually
make on the function F'(z, s) are given in Subsection 2.1 below. On the other hand,
the open sets 2° are obtained by removing many small closed holes from a fixed
open set Q C RNV, N > 2. The model example is the case where a bounded open
set () is perforated by small holes which are closed balls of radius ¢ with

€ — N/(N-2) >
(1.2) {r Coe if N > 3,

(L) Fla,s) = f(x)

+g(z)

+1(z) a.e. x €, Vs >0,

r¢ = exp(—Cp/e?) if N =2,

which are periodically distributed in RN at the vertices of an N-dimensional lattice
of cubes of size 2¢. The general framework that we will use for 2 in the present
paper is (a slight generalization of) the one studied by D. Cioranescu and F. Murat
in [3] (see also [15] and [5]); it will be described in details in Subsection 2 below.
Note that in (1.0°) the homogeneous Dirichlet boundary condition is imposed
on the whole boundary of Q¢ which includes the boundary of all the holes. In
the classical case where the singular semilinear term F'(z, ) is replaced by a fixed
source term f(z) € L?(2) which does not depend on uf, the homogenization in
the framework of [3] of problem (1.0°) leads to a problem where “a strange term”

pu® appears in the left-hand side, where p is a bounded nonnegative measure of
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H~(Q) which depends on the holes and which is actually the asymptotic memory
of them.

In [9] we treated the case of problem (1.0°) where the singularity at s = 0 is
mild, namely the case where

1
(1.3) 0< F(x,s) < h(;r:)(;Y +1)ae z € forsome 0 <y<I1.

In that paper we proved, for ¢ fixed, existence, stability and uniqueness results for
the solution to (1.0%), as well as the homogenization result for perforated domains
of the type described above. In this case where (1.3) is satisfied, the solutions to
problem (1.0°) belong to H}(€F), the equation is intended in the usual weak sense
(or more exactly in a slight variant of it), and the test functions that we use belong
to Hg(0F).

In contrast, the purpose of the present paper is to treat the case with strong
singularities, namely the case where v > 1 in (1.3), or more generally where F'(z, s)
can exhibit any type of singularity at s = 0 (see for example (1.1) above and
example (2.5) below). In this case the solutions u® to (1.0°) do not in general
belong to H}(QF) (see [14]), but only to HL (), even if u° vanishes in some sense
on 002°. This induces significant difficulties in order to define a convenient notion
of solution, on the first hand in the description of the space which the solution has
to belong to, and on the second hand in the definition of the space V(Q°) of test
functions to be used in the equation. In [10] we introduced a notion of solution
by defining non standard spaces for the solution and for the test functions, and by
writing the equation like in the definition of solutions by transposition introduced
by J.-L. Lions and E. Magenes and by G. Stampacchia. This framework, which is
recalled in Subsection 3.1 below, allowed us to prove in [10] existence, stability and
uniqueness results. The present paper uses this framework and can therefore be
considered as a continuation of [10]. It is also a confirmation of the fact that the
framework introduced in [10] is robust.

In the present paper we prove that, as in the case studied in [3] where F(z,s)
depends only on z, the “strange term” pu’ appears in the left-hand side of the
homogenized problem while the source term F(z,u°) is not modified in the right-
hand side. In other terms, see Theorem 5.1 below, we prove that a subsequence
of solutions u to (1.0°) converges, in a convenient sense, to a solution u" to the
homogenized problem

u? >0 in Q,
(1.4) —div A(x) Du® + pu’ = F(x,u’) in Q,
u =0 on 0.

Note that the definition of solution that we use for the solution u° to (1.4) is a
variant of the definition introduced in [10]. This definition is recalled in Section 4
below (see also Section 6 of [12]).

This homogenization result was not a priori obvious, since the holes “tend to
invade the whole of Q” (see Remark 6.6 below) and since the source term F'(z, u®)
has a singular behaviour at the boundary of the holes.

The method of the proof consists in merging the methods of [3] and of [10]. This
however presents some difficulty, since the solution u® to (1.0°) in general does not
belong to H{(QF). This leads us (see Section 6 below) to modify the test function
w® used in [3] (which is more or less the difference between 1 and the capacitary
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potential of the holes in ) by introducing a variant z¢ of it, which now belongs to
the space V(§2°) of test functions introduced in [10].

In the best of our knowledge, there are only a very few papers concerned with
homogenization in the context of this type of singular semilinear problems. In the
paper [1] the authors deal with the case where, in a fixed domain €2, the matrices
A¢(x) wildly vary with €, remaining uniformly bounded and coercive. For that they
use the framework introduced in [2] which is based on the use of strong maximum
principle and on the assumption that the function F'(z,s) is nonincreasing in s.
Note that these properties are never used in the present paper, and neither in [9],
[10], [11] and [12]. On the other hand, in the paper [8] the authors consider the
homogenization of singular semilinear problems posed in a domain divided in two
parts separated by an oscillating interface. Lastly, in the paper [13], the authors
study the homogenization in infinite cylinders perforated with small holes with
Dirichlet boundary condition. In contrast, there are many papers concerned with
existence and uniqueness of solutions to (1.0°) for ¢ fixed. Let us just quote, inter
alia, [2], [4], [14], [16] and [17].

To conclude this Introduction, let us mention that in the present context of
strongly singular semilinear problems we have not been able to prove a corrector
result, while we were able to do it in [9] in the context of mild singularities. The
corrector result thus remains for us an open problem in the case of strong singular-
ities.

The plan of the present paper is as follows: In Section 2 we give the assumptions
that we make on the matrix A(x), on the function F(x,s) and on the sequence of
perforated domains Q°. In Section 3 we recall the definition introduced in [10] of
the solution to the strongly singular semilinear problem posed in £2¢, and the results
of existence, stability and uniqueness obtained in [10]. Note that these solutions
satisfy a priori estimates which are recalled in Section 7. In Section 4, we recall the
definition given in [12] of the solution to the homogenized problem with a strange
term (1.4) (this definition is a variant of the definition given in [10]). In Section 5,
we state the main result of the present paper, namely the homogenization result
for problem (1.0%). This result is proved in Section 8. An important tool for this
proof, namely the function z¢ which replaces here the function w® used in [3], is
defined in Section 6.

2. ASSUMPTIONS AND NOTATION

As said in the Introduction, in this paper we deal with the asymptotic behaviour,
as € tends to zero, of solutions to the singular semilinear elliptic problem

u® >0 in Q°,
(2.0°) —div A(x)Du® = F(x,u®) in Q°,
u® =0 on 00F,

where F(x,s) is possibly singular at s = 0, where u® satisfies the homogenous
Dirichlet boundary condition on the whole of the boundary of Q°¢, and where Q¢
is a perforated domain obtained by removing many small holes from a given open
bounded set © in RV, with a repartition of those many small holes producing a
“strange term” when ¢ tends to O.

After the brief Subsection 2.1 dealing with some notation, we begin by giving
in Subsection 2.2 the assumptions on the matrix A(z) and on the function F'(z, s);
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then in Subsection 2.3 we describe the geometry of the perforated domains and (a
slightly generalization of) the framework introduced in [3] for treating this problem
when the right-hand side is F(z,u) = f(x) in L?(Q).

2.1. Notation

In this paper € denotes a bounded open subset of RV.

We denote by D(2) the space of the C*°(£2) functions whose support is compact
and included in Q, and by D’(€2) the space of distributions on Q.

We denote by M () the space of nonnegative bounded Radon measures on Q.

Since €2 is bounded, |[Dw||2(q)~ is a norm which is equivalent to [[w]| g1 (o) on
H}(Q). We set

[l 1) = IDwll (L2~ Yw € Hy ().
For every s € R and every k > 0 we define as usual

sT = max{s,0}, s~ = max{0, —s},

Ti(s) = max{—k,min{s, k}}, Gr(s)=s—Ti(s).
For any measurable function ! : z € Q — I(x) € [0, +00] we denote
{I=0}={zeQ:l(zx)=0}, {I{>0}={xeQ:l(z) >0}

Finally, in the present paper, we denote by ¢ functions which belong to
HY(Q) N L>(Q), while we denote by ¢ functions which belong to D(€2).

2.2. The matrix A(z) and the function F(z,s)

In this Subsection, we give the precise assumptions that we make on the data of
problem (2.0°).

We assume that

(2.1) Q is an open bounded set of RN, N > 2,

(no regularity is assumed on the boundary 0% of §2), that the matrix A is bounded
and coercive, i.e. satisfies

(2.2) A(z) € (L2Q)V*N 3o >0, A(z) > al ae zcQ,

and that the function F' satisfies
(2.3)
F:(z,s) € Qx][0,+00[— F(z,s) € [0,+00] is a Carathéodory function,
i.e. F satisfies
i)Vs € [0, 400, z € Q@ = F(z,s) € [0, +00] is measurable,
ii) for a.e. x € Q, s € [0,4+00[— F(z,s) € [0,40o0] is continuous,
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i)3h,h(x) >0 ae. x€Q,he L7 (Q),
ifN>3, r>1if N=2,
+2

(2.4) i) 30 : s € [0, +oo[— I(s) € [0, +o0], T € C*([0, +o0]),
such that I'(0) = 0 and I'(s) > 0 Vs > 0,

with r =

=
—~

?) a.e. x € Q,Vs > 0.

1) 0 < F(z,s) < ()

Remark 2.1.
e i) Note that in the whole of the present paper we assume that
N > 2,
(see Remark 2.2 below).

e ii) Note that the matrix A(x) and the function F(z, s) are defined for = € Q and
not only for x € Q°.

e iii) The function F(z,s) can have a very wild behaviour in s when s tends to
zero. A possible example is given by (1.1) above, or more generally by

(2.5)
(a +sin(S(s))) (b+sin())
F(z,s) = f(a)——————~F + g9(0) ——=
(15) = ) TGS+ ole)
where v > 0 a > 1, b > 1, where the function S satisfies
(2.6) S € C'(]0,+0]), S'(s) <0Vs>0, S(s)— +ooass— 0,

+1(z) a.e. x €, Vs >0,

s

and where the functions f, g and [ are nonnegative and belong to L" () with r
defined by (2.4) above (see Remark 2.1 wiii) of [10]).

e iv) The function F' = F(z, s) is a nonnegative Carathéodory function with values
in [0, +00] and not only in [0,+oo[. But, in view of conditions (2.4 ) and
(2.4 i), for almost every x € €, the function F(z, s) can take the value +o0o only
when s = 0 (or, in other terms, F'(z,s) is finite for almost every = € 2 when
s> 0).

e v) Note that the growth condition (2.4 i) is stated for every s > 0, while in (2.3)
F' is supposed to be a Carathéodory function defined for s in [0, +oo[ and not

0 h
only in |0, +o00[. Indeed an indeterminacy g 2ppears in F((x; when h(z) = 0 and
s
s = 0, while the growth and Carathéodory assumptions (2.4) and (2.3) imply
that
F(z,s)=0 Vs>0 ae. on{zeQ:h(zx)=0}

On the other hand, when h is assumed to satisfy h(z) > 0 for almost every = € Q,
one can write (2.4 #4) for every s > 0.

e vi) The function h which appears in hypothesis (2.4 4) is an element of H ().

Indeed, when N > 3, the exponent r = 1\2,—12 is nothing but the Holder’s conjugate
(2*)’ of the Sobolev’s exponent 2*, i.e.
1 1 1 1 1
(27) WhenN237 ;:1—§, Wheregzi_ﬁ.

Making an abuse of notation, we will set

(2.8) 2" = any p with 1 < p < 400 when N = 2.
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With this abuse of notation, & belongs to L"(2) = L2 (Q) ¢ H~1(Q) for all
N > 2 since € is bounded. This result is indeed a consequence of Sobolev’s and
Trudinger Moser’s inequalities, which (with the above abuse of notation) assert
that

(29) HU”LZ*(Q) < Cs||DU||(L2(Q))N Yv € H&(Q) when N > 2,

where Cs = Cg(N) when N > 3 and Cs = Cg(p, Q) when N = 2. In the latest
case, for p given with 1 < p < +oo, the constant Cs = Cg(p, Q) is bounded
independently of Q when Q C @Q, for Q a bounded open set of R2.

e vii) In Section 5 of [9] we performed the homogenization of problem (2.07) in the
case where F(x,s) has a mild singularity at s = 0, namely in the case where in
(2.4 7) the function F'(z, s) satisfies

1
(2.10) 0 < F(x,s) < h(zx) (v + 1> with 0<~y<1.
s

This is a particular case of the general case treated in the present paper, but
that case is easier to treat since the solution u¢ to (2.0°) belongs to H}(Q¢) when
(2.10) holds true. This property allowed us to prove in that case a corrector result
when the matrix A(z) is symmetric and when u° further belongs to L> (), see
Theorem 5.5 of [9)].

Many other remarks can be made about the function F(z,s), and we refer the
reader to Section 2 of [10] for them. O

2.3. The perforated domains ()¢

In order to obtain the domain Q¢, we perforate the fixed domain Q2 (see (2.1)) in
a way that we describe now. According to (a slight generalization of) the setting
presented in [3], we consider here, for every £ which takes its values in a sequence
of positive numbers which tends to zero, a finite number n(e) of closed sets TF of

RV 1 < i < n(e), which are the holes. The domain Q¢ is defined by removing
these holes 77 from (2, that is by setting

©)
(2.11) o=a0-J17.
i=1

Here, as well as everywhere in the present paper, for every function y¢ in L?(1),
we define y° as the extension by zero of ¢ to §2, namely by

~ y*(z) in QF,
0 in U=y T75

then 3 € L?(Q) and ||j/y\g||Lz(Q) = ||y*|| £2(q<); moreover
(2.13)
if y° € Hg (), then y° € Hy () with Dy® = Dy and ||y || 11 () = 1y [l 12 (e)-
We suppose that the sequence of domains 2° is such that there exist a se-

quence of functions w®, a distribution u € D’(Q) and two sequences of distributions
e € D'(Q) and A° € D'(Q) such that

(2.14) w® € HY(Q) N L>®(Q),



8 D. GIACHETTI, P.J. MARTINEZ-APARICIO, AND F. MURAT

(2.15) 0<w®*<1lae z€9,

(2.16) Vo € Hy(Q) NL®(Q), we € Hy(2F) and wp = 1/uzg/0 in €,
(2.17)  w® — 1 in H'(Q) weakly, in L>(2) weakly-star and a.e. in Q as ¢ — 0,
(2.18) e HHQ),

—div'A(x) Dw® = pf — X° in D'(Q),
§ € HE1(9), 3 € HY (),
(2.19) pe >0 in D'(Q),
p — pin H1(Q) strongly,
N9 ) m-r ) mi@) = 0 Yy € Hg(2F).

The model example for °

The prototype of the examples where assumptions (2.14), (2.15), (2.16), (2.17),
(2.18) and (2.19) are satisfied is the case where the matrix A(z) is the identity (and
where therefore the operator is the Laplace’s operator —div A(x)D = —A), where
Q C RN, N > 2, and where the holes T¢ are balls of radius r¢ with ¢ given by

re = CoeV/(N=2) if N > 3,
e2logr® — —Cy if N =2,
for some Cy > 0 (taking 7° = exp(—Cp/e?) is the model case for N = 2) which are

periodically distributed at the vertices of an N-dimensional lattice of cubes of size
2¢; in this case the measure p is given by

(N =2
:%C@f—? it N > 3,
27 1
=—— ifN=2
=7 ! ’

see e.g. [3] and [15] for more details, and for other examples, in particular for the
case where the holes have a different form and/or are distributed on a manifold. O
Remark 2.2. In dimension N = 1, there is no sequence w® which satisfies (2.16)
and (2.17) whenever for every ¢ there exists at least one hole T} with T} NQ+# 0,
see Remark 5.1 of [9] for more details. This is the reason why we assume in the
present paper that N > 2. O

Some properties of w® and p
One deduces from the second assertion of (2.16) that(!)

n(e)
(2.20) w'=0in |75

i=1
more precisely, (2.16) means that for every € and every ¢ € Hg(2) N L>®(Q), there
exists a sequence ¢,, (which depends on ¢ and on ¢) such that

(2.21) b € D(QF), b — wep in H(Q).

(Derratum corrige: please note that in equation (5.4) of [9] we should have added the require-

ment “and w1y = wY” (as it is done in (2.16) in the present paper).



HOMOGENIZATION OF A STRONGLY SINGULAR PROBLEM 9

On the other hand, taking any ¢° € D(£2°) as test function in the first statement
of (2.19) implies that

(2.22) —div'A(x) Dw® = pf in D'(QF),

which means that the distribution A° “only acts on the holes 75", i =1,--- ,n(e);
this fact is also reflected by the last assertion of (2.19).

Taking v® = w®¢, with ¢ € D(Q), ¢ > 0, as test function in the first statement
of (2.19) we have, thanks to the last assertion of (2.19),

[ eta@Dut Dt + [ w 4w)Dur Do = 0 b} 1 o3 0

from which using (2.17) and the fourth statement of (2.19) we deduce that

(2.23) | 64 DuE DU > (1.6) 1101y ¥ € D). 6 2 0,
Q
and therefore using the coercivity (2.2) that
p = 0.

The distribution p € H~1(Q) is therefore also a nonnegative measure. Moreover,
using (2.23), (2.2) and (2.17), one deduces that

Vo € D(),¢ >0,
/Qqﬁdu = (1, PV r-1(0),H1 () = lim /Q ¢A(x) Dw® Dw® < Cl|@| Lo (),
for a constant C' which does not depend on ¢. Therefore the measure p is a finite

Radon measure which satisfies [ dp < C < 400, or in other terms
Q

(2.24) pE M (Q).
We will therefore use in the present paper the following (well) known result(®

(see e.g. [6] Section 1 and [7] Subsection 2.2 for more details):

if y € H}(Q) and if v € M, (Q) N H-1(2), then y (or more exactly its quasi-
continuous representative for the Hg(Q) capacity) satisfies

Vv e M (Q)NHHRQ), Yy € Hi(Q),

(2.25) one has y € L'(Q;dv) with (v, y>H’1(Q),H01(Q) — /dey;
moreover
(2.26) {VV e M (Q) NH (), Yy € Hj(Q) N L>(Q),

one has y € L= (Q;dv) with ||y pe(av) = [yl 2 ();

therefore when y € HE(Q) N L%°(R), then y belongs to L(Q;dr) N L*°(Q; dv) and
therefore to LP(§); dv) for every p, 1 < p < 4o0.

The limit problem for a source term in L?(Q)
When one assumes that the holes T, i = 1,- -+ ,n(e), are such that the assump-
tions (2.14), (2.15), (2.16), (2.17), (2.18) and (2.19) hold true, then (see [3], or [15],

(2the reader who would not enter in this theory could continue reading the present paper

assuming in (2.18) that p is a function of L"(2) (with r = ]\z,fQ if N>3andr>1if N =2)and

not only an element of H~1(Q).
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or [5] for a more general framework) for every f € L?(f2), the (unique) solution 3¢
to the linear problem

(2.27) {ya € Hy (),

—div A(z)Dyf = f in D'(Q°),

satisfies
y® — 1y in H&(Q)7

where y° is the (unique) solution to

y’ € Hy(Q) N L*(Q dp),
—div A(z)Dy° + py® = f in D'(Q),

or equivalently to
y’ € Hy(Q) N LA (Q dp),

(2.28) / A(x)Dy’Dz + / yOzdp = / fz ¥z € Hy(Q) N L* (2 dp).
Q Q2 @

Note that the “strange term” pug which appears in the limit equation (2.28) is
the asymptotic memory of the fact that y° was zero on the holes.

3. DEFINITION OF A SOLUTION
TO THE SINGULAR SEMILINEAR PROBLEM IN ()¢

In Subsection 3 we first recall the definition of a solution to the singular semi-
linear problem (2.0°) which will be used in the present paper; this definition has
been introduced in Section 3 of [10]. Then, in Subsection 3.2, we recall the main
properties (existence, uniqueness and stability) of such a solution; we will recall in
Section 7 below a priori estimate which are satisfied by every such solution. All
these properties have been stated and proved in Sections 4, 5, 6, and 7 of [10].

3.1.The space V()¢) of test functions and the definition of a solution to
the problem in ¢

In order to recall the notion of solution to problem (2.0°) that we will use in the
present paper, we recall the definition of the space V() of test functions and a
notation (see Section 3 of [10]).

Definition 3.1. (Definition 3.1 of [10]) The space V(€¢) is the space of the func-
tions v¢ which satisfy

(3.1) vF € HE(QF) N Loo(0F),

37° finite, 3¢5, 345, € I, 3¢, with
#f € Hy(27) N L (), g5 € (L)Y, f* € L' (),
such that — div'A(x)Dv® = Z @S (—div §F) + f¢ in D'(Q°).

iele

(3.2)
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In the definition of V() we use the notation &;%, §;° and f¢ to help the reader
to identify the functions which enter in the definition of the functions of V(2°).
Observe that V(€°) is a vector space.

Definition 3.2. (Definition 3.2 of [10]) When v € V(9¢) with
—div'A(x)Dv® = Y @5 (—div gf) + f° in D'(QF),
iel*
where I¢, ¢¢, g5 and f¢ are as in (3.2), and when y° satisfies
JF € HLL(0F) N L () with o7y € HY(QF)V® € HY(QF) n L= (0F),

we use the following notation:

63 (dwA@D v e = 3 [ @)+ [

i€le Q=
g
In notation (3.3), the right-hand side 1is correctly defined since

Gsys € HY(QF) and since y° € L>®(Q°). In contrast the left-hand side
({(—div'A Dv®,y))q- is just a notation.

Remark 3.3. In this Remark we recall some observations which are detailed in

Remarks 3.4 and 3.5 of [10].

o i) Ify= € HE(QF)NL>(QF), then ¢°y= € Hg(QF) for every ¢° € Hg (QF)NL>®(QF),
so that for every v¢ € V(QF), ((—div'A Dv®,y¢))q- is defined. In this case one
has

(3.4) Voe € V(QF), Vi € HE(Q°) N L (Q9),

) ((—div tA(Z‘)D’UE,F>>QE = <—di’U tA(m)D’UE,f>H—1(QE)7H&(Q€)-

o ii) If o € HF(QF) N L>°(QF), then (¢°)% € V(Q°), with
(3.5) —div'A(z)D(¢%)? = ¢°(—div §F) + f* in D' (Q°),
with ¢ = 2p° € HE(Q°) N L>®(Q%), ¢ = 'A(x)Dyp* € (L*(2°)N and
fe = —2tA(x) Dy De® € L'(QF).
More in general, if o5 and 5 belong to Hg (25) N L% (02F), then 5§ belongs
to V(7).
o iii) If ¢° € HF(Q°) N L>°(Q°) with supp ¢° C K¢, K¢ compact, K¢ C QF, then
©° € V(0F), since
(3.6) —div'A(z)Dg® = ¢ (—div'A(z)Dy®) in D'(Q°),
for every ¢ € D(QF), with ¢ =1 on K*.
In particular every ¢° € D(2°) belongs to V(2°).
(]

We now recall the definition of a solution to problem (2.0¢) that we will use in
the present paper.
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Definition 3.4. (Definition 3.6 of [10]) Assume that the matrix A and the function
F satisty (2.2), (2.3) and (2.4). We say that u® is a solution to problem (2.0%) if u®
satisfies

i)us € L2(Q°) N HL (QF),
it)u(x) >0 ae x€Q°,
iii) Gi(uf) € H(Q°) Vk >0,

i) 9Ty (uf) € HH(QF) Yk > 0, Yo© € HY(QF) N Lo(QF),

(3.7°)

(3.89)

Yo € V(QF), v° >0,

with — div'A(x)Dv® = Z ¢ (—div g2) + f¢ in D' (),
iels

where ¢ € HA(QF) N L>®(0F), g° € (L2(Q°)N, fe e L'(Q),

one has

i) F(z,u®)v® < 400,
QE

i) [ H@DeDGu) + 3 [ DT + [ FTi) =
= (—div'A() Dv", Gi(u)) s ooy + ((=div () D, Ti(u)) - =

= / F(z,u)v® VE > 0.

O
Remark 3.5. When u° satisfies (3.7¢), one has
(3.9) O Duf € (L2(Q)N  Vo© € H} (QF) N L=(0°);
indeed one writes in (D'(Q¢))Y
©*Duf = ¢* DTy (u®) + ¢* DG (u®) =
{— D(p° Tk (u®)) = Ti(u®) D" + " DG (u’).
O

In Definition 3.4, the requirement (3.7¢) is the ”space” (which is not a vectorial
space) to which the solution should belong, while requirement (3.8° i) expresses
the partial differential equation of (2.0°) in terms of (non standard) test functions,
in the spirit of the solutions defined by transposition introduced by J.-L. Lions and
E. Magenes and by G. Stampacchia.

Indeed, very formally, we have
“(—div ' A() DoF, Gi(6)) sy 113 (2e) = / (—div "A(z) D7) Gy (u°) =

Q¢
= /E v° (—divA(x) DGy (u®))”,

“((=div*A(z) Dvf, T (u))) e = / (—div"A@) Do) Ti(u?) =

_ / o (~divA() DT ()",
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so that (3.8° 4i) formally means that
“/ v (=div'A(z)Du®) = / F(z,u®)v®” Yo© € V(QF), v° > 0.

Since every v° can be written as v = (v°)" — (v°)~ with (v°)* >0, (v)~ > 0, one
has formally (this is formal since we do not know whether (v¢)* and (v¢)~ belong
to V(Q°) when v¢ belongs to V(Q2¢))

“—div A(x)Du® = F(z,u®)”
which is the second statement of (2.0°).

On the other hand, the third assertion of (3.7¢) formally implies (this is formal
since in the present paper the boundary 992° of Q¢ is not assumed to be smooth)
that for every k > 0, one has “Gi(u®) = 0 on 9Q°”, i.e. “u® < k on 9Q°”, which
formally implies that “u® = 0 on 99Q°”, which is the third statement of (2.0°).

For other observations about Definition 3.4, see Remark 3.7 and Proposition 3.8
of [10]. O

3.2. Statements of existence, stability and uniqueness results for the
problem in Q¢

In this Subsection we recall results of existence, stability and uniqueness of the
solution to problem (2.0%) in the sense of Definition 3.4. These results have been
stated and proved in [10].

Theorem 3.6 (Existence). (Theorem 4.1 of [10]) Assume that the matrix A and
the function F satisfy (2.2), (2.3) and (2.4). Then there exists at least one solution
u® to problem (2.0°) in the sense of Definition 3.4.

O

Theorem 3.7 (Stability). (Theorem 4.2 of [10]) Assume that the matrix A sat-
isfies assumption (2.2). Let F,, be a sequence of functions and F,, be a function
which all satisfy assumptions (2.3) and (2.4) for the same h and the same I'. Assume
moreover that
(3.10) ae. € € Q, Fi(z,8,) = Foo(T, S00) if 85, = So0, 8 > 0,800 > 0.
Let ug be any solution to problem (2.0%), in the sense of Definition 3.4, where
(2.0%),, is the problem (2.0°) with F'(x, s) replaced by F,(z,s).

Then there exists a subsequence, still labelled by n, and a function u.., which is
a solution to problem (2.0%). in the sense of Definition 3.4, such that (for e fixed)
(3.11)

us, — uS, in L*(QF) strongly, in H!_(QF) strongly and a.e. in QF,
Gr(u) = Gp(us,) in H}(9°)strongly Vk > 0,
O Ti(us) = Ty (us,) in HY () strongly Vk > 0, Vo € Hy(QF) N L>®(QF).

(]

Finally, the following uniqueness result holds true when, further to (2.3) and
(2.4), the function F(z,s) is assumed to be nonincreasing with respect to s, i.e. to
satisfy

(3.12) F(z,s) < F(x,t) a.e. z €, Vs,Vt, 0 <t <s.
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Theorem 3.8 (Uniqueness). (Theorem 4.3 of [10]) Assume that the matrix A
and the function F satisfy (2.2), (2.3) and (2.4). Assume moreover that the function
F(z, s) satisfies assumption (3.12). Then the solution to problem (2.0°) in the sense
of Definition 3.4 is unique.

O

When assumptions (2.2), (2.3), (2.4) as well as (3.12) hold true, Theorems 3.6, 3.7
and 3.8 together assert that problem (2.0%) is well posed in the sense of Hadamard
in the framework of Definition 3.4.

In Section 7 below, we will recall a priori estimates which are satisfied by every
solution to (2.0°) in the sense of Definition 3.4.

4. DEFINITION OF A SOLUTION
TO THE HOMOGENEIZED SINGULAR SEMILINEAR PROBLEM IN ()

In this Section we recall the definition of the solution to the problem

u >0, in €,
(4.1) —div A(x)Du + pu = F(z,u) inQ,
u=0 on 0R,

when p satisfies

(4.2) pwE M Q)N H(Q).

This Definition, which has been introduced in Section 6 of [12], is an adaptation of
Definition 3.4 above.

Definition 4.1. (Definition 6.1 of [12]) Assume that the matrix A, the function F'
and the Radon measure p satisfy (2.2), (2.3), (2.4) and (4.2). We say that u is a
solution to problem (4.1) if u satisfies

i)u € L*(Q) N Hi, (),

it)u(xz) >0 ae z€Q,

iii) G (u) € HY(Q) Vk >0,

i) Ty (u) € HJ () Vk > 0, Yo € H}(Q) N L>(Q),

(4.3)

(4.4)

Yo e V(Q), v >0,

with — div'A(z)Dv = ¢i(~div ;) + f in D'(Q),
el

where ¢; € H}(Q) N L®(Q), i € (L2(Q)V, f; € LY(Q),

one has

i) /QF(x,u)v < 00,
zz)/Q tA(x)DvDGk(u)Jriezl/ﬂgjiD(géiTk(u))+/Qka(u) +/qudu:
— (—div ' A@) Dv, Ga(w)) -1y a1z + {(—div A() Do, Te(w))a +/ wo djt —

Q
:/F(x7u)v vk > 0.
Q
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d

Note that the term / uvdp has a meaning, as shown in the following Remark.
Q

Remark 4.2. In (4.4 ii) the term / uvdp has a meaning since (4.3) and
Q
v € HE () N L>®(Q) actually imply that
(4.5) uv € LN dp).
Indeed one can write
uv = Ti(u)v + Gi(u)v,

where Tj(u)v and Gy (u), which belong to HZ(Q) by (4.3 iv) and (4.3 iii), belong
to LY(;dp) in view of (2.25), while v, which belongs to H(Q) N L>(Q), belongs
to L (€ dp) in view of (2.26).

Actually one can prove (see Section 6 of [12]) that any function u which is a
solution to problem (4.1) in the sense of Definition 4.1 satisfies the regularity result

(4.6) Gr(u) € L*(Q;dp)  Vk > 0.

On the other hand, since T} (u) belongs to L' (Q; du) and satisfies 0 < Ty (u) < k and
since  is bounded, T} (u) also belongs to L>(€;du) and therefore to L%(;dpu).
Together with (4.6) this implies that any solution to problem (4.1) in the sense of
Defintion 4.1 actually satisfies the regularity result

(4.7) u € L3(Q;dp).

Since v € HE(Q) N L>(Q) also belongs to L?(;du) in view of (2.25) and (2.26),
this again proves (4.5).
Note however that this second proof of (4.5) uses the fact that u satisfies (4.3)
and (4.4), while the first proof only uses the fact that u satisfies (4.3).
O

Remark 4.3. As mentioned in Section 6 of [12], one can prove, for solutions
to problem (4.1) in the sense of Definition 4.1, results of existence, stability and
uniqueness which are similar to the results recalled in Subsection 3.2 above for
the solutions to problem (2.0°) in the sense of Definition 3.4. Every solution to
problem (4.1) in the sense of Definition 4.1 moreover satisfies a priori estimates
which are similar to the ones recalled in Section 7 above, see Section 6 of [12] for
more details. O

5. STATEMENT OF THE HOMOGENIZATION RESULT
FOR THE SINGULAR SEMILINEAR PROBLEM IN ¢

The existence Theorem 3.6 above asserts that when the matrix A and the func-
tion F satisfy assumptions (2.2), (2.3) and (2.4), then for every given ¢ > 0, the
singular semilinear problem (2.0°) posed in ¢ has at least a solution u® in the
sense of Definition 3.4; moreover (see Theorem 3.8) this solution is unique if the
function F(z, s) also satisfies assumption (3.12).

The following result, which is the main result of the present paper, asserts that
the homogenization process for the singular semilinear problem (2.0°) produces a
result which is very similar to the homogenization result (2.28) above which holds
true for the “classical” problem (2.27) when the source term f belongs to L?(12).
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Theorem 5.1. [Homogenization| Assume that the matrix A and the function F
satisfy (2.2), (2.3) and (2.4). Assume also that the sequence of perforated sets Q¢
is such that (2.14), (2.15), (2.16), (2.17), (2.18) and (2.19) are satisfied. For every
e > 0, let u® be any solution to problem (2.0%) in the sense of Definition 3.4, or, in
other terms, any function which satisfies (3.7¢) and (3.8°), i.e.

i)ut € L2(Q°) N HL .(QF),
(5.1) ) us(z) >0 a.e. x € QF,

ii1) G (u®) € HY(QF) Yk > 0,

iv) Ty (uf) € HF(Q°) Vk > 0, Vot € H}(QF) N L>(QF),
(5.2)

Yo® € V(QF),v° >0,

with — div'A(z)Dv® = Y ¢ (~div gs) + f* in D'(Q),
iele

where ¢ € Hg(Q°) N L=(), g7 € L*(Q°)N, f* € L'(9°),

one has

z)/ F(z,u)v® < 400,

i) [ () D DG () + > | ap@m + [ ene) -
= <7dZ‘U tA(x)D’UE, Gk(u8)>H71(QE)’Hé(QE) + <<—div tA(x)D’UE, Tk(u€)>>ga =

:/ F(z,u)v® Vk>0.

Then there exists a subsequence, still denoted by ¢, such that for u , the extension
by zero of u® to Q defined by (2.12), one has

—~

(5.3) uf —u® in L*(Q) weakly and a.e. in Q,

—~

(5.4) Gr(uf) = G(u®) in Hj(Q) weakly Vk > 0,

(5.5)  pwTy(uf) — ¢Ti(u) in HE(Q) weakly Vk > 0, Vo € HE(Q) N L=(Q),

where u? satisfies (4.3) and (4.4), or, in other terms, where the limit «" is a solution
to problem (4.1) in the sense of Definition 4.1, i.e.

iyu® e L2(Q) N HE (Q),

ii)u’(z) > 0 a.e. € Q,

iii) G (u®) € HY(Q) VEk > 0,

iv) T (u’) € HY(Q) VE > 0, Yo € HLH(Q) N L®(Q),

(5.6)
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(5.7)

Yo e V(2), v >0,

with — div'A(x)Dv = ¢i(—div g;) + f in D'(Q),
el

where ¢; € HJ(Q) N L®(Q), 4 € L2 ()N, f € L}(Q),

one has

i) /QF(x,uo)v < o0,
i) /Q tA(m)DvDGk(uO)—i—; /Q G:D(GTH () + /Q FTu() + /Q wodj =
= (—div tA(x)Dv,Gk(u0)>H71(Q)’Hé(Q) + ({(—div 'A(x) Dv, Ty (u®))) g +/ uvdy =

Q
:/F(x,uo) Yk > 0.
Q

O

Remark 5.2. Observe that in the case where assumption (3.12) is made on the
function F'(x, s), i.e. when F(z, s) is assumed to be nonincreasing with respect to s,
the solutions u® to problem (2.0¢) in the sense of Definition 3.4 and u° to problem
(4.1) in the sense of Definition 4.1 are unique. In this case there is no need to
extract a subsequence in Theorem 5.1 and the convergences (5.3), (5.4) and (5.2)
hold true for the whole sequence . ([

6. DEFINITION OF THE FUNCTION 2°,
AND THE STRONG CONVERGENCE OF X,

6.1. Definition of the function z°, a variant of the test function w®

The idea of the proof of the Homogenization Theorem 5.1 of the present paper
is to combine the ideas of the proof of the Existence Theorem 4.1 of [10] with the
ideas of the proof of the Homogenization Theorem 1.2 of [3]. In the latest paper
a key tool is the use of the test function w®¢, where ¢ € D(£2) and where w® is
defined is in (2.14), (2.15), (2.16), (2.17), (2.18) and (2.19). Unfortunately, this
function does not (seem to) belong to V(€¢): indeed, the function w®¢ belongs to
H(QF) N L*°(QF), but the computation in D’ (Q°) of —div'A(z)D(w¢) produces
four terms, where three of them are in the form required for w®¢ to belong to V(2°),
but where the fourth term

o(~div'ADuF) = o(u° — X°) = ou° in H(2%),
is in the form ¢(—div G¥) for some G¢ € (L?(92°))V (see (6.10) below), but not in
the requested form ¢f(—div G¢) with ¢¢ € HE () N L(QF), since ¢ belongs to
HY(Q) N L>°(Q) but not to HY () N L>°(Q2°). For this reason we introduce in this
Section the function 2¢, which is a variant of w® but which is such that zv belongs
to V(Q2°) for every v € V(). Note that the function z° does not (seem to) belong
to the smaller (and easier to understand) space of test functions W(2¢) introduced
in Subsection 4.3 of [12], which is generated by products ¢ with ¢° and ¢ in
HY(Qf) N L*°(QF). This is actually the reason for which we decided to choose in
[10] the framework of the space V() instead of the framework of the space W(Q).
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Proposition 6.1. Assume that (2.14), (2.15), (2.16), (2.17), (2.18) and (2.19) hold
true. Then (for a subsequence, as far as the almost everywhere convergence in (6.5)
is concerned), there exists a function z° such that

(6.1) 2% € HY(Q) N L=(),
(6.2) 2f —w® € Hy (),
(6.3) 0<25(z) <1 ae z€Q,
(6.4) v e V() Yo e V(Q),

(6.5) 25 —1in H*(Q) weakly, in L°°(Q) weakly-star and a.e. in  as ¢ — 0,

(6.6) —div'A(x)D2® = wp®  in D'(QF).
O

Remark 6.2. Note that in view of (2.20), assertion (6.3) implies that in particular

n(e)
(6.7) #=0in |J7T7.
i=1

Remark 6.3. As far as (6.4) is concerned, we will actually prove that
(6.8) 2fp € Hy(Q)NL®(Q°) VYo € Hy(Q) N L¥(Q),
and that if v is such that
veV(Q)
(6.9) with — div'A(z)Dv = ¢i(—div g) + f in D'(Q),

el

where ¢; € HL(Q) N L®(Q), i € L2(Q)N, f € L(Q),
and if G¢ is a sequence such that
(6.10) pf = —divG® in D'(Q), p=—divG in D'(Q0),
. with G° — G in (L?(Q2))" strongly,

(note that such a sequence exists since u¢ converges strongly in H () to u in
view of the fifth assertion of (2.19)), one has

(6.11)
zfv € V(QF)
with — div 'A(z)D(2v) =
= Z 2@ (—div §;) + w'v (—div GF) + 2° f — 'A(x)DvDz* — ‘A(z)Dz* Dv
icl
in D'(QF).
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Proof of Proposition 6.1.
First step. Since w® € HY(Q) and pu® € H~1(Q), the product w®u® is, as usual,
the distribution on € defined, for every ¢ € D(2), as

(6.12) (W ps, d)pr(a) D) = (15 WD) -1 (), 1L ()
We claim that actually
(6.13) wpt € HH(Q);

indeed, since u > 0 in D'(Q) (see the third assertion of (2.19)), u° is a nonnegative
Radon measure on €, and therefore p° belongs to M;r(w) for every open set w with
w C . Taking, for any given ¢ € D(§2), an open set w with supp¢ C w Cw C €,
we have, using (6.12) in Q and then (2.25) in w,

(W ps, d)pr(e) D) = (W P) -1 (),H () =
= (W5 0 O) 1) i () = [ WAL,

w

and then, using (2.15) and (2.25) in €,

[wrodie| < [wriolawe < [ 16ldus =
= /Q ol du® = (1, |91 1), 51 (0) < N1 la-1 (@) |8l H () Vo € D(Q).

(w1, ) pr (), D)l =

This implies that (6.13) holds true with
(6.14) lwp[[r-1(0) < |6 lm-1(0)-

Second step. Since w®u® belongs to H () by (6.13), one has

wpf € H-HQ) ¢ H1(9F).
Applying Lax-Milgram’s Lemma then implies the existence (and the uniqueness)
of the solution ¥ to

y* € HY(F),
(6.15) yF —wt € HY(QF),
—divtA(z)Dy® = weus  in D'(QF).
We now define z¢ by
(6.16) 2 =1,

where 1:/\5 is the extension by zero of ¥ to § defined by (2.12). Then 2° € H' ()
and z° satisfies (6.2) and (6.6).

Third step. We now prove that
(6.17) 0 <:z2°(z) <w(z) a.e. x € Q,

a fact which in particular implies (6.3) in view of (2.15), and which completes the
proof of (6.1).
Since one deduces (6.7) from
n(e)
25 =0and w® =0 in LJTf7

i=1
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(see (6.16), (2.12) and (2.20)), we only have to prove that
(6.18) 0 <y (z) <w(x) a.e. xe€°.

In order to prove (6.18), we first observe that —(y*)~ € Hg(92¢): indeed —(y°)~ €
H(Q?) in view of (6.15) and one has

—(yF —w)” < —(y°)” <0 ae. in Q°,

where the first inequality results from the facts that the function —s~ is nonde-
creasing and that w® > 0 (see (2.15)); therefore Lemma A.1 of [10] implies that
—(y°)~ € H}(9°). Using —(y°)~ as test function in (6.15) we get, in view of (2.15)
and of the third assertion of (2.19),

[ A@DE D)) = (0 =) s s gy <0,
which implies that
0 <y (z) ae. z€Q°.

On the other hand, since y* — w® € HJ(Q°) by (6.15), using
(y* —w®)T € H}(Q°) as test function in (6.15) and (2.22) we get

/ "A(@)D(y* — w)D(y* — w)" = (W — %, (y° — ) ) g0 mp 00)-
Since in view of (2.15) and of the third assertion of (2.19) one has

(w® =), (y° — ws)+>H*1(QE),Hé(QE) <0,
this implies that
y°(z) —w(z) <0 ae x€Q°.

We have proved that (6.18) (and therefore (6.17)) holds true.
Fourth step. Let us now prove that
(6.19) 25 —w® — 0 in H(Q) strongly.

Combined with (2.17) and (6.3), this will imply (6.5) (for a subsequence, as far as
the almost everywhere convergence is concerned).
Using y° — w® € H}(QF) as test function in (6.15) and (2.22) we get

| A@DEE — 0D — ) = (W = = 0 s o

Using the coercivity of the matrix A, this implies that

(620) {a”ys - wsH%Ié(QE) S <w€‘u6 - Msa ys - w6>H71(QE)7H(}(QE) S

< (| -1 ey + 16l m-100)) ly° — W 73 ()
which in view of (6.14), of the fourth assertion of (2.19) and of (2.13) implies that
v — wllmp ey = [12° — |y (o) is bounded. But 2z — w® is also bounded in
L>*(Q) in view of (6.3) and (2.15). Therefore (w® — 1)(2° — w®) is bounded in
HY(Q) N L>®(Q), and in view of (2.17)
(6.21) (w® —1)(2° —w®) =0 in H}(Q) weakly.
Writing

(W = 1%, y° — W) 100y, w0y = (WHE — 1%, 2% — W) r-1(0), HY(Q) =

= (p°, (w® = 1)(2° —w®)) g—1(), 11 ()
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and using the fact that ¢ tends to p in H~1(Q) strongly by the fourth assertion
of (2.19), we deduce (6.19) from the first line of (6.20).

Fifth step. At this point, we have proved the existence of a sequence z¢ which
satisfies (6.1), (6.2), (6.3), (6.5) and (6.6). Let us now prove that z¢ satisfies (6.4),
or more precisely (6.8) and (6.11) when v € V() satisfies (6.9).

Assertion (6.8) follows from the equality

o= (2" —uw)p +uyp,
and from the facts that when ¢ € H}(Q) N L>(Q), then both (2° — w®)p and w¢

belong to Hg(2F) N L>®(Q°) (see (6.2), (6. ) (2.14), (2.15) and (2.16)).
On the other hand, using (6.9), (6.15) and (6.10), we have in D’(QF)

—div'A(x)D(2%v) = —div(z 'A(z) Dv) — div(v'A(z) D7) =
= 2°(—div'A(z) Dv) — 'A(z)DvDz"+
(6.22) +o (~div'A(z)Dz7) — tA(z)szDv -
= 228@(—61“}91') +Z‘€f — 'A(z)DvD2z+
el
+vws (—div GF) — *A(z)D2z° Dv in D' (),

which completes the proof of (6.11). This proves (6.4), in particular since 2¢@; and
wv belong to HE(QF) N L>(QF), by (6.8), (2.16) and (2.14). O

6.2. Strong convergence of the sequence . in L'(Q)
In this Subsection we prove the following Proposition:

Proposition 6.4. Assume that the sequence of perforated set Q° is such that
(2.14), (2.15), (2.16), (2.17), (2.18) and (2.19) are satisfied. Then

(6.23) Xoe — 1 in LY(Q) strongly as € — 0.

O
From (6.23) one immediately deduces that for a subsequence, still denoted by &,
one has

(6.24) Xq- — lae inQase— 0.
Proof. In view of (2.20) one has

(6.25) WX, = w® a.e. in Q.

Since 0 < x,,. <1, one can extract a subsequence such that
(6.26) Xoe — 0 in L% () weakly-star as ¢ — 0,

so that using (2.17) and passing to the limit in (6.25), one has
=1,

which implies that (6.26) holds true with § = 1 for the whole sequence ¢.
It is then sufficient to write that

e = oy = [ Do =21 = (1= xa) > [(1=6) =00
Q Q Q

to deduce (6.23) for the whole sequence ¢. O
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Remark 6.5. Note that (6.24) implies that, for every subsequence ¢’ of ¢ and for
almost every zq € €, there exists eqg(xg) > 0 such that

XQE, (Zo) =1 VEI, e < 60($0),
or in other terms that
(6.27) 20 € QO Ve, & < eo(xo).
O

Remark 6.6. Assertion (6.27) implies that almost every zo € Q belongs to Q¢ for
¢’ sufficiently small (¢/ < gg(z0)), which formally means that “Q° is very close to
Q.

In contrast, note that if we consider the case of holes periodically distributed
at the vertices of a cubic lattice of size €; = 1/27, with j € N, namely the case
considered in the model example described in the Section 2 above, every point of
the form

; kv ke kn . )
¢ =kejy = <2]02J0 2J0> with k = (k1, ks, ,kn) € ZV and jo € N

is, for every j > jo, the center of some hole Tfj which is extremely small, since
its size is r®7 = C’osév/(N_Q) = Cp2IN/(N=2); therefore such a point CZ’jO does not

belong to QF for ¢; = 1/27 < 1/27°; note that these points are dense in 2, and
“tend to invade the whole of 2” as €; tends to zero. O

7. A PRIORI ESTIMATES FOR THE SOLUTIONS
TO THE SINGULAR SEMILINEAR PROBLEM IN )¢

In this Section we state a priori estimates which are satisfied by every solution
to (2.0°) in the sense of Definition 3.4.

Proposition 7.1. (A priori estimate of Gi(u) in H(QF))
(Proposition 5.1 of [10]) Assume that the matrix A and the function F' satisfy
(2.2), (2.3) and (2.4). Then for every u solution to problem (2.0°) in the sense of
Definition 3.4 one has

Cs lIn|

_ Lr(Q°)
(7.1) NGkl o) = 1PG(u) 220y < T vk >0,

where Cg is the (generalized) Sobolev’s constant defined by (2.9).

Remark 7.2. (Remark 5.2 of [10]) From Poincaré’s inequality

(7.2) 9% 200y < Cr()IDY" || (r2(aey~ Yy € Hy(QF),

where the constant Cp(€°) is bounded independently of Q° when Q° C Q, for Q
a bounded open set of RY, one deduces from (7.1), writing u® = Ty (u®) + G}, (u®),
that every solution u® to problem (2.0°) in the sense of Definition 3.4 satisfies the
following a priori estimate in L?(2F)

Cs 2l 2 (e

(7.3) [ 12 ey < E|QF|2 4 Cp(QF) T ) vk >0,
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which, taking k = kg for some k¢ fixed or minimizing in k provides an a priori
estimate of ||u®||12(qe) which does not depend on k. O

Proposition 7.3. (A priori estimate of DT, (u®) in (L?(Qf))N for
©° € HE(9Q°) N L*(QF)) (Proposition 5.4 of [10]) Assume that the matrix A and
the function F satisfy (2.2), (2.3) and (2.4). Then for every u® solution to problem
(2.0%) in the sense of Definition 3.4 one has

[ DT (u )||(L2 (@)~ =

_ 32k cz 1717 @
S A poo (e yy e [ D® H(Lz(Qs))N‘F*WHW 7o (229

Yk > 0, Vgt € HE(QF) N L),

(7.4)

where Cg is the (generalized) Sobolev’s constant defined by (2.9).
O

Remark 7.4. (Remark 5.5 of [10]) From the a priori estimate (7.4) one deduces
that every solution u® to problem (2.0°) in the sense of Definition 3.4 satisfies the
following a priori estimate of T}, (uf) in H(QF)

(7.5)
T gy = 1D T Py v <
64k> c2 |Ih ||Lr (Q°)
< (B 1A ey +28%) 1D ey + 255 o e
Yk > 0, V£ € HL(QF) N L&),

For § > 0, define the function Zs : s € [0, +oo[— Zs(s) € [0, +oc[ by

1 if0<s<s,
(7.6) Zs(s) = =342 if6<s<25,
0 if 26 < s.

Proposition 7.5. (Control of the quantity /F(z,uE)Z(;(ug)v when § is

Q
small) (Proposition 5.9 of [10]) Assume that the matrix A and the function F
satisfy (2.2), (2.3) and (2.4). Then for every u® solution to problem (2.0%) in the
sense of Definition 3.4 and for every v¢ such that

v® € V(0QF), v >0,
(7.7) with — div'A(x)Dv® = Z ©% (—div g?) + fe in D'(9F)
icle
where ¢ € H}(QF) N L®(QF), g5 € L2(Q)N, f= € L'(QF),
one has

Vo > 0, F(z,u®) Zs(u®) v®

7.8
e §3</ WngDcszrfE)éJrZ/Z(s g5 Du .

iele iele
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O
Note that the second term of the right-hand side of (7.8) has a meaning since
Duf @5 € (L*(Q°))N in view of (3.9).
A consequence of Proposition 7.5 is:

Proposition 7.6. (Proposition 5.12 of [10]) Assume that the matrix A and the
function F' satisfy (2.2), (2.3) and (2.4). Then for every u® solution to problem
(2.0°) in the sense of Definition 3.4 one has

(7.9) / Fla,uf)of =0 Yo© € V(QF),0° > 0,
{ur=0}

8. PROOF OF THE HOMOGENIZATION THEOREM 5.1

First step. In this step we state a priori estimates and we extract a subsequence
still denoted by e such that convergences (5.3), (5.4) and (5.5) of Theorem 5.1 hold
true for some u° which satisfies (5.6).

As already said in the Existence Theorem 3.6 of Subsection 3.2, there exists
at least one solution to problem (2.0°) in the sense of Definition 3.4. This solu-
tion in particular satisfies the a priori estimates (7.1), (7.3) and (7.5) stated in
Proposition 7.1 and in Remarks 7.2 and 7.4 above.

Since Q¢ C (2, since the generalized Sobolev’s constant C's which appears in (2.9)
does not depend on ¢ when N > 3, and is bounded independently of Q¢ when
N = 2since Q° C {2 (see the comment after (2.9)), and since the Poincaré’s constant
Cp(92°) which appears in (7.2) is bounded independently of ¢ since Qf C Q (see
the comment after (7.2)), the a priori estimates (7.1) and (7.3) imply that

~

(8.1) 1Gx ()3 (2) = Ge(u) 1y (0) < C(R),

(8.2) lullL2 @) = lullL2(0e) < C,

where the constants C'(k) and C' do not depend on ¢ for k& > 0 fixed.

Similarly, taking in (7.5) ¢° = 2°¢, with ¢ € HI(Q) N L>®(Q) and 2¢ de-
fined by Proposition 6.1, and observing that [|2°¢||pe -y and || D(20)l| L2y~
are bounded independently of €, one obtains that

(8.3) 1250 T (u) g () = 1270 Tk (W) [ 1y (02) < Ok 0),
where the constant C(k, ) does not depend on ¢ for k > 0 and ¢ € H (Q)NL>®(Q)
fixed.

Using the (generalized) Sobolev’s inequality (2.9) for Gy (u®), the fact that 2° is
bounded in H*(2) N L>®(Q), ¢ € H(2) N L>°(2) and (8.1), one obtains that
~ 1 1 1
(8.4) ||z5<ka(u€)||W01,q(Q) < C(k, ) where q is defined by p = o + 2
where 2* is defined by (2.7) and (2.8).
Collecting together (8.3) and (8.4) implies that

zegm:g = zﬂka({E) + zeka(%)



HOMOGENIZATION OF A STRONGLY SINGULAR PROBLEM 25

is bounded in Wy ?(£2), and therefore that
(8.5) 2£ou is compact in L9(Q) for every ¢ € HL(Q) N L=(Q).
On the other hand, let us write, for every ¢ € HJ () N L>()
(8.6) @11\5 = zggm,[g +(1- zs)w}/.
Since (1 — 2°) tends to zero in Lp/(Q) strongly for every p < +oo (see (6.3) and
(6.5)), since p € L>(£) and since u° is bounded in L?(Q2) (see (8.2)), one has
(8.7) (1- za)@@? — 0 in L(Q) strongly as € — 0.
From (8.5), (8.6) and (8.7) one concludes that
(8.8) gm/;g is compact in L1(Q) Ve € Hy(2) N L¥(Q).

In view of (8.2) and (8.8) one can extract a subsequence, still denoted by &, such
that there exists some u® € L?(€2) such that

—~

(8.9) u® — u” in L?(Q) weakly and a.e. in Q as € — 0.

This proves (5.3).
For the same subsequence, one has, in view of (8.9), (8.1), (6.5) and (8.3)

—~

(8.10) Gr(u®) — Gp(u®) in HL(Q) weakly Vk >0 ase — 0,

15 ,\g N 0\ : 1
(8.11) {Z Ty (u®) — T (u”) in Hy(S2) weakly

Vk >0, Vi € H}(Q) N L>®(Q), as € — 0.
This proves (5.4).

Moreover, since similarly to (8.3), one has, taking ¢® = wyp in (7.5),

~

(8.12) [Tk (u) | 3 (0) < Ok, ),

where the constant C(k, ) does not depend on ¢ for k > 0 and ¢ € H} (Q)NL>®(Q)
fixed, one also has

(8.13) {wak(us) — Ty (u®) in HY(Q) weakly

Vk >0, Vo € HY(Q) N L>®(Q), as € — 0.
This proves (5.5).

Note that since u® is nonnegative on (2, one has
(8.14) u’(z) >0 ae €.

On the other hand, since G (u®) € H}(Q) in view of (8.10) and since for every
¢ € D(R2) one has ¢Ty(u’) € H}(Q) in view of (8.11), the function u® satisfies
(8.15) u’ € HE (Q).

loc
As said in the introduction of this first step, we have extracted a subsequence
and defined an u® which satisfies (5.6) such that convergences (5.3), (5.4) and (5.5)
hold true.

Second step. We now consider any fixed v € V() with v > 0. In view of (6.4)
and of Remark 6.3, the function z°v belongs to V(Q°) with z°v > 0 and satisfies
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(6.11) when v satisfies (6.9). The use of v® = z°v in (5.2) is therefore licit and one
has

(8.16)
/Q () D) DGL() +
+; /Q ADESTL) + | DT () +

+ / (7 - @) DoD=" ~ A(@)DD0) Tl =

= (—div tA(x)D(zEv),Gk(u5)>H_1(Qs)’Hé(Qa) + ((—=div'A(z) D(20), Ty (uf))) e =
= / F(z,u®)zv.

From now on, v € V(2), v > 0, and k > 0 will be fixed.

In the present step and in the next one, we pass to the limit, as € tends to zero,
in the first term of the left-hand side of (8.16) and we prove that

/ LA(x)D(2°v) DG}, (uf) —

(8.17) ‘

S (—div ‘A(2) Do, G (1)) gr-1 a3 e + / Gr(u®) v dpt as £ — 0.
Q

For that we introduce, for k > 0 fixed and for every n > k, the function
Sk : RY — RT defined by

0 if0<s<k,
(8.18) Skm(s)=<s—k ifk<s<n,
n—k ifn<s.

Observe that one has

(8.19) Gr(s) = Spn(s) +Gn(s) Vs>0, Vn, n>k,

(8.20) Sk (s) = Tn_i(Gi(s)) Vs >0, Vn, n> k.

Using (8.19) we write the first term of the left-hand side of (8.16) as

/ UA() D) DG () =

(8.21)
= /E LA(x)D(2°v) DS (u®) +/ LA(x)D(2°v) DG, (u®).

e

We first pass to the limit in the first term of the right-hand side of (8.21) as ¢
tends to zero for n and k fixed, n > k > 0. For that we write, using (6.6) in the
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latest equality,

/ @) D) DSy (1) =

:/ tA(;v)DzED(Sk’n(uE)v)—/ 'A(x)Dz° Dv Sy, (uf) +
(822) {4 / YA(2) Do DS (1) 2° =

= (0 S0y g0y — [ A@)DE DS () +

+ / 'A(x)Dv DSk (u®) 2°.

—~

We now observe that in view of the convergence (8.10) of G (u®) to Gy (u°) in
H} () weakly and of formula (8.20), one has for n > k fixed,

(5.23) Skn(05) = T 1 (Gi (%)) = Tk (Gr(u®)) = Sg.n(u”)

. in H}(Q) weakly and in L>(Q) weakly-star as & — 0.

Therefore, using in the first term of the right-hand side of (8.22) the strong
convergence of p to p in H~(Q) (see the fourth assertion of (2.19) and the con-
vergence (2.17)), and then the equality (2.25), we have

<w€:u€7Sk,n(us)U>H*1(Qf),Hé(Q€) = <M5aSk,n(Us)vwsmfl(m),}zg(m) =
(8.24) { = (15 Skn(uF)0w) g-r() mi) =

= (u, Sk,n(uo)v>H*1(Q),H§(Q) = o Skn(u)vdu ase— 0.

For what concerns the second and the third terms of the right-hand side of (8.22),
we have, in view of (6.5) and (8.23),

(8.25) — / "A(2) D2 Dv Sp (1) = — / tA(2) D2 D Sj,n (uF) — 0 as € — 0,
c Q

/ tA(az)DvDSkm(ua)ze:/ tA(x)DvDSk,n(ag)zE%
€ Q

%/ 'A(z)DvDSy n(u”)  ase — 0.
Q

Collecting together (8.22), (8.24), (8.25) and (8.26), we have proved that the
first term of the right-hand side of (8.21) satisfies

(8.26)

/E tA(x)D(zsv)DSkyn(us) —

(8.27)
— / ‘A(z)DvD Sy n(u®) + [ Skn(u®)vdy ase— 0.
Q Q
Let us now pass to the limit in the right-hand side of (8.27) as n tends to infinity.
Since DSy, (u®) = DGk(UO)X{K“oq}a one has

Sk.n(u®) = Gr(u®) in H(Q) strongly as n — +o0,
and therefore

Sk (u®) — Gr(u®) in L'(;du) strongly as n — +oo.
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Therefore the right-hand side of (8.27) satisfies, as n tends to infinity, since
v € L>®(Q;dp) (see (2.26)),

/ tA( )DUDSkn / Sk:n )’Ud/L—)
Q
(8.28) —>/ tA(2) DvDGy(u / Gr(u vdu—
Q
= (—div'A(z)Dv, G (u° N H-1(9),HL(Q) —l—/ Gr(u)vdp as n — 4o0.
Q

Passing to the limit in (8.21) first as € tends to zero for n fixed and then for
n tending to infinity, and collecting together (8.27) and (8.28) will prove (8.17)
whenever we will have proved that the second term of the right-hand side of (8.21)
satisfies

(8.29) lim sup

£

— 0 as n — 400,

/5 'A(2)D(2°v) DG, (uf)

see the Third step just below.

Third step. In this step we prove (8.29). As just said, this will complete the proof
of (8.17). For that, we estimate the second term of the right-hand side of (8.21).
Since 2 is bounded in H!(Q) N L>(Q) (see (6.3) and (6.5)), one has

(8.30)
/ 'A(x)D(2°v) DG, (u°)
< Al (oo ())x < [ D(z70) [ 22 (0~ [[ DG (u) | (p2(02)) v <

<

< Al ze@ynen (12 @I Dellzacays + I0lzo(@) 127 2 g )
DG (u®)](L2(eyy <

C(v)||DGn(uE)||(L2(Qa))N VE, V’I’L,

where C(v) is a constant which depends on v but neither on € nor on n.
We now estimate ||DG,,(u®)||(r2())~ in a way which is more precise than the
a priori estimate (7.1). For that we use the (energy) equality (5.4) of [10], namely

/6 A(z) DG, (u¥) DGy (uf) = / F(z,u®)Gn(u®),

which is formally obtained by using G, (u®) as test function in (2.0¢). Using in this
inequality the coercivity (2.2) of the matrix A and the growth condition (2.4) on
the function F gives, since T is increasing and since G, (s) =0 for s < n,

DG Ny < [ FCuted) < [ 560 = [ 56

Passing to the limit in e for n fixed thanks to (8.10) gives

(8.31) limasup ||DGn(uE)H(2L2(QE))N <w(n) ¥Yn>0,
where w(n) is defined by
1 [ h(z)
20,y & 0
(8.32) w*(n) = - /Q () Gn(u”) Vn>O0.
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Since T is increasing and since for s > 0 fixed G, (s) is nonincreasing in n, one
has, for n > ny,

9, v 1 h(x) 1 h(z)
win) = E/Q I(n) G"(uo)x{uozn} <3 / (nO)G (uo)x{u%n} vn, n 2 no.

Since the measure of the set {z € Q : u®(z) > n} tends to zero as n tends to
infinity (recall that u® € L2(f2)), and since h(x)Gp,(u®) € L'(2), one deduces,
fixing ng, that

(8.33) w?(n) = 0 as n — +o00.

Collecting together (8.30), (8.31), (8.32) and (8.33) proves that the second term
of the right-hand side of (8.21) satisfies

/E 'A(x)D(2°v) DG, (1)

lim sup < C(v)w(n) — 0, as n — +o0.

€

ie. (8.29).

Fourth step. In this step we pass to the limit, as ¢ tends to zero, in the second,
third and fourth terms of the left-hand side of (8.16) and we prove that

> [ apGem) + [ G Dwiin) +

(8.34) fl/i (zef — '"A(z)DvDz* — tA(.’E)DZED’U) Tr(u®) —

— ((—=div'A(z)Dv, T, (W®))a + [ Tu(w®)vdu ase— 0,

2

where in the last line we used the notation (3.3) of Definition 3.2.
For the second term of the left-hand side of (8.16), we have, in view of (8.11)
and since ¢; € Hg () N L>(),

(8.35)

GiD(2° ;T (u%)) :/ D (2° <plTk ) — / G:D(p:Ti(u®)) as e — 0.
Qe Q

Similarly, using the strong convergence of G¢ to G in (L%(Q))Y (see (6.10)),
(8.13) and the fact that v € HZ(2) N L>(Q), we have, for the third term of the
left-hand side of (8.16),

(8.36)

G*D(wvTy(u /GE vak —>/GD vTi(u®)) ase — 0.

QE

Moreover, in view of (6.10) and of (2.25) we have, since vTy(u’) € H}(Q) N L>® ()
because of (8.11),

/ GD ’UTk <—diU G,ka(u0)>H71(Q)’Hé(Q) =

(8.37)
= (1, 0T3(u”)) -1 (0,3 () = /QTk(UO)Ud/L-

Finally, in view of (6.5) and (8.9), and using the fact that Tk( €)Dv converges
to Ty (u®)Dv in (L?(Q))" strongly by Lebesgue’s dominated convergence theorem,
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we have, for the fourth term of the left-hand side of (8.16),
(8.38)

/ (+f - "A@)DoD=* — "A@@)DDv) Ti(w") =

:/ (zsf— 'A(x)DvDz* — tA(x)DzEDv) Tk({;) — / fTi(u®) ase— 0.
Q Q

Collecting together (8.35), (8.36), (8.37) and (8.38) we have proved that the
second, third and fourth terms of the left-hand side of (8.16) satisfy

Z/Egz < @sz )) + GED(wgka(uE))+

iel Qe

(8.39) Jr/QE (zgj?f 'A(x)DvDz* — tA(I)DZEDU) Tk (u®) —
5 D(p: T (u° u) v fTy (u®) as :
%EZI/ngD(%m D+ [ B vt [ T as e =0

But in view of the notation (3.3) of Definition 3.2, one has
(8.40) > / G:D (T (u / FT(u®) = ((=div*A(z) Dv, T, (u®))) .
1€l <

From (8.39) and (8.40) one deduces (8.34).

Fifth step. At this point, see (8.17) and (8.34), we passed to the limit in the
left-hand side of (8.16). In the sixth, seventh and eighth steps, we will pass to the
limit in the right-hand side of (8.16).

Before of that, we prove in the present step that

(8.41) / F(z,u’)v < 400 Vv € V(),v >0,
Q

or in other terms that assertion (5.7 ¢) holds true.
Since the left-hand side of (8.16) converges as € tends to zero, the right-hand
side of (8.16) satisfies

(8.42) / F(z,u%)z*v < C(v) Yo eV(),v>0, Ve,

the constant C'(v) < 400 does not depend on e. Using the extension by zero defined
n (2.12), (8.42) is equivalent to

(8.43) / F(z,u®)z"v < C(v) Ve.
Q
We claim that
(8.44) F(x,uf) = F(z,u’) ae 2€Q ase—0.

Indeed, in view of (6.27), we know that, for every subsequence &’ of € and for almost
every xo € {2, there exists £o(xg) such that z¢ belongs to Q' for every £/ < g (z0).
This implies that

F(xo,us (20)) = F(xo,us (20)) Ve, &' < eolao).

Since

—~

F(xo,u (20)) — F(xo,u’(x0)) a.e. 29 € N
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in view of the convergence (8.9) and of the Carathéodory hypothesis (2.3), this
implies (8.44).

Results (8.43) and (8.44) combined with (6.5), the fact that F(z,u®)zfv > 0,
and finally Fatou’s Lemma immediately imply (8.41).

Sixth step. From now on, we introduce a new parameter § > 0 and we write the
right-hand side of (8.16) as

(8.45) F(x,u®)zv = / F(z,u®) Zs(u®) z2°v + F(x,u®) (1 — Zs(u®)) 2°v,
Qe c Q=
where Z5 is the function defined by (7.6).

In the present step we prove that the first term of the right-hand side of (8.45)
satisfies

(8.46) lim Sup/ F(z,u®) Zs(u®)zv - 0 as § — 0.

€

For that we use estimate (7.8) of Proposition 7.5 above with v = 2°v for any
v € V(Q), v > 0; this choice is licit in view of (6.4). In view of (6.11), the estimate
reads as

Vo > 0, / F(z,u®) Zs(u®) z°v < I§ + II5,

where
3 o
(8.47) 15 = 3 (/5 Zgz'D(z i) + G*D(wv) +
iel
+2°f — YA(x)DvD2" — tA(x)DzEDv’) s,

1= [ Zg D ot [ 260 6D
ier V9 :

Since z° and w® are bounded in H(Q2)N L>(Q) (see (6.5) and (2.17)), and since
$; and v belong to H} () N L>(Q), since f € LY(Q) (see (6.9)) and since G¢ is
bounded in (L2(Q2))Y (see (6.10)), we have, as far as I§ is concerned,

3
(8.48) limsup I§ < 505,
€
where the constant C' does not depend neither on ¢ nor on §, and therefore we have
(8.49) limsupI§ — 0 asd — 0.
g
For what concerns II§, we write for the first term
Duf 2°¢; = (DT (u®) + DGy (u®))2°¢; =
= D(2°¢;Ti(u®)) — Ti(u®)D(2°¢@;) + DG (u) 2°¢p; in D'(Q°).
Since 2°¢; Ty (u®) and Gy (u®) belong to H}(QF) (see (5.1) and (6.4)), we have in
view of (2.13)
Duf 264; = DNE S =
(8.50) wEmm AL Evi T ) -~
= D(z°¢;iTi(u®)) — Tx(u®)D(2°¢;) + DGy (u®)2%¢; in D'(Q).
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Since each term of the right-hand side of (8.50) is zero on 2\ Q°, and even if

Zs(u¥) =0 in Q\Q° while Zs(uf)=11inQ\QF,
we have

(8.51)
Z5(u)gi DU (2% 1) = Zs(u)gu D 25, =
= Z5(Zt\g)g} (D(zego,»Tk(u ) — Tk(u )D(254;) + DGi(u )z apl> in D'(Q).
Therefore, in view of (8.9), (8.10), (8.11) and (6.5), we have
V§ > 0 fixed,
| 2s(w) i D =i

(8.52) / Z(;( ) gi (D(Z ‘PlTk( %)) _Tk(ag)D(Z éi) + DGi(u )z (pz) —

5 / Zs(u®) G: (D(BTr (1)) — Th(u®) Dg; + DG(u0)p;) =

/ s(u®) gi Du® p; ase — 0.
Q

A proof which is very similar to the proof of (8.52) implies that for the second
term of II§5 we have

V§ > 0 fixed,

8.53
(8:53) / Zs(u®) G°Duf wv — / Zs(u?)G°Du’v  ase — 0.
c Q

Let us now pass to the limit in the right-hand side of (8.52) as ¢ tends to zero.
Since

Z5(8) = X{ueoy (8), Vs >0,
() implies that
Du’ =0 ae. in {zx € Q:u°(x) =0},

and since u® € H!

loc

we have
(8.54) /QZ(;(uO)gl- Dulp; — /QX*““:"}‘@ Dul ;=0 asd — 0.
The same proof implies that for the right-hand side of (8.53) we have
(8.55) / Zs(u®) G°Du’v — 0 as § — 0.
Q

Collecting together the definition (8.47) of II§ and the results obtained in (8.52),
(8.54), (8.53) and (8.55) proves that

(8.56) limII§ -0 asd— 0.
€
Finally, collecting together (8.47), (8.49) and (8.56) proves (8.46).

Seventh step. In this step we prove that

(8.57) / Fla,u®)v =0,
QN{u®=0}
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Since by the definition (2.12), one has F/’(;c\,_u?) =0on Q\ Q°, and even if

—~

Zs(uf) =0 in Q\Q° while Zs(u®)=1in Q\ Q°,

we have

(8.58) F(o,u%) Zs(uf) = F(a,0%) Zy(uF) in ©,
from which we deduce that

(8.59)

~

Vo >0, / F(z,u®) Zs(u®) z°v = / F(x,u®) Zs(u®) 250 <
QN {u0=0} Qe {ud=0}

§/ F(z,u®) Zs(u®) z%v.
Since in view of (8.9) we have
Z5(%) — Zs(u®) =1 ae. in {z € Q:u’(z) =0} as e — 0,
we have, in view of (8.44) and (6.5)

~
&€

(8.60)  F(x,u)Zs(uf)zv — F(z,u’)v ae. in {x € Q:u’(z) =0} as e — 0.

Using Fatou’s Lemma in the left-hand side of (8.60) we obtain
(8.61)

Vo > 0, / F(x,u’)v < liminf F(z,u®) Zs(u®) z5v <
QN{u®=0} € QN{u®=0}

< limsup/ F(x,u®) Zs(u®) z°v,

€

which letting ¢ tend to zero and using (8.46) implies (8.57).
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Eight step. In this step we prove that the second term of the right-hand side of

(8.45) satisfies

(8.62) lim [ F(z,u®)(1 = Zs(u®)) 250 — / F(z,u")vas§ — 0.
€ Jas Q
Indeed, similarly to the results obtained in the seventh step, we have
(8.63) Flo,u)(1— Zs(uf)) = Fla,u®)(1 — Zs(uF)) in €,
as well as
(8.64) F(z,u®)(1— Z(;(%))zgv — F(z,u®)(1 = Zs(u®))v a.e. in Q.

On the other hand, we have
1- Zg(&z) =0ae in{re: 1?5(;6) <4},

while in view of the conditions (2.4 ) and (2.4 i) on the functions F(z,s) and

I'(s), we have

o o Ma) _ () 2
0< F(z,u®) < F(fﬁ) < (o) a.e. in {z € Q:u(x) >0}

Together with 0 < Zs(s) < 1 and (6.3), this implies that

(8.65) 0< F(x,u®)(1— Z5(;g))zav < ?g;v a.e. in €,
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where h(z)v € L1(Q2) in view of condition (2.4 7).
From (8.63), (8.64), (8.65) and Lebesgue’s dominated convergence theorem we
deduce that

(8.66)
V5 >0, /Q F(z,u)(1 — Zs(u®)) v = / Fz,u®) (1 — Zs(wF)) 250 —

— /QF(x,uo) (1—Zs(u®))v as e — 0.

Since
Zs(u®) — X(w0_oy &€ inflasd—0,

applying again Lebesgue’s dominated convergence theorem and (8.57) implies that

/QF(x,uO)(l — Zs(u®)v — | F(z,u’)(1 - X(u0gy) V= / F(z,u’)v as § — 0.

Q Q
This proves (8.62).

Ninth (and last) step. Collecting together (8.16), (8.17), (8.34), (8.45), (8.46)
and (8.62), we have proved that u® satisfies (5.7 ii). We also have proved in (8.41)
that u® satisfies (5.7 14).

Since we have proved in the first step that the subsequence that we have extracted
satisfies the convergences (5.3), (5.4) and (5.5), and that u° satisfies (5.6), the proof
of Theorem 5.1 is complete. Il

Acknowledgments. The authors would like to thank Gianni Dal Maso and Luc
Tartar for their friendly help, and Lucio Boccardo, Juan Casado-Diaz and Luigi
Orsina for having introduced them to singular semilinear problems. They also
would like to thank their own institutions (Dipartimento di Scienze di Base e Ap-
plicate per I'Ingegneria, Facolta di Ingegneria Civile e Industriale, Sapienza Univer-
sita di Roma, Departamento de Matematica Aplicada y Estadistica, Universidad
Politécnica de Cartagena, and Laboratoire Jacques-Louis Lions, Université Pierre et
Marie Curie Paris VI et CNRS) for providing the support to reciprocal visits which
allowed them to perform the present work. The work of Pedro J. Martinez-Aparicio
has been partially supported by the grant MTM2015-68210-P of the Spanish Min-
isterio de Economia y Competitividad (MINECO-FEDER), the FQM-116 grant
of the Junta de Andalucia and the grant Programa de Apoyo a la Investigacién
de la Fundacién Séneca-Agencia de Ciencia y Tecnologia de la Regiéon de Murcia
19461 /PI/14.

REFERENCES

[1] L. Boccardo and J. Casado-Diaz, Some properties of solutions of some semilinear elliptic
singular problems and applications to the G-convergence. Asymptot. Anal. 86 (2104), 1-15.

[2] L. Boccardo and L. Orsina, Semilinear elliptic equations with singular nonlinearities. Calc.
Var. Partial Differential Equations 37 (2010), 363-380.

[3] D. Cioranescu and F. Murat, Un terme étrange venu d’ailleurs, I et II. In Nonlinear partial
differential equations and their applications, Collége de France Seminar, Vol. II and Vol.
111, ed. by H. Brezis and J.-L. Lions. Research Notes in Math. 60 and 70, Pitman, London
(1982), 98-138 and 154-178. English translation: D. Cioranescu and F. Murat, A strange
term coming from nowhere. In Topics in mathematical modeling of composite materials,
ed. by A. Cherkaev and R.V. Kohn. Progress in Nonlinear Differential Equations and their
Applications 31, Birkhauger, Boston (1997), 44-93.



HOMOGENIZATION OF A STRONGLY SINGULAR PROBLEM 35

[4] M.G. Crandall, P.H. Rabinowitz and L. Tartar, On a Dirichlet problem with a singular
nonlinearity. Comm. Partial Differential Equations 2 (1977), 193-222.

[5] G. Dal Maso and A. Garroni, New results on the asymptotic behaviour of Dirichlet problems
in perforated domains. Math. Mod. Math. Appl. Sci. 3 (1994), 373-407.

[6] G. Dal Maso and F. Murat, Asymptotic behaviour and correctors for Dirichlet problems in
perforated domains with homogeneous monotone operators. Ann. Scuola Norm. Sup. Pisa
24 (1997), 239-290.

[7] G. Dal Maso and F. Murat, Asymptotic behaviour and correctors for linear Dirichlet prob-
lems with simultaneously varying operators and domains. Ann. Inst. H. Poincaré Anal. non
linéaire 21 (2004), 445-486.

[8] P. Donato and D. Giachetti, Ezistence and homogenization for a singular problem through
rough surfaces. STAM J. Math. Anal., 48 (2016), 4047-4086.

[9] D. Giachetti, P.J. Martinez-Aparicio and F. Murat, A semilinear elliptic equation with a
mald singularity at uw = 0: existence and homogenization. J. Math. Pures Appl. 107 (2017),
41-77.

[10] D. Giachetti, P.J. Martinez-Aparicio and F. Murat, Definition, ezistence, stability and
uniqueness of the solution to a semilinear elliptic problem with a strong singularity at
u = 0. Ann. Sc. Norm. Sup. Pisa (2017), in press.

[11] D. Giachetti, P.J. Martinez-Aparicio and F. Murat, Advances in the study of singular semi-
linear elliptic problems. In Trends in differential equations and applications, ed. by F. Or-
tegén Gallego, M.V. Redondo Neble and J.R. Rodriguez Galvan. SEMA-SIMAI Springer
Series 8, Springer International Publishing Switzerland, (2016), 221-241.

[12] D. Giachetti, P.J. Martinez-Aparicio and F. Murat, Remarks on the definition of the solution
to a semilinear elliptic problem with a strong singularity at u = 0. To appear.

[13] D. Giachetti, B. Vernescu and M.A. Vivaldi, Asymptotic analysis of singular problems in
perforated cylinders. Differential Integral Equations 29 (2016), 531-562.

[14] A.C. Lazer and P.J. McKenna, On a singular nonlinear elliptic boundary-value problem.
Proc. Amer. Math. Soc. 111 (1991), 721-730.

[15] V.A. Marcenko and E.Ja. Hruslov, Boundary value problems in domains with fine-grained
boundary. (In Russian.) Naukova Dumka, Kiev (1974).

[16] F. Oliva and F. Petitta, Finite and infinite energy solutions of singular elliptic problems:
Ezistence and uniqueness. Submitted.

[17] C.A. Stuart, Ezistence and approzimation of solutions of non-linear elliptic equations.
Math. Z. 147 (1976), 53-63.

DANIELA GIACHETTI
DIPARTIMENTO DI SCIENZE DI BASE E APPLICATE PER L'INGEGNERIA
FACOLTA DI INGEGNERIA CIVILE E INDUSTRIALE, SAPIENZA UNIVERSITA DI ROMA
VIA SCARPA 16, 00161 Roma, ITALY

E-mail address: daniela.giachetti@sbai.uniromal.it

PEDRO J. MARTINEZ- APARICIO
DEPARTAMENTO DE MATEMATICA APLICADA Y ESTADISTICA
UNIVERSIDAD POLITECNICA DE CARTAGENA
PASEO ALFONSO XIIT 52, 30202 CARTAGENA (MURCIA), SPAIN
E-mail address: pedroj.martinez@upct.es

FRANGOIS MURAT

LABORATOIRE JACQUES-LOUIS LIONS

UNIVERSITE PIERRE ET MARIE CURIE ET CNRS

BoiTE COURRIER 187, 75252 PARIS CEDEX 05, FRANCE
E-mail address: murat@ann. jussieu.fr



