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Finite-Time Stability of Discrete-Time Nonlinear Systems:
Analysis and Design

S. Mastellone, P. Dorato, C. T. Abdallah

Abstract— Finite-time stability of nonlinear discrete-time
systems is studied. Some new analysis results are developed
and applied to controller design.

I. INTRODUCTION

In this work we propose a new analysis result for fi-
nite time stability of deterministic and stochastic discrete-
time nonlinear systems. We also extend existing results in
finite-time stability to the design of discrete-time stochastic
systems. In many practical problems it is of interest to
investigate the stability of a system over a finite interval
of time. Consider for example the problem of driving a car
across a tunnel for which the distance between the bound-
aries is a known quantity 23, knowing that the mission
lifetime is N, we can reformulate the problem in term of
finite-time stability since we have specific constraints on
state bounds and time. Classical control theory does not
directly address this requirement because it focuses mainly
on the asymptotic behavior of the system (over an infinite
time interval), and does not usually specify bounds on the
trajectories. On the other hand, finite-time stability (or short-
time stability [7], [12]) plays an important role in the study
of the transient behavior of systems.

It is important to underline that the two stability concepts
are disconnected. In fact, a system may be finite-time stable,
i.e. a state starting within a “specified” bound « does not
exceed a “specified” bound (3 in a specified time interval
[0, N], but may become unstable after the specified interval
of time. On the other hand, the state trajectory might
exceed the given bound over a certain time interval, but
asymptotically go to zero. Asymptotic stability is specified
with respect to arbitrary bounds, i.e. a trajectory starting
within a bound 0(e) stays in an “arbitrary” e and eventually
converges to the origin, while finite-time stability is always
defined with respect to pre-specified bounds « and 3.

At first the concept of finite-time stability emerged under
the name of “practical stability” [22], in which specific
bounds on the state were given. The finite-time stability
analysis problem has been discussed for linear [3], [6], [7],
[8], [9], [10] and nonlinear systems [15], [16], [17], [18],
[26]. A stochastic version of finite-time stability has been
developed in [13] for analysis and in [20], [21] for optimal
control design. Deterministic finite-time stability theory has
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been applied to several control problems in linear systems
[4], [5], [11]. It is interesting to notice the time gap between
1972 and recent papers. After a brief discussion of the
deterministic version in section (II), we mainly focus on
stochastic finite-time stability (IIT). In particular, we intro-
duce in section (III-A) some useful bounds, then in section
(III-B) we use those bounds to state sufficient conditions for
a stochastic system to be finite-time stable. Section (III-C)
compares and discussed the results in the previous sections.
We then proceed in section (III-D) to extend the analysis
techniques to designing controllers. Finally in section (III-
E), we propose an optimal feedback law for finite-time
stability of a dynamical stochastic system.

II. DETERMINISTIC FINITE-TIME STABILITY

We focus on discrete-time dynamical systems described
by

zpy1 = f(2x), © € R™, 2(0) = 2o (1)

Where z is the system state, and f : R™ — R" is a vector
function. For notational simplicity, we use x = z(k). Also
from now on we will denote ||.|| = ||.||3. We are interested
in studying the state trajectory of the system in a finite time
interval.

Definition 1: Finite-Time Stability [1], [23] The sys-

tem (1) is finite-time stable (FTS) with respect to the 4-
tuple (o, B, N, ||.||), @ < B if every trajectory xj, starting
in ||zg|| < « satisfies the bound ||zg|| < B for all
k=1,...,N.
Some extensions of the FTS concept are presented in
[2],[15]. Next we present a new analysis result for FTS of
nonlinear discrete-time systems. We consider three classes
of systems described in Figure (1): a) systems for which the
state trajectories always increase in the norm, b) systems for
which states always decrease in the norm, and c) systems
whose state trajectories behavior’s is mixed.

The first step consists of exploring the state trajectories
using a discrete version of the continuous-time Bellman-
Gronwall inequality [19]. If the state trajectory is always
increasing (in the norm) during the time interval of interest,
then it is enough to verify that the state at the last time of the
interval does not exceed the bound. In the case where the
trajectory is always decreasing and it starts inside the bound,
the FTS is guaranteed. In the case of a mixed behavior, it

ECSE N][;‘s;‘itomnz;m P'Dh(/i?éo()l an(}IO(():,'T.Albda“{}l:live?;iy Wigllc i§ necessarly t(;1 explore; hif the trajecftory ils bo?l?ded ?jt' telalch
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Theorem 1: The system (1) is finite-time stable with re-
spect to (a, 8, N, ||.||), o < B, if for a function V' (x, k) =
Vi > 0 such that §|jzg]| < Vi < dol|ag||, where
o > 0, o > 0, Y = (51ﬂ, Yo = b, Vo < Yo and
Sg = {xy : ||zk]| < B} we have Vk =0,..., N, Va, € Sg

AV < pp Vi )

and one of the following three conditions occur:
o Case 1: p, >0

y N
7O_g( pi) 3)

The value of pr > 0 implies that the bounds on the
increments of Vj are as a worse case always greater
than one, which is the case of monotonically increasing
functions.

e Case 2: 0> pp, > —1
No additional conditions are required.
The condition 0 > p; > —1 restricts the bounds on
the increments of V), to be always between zero and
one, which constrains the function to be monotonically
decreasing.

o Case 3: p,, > —1

k—1
v
—2>sup | | (1 +p; 4)
Yo k g )

The case p;, > —1 contains the two previous cases, that
is the function Vj, may be increasing and decreasing.

Proof: The proof is available in [25] ]
||zl
a)
Cl
[|ol
N k
[
b)
5
[lzolf--..
N k
e
C) ﬂ
||ol [
N k
Fig. 1. a) Increasing dynamics. b) Decreasing dynamics. ¢) Mixed

dynamics.

ITII. STOCHASTIC FINITE-TIME STABILITY

Next, we describe how finite-time stability, which was
originally defined for deterministic systems may be ex-
tended to stochastic systems. Consider a discrete time,
stochastic dynamical system

Tpt1 = f(xkﬁk), T € Rn, 1’(0) =X 5

Where z is the system state, and f : R" x B — R" is a
vector function, B is the family of Borel subsets of points on
R; also {6y} is a stationary independent random sequence,
with mean pp = E[f;] = E[07] and variance oy, which
makes xj, a Markov process in R". In stochastic dynamical
systems it is meaningful to consider the probability for the
trajectory not to exceed a given bound over a finite time
interval. Therefore we consider the following definitions

Definition 2: Inclusion Probability [20] Consider the
dynamical stochastic system (5), the associated inclusion
probability with respect to (a, S, N,||.||) is defined as
follows:

P (zp;0, B, N) = P{||zg|| < 8:0 < k < Nzl < af

Definition 3: Exit Probability Consider the dynamical
stochastic system (5), the associated exit probability with
respect to (a, 8, N, ||.]|) is defined as follows:

Pea(x; 0, B, N) = P{ sup |[zx]| > B |lzo|| < o}
N>k>0

Note that P.,(zy; o, 3, N) = 1 — Py, (zx; o, 3, N). There-
fore, we define stochastic finite-time stability:

Definition 4: Finite Time Stochastic Stability,(FTSS)
The dynamical system (5) is FTSS with respect to
(a, B, N, A [|]]) if

Pin(xk;aaB7N) > (lfA)a or (6)
Ped,(xkaa7ﬁ7N)<)\ (7)

We will show next how FTSS can be indirectly deter-

mined by studying the exit and inclusion probabilities asso-

ciated with a function V' (zy, k) defined for the dynamical
system.

A. Bounds on Exit Probability

In order to analyze and to eventually design for the finite-
time stability of a process, we provide in this section upper
bounds on the exit probability of the process (5) and on the
associated function Vj. These upper bounds will allow us to
indirectly study the FTSS of the system. The first theorem
we present is from [13], [14].

Theorem 2: [13] Consider a discrete-time Markov pro-
cess rr, k = 0,1,.... Also consider the function
V(zk, k) = Vi > 0 and the open set S, = {z) : Vi <~}
If the following conditions are satisfied Vxj, € Sy, ¢ > 0

E,, [V(zks1,k+1)] < ooV €5,
Eyp [V(@ki1,k+ 1) — V(ag, k)] < i1

Then for the initial condition x(0) = 2y we have

Py (Vi 70,7, N) < o ®)
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where & = Zf\il i
Proof: See [13] or [14] |
The last theorem gives an upper bound for the exit probabil-
ity of Vj. This upper bound depends on the initial conditions
through Vj, on the desired bound through -, and on the time
interval and state dynamics indirectly through @ . Next,
we bound the exit probability of the state dynamics of (5)
directly.
Theorem 3: Consider the dynamical system (5)
and its exit probability with respect to («, 3, N,||.||),
P..(xk;a,8,N), also consider the function Vi as
described previously, we have the following upper bound
Paoria 5, V) < [2Pzezo 0y
Proof: The proof easily follows from Chebychev
inequality [24]. In the following, [ is the indicator function,
for brevity I = I{supN>7>o\\wj\\>ﬂ}' Also recalling that
P(z <t) =E[I,<¢], then

Pey(zr;0, 8, N) = P{ sup ||lzg|| > B;l|zol| < a}
N>k>0

:EP<wp|@mans4
N>j>0

SUPN>E>0 ||xk‘|
SEP(wPI%W“M%HSa
N>j>0 B
Ssu o
SJE[ pNZk;OH k||;||x0||ga}

||
Again the bound on P, (zy;a, 8, N) is directly related to
the bounds on the state «, 3, to the state dynamics, and to
the time interval.

B. Stochastic Finite-Time Stability Analysis

In the previous section we showed how the exit probabil-
ity relative to the state dynamics x; and to the associated
function V' (z, k) can be bounded and how the bound de-
pends on the parameters describing the finite-time stability
objective. In this section we use the described bound to
provide sufficient conditions for FTSS stability of system
(5).

Theorem 4: Consider the dynamical system (5) and a
function V4 such that for given d1, d2 we have 01]|zx|| <
V(xk, k) < dallzkl|, and v = (61, 70 = ad2, Vo < 70,
01 > 0,02 > 0. Then the system is finite-time stochasti-
cally stable with respect to (a, 3, N,||.||, A), if any of the
following three conditions is satisfied

()
Epk [Vis1] < o0 9
Es, [AVi] < dpqa
[0[52 —+ (I)N}
B61

N
Oy :Zéﬁk,vxk €S, >0

k=1

<A

(i)
su T
E {pNE’“zo” S a] <A (10)
g
(iii)
P{AVk S kak} Z (1 — )\) (11)
. k-1
— >su 14 p; (12)
- Zsup 1;[( pi)
Vo ES.\{, pr>—-1,Vk=0,...,N
Proof: In order to prove the above statements we

verify that (i) — (i4¢) imply finite-time stability for the
system. Finite-time stability easily follows from point (%)
considering that for §1||zg|| < V(xg, k) < al|zkl|, VE =
0,...,N and vy = d2x, v = 618 we have

Pez(xk;a767N) Spez(vk;7037;N) (13)
and therefore from theorem 2 and ()
Pew(xk;aaﬁaN) S/\ (14)

Now recalling that P, (x; o, 3, N)+ Py (zr; 0, 8, N) = 1
we have that finite-time stability for the system (5) with
respect to (o, B, N, |[.|], \) i.e.

Pin(xk;aaﬁa N) Z

For point (ii), from the upper bound on P.,(x;«, 3, N)
provided in theorem 3, with the same principle as before
directly follows that

Pem(xk:;aaﬁa

(1-X) (15)

N) <A (16)

and therefore

zn(‘rkv 7ﬂ7 )

Finally for the proof of point (7#ii) let us consider the
following for p, > —1 and Vk =0,..., N

(1-2) (17)

P{AV, < ppVie} = P{Viet1 — (1 + px)Vi <0} (18)

then iterating the partial difference inequalities and consid-
ering the upper bound on Vy < vy we get Vk =0,..., N

k—1

P{AV; < ppVie} < P{Vi <0 [J (1 + pi)}
1=0

(19)

then using the condition (12) from (i) it follows that Vk =

0,...,N
P{AV}, < ppVi} < P{Vi <} (20
and moreover Vk =0,..., N
(1 =X < P{AV, < ppVi} < P{V}, <~} 21
that implies finite time stability with respect to
(a, 8, N ||, A) u
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C. Relations of FTS Conditions

In this section we compare the above results for FTS
analysis. First we study how the two upper bounds presented
in section (III-A) are related. In particular let us consider
(recall theorem 2) the following

Vo + @n]

Pew(Vk§'YOa'YyN)§ ~

(22)

where & = sz\; ¢; and from theorem 3, and from the

definition of function Vi, we have

SUPN>£>0 Vi
Y

then using the fact that 0y ||zk|| < V(zr) < d2|zk|| and
v = 013 we have

Pem(xk;a7ﬁ7N)§E ;VO<’YO

Pe:z:(xk;a>/67N) SPEI(Vk;’YO7fYaN) (23)
and moreover, by Chebychev inequality
su %

Pea(Visno,7, V) < B | TONZR20 TRy ol (24

v

from inequalities (23,24) we conclude that, to find a the least
conservative upper bound on P..(zy;a,3,N), we only
need to compare the two bounds on P, (V%; 70,7, N), in
(22) and (24). In particular we observe that in (22), starting
from Vp, pessimistic bounds are set on the trajectory of Vj
at each step by ¢y’s. In (24) we are actually considering
the expected value of supremum over all V}, in the studied
interval. In principle the bound in (24) is less conservative
than the one in (22) and does not require evaluation of the
increment at each step, but on the other hand it is not easy
to directly calculate the value of the supremum of V.

Now let us consider part (7i) of theorem 4 from which
we have for kK =0,..., N

k—1

P{Vi, <o sup H(l +pi)}
i=0

P{AV, < ppVi} <

A

< P{Vi <9}
= 1—P{ sup Vi >~}
N>k>0

we then observe how the last term (the inclusion probabil-
ity), is the complement of the exit probability for Vi, and
then a bound analogous to the one in (24) applies.

Since the three parts of theorem 4 are comparable, from
now on we will just focus on the first part (i), since it is
more general and does not directly require the knowledge
of the state of the system.

D. Finite-Time Stochastic Stability Design

The previous section focused on analysis but may be
extended to designing controllers that stochastically stabi-
lize a system over a finite time. Consider the discrete-time,
stochastic dynamical system in which the state is a Markov
process in R"

Tpr1 = f(xr, ) + g(xr)ug, x € R™, 2(0) =29 (25)

Where z is the system state, uj is a one-dimensional
control input, f and g are vector functions, and {6y} is
an independent stationary random sequence with mean fg.
In particular, we consider systems in which the random se-
quence {0y} appears linearly in the system i.e. f(xy,0;) =
f(xg)0k. In order to simplify notation, we will use the
following forms g(zj) = g, and f(zk) = faz,-

We aim to design a state-feedback control law uj =
u(xg), such that the closed-loop system is FTSS with
respect to the parameters («, 3, N, ||.||,A). The proposed
design technique is based on part (i) of theorem 4. In
particular the control law has to guarantee the finite-time
stochastic stability condition (i) is satisfied. From now on,
we also restrict our study to the choice of Vj, = x{mk,
which will lead to conservative results.

Theorem 5: Let us consider the Markov process defined
in (25), and denote with pg the mean of each random
variable 05, k = 0,..., N. Consider the FTSS condition
(9), and let us choose ¢k = 7’\ % Vg =0,...,N, and
therefore ®y = v\ — 7. Then, the system is stabilizable
over a finite time with respect to («, 3, N,||.||,A) and
V(z) = afaxy, if there exists an input law u(xy) such

that, Vk = 0,..., N, Vo € Sy = {1 : V(zp) <7}
if gfkgzk = (f! Gor + 9% fu,) =0
then (fr WJoe — T Tar) < o (26)
orelse
E. [V(zpt1,k+1)] <0 27)
1o fz, for = ThT + Gz, Gur R
+ue(f2, 9o + 92, fo )un < i (28)
1o (fF Gay + 95 f2r)* >
497 9o (o fa, fon — Th K — O1) (29)

The set of possible control laws is given by

for gfkgxk #0, and

( a:Tkgl‘k +g§kfl'k) # 0;

for 93,90, = (95, for + f2,92.) =0

NCXt let Ay = (fg;gg;k —&-gfkfwk), B, = (M@fa?;fwk -
xkxk br),

uy < ug < ug,

uk:O,

—ne A1 £ \/M%(A%) — 497, 9o, B
T

Ur2 =

xT
Proof: Consider conditigﬁ (2k8). Because of the choice
of ¢ we have

A= ye_o N

Es [Viar = Vil € T (30)

and also

N

YA —

=Y =, 31

k=0
from theorem 2 the above conditions imply

o+ @ A—

Per (Vo s V) < DO BN D0FIAZ 0]y )

gl
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and therefore finite-time stability follows. [ ]
The proposed design technique guarantees closed-loop
finite-time stability under the theorem’s assumptions. How-
ever, we actually designed to meet the specified bound
by fixing ¢. This is a constraint that makes the above
conditions on the existence of the controller only sufficient.

E. Minimization of the Exit Bound

In the previous section we designed a controller in order
to meet given bounds on the inclusion probability P;, of
the stochastic system (25). Here we proceed to develop
design techniques to maximize the inclusion probability of
the system. Instead of directly designing for the objective
P;,, we base our design on the minimization of some
upper bound on the objective P,,. Consider the following
optimization problem

Pin(xk;avﬂuN) = (33)
max P{|[z(F)[| < 5 : k € [0, NT; [[zo|| < a}

max
u

given the system (25). This objective can be achieved also
by considering the equivalent problem

min (34)

Pe:r(mk;avﬂvN) =

min P{ sup ||zx|| > B;||zol| < a}
Uk 0<k<N

We can indirectly solve this problem by minimizing an
upper bound on the function i.e.

min L(xy, ug) (35)
u

where L(zy,ur) is a cost function such that, Vk =
0,...,N7Vl‘k€S,y

Pe:r(xk;a7ﬁ>N) SL(mkyuk) (36)

In section (IlI-A) we provided some bounds on
P..(Vi;v0,7, N) and consequently on P.,(zx;«, 3, N).
Here we use those bounds in order to design for
finite-time stability for the system (25) with respect to
(o, B, N, ||.]|, A), with X as small as possible.

Theorem 6: Consider the system (25), and a function
V(z) = xFz). Then there exists a control law o ()
that minimizes P, (Vi;70,7,N) i.e. stabilizes the system
over a finite time with respect to («, (3, N,||.||) if for
9% gz, # 0, u, minimizes the cost function L(x, ug), i.e.

L(xk, uk,opt) < L(xg, ug), Yu, Vb =0,...,N (37)
where Vk =0,..., N

L(zr,ur) = pofo, for — Th Tk + g, Jon Ui + tio(A1)uk
Moreover, the optimal control law is given by

92 oy, = 0

0
ug = 1o (9L fop+£F 92)
{ T Gl Jnle 70

(38)

forall k=0,...,N.

Proof: The control law that minimizes A can be found
by considering once again the upper bound on the exit
probability presented in theorem 2. The following sufficient
conditions are given for the existence of such upper bound

Vo + On]

Pez(Ik;’YOv%N) < ~

Ezy Vi1 — Vi] < Opg1, Yo €S, ¢ >0 (39

where ® = chvzo ¢r. Since our objective is to maximize
the inclusion probability or, equivalently, minimize the exit
probability, we may minimize the upper bound on the exit
probability since 7,7y, /N are independent of the input uy.
We can then meet this requirement from the inequality (39)
by minimizing each of the terms E,, [Vi41 — V] for 2, €
S, or equivalently for Vi, = zf

Lz, ur) = El60Rf2 for — Tk @k + 92, Go i

+9k(gfk frk + fTT,CQrk)Uk)]
that is an upper bound on E,, [A(V (z))]. Since v, yo and
E[67] = E[f)] = e are fixed positive values we have
[(Mé’fgk fwk - Z‘gl‘k + ggkg:vkui

Vk=0,...,N

L(-/Elwuk) =

(40)

We then obtain wy in (38) that minimize L(xj,ux) by
finding the solution to %L(ac;C7 ug) =0 [ |

IV. FINITE-TIME STABILITY DESIGN EXAMPLE

In this section we present an example to illustrate our
design techniques.
Example 1: Consider the system

Try1 = 0.5e(®H) g + SZ"I’L(27T% — Tug

where 0, € {0,1} is a process of i.i.d. random variables,
with mean py = 0.5. We would like to choose uj in such
a way that the closed-loop system is finite-time stable with
respect to (o = 0.25,8 = 1, N = 10,||.||, A = 0.3). We
also want to minimize a bound on the exit probability P,,.

By applying theorem 5 with §; = 1, 2 = 1 and therefore
¢r = 0.005 and choosing in the admissible range of
controller uy, = —1.3, for sin(2r % —7) # 0, and u = 0,

for sin(2m % — 7) = 0, we obtain the closed-loop system

. Tk . . Tk
+ szn(?wg - 7)(—1.3519n(|sm(277€ -7

Tk41

Also applying the input u,,; that minimizes A we obtain
the closed-loop dynamics,

Tpe1 = 050, + Sin(27r% — 7)) topt(k)
. . xz
uop(k) = sign(|(sin(2m = —7))M (k)
Mk) = —0.5e@H) sin(2m L — 7)

2(sin(2m % —17))2

2576



In Figure (2) we compare a simulation of the closed-loop
system, with the first controller u; designed for FTSS with
respect to (o = 0.25,8 = 1, N = 10,]|.||, A = 0.3), with
the open-loop controller, and finally the closed-loop system
with the second controller u,,,;. Notice how in the open-loop
case the bound 3 = 1 is exceeded for more than three times
over the first 10 seconds of simulation, while in the second
case the bound is exceeded 3 times over the 10 seconds
(i.e. P, = 0.3) and in the third case is never exceeded,
that shows how the design goals have been satisfied.

——
— Open-loop system | |

4
sk

~2r ]

il |
oF p

T S T T S SO SO R R R
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
k

f——
i
L2r ]
b ]
[ B R R PRI S
01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
4 T \k e e e e e e e e e
L ‘ ___ Closed-loop system with minima bound on PCJF
L2r ]
b ]
o L—rir L

T T S T T S SO SO R N R
0 1t 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
k

Fig. 2. Open loop system versus closed loop systems with exit probability
Pe; < 0.3 and minimal exit probability.

V. CONCLUSION

We presented in this paper new results on finite-time
stability for stochastic discrete-time nonlinear systems.
Moreover, we explored how finite-time stability analysis
techniques can be extended to control design.

After discussing deterministic FTS, and a new approach
to its analysis, we considered a stochastic system and ex-
plored its finite-time stability. In particular, we described the
concepts of “inclusion probability” and “exit probability”.
We also showed how these quantities can be bounded by
bounds that depend on the required finite-time stability
parameters and that may be used to analyze FTSS, and to
design for closed-loop FTSS. We finally described how an
upper bound on the exit bound can be minimized, that is
design for minimizing the probability of exceeding a bound
over a finite time.

The most difficult aspect of applying our results is the
checking the inequalities in the various theorems. It might of
future value to study specific structures such as polynomial
systems to alleviate such problems. It is also of interest to
apply the FTSS results presented here to packet-dropping
problems in networked control systems, and to study the
effects of time delay.

REFERENCES

[11 F. Amato, M. Ariola, C. Abdallah, and C. Cosentino, Application
of finite-time stability concepts to control of ATM networks. In 40th
Allerton Conf. on Communication, Control and Computers, Allerton,
1L, 2002.

[2] F. Amato, M. Ariola, C. Abdallah, and P. Dorato, Finite-time control
for uncertain linear systems with disturbance inputs. In Proc.
American Control Conf., pp. 1776-1780, San Diego, CA, 1999.

[3] F. Amato, M. Ariola, C. Cosentino, C. Abdallah, and P. Dorato,
Necessary and sufficient conditions for finite-time stability of linear
systems. In Proc. American Control Conf., pp. 4452-4456, Denver,
CO, 2003.

[4] F. Amato, M. Ariola, and P. Dorato, Robust finite-time stabilization of
linear systems depending on parameter uncertainties. In Proc. IEEE
Conf. on Decision and Control, pp. 1207-1208, Tampa, FL, 1998.

[5] F. Amato, M. Ariola, P.Dorato, Finite-Time Control of Linear Systems
Subject to Parametric Uncertainties and Disturbances Automatica 37
pp. 1459-1463, 2001. 2]

[6] F. Amato, M. Ariola, and C. Cosentino, Finite-time stability of
discrete-time system, Proc. 2004 American Control Conference,
Boston, MA, June 2004, pp. 1440-1444.

[7]1 P. Dorato, Short-time stability in linear time-varying systems. In IRE
International Convention Record, Part IV, pp. 83-87, 1961.

[8] P. Dorato, Short-time Stability in Linear Time-varying Systems. PhD
thesis, Polytechnic Institute of Brooklyn, 1961.

[91 P. Dorato, Short-time stability. IRE Trans. Automat. Contr., pp. 86,
February 1961.

[10] P. Dorato, C. Abdallah, and D. Famularo, Robust finite-time stability
design via linear matrix inequalities. In Proc. IEEE Conf. on Deci-
sion and Control, San Diego, CA, 1997.

[11] W. Garrard, Further results on the synthesis of finite-time stable
systems. IEEE Trans. Automat. Contr., pp. 142-144, February 1972.

[12] H. D’Angelo, Time-varying Systems: Analysis and Design. Allyn
and Bacon, Boston, MA, 1970.

[13] H.J. Kushner, Stochastic Stability and Control Academic Press N.Y.
1967.

[14] H.J. Kushner, Finite-Time Stochastic Stability and the Analysis of
Traking Systems , IEEE Trans. on Automatic Control, vol. AC-11,
pp-219-227, April 1966.

[15] L. Weiss, E.F. Infante, On the Stability of Systems Defined over a
Finite Time Interval Proc. of the National Academy of Sciences Vol.
54 No. 1 pp.44-48. July 1965.

[16] L. Weiss, E.F. Infante, Finite Time Stability Under Perturbating
Forces and on Product Spaces 1EEE Trans. on Automatic Control,
Vol. AC-12, No.1 pp. 54-59, February 1967.

[17] L. Weiss, On uniform and nonuniform finite time stability. IEEE
Trans. Automat. Contr., AC-14 pp.313-314, 1969.

[18] L. Weiss, Converse theorems for finite-time stability. SIAM J. Appl.
Math., 16, pp. 1319-1324, November 1968.

[19] Vidyasagar, Nonlinear Sysytems Analysis, Prentice-Hall, 1978.

[20] L.J.Van Mellaert, Inclusion-Probability-Optimal Control Ph.D. dis-
sertation, Dep. Elec. Eng., Polytechnic Inst. Brooklyn, Brooklyn,
N.Y., June 1967.

[21] L.J.Van Mellaert and P. Dorato, Numerical Solution of an Optimal
Control Problem with a Probability Criterion 1EEE Trans. on
Automatic Control Vol.AC-17, No.4, pp. 543-546, August 1972.

[22] J.P. LaSalle, and S.Lefschetz Stability by Lyapunov’s Direct Method
with Applications New York: Academic Press, 1961. Chap.4, pp.121-
126.

[23] G. Kamenkov, On stability of motion over a finite interval of time [in
Russian]. Journal of Applied Math. and Mechanics (PMM), 17:529-
540, 1953.

[24] H.Stark, J.W.Woods, Probability and Random Processes with Appli-
cations to Signal Processing Third Edition, Prentice Hall, Englewood
Cliffs, NJ, 2002.

[25] S. Mastellone, Finite-time Stability of Nonlinear Networked Control
systems. Master’s thesis, ECE Department, University of New Mex-
ico, 2004.

[26] A. Michel and S.Wu, Stability of discrete-time systems over a finite
interval of time. Int. J. Control, 9, pp.679-694, 1969.

2577



	University of New Mexico
	UNM Digital Repository
	12-14-2004

	Finite-time stability of discrete-time nonlinear systems: analysis and design
	Chaouki T. Abdallah
	S. Mastellone
	P. Dorato
	Recommended Citation


	Finite-Time Stability of Discrete-Time Nonlinear Systems: Analysis and Design

