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The development of a new era of quantum devices requires an understanding of how paramagnetic dopants or
impurity spins behave in crystal hosts. Here, we describe a spectroscopic technique which uses traditional electron
spin resonance (ESR) combined with the measurement of a large population of electromagnetic whispering gallery
modes. This allows the characterization of the physical parameters of paramagnetic impurity ions in the crystal at
low temperatures. We present measurements of two ultrahigh-purity sapphires cooled to 20 mK in temperature,
and determine the concentration of Fe3+ ions and their frequency sensitivity to a dc magnetic field. Our method
is different from ESR in that it is possible to track the resonant frequency of the ion from zero applied magnetic
field to any arbitrary value, allowing excellent measurement precision. This high precision reveals anisotropic
behavior of the Zeeman splitting. In both crystals, each Zeeman component demonstrates a different g factor.
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I. INTRODUCTION

Since the development of the first whispering gallery (WG)
maser oscillator based on Fe3+ ions in sapphire, the system
has been the focus of research at several institutions.1–9

However, the physical parameters of these paramagnetic ions
in sapphire have never been characterized with sufficient
accuracy. Several experiments have attempted to measure the
spin-spin relaxation time, or the number of ions involved in
the maser process, but have given results which contradict the
values given by the manufacturer of the crystals, or those found
in the literature.10–13 This difference is essentially due to the
method used to interact with the ions in sapphire, namely, the
excitation of high-Q whispering gallery modes at frequencies
coincident with the electron spin resonance (ESR) frequency
of the ion. The spatial distribution of these modes acts as a
filter, selecting only the population of ions which fall inside
its field pattern. Furthermore, the inhomogeneous broadening
of the ions’ ESR bandwidth makes the characterization of
their physical parameters difficult. Until now, the values in
the literature have not been confirmed by another method.5,14

The present work describes a technique for measuring these
parameters, which in principle is valid at any temperature.
In our work, crystals are cooled to near 20 mK in a dilution
refrigerator, and all WG modes within a few gigahertz of the
ESR frequency of Fe3+ in sapphire (12.04 GHz) are identified.
Then, a magnetic field is applied parallel to the cylindrical
z axis of the crystal, and swept in value. At each value of
magnetic field, the reflection and transmission coefficients of
the WG mode population are measured. Characterization of
the frequency and quality factor of the modes allows the ESR
bandwidth and the concentration of the ions to be determined
accurately enough to confirm the work published previously.
This step is very important for such a system, because it is
an excellent candidate for use in a host of quantum devices,
with sapphire typically containing many species of residual
paramagnetic spins compared to the current engineered quan-

tum systems. Due to the inhomogeneous broadening effect,
different spin packets are dispersed to different frequencies.
It has been shown that these may act independently, with a
coupling between the spin packets governed by the hyperfine
interaction with the aluminum in the sapphire lattice.8 These
‘self’-interactions have also been observed to exhibit nonlinear
behavior. In combination with the high Q factors of the
WG modes, this makes sapphire an attractive material for
future quantum devices.15–17 It is therefore important to fully
characterize the physical parameters of any ion defect centers
in the crystals.

II. ION DESCRIPTION

The fundamental energy levels of the Fe3+ ion in sapphire
are defined by the zero-field splitting parameter 6S in the
spin Hamiltonian.12,13,18,19 Three levels exist at zero applied
magnetic field, with the dependence of these levels on a dc
magnetic field described by the following Hamiltonian:

H = gμBBS + D
[
S2

z − 1
3S(S + 1)

]
+ 1

6a
[
S4

ξ + S4
η + S4

ζ

] − 1
5 [S(S + 1)(3S2 + 3S − 1)]

+ 1
180F

[
35S4

z − 30S(S + 1)S2
z + 25S2

z − 6S(S + 1)

+3S2(S + 1)2
]
, (1)

where g ≈ 2 is the Landé g factor, μB = 9.274 × 10−24 J T−1

is the Bohr magneton, B is the dc magnetic field strength,
and S is the electron spin angular momentum of the ion.
The Hamiltonian parameters are summarized in Table I. These
parameters were measured at 4.2 K during the 1960s and vary
from crystal to crystal due to different spatial distributions and
concentrations of ions in the lattice, and crystal dislocations
and variations in the symmetry of the crystalline field. Here,
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TABLE I. Hamiltonian parameters for Fe3+ in sapphire, given
by Kornienko and Prokhorov (Ref. 13) and Symmons and Bogle
(Ref. 12) at 4.2 K in units of 10−4 cm−1.

Symmons and Bogle Kornienko and Prokhorov

D 1719.2 ± 1 1838.5 ± 0.6
|a| 229.4 ± 1 253.5 ± 1.3
a − F 351.5 ± 1 362.7 ± 2

our calculations use the parameters given by Kornienko and
Prokhorov13 as they give results close to those measured in our
crystals. The Hamiltonian parameters have not been calculated
for extremely low temperatures, near 20 mK. Nevertheless, we
assume in our calculations that they do not change significantly
from their values near 4 K, especially the g factor, transition
frequencies, and sensitivity to the dc magnetic field.

Zeeman splitting occurs in the presence of a dc magnetic
field, with each energy level split into two sublevels as shown
in Fig. 1. Each sublevel has a sensitivity different from the
others, and crossing of sublevels occurs at large values of the
magnetic field. Allowed transitions between sublevels follow
the selection rule �m = ±1. At zero magnetic field the ions
occupying the first energy level will split into two distinct
components; one which we denote ESRlow corresponding
to the transition |+1/2〉 → |+3/2〉 , where the frequency or
energy difference decreases when B increases, and the other
which we denote ESRhigh. This corresponds to the transition
|−1/2〉 → |−3/2〉 where the frequency or energy difference
increases with B.

In this work, we examine the transition between the lowest
energy levels. The choice of these transitions is justified by
the setup conditions (Sec. III), and because nonlinear behavior
has previously been observed at their frequencies. The energy
difference is expressed for the two transitions as a function
of the dc magnetic field strength B (expressed in teslas) as
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FIG. 1. (Color online) Zeeman splitting of the ESR energy levels
of Fe3+ in sapphire in the presence of a dc magnetic field. The
presence of the sapphire cubic field, represented by the a term in
the Hamiltonian, creates a small admixing between the |±5/2〉 and
|∓1/2〉 states (ε � 0.03) (Ref. 12).
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FIG. 2. Evolution of the frequency of the transition between
Zeeman levels with B.

follows:

�E|±1/2〉 →|±3/2〉 (B) = ±B − D + 3
2 (a − F )

+ 1
6

√
[9B + 18D + (a − F )]2 + 80a2

(2)

and the corresponding transition frequencies are expressed as

νhigh/low = gμB

h
�E|±1/2〉 →|±3/2〉 . (3)

The predicted evolution of the transition frequency between
the states is shown in Fig. 2.

III. EXPERIMENTAL SETUP

The crystals used are a cylindrical HEMEX-grade sapphire
from Crystal Systems (Salem, MA), 5 cm diameter × 3 cm
height, and containing 1–3 parts per million (ppm) of Fe2+
and Fe3+ impurity ions.20–22 In the present work, we present
results using two crystals, denoted C1 and C2, in which the
Fe3+ concentration is measured to be 10 and 100 parts per
billion (ppb), respectively.5,7 The crystals are cut such that the
c axis of the sapphire lattice is parallel to the cylindrical z axis.
To attain the highest Q factor at low temperature, the crystal is
ordinarily mounted in the center of a cylindrical silver-plated
copper cavity. Energy is coupled to the resonator through
two straight antennas, placed 180◦ from each other, entering
through the top of the cavity and oriented parallel to the z axis.
The energy is stored in the crystal in high-azimuthal-order
whispering gallery modes where the �H field is predominantly
oriented perpendicular to the z axis. The crystal was cooled
using a dilution refrigerator (DR), with a cooling power
of 1 W at the 4 K stage, and ∼300 μW at 100 mK. A
superconducting 5 T magnet was mounted to the 4 K stage
of the DR such that samples connected to the mixing chamber
plate (∼20 mK) could be placed in the bore of the magnet.
A sapphire was mounted in the center of the magnet coil,
with the walls of a radiation shield used to confine the energy
of the WG modes rather than the usual cavity, which was
too large to fit into the bore of the magnet. As a result, the
Q factors of the modes were strongly degraded and reached
values around 106 instead of 108 to 109 which is typical
with a high-quality cavity. Measurements of the WG modes
were performed using a network analyzer with an excitation
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power of –40 dBm at the input of the probe antennas. This
power was low enough to allow measurements to be made
without perturbing the temperature of the system. At higher
power levels, the temperature of the sapphire rises quickly to
∼250 mK with an associated frequency shift. Using low levels
of applied power also allowed the observation of absorption
effects due to the presence of paramagnetic impurity ions,
and allowed complex thermal bistability effects to be avoided,
which have been observed in such a system in the past.23

When the input power level is extremely low, all the energy
inside the crystal is absorbed, making the ESR variations
with the application of a magnetic field easy to observe. For
higher power measurements, the temperature was controlled
at 400 mK.

As described earlier, the transitions of interest were
|±1/2〉 → |±3/2〉 . The choice of characterizing these transi-
tions only was due to several experimental limitations. The
network analyzer used for the experiment was limited to
measurements below 20 GHz, and in addition, the microwave
transmission lines installed in the dilution refrigerator pre-
sented very high loss above 18 GHz due to their connector
type. The cables were connected via feedthroughs between
each temperature stage of the DR, with attenuators connected
at each feedthrough to allow full thermalization of the cables
and reduce temperature gradients in the system. The crystals
were characterized up to a magnetic field of 600 G, which
corresponds to a frequency interval of 10–14 GHz for the ESR
of Fe3+. At higher magnetic field, more careful measurement
must be made because of the complexity of the Zeeman
spectra. The energy levels of different ions cross each other and
it becomes difficult to identify them clearly without following
the 19 GHz line upwards from 0 G. If we take into account
the ESR of other ions present in the sapphire, such as Cr3+,
Mn4+, and V2+,24,25 the system quickly becomes very complex
to study, even if the concentration of these ions is very low.
The magnetic field value was set manually through a magnet
controller with a ramp time of about 1 min between field values.
After the set value was reached and the persistent current
switch of the magnet closed, measurements were performed
only after the temperature of the system had stabilized at the
base temperature of ∼20 mK. A schematic of the experimental
apparatus is shown in Fig. 3.
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FIG. 3. Schematic of the experimental setup.
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FIG. 4. (Color online) Example traces of a WG mode showing
the transmission S parameter for zero applied dc magnetic field,
and for a 32 G applied field. The WG modes are degenerate and
show generally a double resonance due to cavity imperfections and
alignments.

IV. MEASUREMENT METHODOLOGY

The characterization of the ions in our crystals is based
on measurements of the ac susceptibility of the WG modes
around the Fe3+ ESR frequency when a dc magnetic field
is applied parallel to the c axis. The S parameters of the WG
modes between 10 and 14 GHz are measured; they act as filters
sharply defined in frequency that allow the frequency of the
ESR to be determined as the applied magnetic field is changed.
When the frequency of the ESR is far from a WG mode, no
change is observed. When the ESR frequency is coincident
with a WG mode frequency, the S parameters will decrease in
amplitude, the frequency of the mode shifts, and the Q factor
of the mode is significantly degraded. This process is fully
described in Sec. IV A and is related to the ac susceptibility of
the ions.

The line shapes of the WG mode resonances are modeled
with a Fano resonance fit. The equation of the fit is shown
in Fig. 4, and allows the mode frequency and Q to be
computed. From the results obtained, the ac susceptibility
is calculated, and the physical parameters of the ions are
determined.

A. ac magnetic susceptibility

The magnetic susceptibility of the ions in sapphire is
described by the following general equation:

χ (ν) = χ ′(ν) + iχ ′′(ν). (4)

We assume here that the ESR is homogeneously broadened,
and the resonance line shapes are Lorentzian. As will be
demonstrated in Sec. IV E, the ions are in fact inhomoge-
neously broadened at zero applied magnetic field. Here, we
assume them to behave homogeneously when the Zeeman
components of the ESR are split with the application of a
magnetic field and are far away from each other in frequency.
The analytical equation for the ac magnetic susceptibility is
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FIG. 5. (Color online) Real and imaginary parts of the magnetic
susceptibility as a function of magnetic field strength for one peak of
the WG mode doublet at 12.390 GHz.

given by Kramers-Krönig relationships:

χ ′(ν) = (2πτ2)2νijχ0(ν − νij )

1 + (2πτ2)2(ν − νij )2 + 1
4τ1τ2(γH )2σ 2

ij

,

χ ′′(ν) = −2πτ2νijχ0

1 + (2πτ2)2(ν − νij )2 + 1
4τ1τ2(γH )2σ 2

ij

,

(5)

where τ1 and τ2 are the spin-lattice and spin-spin relaxation
times of the transition ij , respectively, σ 2

ij = 2 for the tran-

sitions at 12 GHz, the term 1
4τ1τ2(γH )2σ 2

ij � 1, and the dc
magnetic susceptibility is χ0. The real and imaginary parts of
the magnetic susceptibility are related to the frequency shift
and Q factor of the modes as follows:

νWG(B = 0) − νWG(B)

νB

= −1

2
ηχ ′,

(6)
1

QWG
L (B)

− 1

QWG
L (B = 0)

= ηχ ′′,

where νWG and QWG
L are the frequency and loaded Q factor

of the WG mode. As an example of the fit Fig. 5 shows
the real and imaginary parts of the magnetic susceptibility
of one mode at νWG = 12.390 GHz. At low magnetic fields,
the Fe3+ ESR is centered around a single frequency. When
the magnetic field increases, the ESR splits into two Zeeman
components with two resonant frequencies: νlow, which shifts

to the lower frequencies, and νhigh which shifts higher in
frequency toward 12.390 GHz—the frequency of the WG
mode considered here. The frequency of the mode, νWG, will
increase as νhigh approaches it, until it reaches a maximum
and decreases to return to the initial value, at which point
νhigh = νWG. When the magnetic field is further increased,
νhigh continues to increase and the frequency of the WG mode
decreases to a minimum before returning to its initial value.
The Q factor of the mode stays constant while νhigh � νWG,
but as it becomes close, the losses due to the presence of
the ions increases and the Q factor of the modes decreases.
When νhigh � νWG, the Q factor then increases to reach its
initial value. The characterization of all WG modes between
10 and 14 GHz allowed the measurement of the frequency
dependence of each Zeeman component. Figure 6 shows the
evolution of the ESR frequency with magnetic field strength.
The center frequency is defined as that where the real part
of the susceptibility of the mode crosses zero, or when the
imaginary part reaches its minimum.

B. ESR frequency and sensitivity to dc magnetic field

As described earlier, the ac susceptibility allows the
frequency of the Fe3+ ESR to be determined when subjected
to an applied dc magnetic field. By following the shift of the
Zeeman components, it is possible to obtain their frequency
sensitivity Shigh/low to the magnetic field, as shown by Fig. 6.
The theoretical value is about 2.8 MHz/G, assuming isotropic
Zeeman splitting. However, the results of the fit show that this
sensitivity is also dependent on the concentration of Fe3+ ions
in the sapphire. Indeed, for both crystals Shigh is found to be
higher than Slow, and the sensitivity of the sapphire C2 is higher
than for the second crystal, C1. The theoretical prediction of
2.8 MHz/G is obtained from the first-order approximation of
Eqs. (2) and (3) by using the parameters shown in Table I.
In the past the characterization of the paramagnetic ion was
performed with the traditional ESR method where a microwave
signal is applied to the crystal in a microwave cavity at a fixed
frequency near the ESR of the ion, and then a dc magnetic
field is applied to the cold system. The measurement of the
frequency shift allows the calculation of the real part of the
ac susceptibility and then the estimation of the Hamiltonian
parameters and sensitivities. In our case, we map out the path
of the ESR frequency from zero field to the desired value
of the magnetic field, giving a more accurate estimation of
the Zeeman components’ frequency sensitivities. Our results

FIG. 6. (Color online) Frequency sensitivity to a dc magnetic field for two sapphires at 20 mK. Only the points for a magnetic field higher
than 20 G are considered because of the complexity of the ion behavior (cf. Sec. IV E).
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FIG. 7. (Color online) ESR Zeeman component sensitivities as a
function of frequency.

reveal the anisotropic nature of these components, and we later
give an estimation of the g factor based on these results.

The frequencies as a function of dc magnetic field are given
in Fig. 6. The fit shows that the zero-field ESR frequency is
different for the upper and lower Zeeman components, which
is consistent across both crystals. The crystal C2 has an ion
concentration ten times that of C1, and it has been shown in
previous publications5,8 how the greater concentration of ions
revealed very complex behaviours. In the present case, the
susceptibility obtained for low magnetic field (B � 20 G) does
not follow a Lorentzian shape and is not symmetric around
the mode frequency, making the fit invalid and estimation of the
correct resonance frequency difficult. As a first estimation, the
central frequency is situated in the range 12.028–12.050 GHz.
We expect that the two plus and minus spin packets do not
perfectly overlap at zero magnetic field and form a large
ESR. The different sensitivities are shown in Fig. 7 where the
measured values are compared to the parameters in Table I. The
sensitivities are presented as a function of the ESR frequencies
at zero field. It is clear that for both crystals the sensitivity of
the ESRhigh is higher than the sensitivity of the ESRlow. Also,
the sensitivity of the crystal with a higher ion concentration
is greater than that for the lower-concentration crystal.

C. Determination of the g factor

The measurement of g is well known, and different tech-
niques have been employed in the past for that purpose. A one-
electron quantum cyclotron measurement is the most accurate,
with a precision exceeding one part per trillion measuring
g/2 = 1.001 159 652 180 85(76).26,27 The determination of g

has been achieved in numerous materials, such GaAs, CdTe,
InP, and graphite, and with various techniques.28–33 In Al2O3

crystals, electron spin resonance measurements have allowed
the calculation of this factor for different ions in the microwave
range. These measurements are summarized in Table II. Other
measurements of energy spectra in the optical and millimeter
wave regimes have allowed the determination of this factor
with great accuracy. For the Fe3+ ion in sapphire, the g-factor
determination is a poorly represented measurement in the
literature.39

Kornienko and Prokhorov13 and Symmons and Bogle12

have estimated this parameter and claimed that g is inde-
pendent of temperature, while they found the other Hamil-
tonian parameters to be temperature dependent. This is in
contradiction to other materials and ions where the g factor is
ordinarily temperature dependent;30,33 thus we expect that the
earlier measurements were not achieved with enough accuracy
to reveal temperature-induced variations. In addition, g is

TABLE II. Measured g factor for a variety of impurity ions and
host materials.

Material Ion g factor Reference

Al2O3 Fe3+ 2.0026 ± 0.0005 12
2.0034 ± 0.0003 13

Al2O3 Mo3+ 1.98 ± 0.01 (⊥) 34
1.968 ± 0.001 (‖)

Al2O3 Cr3+ 1.9867 ± 0.0006 (⊥) 35
(Ruby) 1.9840 ± 0.0006 (‖)

TiO2 Fe3+ 2.000 ± 0.005 36
TiO2 V4+ gx = 1.914 37

gy = 1.912
gz = 1.956

Emerald Cr3+ 1.97 ± 0.01 (⊥) 38
1.973 ± 0.002 (‖)

expected to be isotropic for Fe3+ in sapphire in the direction
perpendicular to the crystal c axis. In the present work, the
g factor is obtained from a one-parameter linear fit of the
data points shown in Fig. 6. Figure 8 shows the g factor as a
function of the resonance frequency. For the two crystals, g is
smaller for the upper Zeeman component than for the lower
component. The values are far from those already estimated in
the past. However, the mean value of g is close to that obtained
by Symmons and Bogle12 and Kornienko and Prokhorov.13 In
addition, it appears that the g factor is dependent on the ion
concentration. Where the concentration is higher, the g factor
is closer to 2.003 for both Zeeman components. The g factor is
also affected by an important parameter of the crystal, which
is the alignment of the cylindrical z axis with the crystal lattice

FIG. 8. (Color online) Landé g factor vs frequency as measured
in this work in two sapphires, C1 and C2, as well as the values
measured by other authors. The g factor is extracted from the fit of
the WG modes’ frequency sensitivity to a dc magnetic field as one
parameter.
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c axis. HEMEX-grade crystals show a tolerance of 1◦ that
affects the g factor by �g = 0.000 15, which can be added to
the fit tolerance quadratically.

D. Magnetic losses due to ions

The WG modes of the resonator are characterized by the Q

factor given by Eq. (7).40–42 The loaded Q factor of the mode
(QWG

L ) is related to the unloaded Q factor (Q0), which is a
function of the external losses (Qe) and the losses due to the
presence of magnetic ions (Qm):

1

QWG
L

= 1

Q0
− 1

Qe

+ 1

Qm

. (7)

The magnetic quality factor Qm is related to the magnetic
losses in the resonator, and can be determined from the
decreasing value of QWG

L with the application of a magnetic
field. When the frequency of the ESR does not match the
mode frequency, then the magnetic losses are negligible
(Q−1

m → 0). However, when the ESR frequency is tuned equal
to the WG mode frequency, this magnetic loss mechanism
becomes important and the Q factor of the mode can be loaded
significantly:

1

Qm

= 1

QWG
L (νESR �= νWG )

− 1

QWG
L (νESR = νWG )

. (8)

The magnetic Q factor is related to the magnetic loss tangent
tan(δm) as follows:

1

Qm

= η tan(δm). (9)

The tan(δm), or magnetic loss tangent, is shown in Fig. 9 as a
function of frequency at a temperature of 20 mK. The losses
due to the presence of the Fe3+ ions are similar for both Zeeman
components, and stay relatively constant around 2 × 10−5.

E. Inhomogeneous broadening effect

At zero applied dc magnetic field, the line-shape broadening
of the Fe3+ ESR is not well known. Previous work has shown
that the ions are inhomogeneously broadened, which has
resulted in the observation of a number of nonlinear effects
such as bimodal maser operation,4 four-wave mixing,8 the
generation of combs and third harmonics,9 and a gyrotropic
effect.6 The interactions in the resonator occur between the
ions and WG modes, and the spatial and frequency distribu-
tions of both are fundamental in the nonlinear processes. The
ions behave like a number of spin packets with different ESR

FIG. 9. (Color online) Magnetic losses due to Fe3+ as a function
of frequency. For reasons of clarity, only the most relevant results of
crystal C1 are presented.

frequencies which overlap to sum to a single broad resonance.
The greater the homogeneous broadening of the ions, the
narrower the total ESR bandwidth. Thus, it is possible to find
some spin packets in the crystal having the same configuration
of frequency and linewidth, but located at different sites, which
makes interaction possible with few of them. In Sec. IV B the
frequency sensitivity of the WG modes to a dc magnetic field
is developed. However, at small magnetic field no description
is presented. The results of the fit shown in Fig. 6 show a
crossing between the two lines away from 0 G, indicating a
shift in the central frequency. For the two crystals the shift is
3.7 G, equivalent to a 10 MHz shift in the central frequency
under an active internal magnetic field.

V. ION CONCENTRATION AND SPIN-SPIN
RELAXATION TIME

The crystals characterized in the present work are HEMEX-
grade (grown using the heat exchange method) single-crystal
α-Al2O3. They contain extremely small trace concentrations
of paramagnetic impurities due to the manufacturing process,
such as Cr3+, Mo3+, Ti3+ and Ti4+, V+, Mn2+, Mn3+, and
Mn4+, and Fe+, Fe2+, and Fe3+. The concentration of each
ion is approximately 1–2 ppm. It has been shown previously
through measurements of the ac magnetic susceptibility via
WG modes that the effective concentration of the ion of interest
(Fe3+) is about 10 ppb. It has been shown that mass conversion
of Fe2+ ions into Fe3+ can be achieved by annealing the
crystal in air, with the Fe3+ concentration increasing by a
factor of 10 in crystal C2 relative to C1. In parallel to these
results it has been shown that the spin-spin relaxation time,
related to interactions between nearby spins in the sapphire
lattice, is about 2 ns—a value smaller than that found in
the literature of ∼10 ns at 4.2 K. This relaxation time is
related to the ESR linewidth, which is ∼27 MHz at 4.2 K.
Shorter spin-spin relaxation times correspond to increased
inhomogeneous broadening of the ESR linewidth. In this
section, we characterize this parameter for our crystals as a
function of the applied magnetic field. The ion concentration
and spin-spin relaxation time can be estimated for each crystal
from the ac magnetic susceptibility defined by Eq. (5). The
concentration is extracted from the dc part of the magnetic
susceptibility as follows:

χ0 = (gμB)2μ0

2hνij

�Nijσ
2
ij , (10)

where �Nij is the population difference between levels i

and j , which is determined by a Boltzmann distribution. By
considering Nij , the total population of the transition between
i and j , we find

�Nij = tanh

(
gμBBij

kBT

)
Nij . (11)

It is possible to link the frequency ν to the corresponding
magnetic field by a first-order approximation of Eq. (3) in the
limit B < 3000 G:

ν ≡ νB=0 ± S × B,
(12)

νij ≡ νB=0 ± S × Bij .
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(a)

(b)

(c)

FIG. 10. (Color online) Ion concentration. (a) shows η × N in
units of ion/m3, (b) shows the concentration in ppb, and (c) shows
the total concentration calculated for all the modes. Only the results
for the crystal C2 are shown for clarity.

Substituting �Nij into the Kramers-Krönig relationships
gives

χ ′(B) = a2 × b × S(B − Bij )

1 + (a × S)2(B − Bij )2
,

(13)

χ ′′(B) = − a × b

1 + (a × S)2(B − Bij )2
,

where

a = 2πτ2 (14)

and

b = (gμB)2

2h
μ0σ

2
ijNij tanh

[
h

2kBT
(νB=0 − SBij )

]
. (15)

Note that the parameter a defines the spin-spin relaxation time.
From Eq. (6) it is essential to determine the correct filling factor
for each WG mode to extract the concentration. Due to the
number of modes used in the fit it is necessary to determine the
filling factors using a rigorous electomagnetic simulation of
the whispering gallery modes.43 Because the density of modes
is high and the simulation process lengthy, the determination
of the correct modes is often difficult. As a result, we extract
the product ηN from the real part of the ac susceptibility, then
normalize the product to the highest value obtained from the
fit. The result of the fit which gives ηN is shown in Fig. 10.

The error bars in the figure are statistical errors from the fit
results. They are due to the number of points around the mode
frequency and to the method of interaction with the mode. The
spatial distribution of some WG modes does not encompass
a large enough quantity of ions which makes the detection
of the ESR frequency difficult. Nonetheless, the results give
a good approximation to the value of η with the assumption
that a similar number of ions interact with all WG modes. The
filling factors extracted are then used in the imaginary part of
the ac susceptibility χ ′′ to compute the corrected N and τ2.
The WG modes whose Q factor degraded by 10% or greater
when the ESR frequency was coincident with the WG mode
frequency were selected in the fit (Fig. 10). For the crystal
C1, the concentration is in the range of 10–40 ppb, and for
C2 it is in the range 100–300 ppb. The total concentration
should be the same for both Zeeman components, as the only
difference is the number of ions affecting each mode. Therefore
the number of ions is fixed by the WG mode volumes. For
example, the mode at 12.04 GHz encloses a volume of about
11.7 × 10−6 m3, which contains a population of of 5.6 × 1015

ions for the crystal C1, and 5.4 × 1016 ions for the crystal
C2. Figure 10 shows the estimated concentrations for the two
crystals.

The spin-spin relaxation time is deduced from the fit in
the same way, and the results are summarized in Table III.
A comparison between the real and imaginary parts of the
ac magnetic susceptibility is made. The results are similar to

TABLE III. Evaluation of the spin-spin relaxation time τ2. The evaluations for χ ′′ were made taking in account the filling factor η. For
comparison, the values given by Bogle and Symmons (Ref. 12) and Kornienko and Prokhorov (Ref. 13) are given.

C1 C2

τ2 (ns) �τ2 (ns) τ2 (ns) �τ2 (ns)

χ ′ fit ESRlow 9.6 3.6 12.8 2.1
ESRhigh 4.1 2.7 7.5
ESR 6.9 4.2 11.0 3.2

χ ′′ fit ESRlow 8.1 3.5 11.9 4.8
ESRhigh 14.8 9.5 11.0 3.4
ESR 10.6 7.0 11.4 3.7

τ2 (ns) �τ2 (ns)
Bogle and Symmons 11.8 2.2
Kornienko and Prokhorov 11.8 2.4
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FIG. 11. (Color online) Spin-spin relaxation time τ2 as a function
of frequency. The corresponding ESR bandwidth is also shown.

each other and are in close agreement with values found in the
literature.

Another way of determining τ2 is via the width of the
resonance defined by Eq. (16):

�ν = 1

πτ2
. (16)

The bandwidth of each Zeeman component and the spin-spin
relaxation time of the ions are shown in Fig. 11. It is clear that
the value of 30 MHz is very close to the one published by Bogle
and Symmons, and Kornienko and Prokhorov (see Table III).
However, some work has shown that the ESR bandwidth is
concentration dependent and cannot be accurately measured
when the crystal is highly doped (N � 1 ppm).19

VI. CONCLUSION

In conclusion, the physical parameters of Fe3+ ions in
high-purity sapphire have been determined at 20 mK by
measuring the ac susceptibility of the ions using whispering
gallery modes. A magnetic field is applied to split the ESR
of the ion under study into two Zeeman components. The
characterization of the WG modes allowed the frequency
evolution of each Zeeman component with magnetic field to be
determined accurately. We measure the frequency sensitivities
as 2.81 ± 0.022 MHz/G for the crystal with high Fe3+ concen-
tration, and 2.79 ± 0.014 MHz/G for the crystal with lower
concentration. The zero-field splitting has been measured
as 12.039 GHz for both crystals. The difference in terms
of frequency sensitivity can be explained by an anisotropic
behavior of the crystal depending on the concentration of
ions involved in the process. However, calculation of the g

factor gives results similar to those found in the literature. It
is expected that the Hamiltonian parameters do not change
significantly between 4.2 K and 20 mK. Indeed, the behavior
of the ESR remains constant for temperatures below 4.2 K.
To estimate these parameters for our crystals it is necessary to
know the behavior with magnetic field of the transitions at 19.3
and 31.3 GHz. Finally, the concentrations estimated are similar
to the ones calculated in preceding publication using different
methods, such as the ac susceptibility measured by saturating
the ions at 12.04 GHz, or calculated from a whispering gallery
mode maser oscillator. For the crystal C2, a concentration of
∼200 ppb of Fe3+ was measured, and for C1 a concentration
of 20 ppb. In previous works, the ESR bandwidth of Fe3+ in
sapphire has been assumed to be around 27 MHz at 12.04 GHz.
Here, we measure a value of 34 ± 5.5 MHz for crystal C1
at 12.040 ± 0.0063 GHz, and a value of 29 ± 9 MHz for
crystal C2 at 12.039 ± 0.0038 GHz. Within the bounds of
experimental error, the bandwidth appears to be independent
of the ion concentration.
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