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We note that massless fields within the future and past light cone may be quantized as independent
systems. The vacuum is shown to be a nonseparable state of these systems, exactly mirroring the known
entanglement between the spacelike separated Rindler wedges. This leads to a notion of timelike
entanglement. We describe an inertial detector which exhibits a thermal response to the vacuum when
switched on at r = 0, due to this property. The feasibility of detecting this effect is discussed, with natural
experimental parameters appearing at the scale of 100 GHz.
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A basic and far-reaching property of the quantum vac-
uum is that it is an entangled state—a fact underlying an
impressive number of theoretical insights and predictions
[1]. In the case of flat Minkowski space-time, this is
typically shown in the context of the Unruh effect [2—4].
There, the vacuum state of the field can be written as an
entangled state between two sets of modes, respectively,
spanning two space-time wedges, known as the Rindler
wedges (see Fig. 1). A uniformly accelerated observer sees
only one set of Rindler modes. The tracing out of the
unobserved modes leads to the prediction that such an
accelerated observer sees a thermalized vacuum.

Having been predicted over 30 years ago, the Unruh
effect remains unobserved. Its validity, though widely
accepted, is sometimes debated on theoretical grounds
[5-7]. The small scale of the effect motivates a search for
related phenomena that can be tested experimentally.

Here, our main result is to demonstrate that the same
entanglement exists between massless fields within the
future and past light cone (F' and P) as between the left
and right Rindler wedges (L and R), and that the Unruh
effect can be mapped onto an equivalent thermal effect for
an inertial observer interacting with the field only in the
future or the past. We will show the explicit form of this
timelike entanglement for a massless scalar field in 2-d
space-time, and the detector effect in 4-d space-time.
Dimensional analysis suggests that observation of this
effect may be within range of current technology.

This Letter is organized as follows: We first note that
massless fields in ' and P may be quantized as indepen-
dent systems, and then describe our coordinatization of
space-time, and the mode functions living in each quad-
rant. We then express the state of the Minkowski vacuum
restricted to F and P in terms of these modes, and note
entanglement. An Unruh-DeWitt detector is then de-
scribed, which shows a thermal response to these modes
in F (or P). The feasibility of an experimental observation
of this effect is discussed. We then offer some conclusions.

Future-past as independent systems.—The concept of
entanglement between the left and right Rindler wedges
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rests on the fact that the fields within may be quantized
as independent systems. This is expressed through the
vanishing of the Pauli-Jordan function, iA(x —y) =
[$(x), dT(y)] for spacelike intervals. This general feature
holds for both massive and massless fields.

In the case of massless fields, however, the Pauli-Jordan
function A(x — y) vanishes for all but lightlike intervals,
(x —y)> =0 [8]. In particular, it vanishes for timelike
intervals. This will allow us to regard the fields in F and
P as independent systems.

In what follows, we assume a massless, noninteracting
field for which ¢ (xy) and ¢ (xp) commute. It is important
to note that the concept of independent systems also re-
mains valid as an approximation when the commutator is
small but nonvanishing, as in the case of an arbitrarily
small but nonvanishing mass. This ensures that the concept
of timelike entanglement we develop here remains stable
under small deviations from the ideal case.

Coordinates.—We now break space-time into quadrants
F, P, R, L, and introduce coordinates for each. Each of
these coordinate systems will be used to define a set of field
modes, complete in each region. We emphasize that these
modes are not all independent from one another; the modes

FIG. 1. Space-time divided into quadrants consisting of re-
gions contained by the future and past light cones (F and P),
and the right and left Rindler wedges (R and L).
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in F are independent from modes in P, but they are not
independent of the modes in R and L.
In F, we adopt the coordinates 7 and {:

t = a 'e“"cosh(a?), (1)

e sinh(a?). )

z=a
In P, we will use the coordinates 7 and ¢:

t = —a 'e cosh(al), (3)

7z = —a e sinh(a?). 4)

These are to be compared with the usual Rindler coor-
dinates 7 and €, in R:

t = a e’ sinh(ar), 3)

z = a 'e% cosh(ar). (6)
As well as 7 and €, in L:

t = —a 'e%sinh(a?), (7)

7= —a e cosh(a7). (8)

In each of these coordinate systems the metric is con-
formally Minkowski, and owing to the conformal invari-
ance of the massless wave equation in two dimensions, the
same equation holds separately in the four coordinate
systems (see Eq. 2.46 of [4]), namely,

92 92 92 92

_ =0, (——— =0, 9
(0772 GZZ)F(ﬁ (37'2 662)R¢ ©)
92 92 92
- =,
(aﬁ2 64“2)p¢ (ar

We now introduce the light-cone coordinates, valid
throughout all space-time:

2
a)qb 0. (10
E

V=t+z U=1t—z (11)

and their analogs in the above four coordinate systems:

(F)v=mn+{ w=m=14 (12)
P)op=-0-¢( a=-9+L (13
R\ x=1+e Kk=1—¢ (14)
(L) y=-7—-& k=-T+& (15)

These are related in the following way

(F)V=alev, U=a'e*", (16)
(P)V=—a"te? U= —a e ", (17)

R)V=aler, U=—aleox (18

(L) V=—ale ¥, U= a e, (19)

Field expansion, Bogoliubov transformations, and
entanglement.—Using the light-cone coordinates, the field
may be expanded in plane waves as ®(V,U)=
f8° (4:}51/2 [&k —ikV 4 4 Al’r elkV 1+ > e kU 4 4 AZT ¢*U7]. Since
all a'’s commute w1th all a%’s (correspondlng to left and
right moving modes, respectively), we make a common
simplification, and treat only the left moving sector of the
field, d(V)= [ aknlafe ™ +a a,Te™], with the
understanding that analogous results hold for the right
moving sector d(U) as well.

We can expand dA>(V) in the following sets of functions,
in their respective quadrants. The Rindler modes

gh(Y) = dmw)~12e7iox, (20)
86(X) = (4mw) 12 iwx 1)
and their analogs in the future and past

gL(v) = (dmw)~2e7ior (22)

b (p) = dmw) 1 2emio7, (23)

We note that gf(v) is the same solution as g&(y),
extended from R into F—a fact pointed out by Gerlach
[4,9] in the context of massive fields. This can be seen by
expanding these functions in plane waves

Ry [ dk R ,—ikV o pR ,ikV
6(V)gk (x) [0 G @i Bl 2

ogh = [ ak

F ,—ikv F kv
. (47Tk)l/2(awke + B,e™). (25)

Now note that g% (y) and g% (v) are identical as func-
tions of V, since (V) = »(V), and so they must be built of
exactly the same plane waves. The same relationship holds
for gb(y) and gf(v). In other words, the Bogoliubov
coefficients satisfy

Zk = aRk ik = Bf}k’ (26)

IBf)k = ék' (27

Thus, the well-known relations between Bogoliubov
coefficients in R and L are duplicated in F' and P.
In particular, solving (24) and (25) (and the analogous P

P _— L
Xk = App

and L relations) leads to Bogoliubov coefficients
which satisfy the relations, 87, = —e 7“/“af* and
F _e—ﬂ'w/aaP*
wk wk*

From this point forward, the demonstration of future-
past entanglement of the Minkowski vacuum is exactly
the same as the standard demonstration of right-left entan-
glement, with a change of labels R— F and L — P.
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We review the basic argument, and refer the reader to
Crispino, Higuchi, and Matsas [4] for detail.

Using the above Bogoliubov relations, the following
pure-positive frequency modes can be defined

G,(V) = 0(V)gh(v) + 60(=V)e ™/4gl*(p), (28)

G, (V) = 0(=V)gh(®) + 0(V)e ™/ agh*(v). (29)

When the field is expanded in terms of these functions,
the annihilation operators for the G and G quanta can
readily be seen to be (af — e ™/24ET) and (af —
e~ mwlagh T) (where the a’s here refer to the g quanta).
Since both G and G are pure-positive frequency functions
of Minkowski time, their vacuum coincides with the
Minkowski vacuum |0,,), and we obtain the relations

(af — e=m/4ab1)]0,) =0, (30)

(@l — e=m/aak1)]0,,) = 0, (31)

which in turn imply the following:

(astal, — ag'af)loy) = 0. (32)

Define the vacuum [0;) to satisfy af |0,y = af|0;) = 0.
Using the approximation that there are a discrete set of
modes labeled by w;, the relations (30)—(32) imply that the
Minkowski vacuum restricted to F-P may then be expres-
sible in the following form:

HCEZ

which is clearly entangled. Also mirroring the Rindler
case, the state of the future (or the past) alone is a ‘“‘ther-
mal” state of the g,-modes, where w is a frequency with
respect to the conformal time coordinate 7.

pr=TI[& X e>metemhnf] - G

i n;=0

where C; = /1 — e~27@ila,

Detectors.—The above result suggests that an inertial
detector switched on at ¢+ = 0 and sensitive to frequency E
with respect to conformal time 7 should register a thermal
response. This can indeed be seen to be the case. For
completeness, we move now to a 4-d description.

The Schrédinger equation in the conformal time 7 along
the worldline ¥ = 0 takes the following form: i—‘If =

0y) = (& fabtylos),  (33)

jf] HWY = atHW¥. To use perturbation theory in n, we
take the Hamiltonian to be H = H,/at + H;, where H,
is the standard interaction term for an Unruh-DeWitt de-
tector, ai qS . The time scaling of the H, term means the
detector will have a constant n-frequency gap, E.
Converting to 7, the Schrodinger equation reads,

iy =
an

The ¢ factor in the interaction term means that pertur-
bation theory will eventually break down, as the fixed
coupling to the field eventually dominates the changing
energy gap of the detector. Here, we assume the constants
a and a have been chosen such that perturbation theory
remains valid over times that are large compared to any
other relevant timescale in the problem, and interpret infi-
nite integrals over 7 as integrals to ‘“‘arbitrarily large n
within this approximation.”

In the Heisenberg picture in 7, the detector’s monopole
moment operator evolves like mi(n) = efonme Hon,
while the field operator transforms as a scalar under the
change t — 7, so that ¢(n) = @(1(n)). The detector re-
sponse can thus be obtained in the standard way

F(E) = ] "y f " dnfe EO ) st ) D (o, ),
(36)

(Hy + e“"H,)W. (35)

where D™ (1, ') = (Ou[d(n)b(1')|0y).

This differs from the usual form only in the presence of
the (77 factor in the integrand, and the fact that the
limits of integration correspond to a detector switched on at
t=0. The usual regularized form of D*(x, x/) =

Oyl (x)p(x")|0) is given by [1]
_ #[(t P —G-FPT (T

We now note that the functional form of
et 1) D (n, n') for two points on the inertial trajectory
t = a e ¥ = 0isidentical to that of D¥(x(7), x(7')) for
two points on the accelerated trajectory t = a~ ! sinh(a7),
x=y=0, z=a 'cosh(ar), up to rescaling of €. This
can be seen through a coordinate substitution, noting for
the inertial trajectory that

D" (x,x') =

1 a2e a4t -
(t =17 4sinh(($(n — 7)) o
and for the accelerated trajectory:
1 a®
= . 39
(t=1)P?—(z—2) 4sinh®(4(r — 7)) (39)

This correspondence thus yields a formally identical
response function integral, in the two cases. Through the
standard evaluation of the response function integral [1],
this leads us to a thermal response at temperature 7 = % .
Note the factor of ““c” difference compared with the Unruh
temperature, due to the dimensionality of a in this case (our
scaling parameter). We thus conclude that an inertial, two-
state Unruh-DeWitt detector, whose energy gap is contin-
uously scaled as % responds to the Minkowski vacuum in a
manner identical to an accelerated detector with a fixed
proper-energy gap.

Our results have previously been hinted at in the litera-
ture by Bunch, Christensen, and Fulling [1,10], who
studied a field quantized in F' alone, and who noted a
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“thermal correspondence’ in the particle content of two
different (but pure in F) vacua. More recently, Martinetti
and Rovelli [11] have predicted that a time-dependent
temperature, 7 = ﬁ should be seen by an observer
“born at t = 0,” but no detector interpretation was given.
Recently, the response of an inertial Unruh-Dewitt detector
(without frequency scaling) switched on abruptly at r = 0
was computed by Louko and Satz [12]—the response is not
thermal. However, if a detector is designed to compensate
for the changing field temperature with a changing energy
gap, then % becomes constant in time, and one might expect
to see a constant thermal response—exactly what we have
shown above. We believe this is the proper interpretation of
the result of Martinetti and Rovelli, in terms of detectors.
Further, our result reveals the source of thermalization via
F-P entanglement.

Feasibility of experimental detection.—The Unruh effect
is notoriously difficult to observe, since the temperature is
so tiny for accessible values of the acceleration, a, namely
Ty = ZZ‘z 7~ To observe a temperature of 1° K requires an
acceleration on the order of 10%0 4.

However, we have seen that scaling the energy gap of an
inertial detector allows interaction with precisely the same
field modes in the same thermal state. In our case, a is
simply a scaling constant with units of ﬁ The factor of
¢! disappears from the temperature, T = ;’—;’k . To encoun-
ter a temperature of 1° Krequires a on the scale of 100 GHz.

We also require that the energy gap of the detector is
scaled over a long enough period to allow thermalization.
Experimentally, we imagine a detector which is scaled
between times 7; and 7,, and we demand many oscilla-
tions at the constant 1 frequency E of the detector, within
the interaction time period. This requirement reads 1, —
n; > E~'. If expressed in ordinary ¢ times and frequen-
cies (in which E; is the initial t-frequency gap of the
detector at t,, etc.), it then reads ;—T > W/NE) = ((I/1E,)

Now, if #; is taken to be the characteristic time scale
1/E,, then thermalization requires t, > 2.71,.

In other words, simple analysis suggests that the effect
could be visible on frequency scales in the vicinity of
100 GHz, scaled over a single order of magnitude.

Conclusions.—In contrast to earlier work which at-
tempted to define “‘entanglement in time” as a new and
different quantity [13], the definition of entanglement we
have used is the standard one—the nonseparability of a
pure state (in this case the vacuum). The implications of
timelike entanglment have not been explored in depth. The
thermal effect we describe here is only the first such
consequence. We speculate, however, that most conse-
quences of ordinary entanglement have a directly analo-
gous interpretation in timelike entanglement. For example,
the no-signaling theorem [14] may be interpreted to forbid
the use of timelike entanglement as a means of communi-
cation with the past. Nevertheless, projecting onto states in
F should collapse the state in P.

It was noted above that the entangled modes we have
described in F-P are the same mode solutions as the
entangled Rindler modes in R-L. In other words,
F-P entanglement is not merely analogous to R-L
entanglement—it is precisely the same entanglement,
viewed in a different region of space-time. Recently, theo-
retical work has focused on manipulating or extracting
vacuum entanglement by interacting with the R-L en-
tangled modes [15-20]—this illustrates ‘“‘exotic effects”
which are in principle allowed by relativistic quantum field
theory. We speculate that due to the dimensional improve-
ment and the lack of need for acceleration, some of these
effects may in fact become experimentally accessible,
when converted to equivalent interactions in F-P.

We thank Tony Downes, Achim Kempf, and Nicolas
Menicucci for stimulating discussions. In addition, we
thank the Defence Science and Technology Organisation
(DSTO) for their support.

*j.olson@physics.uq.edu.au
[1] N.D. Birrell and P.C.W. Davies, Quantum Fields in
Curved Space (Cambridge University Press, Cambridge,
England, 1984).
[2] W.G. Unruh, Phys. Rev. D 14, 870 (1976).
[3] P.C.W. Davies, J. Phys. A 8, 609 (1975).
[4] L.C.B. Crispino, A. Higuchi, and G.E. A. Matsas, Rev.
Mod. Phys. 80, 787 (2008).
[5] N.B. Narozhny, A.M. Fedotov, B.M. Karnakov, V.D.
Mur, and V. A. Belinskii, Phys. Rev. D 65, 25004 (2001).
[6] S.A. Fulling and W.G. Unruh, Phys. Rev. D 70, 48701
(2004).
[7] N.B. Narozhny, A.M. Fedotov, B.M. Karnakov, V.D.
Mur, and V. A. Belinskii, Phys. Rev. D 70, 048702 (2004).
[8] W Heitler, The Quantum Theory of Radiation (Oxford
University Press, London, England, 1954).
[9]1 U.H. Gerlach, Phys. Rev. D 38, 514 (1988).
[10] T.S. Bunch, S.M. Christensen, and S.A. Fulling, Phys.
Rev. D 18, 4435 (1978).
[11] P. Martinetti and C. Rovelli, Classical Quantum Gravity
20, 4919 (2003).
[12] J. Louko and A. Satz, Classical Quantum Gravity 23, 6321
(2000).
[13] C. Brukner, S. Taylor, S. Cheung, and V. Vedral, arXiv:
quant-ph/0402127.
[14] G.C. Ghirardi, A. Rimini, and T. Weber, Lett. Nuovo
Cimento Soc. Ital. Fis. 27, 293 (1980).
[15] P.M. Alsing and G.J. Milburn, Phys. Rev. Lett. 91,
180404 (2003).
[16] K. Bradler, Phys. Rev. A 75, 22311 (2007).
[17] D.C.M. Ostapchuk and R.B. Mann, Phys. Rev. A 79,
42333 (2009).
[18] S.Y. Lin and B.L. Hu, Phys. Rev. D 81, 045019 (2010).
[19] M. Han, S.J. Olson, and J. P. Dowling, Phys. Rev. A 78,
22302 (2008).
[20] B. Reznik, A. Retzker, and J. Silman, Phys. Rev. A 71,
42104 (2005).

110404-4


http://dx.doi.org/10.1103/PhysRevD.14.870
http://dx.doi.org/10.1088/0305-4470/8/4/022
http://dx.doi.org/10.1103/RevModPhys.80.787
http://dx.doi.org/10.1103/RevModPhys.80.787
http://dx.doi.org/10.1103/PhysRevD.65.025004
http://dx.doi.org/10.1103/PhysRevD.70.048701
http://dx.doi.org/10.1103/PhysRevD.70.048701
http://dx.doi.org/10.1103/PhysRevD.70.048702
http://dx.doi.org/10.1103/PhysRevD.38.514
http://dx.doi.org/10.1103/PhysRevD.18.4435
http://dx.doi.org/10.1103/PhysRevD.18.4435
http://dx.doi.org/10.1088/0264-9381/20/22/015
http://dx.doi.org/10.1088/0264-9381/20/22/015
http://dx.doi.org/10.1088/0264-9381/23/22/015
http://dx.doi.org/10.1088/0264-9381/23/22/015
http://arXiv.org/abs/quant-ph/0402127
http://arXiv.org/abs/quant-ph/0402127
http://dx.doi.org/10.1007/BF02817189
http://dx.doi.org/10.1007/BF02817189
http://dx.doi.org/10.1103/PhysRevLett.91.180404
http://dx.doi.org/10.1103/PhysRevLett.91.180404
http://dx.doi.org/10.1103/PhysRevA.75.022311
http://dx.doi.org/10.1103/PhysRevA.79.042333
http://dx.doi.org/10.1103/PhysRevA.79.042333
http://dx.doi.org/10.1103/PhysRevD.81.045019
http://dx.doi.org/10.1103/PhysRevA.78.022302
http://dx.doi.org/10.1103/PhysRevA.78.022302
http://dx.doi.org/10.1103/PhysRevA.71.042104
http://dx.doi.org/10.1103/PhysRevA.71.042104

