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Robust Finite-time Stability Design via Linear MatrixInequalitiesP. Dorato, C.T. Abdallah and D. FamularoEECE Dept. DEIS Dept.The University of New Mexico Universit�a della CalabriaAlbuquerque, NM 87131, USA Rende (CS), 87036, ITALYAbstractFor linear systems with polytopic uncertainties, theproblem of robust �nite-time stabilization is re-duced to a system of Linear Matrix Inequalities.1 IntroductionThe concept of short-time stability, or �nite-timestability, [2] , deals with systems operating over �-nite time intervals, with given bounds on the initialand subsequent states. In particular we have thefollowing formal de�nition.De�nition 1 The time-varying linear system_x = A(t)x (1)is said to be �nite-time stable with respect to thegiven triplet (c1; c2; T ), c2 � c1, ifx0(0)x(0) � c1 ! x0(t)x(t) � c2; 8 0 � t � T(2)Systems that are asymptotically stable may not be�nite-time stable if, over the time interval of inter-est, a large peaking in transient behavior occurs;and systems that are classically unstable may be�nite-time stable, if the state does not exceed theparticular given bounds over the given time inter-val. In this paper we focus on systems that can-not be stabilized in the classic sense, and considerthe problem of designing a �xed state-feedback con-

troller, u(t) = Kx(t), for the linear polytopic un-certain system _x = A(t)x+B(t)u (3)where A(t) = PNi=1 �i(t)Ai; B(t) = PNi=1 �i(t)Biand �i(t) � 0; PNi=1 �i(t) = 1 which guaran-tees �nite-time stability with respect to the giventriplet (c1; c2; T ). Uncertainty is characterized bythe time-varying parameters �i(t)2 Reduction to LMI'sWith feedback the closed-loop state equations aregiven by _x = (A(t) +B(t)K)x = Acl(t)x (4)The reduction of the robust �nite-time stabiliza-tion problem to a system of LMI's is based on thefollowing theorem.Theorem 1 The system (4) is �nite-time stablewith respect to the triplet (c1; c2; T ) if the followingmatrix inequality�(Acl(t)+ATcl(t))+ 1T ln�c2c1� In > 0; 8 0 � t � T(5)holds.Proof:Let V (x) = xTx, with _x = Acl(t)x, then _V =xt(ATcl(t) + Acl(t))x. Now if matrix inequalityp. 1



ATcl(t) + Acl(t) < I holds (where I denotes theidentity matrix), then _V < V , which in turnimplies V (x(t)) < etV (x(0)), i.e. xT (t)x(t) <etxT (0)x(0). If we assume that the closed-loopsystem cannot be classically stabilized, then  willbe positive, and with xT (0)x(0) � c1 it then fol-lows that xT (t)x(t) < eT c1. Thus if eT c1 = c2,we guarantee that xT (t)x(t) < c2, hence �nite-timestability with respect to the triplet (c1; c2; T ). Ifone solves for  one obtains  = 1T ln� c2c1� and theinequality (5( is established as a su�cient conditionfor �nite-time stability.The following theorem provides the LMI's requiredto design a closed-loop �nite-time stable system.Theorem 2 The closed-loop system (4) is �nite-time stable, with respect to the triplet (c1; c2; T ) ifthere is a feasible matrix solution K to the LMI'sAi+ATi +BiK+KTBTi < 1T ln�c2c1� I; i = 1; :::N(6)Proof:The proof follows the standard procedure, see ref-erence [1], for polytopic uncertainties, i.e. the in-equalities in (6) are each multiplied by �i andsummed.It should be noted that design with static out-put feedback is also possible using theorem 2, ifu(t) = Ky(t), y(t) = Cx(t) and C is a known ma-trix. In this case one simply replaces K in (6) byKC. The inequalities remain LMI's in the matrixvariable K. The LMI problem may be solved withexisting software, e.g. MATLAB LMI Toolbox [3].3 A Numerical ExampleLet us consider the following linear time varyingpolytopic system_x(t) = (�1A1+�2A2)x(t)+(�1B1+�2B2)u(t) (7)where, in MATLAB notationA1 = � 0 1 0; 0 0 1; 1 0 0 � ;

A2 = � � 0 �1 0; 0 0 �1; 1 1 1 � ;B1 = � 0; 0; 1 � ; B2 = �B1:To explore the range of possible triplets (c1; c2; T )for this example we consider the following general-ized eigenvalue problem [1].min Ai +ATi +BiK +KTBi < I; i = 1; 2 (8)obtaining the following values opt = 1:0629 andKopt = � �1 �0:5 �0:5 �. The value of optgive us a barrier of feasibility in the sense that wecannot have values of c1; c2 and T such that1T ln�c2c1� < opt: (9)A possible triple of values which satis�es equation(9) can be, for example c1 = 1; c2 = 2; T = 14 ; giv-ing a value of 1T ln� c2c1� = 2:7726. Note that withthe longer interval, T = 1, inequality (9) is satis�edand theorem 2 cannot be used to �nite-time stabi-lized the closed-loop system. Note also that whileeach pair of systems (A1; B1) and (A2; B2) is con-trollable, there does not exist any �xed K whichsimultaneously stabilized both systems.In reference [4] a more practical �nite-time stabil-ity design problem is considered which can also besolved by theorem 2.References[1] S. Boyd, L. El Ghaoui, E. Feron and V. Bal-akrishnan, Linear Matrix Inequalities in Systemand Control Theory, SIAM, Philadelphia, 1994.[2] P. Dorato, Short time stability in linear time-varying systems, Proc. IRE International Conven-tion Record, Part 4, pp. 83-87, 1961.[3] P. Gahinet, A. Nemirovski, A. J. Laub andM. Chilali, LMI Control Toolbox, the MathWorksInc, Natick, MA, 1995.[4] F.A. San Filippo, and P. Dorato, Short-TimeParameter Optimization With Flight Control Ap-plication, Automatica, 1974, Vol. 10, pp. 425-430.p. 2
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