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Abstract. The aim of this work is to establish a Perron type theorem for some non-
densely defined partial functional differential equations with infinite delay. More
specifically, we show that if the nonlinear delayed part is “small” (in a sense to be
made precise below), then the asymptotic behavior of solutions can be described in
terms of the dynamic of the unperturbed linear part of the equation.
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1 Introduction

The aim of this work is to study the asymptotic behavior of solutions for the following partial
functional differential equation

4
dt
Xo=¢ € B,

(t) = Ax (t) + L(x;) + f(t,x;) fort >0, (1.1)

where A is a linear operator on a Banach space X satisfying the well-known Hille-Yosida
condition, the domain is not necessarily dense, namely, we suppose that:

(HO) There exist My > 1 and w € R such that (w, o) C p(A) and

IR(A, A)"| < (A_MSU) forn € Nand A > w, (1.2)

where p(A) is the resolvent set of A and R(A, A) = (Al — A)~! for A € p(A).

L is a bounded linear operator from B to X, where B is a normed linear space of functions
mapping (—oo,0] into X satisfying the fundamental axioms introduced by Hale and Kato in
[14]. For every t € R, the history function x; is defined by

x¢(0) = x(t+6) forf <O0.
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(H1) The nonlinearity f : RT x B — X is continuous such that

L) <q(t)lolls for (t¢) € 0,00) x5, (1.3)

where g : [0,00) — [0,00) is a continuous function.

(H2) The function g in (1.3) satisfies

t+1
/t g(s)ds —0 whent— oo. (1.4)

The conditions (1.3) and (1.4) means that the nonlinearity f(t,x;) in equation (1.1) is “small”
as t — oo. As a consequence, the solutions of equation (1.1) are expected to have similar
asymptotic properties as the solutions of the following unperturbed equation

dt

ix (t) = Ax (t) + L(x¢) fort>0,
Xo=¢ €B.

The so-called Perron’s theorem for the asymptotic behavior of solutions of differential equa-
tions have been the subject of many studies, see [7,22-25]. For ordinary differential equations,
we refer the reader to the books [8,9,11,16]. Let us recall Perron’s theorem for ordinary
differential equations, which is presented in a form given by Coppel [9].

Theorem. [9] Consider the following ordinary differential equation
Lty = Bx () +g(Lx(t) fort>0
a\V = g = (1.5)
x(O) =x € C",

where B is an n x n constant complex matrix and g : [0,00) x C" — C" is a continuous function such
that
lg(t,z)| <y (t)|z| fort>0andzeC",

where 7y : [0,00) — [0, c0) is a continuous function satisfying
t+1
/ ¥(s)ds = 0 ast — oco.
t

If x(+) is a solution of equation (1.5), then either
x(t) =0 foralllarge t,
or |
tim 980 _ gy,
t—ro0 t

where Ay is one of the eigenvalues of the matrix B.

Recently in [4, 5], the authors showed that the asymptotic exponential behavior of the
solutions of the linear nonautonomous differential equation

—x(t) = B(t)x () fort >0, (1.6)
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in C", persists under sufficiently small nonlinear perturbations. More precisely, they showed
that if all Lyapunov exponents of equation (1.6) are limits, then the same can be said about
the solutions of the following perturbed nonlinear system

Zx () = BW)x (1) + fltx(1) fort 0.

In [24], the author proved a Perron theorem for equation (1.1), when A = 0, the delay is
finite and the space X is finite dimensional. In [21], the authors treated the case when X is
infinite dimensional and the delay is infinite. They assumed that A is densely defined in X and
satisfies the Hille-Yosida condition (HO), which is equivalent, by the Hille-Yosida theorem, to
A being the infinitesimal generator of a strongly continuous semigroup on X. They assumed
that this semigroup is compact and they used the variation of constants formula established
in [18] for some specific phase space.

In this work, we are interested in studying the asymptotic behavior of solutions of equation
(1.1) when A is not necessarily densely defined and for a general class of phase spaces B. We
use the variation of constants formula established in [3]. Since the nonlinear part of equation
(1.1) is assumed to be “small” in some sense ((1.3) and (1.4)), we describe the asymptotic be-
havior of solutions in terms of the growth bound of the semigroup solution of the unperturbed
linear system (Theorem 5.1). This result is then refined in the form of a Perron type theorem
where the asymptotic behavior of solutions is compared to the essential growth bound of the
semigroup solution of the unperturbed linear system. Unlike in [21,24], we do not need to
assume any kind of compactness (see Remark 5.4). A condition of compactness is, however,
needed in order to describe the asymptotic behavior of solutions in terms of the parameters
of the system (Corollary 5.8).

This work is organized as follows. In Section 2, we state the fundamental axioms on B that
will be used in this work, and we recall some spectral properties of the semigroup solution of
equation (1.1) with f = 0. In Section 3, we recall the variation of constants formula established
in [3] and we give the spectral decomposition of the phase space which plays an important
role in the whole of this work. Section 4 is devoted to study the asymptotic behavior of so-
lutions of equation (1.1) with respect to the invariant subspaces corresponding to the spectral
decomposition. In Section 5, we describe the asymptotic behavior of solutions in terms of the
growth bound and the essential growth bound of the semigroup solution of the unperturbed
linear system. An example of a Lotka—Volterra model with diffusion is given to illustrate our
studies.

2 Phase space, integral solutions and spectral analysis

The choice of the phase space B plays an important role in the qualitative analysis of partial
functional differential equations with infinite delay. In fact, the choice of B affects some
properties of solutions. In this work, we employ an axiomatic definition of the phase space
B which has been introduced at first by Hale and Kato [14]. We assume that (B, ||-||z) is a
normed space of functions mapping (—oo,0] into a Banach space (X, |-|) and satisfying the
following fundamental axioms.

(A) There exist a positive constant N and functions K, K: [0,00) — [0, 00), with K continuous
and K locally bounded, such that if a function x : (—co,a] — X is continuous on [c, a]
with x, € B, for some ¢ < a, then for all t € [, a]:
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(1) x; € B;
(ii) t — x; is continuous with respect to |||z on [o, a];
(ii)) N |x (£)| < [lxell5 < K (t =) sup |x(s)] + K (t =) |xe]|5-

o<s<t

(B) B is a Banach space.

(O) If (¢n),>o is a Cauchy sequence in B which converges compactly to a function ¢, then
¢ € Band ||p, — ¢||z — 0as n — co.

As a consequence of Axiom (A), we deduce the following result.

Lemma 2.1 ([19]). Let Coo ((—o0,0], X) be the space of continuous functions mapping (—oo,0] into
X with compact supports. Then Cog ((—o0,0], X) C B. In addition, for a < 0, we have

19lls < K(—a) sup 9 (0)],

for any ¢ € Cop ((—o0,0], X) with the support included in [a,0].

In the sequel, we assume that the operator A satisfies the Hille-Yosida condition (HO).
Consider the following Cauchy problem

d
{dtx (t) = Ax (t) + L(x1) + f(t) fort>0 2.1)

=¢cB.

Definition 2.2 ([3]). Let ¢ € B. A function x : R — X is called an integral solution of equation
(2.1) on R if the following conditions hold

(i) x is continuous on [0, c0),
(ii) xo = ¢,
(ii)/o x(s)ds € D(A) for t >0,

(iv) x (t) —|—A/ ds+/ (xs) + f(s)]ds for t > 0.

If x is an integral solution of equation (2.1), then from the continuity of x, we have x (t) €
D(A), for all t > 0. In particular, ¢ (0) € D(A). Let us introduce the part Ay of the operator
Ain D(A) defined by

D(Ap) :={x € D(A): Ax € D(A)},
Apx := Ax for x € D(Ay).

Lemma 2.3 ([26]). Assume that (HO) holds. Then Ay generates a strongly continuous semigroup
(To(t))i= on D(A).
For the existence of integral solutions, one has the following result:

Theorem 2.4 ([6,26]). Assume that (HO) holds. Then, for all ¢ € B such that ¢ (0) € D(A), equation
(2.1) has a unique integral solution x on R. Moreover, x is given by

{x(t) = To(t) (0) + lim Ot To(t — 8)By [L(xs) + f(s)]ds fort >0,
xXo = ¢,

where By := AR(A, A) for A > w.
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In the sequel of this work, for simplicity, integral solutions are called solutions. A solution
of equation (2.1) is denoted by x(-, ¢, L, f). The phase space B4 of equation (2.1) is given by

Ba:={¢pecB: ¢0)ecDA)}.
For each t > 0, V(¢) is the bounded linear operator defined on B4 by

V(t)(P = Xt(', (P/ L/ 0)/
where x(-, ¢, L,0) is the solution of the homogeneous equation
{;tx (t) = Ax (t) + L(x;) fort >0,
X0 = ¢.
We have the following result:

Proposition 2.5 ([2, Proposition 2]). Assume that (HO) holds. Then (V (t)):>o is a strongly contin-
uous semigroup on B4. Moreover, (V (t));>¢ satisfies the following translation property

V(t+6)p(0) fort+6>0,

(V<t>¢>(9):{¢(t+9) fort+6 <0.

Let Ay denote the infinitesimal generator of the semigroup (V(¢))i>0 on Ba.

For a bounded subset B of a Banach space Y, the Kuratowski measure of noncompactness
« (B) is defined by

a(B) :=inf{d > 0: there exist finitely many sets of diameter at most 4 which cover B} .
Moreover, for a bounded linear operator K on Y, we define « (K) by
a(K):=inf{k >0: a(K(B)) <ka(B) for any bounded set BofY}.

Definition 2.6 ([12]). Let C be a densely defined operator on a Banach space Y. Let o (C)
denote the spectrum of the operator C. The essential spectrum of C denoted by 0, (C) is the
set of A € 0 (C) such that one of the following conditions holds:

(i) Im (AI —C) is not closed,
(ii) the generalized eigenspace M, (C) := Ug>1 Ker (AI —C )¥ is of infinite dimension,
(iii) A is a limit point of o (C) \ {A}.
The essential radius of C is defined by
Tess (C) =sup {|A| : A € 0uss (C) } .
Let (R (t));>q be a Co-semigroup on a Banach space Y and A its infinitesimal generator.
Definition 2.7 ([12]). The growth bound wy (R) of the Cp-semigroup (R (t)), is defined by

wp (R) := inf{w €R: supe “'|R(t)| < oo} .

t>0
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Definition 2.8 ([19]). The essential growth bound wess (R) of the Co-semigroup (R (t)),s is
defined by

wess (R) 1= lim 8% (R(D) _;(loga (R (1) (2.2)

t—o0 t>0

The relation between 7,5 (R (f)) and wess(R) is given by the following formula
ress (R (1)) = el“=(R). (2.3)

From the spectral mapping inclusion e/%(Ar) C s (R (t)) and the formula (2.3), one can see
that

Ouss (AR) C {A € 7 (AR) : ReA < wess(R)} .

This means that if A € 0 (Ag) and ReA > w,s(R), then A does not belong to ess (ARr).
Therefore A is an isolated eigenvalue of Ag.
The spectral bound s (Ag) of the infinitesimal generator Ay is defined by

s(Ag) :=sup{ReA: A co(AR)}.
Recall the following formula

wo (R) = max {w,ss(R),s (Ar)}-

3 Variation of constants formula and spectral decomposition of the
phase space 54

We introduce the following sequence of linear operators ®" mapping X into B, defined for
n>wandy e X by

(n0+1)B,y for —1 <6<,
0 forf < -1

(0"y) (0) = {

where B, is the bounded operator defined for sufficiently large n by B, := nR (n, A). For
y € X, the function ®"y belongs to Cop ((—00,0], X) with the support included in [—1,0]. By
Lemma 2.1, we deduce that ®"y € B and

l©"ylls < NK(1) ly|, (3.1)

where N := sup |B,|. In addition we have for each y € X
n>w

(®@"y) (0) = Byy =nR(n,A)y € D(A).

It follows that @"y € Ba.
Now we give the variation of constants formula for equation (2.1) established in [3].

Theorem 3.1 ([3]). Assume that (HO) holds. Then, for all ¢ € By, the solution x(-, ¢, L, f) of equation
(2.1) satisfies the following variation of constants formula

x¢e(-,¢,L, f) =V (t) ¢+ lim tV(t—s)@”f(s)ds fort > 0. (3.2)

n—oo Jo
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The spectral decomposition of the phase space provides a powerful tool to analyze the
asymptotic behavior of solutions. We know that each A € ¢ (Ay) with ReA > w, (V) is an
isolated eigenvalue of the operator Ay. Let p > wess (V') be such that

c(Ay)N([IR+p) =Q.

Consider the set
X, ={Aeoc(Ay) :ReA > p}. (3.3)

From [12, Corollary 2.11, Chapter IV and Theorem 3.1, Chapter V], the set %, is finite and we
have the following decomposition of the phase space B4

where U, and S, are closed subspaces of B4 which are invariant under (V (¢)),o. The sub-

space U, is finite-dimensional. For every sufficiently small ¢ > 0, there exists C; > 0 such
that

{uvwng < Cl =9 lglly fort>0 and g € 5, 65)

IV (1) 9lls < Ceel®* 9]l for t <0 and ¢ € U,.
In what follows, V' () and V* (t) denote the restrictions of V (t) on U, and S, respectively.
1% and TT% denote the projections on U, and S, respectively. (VU (1), cRr 18 a group of
operators. Let €, > 0 be such that o (Ay)N{A €C:p—¢y <ReAd <p+¢,} =@. Put
p1:=p—¢ and pr:=p+ep. (3.6)
We deduce from (3.5) that there exists a constant C, > 0 such that for each t > 0
[v9 )] < Gt ana v (1) < e

We introduce the new norm defined on B4 by

Ve (—t) T ¢

‘ + sup e
B >0

|V (1) 1%

|$|g :=supe " ‘ ‘
t>0 B

Lemma 3.2 ([10,21,24]). The two norms ||-||z and |-|g are equivalent, namely, for all ¢ € B, we
have

19lls < I¢ls < C2ll¢lls (3.7)

where Cy := C, (||11%|| + ||T1%||). In addition, for all ¢ € Ba

s

9ls = [11%¢

5
The corresponding operator norms |V (t)| and |Vt (—t)| satisfy

)VSP (t)‘ <M and ‘Vuf’ (—t)‘ <e ' fort>0. (3.9)
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4 Asymptotic behavior of the solutions in the invariant subspaces

In this section, we give the lemmas that will be used for the proof of our main results. First,
we give sufficient conditions which insure the existence of global solutions for equation (1.1).

Theorem 4.1. Assume that (HO) and (H1) hold. Let ¢ € Ba. If the nonlinearity f : Rt x B — X
is locally Lipschitz with respect to the second argument, then equation (1.1) has a unique solution x
which is defined on R.

Proof. Since the nonlinearity f is locally Lipschitz with respect to the second argument, then
using the same argument as in [13, Theorem 3.4], one can prove that there exists a maximal in-
terval of existence (—oo, by) and a unique solution x(-, ¢) of equation (1.1) defined on (—oo, by)
and either by = oo or limsup, by |x(t,¢)| = oo. Now using the fact that the nonlinearity f

satisfies (1.3), we deduce using the same approach as in [13, Corollary 3.5] that by = co.  [J

Theorem 4.2. Assume that (HO) and (H1) hold. Let ¢ € By. If the Co—semigroup (To(t)),s is
compact, then equation (1.1) has at least a solution x which is defined on R.

Proof. As in [1, Theorem 17], the proof uses the Schauder fixed point theorem to prove the
existence of at least a solution defined on a maximal interval of existence (—oo, by). It follows
again as in Theorem 4.1 that by = . O

Remark 4.3. Unlike in Theorem 4.1, the global solution provided by Theorem 4.2 is not nec-
essarily unique.

For the rest of this work, we assume the global existence of a solution x of equation (1.1).
The following lemma is essential for the rest of the paper.

Lemma 4.4. Suppose that (H0)-(H2) hold. Let x be a solution of equation (1.1). Then for any e > 0,
there exists a constant C (&) > 1 such that
- t
[x¢]| 5 < C (e) el FE(E=0) exp <NK(1) C (s)/ q(s) ds> |xollg for0<o <t (41)

In particular, there exists a constant Cq > 0 such that for m € N and m <t < m + 1, we have

1
I lxmi1llg < l|xell g < Callxmll5 - (4.2)

Proof. Using the variation of constants formula (3.2), we have for 0 < o <t

xt =V (t—0)x,+ lim tV(t —5)@"f (s, x;) ds. (4.3)

n—oo Jg

Let ¢ > 0. Then, there exists C (¢) > 1 such that
|V (£)]| < C () et for ¢ > 0. (4.4)
It follows from (3.1), (4.3) and (4.4) that

ot
lxel[ g < |V (£ =)l HxaHBvL,}ggo/g IV (E=3s)[0"f (s, x5) || g ds

» t
< C (&) elrIH) x|+ NK (1) C (&) [ elr 14909 £ 5, )| ds

~ t
< C (e) eV ||xy || 5 + NK (1) C (e) / eloVITIE=9)g (5) || x5 | 5 ds.

(o



Perron’s theorem for nondensely defined partial functional differential equations 9

It follows that
_ ¢
VT ] 5 < C(e) e VO x5+ NK (1) C (e) [ e V108 x| (5) s,

Gronwall’s lemma implies that for 0 < o < ¢

" t
e @MF || x| o < C (€) e @0V |1, || g exp <NI<(1) C (e)/ q (s)ds) :

Therefore we get the inequality (4.1). Now let m € IN and m <t < m 4 1. By taking e = 1 and
o =min (4.1), we get

_ t
sl < COEAIIE i gexp (NK (1) C 1) [ q(5)ds )

m
< Culxmlls-

where C; := C(1) max {1, e(«o(V)+1) }eﬁK(l)C(l)Q and Q := sup,,, f::“ g (s) ds which is finite
by (1.4). Similarly, we get
[%mr1lls < Cillxells - -

Remark 4.5. By (4.2) and (3.7), we can see that form € Nand m <t <m+1

1
63 lXmy1lp < 1%l < Calxm|g, (4.5)

where C3 := C1Cs.

For the rest of this section, we suppose that (H0)-(H2) hold and we fix a real number p
such that p > wess (V) and 0 (Ay) N (IR + p) = @. Recall that U, and S, are the subspaces in
the decomposition of the phase space B4 given by (3.4). Let x be a solution of equation (1.1).
Define for m € IN

U (m) = ‘Huf’xm

5 x5 (m) = ‘Hspxm‘g (4.6)

and
- m+1
G (m) := NK (1) C;C2 max {1, ¢, ¢} / q(s)ds, 47)

where p; and p; are the real numbers defined by (3.6).

Lemma 4.6. The following estimations hold
% (m+1) < e1x* (m) +7 (m) (x5 (m) + 21 (m)), (48)

and
M (m+1) > er2xt (m) — G (m) (xs (m) + x4 (m)) . (4.9)

Proof. Using the variation of constants formula (3.2), we obtain for each m € IN

m+-1
X1 =V (1) xp + lim V(im+1—s)0"f (s,xs)ds. (4.10)

n—o0 iy
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By projecting the formula (4.10) onto the subspace S, and using (3.9), (3.7), (3.1), (1.3) and
(4.2), we have

m+1
‘Hsﬂxmﬂ)g < ‘Vsﬁ(l)HSPx ’ + lim ’VSP m-+1—s)I1%O" f (s, x;)

n—00

ds
B

m+1
< et [TT%x,, —|— lim g1 (m+1-5)
n—oo Sy,

I15%@" f (s, x;)

ds
B

+
< e [+ Jim [T oGy [ 0 (5,3 s

n—o0 Jpy

- m+1
< ef1 [T1%x,, —|—NK(1)C§max{1,ePl}/ If (s,x5)|ds
< ef1 [T1%x,, +NK(1)C2 max {1, epl}/ s) ||xs|| 5 ds

m+1
< e |19x, |+ NK (1) CEmax {1,e} C meHB/ g (s) ds

< et [, |+ NK (1) CiCEmax {1, epl}/ (5) ds xul g

Using (3.8) and the above inequality, we conclude that (4.8) holds.
Now from (3.9), we have for ¢ € U,

Vi (1)) = e [¢ls-

By projecting the formula (4.10) onto the subspace U, using (3.9), (3.7), (3.1), (1.3), (4.2) and
(3.8), we deduce that

m+-1
‘Huﬂme’B = ‘Vuﬂ(l) <Hprm + lim / VU (m —s) TIH@" f (s, x5) ds)

n—c0 Jiy

B
m+1
1% x,, + lim VU (m —s) TI9H@" f (s, x;) ds

n—00 Ji

> o2

B
m+1
Huﬂxm)B —ef? lim ‘Vuﬂ —8) TT%@"f (s, xs)

n—oo

> e

ds
B

m+1

> eP2xY (m) — ef? lim ef2(m=s)
n—o Jiy,

Huﬂ®”f (s, xs)

ds
B

m+1
> ef2U (m) — e lim eP2(m=s)c, HHUP

n—co Ji,

|©"f (s, %5) || g ds

. m+1
> ef2xt (m) — NK (1) e max {1,e 2} / C3|f (s,x5)|ds

> ef2xY (m) — NK (1) e”2C3 max {1, e 92}/ s) C1 || xm|| g ds
> e#2xU (m) — NK (1) C;C2 max {e®, 1}/ ds( (m) + 25 (m))
Therefore, we get the estimation (4.9). O

In what follows, we assume that the solution x is nontrivial, that is, ||x||z > 0 for £ > 0.
We have the following lemma.

Lemma 4.7. Either
xl (m)
lim =
m—s00 xS (m)

4.11)
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or S
lim X (m)

Jm Sy = 0. (4.12)

Proof. The proof follows the same approach as in [21,24]. From (3.7), one can see that |x¢| 53 > 0
for t > 0. Suppose that (4.11) fails, then there exists g > 0 such that
xt (m)
x5 (m)

> €,

for infinitely many m. Next we will show that (4.12) must hold. From (1.4) and (4.7) we can
see that
lim g (m) = 0. (4.13)

m—00

By (4.13), there exists m; > 0 such that for m > m,

_1+€0~

ef? g(m)>0
€0

and (1) Tm) 1

el +(1+e¢p)g(m
— < —. 4.14
goe2 — (1+e0)g(m) e ( )

Since (4.11) fails then there exists m, > m; such that

xH (my) > gox’® (my) .
Next we will show that for all m > mj
Xt (m) > eox5 (m). (4.15)
Suppose by induction that this inequality holds for some m > mj. Then it follows from (4.8)
that

u
xS(m+1) geplxg(m)—l—ﬁ(m)x
0 €0

= (£ + T 1 ) ) st )

€0 €0

Now from (4.9) we have

x (m+1) = et (m) — g(m)

_ <ep2 _qlm) q(m)> U (m). (4.16)

It follows that

0 €o
e g(m
<€+q<> <m> L
0 €0 e — g (m) — q
e +G(m) +eoff (m)

= egeP? —eog (m) — g(m) (m+1).

x> (m+1) < (egpl—kﬁ(m)n%i(m)) xH(m)
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Now from (4.14), we deduce that
Uim41) > eox® (m+1).

Thus by induction, the inequality (4.15) holds for all m > m5. From (4.8) and (4.16), we deduce
that for m > m»
xS(m+1) _ e (m) + r7< > (x5 (m) + < )
xU(m+1) — (epz _ )) xU(m
€0

3/\

et +q( ) xS (
<€P2 —q(m)— EO ) xU (m) (epz —§(m) — 57(8,:)).

It follows by (4.13) that
xS(m) _ e x5 (m)

lim su < —limsup ——=%.
o XU (m) = e P 2 ()

JCS (m)
0102 14 <
(1 e ) lim sup U( )

That is

But since p; < pp and limsu xfl(m) > 0, we deduce that lim su M = 0. Therefore
p1<p Pin—sco xT(m) Pin—oo XU ()

S
lim x{m) = 0.
m—oo xu (m)
This ends the proof of Lemma 4.7. O
The proof of Theorem 5.3 is based on the following principal lemma.

Lemma 4.8. Either

1
lim sup log |lxlls <p (4.17)
t—o00 t
or
hmmfk)g||txtHB > . (4.18)

Proof. By Lemma 4.7, we have to discuss two cases:

Case 1. Assume that (4.11) holds. Then we have x! (m) < x° (m) for all large integers m,
where x! (m) and x° (m) are given by (4.6). Let ¢ be a positive real number. Then by (4.13),
there exists a large positive integer m, such that for m > m,,

G(m)<e and xY(m) < x®(m). (4.19)
Using (4.8) and (4.19) we have x° (m + 1) < (ef' + 2¢) x° (m) for m > me. It follows that
x5 (m) < (P +2¢)" " x5 (mg) = K (e +2¢)"

where K, := (ef! 4 2¢)" " x° (m;) > 0. For t > m,, we have [t] > m,, where [] is the floor
function. Since [t] < t < [t] 4+ 1, it follows from (3.7), (3.8), (4.5) and (4.19) that

Jells < Ixels < Ca |y |, < 2Cax°([1)) < 2CaKe (e +2¢)'.
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Hence,

log |xtlls _ log(2CsKe) | [f]

el 01
. < . tlog (e + 2¢) .

By taking t — co we get

1
lim sup OgHtxtHB <log (e +2¢).

t—o0

Now by taking ¢ — 0, we obtain that

1
lim sup Og’thHB <log (ef) = p1 < p,

t—o0

that is, (4.17) holds.
Case 2. Suppose that (4.12) holds. Note that x° (m) < x" (m) for all large integers m. Let ¢
such that 0 < & < %2 By (4.13), there exists a large positive integer m, such that for m > m,

G(m)<e and x°(m) < x4 (m). (4.20)
Using (4.9) and (4.20) we have xY (m + 1) > (ef> — 2¢) xY (m) for m > m,, which implies that

XU (m) > (efr — 2¢)" ™ xH (me) = Ke (ef2 —2¢)™,

where K, := (ef2 — 2¢) "™ xY (m;) > 0. For t > m,, we have [t] +1 > m,. Since [t] <t < [t] +1,
it follows from (3.7), (4.5) that

el - 41 C (1) | Ke (e — 29"
C — GG — CCs - CCs '

%ells >

Hence,

K,
log ||x¢|| 5 log <c2c3> [t]+1
> 02 _ .
; 7 + 7 log (e 2¢)

By taking t — oo we get

lim inflog‘thHB > log (e — 2¢).

t—o0

Now by taking ¢ — 0, we obtain that

1
liminf 208 1Xtlls xills
t—o0 t

that is, (4.18) holds. This completes the proof. ]

> log (e?) = p2 > p,

5 Perron’s theorem for equation (1.1)

Let x be a solution of equation (1.1). If there exists fo > 0 such that ||x || 3 = O, then it follows
from Lemma 4.4 that x; = 0 for all t > ty. Thus, in what follows, we will only consider the
case where ||x||z > 0 for all t > 0.

The following result describes the asymptotic behavior of solutions of equation (1.1) in
terms of the growth bound of the semigroup solution (V (t)),, of the unperturbed linear
equation, which is natural given the smallness of the nonlinear term.
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Theorem 5.1. Suppose that (H0)—(H2) hold. Let x be a solution of equation (1.1) such that || x|z > 0
for t > 0. Then we have

lim sup IOgHtxtHB <wp (V).

t—o0

Proof. Let € > 0, from Lemma 4.4, we deduce that for t > 0

1 1
om?mgg<%awfnudw>+wﬂvy+&+NK( SYLICLC
Using (1.4) we can see that fo ® 5 0ast— 0. By taking t — oo in (5.1), we obtain
1
lim sup log ||xlls <wp (V) +e. (5.2)
t—oo t
Now by letting ¢ — 0 in (5.2) we obtain the desired estimation. O

Corollary 5.2. If wy (V) < 0, then the equilibrium point 0 is globally asymptotically stable.

Now we give the Perron’s theorem for equation (1.1) which constitutes a refinement of
Theorem 5.1.

Theorem 5.3. Suppose that (H0)-(H2) hold. Let x be a solution of equation (1.1) such that ||x;||z > 0
for t > 0. Then either

1
lim sup log x| < Wess (V) (5.3)
t—rc0 t
or
1
lim Og”txt”B = Re Ag > wess (V), (5.4)

where A is an eigenvalue of the operator Ay.

Proof. We will show that if (5.3) fails, then (5.4) must hold. Suppose that

1
lim sup M > Wess (V).
t—00 t
It follows from Theorem 5.1 that
Wo (V) > Wess (V).

Therefore

wo (V) =max {s (Ay) ,wess (V)} =5 (Ay).

It follows that A := {A € 0 (Ay) : Re A > wess (V)} # @. We claim that there exist Ag € A
such that

lim sup
t—o00

log [lls _
t .

In fact, if lim sup, _, M =p & {ReA: A e A}, withp > wess (V), then the condition (4.17)
in Lemma 4.8 fails. Hence we must have

lim inf M >
t—yo0
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However this implies that

p = limsup
t—rco

log s+ o108 [l
t T t—oo

which is a contradiction. Therefore, there exist Aj € A such that

lim sup lOgHtxtHB = Re Ay.

t—o0

Since Re Ay > wess (V), then there exists pg ¢ {ReA : A € A} such that Re Ay > pg > wWess (V).
That is

i sup 128151

t—o0

=ReAg > 00- (5.5)

By applying Lemma 4.8 to pg using (5.5), we obtain
lim inf log x| > 00 > Wess (V)
oo f 00 ess .

We claim that

log [|x¢ |5 log ||x¢| 5
—e e 25 11%tlB

= liminf

lim sup
t—roc0

t—o00

In fact if limsup,_, % > liminf; oo %, then there exists p; ¢ {ReA: A € A} with
P1 > Wess (V) such that

1
lim sup log x| > 01 (5.6)
t—o0 t
and
. clog x|
ll{gglff < p1. (5.7)

By applying Lemma 4.8 to p; using (5.6) , we obtain

lim inflOgHtxtHB > 01,

t—o0

which contradicts (5.7). Therefore, we have

lim IOg HtxtHB

1 1
t = limsup M = liminngHtxt”B = Re Ap.
—00

f— 00 t t—o0

That is (5.4) holds. 0

Remark 5.4. Unlike in [24], where the author assumed that dim(X) < oo and in [21] where
the authors assumed that the semigroup generated by A is compact, we do not assume any
kind of compactness in Theorem 5.3. Thus, the asymptotic behavior of solutions is described
in terms of the essential growth bound of the semigroup solution of the unperturbed linear
system. That is why the approach we adopted in the proof of Theorem 5.3 differs from the
one in [21,24].
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Consider the following operators defined for each ¢ € B4 by

(Va (1) 9) (6) = {T°(t+9)¢(0) for t 40 >0

p(t+80) fort+60 <0
and
t+6
Ve (6) {Alggo [ T+ 0- 9B L9 LO)]ds forttoz0
0 fort+60 <0.

We have the following decomposition of the semigroup solution (V' (t)),.r
V()=Vo(t)+ V. (t) fort>0.

Consider the following hypothesis:

(H3) The operator Ty (t) is compact for each t > 0.

Lemma 5.5 ([6]). Suppose that (HO) and (H3) hold. Then the operator V. (t) is compact for each
t>0.

Lemma 5.6 ([6]). Suppose that (H0) and (H3) hold. Then there exists a constant C > 0 such that
a (Vo (t)) <CK(t—1) fort>1,
where K (-) is the function related to the phase space B in Axiom (A).

From Lemma 5.5, Lemma 5.6 and the definition of the essential growth bound (2.2), we obtain
the following result:

Proposition 5.7. Suppose that (H0) and (H3) hold. Then the essential growth bound of the semigroup
solution (V (t)), satisfies the following estimate
. log K (t
Wess (V) = wess (Vo) < K := liminf Ogt(). (5.9)

t—oco

It is clear that the constant K depends only on the phase space B. The following result is a
direct consequence of Theorem 5.3 and Proposition 5.7.

Corollary 5.8. Suppose that (H0)-(H3) hold. Let x be a solution of equation (1.1) such that ||x;||z > 0
for t > 0. Then, we have

1 ~
lim sup M <K (5.10)
t—o0 t
or |
im 08 1%ls _poro s 7 (5.11)
t—o00 t

where Ay is an eigenvalue of the operator Ay.

Remark 5.9. The main result in [21] can be retrieved from Corollary 5.8 if we assume that
D(A) = X and B = C, (see Section 6 for the definition of the space C,). The corresponding
result in [24] can be deduced directly from Theorem 5.3 if the delay is finite, A = 0 and
dim(X) < co. In fact, in this case, the operator solution V() becomes compact for sufficiently
large times t [15,27]. Thus from the definition of the essential growth bound, we get w,ss (V) =
—o0. It follows from Theorem 5.3 that some solutions x may satisfy limsup, . bg”%”“ =
Those are called small solutions, they tend to zero faster than any exponential as t — co. For

more details about this kind of solutions, see [17] and [15, page 74].

—0Q.,



Perron’s theorem for nondensely defined partial functional differential equations 17

6 Application

Let us consider the n-dimensional Lotka—Volterra equation with diffusion

’av Za 0 X) + Y B0 o2 (1) + c(x)o(t, %)
k(X a a X / k axk ’ '

k=1

+ hi(0)v(t+6,x)d6
[om o

+/ ho(t,0,0(t+6,x))d0 for x € Qand t >0,

v(t,x) =0 forx€dQandt >0,
v(0,x) = v9(0,x) forx € Qand § <0,

where Q is a C2-bounded domain in R", aj = agj, by, ¢ are continuous functions in Q, hy €
C((—00,0]), hy € C([0,00) x (—00,0] X R), vg € C ((—00,0],Q) and the uniform ellipticity
condition:
Z aje(x)ZiCk > n|¢|* forx € Qand ¢ € R,
k=1
holds with a constant 77 > 0.
It is known (see [20]) that the operator

Au = Z a]k a Zau n ibk()aau_i_c()u,
k=1 Yo%k 3 Yk
ueD(A {ueﬂwfof :uAueC()anO}
p>1

satisfies the Hille-Yosida condition (H0) on X := C(Q)) and
D(A)={ue X :ulpno =0} #X.

Lemma 6.1 ([20]). The semigroup (To (t)),= generated by the part of A in D(A) is compact for each
t > 0.

That is (H3) holds. Consider the phase space C, defined by

_ {qbeC((—oo,O],X): lim |¢ (6 )ye'rezo},

60— —o0

equipped with the following norm

Il = sup @ (8)] ™ forp € C,,
0<0

where 7 is a real number. From [19, Theorem 3.7], the phase space C, satisfies Axioms (A),
(B) and (C). The function K in Axiom (A) is given by K (t) = ¢~ !, thus K = —y. We assume
in addition the following:

(M1) limg_, o e"%0y(6, x) = 0 uniformly for x € Q and v, (0, x) = 0 for x € IY;

0
(M2) / e 1111(0)| d6 < oo
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(M3) fort>0,0 <0Oand y € R
|ha(,0,y)| < p(t)c(0)]yl,

where p : [0,00) — [0,00) is a bounded continuous function such that

t+1
/ p(s)ds -0 ast— oo
t

and ¢ : (—o0,0] — [0, 00) is a measurable function such that

0
/ e 9c(0)do < co.

—00

In order to rewrite equation (6.1) in an abstract form, we introduce the following notation. For
t>0,0<0andxcQ

u(t)(x) =o(t,x) and ¢(0)(x) =vo(0,x).

Forg € C,,t>0and x € QO

0 0
L)) = [ m@p@)(x)d0 and f(t,@)(x)i= [ ha(t,0,9(6)(x)) de.

Then equation (6.1) takes the following form

{;tu (t) = Au(t) + L(u) + f(t,us) fort>0 62)

Uy = @.

(M1) implies that ¢ € C, and ¢(0) € D(A). From (M2) and (M3), we can see that L : C, = X
is a bounded operator and the function f : [0,00) x C, — X satisfies (H1) and (H2) with
q(t) = ([ Sm e~"%c(0) d0) p(t). Theorem 4.2 assures the existence of at least one global solution
u of equation (6.2). By Corollary 5.8, we conclude that the global solutions have three possible
asymptotic behaviors.

Proposition 6.2. Either u; = 0 for t > t( for some ty > 0,

lim sup M < -7,
t—o00 t

or
i 108 [
t—o0

=ReAp > -,

where Ag is an eigenvalue of the infinitesimal generator of the semigroup solution of the linear part of
equation (6.2).

Remark 6.3. We note that since Re Ag > —, then using the same approach as in [3, Lemma 2.13],
there exists w € D(A)\{0} solving the following characteristic equation

Aow — Aw — L(eAO‘w) =0,

where ¢!0w is the element of C,, defined for all < 0 by (e’w) (0) = eMPw.
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