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RESUME

Cette these s’intéresse a 1’étude des propriétés et applications de quatre familles
des fonctions spéciales associées aux groupes de Weyl et dénotées C', S, S® et
S, Ces fonctions peuvent étre vues comme des généralisations des polynomes de
Tchebyshev. Elles sont en lien avec des polynomes orthogonaux a plusieurs vari-
ables associés aux algebres de Lie simples, par exemple les polynomes de Jacobi et
de Macdonald. Elles ont plusieurs propriétés remarquables, dont 'orthogonalité
continue et discrete. En particulier, il est prouvé dans la présente these que
les fonctions S® et S! caractérisées par certains parametres sont mutuellement or-
thogonales par rapport a une mesure discrete. Leur orthogonalité discréte permet
de déduire deux types de transformées discrétes analogues aux transformées de
Fourier pour chaque algebre de Lie simple avec racines des longueurs différentes.
Comme les polynomes de Tchebyshev, ces quatre familles des fonctions ont des
applications en analyse numérique. On obtient dans cette theése quelques for-
mules de «cubature», pour des fonctions de plusieurs variables, en liaison avec
les fonctions C, S* et S'. On fournit également une description compléte des
transformées en cosinus discretes de types V-VIII a n dimensions en employ-
ant les fonctions spéciales associées aux algebres de Lie simples B, et C),, ap-
pelées cosinus antisymétriques et symétriques. Enfin, on étudie quatre familles
de polynomes orthogonaux a plusieurs variables, analogues aux polyndémes de

Tchebyshev, introduits en utilisant les cosinus (anti)symétriques.

Mots-clés: groupes de Weyl; fonctions spéciales C, S, S* et S’ polynomes

orthogonaux; transformées discretes; formules de «cubature».
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ABSTRACT

This thesis presents several properties and applications of four families of Weyl
group orbit functions called C-, S-, S*- and S'-functions. These functions may
be viewed as generalizations of the well-known Chebyshev polynomials. They are
related to orthogonal polynomials associated with simple Lie algebras, e.g. the
multivariate Jacobi and Macdonald polynomials. They have numerous remark-
able properties such as continuous and discrete orthogonality. In particular, it is
shown that the S*- and S'-functions characterized by certain parameters are mu-
tually orthogonal with respect to a discrete measure. Their discrete orthogonality
allows to deduce two types of Fourier-like discrete transforms for each simple Lie
algebra with two different lengths of roots. Similarly to the Chebyshev polynomi-
als, these four families of functions have applications in numerical integration. We
obtain in this thesis various cubature formulas, for functions of several variables,
arising from C-, S*- and S'-functions. We also provide a complete description of
discrete multivariate cosine transforms of types V-VIII involving the Weyl group
orbit functions arising from simple Lie algebras C,, and B,,, called antisymmetric
and symmetric cosine functions. Furthermore, we study four families of mul-
tivariate Chebyshev-like orthogonal polynomials introduced via (anti)symmetric

cosine functions.

Keywords: Weyl groups; orbit functions C, S, S* and S'; orthogonal polynomi-

als; discrete transforms; cubature formulas.
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INTRODUCTION

The purpose of this work is to study properties and applications of special
functions related to the Weyl groups corresponding to simple Lie algebras. We
are motivated by three main topics: discrete Fourier-like analysis, multivariate
orthogonal polynomials and numerical integration.

Lie algebras have been named after Norwegian mathematician Marcus Sophus
Lie, whose work on continuous transformation groups, nowadays known as Lie
groups, led to the creation of Lie theory [55, 60]. Lie algebras have become,
together with Lie groups, a subject of interest in several domains of mathematics
and theoretical physics. We restrict our attention to the special case of semi-
simple Lie algebras. They can be expressed as direct sums of simple Lie algebras
which are completely determined by n vectors, known as simple roots, spanning an
Euclidean space isomorphic to R" [6, 19, 29, 54, 60]. To each simple Lie algebra,
we can uniquely associate its finite Weyl group of geometric symmetries generated
by a set of reflections with respect to the hyperplanes orthogonal to simple roots
and passing through the origin [20]. The Weyl groups are of primary importance
since our special functions are induced from their sign homomorphisms.

Among various types of special functions associated with Weyl groups, we
are interested in the so-called Weyl group orbit functions, including four different
families of functions, C-, S-, S*- and S'-functions [9, 24, 26, 40]. The symmetric
C-functions and antisymmetric S-functions are well known from the representa-
tion theory of simple Lie algebras [54, 60]. In particular, the S-functions appear
in the Weyl character formula and every character of irreducible representations
of simple Lie algebra can be written as a linear combination of C-functions. More-
over, it is possible to show that the C- and S-functions arising in connection with
simple Lie algebras B,, and C,, become, up to a constant, symmetric multivariate
cosine functions and antisymmetric multivariate sine functions [25] respectively.
For we dispose of two other generalizations of the common cosine and sine func-
tions of one variable, it is natural to try to find their analogues in terms of Weyl

group orbit functions. This led to the definition of S*- and S'-functions based on



2

hybrid sign homomorphisms on Weyl groups. However, in comparison with the
C- and S-functions, the S*- and S'-functions exist only in the case of simple Lie
algebras with two different lengths of simple roots.

A review of several pertinent properties of the C-, S-, S°- and S'-functions
can be found in [14, 24, 26, 40]. They have, for example, symmetries with
respect to the affine Weyl group, which is an infinite extension of the Weyl group
by translations. Therefore, we can consider C-, S-, S*- and S'-functions only on
some subsets of the fundamental domain F' of the affine Weyl group. Within each
family, the functions are continuously orthogonal when integrated over F' [40, 43].
This allows us to introduce continuous Fourier-like transforms involving C-, S-,
S5~ or S!-functions. Motivated by the processing of multidimensional digital data,
the discrete orthogonality of the functions, developed in [14, 16, 43|, is crucial.
In particular, the continuous extension of discrete Fourier-like transforms, derived
from the discrete orthogonality of C-, S-, S*- and S'-functions, interpolates digital
data in any dimension and for any lattice symmetry afforded by the underlying
simple Lie algebra. Several special cases connected to the simple Lie algebras of
rank two are studied in [49, 50, 51]. It is still under study to know in which cases
this transforms provide a more efficient interpolation than the multidimensional
discrete Fourier transform.

In the case of Weyl group orbit functions, their discrete orthogonality can be
used to derive several numerical integration formulas which approximate some
weighted integral of any function by a weighted sum of a finite number of func-
tion values. In general, the formulas are required to be exact for all polynomial
functions up to a certain degree [5]. In particular, the extensively studied Cheby-
shev polynomials are often used in mathematical analysis as efficient tools for
numerical integration and approximations [39, 52]. Since the C-functions and
S-functions of simple Lie algebra A; coincide, up to a constant, with the common
cosine and sine functions respectively, they can be related to the Chebyshev poly-
nomials and ,consequently, to the integration formulas, quadratures, for functions
of one variable. In [35], it is shown that there are analogous formulas for numer-
ical integration, for multivariate functions, that depend on the Weyl group of the
simple Lie algebra A,, and the corresponding C- and S-functions. The resulting
rules for functions of several variables are known as cubature formulas. The idea
of [35] is extended to any simple Lie algebra in [15, 40, 44].

This work consists of Chapters 1-5 and Appendix A. Chapter 1 is intended to
motivate our investigation of Weyl group orbit functions. It gives a brief review
of the relations of the Weyl group orbit functions with other special functions

which may be associated with the Weyl groups and which have applications in
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F1GURE 0.1. The brief sketch of relations among several functions
associated with Weyl groups. More details can be found in the
sections written in the boxes.

various scientific domains. For example, we have already mentioned the con-
nection of the C- and S-functions of one variable with Chebyshev polynomials.
In Chapter 1, we also show that each family of the Weyl group orbit functions
corresponding to As and C can be viewed as a two-variable analogue of Jacobi
polynomials [30]. Furthermore, we provide the exact connection with general-
izations of trigonometric functions [60]. Thus, the Weyl group orbit functions
may be considered as generalizations of named functions. On the other hand, it
is shown that all four families are related to special cases of generalized Jacobi
polynomials attached to root systems [10]. The Figure 0.1 presents a graphical
realization of the dependence among different types of functions associated with

Weyl groups.



Chapters 2-5 and Appendix A correspond to the articles [12, 14, 15, 40|
and [13], each of them describing properties and applications of Weyl group orbit

functions. In particular,

(1)

On discretization of tori of compact simple Lie groups II. [14].

This article is devoted to the study of discrete transforms involving S°- and
S'-functions. For any positive integer M, we consider multidimensional
data sampled on finite lattice fragments F}; with variable density given
by M. For each grid F};, we determine a set of S®-functions in such a way
that it forms an orthogonal basis of the vector space of complex functions
given on Fj; with respect to the scalar product defined as a weighted
sum on Fj;. We show similar results connected to S'-functions. Using
the discrete orthogonality within each family of S*- and S'-functions, we
perform discrete Fourier-like transforms in terms of those functions. We
also provide formulas for the number of points in the finite grids.
Gaussian cubature arising from hybrid characters of simple Lie groups
40].

In this article, we introduce applications of S*- and S'-functions in nu-
merical analysis. These functions can be connected with two families of
orthogonal polynomials. Instead of the standard grading of polynomials,
we use the so-called m-degree of polynomials based on a set of Lie the-
oretical invariants. Together with continuous and discrete orthogonality
of S*- and S'-functions, it allows us to deduce new cubature formulas. In
particular, we have optimal Gaussian cubature formulas arising from S5°*-
functions of any simple Lie algebra with two different lengths of roots and
slightly less efficient Radau cubature formulas connected to S'-functions.
Cubature formulas of multivariate polynomials arising from symmetric or-
bit functions [15].

In this article, we extend the results of [40, 44] to the family of C-
functions. We obtain new cubature formulas arising in connection with
any simple Lie algebra. We provide a detailed description of cubatures for
simple Lie algebras of rank 2, e.g. we present explicit formulas for weight
functions in terms of polynomial variables. We also indicate a few appli-
cations of cubatures such as polynomial approximations of any function.
Considering simple Lie algebra C5, we give an example of the approxi-
mation of a specific model function in terms of orthogonal polynomials
related to C-functions.

Discrete transforms and orthogonal polynomials of (anti)symmetric mul-

tivariate cosine functions (working title: (Anti)symmetric discrete cosine
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transforms on fundamental domain of extended affine symmetric group
and Chebyshev-like multivariate polynomials) [12].
This article consists of two main parts, both concerned with antisymmet-
ric and symmetric cosine functions, i.e. with special cases of Weyl group
orbit functions. In the first part, we establish (anti)symmetric discrete
cosine transforms of type V-VIII using discrete cosine transforms of type
V-VIII for functions of one variable. Inspired by the Chebyshev polyno-
mials of the first and third kind, the second part introduces four families
of multivariate orthogonal polynomials via (anti)symmetric cosine func-
tions. We describe their properties such as continuous orthogonality with
respect to a weighted integral. We show that there exist optimal Gaussian
cubature formulas arising from each family of polynomials.
(5) Two-dimensional symmetric and antisymmetric generalizations of sine

functions [13].
This article can be consider as a continuation of [18]. It describes prop-
erties and applications of two-dimensional symmetric and antisymmetric
sine functions. We discuss eight types of multivariate discrete sine trans-
forms derived from (anti)symmetric exponential transforms. We also show
examples of two-dimensional sine interpolations.
Although this article was written and published before I started my doc-
toral studies at Université de Montréal, I decided to include it in my thesis
in Appendix A because the study of two-dimensional (anti)symmetric sine
functions led to the definition of S*- and S'-functions which are of main
importance in my thesis.

My contribution to all five articles was essentially the same. I actively partici-

pated in solving the problems which are discussed in the articles, e.g. I proved

most of the propositions and theorems contained in the articles. I did all needed

calculations and I also effectively contributed by writing up the text and providing

the figures.






Chapter 1

SPECIAL FUNCTIONS OF WEYL GROUPS

1.1. WEYL GROUPS OF SIMPLE LIE ALGEBRAS

We wish to investigate special functions related to Weyl groups arising from
simple Lie algebras. There are four series of simple Lie algebras A,(n > 1),
B,(n > 3), C,(n > 2), D,(n > 4) and five exceptional simple Lie algebras Eg,
E;, Eg, Fy and G, each connected with a Weyl group [2, 19, 20, 29, 60]. They
are completely classified by Dynkin diagrams (see Figure 1.1). A Dynkin diagram

2
Ap(n>1) O—O0—0——0 EGO—O—g—O—O

1 2 3  n 1 3 4 5 6

2
B,(n>3) O—0O— - —(0O—e B
12

n—1n

Cp(n>2) &—@—  —@=0 82
1 2 n—1n o

n—1 1 3 4 5 6 7 8
D, (n > 4) o—o—@—g—o F, O—C—eo—e G, —®
12 n—3n-2n 1 2 3 4 12

FiGURE 1.1. Dynkin diagrams of simple Lie algebras.

characterizes a set A of simple roots ay, ..., q, generating an Euclidean space
isomorphic to R™ with the scalar product denoted by (-,-). Each node of the
Dynkin diagram represents one simple root «;. The number of links between two
nodes corresponding to «; and o respectively is equal to
20

(v, i) '

(as, af )0y, a)),  where af =

The absence of direct link between two nodes indicates that the corresponding
simple roots are orthogonal. One direct link means that the angle between the

corresponding simple roots is 27/3, two and three links stay for the angle 37 /4
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and 57/6 respectively. The nodes are either of the same white color, i.e. all
simple roots have the same length, or some of the nodes are black, i.e. there are
two different lengths of simple roots. In the latter case, the black nodes denote
short roots and the white nodes long roots. Note that we use the standard
normalization for the lengths of roots, namely («;, ;) = 2 if o is a long simple
root.

In addition to the basis of R™ consisting of the simple roots «, it is conve-
nient for our purposes to introduce the basis of fundamental weights w; given by

(wj, ) = 0;;. It allows us to express the weight lattice P defined by
P={ eR"|(\a))€eZfori=1,...,n}

as Z-linear combinations of w;. We consider the usual partial ordering on P given
by p =< X if and only if A — p is a sum of simple roots or A = p.

To each simple root «; corresponds a reflection r; with respect to the hyper-
plane orthogonal to «;,
2(a, a;)
(ai, o)

The finite group W generated by such reflections r;,i = 1,...,n is called the

ri(a) =rq,(a) =a— a;, foraeR".

Weyl group. The properties of Weyl groups are fully described, for example, in
(20, 22].

An action of the elements of W on simple roots leads to a finite set II of vectors
in R” called a root system. In the case of simple Lie algebras with two different
lengths of roots, I can be written as the union of the set Il containing only short
roots and II; containing only long roots. A function k : a € II — k, € R=% such
that

ko = ku(o) for all w € W

is known as a multiplicity function on II. The trivial example is to take k, = 1
for all a € II which we denote by k'. For simple Lie algebras with two different
root lengths, it is natural to distinguish between short and long roots by defining
1 ifaell® 0 ifaecll®

0 ifaecmt " |1 ifaell

(1.1.1)

Qo w

Using the multiplicity function k, we also define

o(k) z; > kaa, (1.1.2)

a€cllp
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where I1, denotes the roots « of II which satisfy 0 < «. Using the fundamental

weights, we obtain

k') = iwi, 0° = o(k*) = Z wi, o =o(k)= Z wi, (1.1.3)

OéiEAS aiEAl

where A, = ANII, and A, = ANTI,.

1.2. WEYL GROUP ORBIT FUNCTIONS

Weyl group orbit functions arise from “sign” homomorphisms on Weyl groups,
o : W — {£1}. There exist only two different homomorphisms on W connected
to simple Lie algebras with one length of roots, the well-known identity denoted
by 1 and the determinant denoted by det. They are given by their values on the

generators r; of W:
1 1(r;) =1 for all o € A,
det : det(r;) = —1 forall a; € A.
In the case of simple Lie algebras with two different lengths of roots, i.e. B,,,C,, F}
and (5, there are two additional available choices of homomorphisms varying for
short and long roots, o and ¢!, defined by
o o(r)=—-1 ifayelA;, o°(r)=1 ifoyeA,
o ol(r) =1 if a; € Ay, ol(r) =—1 ifoy €A
Weyl group orbit functions are introduced using the following explicit formula.

©2(b) = Z J(w)62m<w(a)’b> , a,beR".
wew
Each homomorphism 1,det,o®, o' induces one family of complex valued Weyl
group orbit functions, called C, S, S* and S' respectively, labelled by the param-
eter a € R and of the variable b € R™,

|||
‘6“6‘6 P@*

C-functions: oc=1,

S-functions: o = det,

S

@’
©°
S®-functions: c=0", ¢’
o7 L

S-functions: oc=o",

To obtain the remarkable properties of the Weyl group orbit functions such as
continuous and discrete orthogonality, we mostly restrict a to some subset of
the weight lattice P (see for example [14, 16, 24, 26, 43]). Recall that the
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symmetric C-functions and antisymmetric S-functions are well-known from the
theory of irreducible representations of simple Lie algebras [54, 60].
Sometimes, it is convenient to use an alternative definition of the Weyl group

orbit functions via sums over the Weyl group orbits. If we consider
a€e P =72% + - - +2%%,,

then the following functions are well defined [24, 26, 40].

Ca(b) = Z 627ri<&,6> , Sa+g<b> = Z det(d)e%i(&,b) ’
a€0(a) G€0(ato)
S;+Qs(b) = Z 05(&)627ri<&,b> ’ Si+gz(b) = Ul(a)e%ri(d,b) :
aeolete) a€O(atol)
where

e 0,0° 0 are determined by (1.1.3),
e O(c) denotes the Weyl group orbit of ¢, i.e. O(c) = {we | w € W},
e det(a) = det(w) for any w € W such that @ = w(a + ), 0°(a) and o'(a)

are defined similarly.

l

The functions ®,, Y+, Patoss Pt o

v and Co, Saygy Satps SCZHQI differ only by a con-

stant,

- (pfz—i-gl (b)

Pates ()
= L ) SiJrQl(b) - h

Ca(b) = ) Sa+@(b) = 90a+9(b) ) Sj—s—gs (b) =

Rt ps atol
with h. denoting the number of elements of W leaving ¢ invariant. Therefore,
the functions Ca,SaJrQ,SjJrQs,SfHQl are also called C-, S-, S*- and S'-functions.
In what follows, it will always be specified what kind of functions are considered
if necessary.

Furthermore, the C-, S-, S°- and S'-functions can be viewed as functional
forms of elements from the algebra C[P] containing all complex linear combina-

tions of formal exponentials €%, a € P, with multiplication defined by e®-e? = 274,

1 a

the inverse given by (e?)”" = e ® and the identity ¢ = 1. The connection is

based on the exponential mapping from Lie algebra to the corresponding Lie
group [2, 19, 44].

1.2.1. The case A;

The symmetric C-functions and antisymmetric S-functions of A; are, up to

a constant, the common cosine and sine functions [24, 26],

C,(b) = 2cos (2mayby), Sa(b) = 2isin (2raby), where a = ayw;,b = biay .
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It is well known that such functions appear in the definition of the extensively
studied Chebyshev polynomials [39, 52]. There are several types of Chebyshev
polynomials often used in mathematical analysis, in particular, as efficient tools
for numerical integration and approximations. We introduce the Chebyshev poly-
nomials of the first, second, third and fourth kind denoted respectively by T, (x),
Un(z), Vin(x) and W, (z). If z = cos(), then we define, for any m € Z=Y,

sin ((m + 1)0)

T, (x) =cos(mb), Un(x)

sin(6) ’
cos ((m+1)60 sin((m+1)p
=)l )

Therefore, for specific choices of the parameter a; and 27wb; = 6, we can view the
Weyl group orbit functions of A; as these Chebyshev polynomials.

Recall also that the Chebyshev polynomials are actually, up to a constant
Ca,p3, Special cases of Jacobi polynomials PT(r?ﬁ) (z), m € Z=°, given as orthogonal

polynomials with respect to the weight function
(1—2)*1+2)f, —-l<z<l,

where the parameters «a, § are subjects to the condition «, 8 > —1 [7, 58]. In

particular, we have

For both, the Chebyshev and Jacobi polynomials, we can find various multi-
variate generalizations, for example in [5, 30, 34]. In Sections 1.2.2, 1.2.3 and
1.2.4, we identify some of the two-variable analogous orthogonal polynomials with

specific Weyl group orbit functions.

1.2.2. The case A,

For A, has two simple roots of the same length, there are only two families
of Weyl group orbit functions, C- and S-functions, arising from As. The explicit
formulas of C-functions C, and S-functions S, are given in Section 4.3.1. We also
show that C, and S, are related to the functions T'C}, and T'Sy defined in [33].
In particular, we have

6

C’a:h—TCk, Sy = 61'S}, .
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The discussion in Chapter 4 and in [33] guarantees that C, and S,;,/S, with
a € P* can be expressed as polynomials in C,, and C,,. Taking into account
that C,, = C,,, we can pass to real variables by making a natural change of
variables,
_ Co, + Cu, . Coy — Cusy

2 7 2i
Since the C- and S-functions are continuously orthogonal, their polynomial ver-

X4

sions inherit the orthogonality property. It can be proved that the corresponding
polynomials are special cases of two-dimensional analogues of Jacobi polynomials

orthogonal with respect to the weight function
wy (7, y) = [—(2* + y* + 9)* + 8(2® — 3zy?) + 108]*

on the region bounded by three-cusped deltoid called Steiner’s hypocycloid [30].
More precisely, the polynomials C', and S, correspond to the choices @ = —% and

o= % respectively.

1.2.3. The case G

In the case Gy with two simple roots of different lengths, we have all four
families of Weyl group orbit functions, Cy, S,,S¢ and S! [24, 26, 40]. They
have been studied, for example, in [34], under the notation C'Cy, SS, SCy and
C'Sg. Indeed, performing the change of variables and parameters introduced in
Section 4.3.3, we obtain
;jOC’k, Se = —125S;, S = 1;;56}, Sl = 1}iZCSk.

In [34], the above-mentioned functions are expressed as two-variables polynomials

C, =

considered as another analogues of the Chebyshev polynomials.

1.2.4. The case B, and C,

We show that C-, S-, S*- and S'-functions arising from B,, and C,, are related
to the symmetric and antisymmetric multivariate generalizations of trigonometric
functions [25]. The symmetric cosine functions cosy (x) and antisymmetric cosine

functions cos, (z) of the variable x = (z1,...,2,) € R" and labelled by the

parameter A = (Ag,...,\,) € R™ are given by the following explicit formulas,
cosy (z) = > [ cos(mAommr), cosy(z)= > sgn(o) [] cos(mAomyzr)

where 5, denotes the symmetric group consisting of all the permutations of num-

bers 1,...,n and sgn (¢) is the signature of ¢. Similarly, we define the symmetric
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sine functions siny (z) and antisymmetric sine functions sin} (z),

sinf (z) = > [[sin(mAomze), siny(z) = Y sgn(o) [] sin(mAo@zs) -
o€Sh k=1 0ESh k=1

We start with the Lie algebra B,, and consider an orthonormal basis {ey, ..., e,}
of R™ such that

o =e —eq fori=1,... . n—1 and oy, = €, .
If we determine any a € R™ by its coordinates with respect to the basis {ey, ..., e,},
a = (ay,...,a,) = arey + -+ + aye,, then it holds for the generators r; of the

Weyl group W(B,) of B, that
ri(ar, ..y @y Qigy ey Q) = (A1, Q41,4 . a,)  fori=1,...n—1,
Tn(ala S 7an—17an) = (alv ceey Qp—1, _an) .

Therefore, W (B,,) consists of all the permutations of the coordinates a; with pos-
sible sign alternations of some of them, we have indeed that W (B,,) is isomorphic
to (Z/2Z)" x S, [20]. This implies that

(I)a(b) — Z 27rz (w(a) Z H Z e27rz lkaa(k)bk)

weW (By,) 0ESy k=1l=
- 11 R C I EFLDY TT cos(2rasbe)
o€Sn k=1 0E€Sy k=1

= 2" cosy,, (b) .

Since det is a homomorphism on W (B,,), we obtain

SOa(b) — Z det(w>627rzw a) Z det H Z l €2m lkag(k)bk)

weW (By) oESh k=11=
n .
— Z det H ( 2miag bk 6—27”(10(1@)171@)
0ESH k=1

= Z det (o H sin(2maq(br) = (21)" sing, (b) .

oESH k=1

A similar conclusion can be drawn for S°- and S'-functions,

pa(b) = (20)"sin, (b),  a(b) = 2" cosy, (D).

Since the Lie algebras B,, and C,, are dual to each other, we can deduce that
the symmetric and antisymmetric generalizations are connected to the Weyl group
orbit functions of C,, as well. However, there are a few differences. To obtain

the exact relations, we can proceed analogously to the case B,, and introduce an
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orthogonal basis {f1,..., f,} such that
1
<f17f1>:§7 @i:fi_fi+1 fOI‘?::L...,n—l and Oénz2fn
We denote by a; the coordinates of any point a € R™ with respect to the basis
{f17 s 7fn}7 Le. a = (&17 s 7dn) = &lfl +oeee At dnfn The generators T of the

Weyl group W(C,,) corresponding to C,, are also given by
Pi(@1s e g, Gty ey ) = (@1, ity iy ..., Gp) fori=1,....n—1,
Tn(@1y .oy Gpo1,0n) = (A1, .-, Gp_1, —Qp) -

Thus, proceeding as before, we derive the following.

Ba(b)=2" cost (B), palb)=(20)"sing (b).,

a

pa(0)=2"cos, (b),  q(b)=(20)" sing (b).

Note that the S*-functions are related to cos; and the S!-functions to sin} in
the case C,, whereas the S*-functions correspond to sinj, and the S'-functions
to cos,, if we consider simple Lie algebra B,,. This follows from the fact that the
short (long) roots of C,, are dual to the long (short) roots of B,,.

The symmetric and antisymmetric cosine functions can be used to construct
multivariate orthogonal polynomials analogous to the Chebyshev polynomials of
the first and third kind. The method of construction is based on the decompo-
sition of products of these functions and is fully described in Section 5.3.1. To
build the polynomials analogous to the Chebyshev polynomials of the second and
fourth kind, it seems that the symmetric and antisymmetric generalizations of sine
functions have to be analysed. The theory is supported by the decomposition of
products of two-dimensional sine functions which can be found in Section A.2.2.

Setting n = 2, the construction of the polynomials

73[’+ = cos/, ’PL* :M
(klka)_ (klsz) ) (kl,kg)_ —
coS
(1,0)
cos, cos -
plil+ _— (tghoty)  prrr— _ kit 3 kety)
e T T RS

5:3) (3:3)

labelled by k; > k3 > 0 and in the variables
X,= COS?—LO) (21, x9)=cos(x1) + cos(zs) ,
Xo= cosal) (71, 22)=2 cos(x1) cos(zz)

yields special cases of two-variable polynomials built in [30, 31, 32] by orthogo-

nalization of monomials 1, u, v, u?, uv, v?, ... of generic variables u, v with respect

to the weight function (1 —u+v)*(1 +u+ v)?(u? — 4v)7 in the domain bounded
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by the curves 1 —u+v =0, 1 +u +v = 0 and u? — 4v = 0. The parameters
a, 3,7 are required to satisfy the conditions «, 3,7 > —1, a + v + § > 0 and
B+vy+3 3 > 0. Resulting polynomials with the highest term u™ *v* are denoted
by po b, “’( v), where m > k > 0. Indeed, the polynomial variables X; and Xj

are related to the variables u and v of [30, 31, 32| by
Xl = u, X2 =20

and it can be easily shown that

. P(k k) Coincides, up to a constant, with pj; ﬁ"’( v)fora=p=~y=-3,

o P(Ikn,:r coincides, up to a constant, with pk”BV( u,v) for a =y = —3 and
B=3

° P(I,;;kQ) coincides, up to a constant, with pk’ﬁw(u, v) fora=p = —% and
v =3,

. 73([,51]7};) coincides, up to a constant, with pkl’ﬁ 7T(u,v) for @ = —3% and
B=vy=1.

1.3. JACOBI POLYNOMIALS ASSOCIATED TO ROOT SYSTEMS

We assume that the multiplicity function £ satisfies k, > 0. The Jacobi
polynomial P(\, k) [10, 11] associated to the root system IT with highest weight
A and parameter k is defined by

PINE) = Y awk)C., Cu= > €, (1.3.1)
{ pepPt } AEO (1)
H=A

where the coefficients c,, (k) are recursively given by the formula

(At o(k), A+ o(k)) = (u+ o(k), i+ o(k)))exu(k)

=2 3 kay_(n+ja,a)erujalk)

aclly  j=1
along with the initial value cyy = 1 and the assumption cy, = cy () for all
w € W. Recall that o(k) denotes (1.1.2).

By setting k, = 0 for all a € II, the Jacobi polynomials leads to C-functions.
We denote such k by k°. In the case k = k', the formula for the calculation of
coefficients becomes the Freudenthal’s recurrence formula [19]. Therefore, each
P(\, k') specializes to the character xy of irreducible representation of simple Lie
algebra of the highest weight A, i.e.

POV = o = 2k
SQ
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In addition, we show the following relations of Jacobi polynomials with S*- and

S-functions.

S5t os S,
P\ K) = =1 and P(A ) = gjg.
o° o

We first observe that S%, /S5 are Weyl group invariant elements of C[FP]
(see Proposition 3.3.2). It is well known that the C-functions form a basis of the
invariant elements of C[P] [2]. Therefore, each S5, ,./S;. can be expressed as
a linear combination of C'-functions. Moreover, since the unique maximal weight

of S5, ,s 18 A+ ¢° and the unique maximal weight of S}, is o*, we have

S5 e
%: > b0, =1,
RGN
H=A
We proceed by using an equivalent definition of Jacobi polynomials with the

multiplicity function satisfying k, € Z=" [11] to prove b, = c¢),(k*). For any
f =3, axe*, we define

f=>ae? and CT(f)=ao.
}
If we introduce the scalar product (-,-) on C[P] by

(f.9) = CT(fgd(R)F0M®) . frgeClP). dkyb = T (eb® —e3o)™

acll

then the Jacobi polynomials P(\, k) (1.3.1) are the unique polynomials satisfying

the requirement
(P(\ k), P(u,k)) =0 for all € P* such that 4 < X and X #

assuming cyy = 1.
Using Proposition 3.3.1, i.e. (5(/&)5 = S,s, we obtain

S S* _ ~ R
( ;g : g? ) = COT (53 4sSjis0s) = OT( > 3 )O's(/\)0'5<,u,)6>\ u) '
XeO(M+0°) €O (p+o®

Clearly A = ji if and only if there exists w € W such that X + ¢°* = w(y + 0°).
For we consider A\ € Pt different from ;. € P*, it is not possible to have A = fi.
This implies that

Sites Sptes Sitos
— P s\ Q .
( 5. ,755 0 and (N k%) 7553

The proof of the relation for the long root case is similar.
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Finally, note that the Jacobi polynomials can be viewed as the limiting case
of the Macdonald polynomials Py(q,t,) when t, = ¢*> with k, fixed and ¢ — 1.
See [36, 37] for more details.
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Authors: Jiti Hrivnak, Lenka Motlochova and Jiti Patera.

Abstract: The discrete orthogonality of special function families, called C- and
S-functions, which are derived from the characters of compact simple Lie groups,
is described in [16]. Here, the results of [16] are extended to two additional
recently discovered families of special functions, called S*- and S'-functions. The
main result is an explicit description of their pairwise discrete orthogonality within
each family, when the functions are sampled on finite fragments F§, and F}, of
a lattice in any dimension n > 2 and of any density controlled by M, and of
the symmetry of the weight lattice of any compact simple Lie group with two

different lengths of roots.

INTRODUCTION

This paper focuses on the Fourier transform of data sampled on lattices of
any dimension and any symmetry [43, 47]. The main problem is to find families
of expansion functions that are complete in their space and orthogonal over finite
fragments of the lattices. Generality of results is possible because the expan-
sion function is built using properties that are uniformly valid over the series of
semisimple Lie groups. Results of [16] on the discrete orthogonality of C- and
S-functions of compact simple Lie groups are extended to the recently discov-
ered families of S°- and S'-functions. The new families of functions add new
possibilities of transforms for the same data.

Uniform discretization of tori of all semisimple Lie groups became possible
after the classification of conjugacy classes of elements of finite order in compact
simple Lie groups [21]. This was accomplished in [41, 42] for C-functions and

extended to S-functions in [43]. Functions of C- and S-families are ingredients



20

of irreducible characters of representations. They are uniformly defined for all
semisimple Lie groups. Discretization here refers to their orthogonality when
sampled on a fraction of a lattice F); in the fundamental region F' of the corre-
sponding Lie group and summed up over all lattice points in Fj;. This lattice is
necessarily isomorphic to the weight lattice of the underlying Lie group, but its
density is controlled by the choice of M € N.

C-functions are Weyl group invariant constituents of characters of irreducible
representations. They are well known, even if infrequently used [24]. S-functions
appear in the Weyl character formula. They are skew-invariant with respect to
the Weyl group [26]. In the new families of S*- and S!-functions, the Weyl group
acts differently when reflections are with respect to hyperplanes orthogonal to
short and long roots of the Lie group. The functions are “half invariant and half
skew-invariant” under the action of the Weyl group.

The key point of the discretization of S*- and S'-functions lies in finding
appropriate subsets F3, C Fy and Fi, C Fy;, which play the role of sampling
points of a given data. The solution involves determining the sets of weights Aj,
and A}, which label the discretely orthogonal S*- and S'-functions over the sets
F%, and Fi;. In order to verify the completeness of the found sets of functions,
the last step involves comparing the number of points in F%,, F}, to the number
of weights in A3, AY,.

The pertinent standard properties of affine Weyl groups and their dual versions
are recalled in Section 2. Two types of sign homomorphisms and the correspond-
ing fundamental domains are defined in Section 3. The S*- and S'-functions and
their behaviour on the given discrete grids are studied in Section 4. In Section 5,
the number of points in F§;, F, are shown to be equal to the number of weights
in A3, AL,. Explicit formulas for these numbers are also given. Section 6 contains
the detailed description of the discrete orthogonality and discrete transforms of

S5~ and S'-functions. Comments and follow-up questions are in the last section.

2.1. PERTINENT PROPERTIES OF AFFINE WEYL GROUPS

2.1.1. Roots and reflections

We use the notation established in [16]. Recall that, to the Lie algebra of
the compact simple Lie group G of rank n, corresponds the set of simple roots
A ={aq,...,a,} [1, 20, 61]. The set A spans the Euclidean space R", with the
scalar product denoted by (, ). We consider here only simple algebras with two
different lengths of roots, namely B,, n > 3, C,, n > 2, G5 and Fj. For these

algebras, the set of simple roots consists of short simple roots A, and long simple
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roots 4A;. Thus, we have the disjoint decomposition

A=A;UA,. (2.1.1)
We then use the following well-known objects related to the set A.
e The marks mq,...,m, of the highest root
E=—ap=mag + -+ mua,.

e The Coxeter number m=1+mq +---+m, of G.

e The Cartan matrix C' and its determinant
c=detC. (2.1.2)

e The root lattice QQ = Zay + - - - + Zav,.
e The Z-dual lattice to @,

PY={w eR"| (WY, a) € Z,Va € A} =Zw) + -+ + Zw, .

e The dual root lattice Q¥ = Zay + - - - + Za,, where o = 2a;/{a;, o).

e The dual marks my,...,m, of the highest dual root
n= —ag/ :mYalv—l—---quXOzx.

The marks and the dual marks are summarized in Table 1 in [16].
e The Z-dual lattice to QY

P={weR"|(w, a")€Z Va' € Q"} =Zw + -+ + Luw,.

Recall that n reflections r,, & € A in (n—1)-dimensional “mirrors” orthogonal
to simple roots intersecting at the origin are given explicitly by
2(a, o)
(o, @)

Tol = a4 — a, a€R".

The affine reflection rq with respect to the highest root ¢ is given by

2 2a, n
roa:rga—i-(g%, Tga:a—é §>§, a € R".
We denote the set of reflections r; = 14, ..., 7n = 74,, together with the
affine reflection 7y, by R, i.e.
R ={ro,r,...,rn}. (2.1.3)

Analogously to (2.1.1), we divide the reflections of R into two subsets:

R ={r, | a € A},
R ={ry|acA}U{r}.
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We then obtain the disjoint decomposition
R=RUR. (2.1.4)

We can also call the sums of marks corresponding to the long or short roots, i.e.
the numbers
m® = Z m;,
;€A
m! = Z m; + 1,
N
the short and the long Coxeter numbers. Their sum gives the Coxeter number
m =m?®+m'.
The dual affine reflection ry, with respect to the dual highest root 7, is given
by

2 2
rga:rna—kin @ = a — <§7a’:>>n,

(n, m)’
We denote the set of reflections ry = rq,, ..., = r,,, together with the dual

a € R".

affine reflection ry, by R, i.e.

RY ={ry,ry,....r} (2.1.5)

Analogously to (2.1.1), (2.1.4), we divide the reflections of R into two subsets:
RY ={ro |a e AU {r]},
RY ={r,|a€A}.
The disjoint decomposition of RY is then
RY = R*VURWY, (2.1.6)

We can also call the sums of the dual marks corresponding to generators from

R*V, RV i.e. the numbers

m™ = > m +1,
OAZ‘GAS

= 3 m,

OéiGAl
the short and the long dual Coxeter numbers. Again, their sum gives the Coxeter
number m = m*Y +m!Y. Direct calculation of these numbers yields the following
crucial result.

Proposition 2.1.1. For the numbers m*, m' and m*¥, m', it holds that

m®=m®, m'=m". (2.1.7)



s [ sV IV
| Type || R | R | R | R |
Vv V V V
Bn (TLZS) Tn To, "1y- -3 Tn—1 To, Ty iy Th 1
Vv V Vv Vv
Cn <n22) 1y 3 Tn—1 To, T'n TosT1y- -3 Th—1 Tn
VARRY, v
Go T 7o, T'1 9, 79 T
VARSAVANAY, VARSRY,
Fy 73,7y 70, T1, T2 To, 3,74 r, ry

TABLE 2.1. The decomposition of the sets of generators R, R
and the Coxeter numbers m®, m!. Numbering of the simple roots
is standard (see e.g. Figure 1 in [16]).

| Type || m' | m |

B, (n > 3) 2 2n —2

Cn(n>2)|2n—2 2
Go 3 3
Fy 6 6

TABLE 2.2. The Coxeter numbers m?*, m'.

The explicit form of decompositions (2.1.4) and (2.1.6) of sets R and R" is

given in Table 2.1. The Coxeter numbers m?®, m! can be found in Table 2.2.

2.1.2. Weyl group and affine Weyl group

Weyl group W is generated by n reflections r,, a € A. Applying the action of

W on the set of simple roots A, we obtain the entire root system W A. The root

system WA contains two subsystems WA, and WA, i.e. we have the disjoint
decomposition

WA=WA;UWA,. (2.1.8)

The set of n+ 1 generators R generates the affine Weyl group W, The affine
Weyl group W can be viewed as the semidirect product of the Abelian group
of translations Q¥ and of the Weyl group W:

Wl = QY x W. (2.1.9)

Thus, for any w®® € W there exist a unique w € W and a unique shift T'(¢g")
such that w®® = T(¢")w. The retraction homomorphism v : Wat — W for
w ¢ W is given by

() = Y(T(q"w) = w. (2.1.10)

The fundamental domain F of W which consists of precisely one point of
each W#f_orbit, is the convex hull of the points {O, %, cee ﬁ} Considering
1 Mn
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n + 1 real parameters v, ...,y, > 0, we have
F={yw + - +yw. | yotyimi+-+y.m,=1}. (2.1.11)
Recall that the stabilizer
Stabyyan(a) = {waﬂ e W | wflq = a} (2.1.12)

of a point a = yywy + -+ - + yyw,, € F is trivial, Staby.s(a) = 1, if the point a is
in the interior of F', a € int(F"). Otherwise the group Stabyyas(a) is generated by
such r; for which y;, =0,7=0,...,n.

Considering the standard action of W on the torus R"/QV, we denote for

x € R"/QY the isotropy group and its order by

Stab(z) = {w e W |wx =z}, h, = |Stab(z)]
and denote the orbit and its order by

Wz ={wr e R"/Q" |we W}, e(x)=|Wa|

Then we have W

e(x) = |h | (2.1.13)
Recall the following three properties from Proposition 2.2 in [16] of the action of
W on the torus R"/Q".

(1) For any =z € R"/Q", there exists 2’ € FNR"/QY and w € W such that

r=wzx'. (2.1.14)
(2) If z,2" € FNR"/QY and 2’ = wz, w € W, then
¥ =1x=uwr. (2.1.15)

3) fx € FNR"/QY,ie. x =a+Q", a € F, then ¢)(Staby.r(a)) = Stab(z)
and
Stab(z) = Stabyyas(a). (2.1.16)

2.1.3. Dual affine Weyl group

The dual affine Weyl group Waft g generated by the set RY. Moreover, Wt
is a semidirect product of the group of shifts () and the Weyl group W:

Wt —Q x W, (2.1.17)

Thus, for any w?! € Waﬁ, there exist a unique w € W and a unique shift 7'(q)
such that w* = T'(¢)w. The dual retraction homomorphism @Z W 5 W for
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w e e ig given by
B = B(T(g)w) = w. (2.1.18)

The dual fundamental domain FY of W# is the convex hull of vertices
w1 W,
0,—,...,— 7.
{ my m,, }
Considering n + 1 real parameters zg, ..., z, > 0, we have
FY ={ziw1 + -+ zpwpn | 20+ 20my + -+ z,m, =1}. (2.1.19)

Consider the point a = zjwy + + -+ + z,w, € FY such that zo + zymy + -+ +

zpm,, = 1. The isotropy group

Stab..e(a) = {waﬁ e waf ‘ waq = a} (2.1.20)

~—

of point a is trivial, Stabs.x(a) = 1, if a € int(F), ie. all z; > 0,7 =0,...,n.

Otherwise the group Stabgs.:(a) is generated by such r; for which z; = 0, i =
0,...,n.
Recall from [16] that, for an arbitrary M € N, the grid A, is defined as cosets

from the W-invariant group P/M (@ with a representative element in MF"Y, i.e.
Ay =MFYNP/MQ.

Considering a natural action of W on the quotient group R" /M@, we denote for
A € R"/MQ@ the isotropy group and its order by

Stab¥(\) = {w € W |wX = A}, h] = [Stab¥())]. (2.1.21)
Recall the following three properties from Proposition 3.6 in [16] of the action of

W on the quotient group R"/MQ).
(1) For any A € P/MQ), there exists X € Ay and w € W such that

A=w\. (2.1.22)
(2) If A, X € Ay and N = w), w € W, then
N =\ =w (2.1.23)
(3) If A€ MFYNR"/MQ, ie. A\=b+ MQ, be MFY, then

o~

P (Staby

Waff

(b/M)) = Stab”()\)

and
Stab’()\) = Stab

Waft

(b/M). (2.1.24)
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2.2. SIGN HOMOMORPHISMS AND ORBIT FUNCTIONS

2.2.1. Sign homomorphisms
The Weyl group W has the following abstract presentation [1, 20]:

1

ri=1, (rg)™ =1, 4,j=1,...,n, (2.2.1)

where integers m;; are elements of the Coxeter matrix. To introduce various
classes of orbit functions, we consider “sign” homomorphisms o : W — {£1}. An

admissible mapping o must satisfy the presentation condition (2.2.1)
or)*=1, (o(r)o(r)™ =1, i,j=1,...,n. (2.2.2)

If condition (2.2.2) is satisfied, then it follows from the universality property
(see e.g. [1]) that o is a well-defined homomorphism and its values on any w € W
are given as products of generator values. The following two choices of homo-
morphism values of generators r,, & € A, obviously satisfying (2.2.2), lead to the

well-known homomorphisms:

1(re) =1, 2.2.3
o%(rs) = —1, (2.2.4)
which yield for any w € W
1(w) =1, (2.2.5)
of(w) = det w. (2.2.6)

It is shown in [40] that, for root systems with two different lengths of roots,
there are two other available choices. Using the decomposition (2.1.1), these two

new homomorphisms are given as follows [40]:

s 1, o€ Al
0%(re) = (2.2.7)
-1, aeA,,
1, € A
ol(ry) = “ (2.2.8)
—1, ac Al-

Since the highest root £ € WA, there exist w € W and a € A; such that £ =
wa. Then, from the relation r¢ = wr,w™!, we obtain for any sign homomorphism
that o(r¢) = o(r,) holds. Thus, we have

of(re) =1, ol(re) = —1. (2.2.9)
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Similarly, for the highest dual root n there exists a root § € WA, such that
n=28/(8, B), and we obtain

o’(ry) = -1, o'(r,)) = 1. (2.2.10)

2.2.2. Fundamental domains

Each of the sign homomorphisms ¢ and ¢! determines a decomposition of the
fundamental domain F'. The factors of this decomposition will be crucial for the

study of the orbit functions. We introduce two subsets of F':
F*={ac F|o® oy (Stabyar(a)) = {1}},
F'={a e F|o' oy (Stabyar(a)) = {1}},

where v is the retraction homomorphism (2.1.10). Since for all points of the
interior of F' the stabilizer is trivial, i.e. Staby.r(a) =1, a € int(F), the interior
int(F) is a subset of both F'* and F'. In order to determine the analytic form of
the sets F'* and F', we define two subsets of the boundaries of F:

H={aecF|(FIre R)(ra=a)},
H — {aEF | (HreRl)(m:a)}.

Note that, since for the affine reflection ry € R' it holds that 1 (rg) = re, we
have from (2.2.9) that o® o ¢(rg) = 1 and o' 0 ¢)(ry) = —1. Taking into account
the disjoint decomposition (2.1.4), we obtain for any r € R the following two

exclusive choices:
ofoth(r)=—1, doi(r)=1, reR

o’oh(r) =1, oo Y(r)=-1, re R (2.2.11)

Proposition 2.2.1. For the sets F* and F', the following holds:
(1) F$ =F\ H®.
(2) F'=F\ H'.

PROOF. Let a € F.

(1) If a ¢ F\ H®, then a € H*®, and there exists » € R® such that r €
Stabyyan(a). Then according to (2.2.11), we have o® o 9(r) = —1. Thus,
0® o 1) (Stabyar(a)) = {£1} and consequently a ¢ F*. Conversely, if
a € F'\ H*, then the stabilizer Stabyyas(a) is either trivial or generated by
generators from R! only. Then, since for any generator r € R' it follows
from (2.2.11) that o® o ¢)(r) = 1, we obtain ¢® o9 (Staby.s(a)) = {1}, i.e.
a€ F°.

(2) This case is completely analogous to case (1).
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The explicit description of domains F* and F! now follows from (2.1.11) and
Proposition 2.2.1. We introduce the symbols y¢, 4' € R, i = 0,...,n in the

following way:
yf > 07 yi > 07 r; € RS;

. . (2.2.12)
y; >0, 5 >0, reR.
Thus, the explicit form of F'* and F' is given by
F* = {yjwy + -+ ypwy | v +yimy+ - +ypm, =1},
(2.2.13)

F'={yiwy + -+ yhw) | v+ vimi+ -+ yhm, =1}

2.2.3. Dual fundamental domains

The sign homomorphisms ¢° and ¢! also determine a decomposition of the
dual fundamental domain FV. The factors of this decomposition will be needed

for the study of the discretized orbit functions. We introduce two subsets of F:
F*Y {aEFV ‘ o’ O@D(Stabwaﬁ( )) :{1}},
FY ={ae F¥ | o' ot (Stabg.a(a)) = {1}},
where 1Z is the dual retraction homomorphism (2.1.18). Since for all points of
the interior of FV the stabilizer is trivial, i.e. Stabg.:(a) = 1, a € int(FY),

the interior int(F") is a subset of both F*V and F'V. In order to determine the

analytic form of sets F*¥ and F'V, we define two subsets of the boundaries of F:

(2.2.14)

HY ={a€ FY|(3r € RV)(ra=a)},
HY — {a eFY|(3re Rlv)(T(I = a)}.

Note that, since for the affine reflection 7§ € R*Y it holds that ¢(ry) = r,, we
have from (2.2.10) that 0% 0 () = —1 and ol 0 ¢p(rY) = 1. Taking into account
the disjoint decomposition (2.1.6), we obtain for any r € R the following two

exclusive choices:
o otp(r)=—1, olod(r)=1, reRY,
coth(r)=1, o oi(r)=-1, reRY.
Similarly to Proposition 2.2.1, we obtain the following.
Proposition 2.2.2. For sets F*V and F', the following holds:
(1) FV = FY\ H®.
(2) F" = FV\ HY.

(2.2.15)
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The explicit description of domains F*¥ and F' now follows from (2.1.19)
and Proposition 2.2.2. We introduce the symbols 27, z} € R, i = 0,...,n in the

following way:

Zis > 0, Zi >0, r € RSV7
25207 Zi>07 T’Z‘GR\/_
Thus, the explicit form of F*V and F' is given by
FsV:{z‘four-.-Jrzflwn | Z8+Zism\1/+"'+zqszm7\i:1},
Iv I ! R RY 1 v (2.2.17)
Y = {zlcu—i--..—i—znwn | 2o+ zymy _|_..._|_an”:1}.

2.3. S5%- AND S'-FUNCTIONS

Four sign homomorphisms 1, ¢¢, ¢ and o' induce four types of families of
complex orbit functions. Within each family, determined by o € {1, 0¢, 0*, o'},
are the complex functions ¢7 : R" — C labelled by weights b € P and in the
general form

w(a) = o(w)e™ba g e R (2.3.1)
weW
The resulting functions for ¢ = 1 in (2.3.1) are called C-functions; for their de-

tailed review, see [24]. For 0 = ¢¢, we obtain the well-known S-functions [26].
The discretization properties of both C- and S-functions on a finite fragment of
the grid 5; PV were described in [16]. The remaining two options of homomor-
phisms ¢* and ¢! and corresponding functions ¢, gpf\’l, called S- and S*-functions
[40], were studied in detail for G5 only [57]. In order to describe the discretization

of functions " and goil in full generality, we first review their basic properties.

2.3.1. S°-functions
2.3.1.1. Symmetries of S°-functions

Choosing o = ¢° in (2.3.1), we obtain S*-functions ¢ ; we abbreviate the
notation by denoting i = ¢7, i.e.
ep(a) =Y o(w) emitwbe) g e R, b e P, (2.3.2)
weW
The following properties of S*-functions are crucial:

e (anti)symmetry with respect to w € W

pp(wa) = o°(w)py(a), (2.3.3)
Pup(a) = o°(w)pp(a); (2.3.4)
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e invariance with respect to shifts from ¢¥ € QV

phla+q") = pja). (2.3.5)

Thus, the S*-functions are (anti)symmetric with respect to the affine Weyl group
Wa. This allows us to consider the values ¢;(a) only for points of the funda-
mental domain a € F. Moreover, from (2.2.11), (2.3.3) we deduce that

pp(ra) = —pj(a), e R (2.3.6)

This antisymmetry implies that the functions ¢j are for all b € P zero on part
H? of the boundary of F':

pp(a) =0, d€H’, (2.3.7)

and therefore we consider the functions ¢j on the fundamental domain F° =
F\ H® only.

2.3.1.2. Discretization of S°-functions

In order to develop discrete calculus of S°-functions, we investigate the be-
haviour of these functions on the grid ﬁPV. Suppose we have fixed M € N and
u € ﬁPV. It follows from (2.3.5) that we can consider ¢j as a function on cosets
from 5 PV/QV. Tt follows from (2.3.7) that we can consider ¢j only on the set

L pvigvnpe. (2.3.8)

Next we have

Phemo(u) = wy(u),  u e Fy
and thus we can consider the functions ¢} on Fj; parametrized by cosets from
A € P/M@. Moreover, it follows from (2.1.22) and (2.3.4) that we can consider 3

on F3, parametrized by classes from Aj;. Taking any A € Ay, and any reflection
r¥ € R®Y we calculate directly using (2.2.10), (2.3.4) and (2.3.5) that

@?\/[TV(%)@L) - —QOL;\(U), u € Fi4
This implies that, for A € M H®Y N Ay, the functions ¢35 are zero on Fj, i.e.
o5(u) =0, Xe MH* NAy, ue Fy.

Defining the set
A, = P/MQNMF*, (2.3.9)

we conclude that we can consider S°-functions 3 on F}; parametrized by A € A},

only.
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2.3.2. S'-functions
2.3.2.1. Symmetries of S'-functions

Choosing 0 = o' in (2.3.1), we obtain S-functions ¢J'; we abbreviate the
notation by denoting ¢, = gpgl, ie.
pi(a) = 3 ol(w) e ba g e R be P. (2.3.10)
wew

The following properties of S!-functions are crucial:

e (anti)symmetry with respect to w € W

pp(wa) = o' (w)g(a), (2.3.11)
Pipla) = o' (w)py(a); (2.3.12)

e invariance with respect to shifts from ¢ € QV
wola+q") = wy(a). (2.3.13)

Thus, the S'-functions are (anti)symmetric with respect to the affine Weyl group
Wal This allows us to consider the values ¢l(a) only for points of the funda-
mental domain a € F. Moreover, from (2.2.11), (2.3.11) and (2.3.13) we deduce
that

ol (ra) = —¢l(a), 7€ R (2.3.14)
This antisymmetry implies that the functions ¢} are for all b € P zero on part
H! of the boundary of F:

oi(a) =0, d€H, (2.3.15)

and therefore we consider the functions @, on the fundamental domain F' = F\ H'

only.

2.3.2.2. Discretization of S'-functions

In order to develop discrete calculus of S!-functions, we investigate the be-
haviour of these functions on the grid ﬁPV. Suppose we have fixed M € N and
u € ﬁPV. It follows from (2.3.13) that we can consider ¢} as a function on cosets
from - PY/QV. It follows from (2.3.15) that we can consider ¢} only on the set

! PY/QV N F". (2.3.16)

F}MEM

Next we have

<P2+MQ(U) = SDé(U), u € FJZ\/[
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and thus we can consider the functions ¢} on F!, parametrized by cosets from \ €
P/MQ. Moreover, it follows from (2.1.22) and (2.3.12) that we can consider ¢}
on F!, parametrized by classes from Aj;. Taking any A € Ay, and any reflection
rV € RV, we calculate directly using (2.2.10), (2.3.12) that

proau) = —@\(u), u € Fy.
This implies that for A € M H" N Ay, the functions cpl,\ are zero on F}M, ie.
oh(u) =0, e MHY N Ay, ueF,.
Defining the set
Ay = P/MQNMFY, (2.3.17)

we conclude that we can consider S'-functions ¢ on Fl, parametrized by A\ € A},

only.

2.4. NUMBER OF GRID ELEMENTS

2.4.1. Number of elements of F§; and F!,

Recall from [16] that, for an arbitrary M € N, the grid F); is given as cosets

1

17 PY/QY with a representative element in the fun-

from the W-invariant group

damental domain F':

1
FM = MPV/QV ﬂF,
and the following property holds:
1

The representative points of Fj; can be explicitly written as

| U, U, -+ Up € 220 ug +urmy + -+ + upmy, = M
(2.4.2)

The number of elements of Fj,, denoted by |F)|, are also calculated in [16] for

(31 Uu
FMZ{MMH---H;W,{

all simple Lie algebras. Using these results, we derive the number of elements
of F§; and Fl,. Firstly, we describe explicitly the sets Fj; and F},. Similar to
(2.2.12), we introduce the symbols uf, ul € R, i =0,...,n:

ui €N, uleZ r eR’,

7

ud € 720, ui e N, r; € R

7

(2.4.3)
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The explicit form of F§; and Fl, then follows from the explicit form of F* and
Flin (2.2.13):

F&:{JZ\EMY—FH'—FXZWTX | u8+ufm1—|—~~+uflmn:]\/[}, (2.4.4)
! Ul U, l ! !
Fy = Mwlv—k---%—ﬁwx|u0+u1m1+---+unmn:M : (2.4.5)

Using the following proposition, the number of elements of F}; and F, can be
obtained from the formulas for |Fj|.
Proposition 2.4.1. Let m* and m! be the short and long Cozeter numbers, re-

spectively. Then,

0 M < m? 0 M < m!
[Fil = q1 M=m* |Fyl=11 M =m! (2.4.6)
| Faoms| M >m?, |Enemt| M >ml.

PROOF. Taking non-negative numbers u; € Z=° and substituting the relations
ui = 14w, if r; € R® and u$ = u; if 7; € R! into the defining relation (2.4.4), we
obtain

U+ miug + -+ mpu, =M —m®,  ug, ..., u, € 2.
This equation has one solution [0, ..., 0] if M = m?*, no solution if M < m?*, and
is equal to the defining relation (2.4.2) of Fy_,,s if M > m*. The case of F}, is
similar. ([l

Theorem 2.4.1. The numbers of points of grids Fy, and Fl, of Lie algebras B,
C,, Gy and Fy are given by the following relations.

(1) Cn,n>2,
F3.(C)l = (’“Zl) g (fj) ,

) k+1
|F2k+1(0n)| =2 ( ) )

n

n+k—1 n+k—2
‘FQlk(Cn”:( )‘l’( )7
n n

E—1
P (C0) =2(”+n )
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(2) B'ﬂ? n Z 3)

|[Far(Ba)l = [Ey(Co)l, [ Fyy(Bo)| = [F3(Cu)l.

(3) Ga
| Fg(Go)| = 3K%, |F5,1(Go)| = 3K + k,
| Foi10(Ga)| = 3K* + 2k, |Fis(Ga)| = 3K + 3k + 1,
|Fora(Go)l = 3K> + 4k +1,  |Fg,5(Ga)| = 3k* + 5k + 2,
|Fh(Ga)| = |Fiyp(Ga)l.
(4) Fu
| Frop(Fy)| = 18k" — k2,
1
Pl (F)] = 18K + 68 = 2 = Sk,

| Fiopyo(Fu)| = 18k" + 12k% + 2k?,
7,01
[ Fiopsa(Fa)l = 18K" + 18K° + 2k — Ok,

| Fiopra(Fa)| = 18K* 4 24k3 + 11K* + 2k,
31 5

| Fiopas(Fa)| = 18K + 30k" + -k + Tk,

| Fiope(Fa)| = 18%* + 36K° + 26k + 8k + 1,
67 , 21
| Fopr(Fa)| = 18k* + 42k + ?k‘g + ?k +1,

|y (Fu)| = 18K* + 48k + 4Tk? + 20k + 3,

115 51
Fi o Fy)| = 18K* + 54K% + —k* + —k + 4,
12k+9 2 2
| Fiopii0(Fi)| = 18k* + 60k + 74k* + 40k + 8,
175 99
F? Fy)| = 18k* + 66k* + ——k* + =k + 10,
12k+11 9 9

|[Fyr(Fa)] = | Fyy(F)).

ProOOF. For the case C),, we have that

M%K%”:(nzk)+<n+:—l)

from [16] and m® = 2n — 2 from Table 2.2. It can be verified directly that the

formula
s k+1 k
IFQAC%)!—’( ) +—< )
n n
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FIGURE 2.1. The fundamental domains F* and F! of Cy. The
fundamental domain F' is depicted as the grey triangle containing
borders H* and H', depicted as the thick dashed line and dot-and-
dashed lines, respectively. The coset representatives of iPV /QY are
shown as 32 black dots. The four representatives belonging to F}
and F! are crossed with “+” and “x”, respectively. The dashed
lines represent “mirrors” rg,r; and 9. Circles are elements of the
root lattice @); together with the squares they are elements of the
weight lattice P.

satisfies (2.4.6) for all values of k& € N. Analogously, we obtain formulas for the

remaining cases. ([l

Example 2.4.1. For the Lie algebra Cs, we have Cozxeter number m = 4 and
¢ =2. For M =4, the order of the group P /Q" is equal to 32, and according

to Theorem 2.4.1 we calculate

|F5(Ch)| = [F4(Cy)| = (2) + (;) — 4.

The coset representatives of %PV/QV and the fundamental domains F* and F'

are depicted in Figure 2.1.
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2.4.2. Number of elements of A, and A},

In this section, we relate the numbers of elements of F};, F!, to the numbers
of elements A3, Al,, defined by (2.3.9), (2.3.17). Firstly, we describe explicitly
the sets A3, and A},. Similarly to (2.2.16), we introduce the symbols 5, ¢! € R,
1=0,...,n:

tteN, thez> r eRV,

t2e7?, tteN, reRVY. (24.7)

The explicit form of A3, and A}, then follows from the explicit form of F*V and
F™Y in (2.2.17):

Ay ={tiwr +-+tw, | t5+EmY +--+tim, = M}, 248
2.4.8
Ay = {tlwr+ -+ thwn | th+tmy +-- +thm) = M}
Similarly to Proposition 2.4.1, we obtain the following one.
Proposition 2.4.2. Let m*Y and m! be the short and the long dual Cozeter

numbers, respectively. Then

0 M < m®Y 0 M < mtV
(Al =11 M=m" |[Ay]=11 M=ml  (24.9)
‘FM,msv| M > msv, ’FM_mlv| M >m'V.

Combining Propositions 2.4.1, 2.4.2 and 2.1.1 and taking into account that
|Fr| = |Ap|, we conclude with the following crucial result.
Corollary 2.4.1. For the numbers of elements of the sets A5, and Ab, it holds
that
(A%l = [El,
[Adel = [Fil.
Example 2.4.2. For the Lie algebra Cy we have |P/4Q| = 32 and according to
Theorem 2.4.1 and Corollary 2.4.1, we have

(2.4.10)

[AG(Co)| = [AL(Cy)| = 4.

The cosets representants of P/4Q) together with the grids of weights A5(Cy) and
N, (Cy) are depicted in Figure 2.2.
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FIGURE 2.2. The grids of weights A5(Cs) and A4(Cs) of Cy. The
darker grey triangle is the fundamental domain FV and the lighter
grey triangle is the domain 4FV. The borders 4H*V and 4H"
are depicted as the thick dashed lines and dot-and-dashed lines,
respectively. The cosets representants of P/4Q) of Cy are shown
as 32 black dots. The four representants belonging to A3(Cs) and
AL (Cy) are crossed with “+” and “x”, respectively. The dashed
lines represent dual “mirrors” 7y, r1, 72 and the affine mirror r[\]f 4 18
defined by 74 4A = 4ry(A/4). The circles and squares coincide with
those in Figure 2.1.

2.5. DISCRETE ORTHOGONALITY AND TRANSFORMS OF S°%- AND
S!_ FUNCTIONS

2.5.1. Discrete orthogonality of S*- and S'-functions

To describe the discrete orthogonality of the S'- and S*-functions, we use the
ideas discussed in [43] and reformulated in [16]. Recall that basic orthogonality
relations from [16, 43] are, for any A\, N € P/M@Q), of the following form:

)3 2T ANY) = TSy (2.5.1)

ved PV /Q”

We define the scalar product of two functions f,g: Fy; — Cor f,g: F};, — C by
U ey, = 3 c@f@e@), (oo = 3 @) f@gl@),  (252)

S !
:BEFJM :DGFM
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where the numbers e(z) are determined by (2.1.13). We show that A3, and A},
are the lowest maximal sets of pairwise orthogonal S*- and S'-functions.
Theorem 2.5.1. For A\, X\ € A3, it holds that

¢ 90§'>F;;, = c|W| M”hX(S,\W, (2.5.3)
and for \, N € Ay, it holds that

(hs D) pt = c[W[ M B0, (2.5.4)
where ¢, hY were defined by (2.1.2), (2.1.21), respectively, |W| is the number of
elements of the Weyl group W and n is the rank of G.

PROOF. Since ¢} vanishes on Fy; \ F5;, we have

(B3 exrs, = D e(@pi(@)en () = D e(@)pi(x)ey (x).

IEGFEI (EEFM

The equality

Yo e@ei(@)en (@) = Y @@ei ()

53y ve R PV /QY

follows from (2.1.15) and (2.4.1) and the W-invariance of the expression 5 (x)¢3/ ().
Then, using the W-invariance of 1z P¥/Q" and (2.5.1), we have

W e = X otwn)emo

w’GWweWyeﬁpv/Qv
_ ‘W| Z Z s (w/)62m'<)\—w’)\/,y>
wEW ye 1 PV /QY
:C|W|Mn Z O'S(U)/)(Sw/)\/,)\.
w' ew
If A = w'), then we have from (2.1.23) that w'A = A = X, i.e. w' € Stab’()\).
Any A € A3, is of the form A = b+ MQ with b € MF*". Then, considering
(2.1.24) and (2.2.14), we have

o*(Stab¥(\)) = 0 0 ¥ (Stabg.. (/M) = {1},
i.e. we obtain o*(w') = 1 for any w’ € Stab"()\), and consequently

Z O's(w’)(sw/)\/)\ = Z 6w’)\’,)\ = h}\/(s/\,j)\_

w'eW w'eW

The case of S'-functions is similar. O

Example 2.5.1. The highest root & and the highest dual root n of Cy are given
by the formulas
E=2a; +ay, n=a]+2ay.



39

The Weyl group of Co has eight elements, |W| = 8, and we calculate the deter-
minant of the Cartan matriz ¢ = 2. For a parameter with coordinates in w-basis
(a,b) and for a point with coordinates in «"-basis (x,y), we have the following
explicit form of S°- and S'-functions of Cs:

Plapy (@, y) =2{cos(2m((a + 2b)z — by)) + cos(2m(ax + by))
—cos(2m((a + 2b)x — (a + b)y)) — cos(2m(azx — (a + b)y))},
gpl(a’b) (x,y) =2{—cos(2m((a + 2b)x — by)) + cos(2m(ax + by))
—cos(2m((a + 2b)x — (a + b)y)) + cos(2m(ax — (a + b)y))}.

The grids F§; and Ft, are given by
ui Vv u§ \ >0
FJE(CQ):{MC% +MW2 | ug, us € Z=°, uj € N, U3+2ui+u§:M},
l l
2

FJI\/I(Cz):{Ew1V+X4 5 | ué,uéEN,ull€Z>0,u6+2ull+u12:]\/[},

and the grids of weights N5; and Ay, are determined by
A3 (Co) = {tiwn + t3wn | 5,47 € N 13 € Z7°, 15 + 4] + 25 = M |,
Ny (Co) = {tiwr + thws | th,# € Z2°,th €N, th+ 1} + 2t = M}

The discrete orthogonality relations of S*- and S'- functions of Ca, which hold
for any two functions o3, o3 labelled by X\, N € A3,(Cy), and ©., ¢. labelled by
NN € A (Cy), are of the form (2.5.3) and (2.5.4), respectively. The calcula-
tion procedure of the coefficients £(x), hY, which appear in (2.5.2),(2.5.3) and
(2.5.4), is detailed in Section 3.7 in [16]. The values of the coefficients e(x), hY
for x € F5(Cy), A € A3;(Cy) and for x € Fi(Cy), X € Ny, (Cy) are listed in
Table 2.3. We represent each point x € Fy,(Cy) and each weight X\* € Ay (Co)
by the coordinates [uf, uf,us] and [t,t5,t5]. Similarly, we represent each point
v € FU(Cy) and each weight N € Ay (Co) by the coordinates [ul, ul, ub] and

[th, th, th].

2.5.2. Discrete S°- and S'-transforms

Analogously to ordinary Fourier analysis, we define interpolating functions

I3, and I},

Ii(z) = > aei(e), Iyx)= Y déh(z), zeR” (2.5.5)

AEAS, AEAL,

which are given in terms of expansion functions ¢3 and ¢} and expansion coeffi-

cients ¢}, ¢}, whose values need to be determined. These interpolating functions
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x e F5,(Cy) | e(a) A€ A3, (Cy) | Y

[ug, ui,us] | 8 5,65, t5] | 1

[0,u5,us] | 4 [t5,45,0] | 2
[ug, ui, 0] | 4
[0, %3, 0] 2

T € F}W(CQ) e(x) ) E AlM(Og) \ hY

[uh,uf, ub] | 8 e, ¢, 6] |1

[uh,0,ub] | 4 [0,#5,t5] | 2

[t,0,25] | 2

[0,0,t5] | 4

TABLE 2.3. The coefficients £(z) and hy of Cy. All variables

ud i, uy, t, 15, t5 and ulb, ul, ub, ), )t} are assumed to be natural

numbers.

can also be understood as finite cut-offs of infinite expansions. Suppose we have
some function f sampled on the grid F§; or F!,. The interpolation of f consists

in finding the coefficients c3 or ¢} in the interpolating functions (2.5.5) such that
Iy (x) =f(x), =€ Fyp,
Iy(x) =f(x), «€Fy.
Relations (2.4.10) and (2.5.3), (2.5.4) allow us to view the values ¢5(z) with

x € F3;, A € A3, and the values ¢} (z) with z € Fl,;, A € A}, as elements of non-

(2.5.6)

singular square matrices. These invertible matrices coincide with the matrices
of the linear systems (2.5.6). Thus, the coefficients ¢§ and ¢} can be uniquely
determined. The formulas for calculation of ¢ and ¢}, which we call discrete

S and S'-transforms, can obtained by means of calculation of standard Fourier

coefficients
&= LB )Y o) f @),
{3 90,\>ij z€F},
(2.5.7)
<f7 gpl)\>F]lM n -
4= TP )Y e A,
(4 90,\>F34 zEFL,

and the corresponding Plancherel formulas also hold
2 n s
Y. c@ @) =cWIM™ > hlal
zCFy, ACAy,

> @) [f@F =W |M™ 3 Bl

zeF}, AeAl,
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2.6. CONCLUDING REMARKS

e In view of the ever-increasing amount of digital data, practically the most
valuable property of the orbit functions of C-, S-, S~ and S*-families
is their discrete orthogonality. The four families are distinguished most
notably by their behaviour at the boundary of . The functions of S'- and
S®-families do not have an analogue in one variable, i.e. rank 1 simple Lie
group.

e The product of two S*-functions or two S'-functions with the same under-
lying Lie group and the same arguments x € R™ but different dominant
weights, say A and )\, decomposes into the sum of C-functions:

P(@) - oh (@) = D o™ (W) Prgun (x),

weWw

PA(@) - o) = D o' (W) Prgun(2).
weW

where ®, denotes the (normalized) C-function ®) = 5.

e The present work raises the question under which conditions converge the
functional series {I5,}35_,, {I},}55_, assigned to a function f : F — C by
the relations (2.5.5) and (2.5.7).

e In addition to the C- and S-functions, which are multidimensional general-
izations of common cosine and sine functions, the F-functions generalizing
the exponential functions [27] is also defined [47]. The E-functions also
admit discrete orthogonality [17, 43]. For these “standard” E-functions,
the kernel of the homomorphism ¢¢, given by (2.2.6), is crucial. It turns
out that there are altogether six types of E-functions once the kernels of
the sign homomorphisms ¢* and ¢! are included in the definition. So far,
these six types have been studied in full detail only for rank 2 Lie groups
8].

e A general one-to-one link between the orbit functions and orthogonal poly-
nomials in n variables was pointed out in [46]. Extensive literature exists
about orthogonal polynomials, although most of it pertains to 2-variable
polynomials. It cannot be assumed that our Lie group defined polyno-
mials of rank two were not taken into account. For a greater number of
variables, not all of the polynomials defined from the simple Lie groups
have been noticed. Discrete orthogonality of the polynomials in more than

one variable is outside the scope of traditional approaches.
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Chapter 3

GAUSSIAN CUBATURE ARISING FROM
HYBRID CHARACTERS OF SIMPLE LIE
GROUPS

Authors: Robert V. Moody, Lenka Motlochova and Jifi Patera.

Abstract: Lie groups with two different root lengths allow two “mixed sign”
homomorphisms on their corresponding Weyl groups, which in turn give rise
to two families of hybrid Weyl group orbit functions and characters. In this
paper we extend the ideas leading to the Gaussian cubature formulas for families
of polynomials arising from the characters of irreducible representations of any
simple Lie group, to new cubature formulas based on the corresponding hybrid
characters. These formulas are new forms of Gaussian cubature in the short root
length case and new forms of Radau cubature in the long root case. The nodes for
the cubature arise quite naturally from the (computationally efficient) elements

of finite order of the Lie group.

INTRODUCTION

It has long been known that the Chebyshev polynomials of the second kind
are related to the representation theory of SU(2), and of course to efficient meth-
ods of numerical quadrature. In [35] it was shown that there is a considerable
generalization of this theory based on the series of lattices of type A, (so that the
original theory applied to the lattice of type A; and the representations of SU(2)).
This generalization depended deeply on the Weyl groups of these lattices, but not
particularly on the Lie groups associated with them. The resulting formulas, now
for functions of n variables, went under the name of cubature formulas.

In [44] the idea that there is a genuine Lie theoretical connection here was
extended to create a theory that works for every simple compact Lie group G.

The theory is again based on the root lattices but now also incorporates the
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representation theory of these groups in a deeper way, and more importantly uses
the elements of finite order in the corresponding Lie group to define the nodes at
which the cubature formulae are evaluated. The representations and the elements
of finite order are in a sort of duality, and this duality plays a vital role in what
happens. With a slight Lie-theoretical twist in the definition of the degrees of
multi-variable polynomials, the crucial polynomials, their nodes and the cubature
formulas appear completely naturally out of the theory and in fact are optimal
(called Gaussian) in their efficiency.

The Weyl group W, which appears as a group of reflections in this theory, is
of primary importance, notably its sign homomorphism W — {£1} which takes
the sign —1 for each of the reflections in the roots. It has long been known in
the theory of orthogonal polynomials based on these reflection groups that in
the cases where the simple Lie group has roots of two different lengths (namely
for types B,, C,, Fy, G3) there are, in addition, two hybrid sign functions which
distinguish between reflections in long roots and reflections in short roots; that is,
the sign function takes the value —1 for each reflection in a long root (respectively
short root) and takes the value +1 on the reflections in the short (respectively
long) roots.

In this paper we extend the ideas of Chebyshev polynomials, nodes, and cuba-
ture formulas to these hybrid situations. In principle the path should be straight-
forward, particularly since orthogonal polynomials and g-series based on this type
of hybrid symmetry have been well studied, e.g. [10]. However, our theory de-
pends on both the representations and the elements of finite order of the Lie
group, and this somewhat intricate process requires making a number of correct
decisions in how to define things to fit the new setting. In the end things work
out as smoothly and as naturally as in [44], although for the long root case the
cubature is slightly less efficient than in the Gaussian cubature of the standard
and short root cases, being instead what is called Radau cubature.

The orientation of [44] was towards the approximation theory community
since Gaussian formulas are rather rare and the Lie theoretical connections offer
new and unexpected techniques for constructing them. In this paper, in addition
to presenting the new results based on hybrid Weyl symmetry and simplifying
the overall presentation of the ideas, the emphasis is more the other way around,
aiming to introduce the Lie theoretical community to some new applications of
simple Lie groups to approximation theory and cubature. It seems to us that
there is more to be explored here, particularly the duality between elements of

finite order and character theory.
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3.1. OVERVIEW

We begin with a summary of the results of [44] and then introduce the ideas
which lead to the new cubature formulas arising from the two new families of
orbit functions.

Start with the polynomial ring C[X1, ..., X,]. This is given the structure of
a graded ring by assigning a degree d; € Z”° (called the m-degree, for reasons
to be explained later) to each of the variables X;. The degree of a monomial
Xfl cee Xﬁ" is thus kydy + - - - + kpd,,. Unlike the usual gradation, d; need not be
equal to 1. The value of n will ultimately be the rank of a compact simple Lie
group G (or its complex simple Lie algebra g) and the degree structure will be
given by the coefficients of its highest co-root.

The main result can be stated as a quadrature formula, called in this subject
a cubature formula because it is not restricted to one dimension. Fix any non-
negative integer M. Then for all f € C[X;,...X,] of m-degree not exceeding
2M + 1,

(2m) ™" /Q FXOKA(X)dX =C Y f(X)K(X). (3.1.1)

XEFnin

The main point is that integration is replaced by finite summing, and the elements
of Far4n over which the summation takes place are very easy to compute. Here
X =(X1,...,X,) € C" and Fyyyp, is a finite subset of C", C is a constant, K is
a special polynomial in C[X7, ..., X,] which is positive valued on Q C C". All
of these objects depend on the choice of G. In the hybrid situation that we shall
develop here, the variables X* = (X{,..., X?) and similarly X' = (X!,... X!)
are real valued.

The elements of Fy;.j actually arise from elements of G finite order, but in this
context they are called the nodes, and they have a number of special properties.
Their number is exactly the dimension of the space of polynomials of m-degree at
most M. Furthermore, an important part of the construction of this result is the
introduction of special polynomials (related to characters and other G-invariant
functions on G) X = Xy, .. ,) of m-degree |A|,, = Aidy +- - -+ A, dy,, which form
an orthogonal basis of C[Xj, ..., X,] with respect to the inner product

(f.9)i = (2w [ fgk2, (3.1.2)

which in view of (3.1.1) is X xer,, ., f(X)g(X)K(X) if the m-degrees of f,g do
not exceed M. Now, the minimum number of nodes that could achieve such
an orthogonal decomposition of these functions is the dimension of the space of
polynomials of m-degree at most M, and that is exactly the number of elements

in Fpr4n. This optimal situation is called Gaussian cubature [35].
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The nodes are actually zeros of certain of these polynomials of degree M + 1.
The region 2 is the image of the interior of the fundamental region (or some
modified version of it in the hybrid cases) under a certain polynomial map. In
particular it is an open set with compact closure and boundary of measure 0.

If we move to the Hilbert space L% () of square integrable functions on § with
respect to the inner product (-, -)x then every function f € L%(Q) has a Fourier
expansion f = >, (f, X\)x X\, equality here being in the usual L? sense. If the
sum is truncated to

> (f, X)X

IXm<M
then this is the best approximation to f in the L%-norm using only polynomials
of m-degree at most M.

In essence what we have been describing arises from a duality that exists
between the characters of the representations of G and the conjugacy classes of
elements of finite order of G. Let T be a maximal torus of G. Since all the
maximal tori are conjugate and every conjugacy class of G meets every one of
them, every character of G is defined entirely by its restriction to T and every
conjugacy class of elements of finite order has elements in T. The relationship
between G and its Lie algebra restricts to the relationship between T and its Lie
algebra:

exp2mi(-) :t—T. (3.1.3)

Here it is more convenient to let it be the Lie algebra of T because the Killing
form is then positive definite on t ~ R"™, where n is the rank of G. The kernel
of this exponential mapping is the co-root lattice Q¥ of G, so T ~ R"/QV. The
Z-dual of QY in t* is the weight lattice P.

The normalizer N of T in G is always larger than T itself, and the Weyl group
W = N/T is the group that represents this excess. W acts on T via conjugation
and then as linear transformations on t. The affine Weyl group is then the semi-
direct product of Wg = W x ¥, which acts on t with Q¥ acting as translations.

Let F' be a standard simplicial fundamental region for W,g in t, so that Wg is
generated by the reflections in the faces of F' and W is generated by the reflections
in the faces of F' that pass through the origin, see [2]. The virtue of F is that
it perfectly parametrizes the conjugacy classes of G: for each such class there is
a unique element of z € F for which exp(2miz) lies in that class.

The characters on G restrict faithfully to W-invariant functions on T, and the
ring of all W-invariant functions on T is a polynomial ring in n-variables generated
by the characters of a set of so-called fundamental representations. This is the ring

C[X1, ... X,] and the X can be viewed either abstractly as variables or as actual
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characters corresponding to a system of fundamental weights. One particularly
important W-invariant function on T is K = |S,|* where S, is the basic skew-
symmetric function that appears as the denominator of Weyl’s character formula.
This is the K of the cubature formula.

Via the exponential mapping the characters can be viewed as W,g-invariant

functions on t. In this way we have the important mapping
E:t—C" x— (Xi(exp(2miz),..., X,(exp(27iz)) (3.1.4)

The region 2 is the image of the interior F° of F under =.

Remark 3.1.1. There are several points of possible confusion regarding the many
functions that appear in the paper. First of all there are many functions, like
S,, which have interpretations as functions both on T and on t. This is not
particularly troublesome since T ~ R"/Q and all these functions are clearly
periodic on t with respect to Q. Thus interpreting S,S, as a function on t or T
s rather obvious.

The second is the transition from exponential sums to new coordinates in C"
using characters (or hybrid characters) as new variables. This is the way in
which the Lie theory translates over into a theory about polynomials where the
cubature formulas are relevant. Rather than introduce new function names when
we transition variables, we use different notation for the wvariables. Thus for
functions on t or T the generic variable name is x = (x1,...,x,) € R, whereas
for the new polynomial variables the generic variable name is X = (X1,...,X,) €
C". When we deal with short and long root scenarios, as we mostly do in what
follows, we use X° = (X7,...,X?) in the short root case, and similarly for the
long case.

There remains to briefly introduce the elements of finite order of T. Each
conjugacy class of an element of finite order has a unique representative in F.
The set Fyryn C Q is the image under = of the set of elements in F' that have
adjoint order M + h. Here h is the Coxeter number of G and by adjoint order we
mean that the order of the element is M + h in the adjoint representation of G
on itself (i.e. by conjugation). The full order of an element is a finite multiple of
the adjoint order.

This finishes our brief tour of the constituents of the basic cubature formula.

The Weyl group is a subgroup of the orthogonal group of t with respect to
its canonical Fuclidean structure arising from the Killing form, and in particular

there is the sign homomorphism

o: W — {£1} w — o(w) = det(w),
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with o(r) = —1 for all reflections. The fact that W is generated by the reflections
in the roots of the Lie algebra plays an essential role in elucidating the structure
of simple Lie groups and their representations. Throughout, W-skew invariant
functions and polynomials play a key role, Weyl’s character formula being a typ-
ical example which expresses the characters (W-invariant exponential sums) as
ratios of W-skew invariant exponential sums. In the case when the roots of the
Lie algebra have two distinct lengths (called the short and long roots), there are
two alternative hybrid sign homomorphisms: ¢° which is defined by taking the
value —1 on the reflections in short roots and the value +1 on the reflections in
long roots, and ¢! which does it the other way around. This gives rise to new
hybrid invariants, skew invariant with respect to short reflections while being
invariant with respect to long, or vice-versa. This leads to two new versions of
each cubature formula, see (3.5.2) which say very much the same thing except
that Q, K, Fyon, C and a new function x, all appear in short and long forms
according to which hybrid symmetry is used. The effect is somewhat subtle: €2 is
only altered along its boundary, the set F,;., changes only by certain elements of
finite order along the boundary of the fundamental region F'; and the polynomial
ring is still the space of W-invariant functions. However the interpretations of the

variables X in terms of characters and the function K are significantly altered.

3.2. BAsIcs

We establish the notation that we are using and recall some basic facts about

simple Lie algebras. For more details, see for example [23].

3.2.1. Simple Lie algebras

Let g be a simple complex Lie algebra of rank n with corresponding simple
and simply connected compact Lie group G. Let T be a maximal torus of G and
let it be its Lie algebra, so that we have the exponential map (3.1.3). Let (- | -)
on the dual space t* of t be defined from the Killing form by duality. The natural
pairing of t* and t is denoted by (-, -).

Let IT denote the set of roots of g and let A = {ay,...,a,} C t* be a set of
simple roots, hence also a basis of t* ~ R". We denote by C' the corresponding

Cartan matrix with entries
2(c | )

(aj | aj)
Its determinant, denoted by ¢4, is the order of the centre of G and is also the

Cij =

index of the root (co-root) lattice in side the weight (co-weight) lattice, see below.
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We introduce the usual partial ordering on t*: p < A if and only if A — p is
non-negative integer sum of simple roots. The highest root in II with respect to

this ordering is denoted &. Its coordinates in the a-basis are called the marks:
E=miag + -+ muay, . (3.2.1)
Let Q, P C t* be the root lattice and weight lattice respectively. Then
P = {)\Et* | (N ) GZfOI"VOz;/,j:L...,n} ,

where AV = {af,..., '} is the system of simple co-roots (which forms a basis
in t) defined by

(ozz-,ozﬁ:Ci' fori,j=1,...,n.
To these simple co-roots corresponds the system of co-roots IIV, which is in fact
the root system for the simple Lie algebra with Cartan matrix C7 (although this
algebra never makes any real appearance in what follows). We have the highest

co-root in € IV and giving the co-marks m;:

Vv _V Vv .V
n=myoay +---+m,q, .

It is these co-marks that define the degree function on C[X7,..., X,] later.
The lattice P has as a basis the set of fundamental weights w; which is dual

to the co-root basis in the sense that
(Wi, af) = b fori,j=1,...,n.

This is so called w-basis of t* that we will use.

We also have two lattices in t denoted Q¥ and PY. The co-root lattice Q" is
kernel of the exponential map (3.1.3) with Z-basis consisting of the «;’. The co-
weight lattice PV is the Z-dual of () in t and has as a basis the set of fundamental
co-weights wy’ defined by

(ai,wjv):&» fori,j=1,...,n.

The relationships between the lattices and between the various root and weight

bases and their co-equivalents are summarized in:

{ag,...,an} C Q QY O {aof,...,a’}

n x N
{wi,...,wn} C P PV o {w,...,w}
N N

t* t
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Here the times symbol is meant to indicate that Q and PV, as well as P and Q",
are in Z-duality with each other.

Finally we have the cone P* C P of dominant weights:
Pt =720 + - + 7%, .

3.2.2. Affine Weyl group and its dual

The Weyl group acting on t is generated by simple reflections ry, ..., 7, in the
hyperplanes
H ={zxet] {a,z) =0}, i=1,...,n
by
ri(z) =2 — (g, 2)a) .
By duality, we have the action of W on t* where the simple reflections on co-root
side are given by
riA) =X — (o) )ay .
The affine Weyl group is the semi-direct product of W and the translation
group QV: W = W x QV. Equivalently, W, can be defined as the group

generated by the simple reflections r; and the affine reflection ry given by

ro(r) =re() + &7, re(a) =a - (§2)¢

where ¢ is the highest root of II.
The standard simplex F' in R™ defined by

F={x|{aj,z) >0 forall j=1,...,n, ({x) <1},

serves as a fundamental domain for the affine Weyl group. Its vertices are

F = {0, Loy, m%%f} : (3.2.2)
where m;, i = 1,2,...,n, are the marks (3.2.1). Note that ry is the reflection in

the hyperplane H
Hy={zet](§z)=1}.

3.2.3. Long and short roots

In dealing with the hybrid cases, we are only interested in the simple Lie
algebras with two different lengths of roots:

Bn(n23), Cn(TlZQ), F4, GQ.

The root system II of such algebras consists of short roots II* and long roots IT¢,
so IT = IT'UII®. Similarly, we decompose the set of simple roots A as A = A'UAS®
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where A' = ANTI' and A* = ANTI°. Our indexing of the simple roots is such
that

ANB,) 3 oy, ... 0 ANC,) 3 ap,

AYEY) 3 oy, AYGy) 3 a; .

Since II* and II are stabilized by W and span t*, they both form root systems
in t*. Although we do not use the facts here, it is known that II' is the root
system of a semisimple subalgebra of the simple Lie algebra g belonging to IT and
IT* is the root system of a subjoined semisimple Lie algebra [45, 48|, which is

usually not a subalgebra of g.

nAy in B, D, in B,
_ D, in C, L nA; in C,
IT° is of type , IT" is of type . (3.2.3)
D4 in F4 D4 in F4
AQ in GQ A2 in G2

where nA; denotes the semisimple Lie algebra, nA; = A; x -+ x Ay, (n factors).
In (3.2.3) we use the isomorphisms Dy ~ A; X A; and D3 ~ As.
We define the set of positive short and positive long roots by

I =1 NI, L =N

respectively, where 11, denotes the roots « of II which satisfy 0 < a.

Proposition 3.2.1. II, is a system of positive roots for II' where t € {s,1}.

Proor. All systems of positive roots in any root system > arise as
Yy ={aeX|(v|a) >0}

for some v in the span of ¥ [54]. Now with ¢ being half the sum of the positive
roots of II, we have I, = {a €Il | (¢ | @) > 0}. Then

. ={aell'|actl}={aecll|(o]a)>0}.
So IT', is a positive root system. O

The highest long root 7! of II' coincides with the highest root ¢ of II. So, the
coefficients of 7! written in a-basis are the marks m;, 7/ = miaq + - - + mpay,
see Table 3.1. The highest short root of II* denoted ~* is given by its coefficients
m; in a-basis, v* = mjoy + - -+ + mjay,, see Table 3.1.

The dual root system ITY decomposes also as disjoint union of short co-roots
I1V* and long co-roots ITY!. The dual of +' is the highest short co-root 7V =

AV,

miVay + -+ +mla). Note: we label the highest short root with “1” to express
the duality with the highest long root. Similarly, the dual of v is the highest
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long co-root 7*¥ = mYay + --- +mYa). The values of m} and m.” are written
in Table 3.1.

’AH mi,...,My \mf,...,mfl \mllv,...,mflv \mlv,...,m){ ‘

B, L2. .2 L..1 | L2...21]22. .21

c, 2,21 [L2...21] 1,..,1 1.2,

B 2342 1,2.3,2 2.3.2,1 2.4.3.2

G, 2.3 1,2 2.1 3,2

TABLE 3.1. The numbers m; and m; are the coefficients of the
highest long root +! and highest short root v*, written in the stan-
dard basis of simple roots. Similarly, mﬁv and m;" are the coeffi-
cients of the duals of the 4! and +*, written in the basis of simple
CO-TOOtS.

Al & [ e | W [ W]
B,[1,...,1,0]0,...,0,L[2n—2] 2
c,l0,...,0,1[1,...,1,0] 2 |2n-2
L, | 1,1,0,0 | 0,0,1,1 6 6
G, 1,0 0,1 3 3

TABLE 3.2. The columns ¢ and p* are the coefficients of the half-
sums of the positive long and short roots, written in the basis of

fundamental weights. The numbers h* and h! denote the numbers
(3.2.7).

A function
k:acell >k, eR

for which kq = ky(a) for w € W is called a multiplicity function [10]. The trivial

example is k, = 1 for all a € IT which we denote simply by k'. Relevant for us

are
Ko k=1 foraell’ and K, =0 foracll®, and
(3.2.4)
k. kS=0 foracIl’ and k=1 foracll®.
Defining
1
o(k) = 3 > kacr, (3.2.5)

a€clly

we see that in addition to the usual half-sum of the positive roots o = o(ko) =

1 N n
3 2aer, @ = > w; we have

g(ks)—; Yoa= > w, leg(kl)—; dYoa= > w. (3.2.6)

a€lls, a; EAS ozEHl7L a; AL

QS
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To ¢* and o' correspond the important short and long Coxeter numbers h*
and h! defined by

="y +1, A= AY)+1. (3.2.7)

The explicit calculations using the values in Table 3.2 imply that

=1+ > m/=> my, K=Y m/=1+> m. (3.2.8)

a; €118 «a; €115 o €I o, €T

3.3. W-INVARIANT AND W-SKEW INVARIANT FUNCTIONS ON T

3.3.1. Sign homomorphisms

In addition to the usual sign homomorphisms on the Weyl group W there are
two others. This is well known, but since it is short we prove it. An abstract

presentation determining W is
(riycoorn |17 =1, (rr))™ =1,4,j=1,...,n,i #j),

where a;; = 2, 3,4, 6 according as nodes ¢ and j in the Coxeter-Dynkin diagram
are not joined, joined by a single bond, a double bond, or a triple bond. Any
homomorphism o : W — {£1} is determined by the values on the generators r;,
¢t =1,...,n. The necessary and sufficient condition for ¢ to be a homomorphism
is that (o(r;)o(r;))* = 1 for all i # j. This is automatically satisfied if a;; is
even. When q;; is odd, ie. a;; = 3, we need o(r;) = o(r;). Looking at the
Coxeter-Dynkin diagrams we see that this allows precisely one choice of sign for
all the short reflections and one for all the long reflections, and no other. Note
that it does not matter whether or not we have a reflection in simple root or in any
root since for any two roots «, 8 of the same length there exists w € W such that
To = wrgw™ which implies o(r,) = o(rg). Thus there are four homomorphisms
o:

id : all signs equal to 1 (the trivial homomorphism);

det : all signs equal to — 1 (the determinant); ( )
3.3.1
o' . all long signs equal to — 1,  all short signs equal to 1;

o’ . all short signs equal to — 1, all long signs equal to 1.

We shall use all four homomorphisms to introduce various classes of W-orbit

functions.
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3.3.2. C-, S-, S~ and S*-functions

Let us fix the notation for the functions of the four families of W-orbit func-
tions given by the homomorphisms (3.3.1). At first recall the definition of C- and
S-functions which were studied in [24, 26].

i) = Y e,

pEO(N) .
S>\+g(x) = Z det<w)e2wi(w(k+g),r> _ Z U(,u)e%“”@ ' O,
weWw peO(M o)

Here the parameter A € P is a dominant weight, the variable x € R™, O()) is the
W orbit of A\, and o(u) = o(w) where = w(A+p0). Then |O(N)| = |[W|/|staby Al
is the number of points in O(\) where || denotes the order of the Weyl group
and |staby, A| is the number of points in the stabilizer in W of A. For S-functions,
the summation is in fact over the whole of W since A + o has a trivial stabilizer.

When there are two different root lengths there are two other orbit functions,
arising from the homomorphisms ¢* and o'

Sp@) = Y @D S @)= Y o,

HEO(A+0%) peO(M+oh)
where o°, o' are given by (3.2.6). Here again we are defining o®(u) = o*(w) for
w € W such that p = w(\ + ¢°) and o'(u) = ol(w) for w € W such that
p = w(\+0"). This makes sense because the stabilizer in W of ¢° is generated by
long reflections r;, so ¢® takes the constant value 1 on the stabilizer. Similarly,
o(u) in (3.3.2) and o'(u) are well defined.

Evidently the C-functions are W invariant while the S-functions (respectively
Ss-, Sl-functions) are det (respectively o°, o')-skew invariant.

All of these functions can be viewed as functional forms of formal exponential
sums from C[P] of all linear combinations of formal exponentials e/ with pu €
P. In fact they are in Z[P] since all the coefficients are integers. We write
C[P]" (respectively C[P]*, C[P]') for the W-invariant (respectively o*, o'-skew
invariant) exponential sums, and similarly for the corresponding integral forms.
More about the relationship between the formal exponentials and their use as
functions may be found in [44].

The functions of C[P], as we have defined them are functions on R”. However,
since they are periodic modulo )V, they may be considered as functions on T ~
R™/QY. This is the way in which we shall normally think of them. For integration
purposes, an integral over T rewrites to an integral over a fundamental domain
for the lattice @, for instance {3°7_; zja) : 0 < x; < 1 for all j}.
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For notational convenience we use
@, e X (3.3.3)

which for each weight © € P combines the exponential mapping = +— exp(2mix)
of t to T and the C-mapping exp(2miz) — e*™#2) on T. As we have just said,
we may think of ¢, as a function on T.

We note specially that the S*- and S'-functions are sums over orbits rather
than sums over the entire Weyl group. Obviously they can be rewritten as Weyl
group sums, but in general these are redundant and for what follows the orbit
sums are what we need. They also may be interpreted as functions on T since
they are invariant by QV-translations.

Proposition 3.3.1.
st (m) _ H (67ri(a,:c) B 6—7ri(a,a:)>7 Slgz (x) _ H <67ri<oz,z> i e—wi(a,w)) .

115 l
ae + OéEH+

PROOF. We show the result for S;., the proof for Slg , is similar. Let W* denote
the Weyl group generated by short reflections and W' the Weyl group generated
by long reflections. Then W can be written as a semi-direct product W ~ Vix W*
where V! is a subgroup of W!. We know that the stabilizer of ¢° is generated by
long reflections, so O(p*) = W*(¢®) and
Se(z) = > o (w)erritwie)a)

wews

Thus the result is simply the usual formula that holds for all root systems. [

We are especially interested in the hybrid-characters:

l s
ORI B34
They are clearly W-invariant and we shall see that their linear span is C[P]".
In particular they are well defined functions on all of t (and, of course, they can
be considered as functions on T). The hybrid characters for the fundamental
weights wy, . .. w, also generate C[P]" as a ring, and the main point is that they
will become the new variables X¢,..., X% and X!,..., X!. In fact these hybrid
characters are in Z[P]* and Z[P]' and what we just said applies at the level of
these rings. These facts are well known, but because of their central importance

here we sketch out the proofs in what follows.
Proposition 3.3.2. Z[P]* = Z[P|VS;., Z[P| = Z[P]"S.
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PROOF. Inclusions in one direction are obvious. We show the reverse inclusion
in the short case. Let f € Z[P]® and write f = 35 cpcuet. Let a € II5. Then
—f=rof =X cue™" and so, —f =3 —c, " = > —c et = > c et

Thus we can divide {u | ¢, # 0} into pairs {1, p1o} where py = ropn, cuy =
—cpy, and pg < pg (if g = po then ¢, = —c¢,, so ¢, = 0). Thus

f= Z Cu (e“ - e“’z‘)‘o‘>
pes
for some finite subset S C P.

Since et —et 2 = et (1 — e~ **) and (1 — e %) is always a factor of (1 — e~#**),
we obtain f = (1—e %) f, for some f, € Z[P]; and this statement is true
for every o € II5. Now using [2] Ch.6, we have that {1 —e ™ |a €Il,} are
all relatively prime, and hence from (1 —e™®) | f for each a € II%. we obtain
Mo (e“/g - e‘o‘/2) | f. The result now follows. O

3.3.3. Domains F* and F!

The S*-functions are o°-skew invariant and are also translationally invariant
with respect to QV. As such they are determined entirely by their restriction
to the fundamental region F'. Because of Propositions. 3.3.1 and 3.3.2, the 5°-
functions vanish on the root hyperplanes of F' that correspond to the short roots,
namely on H* = Uq, e Hj. Define F* = F'\ H*. We shall be interested in the
S®-functions and their corresponding hybrid characters on this new domain.

All this can be done for the S-functions too, and we define

H'=Hyu |J H; and F'=F\H.
OtjEHl
Note that the hyperplane H, appears in this case, since it is always associated
with reflection in a long root.
Using (3.2.2) and requiring
v € R7Yif ; € A® and 5, yf € RZ0if oy € Al
yo, )t e R7%if oy € A and ¢l e RZVif a; € A®
the domains F** and F' can be described by
= {yfw1v+---+yin | yo + D miy; = 1}7
! (3.3.5)
P = ot e bt Lot Somaf =1}

i=1
Although F* and F! are proper subsets of F, it is more relevant that each

of them is a proper superset of F°. The original domain 2 C C" arises as
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a continuous image of F° via the mapping = (3.1.4). The corresponding domains

in the hybrid cases arise in a similar way from these two supersets:
QP ==(F)>0Q Q==F)>Q.
These will appear when we switch from variables x to variables X.

3.3.4. Jacobi polynomials

All the characters y,, the hybrid characters x3, x4, and the C-functions Cy,
A € PT lie in Z[P]". Furthermore each set forms a Z-basis for it and in each
case the characters or hybrid characters indexed by the fundamental weights w;,
j=1,...,n, generate Z[P]" as a polynomial ring. Of course these facts apply to
C[P]" as well. This is quite easy to see because it is obvious that the C-functions
C\, A € PT, are a Z-basis for Z[P]" and the others can be written as sums of

the form
Cy+ Z a /\»MC 4
=
B=A
where the ay, € Z. This triangular form with unit diagonal coefficients can be
inverted in Z[P]", showing that each of the other sets is a basis too. Similarly

each C) = Ciyw,+-+k,w, can be written in the form

Cor Gt > anly
()
B=A
with integer coefficients, and this provides the recursive step to write any element
of Z|P]" as a polynomial in the Cy;- The same thing can be done with the
fundamental characters or hybrid characters.

Although we have no need for the specific values of the coefficients in these
expressions, there are ways to compute them. As a specific example there are the
Jacobi polynomials P(\, k), defined for any multiplicity function k, see [10], and
any A € Pt by

PO\E) = Y k), (3.3.6)
()
H=A
where the coefficients c,, (k) are defined recursively by:

{A+ok) [ A+o(k) = (n+o(k) | p+ o(k)) Yeru(F)

(3.3.7)
=2 > ka Z pjo | @)eaptja(k)
a€H+ 7j=1
along with the initial value cyy = 1 and the assumption cy, = cy () for all

w € W. Recall that (k) is given by (3.2.5).
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For k = k' the relation (3.3.7) is the Freudenthal recurrence relation used
to find the coefficients of decomposition of characters y, = % of irreducible
4

representations of simple Lie algebras into C-functions. In other words,

X\ — P()\, ]{31) = Z C)\,u(k‘l)cu.
=
H=A
Furthermore (3.3.6), for k* and k! be given by (3.2.4) and A € P*, we have
= POLK) and xb = POLK).

3.3.5. An inner product on C[P]"

The standard inner product on C[P] is defined by

(.90 = [ fados.

where dfr is the normalized Haar measure on the torus T. Relative to this,
the functions ¢, (3.3.3) form an orthogonal basis of C[P]. Its completion is the
Hilbert space L*(T,60r). We let L*(T,61)" be the subspace of all W-invariant
elements of L*(T,0r), which is in fact the closure of C[P]" in L*(T,6r).

We now modify this inner product in a natural way so that the hybrid-
characters x5 (or x4) form an orthogonal basis for L*(T, 61)". Notice here that
we are interpreting functions as functions on T.

For any element f € L*(T,0r)", we have IS € L*(T, 6r). One can form its

Fourier expansion

fSSS = Z<f5387§0u>'11‘§0u7

neP
and since fS). is o°-skew-invariant with respect to W, this can be rewritten as

Sy = > (f S5 Ortos)T Yoo S W)ew =D, (S5 Prto )TN s -
AePT neO(A+p%) AePT
Dividing by Sy, we have
F= >0 (S5 orre)T X35
AePT
and then by the W-invariance of fr and o°-skew-invariance of fS;., we obtain

1
(i orrede = [ ISPl = i [ 3 0" (w) Sy Putirydén

weWw

staby (A + o° —_—
_ Istabuw( 9>|/Tfsgssi+gsd9T

(W]
— |staby (A + 0°)| /F /X355 5gedbr
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This suggests the new inner product on L*(T,601)" as

(f.9)s = | [gS5.S5dbr.
FS

Then, we can write
f= 2 Istabw (X + 0")(f, X3)sX3 -

AepP+

In particular, with f = x;, we have

X = D Istabw (A + 0%)](x X3)s XA

AepPt

from which we have the orthogonality relations

|staby (10 + 0°)] "

(s X2 )s

Writing this out, we have
Proposition 3.3.3. For \,u € P,
s Qs () s s 1
[ St (@) (@) dbs(x) = (36X

- |staby (X + 0%)]

5)\u )

where |staby (A + 0°)| denotes the number of elements in stabilizer of A + o° in

W. The parallel result holds for the long root case.

3.4. POLYNOMIAL VARIABLES AND ELEMENTS OF FINITE ORDER

The cubature formulas rely on being able to identify the ring Clzy, ..., z,]"

as a polynomial ring and then forming the connection between the variables X;
and characters on G (treated as functions on t). In the usual case, the characters
are the characters of the fundamental representations with highest weight w;.
In the hybrid cases we use hybrid characters instead. As we shall see, they all
generate essentially the same ring, but the explicit mappings between the natural
variables of t and the variables X are different. We shall work specifically with

the short case, the long case being in every way parallel to it.

3.4.1. Polynomial variables for the hybrid cases

Let X7, ..., X denote the polynomial variables defined by

Xi=x,,(@),.... Xy =x;, (x), v€F°,

= wn,

where xg, are the fundamental hybrid-characters (3.3.4).
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As in [44], we define the m-degree of the variables X7, ..., X by assigning
degree my to X7. Thus the monomial (X{)* ... (X2)* has m-degree

Amy + -+ Nm)

and the dimension of the space of polynomials of m-degree at most M is the

cardinality of the set

{()\1, L) Do miN <M € ZEO} : (3.4.1)

i=1
In addition, we say that A = (A1,...,A\y) = \wy + -+ - + A\yw, has m-degree

equal to
Ay =Am) + -+ Aam,) . (3.4.2)

The new variables give rise to the mapping

=i (X (x),..., X (x)eC", xeF?

and similarly =

These mappings are injective since the values of these fun-
damental hybrid characters determine the values of all the characters (hybrid or
otherwise), hence a specific conjugacy class in G, and finally, then, a unique point

in F'. Then we have the domain
Q° ==%(F°) = {(X{(z),..., X, (v)) |z € F*} .

Evidently this is a subset of C", but in fact 2° C R™. By Section 3.3.4, we see
that each variable X7 can be written as a polynomial in fundamental characters
Xw, With integer coefficients. As discussed in [44], we know that X, = x., for
algebras with two roots lengths. Therefore, we also have X7 = X? and thus
Q° C R™

We define

S S
_ S5
—oal ol
s,Sh

This function arises as a kernel in the integral of the cubature formulas for the

KS

short root case. The denominator of K*® does not vanish anywhere on the in-
terior F° of the fundamental domain F', so K* is defined on this region. K?® is
a W-invariant rational function and can be rewritten as a function in terms of
the fundamental hybrid-characters x;. We can regard K* as a strictly positive

function on F° or as a function in the variables X7 on the interior of Q°
_ Sos ()85 ()
Slgz(x)sé,Z(x)

K* = K*(XS,...,X?)

n

, x € F°,

see Remark 3.1.1
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Along with K*® we define x° on 2° by
W
W
Note that |[Wx| is just a number of points in W-orbit of x in t/Q" and its value

K (X®) Sos(2) S5 () . (3.4.3)

QS

is uniquely associated with X* since Z° is injective.
The S'-functions are handled in the same way. Just interchange s and [ in the
discussion above. In particular notice that K' = (K*)~! on F°. We emphasize

here that the m-degree of A for the long root case is equal to
) = Al 4 Al

and thus is not the same as m-degree (3.4.2) of A for the short root case or the

same as the m-degree of polynomials (see Table 3.1).

3.4.2. The Jacobian

Although the cubature formulas that we are aiming to prove are set within
the context of the polynomial ring C[X7,...,X,], what underlies them is the
realization of the variables X; as functions, actually characters x., (or hybrid
characters g, , XLJ,), on T. These characters are first of all functions on T, but
are treated also as functions on t via the exponential map — indeed they are
exponential sums. As functions on t they become functions of n variables in
terms of the standard basis {«, ..., }. In order to make transitions from the
aY-variables to the X;-variables we require the Jacobian J with matrix entries
Jik = Dajv Xuw,» See definition below. This is written for the case of the characters,
and in this case the Jacobian was determined in [44]. Since the transition from
characters to hybrid characters is made through a unipotent transformation, the
determinant of the Jacobian is not altered for the hybrid characters.

Proposition 3.4.1.
det(J) = det(J*) = det(J') = 5, = 55.5%,.

Note that from this we have

(K2 det(J)| = 155 17 (3.4.4)
With x = (z1,...,2,) = x10y +- - -+x,0, as variables on t and the derivation
mapping D,y defined by
(\2mizx) VA (A2mi Y Y mpay) 1 d (\2miz)
Da]ve = </\,aj>e k=1 TROE) — _— " o ’

2mi dx;
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we compute

1 d .
2mi dxjx“”“‘

Then Proposition 3.4.1 implies that the Jacobian of the transformation from the

s __
DO(}-/ ka -

variables z to variables X* or X! is
|(2mi)" S, ()| = (2m)"[Se()]
So, by (3.4.4), we have
[ ot yrax:
- /QSf(Xf,...,X;)g(Xf,...,Xg)(KS)l/Q(Xf,...,X;j)de...dX,i

= (2m)" /F PO @) @)g 0, (@), ()85 (1) S5 () d

Particularly note the special case of this when f = x§ and g = xj, when, along

with Proposition 3.3.3, it becomes
(27)~" /Q DO AX = [ S5, (0)Sip @ de = (ouxse (3:45)
Note that the integrals over Q° are well defined since (K*)'/2dX* is defined

over the interior of {2° and is zero on its boundary.
3.4.3. Cones of elements of finite order

Every element of G is conjugate to exp 2mix for a unique x € F'. The elements
of finite order (EFO) are particularly interesting because they provide a way
of discretization that is intuitive, natural, and computationally efficient. The
conjugacy classes of elements of finite order N (this includes all elements whose
order divides N) are precisely given by %QV N F and those of adjoint order N,
i.e. of order N in the adjoint representation of G on itself, are given by %PV ara
[41]. Tt is these latter elements that will define the nodes for the cubature formula.
More particularly, having chosen some positive integer M, we wish to use

Fifom =~ PYNF° Flyw=-—t"P'nF
+h M + hs ) M+h M + h! )
where h®, h! are defined by (3.2.7). Using (3.3.5), the elements of the fragments
can be represented as follows.

1

M + hs

T € Fy . <= x= (s5w) + -+ + s5w)) with (s5,...,s") satisfying

n
so+ Y _msi = M+ h*, where s} € N if ; € II° otherwise
i=1

si €72,
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1
reF, ., = x= T(sllwlv 4o shwY) with (st ..., s!) satisfying

n
so+ > m;si =M+ h', where st € Z7° if o; € II® otherwise
i=1

1o
50, 5; € N,

l

The coordinates [s3, s5,...,s%] and [s}, s}, ..., sl ] are called the Kac coordinates

of z, [41].
Since h® = 37, cps m;  and ht =1+ > a;ent My, each of the sets Fiyqps and

Fyryp has the same cardinality as the set:

{(tl, cot) | Y omat < Mt € ZZO} : (3.4.6)

i=1
The explicit formulas for the cardinality of F;,, . and F}, 4w have been calculated
for all M and for all simple Lie algebras in [14].

Comparing (3.4.1) and (3.4.6), and using the the fact that the marks and co-
marks are just permutations of each other (see Table 3.1), we see the important
fact:

Theorem 3.4.1. The number of monomials in C[X3,..., X:] of m-degree at
most M is equal to the number of points in Fy .. The parallel result holds for

long root case.
3.4.4. Points of I}, ,. as zeros of S*-functions

It is very interesting that the points that will be the nodes for the cubature
formulas are also distinguished by being zeros of certain S°-functions.
Proposition 3.4.2. Let M € Z7°. The functions S, ,. and the hybrid-characters
XX with X of m-degree = M + 1 vanish at all points of Fy, .. The same is true
with s replaced by | throughout.

ProoF. We denote by r the reflection in the highest short root v*, on the root

and co-root side, given respectively by
r(A) =rd=A— (A7),
riz) =re =z — (v, 2)y*".
Let A = Mjwy + -+ + \yw, € PT. Divide the orbit O = O(\ + ¢°) into O, on

which ¢° takes the value 1, and O_ on which it takes value —1, and note that

O_ =r0O,. Then we can write

S§\+QS (37) —_ Z (627ri<u,x) . 627ri<7“u,x>) — Z (627ri(u,a:> _ 627ri<u7rx>) ‘

pHEOL preO4
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Now, S3, ,s(#) will vanish for all x € Fy;, . if each term

2mi(p,z)

e . 62m(u,rw) — 0’

or equivalently
</1’7 .fL'> o <,LL,T'37> €Z

for all z € M}th PV. Since z € Mihs PV is W-invariant, this amounts to
1 Vv

P
M+ hs™

A+ o) — (AN +0°,rx) € Z for all z €

or equivalently

1
(Y, x)( A+ 0°,7") € Z for all 2 € fYan hst'

Since (%, P¥) C Z, we have (v* z) € ﬁz, and it is sufficient that
A+ 0°,7")y e (M + h)Z.
Requiring (A + 0°,7%") = M + h® leads to the condition
ANYYY=M+1

by definition of h* (3.2.7). This is the condition of the hypothesis of the proposi-
tion and proves the result for the S*-functions.

To get to the characters x* we have to divide by S7.. The latter vanishes only
on the walls of H® and these are not part of F*, and so this division does not
affect the outcome.

The proof for the long root case is parallel. O

Recall that |575=PY/QY| = cg(M + h*)", where ¢, is the determinant of C
(which is the value of the index [P : QV]). Of course there is a parallel formula

for the long root case.

3.4.5. Discrete orthogonality of S*- and S'-functions

Proposition 3.4.3. Let M € Z2° and X\, € P and suppose that for all
w,w € W we have w(X + ¢°) — w'(p + 0°) ¢ (M + h*)Q unless X = p and
w(A+ 0°) = w' (A + ¢°). Then
1 _ 1
W SS s SS s —
Cg|W|(M—|—hS>” Z ‘ 37’ Mo (Zﬂ) pto (SL’) |Stabw()\—|— o°

S
:JcEFM7th

o (347)

The parallel result holds for the long root case. We recall that Wx is the W -orbit
of  in t/Q".
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PROOF. The summands appearing in (3.4.7) are dependent only on the values
of x mod @Y, so we can reduce mod @ (see Remark 3.1.1). The set Fj, ;. is
mapped faithfully by the S*-functions in this process.

We begin by replacing the sum over F};, ,. by a sum over the group

1
PY/Q".
M + hs /¢
For each representative element x € Fy, ;s we can form its W-orbit Wx. If we
had all of M}rhs PV N F we would get all of Mihs PY/QY. As it is, we are missing
the orbits of points F'\ F** and these are all in H® on which the S*-functions

vanish. So we can add them without changing anything. Thus

> W] S5, 0 (2) S0 (2) = > S ios (X)) 4 0e () .

xGFZ‘;’/j+hs xGﬁPV/QV

The two S* terms when expanded are sums of exponential functions exp(27i(v, x))

(which are well defined as functions on g7 P¥/Q"), where each v is of the form
v =w(A0°)—w'(u+0°). Fixing v and and summing over z, we get their sum over
the group is zero as long as (v, x) ¢ Z for at least one x. This requirement is just
the same as saying v ¢ (M+h®)Q. In view of our hypothesis this fails only if A =
and w(A + 0°) = w'(A + ¢°). In that case the sum is ¢;(M + ~*)". This happens
once for each element in O(\ + ¢°). Since |O(X + ¢°)| = |W|/|stabw (A + 0°)|, we

are done. 0

For a slight different point of view on discrete orthogonality, as well as an

algorithm for calculation of |Wx|, see [14].

3.5. INTEGRATION FORMULAS
Our aim is to create cubature formulas for the integrals of the form
/ PPEEOV2AXE X / (Y axy L dX
Qs Q

where f*, g° are functions in the variables X3, ..., X3 defined on Q° and f!, ¢’
are functions in the variables X!, ..., X! defined on Q. These cubature formulas
depend on the two orthogonality results that we have shown, namely Proposi-
tion 3.3.3 and Proposition 3.4.3, the first involving an integral over 2° and the
second a finite sum over Fj;, ., which yield identical results. The discrete or-
thogonality relations require specific separation hypotheses on the weights, so to
make use of the equalities we need only to guarantee that these hold. The same
applies to the long root case too. The image of F}j;, . in ©° under Z° is written

as Fj,ps, and similarly for the long root case.
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3.5.1. The key integration formulas

Theorem 3.5.1. We use the notation X* = (X§,..., X3) and X! = (X!, ..., X}).

n

(i) Let M € Z=° and f, g be any polynomials in C[X*] with m-deg(f) < M+1
and m-deg(g) < M. Then

/QS FaK2dxs = 1 (sz:hs)n > F(Xg(X)k(X) (3.5.1)

Cq X3E€F ps

with dX® = dX3 ... dX¢.
(ii) Let M € N and f, g be any polynomials in C[X'] with m-deg(f) < M and
m-deg(g) < M — 1. Then

1 2 n .
L fg(Kl)WXm:cg(M: ) 3 SO 682

with dX' = dX! ... dX!.

PROOF. By Section 3.4.2, we obtain that the left-hand side of (3.5.1) is equal to

)" [ SO @) X @), @), (@) S5 () (2)dar

Using the definition (3.4.3) of k* we rewrite the right-hand side of (3.5.1) as

D f0G @)X, (@)g (e, (@), - X, () W] S (2) S5 ()

S
xeFM+hs

multiplied by m (ﬁ) .

By linearity of (3.5.1), we can only consider the monomials
o)™ )™, where vymy + -+ +v,m, <N

with N =M + 1 for f and N = M for g.

By Section 3.3.4, we see that such monomial decomposes as a linear combi-
nation of x5 with A < v (see Section 3.2.1) and the coefficient of x? is equal to
1.

Thus it is sufficient to prove that

/FS XA ()X () 55 () Sge () da

1
g WM + R

> X)X ()Wl g ()5 (x)

S
TEFT L ps

for A\, u € P such that m-deg(\) < M +1 and m-deg(u) < M. This is true from

Proposition 3.3.3 and Proposition 3.4.3, provided the weight separation conditions
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of Proposition 3.4.3 apply, that is, whenever \ # p, it never happens that
wA+0") —w'(p+0°) € (M+1h%)Q

for any w,w" € W. This follows line for line the proof of Theorem 7.1 of [44]
since it does not change anything if we consider h* instead of h.

We can prove the result for the long root case similarly. However, there is
one difference which arises because h* = 1+ 3, cis m;’ whereas h! = 3, cum)’.
This difference appears in the validation of the separation conditions, which hold
only for Y- my\; < M and > m)u; < M — 1 in the long case. 0

3.5.2. The cubature formulas

The following theorem can be proved in the same way as Theorem 3.5.1 since
p=0and X with > A\;m; < 2M +1 (2M — 1 respectively) satisfy the separation
conditions of Proposition 3.4.3.

Theorem 3.5.2.
i) Let M € Z=° and f be any polynomial in C[X°*] with m-deg(f) < 2M +1,
then
A FOR)2dX = 1 (

Cy

2T
M + hs

) X e,
XSEF s
where k*° is defined by (3.4.3).
i) Let M € N and f be any polynomial in C[X'] with m-deg(f) < 2M — 1,
then
[rhaxt= (L2 s,
Q! cg \M + hl
Remark 3.5.1. One notes here that the short root case (i) is Gaussian cubature,
with maximal efficiency in terms of the number of nodal points required, while the

long root case (ii) fits into the Radau cubature class and is slightly less efficient.

3.6. APPROXIMATING FUNCTIONS ON €2* AND !

In this section we just point out a few things that are direct consequences of
the Fourier analysis that has been developed here. As usual, we write this down

for the short root length case, the long root case being entirely parallel.
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3.6.1. Polynomial expansion in terms of x3

Let L3.(92°) denote the space of all complex valued functions f on Q° such
that [o. | f]? (K*)Y/2dX® < oo. We recall the inner product of (3.4.5) on L%, ()

(f,9)s = (2m)™" /Q FX%)g(X3) (K5 (X7))2d X

= [ 1 @)g (X (@) () (@) b (a).

We write f = g if f = g almost everywhere in Q°. Since (K*)'/? is continuous
and strictly positive on interior of Q°, we have for any f that (f, f)s > 0 with
equality if and only if f = 0. Thus, we can regard L%.(Q°) as a Hilbert space
with L%.-norm of f equal to (f, f)}/2.

By Proposition 3.3.3, the polynomials X5 = x5(z), * € F* with A € P* form

an orthogonal set in L%.(Q2°):
(Xi,XZ)S = |staby (A + gs)|_15,\u,

and, in fact, they form a Hilbert basis in L%, (Q2*). We can see this by relating
f(X*®) on Q° with f(x) on F* and using the discussion in Section 3.3.5 to make
its Fourier expansion. Rewriting this back in 2° we obtain the basic expansion
formulas
f= > aX;, where ay = |staby (A + 0%)|(f, X3)s -
AePt

3.6.2. Optimality
If |\, = >, m) Ai, then the sums
> Istabwr (A + 0%)[(f, X3):X3
Al <M
are the polynomials of m-degree at most M in the variables X7, ..., X.

Proposition 3.6.1. Let f € L%.(Q°). Amongst all polynomials p(X3,..., X:)

n

of m-degree less than or equal to M, the polynomial

g= ) |stabw(X+ o")|(f, X3)sX3

[Alm <M

is the best approximation to f relative to the L%.-norm.
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PROOF. Let p = }|5,.<m baX3 be any polynomial of m-degree at most M and
ay = |staby (A + 0°)|(f, X3)s, then

(f=p.f=p)s=(f,)s— D Istabw(A+ 0°)| "arby

A<M
— > [stabw (A + 0°)|Toaax + > [stabw (A + 0%)| 7 ba[?
IXm<M IAlm <M
=(f—a.f—as+ D Istabw(X+0°)['|br —anf’
[l <M
> (f —d, f - Q>s
with equality if and only if by = a,. U

3.7. EXAMPLE: CUBATURE FORMULAS FOR ('

In this section we illustrate briefly how the main constituents of the paper
look in the case of the Lie group Gy when M = 15.

3.7.1. S*- and S'-functions of G,

Let us recall some basic facts about Lie group G5. The simple roots aq, s

and co-roots ay, o are determined by the Cartan matrices C' and C7,

2 =3 2 -1
C= , o7 = .
-1 2 -3 2
We also have the following relations between the bases:
aq :2w1—3w2, Qg = —w1—|—2w2, w1 :2a1+30z2, CUQ:O./1+2(1/2;
af =2w) —wy, ay =—-3w +2w), w =2o]+ay, wy =3a]+2a.
Using (3.2.8), 0° = wy, o' = wy, h® = h! = 3.
The defining relations for the Weyl group are r? = r3 = (r;73)% = 1. Defining
Topp = T1T2T1T2T1 T = TaT1797 17271, the Weyl group consists of

1,71, 79, T172, ToT1, T1T271

together with the product of r,,, with each of these elements. The correspond-
ing values of o* are 1,1,—1,—1,—1,—1 and 0°(r,,) = —1; and for o' they are
1,—1,1,—1,—1,1 and o'(ryy,) = —1.

Let A = (A1, A2) = Mwy + Aaws and © = (21, 22) = 210 + 220, Any Weyl

group orbit of a generic point A consists of
{E£(A1, A2) , £(=A1,3A1 + A2) , £(A1 + Aoy —Aa) , £(2A1 4+ Ao, —=3M1 — Ao),
(=M1 — A2, 3A1 +2X9) , H(—=2A1 — A9, 3A1 +2Xo) }.
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FIGURE 3.1. A schematic view of the co-root system of G5. The
shaded triangle is the fundamental region F. The dotted lines
are the mirrors which define its boundaries, the reflections in which
generate the affine Weyl group. The action of the affine Weyl group
on F' tiles the plane. A few tiles of this tiling are shown. Filled
(respectively open) squares are the short (respectively long) co-
roots of G.

Therefore the explicit formulas for the S*- and S'-functions are:

. 2
it (7) = |staby (A + ws)|

+ sin 27’(’(—)\11'1 + (3)\1 + )\2 + 1)1’2)

(sin2w(A1z1 + (A2 + 1)z2)

—sin 27 (A1 + A + D)oy — (Mg + 1)xg)

—sin 27 ((2A1 + Ao + 1)xg + (—=3A\ — A2 — 1)z2)
(A1 = Ag — D)xy 4+ (3 + 22 + 2)x9)
((—=2XA1 — Ao — D)z + (3N + 2X2 + 2)29)

B 2
 |stabyy (A + wy)]|

— sin 271'(—()\1 + 1).%‘1 + (3)\1 + /\2 + 3)1’2)

— sin 27

— sin 27

S, (2) (sin 27 (A1 + 1)ag + Aoz)

+ sin 27 ()\1 + /\2 + 1)1’1 — )\QIEQ)

—sin 27 (2)\1 + /\2 + 2)1‘1 + (—3)\1 — )\2 — 3)1’2)
(—)\1 — )\2 — 1)331 + (3)\1 + 2)\2 + 3)332)
(_

2)\1 — )\2 — 2)33'1 + (3)\1 -+ 2)\2 -+ 3)1}2) .

(
(
— sin 27 (
+ sin 27 (
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By definition the polynomial variables X, X5 and X!, X! are given by

S(Sl 1)<I>
X7 = —=— =2(1+ cos2mxy + cos 2m(x1 — 32) + 2 cos 2w (x1 — 223)
550,1)@)
+ 2 cos2m(xy — x2) + 2 cos 2wy + cos 27 (2x; — 3x3)),
S(so 2)(35)
X5 === = 2(1 + cos 2mxy + cos 2m(xy — 2x9) + cos2m(xy — x2));
S(So,l)($>
! Séz 0)(55)
X1 = 57— = 2(1 4 cos 2mx; + cos 2m(xy — 3w2) + cos 27(2z1 — 3w2)) ,
5(1,0)@)
! Sél 1)(@
X5 = o = 2(cos 2wy + 08 27 (11 — 25) + cos 2w (1 — x3)) .
5(1,0)(@

(3.7.1)

3.7.2. Integration regions Q°, Q' and grids Fj, 4, Fh/. 5

Using the explicit formulas (3.7.1) for polynomial variables as functions of
T1, T2, one can determine the integration regions 2, Q! (see Figure 3.2 and 3.3),

namely, (2° consists of points (X7, X3) satisfying

Njw
ol

Xs2
X > ( 42) X5 -4, -2 4X5 —2(X5+1)2 < X7 < —2—4X5 +2(X5 +1)

Q! contains only the points (X!, X1) such that

3
2

—1,-10—6X, —2(XL +3)7 < X! < =10 — 6X} + 2(X} + 3)

1\2

e

- BU(H) : X =—2—4X5+2(X5 +1)°

3
2

2 B(Hy) s X§ = -2~ 4X3 — 2(X;5 + 1)}

FiGURE 3.2. The region 2° along with the equations of its bound-
aries. Inside we see the points of Fj5. The dashed boundary is not

included in €2°.



72

= e~ o

FIGURE 3.3. The region Q' along with the equations of its bound-
aries. Inside we see the points of Flg. The dashed boundaries are
not included in Q.

The grids Fj;, 3, Fhseg arve the following finite sets of points in Q° and €

respectively.

251 + 359 51+252) <251+352 51—1—232))}
S — XS XS
Fires {< 1( M43  M+3/)7"*\ M+3 " M+3 ’

M—|—3J {M%—B—Zle
— |, 8=1,..., | —;
2 3
281 + 3s9 s1 + 2s 281 + 389 s1 + 2s
) I 1 2 81 2 I 1 2 81 2
=X X
Fhres {< 1( M+3 "’ M+3>’ 2( M+3 "’ M+3)>}’
M+2J {MTLQ_QSIJ
— ,5220,..., _ | .
2 3
The list of EFOs for M = 15 is given in Table 3.3.

Whereslzo,...,t

Wheresl—l,...,{

3.7.3. Cubature formulas

The functions K*® and K' are given by the expressions:
S5 S5 —(X5)? —4X5 +4X5 + 16
KS(XIS,XS): wpTwa _ ( 2) 2+ 1+ :
SLSL AHX3)P — (X7)? — 4(X5)? — 8XT XS — 4XT — 4X3
KX XL = Sk Sh, _ AXY)? — (X)? — 12X1 X} — 20X] — 125 +8 |
1=r2 Ss Gs —(X5)2+4Xt +4

Thus, the explicit cubature formulas of G5 are

o —(X3)? — 4X5 + 4X} + 16
f(X17X2) s\3 __ s\2 s\2 __ sSYSs __ s __ S
Qs 4(X2) <X1> 4(X2) 8X1X2 4X1 4X2

dX;: dX3



’ (80381752) H 8 ‘ 8 ‘ (Xf’XS) ‘ (X:leé) ‘
©0,0,06) @2 1) X
3 (0.5662, —0.7169) <
6, (—2.4534, —0.2267) x
X X

(1.5321,—0.8794) | (7.2909, —2.8794)
(—0.9436, —0.4115) | (3.8794, —2.4115)

N3 (=3.5321,0) (0.4679, —2)

2, (0.3473, —0.5321) | (5.4115, —2.5321)

5, (—2.3473,0) (1.6527, —2)

3, > (=0.2267, —1.7583)

0, (0.852, —0.574) >

)9y (7170) (3772)

6, (—3.0642, 0.4679) (0, —1.5321)

, (—0.1206, 0) (3.8794, 2)
(Z1.8794,0.6527) | (0.8152, —1.3473)

7, X (—0.7169, —1.0642)

(—0.8007,0.7733) | (1.6527, —1.2267)
(—1.8794,1.3473) | (—0.574,—0.6527)
(—0.3696, 0.8152) X
(—0.6946, 1.6527) (0, —0.3473)

X (—1,0)
(0.0983,1.8152) | (0.4679, —0.1848)
(0.3473,2.5321) (—0.7169,0.5321)
(1.5321,2.8794) | (—0.2267,0.8794)

—~| ||~~~ === =]~ ~|~|~| ~| ]|~~~ —~|~|—~|~|~|—~] —~
O ©| 00| 0| | | O O O U1 Ot )-’k“ﬂk W W W N NN == OO
WO U =OD W OOy N \]\Hk\:i DD W OO YN | —| OO W
W O WON R WO WO O N W O O DN i~

RIS R R I RN RN R N RN AN P AN AN AN P N AN AN AN P AN RN RS AN RN P ENENENENEN I ENENRN
R IR R RN R RN RN RN RN P AN AN RN AN AN AN P AN RN RN AN N N AN P AN ENENENENEN PP Y Y el

5, x (—0.574, 1.3054)

Y Y (27 3) ><

3, (3.7588, 3.8794) (0,1.8794)
(10,1, 2) (4.8375,4.1848) (0.4679, 2.1848)
(10,4, 0) x (0.8152, 2.6946)
(11,2,1) (8.1061, 5.2267) (1.6527, 3.2267)
(12,0, 2) (8.823,5.4115) x
(12,3,0) x (3,4)
(13,1,1) (12.7023,6.4115) | (3.8794,4.4115)
(14,2,0) X (5.4115,5.0642)
(15,0,1) (16.5817, 7.2909) x
(16,1,0) x (7.2909, 5.7538)
(18,0,0) X X

TABLE 3.3. A list of the EFOs for M + 3 = 18, along with their
coordinates in the domains Q° and €. Since F* is missing the
boundary defined by the fixed hyperplane for the short reflection
ro, EFOs falling on this boundary are not part of the short root
scenario. For F! it is EFOs on the hyperplanes for 7, and 7, that
are not included.

73
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] (S0, S1, S2) H |W x| \

|||
=
X
%
— | — | — | — | —|—
| O O W N —

(%, %, %) 12

TABLE 3.4. A table of values of |Wz| for the group G5 based on
the form of the coordinates of x € F'. Recall that this is a count of
the W orbit of = taken modulo @V. The values can be worked out
using Figure 3.1. The cases (x,0,0), (0,%,0) do not appear in this
context, but we include them to complete the table.

1 21 \? L S s S
:12(M+3> S FIX X9 |Wal(—(X5)? — 4X5 + 4X7 + 16) ;
(X5,X3)€F3 s

4(X4)3 — (X2 — 12X XL — 20Xt — 12X
/f(X{,Xé) (X35)3 —( 1)_ 521 2l 0.Xy 5+ 8
z (X5)2+4X] +4

dX!dXx}

1 21 \2
12 (M - 3) Yo XL X)) Wa|(4(X3)° - (X7)? — 12X X,
(X{’Xé)e}-zlvﬂ-s

— 20X} — 12X} +8).

The values |Wz| are written in Table 3.4.
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Chapter 4

CUBATURE FORMULAS OF
MULTIVARIATE POLYNOMIALS
ARISING FROM SYMMETRIC ORBIT
FUNCTIONS

Authors: Jifi Hrivnak, Lenka Motlochova and Jifi Patera.

Abstract: This paper develops applications of symmetric orbit functions, known
from irreducible representations of simple Lie groups, in numerical analysis. It
is shown that these functions have remarkable properties which lead to cubature
formulas, approximating a weighted integral of any function by a weighted finite
sum of function values, in connection with any simple Lie group. The cubature
formulas are specialized for simple Lie groups of rank two. An optimal approxi-
mation of any function by multivariate polynomials arising from symmetric orbit

functions is discussed.

INTRODUCTION

The purpose of this paper is to extend the results of [40, 44| to the family
of symmetric Weyl group orbit functions, known from the theory of irreducible
representations of simple Lie groups. These functions have several remarkable
properties such as continuous and discrete orthogonality described, for example,
in [24, 43]. The simplest symmetric orbit function arising from the simple Lie
group A; coincides, up to a constant, with the common cosine function of one
variable. Therefore, it is related with the Chebyshev polynomials of the first kind
[52]. Motivated by various applications of Chebyshev polynomials in numerical
analysis, the symmetric orbit functions are studied in order to develop similar

applications for functions of several variables. Firstly, a cubature formula arising
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in connection with any simple Lie group is derived. Secondly, a multivariate
polynomial approximation is presented.

A cubature formula is a multivariate generalization of a quadrature formula
useful for numerical integration of one-variable functions. It is a remarkable
mathematical result approximating a weighted integral of any function of several
variables by a finite weighted sum of values of the same function on a specific set of
points, called nodes, in the real Euclidean space R™. It is required that a cubature
formula is an exact equality for polynomial functions up to a certain degree.
There exist different types of cubature formulas with various efficiencies in terms
of the number of nodes required. For example, the extensively studied Chebyshev
polynomials of the first kind are connected to the numerical integration of the
maximal efficiency known as the Gauss-Chebyshev quadrature using the least
number of nodes possible [39, 52|, i.e. it equates a weighted integral of any
polynomial of degree at most 2M — 1 with a linear combination of its values at
zeros of the Chebyshev polynomials of the first kind of degree M [39, 52]. The
optimal cubature formulas for functions of several variables are called Gaussian
cubatures, see e.g. [53].

An optimal cubature formula is derived in [35] from antisymmetric orbit func-
tions arising from the simple Lie group A, . In [35], it is also shown that the study
of the symmetric orbit functions of A, lead to slightly less efficient cubature for-
mulas. The idea of [35] is generalized in [44] to obtain Gaussian cubature formulas
arising from antisymmetric orbit functions of simple Lie groups of any type and
rank. The crucial step, that make the extension of the A,, result to any simple Lie
group possible, is an uncommon definition of the degree of polynomials based on
Lie-theoretical invariants. In [40], the set of cubature formulas is enriched using
two families of additional hybrid orbit functions existing only for Lie groups with
two different lengths of roots, B,, C,, Fy and G5. In this paper, we complete
and extend [35, 40, 44| by exploiting the remaining family of orbit functions.
The resulting formula is not optimal unlike the Gauss-Chebyshev quadrature in
the case of the Chebyshev polynomials, however it is derived for any simple Lie
group and not restricted only to the case Aj.

The second part is devoted to the investigation of multivariate polynomial
approximations in a Hilbert space of complex-valued measurable functions with
respect to some weighted integral. There exists a Hilbert basis of orthogonal
multivariate polynomials related to the symmetric orbit functions. Therefore,
any function from the Hilbert space is expressed as a series involving these poly-
nomials. Its specific truncated sum is actually the best approximation of the

function by polynomials not exceeding certain degree.
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In Section 4.1, we set up notation and terminology concerning simple Lie
groups and affine Weyl groups. We also review some of the standard facts on
symmetric orbit functions such as continuous and discrete orthogonality. In Sec-
tion 4.2, we deduce cubature formulas arising from symmetric orbit functions
of any simple Lie algebra. In particular, we introduce the X-transform which
modifies the fundamental domain of affine Weyl group to the region over which
it is integrated. Similarly, the X-transform defines sets of nodes as images of
specific lattice fragments of any density controlled by M. The greater M, the
denser the lattice. The symmetry of the lattice is not affected by different values
of M, only its scale is changed. Finally, the weight function is connected to the
antisymmetric orbit functions. In Section 4.3, we establish the explicit cubature
formulas of the rank two cases, A, Cy, G5. Specifically, the case A, is connected
to two-variable analogues of Jacobi polynomials on Steiner’s hypocycloid [30], the
case (5 is related to two-variable analogues of Jacobi polynomials on a domain
bounded by two lines and a parabola [30, 31, 32] (Gaussian cubature formulas
connected to these polynomials are studied for example in [53]) and the cuba-
ture formula arising from G is also described in [34]. Section 4.4 discusses an

approximation by polynomials.

4.1. ROOT SYSTEMS AND POLYNOMIALS

4.1.1. Pertinent properties of root systems and weight lattices

We use the notation established in [16]. Recall that, to the Lie algebra of the
compact, connected, simply connected simple Lie group G of rank n, corresponds
the set of simple roots A = (ay,...,a,) [1, 2, 20, 61]. The set A spans the
Euclidean space R™, with the scalar product denoted by (, ). The following
standard objects related to the set of simple roots A are used.

e The marks my, ..., m, of the highest root £ = —ag = mia; + - +mya,.
e The Coxeter number m =1+m; +---+m, of G.

e The Cartan matrix C and its determinant
c=detC. (4.1.1)

e The root lattice QQ = Zay + - - - + Zav,.
e The Z-dual lattice to @),

P ={w' eR"| (W', a) €Z,Va e A} = Zw) + -+ + Zw,
with the vectors w)’ given by

<wzvv aj> = 5’0']"
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The dual root lattice Q¥ = Zay + - - - + Za,!, where o) = 20, /{0, o).
The dual marks my, ..., my of the highest dual root n = —af = mjay +
-+ +m, o). The marks and the dual marks are summarized in Table 1
n [16]. The highest dual root 7 satisfies for all t =1,...,n

(n, a;) > 0. (4.1.2)
The Z-dual weight lattice to QY
P={weR"|(w, a")€Z, Vo' € Q"} =Zw + - + Zw,,

with the vectors w; given by (wi, /) = ;. For A € P the following

notation is used,
/\:A1w1+---+)\nwn: (/\17-“7)\71)- (413)

The partial ordering on P is given: for A, v € P it holds that v < X if and
only if \ —v =kjay; + -+ kya,, with k; > 0 for all e € {1,...,n}.
The half of the sum of the positive roots

0=wi+ -+ wn

The cone of positive weights P™ and the cone of strictly positive weights
Pt = o+ Pt

Pt =72% + - +7Z%%,, P'" =Nuw +--+ Nu,.

n reflections 7., @ € A in (n — 1)-dimensional “mirrors” orthogonal to

simple roots intersecting at the origin denoted by

"M =Tayy «-sTh =Ta,-

Following [44], we define so called m-degree of A\ € PT as the scalar product

of A\ with the highest dual root 7, i.e. by the relation

Am =, n) =Am) + -+ \m).

Let us denote a finite subset of the cone of the positive weights Pt consisting of

the weights of the m-degree not exceeding M by Py, i.e.

Pl ={ e P ||\, < M}.

Recall also the separation lemma which asserts for A € P™, A\ # 0 and any M € N

that

Am <2M = X¢& MQ. (4.1.4)

Note that this lemma is proved in [44] for M > m only — the proof, however,

can be repeated verbatim with any M € N.
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For two dominant weights A, v € PT for which v < X we have for their

m-degrees
Al = vl = A= v, m) =D _kilai, m), ki > 0. (4.1.5)
i=1

Taking into account equation (4.1.2), we have the following proposition.
Proposition 4.1.1. For two dominant weights A\, v € P with v < X it holds
that [V|m < |A|m-

4.1.2. Affine Weyl groups

The Weyl group W is generated by n reflections 74, ..., 7, and its order ||

can be calculated using the formula
[W|=nlmy...my,ec. (4.1.6)

The affine Weyl group W2 is the semidirect product of the Abelian group of
translations Q¥ and of the Weyl group W,

Wt = QY x W. (4.1.7)

The fundamental domain F of W2, which consists of precisely one point of each

W _orbit, is the convex hull of the points {0, %, e %} Considering n + 1
real parameters o, ..., ¥y, > 0, we have

F={yw) +-+ynwy | yo+yimi+---+ypm, =1} (4.1.8)

The volumes vol(F') = |F| of the simplices F' are calculated in [16].
Considering the standard action of W on R", we denote for A € R" the
isotropy group and its order by

Stab(A) = {w € W | wA = A}, hy = |[Stab(})],
and denote the orbit by
WA={wAeR" |weW}.

Then the orbit-stabilizer theorem gives for the orders

w
[WA| = u (4.1.9)
hy
Considering the standard action of W on the torus R"/Q", we denote for = €

R"/Q" the order of its orbit by e(x), i.e.

e(z) = fwz € R"/QY | w e W. (4.1.10)
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For an arbitrary M € N, the grid F} is given as cosets from the W-invariant

group ﬁPV /@Y with a representative element in the fundamental domain F

1
Fy = MPV/Qv N F.
The representative points of F); can be explicitly written as
Fy = {Ew}/—i—'--—i-;:;w,\{ | wo,ut, ..., up € Z2° ug 4+ uymy + - 4+ upmy, = M

(4.1.11)
The numbers of elements of Fj;, denoted by |Fy|, are also calculated in [16] for

all simple Lie algebras.

4.1.3. Orbit functions

Symmetric orbit functions [24] are defined as complex functions C) : R" — C
with the labels A € PT,

Ch(z) = Y o gz e R™ (4.1.12)
veWA

Note that in [16] the results for C-functions are formulated for the normalized
C-functions @, which are related to the orbit sums (4.1.12) as

CI))\ = h>\ C)v

Due to the symmetries with respect to the Weyl group W as well as with respect
to the shifts from QV

Cy(wz) = Cy\(x), C\(z+q")=0C\(z), weW, q¢'€qQ, (4.1.13)

it is sufficient to consider C-functions restricted to the fundamental domain of
the affine Weyl group F. Moreover, the C-functions are continuously orthogonal
on F,

/ C(z)Cy (z) dx = Ly S - (4.1.14)
F h)\

and form a Hilbert basis of the space £2(F) [24], i.e. any function f € L(F)

can be expanded into the series of C-functions

- hy _
fZA;; Oy, o= TGl /Ff(:v)CA(x) dzx. (4.1.15)

Special case of the orthogonality relations (4.1.14) is when one of the weights is
equal to zero,
/ Or(z)dz = |F| 6y, (4.1.16)
F

For any M € N, the C-functions from a certain subset of P* are also discretely

orthogonal on Fj; and form a basis of the space of discretized functions Cf™ of
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dimension |Fy| [16]; special case of these orthogonality relations is when one of

the weights is equal to zero modulo the lattice M@,

cM™ Ne M@,
> e(x)Ch(z) = (4.1.17)
z€Fy 0 A MQ.
The key point in developing the cubature formulas is comparison of formulas
(4.1.16) and (4.1.17) in the following proposition.
Proposition 4.1.2. For any M € N and \ € Py, , it holds that

@/F%) de = ]\14 3 e(=)0x@) (4.1.18)

PROOF. Suppose first that A = 0. Then from (4.1.16) and (4.1.17) we obtain

’;’/FC’O(:U) dr=1= d\l/[n XF: e(x)Co(x)

Secondly let A\ # 0 and ||, < 2M. The from the separation lemma (4.1.4) we
have that A ¢ M@ and thus

|1F1|/FC,\(ZC) dex =0= d\l/[n > e(x)Ch(x).

xEF )

Let us denote for convenience the C-functions corresponding to the basic

dominant weights w; by Z;, i.e.
Z‘7 = ij.

Recall from [2], Chapter VI, §4 that any W-invariant sum of the exponential
2mi(v.a) can be expressed as a linear combination of some functions Cy
with A € P*. Also for any A € P* a function of the monomial type Z;' Z5* ... Z)\»
can be expressed as the sum of C-functions by less or equal dominant weights

than A, i.e.

functions e

ZNzy . Zyv= Y ¢C, ¢ €C, ¢y =1 (4.1.19)

V<A, vePT
Conversely, any function Cy, A € P* can be expressed as a polynomial in variables

21y, Zy, i.e. there exist a multivariate polynomial p) € Clyi, ..., y,] such that

Cy=p\Z1,....2Z,)= Y. &2z ...Z", d,€C, dy=1. (4.1.20)

v<\,vePt
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Antisymmetric orbit functions [26] are defined as complex functions Sy :
R"™ — C with the labels A € P™,

Sx(z) = Y det(w) e2mitwra) g e R (4.1.21)
weW

The antisymmetry with respect to the Weyl group W and the symmetry with
respect to the shifts from @V holds,

Sy(wzx) = (detw) Sx(z), Sr(z+q")=Sx(z), weW, ¢" €qQ,

Recall that Proposition 9 in [26] states that for the lowest S-function S, it holds
that

Sy(r) =0, zeF\F°, (4.1.22)
Sy(z) #0, xe€F°. (4.1.23)
Since the square of the absolute value |S,|*> = S,5, is a W-invariant sum of
exponentials it can be expressed as a linear combinations of C-functions. Each

C-function in this combination is moreover a polynomial of the form (4.1.20).

Thus there exist a unique polynomial K e Clyi, - - -, yn] such that

15,12 = K(Z4,...,7Zy). (4.1.24)

4.2. CUBATURE FORMULAS

4.2.1. The X-transform

The key component in the development of the cubature formulas is the inte-
gration by substitution. The X-transform transforms the fundamental F© C R"
domain to the domain 2 C R™ on which are the cubature rules defined. In or-
der to obtain a real valued transform we first need to examine the values of the
C-functions.

The C-functions of the algebras
Al, Bn(n 2 3), Cn(n 2 2), ng(k’ 2 2), E7, Eg, F4, Gg (421)

are real-valued [24]. Using the notation (4.1.3), for the remaining cases it holds
that

An(n>2): Coyne,nn) (@) = Connn i, ()

D2k+1<k > 2) : O(/\1,)\2 ----- >\2k—17>\2k7/\2k+1)(‘r) = C(/\1,>\2 ----- )\Qk—17>\2k+17)‘2k)('r>7 (4'2'2)

Es - C(,\l,Ag,,\3,,\4,>\5,,\6)($) = C()\5,)\4,>\3,>\2,)\1,>\6)($)-
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Specializing the relations (4.2.2) for the C-functions corresponding to the fun-
damental dominant weights Z;, we obtain that the functions Z; are real valued,

except for the following cases for which it holds that
AQk(kZ 1) : Zj:ZQk:—j-‘rl?j:l?"'vka
A2k+1<k2 1) : Zj :Z2kfj+27j:17"'7k7
D2k+1(l€ 2 2) : ng == Z2k+1, (423)
Eg : 22:74721:75-

Taking into account (4.2.3), we introduce the real-valued functions X;, j €
{1,...,n} as follows. For the cases (4.2.1) we set

X, =2, (4.2.4)
and for the remaining cases (4.2.3) we define

Zj + Z2k—j+1 Zj - Z2k:—j+1

Aoy X; = 5 , Xog—j+1 = 5 J=1..k;
L+ Lop_; i — Doje—si
Agpp1: Xj= %2’”“, Xit1 = Ziv1, Xok—jp2 = ]TW’
j = 17' 7k?
Z V4 Lo, — 2
Dar: X;=7;, Xoo= 220, - S0 - 2ok, (4.2.5)
j=1,...,2—1;
AR Zo+ 4. Lo — 7
Bo: xi="00 x, =205 x g, x, =2
2 2 21
Z1— 4,
X5 =22 X = Zs.
21
Thus, we obtain a crucial mapping X : R — R" given by
X(x) = (Xq(z),..., Xp(x)). (4.2.6)

The image €2 C R” of the fundamental domain F' under the mapping X forms

the integration domain on which the cubature rules will be formulated, i.e.
Q=X(F). (4.2.7)

In order to use the mapping X for an integration by substitution we need to know
that it is one-to-one except for possibly some set of zero measure. Since the image
Qur C R™ of the set of points F); under the mapping X forms the set of nodes
for the cubature rules, i.e.

Q= X(Fuy), (4.2.8)
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a discretized version of the one-to-one correspondence of the restricted mapping
Xy of X to Fyy, ie.
Xu =X [ry (4.2.9)

is also essential. Note that due to the periodicity of C-functions (4.1.13), the
restriction (4.2.9) is well-defined for the cosets from Fjy;.
Proposition 4.2.1. The mapping X : F — Q, given by (4.2.6), is one-to-one
correspondence except for some set of zero measure. For any M € N is the
restriction mapping Xy : Fyr — Qur, given by (4.2.9), one-to-one correspondence
and thus it holds that

|| = | Farl. (4.2.10)

PROOF. Let us assume that there exists a set F/ C F' of non-zero measure such
that X(z) = X(y) with z,y € F’. Since the transforms (4.2.4), (4.2.5) are
as regular linear mappings one-to-one correspondences, this fact implies that
Z(z) = Z1(y), ..., Zn(x) = Z,(y) with x,y € F’. Then from the polynomial
expression (4.1.20) we obtain for all A € P that it holds that C\(z) = C\(y).
Since the C-functions Cy, A € P form a Hilbert basis of the space L*(F) we
conclude that for any f € L2(F) is valid that f(x) = f(y), z,y € F’ which is
contradiction.

Retracing the steps of the continuous case above, let us assume that there
exist two distinct points x,y € Fy, x # y such that X(z) = X(y). Since the
transforms (4.2.4), (4.2.5) are as regular linear mappings one-to-one correspon-
dences, this fact again implies that Z;(x) = Z1(y),..., Zy(z) = Z,(y). Then
from the polynomial expression (4.1.20) we obtain for all A\ € P* that it holds
that C\(z) = C\(y). The same equality has hold for those C-functions C which
form a basis of the space C». We conclude that for any f € C'™ is valid that
f(z) = f(y), x # y which is contradiction. O

The absolute value of the determinant of the Jacobian matrix of the X-
transform (4.2.6) is essential for construction of the cubature formulas — its
value is determined in the following proposition.

Proposition 4.2.2. The absolute value of the Jacobian determinant |J.(X)| of
the X -transform (4.2.6) is given by

1,(X)] = ﬁﬁ% on

(4.2.11)
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where k is defined as

2-L3l for A,
1 or D
k=22 Jor Do (4.2.12)
i for Eg
1 otherwise.

PRrooOF. Note that the X transform can be composed of the the following two
transforms: the transform ¢ : =z — (Z1(z),...,Z,(z)) and the transform R :
(Z1,...,2Z,) — (X1,...,X,) via relations (4.2.4), (4.2.5). To calculate the Ja-

cobian of the transform (, let us denote by oV the matrix of the coordinates

\

,, in the standard orthonormal basis of

(in columns) of the vectors af,..., «
R™ and by ay,...,a, the coordinates of a point x € R™ in o"-basis, i.e. = =
ajay + -+ + apa!. If a denotes the coordinates ay, ..., a, arranged in a column
vector then it holds that x = a¥a. The absolute value of the Jacobian of the
mapping a — (Z1(a¥a), ..., Z,(a"a)) is according to equation (32) in [44] given
by (2m)"|S,(aYa)|. Using the chain rule, this implies for the absolute value of the
Jacobian |.J,(¢)| of the map ( that

[Ja(Q)] = det | 7(2m)"|S,(2)].
It can be seen directly from formula (4.1.6) and Proposition 2.1 in [16] that
|det V| = [W||F|.

The calculation of the absolute value of the Jacobian determinant xk = |J,(R)] is
straightforward from definitions (4.2.4), (4.2.5). O

4.2.2. The cubature formula

We attach to any A € Pt a monomial y* = 3 ...y} € Cly,...,ys] and
assign to this monomial the m-degree |A|,, of A\. The m-degree of a polyno-
mials p € Clyy,...,y,], denoted by deg,, p, is defined as the largest m-degree
of a monomial occurring in p(y) = p(y1,...,yn). For instance we observe from
Proposition 4.1.1 and (4.1.20) that the m-degree of the C-polynomials p, coin-
cides with the m-degree of A,

deg,, Pr = |Alm- (4.2.13)

The subspace Iy, C Clyy,...,y,] is formed by the polynomials of m-degree at
most M, i.e.
Iy ={p€Cly,...,yn] | deg,,p < M} . (4.2.14)
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In order to investigate how the m-degree of a polynomial changes under the
substitution of the type (4.2.5) we formulate the following proposition.
Proposition 4.2.3. Let j,k € {1,...,n} be two distinct indices j < k such that

myj =my and p,p € Clys,...,yn] two polynomials such that
~ Yj + Yk Yi — Yk
(Y1, - Yn) :p(yl,...,yj_l,]Ty-"ayk‘—la ’ 2 e Yn)

holds. Then deg,,p = deg,,p.

PROOF. Since any polynomial p is a linear combination of monomials 3, it is

sufficient to prove deg, p = deg,,p for all monomials p. If p is a monomial y*,

then \ \
- Yi T YR\ (Y5 — Ye\*
p(yla"'7yn):(j2 ) <]2 ) H yl)\l
! €1\ (i)
Using the binomial expansion, we obtain that p(y,...,y,) is equal to

1 A A Aeos Aj Ak s Aj+A—(r+s) A
WQAMZZ(—U Y Yk H 7/

7—=0 s—=0 r s le{1,...n\{j.k}

Therefore, the m-degree of the polynomial p is given by

deg,,p = max{(r + s)mj + (A; + A, — (r + 5))my, + > nmy' )
’ 1e{1,...n\{4,k}

Since we assume that m; = my, we conclude that deg,, p = >2j_; \m;” = deg,,, p.
U

Having the X, transform (4.2.9), it is possible to transfer uniquely the values
(4.1.10) of e(x), x € Fy to the points of Q,/, i.e. by the relation

Ey) =e(Xaiy), y€Qu. (4.2.15)

Taking the inverse transforms of (4.2.4), (4.2.5) and substituting them into the
polynomial (4.1.24) we obtain the polynomial K € Clyi, ..., y,] such that

S, = K(X1,..., Xn), (4.2.16)

Theorem 4.2.1 (Cubature formula). For any M € N and any p € Iy it
holds that

/Qp(y)K’%(y) dy = c|§/| (?\Dn > Ey)ply) - (4.2.17)

yeQM

PROOF. Proposition 4.2.1 guarantees that the X-transform is one-to-one except
for some set of measure zero and Proposition 4.2.2 together with (4.1.23) gives

that the Jacobian determinant is non-zero except for the boundary of F. Thus
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using the integration by substitution y = X (x) we obtain

/Qp(y)K’%(y) dy = ,’ﬁ% | p(X(x)) dz.

The one-to-one correspondence for the points Fj; and ), from Proposition 4.2.1

enables us to rewrite the finite sum in (4.2.17) as

o (2" % cw) = i (T) T cpx@).  @21)

ISV x€FN

Successively applying Proposition 4.2.3 to perform the substitutions (4.2.5) in p
we conclude that there exist a polynomial p € Tlay, 1 such that p(Z,...,7Z,) =
p(X1,...,X,). Due to (4.1.19) we obtain for the polynomial p that

p(Xi, . Xo) =D(Zh,... Zy) = > BIZYZyR . Ty

PYT A

= Z E)\ Z CZ,CV

+ +
XeR, | vSAveP

and therefore it holds that

“{_,’/Fp(X(:L’))dx: d.oa D cullﬂ/FCAx)dx (4.2.19)

XeP),, | vSAvEPT
and
1 _ 1
S 2 f@pX@) = 3 & 3 aoo Y e@)Ce). (42.20)
z€F M AepPt v<\,vePTt zeF )\

2M—-1

Since Proposition 4.1.1 states that for all v < A it holds that |v|, < |A, <
2M — 1, we connect equations (4.2.19) and (4.2.20) by Proposition 4.1.2. O

Note that for practical purposes it may be more convenient to use the cubature

formula (4.2.17) in its less developed form resulting from (4.2.18),

[pmr—dr= = (37) 5 (X)), (1.2.21)

B C|W| zeF )\

This form may be more practical since the explicit inverse transform to X,; is
usually not available and, on the contrary, the calculation of the coefficients e(x)

and the points X (z), x € F)y is straightforward.

4.3. CUBATURE FORMULAS OF RANK TWO

In this section we specialize the cubature formula for the irreducible root
systems of rank two. Let us firstly recall some basic facts about root systems

of rank 2, i.e. Ay, Cy and Gy. They are characterized by two simple roots A =
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(a1, ag) which satisfy

Ay (an, ) =2, (ag,a9) =2, (o,a2) = —1,

CQ . <051,0é1> = ].7 <O{2,Oég> - 2’ <Oé1,062> - _17 (431)
2

GQ : <051,Oél> = 27 <Oég,0(2> -3 <a17a2> =—1.

3 )
The transformation rules among the root system and the remaining three bases

are given as follows,

. _ vV __ _ vV o __ _ \ _ Vv
As: a1 = af =2w1 —wy, ag= Qg =—w +2wy, W = W, We= Wy,
1

. _ vV __ _ N _ _ \ _ V
Cy: oy —§a1 =2w —wy, Q=09 = —2w; + 2wy, W —§w1, Wy = Wy ,
) v Ly v Ly
Go: ag =0y =2w; — 3wy, ay :§oz2 = —w; + 2wy, W= w, Wy=zW,.
(4.3.2)

Taking the weights in the standard form A = (A, A2) = A\jw; + Agws, the corre-

sponding Weyl group is generated by reflections r; and ry of the explicit form
At (A, A2) = (—AL, A1+ A2), ra(A, Ae) = (A1 + g, —Ag),
Coy: ri(A,A2) = (A, A+ A2) . ma(Ag, Ag) =(A1 + 200, —A2), (4.3.3)
Ga: 1A, A2) =(—A1,3 0 + Aa), 1A, A2) = (A 4+ A2, —A2) .
Any Weyl group orbit of a generic point A € P consists of
Ayt {1, A2), (FAL AL+ A2), (A 4 A2, —A2) , (— A, — A1), (= A1 — gy Aq)
(A2, =A1 = A2)},
Co: {1, A), £(=A1, A1+ A2) , £ (A1 +2X0, —Aa), (A1 + 202, =\ — o)},
Go: {E£(A1,A2), 2(=A1, 301 + A2), (A1 + Ao, —A2) , H(2M1 + Ao, —3X1 — Ng)

(=1 — Aoy 3A1 4 2)0) L £(=2)1 — Mg, M1+ 200)}
(4.3.4)

4.3.1. The case A,

If the points are considered in the a¥-basis, © = a;a + azay, the symmetric
C-functions (4.3.4) and antisymmetric S-functions of Ay are explicitly given by
i <e271'i(/\1a1+)\2a2) + 627ri(7)\1a1+()\1+)\2)a2) + 627ri(()\1+)\2)a17)\2a2)
hx
+€27ri(/\2a1—(/\1+>\2)a2) + €2Wi((—>\1—)\2)01+)\1@2) + e27ri(—)\2a1—)\1a2))

C(,\l,,\2)(al, az) =

)

S(}\h)Q)(al, a2> — 627rz()\1a1+)\2a2) _ 627m(7/\1a1+()\1+)\2)a2) _ 627rz(()\1+)\2)a17)\2a2)

_|_ 627Ti(/\2a1—()\1+>\2)a2) + 627Fi((—>\1—>\2)(11+>\1a2) . 627r’£(—>\2(11—)\1a2)7
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hy
A e Pt Ay | Oy | Gy
0,0 6812
x0) | 222
0 2212
o) 1111

TABLE 4.1. The values of hy are shown for Ay, Cy and G4 with
denoting the corresponding coordinate different from 0.

where the values hy can be found in Table 4.1. Performing the transform (4.2.5),

the resulting real-valued functions X, X5 are given by

Xi(ay, az) = cos2may + cos 2way + cos 2m(a; — as) ,

Xa(ay,ay) = sin 2wa; — sin 2mag — sin 27 (a; — as) .
The integral domain €2 can be described explicitly as

Q= {(y1,92) € R*| —(4} + 13 + 9)* + 8(y — 3y1y3) + 108 > 0}

The weight K-polynomial (4.2.16) is given explicitly as

K(y1,y2) = —(yi +v3 +9) +8(yf — 3y1y3) + 108.
The index set which will label the sets of points F); and €, is introduced via

Iy = {[50,31,52] € (Z=°)3 | so+ 51 + 89 = M}

Thus the grid F); consists of the points

s s
Fy = {A}wlqu]\;w;/ | [0, 81, $2] € ]M} )

If for j = [so, s1, $2] € Iy we denote

OO (281+52 31+232> x <231+52 81+252>)
(yl y Y2 ) ( 1 3IM ) 3M s 422 3IM ) 3IM

then the set of nodes €2,; consists of the points
Oy = {(ygj)>y§j)) eR’|je [M} -

The integration domain €2 is together with the set of nodes €25 depicted in Fig-

ure 4.1. Each point of Fj; as well as of 0, is labelled by the index set I, and
it is convenient for the point z € F); and its image in €2, labelled by j € Iy, to

denote
gj =¢e(x) = e(Xu(z)).
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FIGURE 4.1. The region €2 of A, together with the points of {2;5.
The boundary of 2 is defined by the equation K (yi,y,) = 0.

The values of €; can be found in Table 4.2. The cubature rule for any p € Iy

is of the form
2

1 T . .
/Qp(yl,yz)K (g1 ye) dyrdys = 515 > e, u8)). (4.3.5)

J€IM
The cubature rule (4.3.5) is an analogue of the formula deduced in [33] using

the generalized cosine functions T'C}, and generalized sine functions T'Sj, defined

by
TCk(t) = ; [e%(kz’k?’)(trt?’) cos kymty + e 5 (k2—hs)(ta—t1) ¢ kimts

_i_e%f(krks)(tl*t?) cos klﬂt3} )

S (ka—k3)(ts—t1)

TSk<t) = ) sin klﬂ'tl +e sin klﬂ'tz

[e%(k’szg)(tgftg,

Wl =

(3

|3

Te (ka—k3)(t1—t2

where t = (tl,tg,t:g) c Rg with tl + tQ + t3 =0and k = (1{31,]{32,/{33) S Z3 with
k1 + ko + k3 = 0. It can be shown by performing the following change of variables

) sin klﬂ'tg} X

and parameters

t1=2a1 —ay, ty=—ay+2a, t3=—a;—as,
klz)\17 k2:)\27 k3:_)\1_)\27

that generalized cosine and sine functions actually coincide (up to scalar multi-

plication) with the symmetric C-functions and antisymmetric S-functions of As.
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More precisely, we obtain

TCWr) = "2Cr),  TS(1) = 25i(0).

Example 4.3.1. The cubature formula (4.3.5) is the exact equality of a weighted
integral of any polynomial function of m-degree up to M with a weighted sum of
finite number of polynomial values. It can be used in numerical integration to
approximate a weighted integral of any function by finite summing.

If we choose the function f(yi,ye) = K%(yl,yQ) as our test function, then we
can estimate the integral of 1 over €2

/Qf(ybyZ)K_%(ylam)dyl dyQ:/Qldyl dys

by finite weighted sums with different M ’s and compare the obtained results with
the exact value of the integral of 1 which is 2w = 6.2832. Table 4.3 shows the
values of the finite weighted sums for M = 10,20, 30, 50, 100.

4.3.2. The case C,

If the points are considered in the a¥-basis, © = a1 + azay, the symmetric

C-functions (4.3.4) and antisymmetric S-functions of Cy are explicitly given by

Conno)(ar, az) = h2)\ (cos2m(Aja1 + Agag) + cos2m(—Ar1a; + (A + A2)asg)
+ cos 2 (A + 2X2)a; — Asas)
+cos 2m((A1 + 2X2)a; — (A1 + A2)az))
St (a1, az) = 2 (cos 2m(Ajar + Aaag) — cos 2m(—Arar + (A1 + A2)az)
— o8 2m((A + 2X2)a; — Agaz)
+cos2m((A1 + 2XA2)ar — (A1 + Ag)ag)) .
Performing the transform (4.2.4), the resulting real-valued functions X, X, are
given by
X = 2(cos2may + cos2m(ay — az)), Xo = 2(cos2may + cos2m(2a; — as)) .

The integral domain €2 can be described explicitly as

1
Q= {(3/173/2) ER?| —2y1 —4 <o, 2y1 —4 < 1o, ny Zyz}-
The weight K-polynomial (4.2.16) is given explicitly as

K(y1,y2) = (4 — dy2)((y2 +4) — 4y3) .
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FIGURE 4.2. The region 2 of (5 together with with the points
Q5. The boundary is described three equations y, = —2y; — 4,

Y2 =2y —4 and yp = iy%

The index set which will label the sets of points F); and €2, is introduced via
Iy = {[80,81,82] < (ZZO)B | So+ 281 + s9 = M} .

Thus the grid Fj; consists of the points
S2

S

MQ}

If for j = [so, s1, S2] € Ipr we denote

wy | [50,51,82] € IM} )

() Dy — (x (251+82 51+52) X (281+82 51—1—52))
(yl » Y2 ) ( 1 IM ) M ) <32 IM ) M
then the set of nodes €2, consists of the points

Q= {wt” 8") e R | j e Iy}

The integration domain €2 is together with the set of nodes €25 depicted in Fig-

ure 4.2. Similarly to the case A,, each point of F); as well as of ), is labelled
by the index set Ij; and it is convenient for the point z € Fj; and its image in
Qs labelled by j € Iy to denote

€j = 8(1’) = é(XM<IL’)> .

The values of €; can be found in Table 4.2. The cubature rule for any p € Ilap—1
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€
JEIm || A | Co | Go
0,0/ 1] 11
0,0/ T [2]3
0,05 | 1| 1|2
[k, %0]|| 3|46
[0, % || 3| 4|6
[k, %0]|| 3|46
[x, %, x| [ 6 | 8 | 12

TABLE 4.2. The values of ¢; are shown for Ay, Cy and G with *
denoting the corresponding coordinate different from 0.

takes the form

2
1 T . .
/Qp(yl,yz)K 2(y1, y2)dy1 dyo = Ve S e vs))) . (4.3.6)

J€lm
Example 4.3.2. The cubature formula (4.3.6) is the exact equality of a weighted
integral of any polynomial function of m-degree up to M with a weighted sum of
finite number of polynomial values. It can be used in numerical integration to
approzimate a weighted integral of any function by finite summing.
Similarly to Example 4.3.1, if we choose the function f(y1,y2) = K%(yl,yg)

as our test function, then we can estimate the integral of 1 over )

/Qf(yl,w)K*%(yl,yz)dyl dys :/Qldyl dys

by finite weighted sums with different M ’s and compare the obtained results with

the exact value of the integral of 1 which is % = 10,6666. Table 4.3 shows the

values of the finite weighted sums for M = 10, 20, 30, 50, 100.
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4.3.3. The case G,

If the points are considered in the aY-basis, © = aja + azay, the symmetric

C-functions (4.3.4) and antisymmetric S-functions of G5 are explicitly given by

2
Cin (a1, a2) = e (cos 2m(Aja1 + Agag) + cos 2m(—Ajar + (3A1 + A2)as)

+cos2m((A1 + A2)as — Aqaz)

(2X1 + Ao)ar — (B + Ag)az)

(=1 — Ag)as + (A1 + 2Xs)an)

(=21 — Xo)ag + (BA1 +2X9)as))

St (ar, az) = 2 (cos 2m(Arar + Aaas) — cos2m(—Ajar + (31 + A2)az)

(
+ cos 27 (
+ cos 27 (

(

+ cos 27

—cos2m((A + Ag)a; — Agaz)

+cos2m((2A1 + A2)ar — (BA1 + Ag2)ag)
+cos2m((—A1 — Ag)ar + (3A1 + 2Xq)as)

— 0827 ((—2A\1 — A2)ag + (BA1 4+ 2X\2)ag)) .

Performing the transform (4.2.4), the resulting real-valued functions X;, X, are

given by
X = 2(cos 2may + cos2m(a; — 3ag) + cos 2m(2a; — 3az)),
Xy = 2(cos2mas + cos 2m(a; — az) + cos 2m(a; — 2as)) .

The integral domain € consists of all points (y;,%2) € R? such that

1

~Y— 3.

—2((y2+3)2 +3ys+6) <y <2((y2+3)2 — 3y — 6), y, > I

The weight K-polynomial (4.2.16) is given explicitly as
K (y1,92) = (45 — 41 — 12) (47 — 4y + 124192 + 24y1 + 36y + 36) .
The index set which will label the sets of points Fj; and €, is introduced via
Iy = {[50,31,52] € (Z=)3 | 5o + 251 + 35y = M} .

Thus the grid F); consists of the points

s
Fy = {]\2 Wy +MW2 | [S0, 51, 52] EIM}
If for j = [so, 51, S2] € I we denote

, , 251 + 389 s1+ 2s 251 +3s9 s; +2s
G) Gy 1 2 S1 2 1 2 S1 2
(v 2 )_<X1< MM )’XQ( MM >)
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T T T T T T
1 2 3 4 5 6y1

g1 =2((4y2+3)* — 3y — 6)

y1 = —2((32+3)? + 3y2+ 6)

FIGURE 4.3. The region ) of G5 together with the points of €);5.
The boundary of €2 is described by three equations y; = iyg -3,

y1=2((y2 +3)% — 3yo — 6) and y; = —2((y2 + 3)3 + 32 + 6).

then the set of nodes €2, consists of the points
Oy = {(yij)7y§j)) €eR’ [ je [M} :

The integration domain €2 is together with the set of nodes €25 depicted in Fig-
ure 4.3. Similarly to the case A,, each point of Fj; as well as of ), is labelled
by the index set I; and it is convenient for the point x € Fj; and its image in
Qyr labelled by j € Iy to denote

gj = e(x) = &(Xu(x)).

The values of €; can be found in Table 4.2. The cubature rule for any p € Ilap—;
is of the form

2
1 s L
/Qp(?/byz)K 2(y1, y2)dyr dya = 302 > eyt ydy. (4.3.7)

Je€lm
As in the case As, the cubature rule (4.3.7) is similar to the Gauss-Lobatto
cubature formula derived in [34], where Xu et al study four types of functions

CCx(t), SCk(t), CSk(t) and SSk(t) closely related to the orbit functions over Weyl
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groups. Concretely, the functions CC(t) and SSk(t) are given by

CCk(t) = ; [cos (ks — kz) ) cos Tkoto + COS ks = k:;) (ta =) cos Tkats
+ cos m(kr — k33) (ts = 1) cos 7rk;2t1] )

SSy(t) = il)) l in G k:33) (th — 1) sin wkoto + sin m(k — k:33) (f2 — 1) sin wkots
+ sin (k1 = k“;) (ts = t2) sin 7rk2t1] ,

where the variable t is given by homogeneous coordinates, i.e.
t=(t1,tots) ERY = {t €R® [ty + 15+ 15 = 0}

and parameter k = (ki, ko, k3) € Z> NRY,. Tt can be verified that the linear

transformations of variable and parameter
tl = —ay + 3&2, tz = 2@1 — 3@2, tg = —aq,
ki=MA+ A, k=X, k3=-2\— g,
give the connection with C-functions and S-functions of Gb:
12
=
Example 4.3.3. The cubature formula (4.3.7) is the exact equality of a weighted

C,\(ZE) CCk(t), S)\([L') = —1258k(t).

integral of any polynomial function of m-degree up to M with a weighted sum of
finite number of polynomial values. It can be used in numerical integration to
approximate a weighted integral of any function by finite summing.

Similarly to Example 4.3.1, if we choose the function f(y1,y2) = K%(yl,yg)

as our test function, then we can estimate the integral of 1 over §2

/Qf(yuw)K_%(yl,yz)dyl dyQ:/Qldyl dy

by finite weighted sums with different M’s and compare the obtained results with

the exact value of the integral of 1 which is % = 8.5333. Table 4.3 shows the

values of the finite weighted sums for M = 10,20, 30, 50, 100.

4.4. POLYNOMIAL APPROXIMATIONS

4.4.1. The optimal polynomial approximation

Since the polynomial function (4.2.16) is continuous and strictly positive in

Q°, its square root K ~% can serve as a weight function for the weighted Hilbert



[M] 10 | 20 | 30 | 50 | 100 |
A, [[6,0751 | 6,2314 | 6,2602 | 6,2749 | 6,2811
C, | 10,056 | 10,5133 | 10,5985 | 10, 6421 | 10, 6605
G, || 7,4780 | 8,2561 | 8,4092 | 8,4885 | 8,5221
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TABLE 4.3. It shows the estimations of the integrals of 1 over the
regions ) of Ay, Cy and Gy respectively by finite weighted sums
of the right-hand side of (4.3.5),(4.3.6) and (4.3.7) respectively for
M = 10, 20, 30, 50, 100.

space L%(Q), i.e. a space of complex-valued cosets of measurable functions f
such that [, |f|2K~2 < oo with an inner product defined by

(f,9)x /f K2 (y) dy.

Our aim is to construct a suitable Hilbert basis of £% ().
transforms of (4.2.4), (4.2.5) and substituting them into the polynomials (4.1.20)
, Yn] such that

o (4.4.1)

Taking the inverse

we obtain the polynomials py € Clyy, . ..

O)\ :p/\(Xl,...,Xn). (442)

Moreover, successively applying Proposition 4.2.3 to perform the substitutions
(4.2.5) in p, and taking into account (4.2.13) we obtain that

deg,, pr = |A|m- (4.4.3)

Calculating the scalar product (4.4.1) for the p, polynomials (4.4.2), we obtain
that the continuous orthogonality of the C-functions (4.1.14) is inherited, i.e.

(Pa o3 )k = hytoan, AN € P (4.4.4)

Assigning to any function f € £%(Q) a function f € £2(F) by the relation
f(x) = f(X(z)) and taking into account the expansion (4.1.15) we obtain for its

expansion coefficients ¢, that

h/\ —_— 1
= K™ 2(y) dy. 4.4.5
e = yWHF\ / flz K(%)n/ﬂf(y)m(y) 2(y) dy (4.4.5)
Therefore any f € L%(€) can be expanded in terms of py,
f=> apr, ax=hy(f.p\)k (4.4.6)

AepP+t

and the set of C-polynomials py, A € P* is a Hilbert basis of L% ().
To construct a basis of the space of multivariate polynomials IT,, suffices
Z2 can be

; the same can be said about the transformed

to note that equation (4.1.19) guarantees each monomial Z;' Z52 . ..
expanded in terms of C) with A € P;;
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monomials X" X532 ... X ». Thus by the same argument as above we obtain for

any p € I, the expansion
p= > b, bx=h(p.px. (4.4.7)
XEP;,

Truncating the series (4.4.6) to the finite set P;; we obtain a polynomial approx-
imation wuy/[f] € II; of the functions f € £3(Q),

um[f] = D apn, ax=h(f.px)k. (4.4.8)
XeP;
Relative to the £%(Q) norm is this approximation indeed optimal among all
polynomials from IT,; as states the following proposition.
Proposition 4.4.1. For any f € £3.(2) is the uy[f] polynomial (4.4.8) the best

approzimation of f, relative to the L3 (Q)-norm, by any polynomial from 11;.

PrRoOOF. Consider any p € I a polynomial of the form (4.4.7), any f € L£%(Q)
expanded by (4.4.6) and uy[f] an approximation polynomial (4.4.8). Then we

calculate that

(f=p.f—px=Nx—(,px— @ x+ @k
=(f,.)x— D hilaxby— > At + D By by

XePy, AeP}, DY)
= (f —wnlf], f —unlfDr + 32 h3'bx —axl®
AEP,

> (f = unlfl f = umfDke -

4.4.2. The cubature polynomial approximation

Rather than the optimal polynomial approximation (4.4.8) one may consider
for practical applications its weakened version. Such a weaker version is obtained
by using the cubature formula for an approximate calculation of (f, p,)k, i.e. we
set b

N ~ -
= — 5 . 4.4.9
i 2 SO W) (4.4.9)

yeEQM

om(f] = Z AxPx,  ax

MeP;;

Since for f € Iy, and py, A € P;; it holds that fpy € Iloy,_jand the cubature

formula is thus valid, we obtain that the optimal approximation coincides with
vmlf],

omlf] = unlf],  f €yt (4.4.10)
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FIGURE 4.4. The figure shows the model function f and its ap-
proximations vy [f] for M = 10, 20,30 on €.

027 we consider (2 the
f<y17 y2) =€ (3’1 (3’2 1'8)2)/(2><0.35:)

defined on ). The graph of f together with its approzimations vy |f] for M =
10,20, 30 is shown in Figure 4.4. Integral error estimates of the polynomial ap-
proximations vy | f]

/Q | (y1,92) — varl ) (v, 92) PR (g, o) dyn dyo
can be found in Table 4.4.

| M [ 10 | 20 | 30 |
| Jo |f — om[f]PK~2dy: dys || 0,0636842 | 0,0035217 | 0,0000636 |

TABLE 4.4. The table shows the values of integral error estimates
of the polynomial approximations vy, |[f] for M = 10, 20, 30.
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Chapter 5

DISCRETE TRANSFORMS AND
ORTHOGONAL POLYNOMIALS OF
(ANT)SYMMETRIC MULTIVARIATE
COSINE FUNCTIONS

Authors: Jifl Hrivndk and Lenka Motlochova.

Abstract: The discrete cosine transforms of types V-VIII are generalized to
the antisymmetric and symmetric multivariate discrete cosine transforms. Four
families of discretely and continuously orthogonal Chebyshev-like polynomials
corresponding to the antisymmetric and symmetric generalizations of cosine func-
tions are introduced. Each family forms an orthogonal basis of the space of all
polynomials with respect to some weighted integral. Cubature formulas, which
correspond to these families of polynomials and which stem from the developed
discrete cosine transforms, are derived. FExamples of three-dimensional inter-
polation formulas and three-dimensional explicit forms of the polynomials are

presented.

INTRODUCTION

This paper aims to complete and extend the study of antisymmetric and sym-
metric multivariate generalizations of common cosine functions of one variable
from [25]. Firstly, the set of four symmetric and four antisymmetric discrete
Fourier-like transforms from [25] is extended. Then four families of Chebyshev-
like orthogonal polynomials are introduced and the entire collection of the sixteen
discrete cosine transforms is used to derive the corresponding numerical integra-
tion formulas.

The antisymmetric and symmetric cosine functions of n variables are intro-

duced in [25] as determinants and permanents of matrices whose entries are cosine
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functions of one variable. The lowest dimensional non-trivial case n = 2 is de-
tailed in [18]. These real-valued functions have several remarkable properties such
as continuous and discrete orthogonality which lead to continuous and discrete
analogues of Fourier transforms. The discrete orthogonality relations of these
functions are a consequence of ubiquitous discrete cosine transforms (DCTs) and
their Cartesian product multidimensional generalizations. There are eight known
different types of DCTs based on various boundary conditions [3]. Only the first
four transforms are generalized to the multidimensional symmetric cosine func-
tions [25]. Therefore, the remaining four transforms of the type V-VIII need
to be developed to obtain the full collections of antisymmetric and symmetric
cosine transforms with all possible boundary conditions. The resulting sixteen
transforms are then available for similar applications as multidimensional DCTs.
Besides a straightforward utilization of these transforms to interpolation methods,
they may also serve as a starting point for Chebyshev-like polynomial analysis.

The Chebyshev polynomials of one variable are well-known and extensively
studied orthogonal polynomials connected to efficient methods of numerical in-
tegration and approximations. The Chebyshev polynomials are of the four basic
kinds [39], the first and third kind related to the cosine functions, the second
and fourth kind related to the sine functions. Since both families of antisym-
metric and symmetric cosine functions are based on the one-dimensional cosine
functions, they admit a multidimensional generalization of the one-dimensional
Chebyshev polynomials of the first and third kind. The results are four families
of orthogonal polynomials, which can be viewed as the symmetric and antisym-
metric Chebyshev-like polynomials of the first and third kind. Several general-
izations of Chebyshev polynomials to higher dimensions are known — in fact for
the two-dimensional case the resulting polynomials become, up to a multiplica-
tion by constant, special cases of two-variable analogues of Jacobi polynomials
(30, 31, 32]. As is the case of the Chebyshev polynomials of one variable, the
multivariate Chebyshev-like polynomials inherit properties from the generalized
cosine functions. This link provides tools to generalize efficient numerical inte-
gration formulas of the classical Chebyshev polynomials.

One of the most important application of the classical Chebyshev polynomi-
als is the calculation of numerical quadratures — formulas equating a weighted
integral of a polynomial function not exceeding a specific degree with a linear com-
bination of polynomial values at some points called nodes [39, 52]. The main

point of quadrature formulas, which are in a multidimensional setting known as
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cubature formulas, is to replace integration by finite summing. The specific de-
gree, to which cubature formulas hold exactly for polynomials, represents a degree
of precision of a given formula.

If a cubature formula holds only for polynomials of degree at most 2d — 1 then
the least number of nodes is equal to the dimension of the space of multivari-
ate polynomials of degree at most d — 1. Any cubature formulas, which satisfy
the lowest bound of the number of nodes, have the maximal degree of precision
and are called the Gaussian cubature formulas [5]. In addition, it is known that
such formulas exist only if the number of real distinct common zeros of the cor-
responding orthogonal polynomials of degree d is also exactly the dimension of
the space of the multivariate polynomials of degree at most d — 1 [5]. It appears
that among the sixteen types of cubature formulas, resulting from sixteen discrete
transforms, four are Gaussian. The remaining twelve, even though they are not
optimal, extend the options for numerical calculation of multivariate integrals.

In Section 5.1, notation and terminology as well as relevant facts from [25]
are reviewed. Simplified forms of three special cases of the generalized cosine
functions, which appear as denominators in the definition of the Chebyshev-like
multivariate polynomials, are deduced. The continuous orthogonality relations of
the generalized cosine functions are presented. In Section 5.2, the one-dimensional
DCTs of types V-VIII are reviewed and generalized to the antisymmetric and
symmetric multivariate discrete cosine transforms. The interpolation formulas
in terms of antisymmetric and symmetric cosine functions are developed. In
Section 5.3, the four families of the multivariate Chebyshev-like polynomials are
introduced and three-dimensional examples presented. It is proved that each
family of polynomials forms an orthogonal basis of the space of all polynomials
with respect to the scalar product given by a weighted integral. In section 5.4,
the cubature formulas for each family of polynomials are derived. The last section

contains concluding remarks and addresses follow-up questions.

5.1. SYMMETRIC AND ANTISYMMETRIC MULTIVARIATE COSINE
FUNCTIONS

The symmetric and antisymmetric multivariate generalizations of the cosine
functions are defined and their properties detailed in [25]. The antisymmetric
cosine functions cos) (z) and the symmetric cosine functions cosy (z) of variable
r = (r1,...,2,) € R" and labelled by parameter A\ = (Ay,...,\,) € R" are

defined as determinants and permanents, respectively, of the matrices with the
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entries cos(m\;x;), i.e. taking a permutation o € S,, with its sign sgn(o) one has

cos, () = Z sgn (0) cos (TAg(1)Z1) €08 (TA(2)Z2) - - - COS (T Ap(n)Tn) ,
O'GSn

(5.1.1)
cosj\“(a:) = Z cos (ﬂAg(l)xl) cos (WAU(Q)IQ) ... COS (W)\a(n)l‘n) )
oES)

The cosi (z) functions are continuous and have continuous derivatives of all de-
grees in R™. Moreover, they are invariant or anti-invariant under all permutations

ino e S, ie.

cosy (0(x)) = sgn(o) cosy (), cos, ) (z) = sgn(o) cosy (z), (5.1.2)
cosy (o(x)) = cosy (z), cosg () = cosy (z), (5.1.3)

where o(x) = (5130(1), To(2)s - - - ,[Eo(n)) and o(\) = ()\0(1), )\0(2), R )\g(n)). Addi-
tionally, they are symmetric with respect to the alternations of signs — denoting 7;
the change of sign of z;, i.e. 7(x) = 7(z1,.. ., @iy ., Tp) = (T1,. 0y —Tiy o oo, Ty)
it holds that

cosy (1i(x)) = cosy (), cos_,(x) = cos

(5.1.4)

A
cosy (7i(2)) = cosy (), cosf ,(x) = cosy (v).

Considering the functions cosi () with their parameter having only integer

0= (1 1), (5.1.5)

277772
the symmetry related to the periodicity of the one-dimensional cosine functions,
ie. fort=(t1,...,t,) € Z" we obtain

values k£ € Z™ and denoting

cosy (x4 2t) = cosy (x),  cosy, (z+2t) = (=1)"7" " cos, (x), : )
5.1.6
cosy (x4 2t) = cosy (x),  cosfy,(x+2t) = (=1)" T cosf, (x).
The relations (5.1.2), (5.1.3) and (5.1.4) imply that we consider only the following
restricted values of k € Z",
cosy (w) ,cosp (w) © ki >hy > >k, >0, ( )
5.1.7
cosy (x) ,cosfy (@) © ki >hky > >k, >0.
By the relations (5.1.2)—(5.1.6) we consider the antisymmetric and symmetric
cosine functions cos; () labelled by k € Z" on the closure of the fundamental
domain F(S*") of the form

F(S2) = {(x1,22,...,2,) ER" |1 >y > 19 > -+ > 1, > 0} . (5.1.8)
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€O5(s 1,0 (#1:42.3) 05301y (1,72, 050,501,723

FIGURE 5.1. The contour plots of the graph cuts (z3 = %) of the

antisymmetric cosine functions cos, (z). The cut of the boundary of

the fundamental domain F(S37) is depicted as the black triangle with
the dashed lines representing the part of the boundary for which all the
antisymmetric cosine functions vanish.

COSZE), 1,0)(331,$2a %) 0052;,,2, 1)(301, X2, %) COSa,g,Q)(mlv 22, %)

FIGURE 5.2. The contour plots of the graph cuts (z3 = %) of the
symmetric cosine functions cos; (z). The cut of the boundary of the
fundamental domain F(S5%) is depicted as the black triangle.

Due to equations (5.1.2), (5.1.4) and the identity cosm (k‘z + %) = 0, valid for
ki€ Zandie{l,...,n}, we omit those boundaries of F(S2T) for which

o v, =m1, 1 €{l,...,n— 1} in the case of cos, (z),
® v =xy1,1 €{1,...,n— 1} or 7y = 1 in the case of cos, ,(v),
e z;=1,i€{l,...,n} in the case of cosj, ,(z).

The contour plots of the cuts of the three-dimensional antisymmetric and sym-
metric cosine functions are depicted in Fig. 5.1 and Figure 5.2.

For several special choices of k € Z", the functions (5.1.1) are expressed as
products of the one-dimensional cosine and sine functions [25]. In addition to
the formulas from [25], we calculate this form for the special cases needed for the

analysis of the related orthogonal polynomials. Denoting

o =(n—1,n-2,...0), (5.1.9)
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1 3 31
=n—=n—=,...,=, = 5.1.10
02 <TL 9 y v 9 ) ) 27 2> ) ( )
we derive the form of the functions cos} (z), cos,, (x) and cos,, () in the following
proposition.

Proposition 5.1.1. Let k € N is given by

”T_l for n odd,

k= (5.1.11)
5 for n even.
Then it holds that
cos,, (T1,...,7)
= (—1)k2n-17 I[ sin (7T(az:Z + 1:])) sin (7T(xZ — :cj)) : (5.1.12)
1<i<j<n 2 2
cos,, (T1,. .., T)

— <_1)k2n(n_1)f[1008 (g@ H sin <72T(ml + x])> sin (g(xz — Ig)) )

1<i<j<n
(5.1.13)
cos) (z1,...,2y) = n! ] cos (g%) . (5.1.14)
i=1

where p1, 02 and o are given by (5.1.9), (5.1.10) and (5.1.5), respectively.

PRrROOF. We have from definition (5.1.1) that

cos (m(n—1)z1) cos(m(n—2)x1) - cos(mz1) 1
_ cos (m(n—1)z2) cos(w(n—2)xz) -+ cos(mx2) 1

cos,, (z1,...,1,) = det ‘ '
cos (Tr(ﬁ—l)a:n) cos (7T(77:—2).In) - Ccos (Tr;vn) 1

Using the trigonometric identity for the powers of cosine function

m—1
o1 g g cos (mb) + 3.2, (ZL) cos (m — 2k)6 if m is odd,
COS = m
1 m_q . .
cos (mf) + 5(7%") +372, (’;‘) cos (m — 2k)0 if m is even,
we bring the determinant to the following form
272 cos ! (rx1) 273 cos™ 2 (mx1) -+ cos(mx1) 1
_ 272 cos™ ! (rxe) 273 cos™ 2 (mx2) - cos (mx2) 1
cos,, (T1,...,1,) = det
272 cogn—1 (mxy) 2773 cos™ 2 (mxn) -+ cos (ﬂxn) 1
1 cos(mxy) - cos™ 2 (mwy) cos™ 1 (mxy)
_ (_1>k2(n—2)2(n—1) ot 1 cos (mxa) - cos™ 2 (mwa) cos™ 1 (mxa)
1 cos (ﬂ'l‘n) - cosn—2 (mxn) cosn 1 (mxn)
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Taking into account that the last determinant is of the Vandermonde type and

that the trigonometric identity
cos (mz;) — cos (mx;) = 2sin <72T(azz + $J)> sin (;T(xz — xj)> ,

holds, we obtain that

cos,, (1, ..., @) = (_1>k2(n72)2(n71) II cos(mz;) — cos(mz;),
1<i<j<n
and the identity (5.1.12) follows. The proof of formula (5.1.13) similar and rela-
tion (5.1.14) follows directly from definition (5.1.1). O

Note that the equalities (5.1.12)—(5.1.13) allow us to analyze the zeros of the

functions cos,,, cos,, and cos},
e cos, (v) = 0if and only if = (21,...,2,) € F(?ﬁﬂ) satisfies x; = 41,
e cos,, (x) = 0if and only if x = (x1,...,2,) € F(S2T) satisfies 2; = ;41 or

r1 =1, and
e cos; (v) = 0 if and only if x = (zy,...,2,) € F(521) satisfies z; = 1.
Observing that all zero values are located on the boundaries of F (gfff) we conclude
that
Corollary 5.1.1. The functions cos,, , cos,,

o and cosz are non-zero in the interior
of the fundamental domain F(S2T).

5.1.1. Continuous orthogonality

The antisymmetric and symmetric cosine functions (5.1.7) are mutually con-
tinuously orthogonal within each family. Denoting the order of the stabilizer of

the point £ € R™ under the action of the permutation group S,, by Hy, i.e.
Hy,=#{ck=k|oeS,}, (5.1.15)

and introducing the symbol hy = hg, ... hy, by

hy, =
% otherwise,
we obtain
/(~ . cosy, () cosy () dr = hylp ki >ky>--->k,>0, (5.1.16)
F(Sa
/F(ggff) cosy () cospr, () dr =2""6ppr ki >ky>--->k,>0, (5.1.17)
/F(gaﬂ) cosf (z) cosfi(x)dr  =hpHp0ppr, ki >ko >+ >k, >0, (5.1.18)
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/F(gaﬂ) cospy (x)cosf, (x) de=2""Hybpr , ky >ky>--- >k, >0. (5.1.19)

The orthogonality relations (5.1.16), (5.1.18) are deduced in [25] from the con-

tinuous orthogonality of the ordinary cosine functions cos (mmf),
1

/ cos (mm#) cos (mm'0) = O, m,m' € 7.
0

The remaining two orthogonality relations follow from the continuous orthogo-

nality of cosine functions cos (7T (m + %) 9),

[l o)on(cloe )t 1

Since the antisymmetric cosine functions are anti-invariant with respect to all
elements of S, and the group S, applied on F(S2T) gives the cube [0, 1]", we
have

1

ol 0,1

/~ o8y, () cosp () d cosy, () cosp, ,(7) dr .
F(

Sam) +o
Using the property cos; () = COS ./ ot Q)(a’ (x)) for ¢’ € S, which follows from

(5.1.2), together with definition (5.1.1) we have
oSy ,(z) cosp ()
n 1 1
= Z sgn (oo”) H cos (7T <km,/(i) + > xal(i)) cos <7r (k:; + ) xax(i)).
o,0' €Sy, =1 2 2

Therefore, we rewrite the integral (5.1.17) as follows,

/F(g,aﬁ) o8y, () cosp, () dx

ot 1 1
= > sgn(o) H/ cos <7r (k:g(i) + 2) xz) cos (ﬂ' (/{:; + 2) xz) dx;,
=170

ocESh
where we made the change of variables from z,/; to x;. Using the relation
(5.1.20), we obtain

_ _ |
/F(ggﬁ) cosy () cospy (x) dr = Y sgn (o) g §5ka(i>k§ :

o€Sn
Since k,;) = kj for all i € {1,...,n} if and only if ¢ is the identity permutation
and k; = k!, the orthogonality relation (5.1.17) is derived. Similarly is obtained
the orthogonality relation (5.1.19).
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5.2. DISCRETE MULTIVARIATE COSINE TRANSFORMS

5.2.1. Discrete cosine transforms of types V-VIII

The one-dimensional discrete cosine transforms (DCTs) and their cartesian
product generalizations have many applications in mathematics, physics and en-
gineering. They are of efficient use in various domains of information processing,
e.g., image, video or audio processing. There are several types of DCTs arising
from discretized solutions of harmonic oscillator equation with different choices
of boundary conditions — see [3, 56]. They express a function defined on a fi-
nite grid of points as a sum of cosine functions with different frequencies and
amplitudes. They have numerous useful properties as the unitary property and
convolution properties [3]. The multivariate symmetric and antisymmetric gen-
eralizations of the cosine transforms of types I-IV are found in [25, 18]. In order
to derive the symmetric and antisymmetric DCTs of types V-VIII we first review

their one-dimensional versions.

5.2.1.1. DCT V

For N € N are the cosine functions cos (rks), &k = 0,..., N — 1, defined on
the finite grid of points

2r
—_— =0,...,N—1 2.1
SG{QN—1|T 0--os } (5:2.1)
pairwise discretely orthogonal,
N-1 /
2mkr 2mk'r 2N —1

. = Ok 5.2.2
2 ¢ COS(QN—l) COS<2N—1> dop (52.2)

where
5 ifr=0orr=N
¢ = (5.2.3)
1 otherwise.
Therefore, any discrete function f given on the finite grid (5.2.1) is expressed in

terms of cosine functions as
N-1

f(s) =Y Agcos(mks),
= . (5.2.4)
A ~ 2r 2mkr
A= oN 1 ,;)Crf(2N—1>COS<2N—1>‘

The formulas (5.2.4) determine the transform DCT V.
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5.2.1.2. DCT VI

For N € N are the cosine functions cos (7ks), k = 0,..., N — 1, defined on
the finite grid of points

2(T+%) 0 N -1 5.2.5
S € m’?”—,..., - ()

pairwise orthogonal,

N-1 ok (1 + 1 ok (r+ 1 _
Z Cry1 COS (W(TQ)) cOS (7?(7‘2)) = 2N 15kk/, (5.2.6)
r=0

N — 1 ON — 1 ey

where ¢, are determined by (5.2.3). Therefore, any discrete function f given on
the finite grid (5.2.5) is expressed in terms of cosine functions as

N-1

f(s)=>_ Aycos(mks),
k=0
(5.2.7)
4o, N 2 (r + %) 2rk (7‘ + %)
A= N1 qu“f( oN—1 )\ Taen—1 |

The formulas (5.2.7) determine the transform DCT VL

5.2.1.3. DCT VII

For N € N are the cosine functions cos (7T (k + %) 3), k=0,...,N—1, defined
on the finite grid of points (5.2.1), pairwise discretely orthogonal,

N-1 or (k+ 1 o (K + 1 —
> ¢, cos (M> oS ( 7T< 2> T) _ 2N 15kk/, (5.2.8)
r=0

N —1 N — 1 Acsi1

where ¢, di. 1 is determined by (5.2.3). Therefore, any discrete function f given

on the finite grid (5.2.1) is expressed in terms of cosine functions as
N—-1 1
f(s)=>_ Ajcos <7r (k: + ) s>,
k=0 2
4 N-1 2 2m (k+3)r
A Gkt Z e f ( ! > cos ((2> )

TaN—1 4= \aN -1 2N — 1

(5.2.9)

The formulas (5.2.9) determine the transform DCT VII.
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5.2.1.4. DCT VIII

For N € N are the cosine functions cos (7r (k + %) 3), k=0,...,N—1, defined
on the finite grid of points

SG{M|r:O,...,N—1} (5.2.10)

pairwise orthogonal,

Nfcos (27r(k+;) (r+;)) . (%(m;) (r+;)) _2N+1

Ok -

= 2N +1 2N + 1 4

(5.2.11)
Therefore, any discrete function f given on the finite grid (5.2.10) is expressed in

terms of cosine functions as
N-1 1
f(s)=>_ Agcos (7r (k + > s),
k=0 2
No1 (o(r 4L om (k+1) (r+3
Ay ! Zf(w>cos(w< 2)(T 2>)

ToaN+1 = | 2N+ 2N +1

(5.2.12)

The formulas (5.2.12) determine the transform DCT VIII.

5.2.2. Antisymmetric discrete multivariate cosine transforms

The antisymmetric discrete multivariate cosine transforms (AMDCTs), which
can be viewed as antisymmetric multivariate generalizations of DCTs, are derived
using the one-dimensional DCTs from Section 5.2.1. The four types of AMDCT,
connected to DCT I-1V, are contained in [25]. Our goal is to complete the list of
AMDCTs by developing the remaining four transforms of types V-VIII. Firstly,

we introduce the set of labels

Dy ={(ky,...,k,) €Z" | N=1>k;>0,i=1,...,n} (5.2.13)

and to any point (ki,...,k,) € Dy we assign two values
di =y ... Cp,, (5.2.14)
dp = Cryg1. . Chypt1- (5.2.15)

where ¢, are determined by (5.2.3). The discrete calculus is performed on three

types of grids inside F(S2M); two of them are subsets of two cubic grids

2rq 2r,
= D 2.1
C’N {<2N—1’ 72N_1> ‘ (rla 7rn>€ N}> (5 6)
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2N -1 2N -1

GNE{(2(T1+§),...,2<T”+§)> | (rl,...,rn)GDN}. (5.2.17)

To any point s € Cly, which is according to (5.2.16) labelled by the point

(ri,...,mn) € Dy, we assign the value
Es = Cpy v Crs (5.2.18)
and to any point s € Cy, which is according to (5.2.17) labelled by the point
(ri,...,mn) € Dy, we assign the value
Es = Cryql - Crp41- (5.2.19)

5.2.2.1. AMDCT V

For N € N we consider the antisymmetric cosine functions cos (s) labelled

by the index set
Dy ={(k1,...,k,) € Dy | k1 > kg > -+ >k} (5.2.20)

and restricted to the finite grid of points contained in Cy C F(S?1)

_ 2ry 2r
Py z{( . > o D‘}. 221
N 2N_17 ’2N—1 |<T17 7T)€ N (5 )

The scalar product of any two functions f,g : F ]\\;’_ — R given on the points of
the grid Fy'~ is defined by
(frg)= > esf(s)9(s), (5.2.22)
seFx’7

where ¢4 is given by (5.2.18). Using the orthogonality relation of one-dimensional
cosine functions (5.2.2), we show that the antisymmetric cosine functions labelled

by parameters in k, k' € Dy, are pairwise discretely orthogonal, i.e.

2N —1\"
(cosy,cosp) = Y escosy () cosy(s) = di ' ( 1 ) Ok (5.2.23)

SGF}\,/‘7

where dj, is given by (5.2.14). Denoting the set of points

2r 2r,
Be={{oy o aneg) €OvInznzzn. (5220

we observe that the functions cosy, (s), k € Dy vanish on the points s € Fiy \ FR,/’*
and thus

(cosy,cospy) = > esH; " cosj (s) cosy(s),
seFn
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with the order of the stabilizer H determined by (5.1.15). Acting by all permu-
tations of .S, on the grid Fy we obtain the entire cube Cy, i.e. S, Fy = Cy and
therefore we have that (cos; , cos,,) is equal to

1 Nil _( 2r1 2y ) _( 2r1 2 >
— Cpy -..Cp COS e CoSp/ | =—=——— ...y, ——— | .
n! o TR \2N —1 2N —1 M\2N —1 2N —1

Moreover, the product of two antisymmetric cosine functions labelled by k, k" €

Dy is rewritten due to the anti-invariance under permutations as

cosy, (z) cosy (z) = Y sgn(oo’) [] cos (Wkwl(i)xal(i)) cos (Wkgxal(i)) .
i=1

o,0' €Sy

Together with the S,-invariance of the set Dy this implies that

n N—-1 /
27k ()T 2rkir;
(cosy,cosp) = > sgno H > Cr, cos ( 27;\[ ): ) cos <2]7\; 17“1> :

gESy =1r,=

Finally, we apply the orthogonality relation of one-dimensional cosine functions
(5.2.2) to obtain (5.2.23),

©2N —1 2N — 1\"
(cosy,cosp) = > sgn(o) ][] 475;%(2.);% =d;* ( 1 ) Ok -

€S i=1 ““ko(i)

Due to the relation (5.2.23), we expand any function f : Fy'~ — R in terms
of antisymmetric cosine functions as follows.

= > Apcos;(s) with Ay =d, (2N4_1>n > esf(s)cos; (s).

p— Vyf
keDN N

Validity of the expansion follows from the fact that the number of points in Dy, is
equal to the number of points in FR,/’_ and thus the functions cos, with k € Dy
form an orthogonal basis of the space of all functions f : FR,[’_ — R with the
scalar product (5.2.22). The remaining transforms AMDCT VI-VIII are deduced

similarly.

5.2.2.2. AMDCT VI

For N € N we consider the antisymmetric cosine functions cos;, (s) labelled
by the index set k € D} and restricted to the finite grid of points contained in
Cn C F(S37),

F]\\il,f _ {(2 (T1‘|‘;),.“’2(Tn+;)) | (71, .,70) EDN}. (5.2.25)

2N -1 2N -1
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The antisymmetric cosine functions labelled by parameters in k, k' € Dy, are

pairwise discretely orthogonal on the grid F]\V/I’*, ie.

2N — 1\"
> gscos,;(s)cos,;(s):d,;l( 1 > Okks (5.2.26)

VI, —
seFy

where &, is given by (5.2.19). Therefore, we expand any function f : Fy"~ — R

in terms of antisymmetric cosine functions as
4

f(s)= Y Ajcos;(s) with Ak:dk(2N_1>n > & f(s)cosy (s).

keDy sEFJ\VH’*

5.2.2.3. AMDCT VII

For N € N are the antisymmetric cosine functions cos;,,(s) , k¥ € Dy, and

0= (%, ceey %) restricted to the finite grid of points FR,/H’_ = FR,/’_ C Cy pairwise

discretely orthogonal with respect to the scalar product (5.2.22), i.e.
_ _ ~ 1 (2N —1\"
Y escosp,,(s)cosy () = di! (>

VII,—
sEFy

S (5.2.27)

where dj, is given by (5.2.15). Therefore, we expand any function f : F JXH’_ - R

in terms of antisymmetric cosine functions as follows.

) ~ 4 " _
f(s) = Z Ay, COSEJFQ(S) with  Ap = d; ( ) Z sz(s) COSk+g(S) :
a 2N —1 T
keDy, s€FN™

5.2.24. AMDCT VIII

For N € N are the antisymmetric cosine functions cos,,,(s) , k¥ € Dy, and

0= (1 . 1), restricted to the finite grid of points

TIRRRER]
JED RIS
= a2 a2 ...,Tn) € Dy 5.2.28
N 2N+1 ) ’ 2N+1 |(T1, ,T)E N ( )
pairwise discretely orthogonal, i.e. for any k, k' € Dy it holds that
_ _ 2N +1\"
D cospy,(s)cosp,(s) = ( 1 ) Okks - (5.2.29)
seFyIh—

Therefore, we expand any function f : FJ\JIH’_ — R in terms of antisymmetric

cosine functions as follows.

_ : 4 \" -
f(s) = kez,;_ Ap cosy, ,(s) with Ay = <2N+1> SEFEV:HL f(s)cosyy,(s)-
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5.2.3. Interpolations by antisymmetric multivariate cosine functions

Suppose we have a real-valued function f given on F(S2f). In Section 5.2.2
we defined three finite grids in F(S2"), namely FN"", Fx'™ = Fx'"" and Fy'"™.
We are interested in finding the interpolating polynomial of f in the form of
a finite sum of antisymmetric multivariate cosine functions labelled by k& or by
k 4+ o, k € Dy in such a way that it coincides with f on one of the grid in
F (S“fo) We distinguish between four types of interpolating polynomials defined
for # € F(S2") and satisfying different conditions,

vy (z) = 37 Breos;(a), Uy (s)=f(s), seFy .

keDy
NT(@) = Y Brcosy,, (1), N () =[(s), seFy,
HEDN (5.2.30)
Vi (x) = > Bicosg (x), NUT(s) = f(s), seFyT, B
keDy
N ()= )" Bicosg,,(x), NT(s) = f(s), seFyTT.
keDy,

According to Section 5.2.2, the coefficients By are chosen to be equal to corre-
sponding Ay. In fact, it is not possible to have other values of the coefficients Bj,
since it would contradict the fact that the antisymmetric cosine functions labelled
by k or by k+ ¢ with k € D} are basis vectors of the space of functions given on
the corresponding grid.

Example 5.2.1. For n = 3 we choose a model function f and interpolate it by
Oy (@Y, 2) and o (@, y, 2) for various values of N. The model function f is

a smooth characteristic function given by

1 r<a
faﬁ7(w07yo,zo)(xa Y, Z) =40 . r>p (5.2.31)
) _
e - exp ((g_‘;) — 1) otherwise,

where r = \/(3: —20)2+ (y — y0)? + (2 — 20)?, with fized values of the parameters

Q, ﬁ? (ZE(), Yo, ZO) as
a=1/10, B=1/6, (0,40, 2) = (0.8,0.53,0.25). (5.2.32)

Figure 5.3 contains the function fu g (zo.y0,20) Jor fived parameters (5.2.32) in the

fundamental domain F(ggﬁ) and cut by the plane z = % The antisymmetric

interpolating polynomials of type V. and VII. for N = 5,10,20 are depicted in
Figures 5.4 and 5.5.
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FIGURE 5.3. The cut of the characteristic function (5.2.31) with

fixed parameters (5.2.32) and z = 3.

F1GURE 5.4. The antisymmetric cosine interpolating polynomials
oy (Y, 3) of the characteristic function (5.2.31) shown in Fig-
ure 5.3 with N = 5,10, 20.

5.2.4. Symmetric discrete multivariate cosine transforms

The symmetric discrete multivariate cosine transforms (SMDCTs), which can
be viewed as symmetric multivariate generalizations of DCTs, are derived us-
ing the one-dimensional DCTs from Section 5.2.1. The four types of SMDCT,
connected to DCT I-1V, are contained in [25]. Our goal is to complete the list
of SMDCTs by developing the remaining four transforms of types V-VIII. Note
that the coefficients e, &, and dy, dj, are given by (5.2.18), (5.2.19) and (5.2.14),
(5.2.15), respectively.

5.24.1. SMDCT V

For N € N we consider the symmetric cosine functions cos; (s) labelled by

the index set



117

FiGURE 5.5. The antisymmetric cosine interpolating polynomials

N, %) of the characteristic function (5.2.31) shown in Fig-

ure 5.3 with NV = 5,10, 20.

and restricted to the finite grid of points contained in Cy C F(S*)

2 2
Fyt = {( o ) | (ry, ... ) € va} . (5.2.34)

2N —-1"""72N -1

The scalar product of any two functions f, g : FR,/’JF — R given on the points of
the grid Fy'" is defined by

(fo)= > eH'f(s)g(s), f.g:Fy" =R, (5.2.35)
seFyT
where H, is given by (5.1.15). Using the discrete orthogonality of one-dimensional
cosine functions (5.2.2) we show that the symmetric cosine functions labelled by
parameters in k, k' € D}, are pairwise discretely orthogonal, i.e.
_ Hy (2N -1

(cosf,cosfy) = D e H, " cosf(s)cosfi(s) = 7 1
k

s

n
) S (5.2.36)
SEFI\V/’+
Note that acting by all permutations in S,, on the grid Fy we obtain the whole
finite grid Cy, where the points s € Fy;, which are invariant with respect to some
non-trivial permutation in S,,, emerge exactly H times. Since the symmetric

cosine functions are symmetric with respect to S,, we obtain that (cos;, cos{,) is

equal to

1 N 27, 2r 21 2r

1 4 n + (<"1 _-n
ol 2 CneeeCrco8) (2N_1""’2N—1)C°S’“’ <2N—1""’2N—1>’

T1yeeey =0
where n! represents the order of the group .S,,. Moreover, the product of two sym-

metric cosine functions labelled by k, k' € DY, is rewritten due to the invariance
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under permutations as

coskF () cosk/ Z H cos (Wkag )T () ) cos (ﬂkgargz(i)) :

o,0'€Sy, i=1

Together with the S,-invariance of the set Dy this implies that

nA 2k ()T 2mk]r;
(cost,cosf)y = > 1 Z Cr, COS ( 27;\[ ): ) cos <2]7\T[ iT1> .

oc€Sy i=1r;=

Finally, we apply the one-dimensional orthogonality relation (5.2.2) to obtain
(5.2.36),

2N —1 Hy (2N —1\"
(cosi,cosi) = > ] 0k, oh = d:( M > Spel

0ES, i=1 4cka(i)

Due to the relation (5.2.36), we expand any function f : Fy'7 — R in terms

of symmetric cosine functions as
d 4 n
= > Agcosf(s), A== () Y e H ' f(s)cosf(s).
f H; \2N —1 v
keDy; EISTONS

Validity of the expansion follows from the fact that the number of points in D3, is
equal to the number of points in Fy'" and thus the functions cos;” with k € D}
form an orthogonal basis of the space of all functions f : FX’JF — R with the

scalar product (5.2.35). The remaining transforms SMDCT VI-VIII are deduced

similarly.

5.2.4.2. SMDCT VI

For N € N we consider the antisymmetric cosine functions cos{ (s) labelled
by the index set k € DY and restricted to the finite grid of points contained in
éN - F<§?LH>7

2 (ry + 2 2 (r, + %
bt = {(M,,H) | (Tl,...,rn)ED;\r,} (5.2.37)

2N —1 2N -1

The antisymmetric cosine functions labelled by parameters in k, k' € DY, are

pairwise discretely orthogonal on the grid FN , 1.e.

Hy /2N — 1\"
S EH['cosf(s)cosfi(s) = =8 < ) Sk - (5.2.38)
SEFVI o+ dk 4
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Therefore, we expand any function f : F ]\\;H — R in terms of symmetric cosine

functions as follows.

= > Agcosf(s) with A= dk( 1 )n > EHf(s)cosy (s).

Hp \2N —1
keD}, K seFy T

5.2.4.3. SMDCT VII

For N € N are the symmetric cosine functions cosj, ,(s) , k € Dy, and

VIL+ _ 2V, +
N = Y

0= (%, e 2) restricted to the finite grid of points C Cy pairwise

discretely orthogonal with respect to the scalar product (5.2.35), i.e

Hy (2N —1\"
> esH ! cosiy () cost () = =k ( ) Sl - (5.2.39)
seFyht d, 4
Therefore, we expand any function f : FxH’Jr — R in terms of symmetric cosine

functions as

N-1 7
dy, 4 "
— 3 Agcosiy,(s), Ay = - <2N - 1) Yo eH f(s)costy,(s).
keDJf, k EF}\\?H+

5.2.4.4. SMDCT VIII

For N € N are the symmetric cosine functions cosj, (s) , k € Dy, and

0= ( ey %) restricted to the finite grid of points
(i +d) 2
FyT = 2L = .., m) € DY 5.2.40
N 2N+1 ? Y 2N+1 |<T1) 7T)E N ( )

pairwise discretely orthogonal, i.e. for any k, k' € D} it holds that

_ 2N +1\"
> H! cosyy,(5) cospiy ,(s) = Hy ( ) Okh

VIIL,+
sEFy

(5.2.41)

. VIIT . . :
Therefore, we expand any function f: Fyy " — R in terms of symmetric cosine

functions as

1 4 "
= ¥ Aveosiny0) A=y (grrg) X HU(s)costi (o).

keD}, sepyh T

5.2.5. Interpolations by symmetric multivariate cosine functions

Suppose we have a real-valued function f given on F’ (gaﬁ) In Section 5.2.4 we
defined three finite grids in F(S2%), namely Fy" ", Fy'" = Fy™ " and Fy" T, We
are interested in finding the interpolating polynomial of f in the form of a finite

sum of symmetric multivariate cosine functions labelled by k or by k+ 0, k € Dy
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in such a way that it coincides with f on one of the grid in F’ (gfff). We distinguish
between four types of interpolating polynomials defined for z € F (523) and
satisfying different conditions,

= > Bycosy(z), Vt(s) = f(s), se€FyT,

keDY;
]\\/II,+($) = Z By COSE—_FQ(;I;) , ]\\/[I,—i-(s) _ f(S) : FVI,+ 7

. (5.2.42)
VH-‘r— Z Bk: COSk ]\\/{H,-i-(s) _ f(S) 7 sc F]‘\;Hd_ ’ L.

keD};
V(@)= > By cosyy (), VIL+ () = f(s), s Fyt,

keDY;

According to Section 5.2.4, the coefficients By are chosen to be equal to corre-
sponding Ay. In fact, it is not possible to have other values of the coefficients Bj,
since it would contradict the fact that the antisymmetric cosine functions labelled
by k or by k + o with k € D; are basis vectors of the space of functions given on
the corresponding grid.

Example 5.2.2. For n = 3 is the characteristic function (5.2.31) with values of
parameters given by (5.2.32) chosen as a model function. We interpolate this func-
tion by polynomials of symmetric cosine functions oyt (x,y, 2) and V"1 (x,y, 2)
with N = 5,10,20. Plots of this symmetric cosine interpolating polynomials are
depicted in Figures 5.6 and 5.7.

FIGURE 5.6. The symmetric cosine interpolating polynomials

v (. 5) of the characteristic function (5.2.31) shown in Fig-

ure 5.3 with N = 5,10, 20.
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FIGURE 5.7. The symmetric cosine interpolating polynomials

N (L y, %) of the characteristic function (5.2.31) shown in Fig-

ure 5.3 Wlth N = 5,10, 20.

5.3. CHEBYSHEV-LIKE MULTIVARIATE ORTHOGONAL POLYNOMI-
ALS

Recall that the vectors g, o1 and g9 are defined by (5.1.5), (5.1.9) and (5.1.10),

respectively, and let us introduce the index set
Pt={(k,....kn) €Z" | ky > kg >+ >k, >0} (5.3.1)
together with n functions X, Xs, ..., X,, defined by

X, = cosa0 ,,,,, 0 X2 = cosam’m)o), X5 = 0036,1,1,0,...,o)a X, = cosa1 _____ D -
(5.3.2)
We demonstrate that the following defining relations, valid for all points from the
interior of F(S*1), z € F(52M)° ke Pt
Pt (Xa(@),. .., Xo(@)) = cosi (z),

COSL 4 o, (x)

PLo(Xi(2),. .., Xu(x)) =

Cos,, (x)
P (X (z) X, (z)) = COSkﬂE(ﬁU) (5.3.3)
s e, Ap Cos'f‘x) ,
PHI= (X (2), ..., Xo(z)) = %@Zi‘?)

determine four classes of orthogonal polynomials

Pt P P P € RIX L X
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of degree k;. Since from Corollary 5.1.1 follows that the three functions in the de-
nominators of (5.3.3) have non-zero values inside F(S2%), the functions (5.3.3) are
well defined for any point in the interior of F(S2"). Moreover, whenever one of the
denominators is zero at some points of the boundary of F(S52) the corresponding
nominator is zero as well. We introduce an ordering within each family of polyno-
mials (5.3.3). We say that a polynomial p; depending on k = (ky,...,k,) € P*
is greater than any polynomial py depending on k' = (ki,..., k) # k if for all
i € {1,...,n} it holds that k; > ki; equally, we state that p, is lower than p;.
Note that the functions (5.3.3) can be viewed as generalizations of Chebyshev
polynomials of the first and third kind [39].

5.3.1. Recurrence relations

The construction of polynomials is based on the decomposition of products of
symmetric and antisymmetric cosine functions. There are three types of products
which decompose to a sum of either symmetric or antisymmetric cosine functions.
Such a decomposition is obtained by using classical trigonometric identities and
is completely described by

1
+ enat _ -
COSAdn) ~COS (g eespin) = on Z Z COS(/\l-Hzmg(n,.-~,>\n+anua(n))’

O’GSn a,'::l:l
i=1,...,n

1
—_ + _ —
COS O etn) "8t eoin) = on Z Z COS(/\1+G1#G(1),~~~,>\n+an#o(n))’
oESh a;=+1
i=1,...n

1
I +
€O An) " OB in) T m Do 2L s8(0) O byt anitoay)

oESh a;==+1
i=1,...n

(5.3.4)

Using (5.3.4), we obtain the following pertinent recurrence relations. Let
A= (A1,...,A\n), l; be a vector in R™ with i—th component equal to 1 and others
to 0, then

21 n
£ _ + + + +
cosy = COSy_y, X1 — COS\ g, — > (cos)\_lﬁli + cos)\_ll_li) ,
(n—1)! ;
: : =2
22
+_ + + + +
Cosy = COS\_j, 1, X2 — COSY_gp, g, — COSy o) — COSy o),

2l(n —2)!

n

+ + + +
- (COSA—ZQ—HZ- + COS\_opy 1y, T COSY_ppy, T COS)\—Qll—lg—i—li)
i=3
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n
+ + +
- > (COS,\flrlﬁz,.Hj FCOSN_py 1y g;—1; T COSNyy 1y 41,1

i.j=2
i<j

+
+ COSA—ll—lg—li—f—lj) ;

A n n
- + " N
R B X, — ) cosy_g — Y COS)_gp,—a1;, — - - -
' =l ij=1
i<j
+
— COS) 21y —215——21,, - (5.3.5)

Using the relations (5.3.5) and the symmetry properties of cosy each polynomial
of (5.3.3) is expressed as a linear combination of lower polynomials and a product
of some lower polynomial with some X;. Therefore, all polynomials (5.3.3) are
built recursively.

Proposition 5.3.1. Let k € P*. The functions P and PL'"* are expressed as
polynomials of degree ki in variables X1, ..., X,. The number of P,f’i or P,fll’i

with ky = d is equal to the number of monomials of degree d, i.e.,

<d * Z - 1) . (5.3.6)

PROOF. At first, we proceed by induction on k; to show that any ’P,f " is expressed
as a polynomial of degree k; in the variables (5.3.2).

o If by =1, the7 pjolynomials X1, Xs, ..., X, of degree 1 correspond by defi-
nition to the set of functions 73([1’;27.”7%), where 1 > kg > --- >k, > 0.

o If &y = 2, using relations (5.3.5) and the basic properties of symmetric
cosine functions, we deduce that any 77(12’;27”7,%) is constructed from the
decomposition of the products X;X;. Indeed, we start by obtaining the
lowest polynomial 73([2’?6’“.,0) from the product X? which decompose into
the linear combination of 73([2’?6’“.’0) and polynomials of degree 1. We con-
tinue by the decomposition of the product X; X, to have the polynomial
expression of 73([2’?[7_.70) and so on. Finally, we obtain that each 73(]2’;27._.7%)
is expressed as a polynomial of degree 2 in variables (5.3.2).

e We next suppose that every ,P(It}i_l,kg,...,kn) is a polynomial of degree d —
1 in variables (5.3.2), then again using relations (5.3.5) the polynomial
P(Ié;z,...,kn) is a linear combination of lower polynomials of degree at most

I+ '
d and P(d—l,Eg 77777 En)Xz of degree d.
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By induction, this results to the fact that any P,g T is expressed as a polynomial
of degree k; in the variables (5.3.2). By similar arguments, we obtain the same
statement for the functions Pp~ and P}'"*. Note that we start with the products
of cos,,, cosz,r, cos,, respectively with the variables X;.

To prove the second statement, we observe that the number of polynomi-
als of type 79,5’ or PHIi with k; = d is equal to the number of elements in

{(ka, ks, ... k) €Z" Y |d > ky > ks> -+ >k, > 0} which is the same as

#{(ln+ln_1+...+l2,.. l +ln 1, )’lz,l0€Z>0 l0+Zl —d}

=2

or equivalently
- d -1
#{Xf‘ng‘Q...Xﬁj‘"|ai20,2ai:d}:< —H; )
i=1

The proof of the last equality is found in [5]. O

Example 5.3.1. In particular, the relations (5.3.5) together with the symmetry
properties of symmetm’c cosine functions imply the following set of recurrence

relations for P (k1 oo Jis)

P(o 0,0) 67 73(11-5 0) — Xl ) P(l 1,0) X2 ) ,P(Iltil) = X3 ; (537)

. 1,4
k122 ky=k3=0: 7D(kloo P(kl 100) P(kl —2,0,0) 4P(k1 1,1,0)
) I+
ki —1>ky>ky=0: P(kl,/@ 0) = Pli—1,k0,0)X P(k1 2,k2,0) — 2P (k1—1,k2,1)

I+
- P(k’1—1,k2+1 0 P(kl 1,k2—1 0)
) I+ I+ I+
kl - 1 > kQ = kg > 0 . ,P(kl,kQ,k‘g) P(k1*1,k‘2,]€2)X - P(k172,k‘2,k2)

27) kl 1,ko+1, kg) 2P(k1 1,ko,ko— 1)

. I+ _ pl+ I+
kl - 1 > kQ > kg > O . P(kl,kQ,k;g) — P(kl—l,kg,kg)Xl - P(kll_2 kQ k3 P(kl 1 k2,k3+1)
I+ I+
- P(/ﬂ—l,kz,k‘g—l) - P(kl—l,kz-f—l,k‘g P(kil 1,ka—1,k3)

1 o1+ I+
ki —1=ky>Fk;=0: P(kl,kl 1,0) = QP(kl—l,kl—l,O)Xl = Pl -1 1-20)

I+
- P(kl—l,kl—l,l) )

1
X I+ . I+ I+
ki —1=ky>k3>0: ,P(kl,/ﬂ*l,ks) - §P(k1*17k1*1 k3) X1 — 73(161*1J€1*2J<~‘:‘>)

11
+
_§P(k1—1,k1—1,k3+1) P(kl 1,k1—1,k3—1) >

1
) I+ I+ I+
kl - 1 = k2 = k?’ > 0 : P(kj k1—1 k‘1 1) SIP(klfl,klfl,kjfl)Xl - P(k‘171,k171,k172) ?
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ki=ky>2ks=0: Py =2P0" 0 Xe —2PGT L 0 X0
2Pk1 1,k — 11X1+Pk1 2,k1—2,0) +4Pk1 1,k1—1,0)
+4Pk1 1,k1—2,1) +2Pk1 Lki— 30)+2P(k1 1,k1—1,2) >
ki=ky>ks+2>2: Pyt =2P0 )X — 2P ko X0
P(k;l 1,ki— 1k3+1) P(kl 1,k1—1,ks— 1)X
+P(k1 2,k1—2,k3) +2Pk1 1k —2,k5+1)
+2Pk1 1,k1—2,ks—1) +4Pk1 1,k1—1,ks)
+2Pk1 1,k1—3,k3) +Pk1 1,k1—1,k3+2)

+P(k1 1 k1—1,kg—2) *
. I+ I+
kl = k2 = k:3 + 2 > 3 . P(kl kl,kfl 2 273 kl 1 kl 1 kl 2)X2 - 2P(k1—17,€1—2,k1—2)X1

I+
P(kl 1,k1—1,k1— 1)X1 - P(kl—l,kl—l,kl—S)Xl

+P(k1 2,k1—2,k1—2) +5Pk1 1,k1—1,k1—2)
+4Pk1 lkl 2,k1-3) +Pk1 1,k1—1,k1—4) >

. I+ I+
kl = kQ = k?’ +1>2: P(k1,k1 k1—1) P(kl 1,k1—1,k1— 1)X2 B P(kl_lvkl—lukl_2)X1

+P(k1 1k1—2,k1—2) +P(k1 Lki—1,k1—1)
+P(k1 lkl 1,k1— 3)7

. 1.+
kl - kQ - k3 > 3 : P(kl,kl,kl P(kl 1 k:l 1 kl 1 67) kl 1 kl 1 k:l 2)X2

+3Pk1 1,k1—2,k1 — 2)X1+2P(k1 1,1 —1,k1— 1)X1
+ 3P (k1—1,k1—1,k1 — 3)X 7)(1115r 2,k1—2,k1—2)
9Pk1 1ki—1,k1—2) 6Pk1 1,k1—2,k1—3)
37Dk1 1,k1—1,k1—4) (5.3.8)

together with additional polynomial expressions

4
73(2 A 0)_2)(22 —2X7 gX1X3 +8X, +6,

2
P(gg H= 3X2X3 - X1 Xo+2X5+ X4,
4

73(222)_3)(2 6X5 +3X7 +4X1X, — 12X, — 6, (5.3.9)
49 8 2 2
73(33 1) 3X2X3 - §X1X3 - 2X1X3 +8Xy X3 +9X3,

16
Pliha=g X5 — 12X X5 + 8X,.XF + 9X}X5 — 365X, — 27X,
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1] X, [ X2 X, X, | X2 [ X2
73(Io’,J(rJ,o) 6
Pito| 0] 1
Piooy | 6] —4] 1
Piiy| 0] —1] 0 1
Pé’;m 6] s8[—2[ I 2
Poby | —6]—12| 3 46| 3

TABLE 5.1. The coefficients of the polynomials P(Ik’Jrk key With &y <
1,k2,k3)
2 and ki + ko + k3 even.

1] X | XZ[X1X; | X2 | X2
Plooo | 1
Piiog | 3] 2
Poooy | —4| —2] 1
Poay | 3] —2] 1 2
Pono | 12| 14]-3] —5] 4
Phon [0 —2] 3] ¥1-1] 3

TABLE 5.2. The coefficients of the polynomials P(Ik’_k ks) with k1 <
1,R2,R3
2 and ki + ko + k3 even.

X1 | X3 | Xi X | Xo X5 Xi | X3 | X1 X | Xo X3
Pioo | 1 Pioo | !
Pity| 0] 1 Piiy| 1] 2
Poio | —1[-1] 3 Phin| 02| 2
Posn| 1] 2] -1 5 Poan| 1] 3§ 0 3

TABLE 5.3. The coefficients of the polynomials P(Ik’ik%kg) with k; <
2 and k; + ko + k3 odd.

. . I— 111+
Similarly, one may find recurrence relations for P s koo ) and P s ko es) - The

polynomials P(I,;fk%kg), P(I,i[’}i’kg) of degree at most 2 are shown in Tables 5.1-5.5.

5.3.2. Continuous orthogonality

Continuous orthogonality of antisymmetric and symmetric cosine functions
within each family is detailed in Section 5.1.1. Our goal is to reformulate the or-
thogonality relations (5.1.16) — (5.1.19) after the change of variables (z1, ..., z,)
to polynomial variables (Xi,...,X,) and obtain the orthogonality relations for

polynomials P,f’i and P,ﬁ”’i. In order to determine the corresponding weight
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LX) | Xo| X3 X7 XX | X0 X | X3 | XoX3 | X3
DT
i

’ ].
e

+ 2| 2
e

) 4
73([117}’1) —1] 1|-2 3

s T _4 I
7’%,9,3) —ll-3]—5] 0] 3

: 2 2 [ _1 1
7’%},3) 1] 0] 5] —§5]—3 3

: T[_2 1 2 i
73(2,1,1) —1 3| 3 0] 3 _ 3 9
pILT [ 1 2| Lo 4[_2 _2| _8| 1

ey e e A

7’%12 —ll-3]-2] 5| 3§ 0 0] -3 9

: 16 8 16
Poogy | ~1|-1|-6]-3] 1 2 4| -4 3| 9
TABLE 5.4. The coefficients of the polynomials P(I,fl{}gt’kg) with &k < 2.

X1 | Xo| X3 | XZ[X1Xo | X1X3 | X2 [ Xy X5 | X2
pIT=
(0,0,0)
Plioo | —1] 1
Piig| 3|-1] 2
Poin [ -3] 2| -2] 3
Poom | —3|-1] 2| 0] 1
Porw| 1| 1] 0] —f[-1 2
A ) T
77(%:5) 8| of 12 ff-2] -2 1] 4
Phsn | —6] 2|-10] 4] 1 2 0] —4 §
Pliin 6 -2[-10]-§] 5] o] §l-a] 3%

TABLE 5.5. The coefficients of the polynomials P(Ik]l]”k;ks) with £ < 2.

functions in the integrals defining continuous orthogonality, we calculate the Ja-

cobian of the change of variables (Xi(x1,...,2,), ..., Xu(z1,...,2,)) to variables
(l’l, . ,ZL’n).
Proposition 5.3.2. The determinant of the Jacobian matriz

0(Xy,...,X,)

= = det
J=J@n ) = de B(x1,. .., )

for the coordinate change from (Xi,...,X,) to (x1,...,x,) is given by

n(n—1)
n(n+1 1 L
J=(-1) Pt (2) T (H(n - i)!i!) Sing o (@1, 20), (5310

i=1
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where
Sin(_1727...,n)(x1’ ey T)
= > sgn(o)sin(ro(1)z1)sin (70 (2)z2) - - - sin (7o (n)z,)
G’GSn
= 2" D ] sin(rz;) [[ sin <7T(90Z + xj)> sin <7T(95Z - xj)> :
i=1 1<i<j<n 2 2

(5.3.11)

PROOF. We prove the formulas (5.3.10), (5.3.11) by direct calculation. By the
definition of the variables X; via symmetric cosine functions, we have

n

X;=Mm—=04Y > cos(may,)...cos(ma;,).
i1 ey =1
(W)
Thus, the partial derivatives of X; with respect to x; are given by
00X,

j=1: e —m(n — 1)!11!sin (rzy),
T
: 0X; Nl -
Jj>2: Ero —m(n — j)ljlsin (ra) > cos (7, ) ... cos (mx;,_,)
1yeenij—1=1
Bt
— cos (mxy,) > cos (mx;,) ... cos (mx;,_,)

115yt —2=1
i1<~"<ij_2

— cos (mxy) ( -+ — cos (mxy,) (Zl cos (mx;,) — cos (W:Ek)) . ))) :

Therefore, using the properties of determinants, we rewrite the Jacobian as

—m(n—1)!1!sin(rx1) 7(n—2)12!sin(rx1) cos(rz1) ... (—1)*7w0n!sin(rz1)cos™ (mx1)
J — det —m(n—1)!1!sin(rx2) 7(n—2)12!sin(rx2) cos(rxz) ... (—1)*7w0n!sin(rzz)cos™ (mxrs2)
—w(n—l)!i! sin(wxy) w(n—2)12! sin('rrxn) cos(mzy) ... (—1)"x0!n! sin(ﬂ'.acn) cos™ 1 (rxn)

For any m > 1, sin(wx;) cos™ (7x;) is equal either to

3

1 7
om

z:j ( ) sin((m + 1 — 2j)mx;) +sin((m — 1 — 2j)7x;)) ,

if m is odd, or to

;n (Z‘) sin(m;) + ;n 3 <m> (sin((m + 1 — 2j)7wz;) + sin((m — 1 — 2j)7x;)),
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if m is even. Thus, we finally obtain that

] n(n—1) " s%ngﬂxlg s%ngﬂxlg s%ngmmqg

n(n+1 2 sin(wz2) sin(27wz2) ... sin(nmx

J = (—1)"5" <2> e (H(n—i)!i!) det | TTTTH T e
=1 sin(;rxn) sin(2'7r:r:n) sin(n'ﬂ:cn)

Comparing the final form of the Jacobian with the preceding one, we observe that

sin(wx1) sin(mz1)cos(mry) ... sin(rxy)cos™ 1(wxy)
L n(n—1) sin(mxz) sin(mza) cos(mra) ... sin(rxz)cos™ 1(rxe)
SN o (@1, 20) =277 det

sin(7‘1'xn) Sin(TI’CL‘n).COS(ﬂIn) sin(ﬂ:cn)co.snfl(ﬂxn)

Therefore, the equality (5.3.11) follows directly from the proof of Proposition
5.1.1. [

Note that due to the equality (5.3.11) the Jacobian J does not vanish for any
point in the interior of F(S*"). One verifies that SN o, Silg, ) decomposes

into a sum of symmetric cosine functions labelled by integer parameters

SM1 9 . n) " SU (12 )

1 alal,...,a
=5 2 sen(0) > (1) () COSTy L aro(1)...mbanc(n)
€Sy { a;=+1 }
i=1,...,n
where a(ay, ..., a,) is the number of positive numbers among a, . .., a,. There-
fore due to Proposition 5.3.1 it can be expressed as a polynomial p©* in X;, ..., X,

of degree 2n. Thus, we use this polynomial p’** to rewrite the absolute value of
the Jacobian J as a function J of Xy,..., X,

|J(2)| = T (X1(2),..., Xu(x)) (5.3.12)

Similarly, it follows from (5.3.4) that the products cos,, - cos, , cos] - cos} and

cos,, - cos,, can be expressed as polynomials J©~, J"+ and 7" in Xy, ..., X,
such that

TI5(Xa(2),..., Xu(x)) = cos,, () cos, (x) (5.3.13)

T (X (), ..., Xu(2)) = cos} (x) cos} (z) (5.3.14)

T (X (2), ..., Xp(x)) = cos,, () cos,, (). (5.3.15)

Example 5.3.2. For n = 3 is the explicit form of the function J determined by

4
7r3\/<—8X§ + X7X2 - 12X2 + 12X, X0 X3 — 3X§X3> ((3X2 +6)2 — (X3 + 3X1)2)

and the polynomials 5, J"0+ and T~ are given by

1 4
Jh= = 1 (—8)(3 + XPX3 —12X2 + 12X, X, X3 — 3X§X3> ,
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It — §()(3 13X +3X1 +6),
4
Ve 8(X3 +3X5 +3X; +6) (—8X§ + X7X5 —12X35 + 12X X0 X5 — 3X§X3> :

The domain on which the polynomials are continuously orthogonal § (gﬁﬁ) is
the transformed domain F(S27), i.e.

F(SH) = {(Xi(2), ..., Xu(@)) | x € (53T}
In order to use the integration by substitution, we show that the transform
¢ xe F(S) 5 (Xy(2),..., X, (x) € (52 (5.3.16)

is in fact one-to-one correspondence. Any continuous function f on F(52%) can

be expanded in terms of symmetric cosine functions [25] and thus also in terms
. I+

of polynomials Py

ZBkPk (X1(2),..., Xn(2)).

Assume that there are y,7 € F(S*") such that y # ¢ and (X1(y),..., X, (y)) =
(X1(9),...,Xn(y)). Let us define a continuous function f(z) = x; where the
index ¢ is chosen in such a way that y; # 7;. Using the expansion in polynomials,
we obtain that f(y) = f(y) which is in contradiction with y; # ¢;. Therefore, we
conclude that the transform ¢ is injective.

Due to the orthogonality relations (5.1.16)—(5.1.19), Proposition 5.3.1 and
integration by substitution (5.3.16), we deduce the continuous orthogonality re-
lations for polynomials P,g’i, P,f“’i in the following statement.

Proposition 5.3.3. Let X = (X3,...,X,,) and dX = dX;...dX,. Each family

of polynomials 73,5 PHI +

forms an orthogonal basis of the vector space of all
polynomials in R[X]| with the scalar product defined by weighted integral of two

polynomials f, g,
. X)g(X)w(X)dX ,
/S(S%ff)f( )9(X)w(X)

where w(X) denotes the weight function for each family of polynomials,

wlh(X) = 7(1)() for 7;]5#’
I— _J(x) I,—
w(x)= 1T =Tm  Jor P
II1,
w+(X) = J J(;()X) for PHI +
wHh=(X) = % for P
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The continuous orthogonality relations are of the form

/ 73 ( )’LU[’+(X) dX :thk(Skk’ ,
Saﬁ'
/ Py (X)Py (X)w' ™ (X)dX =hiOk
Sdff
3.1
,PIIIJr HI,Jr(X) 111+ _o—n <53 7)
Smff
/ ,PIH ,Plglll—(X)wIII,—(X) AX=2""p .
Saﬁ)

5.4. CUBATURE FORMULAS

5.4.1. Sets of nodes

In Sections 5.2.2 and 5.2.4, the discrete orthogonality relations of the four
symmetric cosine functions and the four antisymmetric cosine transforms over

finite sets F]\\f’i, cee FR,/HI’i are detailed. The orthogonality relations of the types

[-IV, which are described in [25], are defined over the sets F ]I\}i, oL F ,Ivv’i given
by
™ Tn
FJI\}i:{<N,...,N) | (rl,...,rn)epﬁﬂ}, (5.4.1)
41 o+ 3
ng:{<1N2,..., N2> |(r1,...,rn)eD]iV}, (5.4.2)
FULE {(“ ”) | (11, 7)€ Di} (5.4.3)
N N’ ’N ) ’ N ( >
Yt = FyE. (5.4.4)

The families of polynomials P,i =~ and PH * inherit these orthogonality rela-

tions which are crucial for the validity of cubature formulas. The sets of nodes

arise from the finite sets F]I\}i, ey F]\\;IH’i as images of the transform ¢, given by
(5.3.16). Denoting these images of the sets Fy=, ..., Fy'"F as §it, .., & T,
ie.

Fit={els) s Fh, ted{l... VI, (5.4.5)

we prove that the restriction of ¢ on any set Ff\}jE is injective in the following
Proposition.

Proposition 5.4.1.

b+ t+
35| = |

. te{l,... VII}.
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PROOF. Suppose that there exist 5,5 € Fy' such that s # § and ¢(s) = ¢(3),
le.,
(X1(8),..., Xn(s)) = (X1(3), ..., Xn(3)).

According to the expansion resulting from SMDCT I in [25], any function f given
on Fy' is written as a linear combination of finite number of functions cos;” and
therefore as a polynomial in Xy,...,X,. Using this expansion in polynomials,
we have for the function f(s) = s; (with ¢ chosen in such a way that s; # 3;)
that f(s) = f(5) — which contradicts s # 5. Thus, we obtain ‘Sﬁ\ﬁ‘ = ’FZIVJF‘
Using the corresponding discrete orthogonality relations, the proof for other grids

is similar. O

Due to the one-to-one correspondence given by ¢ restricted to the grids Fﬁ}i,
the symbols Hy, &y and & are for ©(s) =Y well-defined by the relations

HYEHsa 5YE€S, Syzgs. (546)

5.4.2. Gaussian cubature formulas

Each family of polynomials P,g’i, P,gll’i has properties which yield to optimal
Gaussian cubature formulas.
Theorem 5.4.1.

(1) For any N € N and any polynomial f of degree at most 2N — 1, are the

following cubature formulas exact

/g(gaﬂ)f (Y)WH(Y)dY:(;])n > A, (5.4.7)
" vegyt
[ TR () Y = Greg) X HANTIY). (548)
" 631\\/,111’+

(2) For any N € N and any polynomial f of degree at most 2(N —n)+ 1, are

the following cubature formulas exact

I— (1N .
/3(§sz) f )t (Y dY = < N> YESZIL f)T=(Y), (5.4.9)
III,— B 2 n e
/;g(g%ff)f(Y)w (Y)dYy = <2N+1) Yegvv;mf(ym V).  (5.4.10)

Proor. We show that the formula

2 \" B |
/@Ggff) @)Y = <2N + 1) 2, M SONTY)

YGS\J\/{HI,+
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holds. Due to the linearity of the integrals and the sums, it is sufficient to prove
it only for monomials f of degree not exceeding 2N — 1. Such monomials are
expressed as a product of two monomials — g; of degree at most N and g
of degree at most N — 1. From Proposition 5.3.3 and Proposition 5.3.1, the
polynomials ¢g; and g9 are rewritten as linear combinations of polynomials PHI ol
with & < N and P with ki < N — 1. Therefore, we only need to show the

formula for those polynomials. Using the continuous orthogonality (5.3.17), we

obtain X
Py Yy (V)T (YY) AY = — Hyp
/S(Sdff (Y) (Y)w (Y) on 1kOkk
Similarly, from equality (5.2.41) follows that
2 n 1
(Grs) X HPPIT )P (X () eos] () = 5 Hidu

cF VIII +

if ty, < N—1and ¥, < N —1. Note that if k; = N, then P}'""(Y) = 0 for
all points Y from %’XHI *. This implies that we extend the discrete orthogonality
relation for any k& with k& < N and any £’ with £ < N — 1. Consequently, the
second cubature formula follows from the continuous and discrete orthogonality of
polynomials P,?I’Jr. We prove the other formulas similarly. Note that SMDCT II
and AMDCT II needed to derive two of the results are found in [25]. O

Theorem 5.4.2. The cubature formulas (5.4.7) — (5.4.10) are optimal Gaussian
cubature formulas. Moreover, it holds that
e the orthogonal polynomials 77,5+ with ky = N wanish for all points of the
sel %.H +
e the orthogonal polynomials 73/,511’+ with ky = N wvanish for all points of the
set SVHI +
e the orthogonal polynomials 77,5’_ with ky = N —n+ 1 vanish for all points
of the set I~
e the orthogonal polynomials 73,5]]7_ with ky = N —n+1 vanish for all points
of the set Ty .

PRrROOF. The fact that the nodes are common zeros of the specific sets of orthog-
onal polynomials follows directly by substituting the grid points to the definition
of the polynomials via symmetric and antisymmetric cosine functions (5.3.3). By
Propositions 5.3.1 and 5.4.1 we obtain that the number of polynomials 73,5’+

degree N — 1 is equal to the number of nodes in 5“ "+ and therefore, the cubature

formula (5.4.7) is Gaussian. The proof is similar for the other formulas. O
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5.4.3. Other cubature formulas

Similarly as in Theorem 5.4.1, one uses the remaining twelve discrete trans-
forms to derive additional cubature formulas for the orthogonal polynomials. Note

that these formulas are slightly less efficient than Gaussian cubature formulas.

5.4.3.1. Formulas related to P/t

The transforms SMDCT I, V and VI are used to derive additional cubature
formulas for the orthogonal polynomials P,ﬂ*,
(1) For any N € N and any polynomial f of degree at most 2N — 1, are the
following cubature formulas exact

1 n
o JOT 0N = (1) ).
F(safh) N Yeght
N
(2) For any N € N, N > 2, and any polynomial f of degree at most 2(N —1),
are the following cubature formulas exact

1, _ L " 1
/S@%H)f(Y)w HY)dY = (2N_1) Y%#é’yﬂy £V,

_mettmay = () Y &),
F(sath) 2N —1

vegyht

5.4.3.2. Formulas related to Py~

The transforms AMDCT I, V and VI are used to derive additional cubature
formulas for the orthogonal polynomials 73,5’_,
(1) For any N € N, N > n, and any polynomial f of degree at most 2(N —
n) + 1, are the following cubature formulas exact

1 n
[ fO Ay = (1) X &fmTy).
§(Sa) N T
Yesy
(2) For any N € N, N > n, and any polynomial f of degree at most 2(N —n),
are the following cubature formulas exact

fan 10070000 = (575)” &8s,

YeEFN

/;3(523) fim (V) dY = (2]\[2_ 1>” Yo & fWMITh(Y).

Yegy
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5.4.3.3. Formulas related to 77,51“r

The transforms SMDCT III, IV and VII are used to derive additional cubature

formulas for the polynomials P]g[[,-i-’

(1) For any N € N, N > 2, and any polynomial f of degree at most 2(N — 1),

are the following cubature formulas exact

L O Y = (5) 5 &m0 g ),
A vegt

Lo 00000 = () 52 )7 )
n YG&E\Y,‘F

(2) For any N € N, N > 2. and any polynomial f of degree at most 2(N —

1) — 1, are the following cubature formulas exact

I+ (2 N . _—
fg S0 = (57) egzmgyﬁy ST Y.

5.4.3.4. Formulas related to P,f”"

The transforms AMDCT III, IV and VII are used to derive additional cubature
formulas for the polynomials 7?,5”",
(1) Forany N € N, N > n, and any polynomial f of degree at most 2(N —n),

are the following cubature formulas exact

[ IR0y = (5) X e,
" YeFn
III,— o l " II7,—
[ SO Y = () |3 1007w,

(2) For any N € N, N > n, and any polynomial f of degree at most 2(N —

n) — 1, are the following cubature formulas exact

III,— . 2 n -
/3(523) f¥ )T (V) dY = <2N _ 1) Yo & fMIM(Y).

vesy

5.5. CONCLUDING REMARKS

e In this paper, only the antisymmetric and symmetric generalizations of
cosine functions are investigated. Similarly to the cosine functions, gener-
alizations of the common sine functions of one variable are defined in [25]
and these generalizations have several remarkable discretization proper-

ties. The discrete antisymmetric and symmetric sine transforms of types
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[-IV are developed in [13] for the two-dimensional case only and the
discrete multivariate sine transforms of type I are found in [25]. The gen-
eralization of the antisymmetric and symmetric discrete sine transforms,
analogous to the discrete multivariate sine transforms of types II-VIII [3],
have not yet been described.

The sixteen discrete cosine transforms, which are described on the grids
FJI\}i, oL F ]\\;HI’i, are straightforwardly translated into sixteen transforms
of the corresponding polynomials on the grids Si\’,i, . ,S’Xmi. Polyno-
mial interpolation formulas, similar to formulas (5.2.42), can obviously be
formulated. The interpolation properties of these polynomial formulas as
well as the convergence of the corresponding polynomials series poses an
open problem.

The question whether one can introduce multivariate Chebyshev-like poly-
nomials of the second and fourth kind in connection with the general-
izations of the sine functions forms another open problem. The decom-
position of products of two-variable antisymmetric and symmetric sine
functions from [13] indicates the possibility of construction of such multi-
variate polynomials. Moreover, the continuous and discrete orthogonality
of the antisymmetric and symmetric sine functions further indicates that
the corresponding cubature formulas, useful in numerical analysis, can
again be developed.

Since the Weyl groups corresponding to the simple Lie algebras B,, and
C,, are isomorphic to (Z/2Z)" x S, [20], it is possible to show that the
antisymmetric and symmetric generalizations of trigonometric functions
are related to the orbit functions, so called C-, S-, S*- and S'-functions,
studied in [24, 26, 40]. For example, the symmetric cosine functions
coincide, up to a multiplication by constant, with C-functions and the an-
tisymmetric cosine functions become, up to a multiplication by constant,
S'!-functions in the case B, and S*-functions in the case C,. The grids
considered in this paper, which allow the eight types of the transforms for
each case, are, however, different than the grids on which is the discrete
calculus of the orbit functions described. Thus, the collection of the re-
sulting cubature formulas is richer and includes formulas of the Gaussian
type.

The exploration of the vast number of theoretical aspects as well as appli-
cations of the Chebyshev polynomials [39, 52] is beyond the scope of this

work. However, since the basic properties of these polynomials — such as
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the discrete and continuous orthogonality together with the cubature for-
mulas — are replicated for the multivariate symmetric and antisymmetric
cosine functions, one may expect that many other properties will find their
corresponding multidimensional (anti)symmetric generalizations as well.
The work presented in this paper may represent a starting point for these

open problems and further research.
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Appendix A

TWO DIMENSIONAL SYMMETRIC AND
ANTISYMMETRIC GENERALIZATIONS OF
SINE FUNCTIONS

Authors: Jiti Hrivnak, Lenka Motlochova and Jiti Patera.

Abstract: Properties of 2-dimensional generalizations of sine functions that are
symmetric or antisymmetric with respect to permutation of their two variables
are described. It is shown that the functions are orthogonal when integrated
over a finite region F' of the real Euclidean space, and that they are discretely
orthogonal when summed up over a lattice of any density in F'. Decomposability
of the products of functions into their sums is shown by explicitly decomposing
products of all types. The formalism is set up for Fourier-like expansions of digital
data over 2-dimensional lattices in F'. Continuous interpolation of digital data is
studied.

INTRODUCTION

The purpose of this paper is to complete and extend [18] by considering
the remaining two families of special functions and their properties, namely the
generalizations of sine functions of two variables, which are either symmetric or
antisymmetric with respect to permutations of their two variables. They are
denoted here by sinau)(x,y), where z,y € R and A\, u € N. The functions are
of independent interest. The paper [18] is devoted to the study of 2-dimensional
symmetric and antisymmetric generalizations of the common exponential and
cosine functions, namely E(l; (@, y) and cosa (T )

In [25], the functions denoted SIN® and COS* were introduced for any
number of real variables, and their properties were studied. Thus, the functions
cosa (@, y) of [18], as well as the functions sina“)(m, y) considered here, are the

functions of [25] specialized to 2D.
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Standard trigonometric Fourier decompositions of functions (continuous or
discrete) of two variables [59] use special functions formed as products of two
trigonometric functions, each depending on one variable. The variables are mea-
sured along two orthogonal axes. The approach undertaken in [18], and extended
here, appears to be the only 2D “trigonometric” alternative to the standard ap-
proach in the literature. Our expansion functions are also built as products of
two trigonometric functions, but the two variables are intertwined within each
trigonometric function, so that no substitution of variables can bring it to the
form used in the standard approach.

Restriction of the functions of [25] to two variables allows us to be more
specific about the details of their properties, most notable being their discretiza-
tion and orthogonality, continuous and discrete. In particular, analogs of the
four types of standard cosine transforms [3, 38, 56|, developed in [18] and in
here, would not be possible without specific description of discrete domains of
orthogonality of the expansion functions applicable in the four cases.

Decomposition of all products of pairs of functions into their sums is de-
scribed here. It was not considered elsewhere. There are three types of products
of sine functions, sin™ sin*, sin*sin~, and sin~ sin~, with the same arguments

* cos®, and cos™ cos®.

x,1y. For completeness, we also decompose all products sin
The general structure of decompositions of products is rather interesting. It is

summarized symbolically in Table A.1.

] product Hterms\ ] product Hterms\

sinTsin™ || cos™ | |sin” cos™ | sin~
sinTsin” || cos™ | [sin” cos™ || sin™
sin” sin” || cos™ | |cosT cos™| cosT
sin cos™|| sin™ | [cosT cos™| cos™
sinT cos™ || sin” | [cos™ cos || cos™

TABLE A.1. Structure of the ten types of products decomposed in
the paper. The second row shows the functions appearing in all the
terms of a decomposition.

There are numerous reasons motivating the study of sin* and cos* functions
in more than one variable. One such reason is the ever presence of trigonomet-
ric functions in applications of mathematics from the elementary to the most
sophisticated. Our immediate motivation is to be able to use the functions in
Fourier-like analysis and interpolation [4] of digital data in 2D.

We describe four versions of the sine transforms of functions given on lattices.

They differ by certain small shifts of their arguments which allow orthogonality
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of the expansion functions to be maintained. These transforms correspond to
the well known cosine transforms, labelled as I, II, III, and IV, where the expan-
sion functions have separated variables [56], namely cos(mmz) - cos(mny). The
four variants of the antisymmetric sine transforms and the four variants of the
symmetric sine transforms correspond to different boundary conditions at the
boundaries of the fundamental domain. Similarly, there are different types of
ordinary cosine and sine transforms in 1D [3].

In Section 2 we consider the sine functions, followed by some general properties
of sine and cosine functions in Section 3. Discretization of the antisymmetric
and symmetric sine transforms are the subject of Section 4 together with their
interpolations of types I, II, III, and IV. Three remarks are found in the last

Section.

A.1. CONTINUOUS SINE TRANSFORMS IN R?

First we consider the antisymmetric, then symmetric 2D sine transforms.
The discretization of transforms is described in Section 4. Here the definitions
of symmetric and antisymmetric functions cos®(z,y) are recalled because they

appear in decompositions of products of sine functions into their sums.

A.1.1. Antisymmetric sine functions
A.1.1.1. Definitions, symmetries and general properties

The antisymmetric sine functions sing, ,(z,y) : R? — R are defined as

follows:

sin(wAz) sin(wAy)
sin(mwpz) sin(mupy)

‘_ = sin(mAz) sin(mpy) — sin(mpx) sin(rAy)
(A.1.1)

with A\, u,z,y € R. Clearly the functions are continuous and have continuous

sin, ) (2,y) =

derivatives of all degrees in R?. A few examples of functions are shown in Fig-
ure A.1. Note that instead of the factor 27, which was used in [25], we use the
“half” argument 7.

The following properties of the functions are verified directly from the defini-
tion (A.1.1):

singy y) (z,y) = 0, (A.1.2)
singy o) (2, y) = singg ) (z,y) =0, (A.1.3)
sing, ) (2,y) = —sin, (2, y), (A.1.4)
sin_, (x,y) = 81n(_>\’_u)(at,y) = — sin(__/\v_“)(m,y) = — sin(}’“)(m,y), (A.1.5)



A.1.6
A1.7
A18
A19

z,0) =sing, ,(0,y) =0,
sing, ) (#,y) = —sin, ) (¥, @),
x

—x,y) =sing, ,(z, —y) = —sin;, (-2, —y) = —sing, (2, y).

(A.1.6)
(A.1.7)
(A.1.8)
(A.1.9)
Because of (A.1.2) - (A.1.5), we consider only sin;, , with A >z > 0.

In addition, the functions sin with k,[ € Z have symmetries related to the

periodicity of the sine function
sing, ) (¢ + 2r,y + 2s) =sing, ) (z,y), 1,5 €ZL (A.1.10)
and
sing, ) (r,s) =0, rs€Z (A.1.11)
The relations (A.1.8) — (A.1.10) imply that it is sufficient to consider the
functions sin; ; (z,y) on the closed triangle F* (S5 given by its vertices in R2:

(z,y) € F(S3) = {(0,0), (1,0), (1,1)}, (A.1.12)

called the fundamental domain of the extended affine symmetric group [28]. The
relations (A.1.6) and (A.1.11) imply that sin ; (z,y) vanishes on the boundary
OF(S3™) of the fundamental domain.

The graphs of a few lowest functions sing (x,y) in the fundamental domain
are plotted in Figure A.1.

Sln(z’ 1)

sin(})’ 2) Sin(l 2) Sin g, 3

FiGURE A.1. The contour plots of examples of functions
sin;, ;) (z,y) in the fundamental domain.
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A.1.1.2. Continuous orthogonality

The functions sin, ) are pairwise orthogonal on the fundamental domain
F(S5%),
1
/F(Saff) sing, (2, y) sing (2, y) de dy = 1(51@1@/511', ELE ' eN, E>1LE >1T.
2
(A.1.13)
Any function f : R? — C that is antisymmetric f(x,y) = —f(y,x), periodic

flx+2r,y +2s) = f(x,y), r,s € Z, has continuous derivatives and vanishes on

OF (S52™) can be expanded in the antisymmetric sine functions singy, p):

flzoy)= > cu sing, (2, y),  cu = 4/ (z,y)sing, (z, y) dz dy.
k,IEN
{ k>l }
(A.1.14)
A.1.2. Symmetric sine functions

A.1.2.1. Definitions, symmetries and general properties

Two-dimensional symmetric sine functions sm( PR : R? — C are defined for

A, it € R in the following form:

sin(wAz) sin(wAy) | T

sin(m) :in(wy) = sin(wA\z) sin(mpy) + sin(mpx) sin(wAy).

(A.1.15)

A few examples of functions are shown in Figure A.2. Note that instead of the

Sinz&#)(:ﬁ, y) =

factor 27 used in [25], we use the “half” argument 7.
The following properties of the functions are verified directly from the defini-
tion (A.1.15):

sindy o) (#,9) = sin , (z,y) =0, (A.1.16)
sinfy (. y) = sing, ) (2,9), (A.1.17)
Sm{ (Y @) = Sina _p(Ty) =— Sin(t&,m(x, y) = — sinau)(x, y), (A.1.18)
sind (2, 0) = sin, , (0,) = 0, (A.119)
sinfy  (z,y) = sin) ) (v, @), (A.1.20)
smt\# (—x,y) = sm?&’“)(x, —y) = —sina y(—x—y) = — sina#)(x,y). (A.1.21)

Because of (A.1.16) — (A.1.18), we consider only such siny ,, with A >y > 0.
The functions sin(ﬁ%l) with k,[ € Z have symmetries related to the periodicity

of sine function:

sin, (v + 2,y + 2s) = sin  (v,y), 1,5 € Z, (A.1.22)
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sin@l)(r, s)=0, rseZ. (A.1.23)

The relations (A.1.20) — (A.1.22) imply that it is sufficient to consider the
functions siny y, k,1 € N, k > 1 on the fundamental domain F (Sa) [28].
The graphs of the lowest symmetric sine functions sinal), k,le{1,2,3}, k>1

in the fundamental domain are plotted in Figure A.2.

. + . +
Sll(2,2) S1l(3,2)

FIGURE A.2. The contour plots of examples of functions
sin&’l) (x,y) in the fundamental domain.

A.1.2.2. Continuous orthogonality

The functions sin?;ﬁl) are mutually orthogonal on the fundamental domain

F(S3h),

. . Gl
/F(ngf) sm?}c,l)(m,y) sm?}c,’l,)(x, y)dr dy = Tékkléll/, ELE U eN E>1LE >,
(A.1.24)

where Gy, is defined by

2 k=1,
G = (A.1.25)

1 otherwise.

Any function f : R?> — C that is symmetric f(z,y) = f(y,z), periodic f(z +
2r,y + 2s) = f(z,y), r,s € Z, has continuous derivatives and vanishes for z = 1

and y = 0 can be expanded in the symmetric sine functions sinal):

f($7 y) = Z Ckl Sjn?;;J) (xa y)7 Crl = 4Gl;l1 /

e C) sin, ) (2,y) dz dy.
{ k,leN } 2
k>l

(A.1.26)
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A.2. ADDITIONAL PROPERTIES OF 2D TRIGONOMETRIC FUNC-
TIONS
Properties of 2D generalizations of sine and cosine are closely interwoven. Let
us first recall definitions of the functions Cos(i (2, y) according to [18, 25].
cos(mAz) cos(mhy) | £

cos(muz) cos(rm) ‘ = cos(mAx) cos(mpy) £ cos(mux) cos(mAy) ,
(A.2.1)

+
cos(y ) (T,y) =
where the upper or lower signs should be taken simultaneously.

A.2.1. Laplace and other differential operators

An obvious relation between 2D sine and cosine functions arises from the

second derivatives,

82

900y smi (@ y) = T\ cos?E (@), (A.2.2)
0 - 2 +

920y cos(y ) (T,y) = T Ausing, (2, y) . (A.2.3)

The functions sina (2, y) are eigenfunctions of the Laplace operator

<8502 + 8y> sing, ) (2, y) = —7°(\* + p®) sing;, (2, y)

as well as of the operator (A.2.2) applied twice:
0* o j: 42,2 o+
02 O singy ) (2,y) = T A" sing, (2, ).
Functions sin™ satisfy the equality

——sinfy ,(z,2) =0,

on

where n is normal to the boundary z = .

A.2.2. Product decompositions

Products of two sina ) (x,y) functions decompose into the sum of cosine func-
tions. Products of COSE‘;\ N)(x, y) functions decompose into the sum of cosine func-
tions, while mixed products, sina u)(:v, Y) -cos?f\,7 u,)(x, y), decompose into the sum
of sine functions, see Table A.1. Common trigonometrical identities,

2sin(pz) sin(gz) = —cos((p + q)2) + cos((p — q)z),
2 cos(pz) cos(gz) = cos((p + q)z) + cos((p — ¢)z), (A.2.4)
2sin(pz) cos(¢z) = sin((p + ¢)z) + sin((p — ¢)2),
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(AEN, pEp) CENTNE=DY
(+7+) (+7_) (_7+) ( ) (+7+) (+7_> (_7+) (_7_)
sin® -sin™ | cos™ — — + — — +
sin® -sin~ | cos™ — — — + + —
sin” -sin~ | cos™ — — — + + =
r + + +

sin™ - cos™ | sin™
sin™ - cos™ | sin~
sin” -cos™ | sin~
sin” -cos™ | sin™
cosT -cos™ | cos™T
cosT -cos™ | cos™
cos™ -cos | cosT

|| ] |+
++++++++++u:
|
|
|
|

||
|| |

TABLE A.2. Decomposition of all products of functions sin*(z, y)

and cos®(z,y) into the sum of eight such functions. The first col-
umn shows the product. The second column contains the function
appearing in the decomposition terms. Subsequent columns pro-
vide: (i) the subscripts labelling the decomposition terms (first
line); (ii) the pair of signs applicable in the subscripts of each term;
(iii) the signs in front of each term in the decomposition (remaining
lines).

are used when decompositions of products of sina#)(x,y) and cosz—tw) (z,y) are
calculated.

There are altogether ten different types of products to consider. A concise
presentation of the ten decompositions is found in Table A.2. The following
examples are intended to illustrate how the actual decomposition is obtained
from the Table A.2.

Example A.2.1. The top left entry of the table identifies the line where the
decomposition of products of the form sinz&’#)(x,y) -sin?&,’#,)(x,y) is given. For
our example, we selected (\, p) = (2,1), (N, ') = (3,2). The second column entry
on the same line indicates that all terms of the decomposition are the functions

_l’_
COS(a,

8 (xz,y). The subsequent eight entries on that line refer to individual terms
of the decomposition. Each term has a coefficient £1. The actual sign of a term
s shown on the line. The value of o and 3 is identified on the two top lines of the
column. Thus for the first term of the example we find at the top line that o = 243
and B =14 2. Which of the two signs is applicable in o and B is specified at
the head of the column of the first term as (+,+), so that cos/,, 4 (x,y) = cosf 4.
Subsequent terms are identified in a similar way. The symbol (x,y) is omitted
to simplify the expression. From (A.2.4) follows the presence of the coefficient 4

multiplying each product below.
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In this way, some of the subscripts of the terms of the decomposition are
negative. A convenient convention is to label the terms by non-negative subscripts.
Therefore the symmetries of the functions need to be used in order to write the
subscripts as positive. If a subscript of a term sinaﬁ) should be 0, the sine term
vanishes.

The four specific examples illustrate the decompositions:

45111?2,1) ~sin(+372) = coszg’g) — cos?gﬁl) — 00822173) + C03t1,71) + COS&A) — COS(+4772)

— COS?BA) + cos(+0’72) = cos(+5’3) — coség,l) — cosal) + COS(+1,1)
+ COS&A) — cos?;m) — COSEZ,O) + cosao) )

4sinal) -sin(&z) = COS(55) = COS(5 1) — 008(1173) + cos(ilﬁl) — 008@74) + cos(’4772)

(5,—
4) — COS(g_g) = COS(5 3y — COS(5 1y +COS(3 ) +0 — 0

+ cos( 2) — COoS 0) + COS(ZO) .

—~

Asing |y - co8 p) = sing g +sing ) +sin g +sin’, ) +sing y+sing

+ sinaA) — sinam +0+ 0.
Asing |y - CoS(5 gy = il g g) +8ingg ) +8in g Fsin ) +sing +sing
+ sin(_OA) + sin(_O?_Q) = sin(_5’3) — sin(_m) + sin(_g,l) +0+4+0

— sin(_u) +0+ 0.

A.3. DISCRETE TRANSFORMS

The four versions of the discrete sine transforms introduced here use a grid of
points (x,,, y,) [18], extending over finite regions that differ by their boundaries.
The grid is defined by the numbers N, T, and b. The number of points of
the grid is N2, constant b € [0,1] is the displacement of lattice points from
their original position, and T determines argument of sine functions, so that the
argument is equal to 2% To make the distinctions between the four versions of
the antisymmetric and symmetric transforms easy to compare, we first describe
the pertinent regions.

Define the “closed square” K, . by
Koo = la,d] X [a,d], a,a €7. (A.3.1)
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For the antisymmetric discrete sine transforms, it is necessary to define a “partly-
open triangle” K[B ik

Koy ={(x,9) €[0,1] x [0,1] | z > y}. (A.3.2)

Similarly, for the symmetric sine transforms, we introduce a “closed triangle”
K [”5 1 which contains one additional side, described by x = y, in comparison with

the triangle for antisymmetric sine transforms:
Kjy={(z,y) €[0,1] x [0,1] |z > y}. (A.3.3)

A.3.1. Antisymmetric discrete sine transforms

The antisymmetric sine functions are closely related to the antisymmetric
exponential functions [18]. Four types of discrete antisymmetric sine transforms
can be derived from the antisymmetric exponential transforms. The idea is to
suitably extend given functions and then apply the antisymmetric exponential
transforms from [18].

In order to derive discrete antisymmetric sine transforms, we define the fol-
lowing three functional extension operators. They extend a complex function
defined on the “partly-opened triangle” K 0,1] t0 functions defined on the “closed
square” K_r, 1.

First, let f : K — C. We define its extension Erf : Kj_; ) — C as
follows:

f(z,y), 0<z<L, O<y<lL,
Bofay)={ S0y Thse<0 Osys<k (A.3.4)
—flz,—y), 0<z<L —-L<y<0,

f(=z,—y), —L<z<0,—-L<y<0.

Secondly, let f : Kjp1 — C. We define its extension Rf : K9 — C to the
square as follows:

f@,y), 0<z<1 0<y<l,
f2—==y), l<z<2 0<y<l,
Rf(x,y) = (A.3.5)
f(z,2 —vy), 0<zx<1, 1<y<2,
f2—z2—-y), l<x<2 l<y<2
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For the function f : K 0,1 C, we define antisymmetric extensions Af : K1) —
C as follows:
flxy), x>y,
Af(z,y) =10, T =y, (A.3.6)

—fly,z), =<y
In the first two types of discrete antisymmetric transforms, we consider the
given functions f; : Kgy — C that have zero values for the lines x = 1 and
y = 0. In the last two types, we consider the given functions fo : K 01 C that
vanish on the line y = 0. The additional conditions on the boundary are derived
from properties of sine functions on the regions in view.
The following extensions of a function f; or f, with corresponding values of
N, T and b are substituted into the formula (56) from [18]:

O EAfi : Ky —C, where N=2M, T=2 0b=1 (A37)
) E\Afi : K1 —C, where N=2M, T=2, b=3, (A38)
(IIT) E,RAfy: K99 —C, where N =4M, T =4, b=1, (A39)
(IV) E;RAfy: K29 —+C, where N =4M, T=4, b= % (A.3.10)

We notice that E1Af; has zero values on the boundary of K|_; ), on the axes
r,y and on the lines v = £y, and Ey RAf, vanishes on the boundary of K|_5 ), on
the axes x,y and on the lines x = +y. The different conditions of zero values are
due to the fact that in the first and second type of antisymmetric sine transforms,
we consider sin ;) (x,y) in comparison with the third and fourth type, where we
consider sin ,y(z/2,2/2).

Due to (anti)symmetry and zero values of the extended functions on axes
x,y, on the lines x = £y and on borders of K|_; ;) or K|_59), we obtain the final

explicit form of the four antisymmetric sine transforms defined as follows.

AMDST-I.
I &=
Vi (zy) = Y ol sing (2, y),
{k,l:l}
k>1
. 4 M-—1
Crp = M2 Z f1 (T, Yn) Sin@,l) (T Yn) 5
{mestd

where ;= 1}, Yn = 3

M.
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AMDST-II.
1I,— M- . _
M (Ty) = Z Cr.l Sm(k,z)(ﬂ%y),
k=1
{ k>l }
- Adgardi Nt
Crp =

M2 E : fl (-Tm) yn) Sin(_k’l) (iL‘m, yn) J
{m,nz()}
m>n

1
m-+z
where z,, = 2

45y =" g =1 and diy =1 for k# M.
AMDST-III.
11 & oo
w o (y) = D oy Sin@+%71+%)($7y)7
ki =0
{k>l }
- i M
Ck‘,l - M2

m>n

{ Z } dm,Mdn,MfQ (:L'ma yn) Sin(_k-k%,l-&-%) (xma yn) 9
m,n=1

where @, = 1}, Yn =

=1
AMDST-IV.
v =
o (7,y) = Z Cht’ Sin@+%,l+%)($7y),
k,1=0
{ k>l }
v 4 & -
Cpl = W Z fQ (.’Em, yn> Sln(k;—',—%,l-i—%) (:Umy yn) )
m,n=0
{ m>n }
m+1 n+i
where 7, = /%, Yn = 7

A.3.1.1. Ezample of antisymmetric sine interpolation

We proceed as follows: Choose a continuous model function, sample its value

on a lattice, develop the digital data into the finite series according to one of

the transforms above, interpolate the digital data, and compare the resulting
continuous function with the model function.
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Our model function is the Gaussian distribution
(@) (y—y))?

f(z,y)=e ZE A (A.3.11)

with the following parameters (z/,y’) = (0.707, 0.293) and ¢ = 0.079. The func-
tion f, restricted to the domain F(S3%), is shown in Figure A.3.

FIGURE A.3. The function f of (A.3.11) is plotted over the domain F(S3%).

We calculate the antisymmetric interpolating sine functions of type AMDST-
I1, namely w}f’_? w?* and zp{%‘, using grids of density given by M = 4, 7, and
12. The interpolating functions, together with the sampling grids, are presented

in Figure A 4.

FIGURE A.4. Three examples 5"~ %I’_, and Y15~ of antisym-
metric sine functions of the type AMDST-II interpolating the func-
tion f in Figure A.3. Sampling points for the interpolation are
shown as small black dots. Figures in the third line depict the
difference f — w}&‘.
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A.3.2. Symmetric discrete sine transforms

Symmetric sine functions are related to symmetric exponential functions [18].
Four types of discrete symmetric sine functions are derived from the four types of
symmetric exponential transforms. We apply symmetric exponential transforms
from [18] to the extensions of a given function.

In order to derive discrete symmetric sine transforms, we use functional oper-
ators Er, R, and for the functions f : K [J&” — C, we define symmetric extension
Sf: K — C by the formula

Sf(x,y) = f@y), @2y, (A.3.12)

fly,z), =<y

In the first two types of discrete symmetric transforms, we consider the given
functions f; : K [Jg’l] — C that have zero values for the lines x =1 and y = 0. In
the last two types, we consider the given functions f, : K 557” — C that vanish
on the line y = 0. The additional conditions on the boundary are derived from
properties of sine functions on the regions in view.

The following extension of a function f; or f; with the corresponding values
of N, T and b are substituted into the formula (65) from [18]:

() ESfi : K1 —C, where N=2M, T=2 b=1, (A3.13)
() EiSfi : Ky —C, where N=2M, T=2 b=131 (A3.14)
(I) EyRSfy: Kg9 —C, where N=4M, T=4, b=1, (A.3.15)
(IV) E;RSfo: Kis9 —C, where N=4M, T =4, b=3. (A.3.16)

We notice that ES f1 has zero values on the boundary of K(_; ;) and on the
axes x,y, and EyRS f, vanishes on the boundary of K|_59 and on the axes z,y.
The different conditions of zero values are due to the fact that in the first and
second type of symmetric sine transforms, we consider sin@l) (z,y) in comparison
with the third and fourth type, where we consider sin(_k,l)(%, 5).

Due to (anti)symmetry and zero values of the extended functions on the axes
x,y and on borders of K|_; ;) or K|_33, we obtain the final explicit form of the

four symmetric sine transforms:

SMDST-I.
I =
M+ (l’, y) = Z Ck7l+ Sin?}g@ (QT, y)7

k=1
k>l



M-1
w4

C
KT MRGY,
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Gmnfl (Im, yn) Sln(k 1) (x’mﬁ yn> ’
m,n 2 }

where z,, =

9 yn = %
SMDST-II.
H+ M 0,4+
(z,y) = D o singy(a,y),
{k,l:l}
k>l
my 4 =
k.l

M
s+
- M2le { Z }Gmnfl (xma yn) Sln(k,l) (.%’m, yn)
m+1
2

where z,, =

n-‘,—%
» Yn = M

SMDST-III.

11, =
Ui (zy) = > cpysind

Cpy S

(]H_%,H_%)(‘Ta y)7
{k,l:O}
k>l
oyt = ! > dpmdn G f2 (2 )sin (x )
k,l MQle m,MOn, MG J2 \Tmy Yn (k+21,041) ms Yn
m,n=1
{ms )
where @, = 1, Yn = 15
SMDST-1V.
1v+ = Vot i b
(I y) Z Ckl sin (k+ )(xvy)7
{k,l:o}
k>l
w4 4 =
ki

MQGM

m>n

{ Z } G;nlzf2 (Imv yn) SiIlZ;H_l I+1) (le, yn)
m,n=0
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A.3.2.1. Ezample of symmetric sine interpolation

Consider the Gaussian distribution f defined by (A.3.11). We calculate the
symmetric sine interpolating functions of the type SMDST-II: ¢i°" ?’+ and
z/J{IQ’Jr. These interpolating functions, together with the interpolating grids, are

depicted in Figure A.5.

FIGURE A.5. Three examples 3", i and 15" of symmetric
sine functions of the type SMDST-II interpolating the function f
in Figure A.3. Sampling points for the interpolation are shown as
small black dots. The third line show the difference f — w%Jr.

A.4. CONCLUDING REMARKS

Decomposition of products of functions described in the article for all pairs
of functions sinau) and cosau) paves the way to a wealth of new properties of
these functions, such as a large variety of trigonometric-like identities, represen-
tation of functions as orthogonal polynomials, and recursion relations for their

construction.

In the paper, we make no use of a particular property of the four families of
functions, which is proving useful elsewhere: The functions of each family split
into two mutually exclusive congruence classes according to the value of the sum

of their subscript A4+ mod 2. For example, it can be seen in Table A.2 that all
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terms in the decomposition of one product belong to the same congruence class,

and that the classes add up during multiplication of functions.

The well known Weyl formula for the character of an irreducible finite di-
mensional representation of semisimple Lie groups is a ratio of two S-functions
studied in [26]. The character functions are endowed with many properties that
are fundamental to the theory of representations in general. The sin® functions
in the paper, which depend on two variables, resemble the S-functions of the
group SU(3). In fact, in the case of one variable, these functions coincide. It
is therefore interesting to explore properties of functions formed as an analogous

ratio of sin* functions.
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