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ABSTRACT

It’s known that the set of idempotents of the semigroup, plays an important role for
the structure of this semigroup. Specidly, in the regular semigroups, an important
role plays presence of the medial idempotent and norma medial idempotent.
Blyth,T. Sand R. B. McFadden have studied and constructed the regular semigroups
which contain a normal media idempotent in terms of idempotent-generated regular
semigroups with a normal medial idempotent and inverse semigroups with an
identity. M.Loganathan has described the construction of the regular semigroups
which contain a medial idempotent. In this paper we will study further properties of
medial idempotents on abundant semigroups. We will apply also the construction
theory of abundant semigroups with a media idempotent to quasi-adequate
semigroups and will make a description of structure of those subsemigroups.

Keywords. abundant semigroup, quasi-adequate semigroup, adequate semigroup,
medial idempotent, normal medial idempotent.
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BASIC DEFINITIONS AND PROPERTIES

On asemigroup S, the elementsa and b arerelated by [1* ("1*) if and only if they

are related by Green’s relation [1"(7] ) in some oversemigroup of S. EFQallali in[1]
has shown that:

all The (V(z,y) € S' xS, za = ya < xb = yb) (1)
all The (V(z,y) € S' xS, ax = ay < bz = by) 2
fromwhichit follows: If ec E(S), then

all Te & ea=a A (V(z,y) € S' xS, za = ya = 7e = ye) (3)

all Te < ae=a A (V(r,y) €S' x5, ar = ay = ex = ey) 4
Definition 1: The semigroup Siscaled abundant if and only if we have:
VacS, RRNES)=¢ AL NES)=¢

Definition 2: The abundant semigroup S iscalled quas — adequateif and only if
E(S) issubsemigroup of S .

Definition 3: The quas — adequate semigroup S is called adequate if and only if
E(S) iscommutative.

We can see from the definition, that [1* and [1* are respectively |eft congruence and
right congruenceonthe S . It isalso that in every semigroup (1 C [0*and [ C

11" but when the elements a and b are regular we will have: all [T'b< all ['b
and all'b < all*b. Furthermore, if S isregular semigroup, then ] =" and [

="

Letbe S an abundant semigroup andlet e € R' N E(S), f € L N E(S). From
(3)and (4) iteasy toseethat a = ea = af = eaf (5). From[2] we have this
Lemma
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Lemma 1: A semigroup S isadequateif and only if each [1* — classand each [1*-

class contain a unique idempotent and the subsemigroup < E(S) > = E(S) is
regular.

We shall denoteby o™ and " the unique idempotent respectively of the classes
R’ and L' forsome a € S, where S isadequate. So {a"} = R’ N E(S) and

{a’} = L' N E(S). Fromthis definition for the elements " and a", we have
immediately a = a“a = aa” = a"aa”, furthermorefor @ € S and e € E(S)

wehavealso (ea)” =ea" and (ae)” = a’e.

Definition 4: Anidempotent u of theregular or abundant semigroup S iscaled

medial if Vz € E(S), rur = = and amedial idempotent u is called normal if the

band u Ewu iscommutative.

Proposition 1: If S isan abundant semigroup with amedial idempotent u, then we
have:

(VzeS, ec RENE, fe Ll NE), 2= euzr = zuf = euzuf

It followsfrom (5): z =ex =eue-x = eu-ex = eur,
r=uxaf =x- fuf = xf - uf = zuf ,sofrom x = euxr and z = zuf wehave
x = euzuf . In[3] we have proved this proposition:

Proposition 2: If S isregular semigroup that contains amedial idempotent u, then
uS Su, and uSu are orthodox semigroups such that:

E(us = uE = uE, E(Su) = Eu=Eu, E(uSu) = u Eu=uEu

andforany xXI E, wehave xux’ =xx’ and x’ux =x’x and in similar way we can
see dso:

Proposition 3: If S isan abundant semigroup with amedial idempotent uthen u S
, Su and

u S'u are quasi-adequate semigroups. Therefore
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E(uS) = uE = uE, E(Su) = Eu = Eu, E(uSu) = wBu = uBu
In [3] we have proved the following lemma:

Lemma 2: 1. Let e, el Eu, al u Eu. If eRe’in Eu and ueXa = a, then ue’xa =aq,
ea=e’a
.let £ T uE, bl u Eu.If f£F in u E and bxfu =b, then bxfu=b,
bf = bf’

THE REGULAR SEMIGROUPSWITH A MEDIAL IDEMPOTENT

In this section we will prove that every regular semigroup S with a media
idempotent u, can be described in terms of the subsemigroup generated by

idempotents of S, E(S), and of the subsemigroup uSu. We will see that the
subsemigroup USU is orthodox semigroup with identity.

Let E bean idempotent-generated regular semigroup with a media idempotent u.
Let S bean orthodox semigroup with identity whose band of idempotents

E(S) @uEu.

From this isomorphism we will identify the structures of E(S) and u Eu, so u
becomes the identity of the semigroup S.

Redly, if e istheidentity of S, then e’=¢, so el E(S). Andsince u isidentity
of uEuU @E(S), it followsthat u becomes the identity of E(S).

Sowehave: eu=ue=u (e isidentity of S, i.e. e isasoidentity of E(S))
eu=ue=e (u isidentity of uEu, i.e u isaso identity of E(S))
Hence we have:

u=e.LetEu/R={Re:eI Eu}and uE/E[z{Lf:fl uE

} 01 7 respectively the set of R - classesin Eu and thesetof £ - classesin UE.
In [3] we have proved:
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Proposition 4: For any el Eu, UR.=R e ={ gl uEu: gRue in uEu}
and forany f| UE, L ,u=Ly={h uEu:
hZfu in uEu}.

In [3] we have seen also that the set:
W={(R_.xL,)Il Eu/R x Sx uE/L :
itexists X | V(x), ue=xx and fu=xx},

where el Eu and fl u E, withthe binary operation defined as follows:

R.xL )R wyL) = (Ra,xhy, Ly ) ew

where a, bl E(S) suchthat aR xthy Lb inS, isregular semigroup with medial

idempotent. Now, if Sisan regular smigroup with amedial idempotent medial u
and E = E(S) isthe set of idempotents of S, then we have demonstrate (in
Proposition 2) that uSu is orthodox subsemigroup with identity u and E(uSu) =

u E u = uEu. So, we can consider the semi group W= W( E(S),uSu) described
above. Findly, our goal isto show that this semigroup S, can described in terms of
E(S) and uSu, sowewill prove:

Theorem 1: If S isanregular semigroup, containing an media idempotent medial
u then S~ W=W E(S),uSu), wherethefunction: 8: S - W= W
E(S),usu) such that X0 = (Ry, UXU, Lyy) isan isomorphismof S toW
and Xe V(x) nuSu

Proof: Let be x*, X’eV(X) N uSu such that: x8 = (Ry, uxu, Ly) and x8 = (R,
uxu, Lyw). Then xx” = (xx”’x)x’ = (xx””)(xx” ) and xx’” = (xx’x)x”” = (xx” )(xx’”)
where xx’, xx’€ E(S). But, x’,x’e usu i.e. X¥’u=x"and x’u=x"’, hence xx’ =

xx’u € E(S)u. So, xR xx” in E(S)u and equally we have x’x £ X"X in u
E(S), that means Ry = Ry» and Lyy = Ly, and sowehave (R, uxu, Lyy) =

(R, uxu, Ly+). Thisshowsthat 6 iswell defined. We se also that, for any x €S
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V(X)) NuSu# F . Indeed, since S isregular semigroup, each element xS has at

least aninverse x’€V(x). On the other hand, we see that: x >ux’u »x = xx’x =x and

ux’u > 2ux’u=ux’xx’u=ux’u. So,theeement ux’u < uSu isaso aninverse of
X, hence ux’ue V(x) andwehave uxXue V(x)Nnuu i.e. V(X)nuSu # F .

Lets show now, that " X1 S, (Rye, uxu, L) T W(E(S),uSu) . Sincex’ €V(x)
(N uSu, we have x’ =uyu for some yT S. But, when uyu isaninverseof x, we
have:

UXU-UYU-UXU = UXU-X"-UXU = UXX’XU = UXU and
Uyu-UXU-UyU = Uyu-X-uyu = X’Xx” =X’ = uyu
so, uyu €V(uxu) or uyu= (uxu)’ therefore:

UXX” = UX - Uyu = UxXu - uyu = (uxu)(uxu)’ and X’Xu = Uyu-Xu = Uyu - UXu =
(uxu)’ (uxu)

showing that (R, uxu, Lyy) € W(E(S),uSu) ={ (R, uxu,Ly) € E(S)WR x uSu
x u E(S)/L where (uxu)(uxu)’ =ue and (uxu)’(uxu) =fu}, for every element x

€S

Let proved now that q isinjective. If x,yl S suchthat xq = yq . Then:
xq=yg P (R,,uxuylL.,)=(R,,uyu,L,.) P R,.=R, , uxu=uyu, L. =L,

and, from x’, y’T uSu itfollows ux’u=ux’ =x’u=x" and uy’u=uy’ =y'u=
Yy,
then: y’xy” = (y’u)x(uy’) =y’ (uxu)y” = y"(uyu)y” =y’yy” =y’. So,
R, =R, P xRy P x< =yy’t forsometi E(S) u, hence
XX’X=yy'tx P x=yy'tx P yx=yytx P yx=ytx
Now: x=yy'tx=yy’x b xy’ = yy’X(x;’)D Xy'=yy'PoXy'y=yy'y=y so xy’y=y
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On the other hand, from

L, =L, itfollows x’x £y’y in UE(S) so y’y =IX’x (6)

for some 11 u@ fromwhich it follows y’yx’=Ix’xx or Ix’ =y’yx’ (7)

Now, we see:  uyy’yu = uyu = uxu

or (uyu)y’(uyu) =uxu b (uxu)y’(uxu) =uxu /-xX’

P xXuxy’xux’ =x’uxux’ P xX’xy’xx’ =x’xx> P xX’xy’xx’ =x> [/ -Xx
P xxX’xy’xx’x =xx’x P xy’x=x (8)

Thus, from (5), (6), (7) and (8) we have:

y=xy'y = x(y’y) = x(Ixx) = x(Ix* )x = x(y"yx" )x = x(y"u)y(ux” )x = xy’ (uyu)x’x
= XY'UXUX'X = XY’ XXX =XY’X =X

that showsthat q isinjective.

Let benow (R,,uxu,L,)T W(E(S),uSu) and y=exf 1 S. We can provethat

yq = (R,,uxu,L,).Since yq = (exf)q =(R(m)(@d).,uexfu,L(e)d).(m)), we
must prove that:

uexfu = uxu, R(ad)(@(f), =R, L(exf)'(exf) =L,
Since fu = (uxu)’(uxu) P uxufu=uxu P uxfu=uxu and

ue = (uxu)(uxu)’ P ue-uxu=uxu B uexu=uxu [where (uxu)’eV(uxu)] we

have: uexfu = ( ueu)xfu = ue(uxfu) = ue(uxu) = uexu = uxu.
So, uexfu = uxu that means the middle component is the same.

Now, (R,,uxt,L )T W and (R o)ty XU, Liogyeq)) T W, means that there

are inverses (uxu)’, (uxu)”1 V(uxu) such that ue = (uxu)(uxu)’ and u(exf)(exf)’ =

(uxu)(uxu)” moreover (uxu)(uxu)’' 7 (uxu)(uxu)” in E(S)u or ue B

u(exf)(exf) or eZ(exf)exf) in E(S) u and therefore R )eqy = R. in
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E(S) u (dually we can show that L ¢y = Ly in U E(S)). We have shown:

(&XF)a = (R ey  UEXFU, L igg ey ) = (Reuxu,Ly), that means q is surjective.
Now remains to show that ( is a homomorphism. Let x, y| S and we will have:
0 A = (Rigyoyy s WU L)) - and

Xq yq = (RXX.,UXU, Lx‘x) (Ryy"uyu! I-y'y) = (Rxx‘a’uxuxlxyy'uyu’l‘by‘y) =
(Rxx'a'uxyu! Lby'y)

where aZuxyulb in uSu and a,b are idempotents in uSu. So, the middle
component for (xy)q and xqy(q isthe same. But, (R(Xy)(xy),,uxyu, L(xy),(xy)) €
W and (R,.,,uxyu, Lby.y) € W , means there are (uxyu)’, (uxyu)”’eV(uxyu) such

that u(xy)(xy)’ = (uxyu)(uxyu)’ and

uxx’a = (uxyu)(uxyu)”’ moreover (uxyu)(uxyu)’ 72 (uxyu)(uxyu)” or u(xy)(xy)’' 2

uxx’a from which we have: xx”- u(xy)(xy)’ 2 xx’- uxx’a or (xy)(xy)’7Zxx’a

because 7 is left congruence and xx’€ E(S) u, therefore R, ., =R, and

(dually) L L

0y 0y) — Sby'y -

Sowe have (xy)q =xqQy(Q.

Finally we have prove: S =~ W=W/( E(S),uSu) m

THE CONSTRUCTION OF QUASI-ADEQUATE SEMIGROUPS WITH NORMAL MEDIAL
IDEMPOTENTS

In this section we will describe the construction of quasi-adequate semigroups with
normal medial idempotents in terms of the band E with a normal medial
idempotent u and of adequate semigroup S with the semilattice of idempotents

E° =uEu. Let be R and £ the Green’s relations on E. Then we have:
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Lemma 3: If S is an abundant semigroup with a normal medial idempotent u,
then

(1) S is a quasi-adequate semigroup if and only if u is a middle unit element
(2) S isan adequate semigroup if and only if u is a unit element

Proof:

(1) If u isamiddle unit of S, then forall xin E we have X* = XX = XuX = X
that means S is quasi-adequate semigroup. Now suppose that S is quasi-
adequate semigroup. Then E is a band and from [4], © is congruence on E,

moreover the ® — classes on E are rectangular bands, that means e ® eue © ueu
forall e in E oruefu® ef® ueu ufu forall e f in E. Now, since uis a normal
medial idempotent in E, from [S]we have ® =F on E,where eFf U ueu

= ufu. So, uefu = ueu ufu from which it follows ef = euf. Hence u is a middle unit
for E. But u is also a middle unit for S, because for any x, yT S, there exists

€, f1 E suchthat x £*e and y R'f sothat xy=xe fy=xeufy= xuy.

(2) If S isan adequate and el E,then e=eue=e’u=eu=ue.So,
XU=XXU=XX =X and UX=UX'X=X"X=X forall x in S, where

{£7} =L NE and {7} = R’ N E.Hence u isa unit element of S.

Conversely, if u is a unit element of S, then, by (1), u is a middle unit of S and
E is band, moreover, forall e, f in E we have: ef =ueu>ufu = ufuxueu = fe

that means S is adequate semigroup. ®

Lemma 4: If E is band with a normal medial idempotent u, then E is a normal
band.

Proof: From (1) it follows that u is a middle unit of E and since UEU is
commutative we have: exye = e- uxu - uyu - e = e- uyu - uru - e = eyxe, for all

e, x, y in E.So, E isanormal band.

Now let E be a band with a normal medial idempotent u and S an adequate

semigroup with the semilattice of idempotents E® =uUEU. Let be R and L the
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Green’s relations on E. B From the last lemma it follows that E is a normal

band and further we have:

Lemma5: If v,y S, e,f € F and e Rz, fL y", then
(1) xefy=xy (2) (xef)" =(xy)", (efy) =(xy)
Proof:

(1) Since eR z"and fL y" wehave Xe=e, ex =x, fy"=f and
y'f =y .o el uE, f1 Eu, moreover
xefy = xx efy"y = xx' xueuxufuxy”y = x>ueuxx' y* xufuxy = x(ex' ) Xy f)y = xxy'y = xy

(2) (xI S, &f T UEU=E®) P xef T S.Nowwehave "Ry = (zef)y" R’
(zef )y =

(zefy")" R (zefy)t = (zefy’)" = (vefy)" = (zef)" = (xy)" and similarly
(efy) = (zy)" ™
Let be

Q=Q(E S)={lex Al Eu x SxuE :eLx", fRz"}

and we define a binary operationon Q: (e, x, f) (g, ¥, h) = (e(zy)", zy, (zy)" h)

This binary operation is well-defined because
+ + + + + + * +
eLX = e(xy) £ T (1Y) = e(zy)" L(zy)" anddually (zy)hR(zy)

that means (e(zy)",zy, (zy) h) | Eu x S x uE = Q. Now we have this:
Theorem 2: 1) Q with the binary operation defined above is semigroup

2) EQ={(ex Nl a:x| £%

3) Q is a quasi-adequate semigroup

4) U = (U,u,U) is normal medial idempotent of Q
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5) E(Q) @ and GQG @

Proof:

1) Letbe (e, x,f), (g, ¥, h), (s, z t) | Q. We see that:

e x Nlgy, s zt)=le(zy)", zy, (zy)'hl(s z t)=(e(zy)” (zyz)", zyz,
(zyz)'t) =

(e((zy) (2y)2)", xyz, (zyz)t)=(e(zyz)", zyz, (xyz)'t). Similarly we find
that

(e,xNlg y h(szt)=(e(zyz)", zyz, (zyz)'t).So Q is semigroup.

2)If (e,x,f) | E(Q) then (e, x, /)*= (e (zz)", xx, (zz)" f)=(e(zz)", xx, (zx)f)=

(e, x, f). So r=gr=zl EO.Converser, (e, x, Al Q and =zl Eo,we
have

(e x f)= (e(xz)", xx, (zx) A=(ex”, x z"f)=(e x f, hence

Q) ={ exn! a: xI E°}

3)If (e x,f)l Q we can prove that (e, x, f) L (e, X*,f) in Q where (e, X*,f) I
E(Q).

First (e, xf)(e, X, fl=(e(X X)), X X (XX) f)=(eXx’, X, X f)=(e,xf)

Secondif (g, y, h), (s, z t) | Q such that (e, xf)(g vy, h)=(e x f) (s, z t) we must
prove that (e, X ,f) (g, ¥, h)=(e, X,f (s 2 t). But,

exNlgyh=exNlszt) = (e(zy), zy, (zy)h) = (e(zz)", xz, (x2)'t)
=

= e(zy)" = e(xz)" N zy = 2z A (zy)"h = (z2)"t (i) and
e, X,Nlgy h=(elzy)", 7y, (y)'h) A (e X,Ns2t)= (e(z™2)",

'z, (x72)"t)

626



1% International Symposium on Computing in Informatics and Mathematics (ISCIM 2011)”

in Collabaration between EPOKA University and “Aleksandér Moisiu™ University of Durrés
on June 2-4 2011, Tirana-Durres, ALBANIA.

We noticethat X | £ and X £ X whichmeans zy = 7z = 2’y = 2'2 Ae

(@'y)" = e(z’2)"

For the third component wehave: X £~ X = Xy L xy andalso (X'y) £’

(xy) .So, (X'y) = (xy) andsimilarly (X'2)" = (x2) . Now, from (i) it
follows:

(zy)'h = (z2)'t = (Xy) h=(X2)t.Thatmeans (e, X,f) (g, ¥, h)=(e, X,
Als zt) Thus, (exA(g v, h=(exf(szt) = (e X,N(gyh=( X,f
(s, z t) and from (4)
follows that (e, x, f) £ (e, X, f) inQwhere (e, X ,f) | E(Q).Soeach £ -class

in Q has an idempotent. Dually we can prove that each R " - class in Q has an

idempotent, hence Q is abundant semigroup. To show that Q is quasi-adequate
we must prove that £(Q) is subsemigroup of Q. So let (e, X, f), (g, Y, h) | E(Q).

Then X, Y1 E° which means 2y 1 E° hence (e, X,f) (g, Y, h)= (e(zy)", zy,
(zy)"h) | E(Q) and Q is quasi-adequate.

4) G:(u,u,u) ismedial idempotent in Q becauseif (e, X, )1 E(Q) = £(Q) we
have:

e X, f) WUU) (e x, fl=(ex’, X, Xu)le X, fl=(e, X, X)(e X, f)=

(e, X, f) andif (LUU) (e, X, f) (UUU), (UUU) (g vy, h) (UUU)I EQ)
then

Luu(e x, £)Uuu) >Uuu)(g y, WU =(x X, x)(, Y, y) =y, X
voxy) = =0 yx, y)= LUU)(g, y, ) [LUU) >UuU) (e X, f) UUUL).

So UE(Q) U iscommutative that means U=(U,U,L) isnormal medial idempotent
inQ.

5) Letbe | :E(Q® E suchthat J [(€X )] =€ for each elements
ex )T EQ

627



1% International Symposium on Computing in Informatics and Mathematics (ISCIM 2011)”

in Collabaration between EPOKA University and “Aleksandér Moisiu™ University of Durrés
on June 2-4 2011, Tirana-Durres, ALBANIA.

] -issurjective, because "el E there exists (&J,LBJ,UG)T E(Q) where

] [(eu,ueu,ue)] =euue=eue=e. Nowletbe (e, X,f),(g, Y, h) | E(Q)such
that | [(eX T)]=& =ch=] [(,y,N)] thenwe have: eL 2, fRZ, gLy, h R
y fromwhich follows

ex=e re=x, af =f, fr=x, gy=g, Y=y yh="h hy=y.so,

e =ghb ef =gyhb ued =ugyhb xuef =yughb x&f =yghb xf =yhp f =h,
e =ghb exf =gyhb edu=gyhub efux=ghuyb efx=ghyb ex=gyb e=g,

g =ghb xXf =yhb xXfu=yhub fux=huyp fx=hyb X=Yy, hence
(ex f)=(g,y,h) that means! - isinjective, consequently | - is bijective,
moreover we have:

j [(ex1)Xg,y.n1=] [(ey,xy, xh)] =esh=dxyh=edyh=¢ >ch=j [(ex )]} [(9,y,N]
So, we have proved that | - isisomorphism and £(Q) @E.
Nowletbe ¥ : UQU ® S such that y [(u,u,u)(e X, f)(u,u,u)] = X.

y -is surjective, because " X1 S there exists (U,U,U)(X", X, x*)(u, u, U)T GQD

suchthat y [(u,u,u)(X",X, X )(U,u,U)] =X.Also, y - is injective because:

x=yb (X, % X)=(y", Y, Y) P (Uuu)(x",x X )(u,u,u) =(u,uu)y",y, y )(u,u,u)
Therefore y [(u,u,u)(e, X, f)(u,u,u)xu,u,u)(g, y, h)(u,u,u)] =

=y [(uu,u)(ex”,x, X)Xg, v, h)(u,u,u)] =

=y [(u,u,u)(e0y) ", xy, (xy) )(u,u,u)] =xy=

=y [(u,u,u)(e x, f)u,u,u)] xy [(u,u,u)(g, y, h)(u,u,u)].So,
uQu @S. =

From this construction we have the following theorem:
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Theorem 3: Any quasi-adequate semigroup Swith anormal medial idempotent u
can be constructed as above, in terms of the band E(S) = E and of the adequate

subsemigroup uSu.
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